Hodge loci

Claire Voisin

ABSTRACT. The goal of this expository article is first of all to show that
Hodge theory provides naturally defined subvarieties of any moduli space
parameterizing smooth varieties, the “Hodge loci”, although only the Hodge
conjecture would guarantee that these subvarieties are defined on a finite
extension of the base field. We will show how these subsets can be studied
locally in the Euclidean topology and introduce a number of related Hodge-
theoretic notions. The article will culminate with two results by Deligne,
Cattani-Deligne-Kaplan respectively. The first one says that Hodge classes
are absolute Hodge on abelian varieties. This is a statement which we will
rephrase in general in terms of Hodge loci and is enough to guarantee that
Hodge loci are closed algebraic, defined on a finite extension of the base
field. The second tells us that Hodge loci are in general closed algebraic, as
predicted by the Hodge conjecture.

1. Introduction

These notes are devoted to the study of Hodge loci associated to a family of
smooth complex projective varieties m : X — B. The Hodge loci are quite easy
to define set theoretically and also, locally on B for the classical topology, as a
countable union of analytic subschemes; the local components are indeed endowed
with a natural analytic schematic structure, which we will describe and can be
studied using Griffiths theory of variations of Hodge structures [16]. On the other
hand, the right approach to give a global definition of the Hodge loci is the notion
of “locus of Hodge classes” introduced in [8]. This locus of Hodge classes is not a
subset of B, but a subset of some Hodge bundle on B, associated to 7.

Griffiths’ theory has several interesting local consequences on Hodge loci, eg
their expected codimension and density properties. However, it only gives a local
and transcendental approach to the subject, which makes it hard to understand
the global structure of the Hodge loci. As we will explain in section 1.1 below, the
Hodge conjecture predicts in fact that, assuming X', B are quasi-projective, Hodge
loci are closed algebraic subsets of B, which makes them relevant to the topic of
this book. One of our main goals in this paper is to motivate and explain the main
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2 Hodge loci

theorem of [8] proving that Hodge loci are indeed closed algebraic, as predicted by
the Hodge conjecture. As a consequence of this result, Hodge loci provide natu-
rally defined subvarieties of any quasiprojective variety B parameterizing smooth
projective varieties.

Finally, there are several arithmetic aspects of the question that we also want
to describe. First of all, one question which is not addressed by Cattani, Deligne
and Kaplan is whether, assuming everything is defined over a number field, the
Hodge loci are also defined over a number field. Following [38], we will explain
a partial result in this direction, together with the relation between this question
and the question whether Hodge classes are “absolute Hodge”.

A last aspect of the question, also related to arithmetic, is the study of the set
of points of B(Q) not belonging to the Hodge locus, assuming as before the family
and the base are defined over a number field. This study cannot be done within
the framework of Betti cohomology and variations of Hodge structures. Complex
geometers would usually just say that the Hodge locus is a countable union of
proper closed algebraic subsets, hence that there are complex points in B(C) out-
side the Hodge locus. But this countability argument does not say anything on
the existence of points in B(Q) outside this locus. We will explain a partial ap-
proach to this, which uses results of Terasoma comparing Galois and monodromy
groups, but works under an assumption which would be also implied by the Hodge
conjecture, namely that “Hodge classes are Tate classes” (see subsection 1.2).

The rest of this introduction will make precise a number of notions used
above.

1.1. Hodge structure and Hodge classes

Let X be a smooth projective complex variety, and k be a nonnegative integer.
The Hodge structure on H?*(X,Q) is given by the Hodge decomposition of the
complexified vector space H?*(X,C) = H?*(X,Q) ® C into components of type
(p.q):
H?* (X7 C) = @p+q:2ka7q(X)7

where HP*4(X) is the set of complex cohomology classes which can be represented
by a closed form of type (p, ¢). The Hodge symmetry property says that HP:4(X) =
H9%P(X), where complex conjugation acts naturally on H**(X,C) = H**(X,R) ®

C.

Definition 1.1. A Hodge class of degree 2k on X is a rational cohomology class
a € H?*(X,Q) which is also in H**(X). The set of Hodge classes of degree 2k
will be denoted by Hdg** (X).

Remark 1.2. One could of course also speak of integral Hodge class, and their
study can lead to interesting invariants of varieties (cf. [10], [39]). Furthermore,
even if we will focus here on rational Hodge classes, we will see that the integral



Claire Voisin 3

structure on cohomology should be kept in mind, in order to establish finiteness
results for the monodromy action (cf. subsection 4.1).

Remark 1.3. Notice that by Hodge symmetry, for a class a € H?*(X,Q), being
in H**(X) is equivalent to being in

FFE?*(X,C) = B (X) e H* V(X))@ ... @ HYF(X).
The Hodge conjecture states the following:

Conjecture 1.4. (Hodge 1950) Hodge classes on X are combinations with ra-
tional coefficients of classes [Z] € H**(X,Q) of algebraic subvarieties Z of X of
codimension k.

1.2. Hodge loci and moduli spaces

Let m : X — B be a smooth projective morphism between irreducible complex
analytic spaces. Fix a nonnegative integer k. We sketch several possible definitions
of the Hodge locus for this family.

Definition 1.5. The Hodge locus for degree 2k Hodge classes is the sublocus of B
consisting of points t where the number p**(X;) = dimg Hdg?*(X;) does not take
the minimal value.

This locus is also sometimes called the jumping locus, because the number
p*F(X;) is uppersemicontinuous. In fact, we have the following statement which
will follow immediately from the local description given below (see also section
3.1):

Lemma 1.6. Locally for the classical topology on B, for t taken away from a
countable union of closed proper analytic subsets, the following holds: any Hodge
class o € Hdg* (X;) remains Hodge (that is of type (k,k)) on Xy, for t' in a
neighborhood of t.

Here we use the parallel transport of cohomology to see o € Hdg**(X;) C
H?!(X;,Q) as a cohomology class on Xy for #' close to t. Note that, by analytic
continuation, the conclusion will then hold everywhere on B, as B is irreducible.

This lemma is a consequence of the following more precise result (Lemma
1.7): Here we choose a small contractible open set U C B, so that the family
X — B becomes topologically trivial over U. Let ¢t € U. The topological triviality
shows that any degree 2k rational cohomology class o on X; can be extended to
a constant section & of the sheaf R?*m,Q on U. We will show in section 3.1 the
following:

Lemma 1.7. Given a class o € H**(X;,Q), the set U, C U consisting of points
t' € U such that &y 1is a Hodge class is a closed analytic subset of U.
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It is then clear that the Hodge locus for our family restricted to U is the
countable union over those « for which U, # U of the corresponding U,, as
the Q-vector space of Hodge classes on the fiber A; is locally constant, hence of
constant dimension, for ¢ away from this locus. This dimension is then minimal
as the Hodge classes on X; for t very general as above, remain Hodge everywhere.

If we now assume the Hodge conjecture 1.4, we see that the expected structure
of the Hodge locus is much more precise: indeed, the presence of a degree 2k Hodge
class on X; is then equivalent to the presence of an algebraic cycle of codimension
k in X;. Such algebraic cycles are parameterized over B by a countable union
of fiber-products of relative Hilbert schemes for the family X — B. A standard
countability argument then shows that, assuming the Hodge conjecture, for each
local component of the Hodge locus as described below, we can find a (local piece
of) arelative Hilbert scheme which dominates it, and we then finally get by analytic
continuation the following conclusion:

(*) Assuming the Hodge conjecture, the Hodge locus is a countable union of
proper closed algebraic subsets of B.

This prediction has been made into a theorem by Cattani, Deligne and Ka-
plan (cf. [8]) as we will explain with some detail in section 7.

1.3. Arithmetic aspects: Absolute Hodge classes and Tate classes

The rough prediction above can be made more precise taking into account
the definition field K of the family, which usually will be a number field, as we are
interested in moduli spaces. We simply observe that the relative Hilbert schemes
of the family m : X — B are defined over K, so that its irreducible components
are defined over a finite extension of K, and furthermore Gal (K /K) acts on the
set of irreducible components. We thus have the following refinement of (*) :

(**) Assuming the Hodge conjecture, the Hodge locus is a countable union of
proper closed algebraic subsets of B, defined over a finite extension of the definition
field K. This union is stable under Gal (K /K).

There is no general result available on this question, but in sections 5 and
7.3, we will explain first of all that (**) is just a very weak version of the following
conjecture, which is implied by the Hodge conjecture:

Conjecture 1.8. Hodge classes are absolute Hodge.

Here we are alluding only to the de Rham aspect of the notion of absolute
Hodge class introduced by Deligne in [12]. We refer to [25] for the full definition
involving also comparison with étale cohomology. Note that conjecture 1.8 has
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been proved by Deligne in [12] for abelian varieties. We will explain the strategy
of the proof in section 6.

The general problem seems to be very hard, but we will give in subsection 7.3
a criterion for (**) to hold. This criterion however concerns only the “geometric
aspect” of conjecture 1.8, and says something only when the components of the
Hodge locus do not consist of isolated points.

We finish this introduction by giving some more detail on another arithmetic
aspect of the study of the Hodge locus. As already mentioned, and assuming that
everything is defined over a number field, it is not clear at all from the descriptions
above that there are any points in B(Q) outside the Hodge locus.

The first result in this direction was due to Shioda. Recall that the Noether-
Lefschetz theorem says that if S C IP3 is a very general surface of degree d > 4,
the Picard number p(S), defined as the rank of the Néron-Severi group of S, is
equal to 1. Shioda proved in [32] the following:

Theorem 1.9. For d > 5, d prime, there exist smooth surfaces S C P3 of degree
d defined over Q and satisfying the conclusion of Noether-Lefschetz theorem.

The proof by Shioda involved an explicit construction of surfaces with large
automorphism group. Later on, Terasoma proved in [35] a result comparing Galois
groups acting on étale cohomology of “most” closed geometric fibers (even defined
over a number field) and the l-adic geometric monodromy group acting on the
Betti cohomology of the same fiber with Q;-coefficients (cf. section 4.4).

The main consequence of Terasoma’s result is the fact that, if the geometric
monodromy group is big, which is one of the standard proofs towards Noether-
Lefschetz type theorems (cf. [40, II, 3.3.2]), then so is the image of the Galois
group. This allows to prove for many families that there are no Tate classes in
the varying part of the cohomology of many fibers defined over a number field of
a given family. Here Tate classes are defined as étale Q;-cohomology classes with
finite Galois orbit.

In order to apply this to the original question concerning “jumping” Hodge
classes, which must lie in the varying part of the cohomology of a family, on
fibers defined over a number field, we see that what is needed is the answer to the
following question:

Conjecture 1.10. Hodge classes are Tate classes.

This conjecture is of course implied by the Hodge conjecture, so it has a
positive answer in the degree 2 case, where the Hodge conjecture is known as the
Lefschetz (1,1)-theorem. It is also essentially related to the “étale aspect” of the
question whether Hodge classes are absolute Hodge classes (cf. [12]).

The conclusion is then the following (cf. [2], [35] for various versions of this
result).
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Theorem 1.11. Assuming conjecture 1.10, and the family X — B is defined over

a number field, there are many points in B(Q) outside the Hodge locus.

Acknowledgements. I thank Gavril Farkas and Ian Morrison for inviting
me to contribute to this beautiful volume. I also thank Pierre Deligne for allowing
me to present the contents of his letter [13] here (cf. Theorem 4.14) and Michel
Brion for his help. Finally, I thank Marc-Hubert Nicole and Ben Moonen for their
comments on a preliminary version.

