FREE BOUNDARY MINIMAL SURFACES IN THE UNIT 3-BALL
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ABSTRACT. In a recent paper A. Fraser and R. Schoen have proved the ex-
istence of free boundary minimal surfaces ¥, in B® which have genus 0 and
n boundary components, for all n > 3. For large n, we give an independent
construction of 3, and prove the existence of free boundary minimal surfaces
S, in B3 which have genus 1 and n boundary components. As n tends to
infinity, the sequence X, converges to a double copy of the unit horizontal
(open) disk, uniformly on compacts of B2 while the sequence Sn converges
to a double copy of the unit horizontal (open) punctured disk, uniformly on
compacts of B3 — {0}.

1. INTRODUCTION AND STATEMENT OF THE RESULT.

In this paper, we are interested in minimal surfaces which are embedded in the
Euclidean 3-dimensional unit open ball B3 and which meet S2, the boundary of
B3, orthogonally. Following [2], we refer to such minimal surfaces as free boundary
minimal surfaces.

Obviously, the horizontal unit disk, which is the intersection of the horizontal
plane passing through the origin with the unit 3-ball, is an example of such free
boundary minimal surface. Moreover, it is the only free boundary solution of topo-
logical disk type, [7]. Let s, > 0 be the solution of

S« tanh s, = 1.

The so called critical catenoid parameterized by

(s,0) — (cosh s cos@,cosh s sind, s),

S, cosh s,

is another example of such a free boundary minimal surface. A. Fraser and M. Li
conjectured that it is the only free boundary minimal surface of topological annulus
type [1].

Free boundary minimal surfaces arise as critical points of the area among surfaces
embedded in the unit 3-ball whose boundaries lie on S? but are free to vary on S2.
The fact that the area is critical for variations of the boundary of the surface
which are tangent to S? translates into the fact that the minimal surface meets S2
orthogonally.

In a recent paper [3], A. Fraser and R. Schoen have proved the existence of
free boundary minimal surfaces ¥,, in B? which have genus 0 and n boundary
components, for all n > 3. For large n, these surfaces can be understood as the
connected sum of two nearby parallel horizontal disks joined by n boundary bridges
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which are close to scaled down copies of half catenoids obtained by diving a catenoid
which vertical axis with a plane containing it, which are arranged periodically along
the unit horizontal great circle of S?. Furthermore, as n tends to infinity, these free
boundary minimal surfaces converge on compact subsets of B> to the horizontal
unit disk taken with multiplicity two.

We give here another independent construction of ¥, for n large enough. Our
proof is very different from the proof of A. Fraser and R. Schoen and is more in the
spirit of the proof of the existence of minimal surfaces in S® by doubling the Clifford
torus by N. Kapouleas and S.-D. Yang [4]. We also prove the existence of free
boundary minimal surfaces in B which have genus 1 and n boundary components,
for all n large enough.

To state our result precisely, we define P, to be the regular polygon with n-sides,
which is included in the horizontal plane R? x {0} and whose vertices are given by

2mj 27
<cos <M> , sin (M> , O) € R3, for j=1...,n.
n n

We define &,, C O(3) to be the subgroup of isometries of R? which is generated by
the orthogonal symmetry with respect to the horizontal plane x3 = 0, the symmetry
with respect to coordinate axis Ox; and the rotations around the vertical axis Oxj
which leave P, globally invariant.

Our main result reads :

Theorem 1.1. There exists ng > 0 such that, for each n > ng, there exists a genus
0 free boundary minimal surface ¥y, and a genus 1 free boundary minimal surface
¥, which are both embedded in B and meet S* orthogonally along n closed curves.

Both surfaces are invariant under the action of the elements of &,, and, as n
tends to infinity, the sequence X, converges to a double copy of the unit horizontal
(open) disk, uniformly on compacts of B3 while the sequence S, converges to a
double copy of the unit horizontal (open) punctured disk, uniformly on compacts of

B3 — {0}.

Even though we do not have a proof of this fact, it is very likely that (up to
the action of an isometry of R3), the surfaces ¥,, coincide with the surfaces already
constructed by R. Schoen and A. Fraser. In contrast, the existence of %, is new and
does not follow from the results in [3]. The parameterization of the free boundary
minimal surfaces we construct is not explicit, nevertheless our construction being
based on small perturbations of explicitly designed surfaces, it has the advantage
to give a rather precise description of the surfaces ¥, and ¥,. Naturally, the
main drawback is that the existence of the free boundary minimal surfaces is only
guaranteed when n, the number of boundary curves, is large enough.

2. PLAN OF THE PAPER.

In section 3, we study the mean curvature of surfaces embedded in B> which are
graphs over the horizontal disk D?x {0}. In section 4 we analyse harmonic functions
which are defined on the unit punctured disk in the Euclidean 2-plane and have
log type singularities at the punctures. In section 5 for every n € N large enough
we construct a family of genus 0 surfaces S,, and a family of genus 1 surfaces S,
embedded in B® which are approximate solutions to the minimal surface equation,
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meet the unit sphere S? orthogonally and have n boundary components. In section
6 we consider all embedded surfaces in B3 which are close to S,, and Sn and meet
the sphere S? orthogonally. In section 7 we analyse the linearised mean curvature
operator about S,, and S Finally, in the last section we explain the Fixed-Point
Theorem argument that allows us for n large enough to deform S, and S,, into free
boundary minimal surfaces ¥,, and >, satisfying the theorem (1.1).

3. THE MEAN CURVATURE OPERATOR FOR GRAPHS IN THE UNIT 3-BALL

We are interested in surfaces embedded in B3 which are graphs over the horizon-
tal disk D? x {0}. To define these precisely, we introduce the following parametriza-
tion of the unit ball

1

X, 9,23) 1= cosh x3 + cos

where 1 € (0,7/2), ¢ € S* and 23 € R. The horizontal disk D? x {0} corresponds
to x3 = 0 in this parametrization and the unit sphere S? corresponds to 1) = /2.
Also, the leaf 73 = 1] is a constant mean curvature surface (in fact it is a spherical

cap) with mean curvature given by

H = 2 sinhz,

(sin P e'® sinh xg) ,

(we agree that the mean curvature is the sum of the principal curvatures, not the
average) moreover, this leaf meets S? orthogonally.
In these coordinates, the expression of the Euclidean metric is given by
perr el
(coshzz 4 cos)?

X*Gewel = dyp? + (sinv)? do* + dasg) )

We consider the coordinate
sing 4,
z=—""-+—%¢
1+ cosep
which belongs to the unit disk D? € C. We then define X by the identity
X (Z7 1‘3) = X(’(/)7 ¢a xg),
where z and (v, ¢) are related as above. Then

X(z,23) = A(z,23)(2, B(2) sinhxs),

)

where the functions B and A and explicitly given by

1 1
B(z)==(1 2 A = .
(2) 2 (1412, (2, 23) 1+ B(z)(coshzz — 1)
In the coordinates z € D? and x3 € R the expression of the Euclidean metric is
given by
X Jeuel = A2(Z,{E3) (dz2 + Bz(z) dx?,)) .

In the next result, we compute the expression of the mean curvature of the graph
of a function z + u(z) in B?, and by such a graph we mean a surface parametrized
by

z € D* v X(z,u(z)) € B3
We have the:
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Lemma 3.1. The mean curvature with respect to the metric X*geye of the graph
of the function u, namely the surface parametrized by (z,u(2)), is given by

1 A2(u) B? Vu
Hu) = div +2+/1+ B2 |Vul|? sinhu,
(u) A3(u) B <\/1+BQ|Vu|2 Vel

where by definition A(u) = A(-,u). In this expression, the metric used to compute
the gradient of u, the divergence and the norm of Vu is the Fuclidean metric on

D2

Proof. The area form of the surface parametrized by z = x1 + ixe — (2,u(2)) is
given by

da := A?*(u) \/1 + B2 |Vu|? dz dus,
and hence the area functional is given by

Area(u // A%(u) \/1+ B2|Vu|? dz; dzs.

The differential of the area functional at u is given by

A2 (u) B?
DAreal, ( / / ( VU VU L A(w) By, A(u) /T —|—B2|Vu2v> dry .
D2

1 +B2 V1+ BZ|Va]?

But
Oz, A = —A? B sinh z3,

and hence we conclude that
DAreal|, (v) =

2
// AB Vo 43u) B /T T BE[V? sinhu | vdey das.
D2 1+B2‘v ‘2

To conclude, observe that the unit normal vector to the surface parametrized by
z = X(z,u(z)) is given by

1 1
N = BVu+ 8 ),
A(u) /T+ BZ|Vul? ( e
and hence A(u) B
U

EUC N} aﬁl) - T

Genet (N> 0r) = o oo
so that

Geucl (N, Opy) da = A3(u) B
and the result follows from the first variation of the area formula

DArea|u // H geucl N am3)vda

This completes the proof of the result. O

Using the above Lemma, we obtain the expression of the linearised mean curva-
ture operator about v = 0. It reads

(3.1) Lgrv=A(Bv) = A <”2|Z|2 v) :

where A is the (flat) Laplacian on D2.
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Lemma 3.2. Take a change of variables in D? : z = re'®, r € (0,1), ¢ € S* and
a function u € Ct(D?), such that %L:l = 0. Then the graph of v in B> meets the

sphere S? orthogonally at the boundary.

Proof. The surface parametrized by (r,¢) — X(re®,u(r, #)) is embedded in B>
and meets B3 at = 1. The result follows from the fact that the tangent vector
1

T.(1) = 9, X(re,u(r,9))|,_, = ot a(L.9)

(ew, sinh (1, (b)) ,

is collinear to the normal vector

1 .
Ng = ————— (', sinhu(1
S COShU(l,(ﬁ) (6 , SIL U( 7¢)) )
to the sphere S? at the point X (e!®, u(1,$)). O

4. HARMONIC FUNCTIONS WITH SINGULARITIES DEFINED ON THE UNIT DISK

Take some number n € N. Our goal is to construct a graph in B3 which has
bounded mean curvature, is invariant under the transformation z + Z and the
rotations by 2% and is close to a half-catenoid in small neighbourhoods of the n-th

n
roots of unity
2mwim

Zm=e€ n €0D?* m=1,...n,

(and, in the case of the second construction, to a catenoid in a small neighbourhood
of z=0).

The parametrisation of a standard catenoid C' in R? is

Xet(s,0) = (coshsew,s) . (s,0) € Rx St
It may be divided into two pieces C*, which can be parametrized by
z€C\ D> — (z, tlog|z| Flog2+ O(|z| %)), as |z| = oo.

We would like to find a function I',,, which satisfies

{ Ly, T, =0 in D? (D?\{0})

(4.2)
9Ly, =0 on OD*\{z1,...,2,}

and which has logarithmic singularities at z = z,, (and z = 0). Notice that the
operator Ly, in the unit disk with Neumann boundary data has a kernel which
consists of the coordinate functions 1, 2. This corresponds to tilting the unit disk
D? x {0} in B3. The kernel can be eliminated by asking I',, to be invariant under
the action of a group of rotations around the vertical axis.

