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1. INTRODUCTION

This paper proposes and studies a generalization of a conjecture made by
Beauville in [3]. Recall that Beauville and the author proved the following result
in [5]:

Theorem 1.1. Let S be an algebraic K3 surface. Then there exists a degree 1
0-cycle o on S satisfying the property that for any line bundle L on S, one has
c1(L)? = [e1(L)]0 in CHy(S).

Furthermore, we have ca2(Tg) = 24o.

(In this paper, Chern classes will be Chern classes in the Chow ring tensored
by Q, and we will denote by [¢;] the corresponding rational cohomology classes.)

This result can be rephrased by saying that any polynomial relation
P([e1(Ly)]) =0in H*(S,Q), L; € PicS,
already holds in CH(S5).

In [3], Beauville conjectured that a similar result holds for algebraic hyper-
Kabhler varieties:
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Conjecture 1.2. (Beauville) Let Y be an algebraic hyper-Kdhler variety. Then
any polynomial cohomological relation

P([e1(L;)]) =0in H*(Y,Q), L; € PicY
already holds at the level of Chow groups :
P(c1(L;)) =0in CH(Y).

He proved in [3] this conjecture in the case of the second and third punctual
Hilbert scheme of an algebraic K3 surface.

In this paper, we observe that the results of [5] can lead to a more general con-
jecture concerning the Chow ring of an algebraic hyper-Kéahler variety. Namely,
the full statement of Theorem 1.1 can be interpreted by saying that any poly-
nomial relation between [c2(Ts)], [c1(Li)] in H*(S,Q), already holds between
c2(Ts), c1(L;) in CH(S). The purpose of this paper is to study the following

conjecture:

Conjecture 1.3. Let Y be an algebraic hyper-Kdhler variety. Then any polyno-

mial cohomological relation
P([er(L), [ei(Ty)]) = 0 in H*(Y,Q), L;j € PicY
already holds at the level of Chow groups :
P(ci(Lj), ci(Ty)) = 0 in CH*(Y).

We shall prove the following results:

Theorem 1.4. 1) Conjecture 1.3 holds for Y = S forn < 2b2(S)er +4 and
any k, where S is the Hilbert scheme of length n subschemes of an algebraic
K3 surface S.

2) Conjecture 1.8 is true for any k when Y is the Fano variety of lines of a
cubic fourfold.

In 1), ba(S)s = b2(S) — p is the rank of the transcendental lattice of S.

Concerning point 2), recall from [4] that the variety of lines F' of a cubic
fourfold X is a deformation of S[, for S an algebraic K3 surface, but that for
general X, it has PicF = 7Z and thus it is not a Hilbert scheme. Even when



On the Chow Ring of Certain Algebraic Hyper-Kéahler Manifolds 615

p(F) > 2 it is not necessarily the case that F is a S, In [3], Beauville asked
whether his conjecture 1.2 holds true for the variety of lines of a cubic fourfold.

Finally, we also prove the following.

Theorem 1.5. Conjecture 1.8 holds for Y = S and k= 2n—2, 2n — 1, 2n,
for any S as above and any n.

The cohomology ring of the Hilbert scheme of a K3 surface has been computed
n [14], [16]. For the subring generated by H?, on can use the result of Verbitsky
[18], [9]. The question of understanding more precisely the Chow ring is rather
delicate and we are dealing here only with a small part of it.

We prove in section 1 part 1) of Theorem 1.4 and Theorem 1.5 . The proof

involves particular cases of the following statement :

Conjecture 1.6. Let S be an algebraic K3 surface. For any integer m, let
P € CH(S™) be a polynomial expression in

prici(Ls), Ls € PicS, prio, priyAs.

Then if [P] =0, we have P = 0.

We also prove that Conjecture 1.6 for S and any m’ < m implies Conjecture
1.3 for Y = S,

In section 2 we deal with the case of the variety of lines of the cubic fourfold
(Theorem 1.4, 2)).

It is a pleasure to dedicate this paper to Fedya Bogomolov, who greatly con-
tributed in the papers [7], [8], [9] to the study of hyper-K&hler manifolds.

2. CASE OF THE HILBERT SCHEME OF A K3 SURFACE

Let S be an algebraic K3 surface, and S be the Hilbert scheme of length n
subschemes of S. For any line bundle L on S, there is an induced line bundle,
which we still denote by L on S, which is the pull-back via the Hilbert-Chow
morphism of the line bundle on S corresponding to the G,-invariant line bundle
LX...XLonS™
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There are furthermore two natural vector bundles on S, namely O[], which
is defined as R%p,Osy, , where

Yn C S[n] XS, p=pri: En_>S[n]

is the incidence scheme, and the tangent bundle 7T,,. It is not clear that the Chern
classes of O}, can be expressed as polynomials in ¢;(Of,)) and the Chern classes
of T},. The following result may thus be stronger than Theorem 1.4, 1):

Theorem 2.1. Let n < 2b5(S)s + 4, and let P € CH(S™) be any polynomial
expression in the variables

c1(L), L € PicS C PicS™, ¢;(Op,), ¢;(T,) € CH(S™).