2. Variations of Hodge structures

2.1. Hodge bundles and Gauss-Manin connection

Let m : X — B be a smooth projective morphism of complex varieties, which
we first endow with the classical topology. Locally over B for the classical topology,
the family X is topologically trivial, which provides local systems

H) .= R'n,Z, H: := R'r,C.

Consider the associated holomorphic vector bundles on B

HE = H& ®c Op.
They are endowed with the Gauss-Manin connection

V:H — H @Qp,
which is the flat connection characterized by the fact that the sections of H: are the
sections of H* annihilated by V (i.e. the flat sections). The holomorphic bundles
H? can be described in the following way: let Qx/Bhot * Qx /T Qp where Qy is the
sheaf of holomorphic 1-forms, and more generally 25, /B hol *= A° Qx /B,hol> With

differential dy,p induced by the exterior differential. The relative holomorphic
Poincaré lemma tells that Q% /B, hol is a resolution of the sheaf 7~1Op, so that

The complex Q% 5 ;,,; has the naive (or Hodge) filtration

ke L O*>k
F*Q% /B hot = QX/B,hol

whose graded pieces are the sheaves GT;S“Q:\(/B,hol = Q]jY/B,hol'

The filtration above induces on each fiber X; of 7 the Frolicher spectral
sequence. Its degeneracy at E; for every t (cf. [40, I, 8.3.3]) implies that the
coherent sheaves Rqﬂ*Q’} /B are locally free (and satisfy base change), and also
that the coherent subsheaves

i i o>k i .
F*HY .= TIm (R ”*QX_/B,hol —R W*QX/B,hol)
Q'Zk

X B,hol and satisfying

are locally free subsheaves, in fact isomorphic to Rir,
base-change. These bundles are called the Hodge bundles.
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By Hodge theory, and degeneracy at F7 of the Frolicher spectral sequence,
the Hodge filtration F*H*(X;,C) = F¥Hi can be described fiberwise as follows
(see [40, 1, 8.3.3]): Let H'(X;, C) = ®p4q=i HP9(X;) be the Hodge decomposition.
then

(2.1) FEHY(X,,C) = @y p prgmi P (X).
2.2. Transversality

An extremely useful tool in the theory of infinitesimal variations of Hodge
structure is the following transversality property, discovered by Griffiths ([16]), see
also [40, 1, 10.1.2].

Theorem 2.2. The Hodge filtration is shifted infinitesimally by —1 under the
Gauss-Manin connection:

V(F*HY) ¢ FF""H' @ Qp.

Griffiths’ proof of this fact involves the explicit description of the Gauss-
Manin connection with respect to a vector field v on B as induced by the Lie
derivative of forms along an horizontal vector field in X lifting v. In the next
subsection, we will give another proof, based on the Katz-Oda description [20]
of the Gauss-Manin connection. (Of course, there remains to prove that this
description is equivalent to the differential geometric one. This can be found in
[40, I1, 5.1.1]).

We conclude with the following by-product of Griffiths computation: The
transversality property (Theorem 2.2) allows to construct Opg-linear maps

V:GriH = HE R S Grit o @ Qp = HE MR @ Qp.
The fiber of the bundle H™9 at the point t € B identifies to HI(X}, QF, ).
Let us specialize the map V at the point ¢ and see it by adjunction as a map
"W : Tpy — Hom (H'™F (X, Q% ), H' M1 (X, Q5 ).
We then have:

Theorem 2.3. (Griffiths) The map 'V, is the composition of the Kodaira-Spencer
map p: Ty — H' (X, Tx,) and of the contraction-cup-product map:

H (X, Tx,) — Hom (H' (%, 9,), HF (3, 0471,

2.3. Algebraic de Rham cohomology

Let us now see 7 as a morphism of algebraic varieties. We will then denote by
79 the map 7 seen as a morphism of algebraic varieties endowed with the Zariski
topology. We can consider the sheaf Qx,p 4, of Kéhler differentials, which is a
locally free coherent sheaf on X', and more generally the relative algebraic de Rham

complex QX/B,alg’

endowed with the natural differential dy,p. Here and as before
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Qé(/B,alg = /\i QX/B,alg~ Using local parameters, it is obvious that the natural
map

?Yn/B,alg — Qx/B hol
is an isomorphism, where in the left hand side, the superscript “an” stands for the
corresponding analytic coherent sheaf.

An immediate application of Serre’s GAGA principle in the relative setting
shows the following (see Grothendieck [19]):

Theorem 2.4. One has a canonical isomorphism of analytic coherent sheaves on
B:

4 i o>k 1 >k
(25) FPH = R B ot = (RzﬂﬂngX7B,alg)an‘

The importance of this remark in our setting is first of all the fact that the
total space of the locally free sheaf F¥H® (a holomorphic vector bundle that we will
denote by F'* H?) is in fact an algebraic vector bundle on B, hence in particular an
algebraic variety. If B was projective, this would follow from the GAGA principle
[31] on B, but it is rarely the case that we have a smooth projective fibration
defined over a projective basis B. In most cases, B is only quasi-projective. From
a more arithmetic point of view, observe that if everything, namely X, B and 79,
is defined over a field K, so is the algebraic relative de Rham complex 25, /B.alg
and its naive filtration. It thus follows that the algebraic vector bundle F*H' is in
fact an algebraic variety defined over K. If K = Q, the field automorphisms of C
act on the set of complex points of this algebraic variety. On the other hand, (2.5)
together with the description given in (2.1) of the fibers of F*H® (or equivalently
FkH?) shows that complex points of this algebraic variety are exactly pairs (¢, )
where t € B(C), and o € FFH (X, C) = ®p>p HP7P(X).

The action of Aut C on the set of such pairs will allow us to define absolute
Hodge classes (in the de Rham sense) in section 5.

To conclude, let us explain the Katz-Oda construction of the Gauss-Manin
connection, which will make obvious that it is in fact algebraic and defined over
the definition field K. Consider the exact sequence of holomorphic differentials on
X

0 — QB hot = QL ot — Qx/B 1ot — 0.

This exact sequence induces a filtration L*® on the holomorphic de Rham complex
of X (where L stands for “Leray”, as this filtration is directly related to the Leray
filtration, see [40, II, 4.1.3]):

Ot e _kOT i—r
L™ hot =T QB hot N Ly hot-
We have then an exact sequence of complexes on X :

0— QB o ® Q;/}B,,wl — Q% pot/ L% hot = % /5ot — 0-
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Applying R, to this exact sequence, and using the fact that

7 . _ i i+1 o—1 _ 7
R'mQ% g = H', R 7T*Q;\f/B,hoz =H

gives a connecting map (which is only C-linear, due to the fact that the exact
sequence above is not an exact sequence of complexes of Opg-modules)

d: 'Hi — QB,hol ®Hi.
The result is then:

Theorem 2.6. (Katz-Oda, see also [40, II, 5.1.1]) The map 0 is the connection
V.

This formal construction shows that the Gauss-Manin connection is algebraic,
as the exact sequence of relative differentials exists as well at the level of algebraic
differentials. This exact sequence being defined over the definition field K, we also
get that V is defined over K.

3. Hodge loci

3.1. Local structure

In the abstract setting of a variation of Hodge structure of even weight 2k
on B, described by the data

H(ék7 H2k _ Hék: ® 037 FiHQk C H2k7
satisfying Griffiths transversality
VFiHQk C Fi—lHZk ® QB7

let us describe locally the analytic components of the Hodge locus.

We will give two equivalent descriptions: in both cases, we restrict to an
Euclidean open set U of B which is a connected and simply connected neighbor-
hood of 0. Then we have a trivialization of Hék on U which allows to identify
a € H?!(Xy,Q) to a section & € Hék‘

Using Remark 1.3, the Hodge locus in U is then the countable union of the
U,’s, taken over the set of a € H?*(X;, Q) such that U, # U, where

Uy = {t €U, &y € FFHZ*}.

Lemma 3.1. (c¢f. [41], [40, II, 5.3.1]) Each U, C U is a closed analytic subset
of U, which can be defined locally schematically by at most h*~*+1 holomorphic
equations, where hF=1F+1 .= rank FF-1H2k | FRH2E,

Proof. U, is defined by the annulation of the projection in the quotient
vector bundle H2* /FFH?* of the flat, hence holomorphic, section & € H2*. This
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proves the first statement and also provides a natural analytic schematic struc-
ture for U,. The second statement is a consequence of transversality. Choose a
holomorphic splitting of the quotient H?*/FFH?* above as

HQk/FkHQk — kal,k%fl @ f’ ]_' o~ r}_{2k/};ﬂk*1f}_{2k7

where HE=LAHL .= phk=1p2k Jpkp 2k Let U/ C U be defined by the vanishing of
the projection of & to the first summand. Clearly U, C U/. The claim is that
this inclusion is a scheme-theoretic isomorphism along U,. At first order, this is
exactly the content of the transversality property, which implies that along the
Hodge locus U, the differentials of the equations

{& =0 mod. FFH?*}
and
{@ =0 mod. FFH* o F}
are the same. The general study is done by finite order expansion (cf. [40, II,

5.3.1)).
| |

The following gives an explicit description of the differential of the above local
equations. We refer to [40, II, 5.3.2] for the proof, which follows in a straightfor-
ward way from the definition of the map V.

Proposition 3.2. The Zariski tangent space to U, at t is described as
Ty, + = Ker (tﬁak,k Ty, — Hf—1,k+1).

Here t € U, so that a € FkHtQk, and o®F is the projection of « to Hf’k.
The map *V has been introduced in section 2.2. Lemma 3.1 and Proposition 3.2
imply:

Corollary 3.3. The analytic subset U, is smooth of codimension hF=1F+1 at q
point t where the map 'V a** is surjective.

The second description we are going to give now is closer in spirit to the
point of view we will adopt in section 3.3. We observe that each U, has a natural
lift to the total space F*H?* of the bundle F*H?*. Indeed, by definition, along
Uy, the section & of H2k takes values in FFH2* and this gives the desired lift. Let
us now describe in another way the corresponding analytic subset V,, of FFH?2*
Using the trivialization of the bundle H?* on U, we get a holomorphic map

®: FFH* — H*(X,,C),

which sends a element v, € FFHZ* € HZ* to its parallel transport to 0. Thinking
a little, we get the following:

Lemma 3.4. The analytic subset V,, identifies schematically to the fiber ®~1(c).
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This lemma gives another way of considering the Hodge locus: it is the
projection to U of ®~1(H?*(X,,Q)) or, rather, of the union of components of
®~1(H?*(X)y,Q)) which do not dominate U.

3.2. Weight 2: a density criterion

Let us use Lemma 3.4 to give a simple criterion, due to M. Green, for the
topological density of the Hodge locus in weight 2 (it is then usually called the
Noether-Lefschetz locus by reference to the Noether-Lefschetz theorem). We as-
sume below that there is no locally constant rational class which is of type (1,1)
everywhere, which we can always do by splitting off a locally trivial subvariation
of Hodge substructure purely of type (1,1). We will put everywhere a subscript
var (for “varying part”) to indicate that we made this operation.

Theorem 3.5. Assume B is connected and there existt € B, and A € Hi;}m such
that

tﬁk : TBﬂg — H?72
is surjective. Then the Hodge locus is dense (for the Euclidean topology) in B.