Notice also that the constant functions are not in the kernel of L, : by moving
the disk in the vertical direction in the cylinder D? x R we do not get a minimal
but a constant mean curvature surface in B3.

Take a function G, such that G, (2™) = B(z)I',,(z). Then the problem (4.2) is
equivalent to

AG, =0 in D2 (D?\{0})
@3 {

0.Gy, —1G, =0 ondD?\ {1}.
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We construct G,, explicitly. For all integer n > 2, we put

oo

(4.4) Gn(z) = —g + Re Z

j=1

n 2l
nj —1

Writing

1 > 1
w1 2

we see that also have the expression

(4.5) Gn(z) = —g +Re (Z Hz?) :

k=0

where, for all kK € N, the function Hy, is given by

o0

27
(4.6) Hy(2) ==Y azs
j=1
Observe, and this will be useful, that
4.7 Hy(z) = —In(1 — 2).
(4.7) (2)

Obviously, G, is harmonic in the open unit disk. Making use of (4.6), we see
that, for all £ > 1,

8,« (Rer) = Rerfl,
on dD?, while it follows from (4.7) that

Or (Re Hp) = %7

again on dD? — {1}. Therefore, we conclude from (4.5) that
no,G, — G, =0,

on dD2.

For all integer n > 1, we define in D? — {0}, the function G,, by

(4.8) Gn(z) = —n —log|z|.

Again G, is harmonic in D? — {0} and we also have
nd,.Gp —Gn =0,

on dD2.

To complete this paragraph, we define

1 ~ 1 =

Tn(z):= B Gn(2") and I'y(z):= B Gn(2™).

By construction, Ly, I';, = 0 in D? and 9,T,, = 0 on 0D?, away from the n-th roots
of unity ; while Ly, I';, =0 in D? — {0} and 9,T",, = 0 on OD2.
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4.1. Matching Green’s function. Take two parameters 0 < e <land 0 <é <1
and consider a catenoid C: in R?, parametrized by

X (s,¢) € Rx S+ (Ecoshse®, &s),

and n half-catenoids C; ,,, m =1,...,n
cat T 3w 0
X5 (5,0) e Rx 5 g > (Ecoshse +zm,ss),

centered at the n-th roots of unity z,,. In a neighbourhood of z =0 (z = z,,), we
can take a change of variables

z=2&coshse, (z=zntecoshse?), ¢e St (e[-0.+2mm/n,b. +2wm/n])
s€[—s50] and s€][0,ss], (s€[—s:0 and se€]0,s]),

for certain parameters sz, s € (0,400) and 6. € (0,7/2). We can parametrize the
lower and the upper parts of Cs and C. ,, as graphs

2 (5, £GP, 2o (5, £GX),

where in some small neighbourhoods of z =0 (z = z,,),

G(2) = élog% —Elog 2| + O (€%/]2)
13

Gg“,;(z) =clog 5

elog|z — zp| + O (2 /]2 — 2 |?)

Our goal is to find positive parameters 7 and 7 and a connection between € and €,
such that the function

z = 7GL(Z") + %én(z"),

would be close to G$** in a neighbourhood of z = 0 and to Ggafn in a neighbourhood
of z = z,,. We denote

oo H Zn o 1 oo
ol =3 T =SS Y
1

k=0 k=0 = j=

and remind that G, (2") = —§ + Re f,(2). It is easy to verify the function f, ()
satisfies

Afn

E(z) = —i log(1 —2™) + %fn(z)ﬂ

dz

NN
dz\ z ) z2n—=1"

which yields
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We can write

n—1
nzn72z _ anlszk
nzn—2 1 B m k§0 m B
2" =1 zp(z — 2m) Zm (2™ — 1)

n—1 =1
Z (7Zn717kzicn + Zmzn72) an2(zm _ Z) + zm Z on—1-k (Zkfl _ Zicnfl)
k=0 k=2

Zm (2™ =1 B n-l B
m( ) 2m(z —2m) D, anTl-kzk
E=0

n—1 k—2
_pn—2 + Zm Z Lm—1-k Z Zkizilzin
k=2 =0

— = hp(2).
Zm Y 2Rk

k=0
The function h,(z) is continuous in a small neighbourhood of z = z,, and

[hn(zm)] < cn,

for a constant ¢ which does not depend on n. So, we have

d [ IR
dz <Z) * Zm(2 — 2m) n(2),

which yields that in a neighbourhood of z = z,,

fL(Z) + S log(z — zp) = L lim (fn(2) +log(z — zm)) + /Z’" hn(2)dz,

z Zm Zm FZm

where the integral is taken along the segment of the straight line passing from z
to z,, and by log we mean the principal value of complex logarithm defined in the
unit disc deprived of a segment of a straight line which doesn’t pass thought any
of the n-th roots of unity. We have

pRESTAETNS 3) pit .
k=1 k=1j=1
Moreover,
Re lim (—log(1 — 2™) +log(z — 2,,)) = —log|n 2%}

Z—2Zm,

= —logn.
So, in the neighbourhood of z = z,,, we have

Gu(2") = =5 +(n) +10g |2 = 2| + O(|z = 210 2 = 2m|) + O(n]z = 2,

where |c(n)| < ¢ logn for a constant ¢ which does not depend on n and

—n (74 7/2) —7nlog|z| + O(7|z|"), as |z| = 0
TGn(z") +7GCn(z") = —n(F+7/2) +Tc(n) —7log|z — zm| +

O(7]z — zm|log |z — zm|) + O(Tn|z — znm|), as |z — zm| — 0
We should take 7 = € and nT = €. Moreover, we should have

and féf%JrSC(n) :slog%.

et 21
€— 5 =¢log

I ON
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This gives us the relation

and

| ™
I
)
S
—
—
|
_|_
o
—
3
Ny
_|_
—
S~—
I
U
—~
3
:—/

where

1
gn(t) : £ € (0,400) = logt — 21+~ € (~00,00),

is an everywhere decreasing function. Finally, we find

E=2e 1729 and e=d(n)é
(In the case, where we do not have a singularity at z = 0 we just need to take
e = e~ 31T¢(M)). We obtain for all 8 € (0,1)

(4.9) 7G,(z") =¢log +0@EYP 2 = 2ml), as |z — zm| = 0

2|z — zm|

] élog2i+(9(él’5|z|”), as |2 = 0
TGp(2") + TGr(z) = 2]

elog +O0EY Bz —2n]), as|z—zm| =0

2|z — zm|

Finally, we put G,(z) =7 G,(2")/B and G,(z) = (7: Gn(2") + TGn(z")> /B and

28log —— + OE8|2]?), as || = 0
5 () 2|2|
gn<z) = c

elog +OE¥"P 12— 2l), as |z — zm| = 0

2|z — zm|
Remark 4.1. We can now explain why our construction works only for large n.
On one hand, in order to match the graph of the Green’s function G, with catenoids
we need to truncate the cantenoids far enough and scale them by a small enough
factor. On the other hand, in the neighbourhood of singularities the constant term
of G depends on the number of singularities n and, as constant functions are not in
the kernel of the linearised mean curvature operator, this gives the correspondence
between the scaling factors of the catenoids and n.

5. CATENOIDAL BRIDGES AND NECKS

In this section we explain the construction of the surface S,,, invariant under
the action of the group &,,, which has bounded mean curvature, meets the unit
sphere S? orthogonally at the boundary and is close to two horizontal disks ”glued
together” with the help of ” catenoidal bridges” in the neighbourhood the n-th roots
of unity. We will also denote S,, the genus 1 surface, obtained from S,, by attaching
a ”catenoidal neck” at z = 0. We will explain now what we mean by ”catenoidal
bridges” and ”catenoidal neck”.
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5.1. Catenoidal bridges. One of the possible constructions would be to ”glue”
the graph X(z,G,(z)) together with minimal stripes obtained by intersecting eu-
clidean catenoids centered at z = z,, with the unit sphere. The difficulty of this
approach is that those stripes would not meet the sphere orthogonally. We prefer
to find a way to put half-catenoids in the unit sphere in the orthogonal way loosing
the minimality condition.

Remark 5.1. We describe below the construction of the surface S,. The construc-
tion of the surface S, can be obtained by replacing the function G, by G, which
has the same expansion in the terms of € at z = z,,, taking into account that the
relation between the parameters n and € changes.

We use the notation C_ for the half-plane {z € C|Re(z) < 0}. Form =1,...,n
consider the conformal mappings

imm 1
A Co — D2 An(C) = 25 #
These mappings transform a half-disk in the C_ centered at ( = 0 and of radius
p < 1 to a domain obtained by the intersection of the unit disk D? with a disk of
radius 12p2 and a center at 1*22 e et (¢ = & + 12, £3) be the coordinates in

C_ x R, then we define the mapping
Ap:C_o xR — D?* xR, An((,&)=Mn(C),28).

7

Consider the half-catenoid C; /5 in C_ x R, parametrized by

3 .
Xg%: (0,0) € R x [g,;} > (%coshaele,ga)

In the regions, where 0 > 0 or o < 0 we can take the change of variables

p € , m 3w
(= 56’0 = icoshaezg7 0 e {2, 2]
and, having in mind that the function Qn defined in D? \ {z1,.. zn} is invariant
under rotations by the angle , consider a vertical graph over (C

(0,0) (gefﬂﬁzgnoxe>)7 whete Go(p,0) = GaOm(p/2€))

In the neighbourhood of p = 0, we have |An,(p/2 e?) — 2| = p+ O(p?). So,
using the expansion (4.9) for the function G, in the neighbourhood of z = z,,, we
obtain a similar expansion for G,, in the neighbourhood of 0:

Gn(p,ﬂ)—elog +(9( Bp), VB €(0,1).

At the same time the lower and the upper part of the C, /5 can be seen as graphs
of the functions

+G5(p) = logfp +0(%/p?).

Now take a function Y which is defined in the neighbourhood of (| = ¢ by

T(p,0) = (1~ .(0) 5 Galp.6) +1.(0) GE4(0),
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where 7. is a cut-off function, such that

e =1, for 5<p<1/252/3, 7. =0, for p>62/3.

Using this, we can parametrize the surface S,, in the region
Ql = Ay, {6/2 coshoe? : ecosho <1/2¢¥3, 0 ¢ [7r/2,37r/2]}7

by (0,0) — X o Ay, (5/2 cosh o e*? 50) and as a bi-graph

2
XA{(z,20Y™M(2)U (2, —2T™(2))},
for z € Qpp, = A, {p/2ei0 D122 < p< 26?3 he [7r/2,37r/2]} ,
where Y™ (z) is a function, such that Y™(\,,(p/2¢)) = T(p, ).

Remark 5.2. Orthogonality at the boundary

In a neighbourhood of its m-th component of the boundary the surface S, (Sn)
can be seen as the image by the mapping X o A,, of a surface (which we denote
S,.) contained in the half-space C_ x R. Consider a foliation of the half-space by
horizontal half-planes. It is clear that every leaf of this foliation is orthogonal to
JC_ x R. Thus, the normal to JC_ x R at a point is tangent to the horizontal
leaf passing through this point. So, if there existed a tangent vector field along S,,,
horizontal at 9S,,, then it would have to be collinear to the normal to 0C_ x R.