Here, the map *V has been introduced in section 2.2.

Theorem 3.5 (or rather a variant of it also based on Lemma 3.6 below) has
various applications to the existence of 1-cycles in threefolds. For example, it is
used in [37] to prove that a very general deformation of a non rigid Calabi-Yau
threefolds has a non finitely generated Griffiths group, a result which was proved
by Clemens for quintic threefolds [9]. It is used in [36] to show that integral Hodge
classes of degree 4 on uniruled or Calabi-Yau threefolds are algebraic, a result
which is not true for many smooth projective threefolds by [22].

Proof of Theorem 3.5. The condition is Zariski open on t € B and also
on A e Ho!

vart- Lhus it is satisfied over a Zariski open set of B. As a non empty

Zariski open set is dense for the classical topology, it suffices to show density near

a point ¢ satisfying the condition above. Next observe that by Hodge symmetry,
1,1

the complex vector spaces H,,. ¢,

t € B have a real structure,

1,1 _ 1,1
Hvar,t - H

var,t

r®C,

as they can be identified to F'H7,, ,NF'H2,, , so that complex conjugation acts

on them. So if the condition is satisfied for one A € F 1’H12)M7t o> 1t 1s satisfied as

well for one A € H? Lifting HEL L to FYH2 C H? via the Hodge

var,to,R* var,to Nvar,to var,to
decomposition, A is then lifted to a real element \ € H?2 rNF 12 The

var,to var,to*

following lemma 3.6, for which we refer to [40, II, 5.3.4], tells then that the map
® is of maximal rank at \.
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Lemma 3.6. The map ® : F1H?

var
only if the map 'V : Tg ¢, — H?{;Q is surjective, where X is the projection of X in

1,1
H

var,to*

— H?(Xyart,,C) is a submersion at A if and

We then conclude as follows: Under the assumptions of the theorem, we know
that ® is a submersion at A\. Hence ® is open near A, and so is the restricted map:

Dp : @ (H*(Xyy, R)var) = F'Hy, N Hyyw — H? (X, R)var-

var

The left hand side is the total space of the real analytic vector bundle H it’;R with
fiber Hi;}m,’R over t' € B. The right hand side contains H?(X;,, Q)yqr as a topo-
logically dense subset. Hence, as ®g is open, ®5 ' (H?(X;,, Q)yar) is topologically
dense in H,i;llhR near A. But the projection to U of &g (H?(X;,, Q)yar) is nothing

but the Hodge locus, as shown by Lemma 3.4, and because by definition of the
“varying part”, no component of &z (H?(X;,,Q)yar) dominates U. [ |

3.3. Locus of Hodge classes

None of the local descriptions given in section 3.1 can be made global, due
to the fact that they use a local trivialization of the bundle H?*, which is highly
transcendental. It is not even clear from these descriptions that the Hodge locus
is a countable union of closed analytic subsets.

In [8], Cattani, Deligne and Kaplan consider rather the locus of Hodge classes,
a locus that will lead to a better definition of the Hodge locus and its components,
and a local version of which has been already considered in the previous section.

Definition 3.7. Given a variation of Hodge structure of even weight 2k over a
basis B, the locus of Hodge classes is the subset of FFH?* consisting of pairs
(t,ap), t € B, oy € FFHZ® | such that oy € Hf{é

This definition was already implicit in our second description of the Hodge
locus in previous section. In fact that description gave as well a local description
of the locus of Hodge classes. Later on, for arithmetic purposes, we will be led
to slightly change this definition, and to consider rather (2:7)* times the above
locus. The reason is simply the fact (cf. Theorem 5.2) that the algebraic cycle
class, which takes value in algebraic de Rham cohomology and is defined over the
definition field of the variety and the cycle, is equal to (2:7)* times the topological
cycle class (which provides rational Betti cohomology classes).

The components of the Hodge locus can then be globally defined as the
projections to B of the connected components of the locus of Hodge classes. Note
that, even with the local description given in Lemma 3.4, it is still not clear
that these components have a good global structure. One of our main goals in
section 7 will be to sketch the proof of the following result, (where the variation
of Hodge structure is assumed to come from a smooth projective family over a
quasiprojective basis B):
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Theorem 3.8. (see [8]) The connected components of the locus of Hodge classes
are closed algebraic subsets of FFH?*. In particular, the components of the Hodge
locus are algebraic.

This theorem makes sense using the algebraic structure of the bundle F*H?2*
described in section 2.3.

4. Monodromy

4.1. Monodromy and Hodge classes

We come back to the general setting of a variation of Hodge structure of
weight 2k coming from a smooth projective family 7 : X — B, where B is con-
nected. For any point ¢ € B, there is the monodromy representation

p:m(B,t) — GLHQk(Xta@)

associated to the local system R?*71,Q. Let t € B be a very general point in the
analytic sense (that means that locally on B, t can be taken away from a countable
union of closed analytic subsets). Consider the subspace Hdg?*(X;) C H**(X;, Q).

Theorem 4.1. The monodromy group Im p acting on H?*(X;, Q) leaves stable
Hdg?*(X;) and acts via a finite group on Hdg?*(X;).

Proof. The fact that Hdg?*(X}) is stable under monodromy is a consequence
of analytic continuation. Indeed, consider a simply connected open set U C B and
take ¢ in U to be away from the Hodge locus (see section 3.1). By definition
then, any rational cohomology class o € H?*(X;,Q) which is Hodge (that is of
type (k,k)) at t is Hodge everywhere on U. But then, extending « by parallel
transport along real analytic paths in B, it is Hodge everywhere on B by analytic
continuation along these paths.

Let us show that the monodromy action is finite on Hdg?*(X;, Q). We first
of all remark that everything has an integral structure which is preserved by the
monodromy action. Namely we could have worked with the local system of integral
cohomology modulo torsion instead of rational cohomology. Next we show that
there is a positive definite monodromy invariant rational intersection form on
Hdg?*(X;,Q) (which of course can be made integral by scaling). This clearly
implies the claim since then the monodromy group acts via the finite orthogonal
group of a lattice endowed with a definite intersection form.

The intersection form is simply obtained by choosing a relatively ample line
bundle H on X. The class h = ¢1(H) of this line bundle provides for each fiber
X; a monodromy invariant Lefschetz decomposition of H**(X;,Q), and as h is a
Hodge class, the Lefschetz isomorphisms are isomorphisms of Hodge structures,
hence preserve the set of Hodge classes in all degrees, which implies that there is an
induced Lefschetz decomposition on the subspace (which is monodromy invariant
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for very general t) Hdg?*(X;). Assume first that k¥ < n = dim &; and write this
decomposition as

(4.2) Hdg* (X,) = ©r<kh™ "Hdg** =" (X,) prim.-

We finally have the rational monodromy invariant intersection pairing on
H?!(X;,Q) given by

(a,ﬁ):/X P UauUg.

This pairing is not positive definite on Hdg?*(X;), but the monodromy invariant
Lefschetz decomposition (4.2) is orthogonal for this pairing, and furthermore this
pairing is of a definite sign on each term h* =" Hdg**~2"(X})prim (cf. [40, 1, 6.3.2]).
Modifying the pairing above by changing its sign where needed on certain pieces
of the decomposition (4.2) gives the desired positive intersection pairing.
The case &k > n follows then from the case ¥ < n and from the Lefschetz
isomorphism
h2k—n . H2n_2k()(t, Q) ~ HQk(Xt, Q)
|

Remark 4.3. Theorem 4.1 is coherent with the Hodge conjecture. Indeed, mon-
odromy also acts via a finite group on cycle classes at a very general point, by the
following standard argument : There are countably many relative Hilbert schemes,
which are proper over B and parameterize subschemes in the fibers of 7. Thus
there are countably many smooth varieties ¢; : B; — B mapping by a proper
morphism to B, and parameterizing cycles Z; C X; := X xp X, such that any
cycle z; in a fiber X, of m is of the form 2z, = Z;; for some point b € B; such
that r;(b) = t. Assume now that ¢ € B is very general. Then it follows by defi-

nition of *

very general” that for any cycle z C &}, and any (i,b) with Z;;, = =,
the corresponding morphism ¢; : B; — B is surjective. In other words a cycle
z on AX; with t very general in b is the restriction to X; of a relative cycle Z;
defined on a variety B;, where ¢; : B; — B is proper and surjective. The same
is true for the corresponding cycle classes. The relative cycle class map being
constant on the connected components of the fibers of ¢;, it follows that we have
(2] = [szlxt}, where we replaced B; by B, C B;, generically finite over B, and Z!
by Zixs, X == B} xp X. It follows that the monodromy acting on the class [2]
becomes trivial on the generically finite cover B}, hence that monodromy acts via

finite groups on cycle classes at a very general point of the base.

4.2. Mumford-Tate groups

This is a very important notion in Hodge theory, although this may seem quite
abstract. This plays a crucial role in the study of Hodge loci for abelian varieties.
We refer to the notes [26] for more detailed material. Let Hg, H”Y, p+q =r be a
rational Hodge structure of weight . The Hodge decomposition satisfying Hodge
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symmetry provides an algebraic action of the group C*, seen as real algebraic
group, on Hpg, given by:

(4.4) w(z) - WP = 2PZIpP 9 ¥ hP4 ¢ P,

Definition 4.5. The Mumford-Tate group MT(H) of the considered Hodge struc-
ture H is the smallest algebraic subgroup of GL(Hg) which is defined over Q and
contains Im . The special Mumford-Tate group SMT(H) of H is the smallest
algebraic subgroup of GL(Hg) which is defined over Q and contains ju(S').

Remark 4.6. Being defined over Q, the Mumford-Tate groups could be defined
as well as subgroups of GL Hy.

Remark 4.7. The interest of the special Mumford-Tate group is that it leaves
pointwise invariant Hodge classes (assuming of course r = 2k). Indeed, S* = {z €
C*, 2z = 1} so that p(S') acts by Id on H"*.

Remark 4.7 quickly leads in fact to the following characterization of the
Mumford-Tate group:

Theorem 4.8. If H is a polarized Hodge structure, the Mumford-Tate group of
H is the subgroup of GL(Hg) fizing up to a scalar finitely many Hodge classes
in (even weights) tensor powers H®! of H (where the index set I may involve
positive and negative exponents). Similarly, the special Mumford-Tate group of H
is the subgroup of GL(Hg) leaving invariant finitely many Hodge classes in (even
weights) tensor powers of H.

Proof. This is a consequence of Theorem 4.9 below. Having this, the general
theory of reductive groups tells that there are finitely many tensor powers Hgl
(where the index set I involves positive and negative numbers, with the convention
that H®~! = H*) of Hg and elements h; of HS’I such that our special Mumford-
Tate group is the subgroup of GL Hg leaving h; invariant up to a scalar. To
conclude we now observe that a rational element h; as above is invariant under
w(SY) up to a scalar if and only if it is Hodge for the Hodge structure on HSI,
if and only if it is in fact actually invariant under p(S!). This immediately gives
both statements.

|

Theorem 4.9. Mumford-Tate groups of polarized Hodge structures are reductive.

Corollary 4.10. The Mumford-Tate group of H*(X,Q), where X is a smooth
projective complex variety, is reductive.

Proof. We use for this the Lefschetz decomposition with respect to some
ample divisor class | = ¢;(L) € H*(X,Q). As it is a decomposition into rational
Hodge substructures, the definition of MT(H*(X,Q)) shows that it is the direct
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product of the Mumford-Tate groups of each Lefschetz summand. But the in-
tersection form (a,b) = [ "k UauUb, n = dim X, polarizes (up to sign) each
Lefschetz summand by [40, I, 6.3.2]. [ |

Proof of Theorem 4.9. We just show the result for the special Mumford-
Tate group SMT(H), where H is polarized. As both differ by a factor G,,, this
is in fact equivalent. We use the following characterization of a reductive complex
algebraic group G: G is reductive, if it admits a real form Gg for which G(R) is
compact. The trick is that we will not use for this the natural real structure given
by the given intersection pairing on H and its associated Hermitian intersection
pairing, but a twisted form of it. Namely, in G = SMT(H), we have the element
C = pu(1), where p is defined in (4.4). As C? is a homothety, conjugation by C' is
an involution acting on G. We take the involution g — C~!gC as the one defining
a real structure on G. Then real elements in G for this real structure are those
which satisfy

(4.11) g=C""'gC.

But elements of G leave invariant the rational intersection pairing <, > on H given
by the polarization, (because u(S') does,) and thus elements of G(R) also leave
invariant the Hermitian intersection pairing (, )c on Hc given by

(a7 b)c =< Ca,E >

because they satisfy equality (4.11). By definition of a polarization (cf. [40, I,
7.1.2]), this pairing is definite. Hence the real part of G¢ for this real structure is
compact.

|

We have the following corollary:

Corollary 4.12. Let m : X — B be a smooth projective morphism. The spe-
cial Mumford-Tate group of the Hodge structure on H" (X, Q) at a very general
point contains a finite index subgroup of the monodromy group Im (71 (B,t) —

GL(H"(X:,Q))).

Proof. Indeed, we know by Theorem 4.8 that the special Mumford-Tate
group is characterized as leaving invariant a finite number of Hodge classes h;
in some tensor powers of H"(X;, Q). But ¢ being very general, by Theorem 4.1,
the monodromy preserves the spaces of Hodge classes on each of these tensor
powers and acts via a finite group on them. Thus a finite index subgroup of the
monodromy group leaves invariant all the h;’s and thus is contained in the special
Mumford-Tate group. [ ]
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Remark 4.13. In [1], André proves, using Theorem 5.10, the following important
refinement of the above result: Let H; C GL(H"(X;, C)) be the connected com-
ponent of the Zariski closure of the monodromy group at ¢t. Then H, is normal in
the Mumford-Tate group Gy if ¢ is a very general point of B.

Theorem 4.8 tells that Hodge loci for a given variation of Hodge structure
have a natural refinement, namely loci with jumping Mumford-Tate groups (which
exist as well for variations of Hodge structure of odd weight). These loci are then
obtained as the union of Hodge loci for all tensor powers of the considered variation
of Hodge structure. A priori, there could be no bound for the multidegree of the
considered tensor powers. The following result due to Deligne shows in particular
that there is in fact such a bound, for a given variation of Hodge structure:

Theorem 4.14. (Deligne, [13]) Given a smooth projective family = : X — B,
and an integer r, there are only finitely many conjugacy classes of subgroups of
GL(H"(X;,C)) arising as Mumford-Tate groups of Hodge structures on H" (X, Q),
t' € B.

Proof. Notice that, as one can see by considering the case of C* actions on
a given complex vector space, it is not true that there are in general only finitely
many conjugacy classes of complex reductive subgroups of a given complex re-
ductive group. However, Mumford-Tate groups are special, due to their definition
starting from a given representation

uy : C* — GL(Hg)

of the real algebraic group C*. Here, H = H" (X, Q) for any t' € B, the isomor-
phism depending on a choice of path from ¢ to t’, so that p is defined only up
to conjugacy by monodromy. Instead of s, consider the algebraic action of the
complex algebraic group C* on H¢ given by

1 (2) - hP9 = 2P WP € HP9(X,) C H' (X, C).

Then MT(t') is also the smallest algebraic subgroup of GL(H) containing Im y},.
Another convenient way to describe it is then as follows: Any field automorphism
7 € AutC acts on Hg, and thus on the 1-parameter subgroups of GL(Hc¢). As
SMT(t') is defined over Q and contains Im pj,, it has to contain Imj, - as well.
Consider the subgroup G’ C GL(Hc) generated by the 1-parameter subgroups
Im M;,’T, for 7 € Aut C. Then G’ is defined over Q and contains Im g, , hence must
contain MT(t'). It has thus to be equal to MT(t') as we already noticed that it
is contained in MT(t').

Finally, notice that the 1-parameter subgroups Im Nf&/,r belong to a finite
set, independent of ¢, of conjugacy classes of 1-parameter subgroups of GL(Hc).
Indeed, only the characters z — 277, 0 < p < r can appear non trivially.
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The theorem is then a consequence of the following more general result con-
cerning finiteness of conjugacy classes of reductive subgroups G ¢ G over C
satisfying an extra condition as in next Proposition. ]

Proposition 4.15. Let G be a reductive group over C. Fix a mazimal torus
T C G and choose a finite set M of 1-parameter subgroups u : C* — T. Then
there are only finitely many reductive subgroups H of G which are generated by
images of morphisms v : C* — G conjugate under G to some yu € M.

Proof. (Taken from [13]) One first proves that G contains finitely many
conjugacy classes of semi-simple subgroups S. Indeed, there are only finitely many
isomorphisms types of complex semi-simple groups of given dimension and each
of them has only finitely many isomorphism classes of representations of given
dimension. Now consider G as embedded in some GL(V). Then if we fix the
isomorphism type of S, the set of embeddings S — G forms a limited family,
because it is closed algebraic in the set of embeddings in GL(V'). On the other
hand, the embeddings of S into G are rigid up to conjugacy by G, which proves
finiteness.

The derived group Hy = [H, H| of H is semi-simple hence there are only
finitely conjugacy classes of such subgroups. Now assume H; is given. H;p is
contained in the connected component Hs of its normalizer in G. Let T be a
maximal torus in Ho and let Hy = H1Ts. We have H; C H and may assume
H C Hs. Then H is determined by its image in the quotient Hs/Hy, which is
a subtorus Ty in the torus Hs/H;. But under our assumptions, there are only
finitely many choices for such subtorus. Indeed, it has to be generated by one-
parameter subgroups v : C* — Hs/H; which are the images of one-parameter
subgroups of Hj3 conjugate under G to one of the finitely many one-parameter
subgroups of T" belonging to M. There are only finitely many such v’s. ]

4.3. Noether-Lefschetz type theorems

Noether-Lefschetz type theorems concern particular variations of Hodge struc-
tures obtained as follows: Start from a smooth projective variety Y of dimension
n + 1, n = 2k, and choose a sufficiently ample line bundle H on Y (the result
will depend on making precise “sufficiently ample”). Consider the linear system
|H| and let B C |H| be the Zariski open set parameterizing smooth hypersurfaces
X;={f=0}CY. Let

X ={(y,f) €Y xB,ye X5},
with projection m = pro : X — B. For t € B, let j; : Xy — Y be the inclu-
sion. Lefschetz theorem on hyperplane sections tells that the restriction maps
ji + H(Y,Z) — H%(X,;,Z) are isomorphisms for i < n — 1 and are injective with
torsion free cokernel for ¢ = n. These maps are morphisms of Hodge structures. We
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will be interested in the variation of Hodge structure on the cohomology groups
H"(X:,Q)yan, t € B, which are defined as the cokernel of the restriction map
above, or as the orthogonal complement of its image with respect to the inter-
section pairing on X;. The classical Noether-Lefschetz theorem concerns the case
where Y = P3.

Theorem 4.16. A very general surface S of degree d > 4 in P3 has no non zero
vanishing Hodge class. Hence its Picard group is cyclic, generated by ¢1(Og(1)).

In general, let us assume n = 2k. The same proof will give as well:

Theorem 4.17. Assume H is sufficiently ample. Then for a very general t € B,
there are no non zero Hodge classes in H** (X, Q)yan-

Sketch of proof. There are two types of proofs for such statements. The
first type is a direct extension of the Lefschetz proof of Theorem 4.16. The only
ampleness condition on H is then the following:

a) H is very ample and there should be at least one hypersurface X; C Y,
t € |H|, with only ordinary double points as singularities.

b) The Hodge number h*~1-++1 for the Hodge structure on H?*(X;, Q)yan is
non zero.

That b) is satisfied for H ample enough follows from Griffiths’ description of
the Hodge structure on the vanishing cohomology of an hypersurface (see [17] and
[40, I1, 6.1.2]). In fact, an assumption weaker than b) is necessary for the Lefschetz
proof, but b) is needed for the infinitesimal proof and also for Terasoma’s Theorem
in next section.

The second proof is infinitesimal and needs a Macaulay type statement for the
infinitesimal variation of Hodge structure on H%* (X;, Q)yan (see [40, 11, 6.2.2]). We
will focus on the first proof. The argument is then as follows: as t is very general,
we know by Theorem 4.1 that the monodromy group Im p acting on H**(X;, Q)pan
leaves stable Hdg?*(X;)yan. Assumption b) makes sure that Hdg**(X;)yan C
H?*(X,,Q)yan is a proper subspace. Then we conclude using the fact that under
assumption a), the monodromy action on H?*(X;, Q) is irreducible (cf. [40, II,
3.2.3]). This follows from Picard-Lefschetz formula and from the irreducibility of
the discriminant hypersurface which makes all the vanishing cycles conjugate (up
to sign) under monodromy (cf. [40, IT, 3.2.2]). Thus the proper globally invariant
subspace

HdQZk(Xt)van - HZk(Xt)vcm

has to be 0. [ |

Remark 4.18. We have not been completely careful in stating Theorem 4.17.
Indeed, it is clear that the result holds away from the Hodge locus, and we still do
not know that the Hodge locus is a countable union of closed algebraic subsets.
This will be proved later on.
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4.4. Monodromy versus Galois; Terasoma theorem

We consider the same situation as before, but assume (Y, H) is defined over a
number field K. There are then only countably many points of B defined over Q,
and Theorem 4.17 a priori does not apply to them, since it concerns very general
points in B. In this section, we would like to explain the following beautiful result
due Terasoma [35], which proves, unconditionally for n = 2 and under some extra
hypothesis which we explain below and would be implied by the Hodge conjecture
for the considered hypersurfaces, that there are points defined over Q and not
contained in the Hodge locus:

Theorem 4.19. (Terasoma) Assume that for smooth hypersurfaces defined over
a number field in Y, Hodge classes are Hodge-Tate classes. Under the same as-

sumption as in Theorem 4.17, there exists a point (in fact many) t € B(Q) such
that the conclusion of Theorem 4.17 holds for X;.

Before sketching the proof, let us explain the assumption. In this section, to
avoid confusion, we will denote for any complex point ¢ € B the Betti cohomology
of the corresponding fiber X; by H%(X;). Assume t is defined over a subfield
K(t) C C, we will also have the étale cohomology groups H,(X;) with value in
adequate coefficients, where A7 is the corresponding closed geometric fiber defined
over K(t) C C.

If X is a smooth projective variety over a finitely generated subfield K of

C (say a number field), a degree 2k Tate class on X is a cohomology class in
HZ (X7, Qi(k)) whose orbit under Gal(K/K) is finite. Given a codimension-
k cycle Z on X, its étale cohomology class is a Tate class, because Z can be
defined over a finite extension of K. The Tate conjecture asserts the converse,
that Tate classes are classes of algebraic cycles.