On the other hand, the image of the the foliation by horizontal half-planes by
the mapping X o A,,, gives a foliation of the unit ball by spherical caps which are
orthogonal to S? at the boundary. The horizontal vector field tangent to OC_ x R
is sent by this mapping to a vector field tangent to the sphere and to a spherical cap
leaf. The result follows from the fact that the restriction of X o A,, to horizontal
half-planes is conformal.

Finally in our case, the existence of the horizontal tangent vector field follows
from the fact that 89X§7§ is horizontal and that 9yG, = 0sG% = Opfje = 0 at

€/2
0 € {r/2,37/2}.
Let H denote the mean curvature of the surface S,,.

Proposition 5.1. There exists a constant ¢ which does not depend on € such that
in the region

Qr. = An {5/2 coshoe? : e cosho <1/2e%3, 6 ¢ [7r/2,37r/2]},

we have ‘ c
|H(Am(g/2 coshoe®)| <

cosho

Proof. The proof consists of calculating the mean curvature of C,/, with respect
to the ambient metric

(X 0 M) Geuet (G, &) = A% (A (¢, &) (AC% + B*(Am(C. &3))dE3)
4
= d 2 1 2 2d 2
[I1—=¢|?+ (14 |¢|?)(cosh(2¢3) — 1)]2 ( ¢ (T 1CF) §3)

= a?(C, &) (dC* + b*(C) d€3) =: gm (&)
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2
1 —(]? + (14 [¢[*)(cosh(2€5) — 1)
et enote the Levi-Civita connection corresponding to this metric. We have
Let V€ d he Levi-Civi i ponding hi ic. We h

the following estimates for the Christoffel symbols in a neighborhood of (¢,&3) =
(0,0):

where a(C,£3) = and b(¢) = 1+ ¢

Fh = _F%2 = F%z = %% =0(1), F% = _F%2 = _F%z = %a% =0(1)

1—‘13 = I‘23 - 1—‘33 a* (53) F?1 = F%Q = _a},z 96 (53)
2
Tl = (L8 +05)=0(1), Ti= —(& S+ b)) = 0(),

M= 12+ 18 =0), Th=142+ 1k =00
1—%3 = F%S = Fi)’z =0
Using |¢| =¢&/2cosho, & =¢/20, and
i J
V%paq = 0p 0q XsC% + [8PX§%] [aquc%] FZ‘ Ok

where 0, and 0, stand for 0, or 9y and 0y = 0¢,, k = 1,2,3. We get

vapaq — 0p 0y XEC%} (o, 9)‘ <cée’cosh®o, i=1,2

3
’ (V5,00 - 8,0, X2 (o, 9)’ < ce? cosho.

The unit normal to C. /o with respect to the metric g,, is

1 b o1
N(o,0) = <— o e, 3 tanh 0) .
a\/COSh2 1 tanh2o cosh o

Using the the expansions for a and b in the neighbourhood of 0 and fact that the
third coordinate of the vector 9, d, Xg% is zero for all p and ¢ we get the following
expression for the second fundamental form :

be(0,0) = e(do? — d¢?) + h.(0,6),

where ‘(hs)pq (o, 0)’ < ce?cosho. On the other hand, we can write the expansion

of the metric induced on Cy / from g,

g:(0,0) = 2 cosh? 0(d02 + d¢2) + g-(0,6),

where ’(gs)pq(

o, 0)‘ < ce®cosh® o

Finally, |#(e/2 cosho e')| = |tr (g71h.) (0,0)] < <

cosho’
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5.2. Catenoidal neck at z = 0. In a small neighborhood of z = £ take the change
of variables z = re'®, ¢ € S'. Then, in the neighbourhood of z = 0, we have

B(re'?) = B(r) = % + O(r?).

We remind that that 7 G,,(2") +7 G, (2") = G, B is a function whose graph is close
to the lower part of the euclidean catenoid scaled a factor £. Then, the graph of G,,
is close to the lower part of the surface Cs, parametrized by

X 2 (s,¢) € R x S' — (Ecoshsel®, 2és).
Let us define a cut-off function r — n2(r), such that

R(r)=1 for re(0,1/251/2), () =0 for r>28/2

Taking the change of variables: &coshse’® = z =re', for s > 0 or s < 0 we can
parametrize the lower and the upper part of Cz as vertical graphs

z = (2, £2G),

where

We define the function
Y:D?*\{0,21,...,2m} — R,
Y(r,¢) = (1= n2(r)) Gulr ') + 202 G (r),
and parametrized S, in the region

QO

cat ‘T

{écoshsei‘l5 : €coshs < 1/251/2, ¢ € Sl},
by (s,6) — X o X% (s,$) and as a bi-graph :

(r.9) = X {(re®. T(re) U (re, ~T(r.9) }

for ze leu = {reid’ D1/28Y2 <r <282 g e Sl}.
We use the notations :
1
B(s) = B(écoshs) = 5(1 +&2cosh?s) and

1
1+ B(s) (cosh(2és) — 1)

A(s) = A(Ecoshs,2és) =

Proposition 5.2. There exists a constant ¢ which does not depend on € such that
in the region

Q= {écoshsei‘;S : Ecoshs < 1/282 ¢ ¢ Sl} ,
the mean curvature of the surface S, satisfies

[H(¢ coshse'®)| < ce'"P, VB e(0,1).
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Proof. As in the proposition 5.1 we would like to calculate the mean curvature of
C. with respect to the ambient metric

X*geucl(za 1‘3) = Az(z7,’1,‘3) (dZ2 + BQ(Z)CZI%) =: g(z,x3).

We denote by V¢ the Levi-Civita connection corresponding to this metric. Then,
in the neighborhood of (z,x3) = (0,0) the Cristoffel symbols satisfy :

F%l = _F%Q = F%Q = %8%41 = O(z|z3), F% = _F%Q = _F%z = %87142 = O(|Z‘$3)
T T T Je] 2 T o)
F%s = P%3 = F§3 = %Ti = O(x3), F?1 = P%z = _A}32 a;; = O(x3),

=

W=
@
|

2 ~ 2
= (824 + BIE) = 0(|2)), T33=—(E 24 +BIE) =0z,

P, = 104 4 128 —0(a)), T =424 4 228 — 0(2))

[}y =Tl =T%=0
Using |z| = £cosh s, x3 = 2£&s, and

V5, 0q = 0y g XE™ + [0, X' (0, XE™') T30,
where 0, and 9, stand for 95 or 0, we get
(V5,00 — Oy 0y XE7'(5,0)| < &% cosh®s, i =1,2
]ngaq 8,8, X (s, 9)( < ¢ P cosh?s, Vj e (0,1),

The normal vector field to C'g with respect to the metric X'*geqe; is

./\7(8,(;5): !

— 2B ew,itanhs .
A/ ABE 4 anh? s cosh s B

cosh? s

As the third coordinate of the vector 0, d, Xg‘” is zero for all p and ¢, we get
the following expression for the second fundamental form :

h5(87 ¢) = é(dSQ - d(b?) + ilé(sv (b)v

where < ¢&837P cosh? s. On the other hand the metric induced on C:

(he) (s:9)

from X*geuer can be written as

§:(s, ) = &% cosh® s(ds® + d¢?) + g(s, 8),

where ’(g}g)pq (s,(,zb)’ < ¢&%F cosh? s. Finally,

|7—[(§ COShS€i¢)| = ‘tr (§g165> (s,gﬁ)‘ <c&' B, vpe (0,1).
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5.3. The graph region. Away from the catenoidal bridges and the catenoidal
neck, that is in the region

Qe = {z eD?: 282 < 2| < 1} \ 0 A {g eC_: ¢ < 252/3},
we parametrize the surface S, as a bi-graph

2 {(2,6.(:) U (2. ~Gu(2)) .

Proposition 5.3. There exists a constant ¢ which does not depend on e, such that
in the region

Qg UQY,, u RS
—{zeD? 1/28<|z| <1}\ @lxm{cec_ 1] <1/252/3},

the mean curvature H of Sy, satisfies

(5.10) [H(2)| < ce®” ﬂ<| 0 Z|Z_Z |4>, V5 € (0,1).

Proof. According to the lemma (3.1), the mean curvature of the graph X' (z,u(z))) , u €
C?(D?) satisfies :

1 A%(u) B*Vu
H(u) = di 2 | +2+/1+ B?|Vu|? sinh
(u) () B iv ( ESIE |[Vu|? sinhu

2 BVuVA(u) 2 VBVu 1 BAu

+ +
A2(u) \/T+ B2|Vu]2  A(v) /14 B2Vu]2  A(u) /1 + B2[Vu?

1 B?VBVu|Vul|? 1 B3Hess,(Vu, Vu)
- - 2y/1+ BZVal? sinh
A(w) L+ BVuP)? ~ 24(u) (1+ B2 Vul?) 3/2 2V BEVufsinhu

= A (Bu) + Ps(u, Vu, V*u)

where Pj is a bounded nonlinear function which can be decomposed in entire series
in u and the components of Vu and V2u for ||ul|cr < 1 with terms of lowest order 3
and where the components of Vu appear with an even power and the components
of V2u only with the power 1.

In the region g, the surface S, is parametrized as a graph of one of the functions
+G,,, where

B(2)Ga(2) = =5 + eRe(fu(2)) + Elog 2] + &,
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Studying the behaviour of the function f,(z) one can easily verify that

g”n(z)‘ < ce <| loge| + Jlog ]| + 3 flog|z - zm|> ,

m=1

1 n

VGn( ‘ <ee [ =
‘ Gn( ce ( 2] mz:: - zm|>

1 " 1
< _ -
<o (1 + S er)
As A (Bgn) = 0, analysing carefully the terms in Pg(Gn, VG, V2g~n) one can see
that (5.10) is true in Q.

’v2én(z)

In the regions Q;’}u the surface S, is parametrized as a graph of one of the

functions +2 1™, where

, _ 1
T (An(p/2€7)) = T(p,0) = (1 —7:(p)) 5 9n(p:0) + 1=(p) GZa(p).
In the neighbourhood of { = 0 we have:
1 1
V.= 5 Ve +0(cl), V2= ¢ VE1L+O(C).

Using that [\ (p/2€) — zm| = p+ O(p?) , we obtain

Go ~ G = O(cloge), G — G2 = O(Pp),

|VGn| ~ \VG?}E =0 <Z> ‘V(én — G| = 0P,

V26, ~ [v2aes,

-0 ( ) |V2(Gn + G2gt)| = O(=1/+4)
We introduce the function

B(p.0) = B (A (5¢7)) = 1+’(1+§ei92)/(1_§ew)| =1+ 0(p).

We have
3PB ~ 833 ~ (9,,893 = O(1), 0pB ~ 8§B = O(p).