A degree 2k Hodge-Tate class is a Hodge class whose image under the com-
parison isomorphism H# (X, Q) ® Q; & H2F (X%, Q;(k)) is a Tate class.

If the Hodge conjecture is true, then Hodge classes are Hodge-Tate. In par-
ticular, if £ = 1, where the Hodge conjecture is known as the Lefschetz theorem
on (1, 1)-classes, Hodge classes are Hodge-Tate.

Theorem 4.19 is an immediate consequence of the fact that Hodge classes on
hypersurfaces X; C Y, t € B(Q), are supposed to be Tate, and of the following
theorem :

Theorem 4.20. With the same assumptions as in Theorem 4.17, for many points
t € B(Q), any Hodge-Tate class in H2F (X5, Qi(k)) comes from the image of the
restriction map j; in étale cohomology.

Proof. The proof is obtained by combining a similar statement with Galois
group replaced by monodromy group (Lemma 4.21) and a comparison lemma
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between Galois groups of special fiber and Il-adic monodromy groups (Lemma
4.22).

First of all, the profinite completion of the fundamental group W@) acts on
H2F (X, Q1) van, this action, which we denote by p;, being induced by the classical
monodromy action.

Lemma 4.21. Under the same assumptions as in Theorem 4.17, and assuming
both Hodge numbers h*®* and h*~VF+1 for the variation of Hodge structure on
H%k(Xt,Q)mn are non zero, the l-adic monodromy group

Im (p; : 71 (B, b) — Aut HE*(Xp, Q1) van)
acts with mo non zero finit orbit.

Proof. It clearly suffices to prove the same result for the usual monodromy

group

Imy (B, 0) — H* (X", Q) yan-

Observe now that the set of classes o« € H 2’“(2@“”, Q)van with finite orbit under
71 (B, b) is a Q-vector subspace of H?*(X*, Q)yan stable under 71 (B, b). By
irreducibility of the monodromy action, one concludes that if there is a non zero fi-
nite orbit, the monodromy action is finite on H2* (X", Q),ay. But the monodromy
group is generated by Picard-Lefschetz reflections with respect to (integral) van-
ishing classes, and furthermore it acts irreducibly on the set of vanishing classes,
which generate HZF (X, Q)pan (cf. [40, I1, 2.3.3]). One uses then a classical result
in group theory, which says that this is possible only when the intersection pairing
on the lattice HZF (X}, Z)pan is definite.

By the second Hodge-Riemann bilinear relations, using the fact that H %k (X, Q)van
is contained in primitive cohomology of X}, the intersection pairing on H ]23k (X, Q)van
cannot be of a definite sign if both Hodge numbers h*** and h*~1*+1 for the Hodge
structure on H&(Xp, Q)yan are non zero. This leads to a contradiction which con-
cludes the proof. [ |

The next step is to pass from the [-adic monodromy to the Galois group
Gal (K (b)/K (b)), where b is supposed to be defined over a finite extension of K.

To do this, we first go to the generic point and introduce much bigger groups:

- The Galois group Gal (K (B)/K(B)) of the generic geometric point acts nat-
urally on the étale cohomology group H2F (X, Qi(k))yan of the geometric generic

fiber of X — B, where the subscript “van” means as before that we consider the
cokernel of the natural map

Gy Hif (Y % Spec K (B), Qu(k)) — Hef (g, Qu(k)).

- On the other hand, Gal (K (B)/K(B)) contains the subgroup Gal (Q(B)/Q(B))
defined as the kernel of the natural map Gal (K (B)/K(B)) — Gal (Q/K). The
group Gal (Q(B)/Q(B)), which can be understood as the group of birational deck
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transformations of the projective limit of ramified covers of B, admits now as a

quotient a group conjugate to m (B,b), acting on the projective limit of unram-
ified covers of B. The action of Gal (Q(B)/Q(B)) on H2F(Xy, Qi(k))van factors
through this quotient and induces the l-adic monodromy representation on

HE (X, Qu)van = HEE (%5, Qu(k)
for an adequately chosen isomorphism
HE (X5, Qu(k))van = HE (X, Qu(k))van-
We conclude from this that the image of the Galois representation of Gal (K (B)/K (B))

on H2 (X, Qi(k))yan contains (via the isomorphisms above) Im p; and in partic-
ular still satisfies the conclusion of Lemma 4.21.

Finally, note that for any point ¢ € B(Q), there is also the group Gal (K (t)/K (t))
acting on H2F(X;,Q;(k)). The last step which concludes the proof of Theorem 4.20

is Lemma 4.22 due to Terasoma, which compares the action of the Galois group

of the generic geometric point on étale cohomology of the geometric generic fiber
of X — B and the action of the Galois group of the closed geometric point ¢ on
étale cohomology of the closed geometric fiber A7.

Lemma 4.22. (see [35]) For many points t € B(Q), the image of the Galois
representation

Gal(Q/K(t)) — Aut HZ (X7, Qu(k))
contains the image of the Galois representation

Gal(K(B)/K(B)) — Aut Hf (Xg, Qu(k)).

Remark 4.23. Terasoma’s result concerns the particular situation of a family
of hypersurfaces or complete intersections in a given variety. Using the Deligne
global invariant cycles theorem 5.10, one can prove a similar Noether-Lefschetz
type result for points defined over a small field in a much more general situation.
We refer to [2], section 5, for this.

Remark 4.24. In any case, such statements remain subject to the assumption
that Hodge classes in fibers should be Hodge-Tate. This is true in degree 2 (by
the Lefschetz theorem on (1,1)-classes, and the cases considered by Terasoma
are Fano fourfolds, for which the Hodge conjecture is known to hold (cf. [5]).
André considers more general Hodge classes for which the Hodge conjecture is not
necessarily known, but which are clearly Hodge-Tate (eg those classes appearing
in the standard conjectures, cf. [21]).

To conclude this section, I mention the recent work of Maulik and Poonen
[23], which provides a new approach to the Noether-Lefschetz locus (for general
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families X — B), via crystalline cohomology. They are then able to strengthen
Terasoma’s type theorems by proving that the Noether-Lefschetz locus is nowhere
p-adically dense, under adequate assumptions on p.

5. Absolute Hodge classes

5.1. Algebraic cycle class and absolute Hodge classes

Let X be a smooth projective variety defined over K and Z C X be a local
complete intersection closed algebraic subset of X, also defined over K. Following
Bloch [4], we construct a cycle class

[Z)atg € Hip(X/K)
which by construction lies in fact in

FFHIE(X/K) = Im (H (X, Q35 5%) — B (X, Q%/x))-

Being a local complete intersection, Z can be defined, locally in the Zariski

topology, by k equations f1,..., fx. On a Zariski open set U where these k equa-
tions define Z N U, we have a covering of U \ (ZNU) by k open sets

Ui=A{z €U, fi(z) #0}.
On the intersection Uy N ... N Uy, the closed degree k algebraic differential form
% Ao A %’f has no poles hence defines a section of Q’g] K which is obviously a
closed form. We can see it as a Cech cocycle on U \ (Z N U) relative to the open
cover above, with value in QIZ;}:K, where the superscript ¢ stands for “closed”. We

thus get an element e of H*~1(U \ (Z N U), QZ/CK) Observe now that there is an

obvious map of complexes

k,c o>k
ke (k] — Q3Th

where the left hand side is the complex consisting of the sheaf Q];(j ¢ but in degree

k. Applying this morphism to the class e, we thus get a class in

H*H U\ (ZN00), 075 = HYg (U, Q75

This class can be shown to be independent of the choice of equations f;. These
locally defined classes thus provide a global section of the sheaf HQZ’“(Q;(Z/];() of
hypercohomology with support on Z. Examining the local to global spectral se-

quence for HZ (X, Q}Z/};{) one finds now that it is very degenerate, so that

H(Z, HF (35 ) = HY (X, Q%)

which provides us with a class in HZZk(X , Q;(Z/;() Using the natural map

W (X, 0%k) — B (X, Q%K.

we finally get the desired cycle class [Z]q4-



24 Hodge loci

Let now X be a smooth projective variety defined over C and Z C X be as
above. Recall from section 2.3 (applied to the case where B is a point) that there
is a natural isomorphism:

(5.1) H* (X, Q55¢) = FFHE (X, C),

where the subscript B on the right denotes Betti cohomology of the corresponding

complex manifold. The following comparison result can be verified to hold as a
consequence of Cauchy formula or rather multiple residue formula:

Theorem 5.2. Via the isomorphism (5.1) in degree 2k, one has
[Z)atg = (20m)*(2),
where [Z] € Hdg?*(X) is the topological or Betti cycle class of Z.

This leads us to the definition of absolute cycle classes (in the de Rham
sense), as introduced by Deligne [12]. Let X C PV be a smooth algebraic variety,
defined by equations P; = 0,7 € I. Let 7 € AutC be any field automorphism.
Let X, C PV be the smooth complex algebraic variety defined by the equations
P] =0, where P is deduced from P; by letting 7 act on the coefficients of P;.

It follows from the definition of algebraic de Rham cohomology that there is
a natural 7-linear isomorphism, preserving the Hodge filtrations on both sides:

(5.3) H (X, Q% c) = B (X7, Q% jc).
Let now o € Hdg?*(X) and consider

o = (um)Fa € FPHE(X,C) 2 H* (X, Q).

Then by the isomorphism above, we get a class

of € H*(X,, Q) = FFHE (X, C).

Definition 5.4. The Hodge class « is said to be absolute Hodge if for any T, the
class o is of the form (2um)k3 where 8 € HY (X, Q).

Theorem 5.2 immediately implies:

Corollary 5.5. Cycle classes [Z] are absolute Hodge. Hence, if the Hodge conjec-
ture is true, Hodge classes have to be absolute Hodge.

Proof. Let a = [Z] € Hdg*(X). From the explicit description of the
algebraic cycle class [Z]q9 = (2um)ka, we get that o, = [Z+)aig, where Z, C X,
is the cycle obtained by applying 7 to the defining equations of the components
of Z. But we also have [Z;]a, = (20m)*[Z;], and the class [Z,] is a Betti rational
cohomology class on the complex variety X, . [ |
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5.2. Hodge loci and absolute Hodge classes

We want to spell-out in this section a geometric interpretation of the notion
of absolute Hodge class, as being a property of the associated component of the
locus of Hodge classes. We follow here [38].

Let X C PV be a smooth complex projective manifold. Using the Hilbert
scheme of PV, we can construct a (non-necessarily geometrically irreducible) smooth
quasi-projective variety B defined over Q, and a smooth projective morphism
m: X — B defined over Q, such that X identifies to a fiber &} for some complex
point ¢t € B(C).

Over B, we have the algebraic vector bundle F*H?* which is also defined
over Q (see section 2.3).

The locus of degree 2k Hodge classes for the family above is naturally a subset
of the set of complex points of the algebraic variety F¥H?*. We remark that it
follows from the definition that for 7 € Aut C and for o € FFHZ (X, C) = FFH2k,
the class a, € FFH**B(X, ,,C) = Fkaé“t) is simply obtained by letting 7 act on
the complex points of the variety F*H?* defined over Q.