On the other hand, the cut-off function 7. satisfies

dn. 1 d?,. 1
7. = O(1), — =), — — .
fle = O) dp © (p) dp? © <p2)

1 _
VT = 5(1 - ﬁe) Vgn + ﬁEVG?}; + VT_]E ( ?;tz - gn> )

Using that
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_ 1 _
2 = 2 = 2 ~ycat
VAT = S (1 - i) V3G, + V3G,

= ca 15 ' = ca 15
+ 2VT]E (v <G5/§ - 2gn)> + v277€ (Ga:/g - 2gn) )
we get the estimates

1-8 1-8
va\:0(€ ) yv%‘r\zo(f )

p p?

and )
e3P

R0 =0 (S5 ) =0,
for all 8 € (0,1). We also have

1
Az =—-1|1- 2 A
1= ClA
where A, and A, are Laplacian operators in coordinates z and (. So,
3
A(BGS) = G AB+2VB VG, + BAGH = O (;4) .

Putting this calculations together, we check that in Q7 the mean curvature of S,

glu
satisfies
H=0 (51/3—5) ., VBe(0,1).
An identical proof shows that in 9, we have H = O(er=P). O

6. PERTURBATIONS OF S,

Recall that the surface S, can be seen as an image by the mapping X of a surface
S, (constructed in the previous paragraph) which is contained in the unit cylinder
D? x R. We would like to calculate the mean curvature of small perturbations of
Sn and to this end we calculate the mean curvature of small perturbations of the
surface S,, with respect to the metric § = Xy geyci-

Let, as before, N denote the unit normal vector field to Cs with respect to the

metric
G(z,x3) = A%(z,23) (d2® + B*(2) da3) .

and take a function w € C? (gn) small enough, invariant under rotations by the angle

27” and the transformation z — z. We denote S, (w) the surface parametrized by

(5,9) €R x ' 1 X£™(5,6) + w(s, ) N (s, 9),
in region Q5. Furthermore, in the region
Q,, UQY, = {z €D?:1/282 < |2] < 1} \ O A {g eC_ (] < 252/3} :
we parametrize S, (w) by
z (z, :I:T(z)) 4+ w(z)Zx(2), where Zz=(1—n2) p, + 12 %/\7,

where 12(|z|) is the cut-off function defined in the paragraph 6.2. Notice that in
2lu
= 1 .
IZelly ~ 102,115 = 5 + O(E)-
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In the neighbourhood of the n-th root of unity z,, the surface S,, can be seen
as an image by the mapping A,, of a surface S, contained in C_ x R. We put
W= wo M\, €C?(S,) and parametrize S, (w) in the region Q7, by

cat
(0,0) € R x [7/2,37/2] 5 An, (X;%(a, 0) + %w./\/(a, 9)) ,

where N is the unit normal vector field to the half-catenoid C./, with respect to
the metric

gm(<a§3) = (Am o X)*geucl = a2(<,§3) (d<2 + bZ(C) d&%) .

In the regions Q7

glu» W€ parametrize S,.(w) by

1
c= 5 (=70 +iaN),

and 7 (|¢]) be the cut-off function, introduced in the paragraph 6.1. Notice that in
Q we have

¢ A ((GETQ) + @(2)2.(Q), where =

gl
_ 1

I1Z2llg, ~ 510g,llg,. = 1+ O(*?).
2

Remark 6.1. We multiply the vector field N by the factor a in order to make the
vector field

00 (@) (©) lye 3,56}

horizontal. In this case, the condition sufficient for 5n(w) to be orthogonal to the
unit sphere is

O (117)|9€{%737«} =0.

Notation 6.1. Let Q denote a coordinate domain we work in. From now on, when
we don’t need a more detailed information, we use the following notations :

e L for any bounded second order linear differential operator defined in Q (in
other words Lw is a linear combination of w and the components of Vw
and V2w with coefficients which are bounded functions in Q, where V and
V2 are the gradient and the Hessian in the chosen coordinates).

o QF(w,Vw,V2w), k € N, for any nonlinear function, which can be decom-
posed in entire series with terms of lowest order k, and where the com-
ponents of V2w appear only with power 1. We will also use the notation
QF(w) for brevity.

o Let v € C®(Q) be a positive real function. We denote L” w and Q¥ (w)
functions which share the same properties as Lw and Q*(w) with the only
difference that the components of the gradient and the Hessian of w are
calculated with respect to the metric Y2 geuel-

For example, if we work in the coordinates (r,$) and take v = r, then
LY will be a linear differential operator in 202, 5‘;, r82¢, r0p and Op.

6.1. Mean curvature of the perturbed graph. In the region
Qe ={z€D?: 282 < 2] < 1}\ lem {CeC_ ¢ <223,

we suppose that [[wl|¢cz(q,,) < 1. Then, the mean curvature of Sy (w) satisfies

H(w) = H(0) + A(Bw) + Py (Gn + w) .
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Analysing carefully the the terms of Ps and the expansion of the function G,, we
get
(6.11)

H(w) =H(0)+ A(Bw)

~ 12 - ~ - ~ ~ - -
+max{\vgn 926 |Va.|. 62, |6u| 926, . |G| | vé. } Luw
+maX{ Gnls |VGal, | V23, } Q2(w) + Q3(w)
We introduce the weight functions
() =12], Ym(z)=lz—zm|, m=1,....,n and ~(z)= |z|mfil|z — Zml-

Then, (using the relation between ¢ and &) (6. 11) can be written as

H(w) = H(0) + A(Bw) + 62 ’

—p
Llw+ Q“( )+674Q§’”(w)~

for all 8 € (0,1). (We use the lower index to 1ndlcate the coordinate system we
work in). On the other hand, in the neighbourhood of z =0 we have

H(U)) H( ) + A(B ’I,U) + W L’YO | |4 Q27’YO( ) ‘ |4 Q3 PYO( )
and in the neighbourhood of z = z,,
A e?f o et™? 2y 3y
= B g LI Ym m ().
(W) = HO+AB W)+ LI = Q2 () = Q2 ()

1
for all 8 € (0,1) (where we used — < " in the neighborhood of z,,).
Y

Tm
6.2. Mean curvature of the perturbed neck. In the region
QO ={zeD?: &< |z| <1/28/%},

the surface Sn(u)) is parametrized as a normal graph around C: for the function
u=1/2w. We suppose that
2o

(6.12) <1, é&coshs, =1/2&'2

gcoshsllcz((-s,,s.)x81)
The tangent space to S’n(w) is spanned by the vector fields
Ty(u) = Ts + 0suN + ud N, Ty(u) =Ty + dguN +udgN,
and let us choose functions v, s, u € C*°(R), such that v(0) = 5(0) = u(0) = 0 and
N(u) =N+ v(u) N + 2(u) Ts + p(u) Ty,

is the normal unit vector field to S(w). We have
(6.13)

§(w) (W(w), T(w) =0, glu) (N(w), Tp(w)) =0, §lw) (W), N(w)) = 1.

where §(u) is the scalar product corresponding to the metric § taken along S(w).
Using the expression for g, we get

g(u)(s, ¢)7§(57 ¢) = (5176 Ls,qﬁ U+ Q§,¢(U)) g(S, ¢)+ <§ Ls,q& u+

Q3,¢(u)> da3,

cosh? s
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and from (6.13), we deduce that
v(u) =70 Ly gu+ Q3 4(u)

1 1 g,

#(u) == £2 cosh? s st cosh? s Lsgu+ &2 cosh? s @o()
1 1 g=r

pl) =  Z2cosh? s o cosh? s Lsput &2 cosh? s Qs@(u),

where we used the fact that dz?(Ts,N) and dz3(T,,N) can be bounded by a
constant times € and the estimate

‘g(fp,fq) — &% cosh? 5 6,y| < e,

where T, and T, stand for T, or T;. We can write the normal vector field to S(w)
in the form
. . 1 . .
€2 cosh” s
. T

~1,5 2 1 é 5_ 2
+ [5 Lggyu—+ QS’¢(U)] + Loshs Lsgu—+ S7¢,(u)

cosh s
where [#]* and [*%]T denote a normal and a tangent vector fields of norm * and *x.

We denote V(u) and f‘fj (u) the Levi-Civita connection and the Cristoffel sym-
bols corresponding to the metric ¢ and taken along the surface S (w). Then, we
have

Ffj(u) = F?j + Lspu+ Q§,¢(u)7

V5, 0q(u) = V5 0y + 0p0quN + 0pu 0gN + 0qu OpN + 1 0y 0N

p

+ &2 cosh? s L, s u + & cosh s Q§,¢(U)

where 0, and 9, stand for 9, or 9s. This allows us to find the second fundamental
form of the surface S, (w) :

(bew) = a(w) (V5,00 N w) .

Note that

~ . 1
g(apN, 8qN) - 725pq S Cg.
cosh” s

Putting all the estimates together, we obtain

~ 2
ie(u)(0.0) = 5e.0) + (e o)

u 10 —0su Opu
~ cosh®s ( 0 1 )—i—tanhs( Ogu  Osu )

1 ~
+ (52_/3 Lsyu—+ &2 cosh? s Lsgpu+ Py di,(u)) ho(s, )
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where By is a bounded symmetric 2-form, which does not depend on &. On the other
hand, the first fundamental form gz(u), which corresponds to the metric induced
on S, (w) from g, satisfies

§z(u) = 3z — 2ubz + Q2 4 (u).
This yields

det(gz(u)) .4 <1 2eu ( 1 0 >
—0: (u)=¢g: + ———
det(gz) 8 (W) =2 gcoshs \ 0 —1

+

1 1
L
(50051’143 @ g4 Cosh4sQ ,¢( ) ) 9o

where gg is a bounded 2-form. Going back to w = 2 u, we obtain

(6.14)
2
2 52
<8S + 05 + COShS) w

H(w) = H(0)+
+<1+ e )L F— Q2 4(w) +
s W+ ———— w
cosh? s ? & coshts “5?

1 1

2 22 cosh? s

1

&4 cosh? s

Q:s)),qﬁ(w)'

6.3. Mean curvature of the perturbed bridges. In the region
Qn, =\ {CeC e < [¢] <1/26%3},

the surface Sn(w) is parametrized as the image by the mapping A,, of the normal
graph about C. for the function @ = aw, scaled by the factor % We suppose that

(6.15) <1, ecosho, =1/2¢%°

ecosholle2((=o,,0.)x[7/2,37/2])

Our goal is to calculate the mean curvature of S(w) with respect to the metric
Gm = a*(dC* + b2dE3).