We introduce the following terminology to make more digest the rest of this
section : the twisted locus of Hodge classes is the image of the locus of Hodge
classes by the multiplication map « +— (2cm)*a. It thus consists of pairs (¢, ay)
with oy € (2um)* HE (X, Q) N F¥H2E (X, C). We have the following:

Proposition 5.6. [38] To say that Hodge classes on fibers of the familyw : X — B
are absolute Hodge is equivalent to saying that the twisted locus of Hodge classes
is a countable union of closed algebraic subsets of F*H?* which are defined over

Q.

Proof. Indeed, the definition of absolute Hodge and the remark above tell
that the Hodge classes for the family 7 : X — B are absolute Hodge if and only
if the twisted locus of Hodge classes is invariant under the action of AutC. The
result follows then from the local descriptions in section 3.1 and from the following;:

Claim. Let Z be a subset of (the set of complex points of ) a complex algebraic
variety defined over Q, which is locally in the classical topology a countable union
of closed analytic subsets. Then Z is invariant under the action of Aut C if and
only if it is a countable union of closed algebraic subsets defined over Q.

In one direction, this is obvious. To prove that the condition is necessary,
observe that given a complex point x in an algebraic variety Y defined over Q, its
orbit under Aut C is the dense subset of the Q-Zariski closure of {z} consisting of all
complex points in this closure not satisfying any further equation with coefficients
in a number field. In other words, this is the complementary set, in this Q-Zariski
closure, of a countable union of proper closed algebraic subsets. We now assume
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our Z is invariant under Aut C. Let z € Z. We know that a subset of the the
set of complex points of the Q-Zariski closure of {z}, which is the complementary
set of a countable union of proper closed algebraic subsets, is contained in Z. On
the other hand, Z is locally a countable union of closed analytic subsets, and it
immediately follows from a Baire argument that the full Q-Zariski closure of {z}
is contained in Z. For each local analytic component Z; ;. of Z, it is obvious that
we can choose a point z; .. in sufficiently general position so that the Q-Zariski
closure of {z} contains Z; j,c. As Z can be written locally as a countable union
of Z; 10c, we conclude that it is also a countable union of closed algebraic subsets
defined over Q.

Thus the claim is proved and also the proposition. |

In view of Proposition 5.6, the algebraicity theorem 3.8 can be seen as proving
the geometric part of the prediction that Hodge classes are absolute Hodge, which
is a strong evidence for the Hodge conjecture (cf. Corollary 5.5).

If we use the algebraicity theorem, we can also make proposition 5.6 more
precise:

Proposition 5.7. (see [38]) A degree 2k Hodge class o on X is absolute Hodge
if and only if the connected component Z, of the twisted locus of Hodge classes
passing through (2um)*a is a closed algebraic subset of F¥H?* which is defined
over a number field and its Gal (Q/Q) transforms are still contained in the twisted
locus of Hodge classes.

Proof. The “if” is obvious from the definition of “absolute Hodge”. We thus
concentrate on the direct implication. We first establish the following lemma.

Lemma 5.8. (¢f. “Principle B” in [12]) Let 7 : X — B be a smooth projective
morphism, with B quasiprojective and connected. Let & be a global section of
R?*71,Q C H?* which is everywhere in F*H?%. If the Hodge class &y € Hdg** (Xp)
is absolute Hodge at some point 0 € B, then the Hodge class &; € Hdg**(X;) is
absolute Hodge at every point t € B.

Proof. We will heavily use here the construction of the Hodge bundles
FFH?* as algebraic bundles and the algebraic construction of the Gauss-Manin
connection made in section 2.3. In fact, we also need the global invariant theorem
5.10 stated in next section to guarantee that our section & is also a flat algebraic
section of the bundle FFH?* ¢ H?*.

Let now 7 € AutC. We want to prove that for any ¢t € B, the class
ﬁ((?m)kat% belongs to H¥(X; -, Q).

Consider the family 7, : X, — B,. The flat algebraic section (2i7)*a €
F¥H?® provides a flat algebraic section 3 := ((2um)*&), € FFH2F. Because ag is
absolute Hodge, the class ﬁ/&(o) is a rational cohomology class on Xy . But
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by flatness of § and connexity of B, it follows as well that the class ﬁﬁfm =

1

W((mw)kat)T is a rational Betti cohomology class on A ;.

Coming back to the prof of Proposition 5.7, it follows from the above lemma,
by algebraicity of Z, and by considering the base change Z, — B, that if « is
absolute Hodge, so is any class o/ € Z,. On the other hand, we have seen that
this implies that for every o’ € Z,, the Q-Zariski closure of (2c7)¥a’ is contained
in the twisted locus of Hodge classes. Taking a point o in sufficiently general
position in Z, allows to conclude as in the previous proof that the Q-Zariski
closure of (2:m)*¥Z, is contained in the twisted locus of Hodge classes. As Z, is
the connected component of this locus passing through (2:7)*a, it follows easily
that Z, is in fact defined over Q and its Gal (Q/Q) transforms are still contained
in the twisted locus of Hodge classes.

|

5.3. The global invariant cycles theorem and its applications

In this section, we want to describe the consequences of a property which is
much weaker than the property of being absolute. Let X be a smooth complex
projective variety, and let o be a degree 2k Hodge class on X. As in the previous
section, introduce a smooth projective family = : X — B over a quasiprojective
family B, everything being defined over @@, and such that X is one fiber &; for
some t € B(C). We have the connected component Z, of the locus of Hodge
classes, which is algebraic in F*¥H?* by Theorem 3.8. Let B, := p(Z,), where
p: FFH? — B is the structural projection. B, is the Hodge locus of . Tt is
closed algebraic by Theorem 3.8 completed with the fact that the map Z, — B is
finite (see section 7). The weaker property of « to be considered is whether B, is
defined over a number field. It is satisfied if « is absolute Hodge by Proposition
5.7. Its interest lies in the following:

Proposition 5.9. [38] If B, is defined over a number field, the Hodge conjecture
for (X, a) can be deduced from the Hodge conjecture for Hodge classes on varieties
defined over a number field.

For the proof, we will need the “global invariant cycle theorem” of Deligne
(or “Théoreme de la partie fixe”, cf. [14]) and some precisions of it.

Let Y be a smooth complex projective variety, and X C Y a Zariski open
set. Let 7w : X — B be a smooth proper algebraic morphism, where B is quasi-
projective. Thus the fibers of 7 are smooth complex projective varieties and there
is a monodromy action

p:m(B,0) — Aut H'(X,Q), 0 € B.
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Theorem 5.10. The space of invariant classes
Hl(‘)((h@)p = {a € HZ(X(luQ)v p(’}/)(a) =q, v,.y € 71—1(370)}

is equal to the image of the restriction map (which is a morphism of Hodge struc-
tures) :

iy H'(Y,Q) — H'(%,Q),
where iy is the inclusion of Xy in Y. In particular it is a Hodge substructure of
H'(X),Q).

We can make this result more precise by combining it with the semi-simplicity
of the category of polarized rational Hodge structures. In fact, we have the fol-
lowing:

Theorem 5.11. Under the same assumptions as in Theorem 5.10, for any mon-
odromy invariant rational Hodge class o € Hdg?*(Xy)?, there exists a Hodge class
& € Hdg**(Y) such that ija = a.

Proof. Indeed, choose an ample line bundle H on Y. It allows to construct
a Lefschetz decomposition on H2¥(Y,Q) which is a decomposition into Hodge
substructures. Furthermore the intersection pairing (a,b)y = [,, AN "2 Ua Ub
on H?*(Y,Q), where N = dimY and h = ¢;(H), polarizes up to a sign each of
the Lefschetz summands, which are pairwise orthogonal for (, )y. Changing the
sign of this pairing where needed endows the Hodge structure H%*(Y,Q) with a
polarization <, >y (cf. [40, I, 7.1.2]). But for such a polarization, the intersection
form <, >p remains non degenerate on any Hodge substructure. Applying this
to the Hodge substructure Ker g, we conclude that

H*(Y,Q) = Keri} @ (Keriy)=<>n

where the summand (Keri})t<># is also a Hodge substructure of H2*(Y,Q),
isomorphic (as a Hodge structure) via if to H?*(Xy,Q)? by Theorem 5.10. But
then, any invariant Hodge class on X; has a unique lift in (Ker4$)-<># which is
also a Hodge class. ]

Proof of Proposition 5.9. B, is defined over Q, and one easily shows,
using the flatness of the section & introduced below, that Z, is an étale cover
of B, over the normal locus of B,. It thus follows that a desingularization T" of
Z,, can be defined over Q, and the morphism 7" — B, too. Consider the variety
obtained by base change : 7 : Xr — T. This variety is smooth, defined over Q.
Choose a smooth projective compactification Y of X defined over Q.

Observe now that the class a is monodromy invariant on the fibers of Xp — T..
Indeed, by definition, there is a morphism T — Z, and Z, C F¥H?*. This
provides on Z,, hence on T, a section & of the bundle F¥H?*. As the class a; is
a rational cohomology class everywhere along Z,, it follows that & is in fact flat.

Hence @ is a flat section of R?**7p,Q on T extending a.
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We can thus apply Theorem 5.11 to «, which provides a Hodge class 8 on
Y, restricting to a on X. If the Hodge conjecture is true for Hodge classes on
varieties defined over Q, it is true for 8 on Y, hence also for o on X. [ |

6. Deligne’s theorem for abelian varieties

This section overlaps with the paper [25] in this volume and the interested
reader will find there many more precisions on CM abelian varieties and Mumford-
Tate groups of abelian varieties. However, we will also see that one can in fact
avoid the construction of Shimura varieties if one only wants to prove theorem 6.1,
which is the main result presented here.

6.1. Deligne’s theorem

The main result discussed in this section is the following theorem due to
Deligne [12]:

Theorem 6.1. Hodge classes on abelian varieties are absolute Hodge.

Let us first outline the strategy of the proof. A crucial role is played by
Lemma 5.8. The first step (see subsection 6.2) below is the study of actions of CM
fields on abelian varieties by isogenies. Under a certain sign condition, such an
action forces them to carry Hodge classes of Weil type. The first step is to prove
that these Hodge classes are absolute Hodge.

The second step extends this result to prove that all Hodge classes on CM
abelian varieties are absolute Hodge. Technically, this is the most difficult part of
the proof, although not the most conceptual one. We will not explain it here.

The last step (see 6.3) is the following : One deduces that Hodge classes
on abelian varieties are absolute Hodge by proving that for any pair consisting
of an abelian variety and a Hodge class on it, the Hodge locus associated to this
Hodge class contains the isogeny class of a CM abelian variety. The previous step
combined with Lemma 5.8 concludes the proof.

6.2. CM abelian varieties and Weil Hodge classes

The interested reader will find more detailed material on the subject of CM
abelian varieties in the paper [28] in this volume, which has a large part devoted
to this subject in char. p > 0. We restrict here (as everywhere in this paper) to
the situation over the complex numbers.

Definition 6.2. A CM field is a number field E which is a quadratic extension
of a totally real field F satisfying the following property: the quadratic extension
is of the form y* = f, f € F, and under all (by definition real) embeddings of F
into R, f is sent to a negative number.
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Definition 6.3. A simple CM abelian variety is a simple abelian variety A such
that a CM field E is contained in (End A) ® Q and the E-vector space H'(A, Q)
has rank 1. (In particular, 2dim A = deg (E : Q).)

We consider below more generally an abelian variety A such that a CM field
E is contained in (End A) ® Q and denote d := dimgpH'(A,Q). We will assume
for simplicity that we are in the simplest Weil case, where E = Q[I], I? = —1, so
that in particular d = dim A. We want to show that under a certain sign condition
(implying in particular that d = 2n is even), there are interesting Hodge classes
(the Weil classes) in HY(A, Q).

We start with a Z[I]-action on I' := Z*", where I? = —1, which makes
FQ =IeQ
into a E-vector space, where F is the quadratic field Q[I].
Let

[¢=T®C=C"oqC>"
be the associated decomposition into eigenspaces for I. A 2n-dimensional complex
torus X with underlying lattice I and inheriting the I-action is determined by a
2n dimensional complex subspace W of I'c, which has to be stable under I, hence
has to be the direct sum
wW=W eW_,

of its intersections with C2" and C*?. It has furthermore to satisfy the condition
that

(6.4) W NTg = {0}.

Given W, X is given by the formula X =T'¢/(W @& T).
We will choose W so that

(6.5) dim W, = dimW_, = n.
Then W, hence X, is determined by the choice of the n-dimensional subspaces
w,cc, w_, c c*,
which have to be general enough so that condition (6.4) is satisfied.
We have isomorphisms
2n
(6.6) H>™(X,Q) 2 Hpn(X,Q) = ATq.

Consider the subspace (the inclusion is described below)
2n 2n
/\ FQ C /\ FQ.
E

Since I'g is a 2n-dimensional E-vector space, Az Lg is a one dimensional E-vector
space, and its image under this inclusion is thus a 2 dimensional Q-vector space.
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Claim. Under the assumption (6.5), /\%" I'g is made of Hodge classes, that

is, is contained in the subspace H™"(X) of the Hodge decomposition.

Proof. (See also [27]) Notice that under the isomorphisms (6.6), tensored
by C, H™"(X) identifies with the image of A" W @ A" W in A>"I'¢c. To prove
the claim, note that we have the decomposition

Ip=Tg®@E=Tg, &Tg_,

into eigenspaces for the I action (where we see E as contained in C via I — ¢).
Then \2' Tg € N> Dg is defined as the image of A2 Tz, C A 'y via the trace
map

2n 2n 2n
ATe=ATe®E— ATq.
E Q
We have now the inclusion
I'g CcTg,
with I'c =T'g ®g R, (because C = E ®g R,) and the equality
FE,L =IgnN (C?n

The space I'g,, is a 2n dimensional E-vector space which generates over R the

space C2". Tt follows that the image of /\?3" I'g, in /\2n I'c generates over R the

complex line \*" C2".

But we know that C2" is the direct sum of the two spaces W, and W_, which
are n-dimensional. Hence

2n n n
NCrm=A\W.e A\W-,
is contained in A" W @ A" W, that is in H™"(X). ]

The main first step in the proof of Theorem 6.1 is the following (or rather its
generalization to any CM field E).

Theorem 6.7. Weil Hodge classes on Weil abelian varieties are absolute Hodge.
Proof. The first step is the following lemma:

Lemma 6.8. If A = Ay ® Z[I] with the natural action of E, Weil classes on A
are absolute Hodge.

Proof. Indeed, with the notations above, we have
I' =Ty ® Z[I], rank Ty = 2n
and for some Wy C Ty ¢ such that Ag =T c/(Wo ®T),
W =W, ®z Z[I].
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If we follow the above description of /\2En H'(A,Q), we find it to be equal to
A" H'(Ap,Q) ®¢ E which is naturally contained in

2n 2n
ANEH (A0,Q) @ E) = \ H'(4,Q).
The key point is that the inclusion

2n

N H (40,Q) ®g E — \ H'(4,Q)

is canonically determined by the E-structure of H'(A, Q). Hence, passing to coho-
mology with complex coefficients, this inclusion will be preserved by the transport
map a — a;, 7 € Aut C. Furthermore, the space A\** H'(Ag, Q) consists of ab-
solute Hodge classes on Ay, as it is generated by the class [p] of a point in Ag.
This means by definition that passing to cohomology with complex coefficients,
the rational structure of A\”" H!(Ap,C) given by the generator (2um)"[p] is also
preserved by the transport map « — «,, 7 € Aut C. This immediately implies
that A7 H'(A,Q) ¢ N> H'(A, Q) consists of absolute Hodge classes. [ ]

Remark 6.9. In the case we have been considering, where F is just a quadratic
field, there is in fact a much easier proof. Indeed, by results of Tankeev [34] or Ribet
[29], the Hodge classes on a self-product Agx Ay, where Ay is a very general abelian
variety (hence with maximal Mumford-Tate group), are generated by products of
divisors. Thus they are algebraic, hence absolute Hodge by Corollary 5.5. This
argument does not adapt however to the general case where F' is different from Q.

The second step is the following, which concludes the proof of Theorem 6.7
by Lemma 5.8:

Proposition 6.10. Under the sign conditions (6.5), there is a connected algebraic
family of deformations of A, where all members admit an action of Z[I], and the
special member is isogenous to Ag ® Z[I].

Proof. We observe that because A is projective, there is a polarization 6
on A which is invariant under I. We use again the previous notations and note
that the Betti class § € H?(A,C) must be by I-invariance in (C2")* A (C?7)*.
The subspaces W = W, @ W_, determines a Hodge structure polarized by 6 if
W is Lagrangian for 6 and furthermore t(a, b) gives a positive definite Hermitian
pairing on W. The first condition says that W, and W_, are orthogonal with
respect to 0 € (C2")* A (C2")*. So by the condition (6.5), W_, must be the
orthogonal complement of W, with respect to #. The second condition defines
then a bounded symmetric Hermitian domain X with two connected components,
contained in Grass(n, C?"), on which Aut; (T, #) acts naturally and permutes the
components. This X parameterizes a family of polarized complex tori with action
by Z[I]. Fixing a sufficiently high level structure, we will get the desired family of
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abelian varieties by descending this family to the quotient X/Aut; (T',0, N). That
the resulting family is algebraic follows from Baily-Borel theory [3]. The quotient
is irreducible by the above description of X and it remains to prove that some
points correspond to abelian varieties isogenous to abelian varieties of the form
Ao ® Z[I]. Such abelian varieties correspond to choices

WL = WO Ac E(C,La WfL = I/VO Qc EC,*L

for some isomorphism

I'g =T ®Q[I]
and some Wy C I'g ¢ of dimension n. There is an interesting sign subtlety here. In-
deed, it appears that the sign condition (6.5) can be translated as follows: consider
the I-invariant polarization # € A\® H'(A,Q). (6.5) implies that the corresponding
Hermitian form ¢(a, b) := t6(a, b) on the i-eigenspace

H,(A,C),

of I has signature (n, —n). Noticing that ¢ induces a E-Hermitian form ¢g on the
E-vector space Hi(A,Q), it follows that there is a totally ¢pg-isotropic E-vector
subspace of rank n of the E-vector space Hi(A, Q).

Conversely, start from a Q-vector space V{ of rank 2n with a non degenerate
skew-symmetric bilinear form 6y € /\2 Vi Introduce V = Vy ® E endowed with
the obvious I-action. 6y extends to an I-invariant 2-form 6’ on V in an obvious
way and the F-Hermitian form

QZJ(CL, b) - IG(CL, B)

on Vo ® FE (where complex conjugation acts on E by I — —I) also has the property
that there exists a totally ¢-isotropic E-vector subspace of rank n. One deduces
from this that there is an isomorphism of E-vector spaces

(6.11) Vo ® E = Hy(A,Q)

identifying 0" to 6. Any abelian variety Ag x Ag = Ao ® Z[I] with Hy(Ap, Q) = Vp
which is polarized by 6 is then in the isogeny class of a fiber of the above family.
|

6.3. Hodge loci for abelian varieties

We come back to CM abelian varieties. They can be characterized as follows.

Proposition 6.12. A simple abelian variety is CM if and only if the Mumford-
Tate group of the Hodge structure on H'(A,Q) is abelian.

Proof. Since we are in characteristic 0, the simplicity of A implies that
(End A) ®Q is a division algebra. Note that (End A)®Q is also the endomorphism
algebra of the Hodge structure on H'(A,Q), determined by the representation
h: C* — Aut H'(A,R) of the real algebraic group C* considered in (4.4). These
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endomorphisms clearly are the endomorphisms of H'(A4, Q) commuting with Im h.
Recalling that the Mumford-Tate group MT'(A) is the smallest algebraic subgroup
of Aut H'(A,R) defined over Q and containing Im A, we also identify (End A)®Q C
End H(A,Q) with the commuting algebra of MT(A). If A is CM, (End A) ® Q
contains a CM field E such that dimgH'(A4,Q) = 1. As MT(A) commutes with
E acting on H'(A,Q), it is contained in AutgH'(A, Q) which is commutative.
Conversely, if MT(A) is commutative, the algebra (End A) ® Q tensored by C is
a sum over characters x of MT(A), decomposing the MT(A)-module H*(A,C),
of the algebras End H'(A, C),. It follows that dimg (End A) ® Q > 2dim A, and
that in case of equality End A is commutative. The strict inequality is not possible
in the simple case by elementary reasons. So we know that £ := End A® Q is a
commutative field of rank 2dim A and, again by elementary reasons, we must have
dimpH'(A,Q) = 1. It remains to see that E is a CM field. This is very classical
(see [11]). Let us for completeness recall the argument: A admits a polarization
0 € NS(A) that we will see as a 2-form on H; (A, Q). There is the Rosati involution
ip acting on End A associated to 6, given by 1 — 671 o *1) 0 8, where we see 6 as
giving an isogeny between A and its dual A. We have to show that the fixed field
F C FE of this involution is totally real, and that for any embedding of F' into R,
the tensor product £ ®p R is isomorphic to C. In other words, let ¢ € End A be
fixed by the Rosati involution and let A be an eigenvalue of ¢ acting on H'(A4, Q).
Then we have to show that A is real. Recall that ¢ acts on H;(A, C) preserving
Hj o(A). Thus X is an eigenvalue of ¢ on either Hy o(A) or Hp1(A). We may thus
assume ¢(n) = An for some n € Hy ¢(A). Now we have

10(n, 6(1)) = Ab(n,7)

= 10(p(n), 1) = \b(n, 7).

As we know that 6(n,7) # 0, this implies that A is real.

As A is real, it also appears as an eigenvalue of ¢ on Hy1(A) and it follows
that elements of F' have only multiplicity > 2 eigenvalues, which is not the case
for F because dimgHq(A, Q) = 1. The Rosati involution is thus non trivial on E,
and the same computation as above shows that for the element o of £ such that
ig(0) = —o, the eigenvalues of o are pure imaginary numbers.

|

The final step in the proof of theorem 6.1 is the following proposition, which
reduces the statement to CM abelian varieties, by Lemma 5.8.

Proposition 6.13. Let A be an abelian variety, and o a Hodge class on A. Then
there exists a quasi-projective family B — W of abelian varieties, where W is
irreducible, such that for some point to € W, By, =2 A, W is contained in the
Hodge locus of a. and for some point t1 € W, By, is a CM abelian variety.