The computation is very similar to the one we have done in the previous paragraph
and we only need to change several estimates. The scalar product along S(w)
satisfies

1
Im (1) (0,0)—gm(c,0) = (Lgyg U+ Qi’g(a)) gm(0,0)+ <5L(,’9 U+ ——s5— 3}9 (u)> dr?.
cosh” o
Then, the normal vector field to S, (@) can be written as

1
N() =N — ———— (0,uT, + OpuiTy)
e2cosh” o

1 T
Logt+ 3,a<u>] ,

Loot+ Q2 o(@)] "
+ [Lopa+ Q5 o(u)] +[ ecosho

cosho

and the components of the Levi-Civita connection are

V5, 05(u) = V5 0p + 0a05uN 4 001 0N + 0t OuN + 1 0o OgN

+ecosho Ly gt + Qg,o(ﬂ)~
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The first and the second fundamental forms satisfy :

det(gf(wg—l(u>=921+w( 0 - )

det(ge) °° etcoshte \ 0 —1

1 1
+ ( Logtu+ ———— Qi,e(u)) 90

ecosh? o et cosh? o

) B 02t 0,090 u L0

hs(u)(gve) - b8(079) + < 8089'(] 3312 ) - m ( 01 )
—0,u  Ogli
861_14 acrﬂ

where by and gg are bounded symmetric 2-forms which do not depend on €. Finally,
going back to w = %ﬂ, we get

1
+ tanh o ( ) + (5 cosho L, g0+ 2 g(u)) ho(c,0),

U7
ecosh? o

1 2
Hm) =H +2<a§+ag+ i )m
€2 cosh” o cosh? o
(6.16)
1 1
Loogw+ ————— 2 (o) + ———— Q3 ().
ecosho ™’ 3 cosh? o Qo0(®) et cosh? o Qoo ()

6.4. Mean curvature of the perturbed ”gluing regions”. Let M be a smooth
hypersurface in a smooth Riemannian manifold endowed with a metric g. Take w
a small smooth function and V; and Va two smooth vector fields on M. Let H'(w)
denote the mean curvature of the hypersurfaces obtained by perturbation of M in
the direction V;, i = 1,2. We have the following result:

Lemma 6.1. The following relation holds
DH?|,_y(v) = DHY| _o (70) + g(ViH(0),T)

_ v _yT T L T
where T = VI and T =V5 —7 V[, and where Vi~ and V;" denote the orthogonal

projections of V; on the normal and the tangent bundle of M.

Proof. This lemma is a simple generalisation of the result proven in [9] where the
case when one of the vector fields V; is a unit normal to M is treated. The proof
consists of applying the implicit function theorem to the equation

p+tVi(p) =q+sVale), pgeM, tseR,
expressing locally p and t¢ as functions of ¢ and s:
p==®(q,s) and t=T(q,s),
with ®(¢,0) = ¢ and ¥(g,0) = 0. We obtain then
(-, 0)[Vi]*: = [Vo]* and  9,®(-,0) = [Vo]" — 9,9 (, s)[Va]".
Moreover, we have
DH'|, _, (8s¥(-,0)v) + VH(0) - ;v = DH?| _ (v),
and the result follows. O
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Now let us return to the surface S,. Making use of the proof of the proposition
3.5, one can see that in the region leu the components of VIH are bounded by a

constant times /275 Moreover, using the expression obtained in the lemma 3.1
for the normal vector field to the surface parametrized as a graph of the function
T, we get

EN /105 ]Y =14+ 0@E) and  [Z:]T ~ [0,]" = O(&).
Therefore, lemma (6.1) with V; = 0,, and V2 = Z: yields
H(w) = H(0) + A(Bw) + L2 w + 71 Q¥ (w) + £72Q3.
taking V7 = 9¢, and Vo = =., and using the fact that

the components of the gradient of # are bounded by a constant times e ~1/3~ and
the fact that

EV/0e,]Y =1+ 0EY?) and  [E]T ~ [3g,]T = O(*?),

in Q0. Similarly, in Q7]

we get
H(w) = HO)+ABw)+e 2P0 LI w7532 QI (w)+e7527F Q27 (w),
for all positive 8 € (0,1).

7. LINEAR ANALYSIS IN THE PUNCTURE DISK

We would like to analyse the Laplace operator subject to the Robin boundary
data:

Aw=f in D?\{0} (or D?)
(7.17)
Ow—w=0 on S*\{z,...,2,}
where f is a given function whose regularity and properties will be stated shortly. In

what follows we suppose that we work in the domain D?\{0}. The case of the entire
open disk D? can be treated in an analogous manner with certain simplifications.

First of all, we take f even with respect to the angular variable and, for a

given n > 2, invariant under rotations by the angle 27“ With this assumption,

the operator associated to (7.17) does not have any bounded kernel and hence, the
solvability of (7.17) follows from classical arguments. For example, if f € C**(D?)
we get the existence of w € C?*(D?) solution w of (7.17). Moreover,

[llga.e 2y < € (Il0llco s + 1 llco )

We would like to understand what happens if we allow f to have singularities at 0
and/or z,, m=1,...,n.

We define the weighted spaces we will work in. As before we set
1(z) = J2l 1T |z~ 2,

and we assume that we are given v € R. We say that a function u € Lf° (D?)
belongs to the space L°(D?) if

”’yiy’lLHLm(Dz) < Q.
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Let us use the notation D? for the open punctured disc D?\{0}. The space C%<(D?)
is defined to be the space of functions u € Clkoca (D?) for which the following norm
is finite

||u||c’,j*"(pg) = ||’V_Vu”Ckwa(D*,v*"’gmcz,)'
Observe that, on the right hand side, we do not use the Euclidean metric to

calculate the gradient of a function but rather a singular metric 72 geue;. As a
consequence, a function u belongs to C*<(D?) if

k
sup |'y u|+z sup |’y ”“V’u|+
i=1 %
—v+k+ta Vk _ A Vtkta /vk /
P fmanat i B il o LG DO
z,2'€D? |Z _Z|

Like in the section 4, instead of the problem (7.17), we can consider an equivalent
problem defined in D2 \ {0,1}. Take the change of variables z + 2" and notice
that

|22 A(z) = n? [2[" A(2").

We take a function F in D?\ {0}, such that

F(z") = 2720 f (=)

n2 12
Consider the problem:

AW =F in D?\ {0}

(7.18)

a,w—%wzo on S'\ {1}

We define the space L, (D?) as the space of functions U € L (D?) for which

Vo, Ul(

2]z = 1|7 U|| oo (p2) < 00.

Notice, if we take f € L3 ,(D?), then F € L2, ,(D?) and
1
1Nz, ., o0 = 5 1fllre 02

Proposition 7.1. Assume that v € (0,1). Then, there exists a constant C > 0
and, for alln > 2, for all F, such that |z|~*/"*t2 F € L>(D?), there exist a unique
function ¥y and a unique constant cj, such that Wy := Vo + ncj is a solution to
(7.18) and

2] 77/™ W || o (p2) + |e§| < C' || |2]7/" 2 F || oo (p2).

Proof. First, let us assume that ' does not depend on the angular variable ¢. In
this case, (7.18) reduces to a second order ordinary differential equation which can
be solved explicitly.

grad(y / . / tF(t)dtds, W =wied 4nch
0

1 r s
1 1
cng/ sF(s)derf/ f/ tF(t)dtds
0 n Jo $Jo
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With little work, one checks that the result is indeed correct in this spacial case.

Furthermore, we claim that, if we restrict our attention to the space of functions
for which

/ F(re'®)rdo =0

Sl

for all » € (0,1), then there exists a function W§™**" such that
1217/ Wg ™ | oo D2y < Cll|2| ™" 2 F || oo (02

for a constant C' independent of n. We construct W§***" as a limit of solutions to

the Poisson’s equation in annulus-type domains with mixed boundary date.

More precisely, take € € (0,1) and let us denote A, the annulus D?\ D?(¢). For
a fixed n let W, ,, be the solution to the problem

AW.,=F in A,
(7.19)
O Wen — %We’n =0 on S', W.,=0 on Sl(e).
There exists a constant C'(e,n) which depends on € and n and such that

Wen

|14 < C&,n) [[F[ Lo (a,)
Changing the constant C'(e,n), we can rewrite this as follows
(7.20) 1121/ WenllL=an) < Clen) 1217/ " 2 F || oo a,)

If the constant C(e,n) = C(n) didn’t depend on ¢, then for every ¢ € (0,1), and
for all € < ¢y we would have

IWenllpm () < CO) 21" 2 Fll o2y,
Then, by elliptic regularity theory, changing the constant C(n) if necessary, we

would have
IVWenllLoean) < C) Iz F| L (2)
Thus, when € tends to 0, the sequence W¢ ,, would admit a subsequence converging

on compact sets of D? to a function W,,, a solution of (7.18) for a fixed n, such
that

127" Wall Lo (p2) < C(n) [l|2] 7" 2 F || poe (p2)
The fact that the constant C(e,n) doesn’t depend on € can be proven by an
argument by contradiction. We suppose, that there exists a sequence of parameters
¢; and a sequence of points z; such that

=1~ Winllze(ay) <1, Winlz) = 12",

and AW =Fjn, 12> Fjnllzea,) i 0
1 1
where Wj,n = m WEJ',TH Fj,n = m F and A_] = Aej.

We suppose first that the sequence z; converges to a point z, € D?. We denote
Win(2) = Win (2] 2) 25]7/",

then, for every j, we have
Win (2i/2]) = 1.
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The sequence W; , admits a subsequence converging on compact sets to a function
W, which is a solution to

{AWn:() in D2
OWn—iW, =0 on §?

Moreover, we have |W, (z)| < |z|*/™ and W, ( Zml) = 1. Using the fact that W,

|Zoo
has no radial part and that the problem (7.18) has no bounded kernel, we get a
contradiction.

When the sequence of points z; tends to 0 at the same time as @ — 0 we

7 j—oo
obtain a sequence of functions W; ,, which admits a subsequence converging on
compact sets to a function W, which is a solution to the problem

AW, =0, in R2\ {0}, [Wa|<clz|”/m,
which implies W,, = 0 and contradicts the fact that W, (\%I) =1 for all j.

It remains to deal with the case when z; — 0 and Ly g, where a is a
j—oo € j—ooo

constant strictly greater than 1. In this case W, ; admits a subsequence converging
on compact sets to a function W,,, which is a solution to

AW, =0 in R?\ D?*(a)
W,=0 on S(a)

and such that |W,| < ¢|z|”. Once again, this implies W,, = 0 and gives a contra-
diction.

Finally, the case when z; — 0 and @ — 1 doesn’t happen. For every j we

J—0o0 J o g—o0
have
AWj, =Fj, in D?(2¢)\ D? ()
Win=0 on S'(¢)
Moreover,

|l

IN

v/n—2 v/n
€ and W, <e'm.

Then in the subsets of D?(2¢;) \ D? (¢;) we have |[VW; | < ce;/"fl. This implies
that in the neighbourhood of |z| = ¢;, we have

-1
Wil < O/ (2] =),
At z = z; this yields ‘j—]‘ — 1> C, which is not possible starting from a certain j.
J

Similarly, we can prove that the constant C'(n) in (7.20) does not depend on n.

If it were not the case we could define a sequence of function W,, and a sequence

of points z,, such that W, (2,/|2,]) = 1. Then W, would admit a subsequence

converging on compact sets to a function W, which is harmonic in a unit disk and

has homogeneous Neumann boundary data. Using that |, D2 W dzy dzoy = 0, we get
the contradiction.

O
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Let us fix a cut-off function x defined in the unit disk D? which is identically
equal to 1 in a neighbourhood of z = 1 and to 0 in a neighbourhood of z = 0. We
define deficiency spaces

D, =span{n} and D, =span{x}

Proposition 7.2. Assume that v € (0,1). Then, there exists a constant C > 0
and, for alln > 2, for all F € Lg‘;n_Q V_2(D2) there exist a unique function
v e Lg‘?n,y(Dz) and unique constants ¢ and ci, such that W := ¥ +ncf + cf x
is a solution to (7.18) and such that
Wiz, (0»e0.00, <ClIFlLs, ,, L0

Proof. We take the conformal mapping

1

A:C.— D? AQ) = Ly

1-¢

which sends a half-disk in C_ centered at 0 and of radius p € (0, 1) to the intersec-
2

tion of the unit disk D? with the disk of radius T, = % centered at ¢, = 1+ ffp? .
For example, for p = %, we get 71 = % and c1 = g and for a = %, we get
r%:% and c%:%.

We define a cut-off function y € C°°(R?), such that
MO =%, =0 for [(>1/3 and x=1 for [¢|<1/5
and put x(z) = x (|]A7*(z)|). Then, we have 9, x|,_, =0 and
x(z) =0 for |z—5/4]>3/4 and x=1 for |z—13/12|<5/12,
We decompose
F() = Fo(2) + Fi(2) = (1 - x(2)) F(2) + x(2) F(2).

Then, we have

12|77/ 2 Fy || oo (p2) < || F | o (D2)>

v/n—2,v—2

Hz = 1" 2P [lpe o2y < Il ,, 02
We define F(¢) = F(A(¢)). Remark that
g
4

A, Ag,

and consider the problem
AWy = 2z F1(¢) in C_nND(1/3)
9, W1 =0 on 9C_nD?(1/3),
Wi=0 on C_nNaD%(1/3)
We extend F; by symmetry to D2(1/3) and consider the problem
AW, =F in D2(1/3)

(7.21) B
Wi=0 on S(1/3)
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where F} = ﬁfl(g). Automatically, the restriction of Wy to C_ N D2(1/3)
satisfies 9¢, W1 =0 at & = 0.

The existence and the properties of W, are obtained in the same way as the
existence and the properties of Wy in the proposition (7.1). We suppose first that

the function F; doesn’t depend on the angular variable and depends only on [¢| = p.
Then, the function

- p 1 s el =T T
7" (p) =/0 ;/0 tE(t)dtds, WY =T1""(p) + ¢},

1/3 1 S N
q:—/ f/tﬂwﬁﬁ
0 s Jo

satisfies (7.21) and using that || [¢|7*+2 F oo (p2(1/3)) < 1 F|Les (D2), We get

v/n—2,0—2
S 1 [z o2y + el < CNFllzes, 02
On the other hand, if

/ﬁ‘l(p,ﬂ)pcw:(), for all p € (0,1),
S1

. . . o . Tymean
using the same argument as in the previous proposition, one finds a function W ,

which satisfies (7.21) and such that

Trmean

NS Wi L p2(1/3)) < ClIF L (D2)

v/n—2,0-2

Finally, we put
Trymean

Wi=W, """ +wr  and W;:=Wj;o\"h

The function x W3 is defined in a neighbourhood of z = 1 and can be extended by
zero to the entire punctured unit disc D2. We have

{A(XW1)=F1+QVXVW1+W1AX in Dz
O-(xW1)=0 on S\ {1}

The function Vx VW1 + W1 A x belongs to Llf?n_z ,_o(D?) and has compact

support, since is identically zero in the neighbourhood of z = 0 and z = 1. Accord-
ing to the proposition (7.1) we can find a function Wy which satisfies

{AWOFOQVXVI/VlWlAX in D?

8TW0 — %WO =0 on Sl \ {1}
By the elliptic regularity in weighted spaces we have

Hz =17 Wi || (p2) < Cllllz = 1177 Fill = p2),

12 = 1= VWi [l (o) < Lz = 1172 Fil o)

Then,
21772 (Fy = 29X YWy — Wi AX) lo=(0s) < Ol Pl oo
So, we can write Wy = ¥g + ¢fn, where
1zl o [l L (p2) + |c5| < ClIF |l (D2)-

v/n—2,v—2
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The function
Waimost == Wo + x W1,
satisfies the problem
AWaimost = Fin D2
{ O Watmost — ~Waimost = == x W1 on S*\ {1}
Take the function

22— 1
h(z) := Wi(z).
() = E—= xWi(2)
then,

1 1 2.1 2 2
Oph——h=—xW; at r=1 and Ah:LxFl—F—TBT(XWl)—i—f)(Wl.
n n 2n n n

Consider the operator
Gh : ;)o/n—Q,u—Q - Lic/)n,l/ ©Dn @ ©X7 Gh(f) = Wh = Waimost + h.

We have
AoGy =1Id+ Rp, Ry : Llcf;n—2,y—2 — L?}n—?,u—Z

Ru(f)=Ah, ||Rull <

S|

Finally, we define a continuous linear operator G = G, o (I d—|—Rh)_1 and the
function W = G(f), the unique solution to (7.18) which can be written in the form

W=V+nc,+cix €L, (D)) @D, dD,.

v/n,v

O

Now we can go back to the initial problem (7.17). Take f(z) = n?|z|*""2F(z")
and put w(z) = W(2"). Then, w € LL(D?)&D,, &D,,, and can be written in the
form

w=1p+nc+cxn(2), xXn(2) =xE"), vV |rep2z) < C v fll e (p2)-

Finally, if we take f € CSf‘Q(DE), then by classical arguments of the elliptic
theory in Holder weighted spaces ¥ € C2%(D?) and there exists a constant C' such
that

[l oz oz < € lf s 2y

8. LINEAR ANALYSIS AROUND THE CATENOIDAL BRIDGES

To analyse the linearised mean curvature operator in the neighbourhood of the
catenoidal bridges we consider the following problem

Leqqw=f in Rx [g, 37”]
(8.22)
dow=0 on Rx{Z, 3}

where Leqt = 02+ 0f + —o—, (0,0) e Rx [5,37].
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Lemma 8.1. Assume that§ € (—1,0)U(0,1). The subspace of (cosh)’C** (R x [%,

that is invariant by (0,0) — (o,—0) and (0,0) — (—0,0) and solves
{ Leatw =0 in Rx[5, %]

dw=0 on Rx{Z 3

is trivial when § € (—1,0) and is one dimensional and spanned by o tanh o —1 when
0 €(0,1).

Proof. We decompose w in Fourier series
w(o,0) = w;(o)e’.
JEL
then the functions w; are solutions of the ordinary equation

2
(8§j2+ h2 )wJ—O

cosn o

These solutions are asymptotic either to (cosh @)/ or to (cosh o) ~™7. By hypothesis,
the solution is bounded by a constant times (cosh)® and |§| < 1, so the solution
has to be asymptotic to (cosh o)™7, and then the solution is bounded. On the other

hand, —(j)? +
Jj=>2.

5— < 0, so the maximum principle assures that w; = 0, for all
cosh” o

Observe that the imposed symmetry (o,0) — (o, —0) and the boundary condi-
tion imply w; = 0. When j = 0, wq is the solution of the ordinary equation

2
9% + ) wy = 0.
( 7T coshZo ) O

By direct computations, we can see that tanho and otanho —1 are two indepen-
dent solutions. The only solution symmetric with respect to the horizontal plane

is otanh o — 1 and it belongs (cosho)’C**(R x [Z,2X]) only when § € (0,1).

O

The next step is to prove that, under some hypothesis, there exists a right inverse
of the problem (9.25) and it is bounded.

Proposition 8.1. Assume that § € (—1,0)U(0,1). Then given f € (cosho)’C(R x
[Z,32]), such that f(0,0) = f(—0,0) = f(o,—0) there exists a unique constant
d; and a unique function v € (cosho)°C>*(R x [Z,2]) such that the function
w =wv+dj solves

<5§+8§+22 >wf, in Rx[Z,3]

cosh” o

opw =0, on Rx{%,%ﬁ

(8.23)

and w(o,0) = w(—o0,0) = w(o,—0). Moreover, we have

(8.24)  [(cosh o)™ wllgaa(ry[g,5]) + |9 < C(cosh )™ Flleo.a(mu[5.5])

3
2

)
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Proof. Let us extand the function f by symmetry to the entire unit cylinder R x S*.
Then, there exists a function w, which satisfies

2
<8§+a§+2>w:f in Rx S,
cosh” o
and w=v+d;, |[(cosho) vczamust)+|di| < C|(cosha)™ fllcoamxs)

This fact follows from the construction given by R. Mazzeo, F. Pacard and D. Pol-
lack in [6]. Here, we give a short sketch of their proof for the sake of completeness.
Let first f be a function whose Fourier series in 6 is given by

Fo,0)= > fio)e".
l71>2
Then, for every t € R, there exists a function v, = le‘ﬂ vj»(a) e”?  a unique
solution of the problem
- N E=f in |o|<t, oi(xt)=0, j>2
— — vi=f; in |o v = .
ds? 7 cosh’c/) 7 Y =

One can prove this using the maximum principal and the method of sub- and

supersolutions, taking — (cosho)® as a barrier function. Taking a sum

1
Jj2=2-96 _
over |j| > 2, we get a function v; such that L.qv; = f and v (£t) = 0. By the
Schauder’s elliptic theory, there exists a constant C such that

H(coshU)_‘Sv||cz,a((,t’t)><31) < C/|(cosh 0)_6f||c0,a((7t,t)xsl)-
Moreover the constant C' does not depend on ¢, which can be proven by contra-
diction, using the same argument in the proposition (7.1). Finally, the sequence

v; admits a subsequence which converges to a function v on compact subsets of

R x [Z,37] as ¢ tends to infinity and such that (8.24) is true.

In the case when f = fo(0) + fi1(0) T, we can construct a solution explicitly,
taking
o t
w1 (o) = cosh™ 0‘/ cosh2t/ cosh™ & fiq(€)dé dt.
0

0
and

o t
wo(o) = tanha/ tanh72t/ tanh & fo (&) d€ dt
0 0
Remark, that for |f;(o)| < (cosho)? for j = 0,41 there exist constants d and dj,

such that
wo + d (1 — stanhs) = vy + di, |vo| < ¢(cosho)®
moreover
|wi1] < ¢(cosho)?
The estimates for derivatives of wy and w4, are obtained by Schauder’s theory. For
all § € (—=1,1) we have

||(COSh 0')76(1}0 —+ wi1)||c2,a(RX51) —+ |d41<‘ S ||(COSh J)i5f||co,a(Rxsl)

Finally, by symmetry the restriction of w to R x [g, ‘%T] satisfies Oy w|{%,%ﬁ} =0.
O
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9. LINEAR ANALYSIS AROUND THE CATENOIDAL NECK

In this section in order study the linearised mean curvature operator around the
catenoidal neck we consider the equation
(9.25) Leqqw=f in R xS,
where Lo = 02 + 842) + ﬁ

We restrict our attention to functions which are even in the variables ¢ and s
and invariant under rotations by the angle 2X. Given f € (coshs)’C%*(R x S%),
such that

f(s,0) = f(=5,0) = f(s,=0) = f(s, 0+ 7/n).
we define F(s,¢) = 2 f(2 %) and consider the problem

n2 n’

2
(9.26) Le,w=|98-7+—">5—|W=F
n? cosh” >
We prove the following two lemmas:
Lemma 9.1. Assume that§ € (—1,0)U(0,1). The subspace of (cosh £)° L> (R x S')
which is invariant by (s, ) — (s,—¢@) and (s,¢) — (—s,¢) and solves
LW =0 in RxS

is trivial for 6 € (—1,0) and is one dimensional and spanned by > tanh > —1 for
0 €(0,1).