Claire Voisin 35

Sketch of proof. This is an application of proposition 6.12 and in the proof
given in [12], one can avoid the construction of Shimura varieties (for which we refer
to [25], [15]) using the algebraicity theorem 7.1. Let G be the Mumford-Tate group
of A. Then we know by Theorem 4.8 that G is the subgroup of Aut (H'(4,Q))
fixing finitely many Hodge classes p; in tensor products of copies of H!(A,Q)
and its dual. The small deformations A; of A for which MT(A;) C MT(A) are
thus parameterized by the intersection of Hodge loci for self-products of A. More
precisely, introducing a polarization 6 on A, there is a moduli space Ag 9 n of
abelian varieties with polarization of the same numerical type as #, and with level
N structure. For N large enough, there is an universal abelian variety B — Ay ¢ n,
and for some point tg € Ag0 N, By, = A with a certain choice of level N structure.
This family induces as well the families given by relative self-products, and we can
take for variety W the intersection inside A4 ¢ n of the Hodge loci associated to the
p;’s, or rather its connected component passing through ¢y5. This locus is algebraic
by Theorem 7.1 and parameterizes abelian varieties for which the Mumford-Tate
group is contained in G (or rather in some conjugate if one takes monodromy
into account). It remains to prove that there is a point ¢; € W for which B,
is a CM abelian variety. For this we use the following alternative description of
W as a set, which does not give its algebraicity: G contains by definition the
image Imh 4, where ha : C* — Aut H'(A,R) is the representation determining
the Hodge structure on H'(A). Then W can also be described as the set of 1-
parameter subgroups h : C* — G(R) which are conjugate under G(R) to hs. If
for some parameter ¢1, h;, is contained in a subtorus of G, defined over Q, then
the Mumford-Tate group of the abelian variety A;, is contained in 7', and thus
Ay, is CM by proposition 6.12. The conclusion then comes by saying that Im h 4 is
contained in a maximal subtorus T of G(R) and that there is a maximal subtorus
T’ of G(R), conjugate to T under G(R) and defined over Q. [ |

7. Deligne-Cattani-Kaplan theorem

Let f : X — B be a smooth projective morphism, where & and B are
quasiprojective. Fix an integer k. Recall from section 2.3 that the Hodge bundle
FFH?* is an algebraic bundle over B. We introduced in section 3.3 the locus of
Hodge classes of degree 2k for this family. The next two subsections are devoted
to a sketch of the proof of the following major result, already stated in section 3.3.

Theorem 7.1. (see [8]) The connected components of the locus of Hodge classes
are closed algebraic subsets of F¥H?*. In particular, the components of the Hodge
locus are algebraic.

Actually, the result of [8] is not stated this way but it implies the above
theorem whose formulation is more coherent with our presentation. The locus of
Hodge classes considered in [8] parameterizes pairs consisting of a variety, fiber of
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a certain family, and a degree 2k integral cohomology class of type (k, k) on it.
This locus is not seen inside F¥ H?* but inside the local constant system of integral
cohomology. In order to better state their result, one needs first to recall that by
Lefschetz decomposition induced by a relative polarization of f : X — B, and by
looking individually at each component of this decomposition, which provides a
subvariation of Hodge structures, one immediately reduces the statement to the
case of a polarized variation of Hodge structures. Associated to such a polarized
variation of Hodge structures, there is the so-called Hodge metric i on the bundle
H?F. This metric is not flat and not defined over Z, but it has the advantage of
being a metric. It is obtained by multiplying the natural Hermitian intersection
pairing on H2*(X;, Q)prim given by

(a,b); = (71)’6/ "2*UauUb, n=dimX, >k,
X

where [ is the class of a relatively ample line bundle L on X, by (—=1)? on H}
p+q=2k.

The main theorem can be formulated as follows. Introduce for any positive
number A the following set :

Sa={(t,a),t € B, a € H* (X, Z)prim N FFH?*(X;), h(a) < A}.

Theorem 7.2. The image S of the natural map o: Sy — B is a closed algebraic
subset and the map S4 — S is finite.

Remark 7.3. This theorem in fact proves a result which is stronger than what
is predicted by the Hodge conjecture. Indeed, it implies that, when working with
primitive degree 2k cohomology of a family as above, and denoting by ¢; the
natural integral intersection pairing given by

qi(a,b) = / "2k UaUb,
X

there are only finitely many components of the Hodge locus associated to integral
Hodge classes with |g;(a)] < A. In the degree 2 case, this is well-known because
one can reduce to the surface case, apply Riemann-Roch formula and verify that
if @ is a primitive divisor class on X; and |g;(a)| < A, then a + NL is effective on
X, N being independent of t. One then applies finiteness results for the relative
Hilbert scheme. In the case of higher degree, this finiteness statement is intriguing,
as it is not what is predicted by geometry. Indeed, it is not true that the locus
in B where an integral Hodge class is algebraic is a closed algebraic subset of B.
One can find a counterexample to this in [33]. It is proved there that the Kolldr
counterexamples to the integral Hodge conjecture are examples where an integral
Hodge class is non algebraic at the very general point of a certain parameter space,
but becomes algebraic on a countable union of closed algebraic subsets, dense for
the Euclidean topology.
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7.1. Schmid’s theorem

The main tool for the proof of Theorem 7.2 is Schmid’s nilpotent orbit theo-
rem [30]. This theorem gives a very good asymptotic estimate of the variation
of Hodge structure near a degeneration point b € B\ B. As usual, one as-
sumes that the base B has a (projective) compactification B such that B\ B
is a divisor with normal crossings. The local situation over B is thus essentially
(A*)P x AN=P ¢ AN, N = dim B. By the semi-stable reduction theorem, one can
even (maybe after a finite base change) assume that there is a compactification
f : X — B, where the divisor over B\ B is reduced with normal crossings. This
last condition implies the following result first proved by Borel (see [18]):

Theorem 7.4. (Monodromy theorem) The monodromy T; on H?*(X;,7Z) around
each branch B; of B\ B is unipotent.

Without this condition, one would only obtain quasiunipotency. For each
1 < p, denote N; := logT;, which is an operator with rational coefficients, which
can be written as a polynomial expression in Id — T}, acting on H?*(X;, Q).

Consider the universal cover H — A*, z — 2™, The inverse image of the
local system (R?* J+Z) prim is trivial on HP x AN=P_ We will denote its trivialized
fiber by V. The variation of Hodge structure on H% (X, Z)prim is described on

HY by a holomorphic map
O:HP x AN7P - D,

where D is the corresponding period domain, contained in a flag manifold of V,
and ® has to satisfy the property that

D(z +ej) = Tj0(2) = exp(N;)®(2), j < p,

and it follows that the map z — exp(> .. —N;z)®(z) is invariant under transla-

1<p
tion by the various e;’s (here we denoted by e; the 1 of H put in -th position). It
thus descends to a map ¥ from (A*)? x AN=P to D.

The result of [30] is the following:

Theorem 7.5. i) The holomorphic map ¥ extends holomorphically over 0.

ii) Let ®o(z) = exp(D_; Niz;)¥(0). Then there exists a constant M such that
when y; :=Im z; > M, ®g(z) defines a polarized Hodge structure on V.

111) ®g is an excellent asymptotic approzimation of ®: this makes sense using
an invariant metric on the period domain D. The distance between ®o(z) and ®(z)
is < Ce= 'MW Inf(y;)C" for some positive constants C,C",C".

7.2. Strategy of the proof of Theorem 7.2

The algebraicity result is essentially an extension result for the Hodge loci,
since the basis is quasi-projective, so that by Chow’s theorem, proving they are
algebraic amounts to proving they extend over the boundary.
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The proof is completely analytic, and involves the following steps. In the local
situation, with the same notations as above, one goal is to prove the following;:

Theorem 7.6. For any A > 0, there exists a constant Ay > 0 such that there
are finitely many integral points a € V with the property that for some point
2= (2), 2 = x5 +wy; € H with y; > Ay, « is in F*V at z and the Hodge norm of
a is < A. Furthermore, these a lie in FEV for a limiting Hodge filtration at some
point of the boundary divisor.

This finiteness statement implies the main theorem 7.2 by a delicate argu-
ment involving among other things Lemma 3.1 which gives a smaller set of local
holomorphic equations for the Hodge loci. It of course also gives the finiteness
part of that theorem.

The proof of Theorem 7.6 involves the nilpotent orbit theorem. In fact, as
the nilpotent orbit theorem only gives an asymptotic approximation of the period
map near the boundary divisor, what is proved is a generalization of theorem 7.6,
involving integral Hodge classes approximately of type (k, k).

Theorem 7.7. For any A > 0, there exists a constant Ay > 0 such that there
are finitely many integral points a € V with the property that for some point
2= (%), z = x; +wy; € H with y; > A1, « is close to F*V in the Hodge metric
at z and the Hodge norm of o is < A. Furthermore, these o lie in FEV for a
limiting Hodge filtration at some point of the boundary divisor.

7.3. Some arithmetic improvements

As above, X being given, we introduce a “spread” 7w : X — B of X defined
over Q. As we explained in section 5, a Hodge class on X is absolute Hodge exactly
when the corresponding component (2:7)*Z,, of the twisted locus of Hodge classes
is defined over Q and its translates under Gal (Q/Q) are again components of the
twisted locus of Hodge classes. We explained in Proposition 5.9 the interest of
studying the analogous property for the corresponding component B, = p(Z,) C
B of the Hodge locus.

We have the following criterion for a component of the Hodge locus to be
defined over Q :

Theorem 7.8. [38] Let o € FFH?**(X,C) be a Hodge class. Suppose that any
locally constant Hodge substructure L C H**(X;,Q), t € By, is purely of type
(k,k). Then By, is defined over Q, and its translates under Gal(Q/Q) are again
components B, of the Hodge locus.

Proof. We shall show the following :

Claim. Under the assumptions of the Theorem, for any 7 € AutC, B, is
also a component B, of the Hodge locus.
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This implies that By, is defined over Q because this implies that there at most
countably many distinct translates B, ,, 7 € Aut C, and this property character-
izes algebraic subsets defined over Q. This also obviously implies the statement
concerning the Gal(Q/Q) translates.

To prove the claim, observe the following: as already explained in section 5,
we can choose a desingularization T of Z,, and introduce a projective compactifica-
tion Y of Xp. Furthermore, over T, a extends as a flat section & of the local system

R?*711,Q and thus, by Theorem 5.11, there exists a Hodge class 3 € Hdg?*(Y, Q)
such that o =453 on Ay, where X = Ap Ly
Now we apply our assumption: any locally constant Hodge substructure
of H?*(X,,Q), t € T must be of type (k,k). It thus follows that in the above
situation, the constant Hodge substructure if H?*(Y, Q) is purely of type (k, k).
Let now 7 € Aut C. Consider the family

XT,T - Y‘rv Tr XT,T - T‘r-

Then it is also true that the restriction map 4j . : HgF (Y, Q) — HZ(X,,Q) has
an image which is purely of type (k, k), hence made of Hodge classes, because this
property can be seen on the restriction map in algebraic de Rham cohomology. We
now conclude by proving that for a generic element v € i§ . HZ(Y;,Q), p-(T;) =
B, r equals the component B, of the Hodge locus associated to . This is done as
follows: If we take ' =

(2em)k
cohomology class, because we do not know that « is absolute Hodge. But we know,

i (2um)k 3, , then we do not know that ~/ is a rational

because this is a purely algebraic statement, that B, , can be defined locally
schematically by the fact that 4 remains in F¥H?k. As H¥(Y,,Q) is Zariski
dense in HZF(Y;,C), it follows that for a generic element ~ of i§  HZ (Y;,Q),
Ba,» can be defined locally set theoretically by the fact that v remains in F* H2k,
that is Ba,r = B,. [ |
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