Proof. The proof of this lemma is analogous to the proof of the lemma (8.1) and
uses the maximum principal for the Fourier modes j > 1 and the symmetry with
respect to the horizontal plain for j = 0. |

Proposition 9.1. Assume that 6 € (—1,0) U (0,1). Then, given a function
Fe (cosh%)(s L (R x S'), such that F(s,¢) = F(—s,¢) = F(s,—¢), there exist

a unique constant dj and a unique function V € (COSh %)5 L (R x SY) such that
the function W =V 4+ dj solves

2
9.27 21t —=- __\w=F
( ) < ¢ " n2cosh? 2

and there exists a constant C, which does not depend on n, such that

s\ 79 " s\ 79
9.28) Il (cosh 2) " Wllgooqaxst + 1] < Ol (cosh 2) ™ Pl poe .

Proof. We decompose both F and W in Fourier series

F:ZFj(s)e’jd’, and W:ZWj(s)eij‘b.

€z jEL
First, let F(s,¢) = > Fj(s)e!®l. Then, for every t € R, using the method
l71>1

introduced in [6], we can solve

2
2 2 Vi oyt
<3S ! n2 cosh? = ) ;= J (#t) =0,
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by the maximum principal taking (cosh%)‘s as a barrier function.

1
j2n?2—2-94
When ¢ tends to infinity, we get a sequence of functions which admits a subse-
quence converging on compact sets of R x S! which satisfies (9.27) and (9.28).

When F(s,¢) = Fy(s) we find explicitly

- t
W@(ﬁ::tanhfl/‘1anh_2t/ptanhgﬁb@&)d§dt
nJo 0

Like in the proposition 9.1 there exist a function Vj € (cosh %)6 L>®(R x S') and a
constant d, such that the function Wy = V) + df satisfies (9.27) and (9.28).
O

Remark now that the function v(s, ¢) = V(ns,n¢) is invariant under rotations
by the angle %’T and satisfies
Legtv=f, and [(cosh S)_5U||L:>o(R><Sl) < C'||(cosh s)_6f||Loo(RX51).

Finally, by the Schauder’s theory, if f € (cosh s)°C%*(Rx.S'), then v € (cosh 5)°C%(Rx
S1) and
[(cosh 8) "v]|c2. @51y < Cl(cosh s) ™ fllco.emxst)

10. THE FIXED POINT THEOREM ARGUMENT

We parametrize S,, by the following sub-domain of the unit disc:
Q= {zeD?:e< 5| <1}\ U An{CeC. ;|g|g§}.
m=

Take a real number v € (0,1). We denote Sl’f,‘j‘ the Banach space which is a subspace
of C¥*(Q.) invariant under the transformation z ~ z and the rotations by the angle

=. Remark, that when we use the change of variables
z=2¢Ecoshse® or z=Ay,(1/2ecoshoe®),
the functions
(5,0) — w(coshse™) and (0,0) — w(\y,(1/2¢coshoe'?)),
belong to the functional spaces
(Ecosh 8)VC*Y((—s4,8.) x S') and (ecosho)’C**((—0x,0.) x [7/2,37/2]).

Putting together the results of the section 6, for every function w € 5721:3‘ small

enough we can construct a surface S, (w) which is close to S, and whose mean
curvature can be expressed as

H(w) = H(0) + Lw + Q(w),

where H(0) is the mean curvature of Sn, L is a linear differential operator, which
has the form

2-8 . n

Ly, + 57 LY in Qg U leu mLil Qm

Y
z glu
2—

B .
L= Leat + (1 + Evz )Ls,qﬁ m Q(c)at

(Leat + =2 Lop) ( oAm) in QI
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and @ is the nonlinear part of H(w) which can be written in the form

gl=h

-8B )
Q) = — inw)ﬁj@ﬁ”(w),

where the properties of L7, Q3 and Q3 are described in the section 6. First, we
verify that

17 H(O)| oo,y < ™27, WB € (0,1),

It follows from the fact that away from 0 and the n-th roots of unity, where S, is
parametrized as a graph of one of the functions £ G,,, the mean curvature satisfies

1(0) = \Pg(g})

)

and its norm is bounded by a constant times £3~*~#. On the other hand, in the
gluing regions the mean curvature is bounded by a constant times e37 /4% and in
the catenoidal regions by /7.

Secondly, there exist constants ¢ € R and p € N, such that

H’Yz Q(w)‘lcg)a(gi) < ce?/3mplatvth) Hw”ClZ;”‘(Qs)a for ||ch§v“(Q€) < ce®/3 =B,

The surface S, (w) is minimal if and only if
Lw=—-H(0) — Q(w).
If £ is an invertible linear continuous operator then function w should satisfy
(10.29) w=—-L"" (H(0) + Qw)) = A(w)
If we show that there exists an open ball B C £%% such that A : B — B is a

n,v
contraction mapping, then by the Banach Fixed Point theorem, there will exist a
unique function w, a solution to (10.29) such that 3, = S, (w,) and 3, = S, (wy)

are free boundary minimal surfaces in B3.
10.1. Inverse Linear Operator. We would like to find a linear operator

M E)S — EXS, such that +* Lo M(f) = f.

n,v

Take a partition of unity on the unit disk D? :

(23 € COO(DQ), such that Z% = 17 and Qi = 5@‘ in UZ Dz,

i=0
where zg = 0 and z,,, m = 1,...,n are the n-th roots of unity and U; are small
neighborhoods of z;. Given function f € 52:3 we can decompose it as

F=Y wif=> fi. supp(f;)CUi.
=0 =0

Let us fix the coordinates (s, ¢) and (o, 0) and take sz € Ry such that
gcoshsz = 1.
We can parametrize two copies of the unit punctured disk D? by
2y =1y e, where 7, =e"7%, s¢c(—oco,s:) and

s—Sz

z_=r_€? where r_=e "% s¢€(—sz+00)
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Remark that we can also parametrize two copies of the punctured half-plane C_
by

Cy =pre?, where pp=e%, o€ (—00,00) and

C_=p_eY where p_=e"7, o¢€(—00,+00)
and take the conformal mappings A : C_ — D? given by
2mim 1 +
M) =t T,
We define the cut-off functions ¥y € C> ([—s¢, sz]) and ¥ € C>®(R) such that
9=1, for s>1, ¢¥=0, for s< -1
9=1, for o>1, 9=0, for o< —1

Take fo(s,¢) = fo(§coshse'®) and f.(0,0) = fm o An(ecoshoe?). We can de-
compose

f0(5a¢) = f;(57¢) + fO_(S,(;S) = 190(8) f0(8,¢) + (1 - 190(5)) f0(57¢)a and
fi(0,0) = f5(0,0) + fi (0,0) = 9(0) fu(0,0) + (1 = V(7)) f<(0,0)

We can extend the function fj by zero to the interval (—oo,sz). It defines a
function fgr on the unit punctured disc, parametrized by the variable z,. In the
same manner, we can extend the function f; by zero to to interval (sz, +00) and

that defines a function f(; on the unit punctured disk parametrized by z_. We
have

fif(ree) = ff (£logrs + sz, ).
We also define the functions f£ on the half-plane C_ by f£(ps €?) = f£(+log ps,0).
Finally, we put

fiGe)=ffo(A\5)" and fE=3 fF
1=0

. 3 . -2
each of the functions f* on one of the two copies of D™\ {0, 21,...,2,}.

First approximate solution: Using the results of the section 7, we find func-
tions @, € £ & D, & Dy, , solutions to the problems

’72<Zi) A (B(Zi) ’lj);&) = fi n Dz

Op i =0 in S\ {z,...,2.}
‘We have
w;(zi) =T (z2) +nch + ¢ xnl(ze), and
ot
||wgr||c§1u(Dg)@@n@9Xn <C Hf”cﬁ»a(pg)
‘We put

U (5,0) = 9F (7% €'?) € (Ecosh5)"CH ((—o0, 5¢) x ),

v

V7 (s,0) = (e7* %2 ) € (e cosh 5)"C**((—sz, +00) x S1),
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and QZ:I: _ 1/}:|: o)‘rﬂr:z c (scoshs)”CZQ(R % [E 3j])

27 2

First estimate of the error: We would like now to analyse the behaviour of
the function

hi=2 LT +¢7)— f
Remark, that the change of variables z = & cosh s ¢’ transforms
1
A, ~ ———— (coth? s 83 + coth s 9s(1 — coth? ) + 62
&2 cosh® s ( ‘ ( )+ 0)
On the other hand, the change of variables z4 = e**7% ¢’ transforms

A~ €F2675) (92 4 02)

In this section we will denote as ¢ any posmve constant which does not depend
on £. Moreover, |e**~% — ccosh s| < Using once the again the partition of
unity, we decompose

cosh s

h:iqﬁzh:ihz, }_L*:hmOAm
=0 =0

Regarding ho as a function in variables (s,¢) we can extend it by 0 to R x S*.
Similarly, regarding h. as a function of (o, ) we can extend it by 0 to R x [g, 37”}
Fix § € (—1,0). Then, there exists a universal constant C, such that

||(COSh s)_éhOHCOvO‘(RXSI) <C Hf”CB’a(Qs)’

I(cosh o) Rl o e 5.5

D <C ||f||c,‘3>“(§z

Help of the linear analysis around the catenoids: Using the results of the

sections 7 and 8, we can find functions w?,, and w},,, such that
2 <2
i 0 Y 7 _ 7 _
2 conty ot e Tho B g Bt Moot =Foes O et =01
where 5 5
Leat=02405+ ——— and Leq =02 +05 + ——5—
cat ° ¢ osh2 s cat o T cosh?o
and = 7y 0 \,,. We can write w?,, = 0%, + d§, and @}, = v, + d}, where

cosn s cat C2:a(RxS1) 0 cosn s ollcoa(Rx S1) Al
[(cosh s) 200, +|ds| < Cll(cosh s)~°hi d
||(COShU)76T]:atHc2,a(R><[g,%’f]) +|di| < |[(cosho)™ h ||coa(]1§><[g 7”])

We have
=0.

We also denote w(}, = W}, © A, and v, = Uy,

Orw = 0yv

cat*
cat|r:1 cat|r:1

Cut-off functions: Let, as before, g € C>°(D?) denote a cut-off function, such
that

n2(z) =n2(z]), n(z)=1 for |z|<1/26¥% and 72(z)=0 for |z|>28Y2
and 7. € C*°(C_) the cut-off function in C_, such that
7(Q) = (ICl), (O =1 for [¢) <1/26% and Q) =0 for [¢] > 26
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We put n™ := 7. o AL,

Furthermore, we introduce the cut-functions »2 € C°°(D?) and 3. € C*(C_),
such that

2(2) = 32(|2]), #2(z)=1 for |2/ <28Y2 and »2(z)=0 for |z|>3&/2

7(Q) = 2(C), =(Q=1 for [¢[<2e? and %(()=0 for [¢[>3e?
and »™ := 3.0\ L.
Let I = [s2,57] and I7 = [-S¢,—s] be the two subintervals of [—s¢, s¢]

where we glue together the graph of the functions + G,, with the catenoidal neck.

Similarly, let J = [0¢,%¢] and J- = [-X¢,—0?] be the two intervals where
we glue together the graph of the functions 4+ G, with the half-catenoidal necks.
We put

R: = 675?755, re = e™5¢ %  and P.=e 7, Pe = e >,
We denote &2 € C>°(D?) a cut-off function such that
(2) =&(l2]), €(2)=1 for |2| >Rz, and &(2)=0 |2| <7

In the same manner we define the cut-off function & € C*°(C), such that

E(Q)=¢&(Ch, & =1 for [(]>P., and &(¢()=0 (] <pe,
and we put
&= ge o )‘7_n1'
Finally, we define the cut-off function ¢, € C>(D?) : & = &2 ﬁﬁgﬁ and also the
m=
functions
£F € C%([—sz,52] x S1) 1 E5(s,0) = £(F 5 €0).

Notice, that £ is a function which is equaNI to 1 on the part of the surface, which
is parametrized as a graph of the function —G,,, the parts, where we glue this graph
with upper parts of the catenoidal neck and the half-catenoidal bridges and also
on the neck and the bridges them selves. It is identically equal to zero on the part

of the surface, which is parametrized as a graph of the function G,. In the same
manner, one can easily deduce the properties of £ .

Regular terms: Consider the function

n
et t — = 0,0 mom
Wreg *= 55 gr + fe wgr + 7z Vear t Z Me Veat:

m=1

Deficiency terms: We define the functions
ug(s) :==1—s tanhs, @(o):=1—o0tanho, w,:=aol},

and take I',, and T,, the functions lying in the kernel of the operator Ly, and defined
section 4. We also denote

Ly (s,0) = Ta(e™ 7% e'), Ti(s,9) = Da(e™ 7 e™).
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Consider the function

ke, 0) = 22 (apug + dy) + Z 7" (a1 Uy, + d7)

m=

F (== 3 s el +bo (68T + €T
m=1

—

b (T T,
where the constants ag, a1, by and b; are chosen in such a way that the norm of s
and its derivatives would be small in Q2 @ Q;", where

Q0 .= supp(»2) Nsupp(1 — 52), and Q" :=supp(") Nsupp(l — »™).

More precisely, in Q° we have
_ _ —2n+2ns: —2ns+ O(e), when s>0
GTi+6 T, =
—2n+2ns:+2n s+ O(e), when s<0
On the other hand,

i

1—-s5+0(), for s>0
uo(s) =
1+s+0(E) for s<0

and n
ET+E T =540, xals,9)=0, 5"=0
This gives us the first equation on ag, ay, by, b1:
b
(10.30) ap =2nby, cHn— lTn—ano—&—ano se = 2nbg + dj.

Similarly, in Q7" we have for all 5 € (0,1)

—g +¢(n) — o4+ OE?3P), when o >0

—g+c(n)+a+(9(52/3_5), when o <0
1—0+0(3), for >0

u(o) = ;
1+0+0(E¥3) for 0<0

Gri+¢ T, =

and )
(s, ¢) = —n+ OEY?), xu(s,0) =1, »2=0.

This gives us the second equation
n
(10.31) a; = by, c(’;n+c’{+b1(c(n)—§)—bon=b1 + dp.

Then, the system (10.30) and (10.31) has a unique solution.

Second approximate solution: As an approximate solution, we take the func-
tion
Wapp ‘= Wreg + K.
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We would like to estimate the norm in £2% of the function

52 Lwep, — f.
We do it separately in the regions Q0,,, Q0,,, ), Qqp, Q7, Q7 and Q7.

(1) In Qgt,, where the surface S, is parametrized as a graph of the function

—G,, we have

mo

n=n"=0, and (=1, & =0.
We see that

g2=p
f:f+7 wapp:w;rr"i_’iv and 72£:72Lgr+ ~2 LY

K=cin+cxn+boTH+0TF in QF and k=0 in Q. NQ;.
Then,
172 £ Wapp — f”c,‘j»“(g_;rr) <ceBh ||f||c3*a(95)a VB € (0,1).

Naturally, the same estimate is true in 2

gr» Where the surface is parametrized

as a graph of G,, and where
+ =
g

- b

7725772”5 , and & =1,
and f = f7, Wapp = 1/197 + k.
(2) In the region Q%" where we glue together the upper part of the catenoidal

glu> -
neck with the graph of the function —G,, we have

=0, & =1 and

f:f+7 wapp:w;~+§;wg_r_ngvgat+’{7
K =aguo+d; and 725272L9r+61_ﬁL70.

We obtain for & small enough

17% £ wapp — f”cﬁﬂ(g?i)

_ Sl—v—
<c (||¢ngC§"’(Q;'Z'3) + ”vgat”Cf,'”(Q;'l‘S) + HH”CE’”(Q;“;S)) < cel/2Plmy B”f”cg’“(gi)

0,—

gl where we glue

By symmetry the same estimate is true in the region 2

the lower part of the catenoidal neck with the graph of the function G,, and

where
[ —

=0, (& =1 and
f=r, wappzw;n'i'f; ;—Tlgvgat+fﬁ ’i:aOUO‘FdS
3) In the regions Q7" where we glue together the upper part of the half-
glu
catenoidal bridges with the graph of the function —G,, we have

=0, ¢ =1 and

£
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—_ £t — ot — = m M
F=r, wapp_i/}gr+€a wgr_né Veat T K
k=ajun, +d; and 2L =L, +e2/378 m,

We obtain

||")’2 ,Cwapp - fHCS’“(QZ;’j)
_ S|—v—
< (Walepeagn + et g + Iolez ) < e ey,

Once again, by symmetry the same estimate is true in QZZZ’;.

0

oat, Where the surface S, coincides with the

(4) In the catenoidal region
catenoidal neck, we have

s - — + _ 0 2 p _ 2 1-8
f - f + f 9 wapp - 1pgr +{lpgr wcat7 ’V ﬁ - 252 COSh2S Lcat +€ L

We obtain

||’Y2 Lwapp — f||c3="(ng) <celvh ||fHC8’(’(QE)'

(5) Finally, in the region Q7,, where the surface S, coincides with the m-th

half-catenoidal neck, we have
=0, & =¢ =1 and
2

~

e2cosh? o Lear €770 L

= f++f_a Wapp = wg_r"H/);r—wZZt’ 72 ‘C( o)\m) =
We obtain

||’Y2 L Wapp — fHCB’O‘(QZLLt) < ce?/Bvh ||f||c3=a(95)~

Now let us introduce the operator My, : CO*(Q.) — C2%(€).), such that
Mapp(f) = wapp  and [ Mapp|| < ce™ 7, V5 € (0,1).

On the other hand, if we take ¢ sufficiently close to —1 and v and S small enough,
then the operator

Rapp = ¥ Lo Mepp —1d - () — C2¥(Q.),

satisfies
[Rappll < 1.

So, Id 4+ Rgpp is an invertible operator. We denote

Mezact = Mapp o (Id + Rapp)_l , and Y2 Lo Megaer = 1d.
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10.2. Conclusion. Using the results of the previous subsection, we conclude that
there exist constants ¢ € Ry and p,q € N, such that

| Mezact (V2 H(0)) [|gza < e2/3710F8),
and
< g/3=platvtB) |y

2,a
Exy —

HMe:cact (’72 Q(’LU)) |

Ens:
This yields that for «, v, 8 and € small enough
1
Mezact ('72 Q(wl)) — Mezact (72 Q(wQ)) ”5213 < 5 w1 — w2||g§;f;a

and Mgact (72 Q()) is a contracting mapping in the ball
Bi= {we €25 ¢ |lwlgzy <P Y
And the result of this article follows from the Banach fixed point theorem.

REFERENCES

[1] A. Fraser and M. Li, Compactness of the space of embedded minimal surfaces with free bound-
ary in three-manifolds with nonnegative Ricci curvature and convex boundary. J. Differential
Geom. 96 (2014), no. 2, 183-200.

[2] A. Fraser and R. Schoen, The first Steklov eigenvalue, conformal geometry and minimal
surfaces, Adv. Math. 226 (2011), no. 5, 4011-4030

[3] A. Fraser and R. Schoen, Sharp eigenvalue bounds and minimal surfaces in the ball,
arXiv:1209.3789v2[MathDG]

[4] N. Kapouleas and S.-D. Yang, Minimal surfaces in the three-sphere by doubling the Clifford
torus, Amer. J. Math. 132 (2010), no. 2, 257-295

[5] O. A. Ladyzhenskaya, N. N. Ural’ceva FEquations auz drives partielles de type elliptique .
1968.

[6] R. Mazzeo, F. Pacard, D. Pollack Connected sums of constant mean curvature surfaces in
FEuclidean 3 space , Journal fur die Reine und Angewandte Mathematik. 2001. . 115-166.

[7] J.-C.C. Nitsche, On the boundary regularity of surfaces of least area in Euclidan spaces,
Continuum Mechanics and related problems of analysis, Moscow 1972, 375-377.

[8] F. Pacard Lectures on Connected sum constructions in geometry and nonlinear analysis,
preprint. 2009.

[9] F. Pacard, H. Rosenberg Attaching handles to Delaunay nodoids , Pacific Journal of Mathe-
matics. 2013. . 266. . 1. . 129-183.

ABIGAIL FOLHA - INSTITUTO DE MATEMATICA - DEPARTAMENTO DE GEOMETRIA, UNIVERSIDADE
FEDERAL FLUMINENSE, R. MARIO SANTOS BrRAGA, S/N CAMPUS DO VALONGUINHO 24020-140
NITEROI RJ BRAZIL

E-mail address: abigailfolha@vm.uff.br

CENTRE DE MATHMATIQUES LAURENT SCHWARTZ, EcoLE POLYTECHNIQUE-CNRS
E-mail address: frank.pacard@math.polytechnique.fr

CENTRE DE MATHMATIQUES LAURENT SCHWARTZ, EcoLE POLYTECHNIQUE-CNRS
E-mail address: zolotareva@math.polytechnique.fr