Then if P is cohomologous to 0, we have P =0 in CH(S™).

This implies Theorem 1.4 for the n-th Hilbert scheme of K3 surface S with
n < 202(S)s + 4, because we have ¢1(Op,)) = —d, where 26 = E is the class of
the exceptional divisor of the resolution S — S and it is well-known that
Pic S is generated by PicS and 4.

To start the proof of this theorem, we establish first the following Proposition
2.2, which gives particular cases of Conjecture 1.6. Let o € CH?(S) be the cycle
introduced in the introduction. Let m be an integer.

Proposition 2.2. Let P € CH(S™) be a polynomial expression in the variables

1

pr;‘(ﬂcQ(T)) = prio, prici(Ls), Ls € PicS, priyAs, k # 1,

where Ag C S x S is the diagonal. Assume that one of the following assumptions
is satisfied:

(1) m < 2by(S)y + 1.
(2) P is invariant under the action of the symmetric group Sp,—o acting on
the m — 2 first indices.

Then if P is cohomologous to 0, it is equal to 0 in CH(S™).

Using the results of [5], this proposition is a consequence of the following

lemma:
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Lemma 2.3. The polynomial relations [P] = 0 in the cohomology ring H*(S™),
satisfying one of the above assumptions on m, P, are all generated (as elements
of the ring of all polynomial expressions in the variables above) by the following
polynomial relations, the list of which will be denoted by (*) :

(1) [pri(er(L) - prio) =0, L € PicS, [pri (o) - pri(0)] = 0.

(2) [pri(ei(L)? — [e1(L)]?0)] =0, L € PicS.

(3) [pri;(As.pio — (0,0))] = 0, where py here is the first projection of S x S
to S, and (0,0) = pjo - pio.

(4) [pri;(As.pici(L) —c1(L) x 0o — o x e1(L))] =0, L € PicS, where py here
is the first projection of S x S to S, and c¢1(L) x o = pici(L) - p5o.

(5) [pri;i(As —pipAs - p3o—plo-p33As — pizAs - p3o +pia(0,0) +pa3(0,0) +
pT3(07 O))] = 0.

(6) [pT’Z}-AS]Q = 24pr;;(0,0) = 24prio - prio.

In (5), As is the small diagonal of $3 and the p;, p;; are the various projections
from S3 to S, S x S respectively. Note that Az can be expressed as plsAg-pisAg.

Furthermore we have
Prij © P1 = Pri, Priji © Pia = Prijs Priji © P = DTy
Thus all the relations in (*) are actually polynomial expressions in the variables

[priol, [prici(L)], L € PicS, [pri;Asl, k # L.

Assuming this Lemma, we conclude that for m < 2b9(S)s- + 1, all polynomial
relations [P] = 0 in the variables prio, prici(L), L € PicS, pri;Ag, k # | which
hold in H*(S™) also hold in CH (S™), because we know from [5] that the relations
listed in (*) hold in CH(S™). In fact, (apart from the relations (1) and (3) which
obviously hold in C'H(S™)), these relations are pulled-back, via the maps pr;,
resp. prij, resp. prijk, from relations in CH(S), resp. CH(S?), resp. CH(S%),
which are established in [5].

Similarly, for any m, the same conclusion holds for polynomial relations invari-
ant under 6,,,_-.

This concludes the proof of Proposition 2.2. [ |
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Proof of Lemma 2.3. Let B be a basis of PicS. It is clear that modulo the
relations generated by (*), any polynomial in the variables

(2.1) [pri;As], [pricei(L)], L € B, [prio],

can be written as a combination of monomials having the property that an index
i € {1,...,n} appears only once. Indeed, these relations express any product
with a repeated index as a combination of monomials with no repeated index.
Furthermore, if we start from a polynomial which is invariant under the action of
Sm—2, as the set of relations (*) is stable under this action, it is clear that replac-
ing systematically each repeated index by the corresponding combination with
no repeated index using (*), we will end with a polynomial expression invariant

under the action of &,,_s.

We claim now that if m < 2b2(S)s + 1, no non zero combination of monomials
with no repeated index vanishes in H*(S™). Furthermore, for any m, no non
zero combination of monomials with no repeated index which is invariant under
GSym—2 vanishes in H*(S™).

To prove the claim, consider the transcendental part of H2(S,Q),
H?(S,Q)y := NS(S)*.
We have the direct sum decomposition
(2:2) H*(8,Q) = H*(S, Q)i & H* (S, Qaiy,
where H*(S,Q)q14 is generated by
HY(S,Q), NS(S)q, H*(S,Q).
The decomposition (2.2) induces for any m a direct sum decomposition of
H*(S™,Q) = H*(S,Q)*™ = priH*(S,Q) ® ... ® pri, H*(S,Q).
Let [Ag]s be the projection of [Ag] in the direct summand
H*(S,Q)er ® H(S,Q)tr
of H*(S x S,Q). Then we have [Agl: # 0 and

[As] = [Asler + pilo] + p3lo] + Y aypiler(Li)] - pifer(Ly)].
i,jEB
It is then clear that it suffices to prove the claim with pr}; [Ag| replaced by
pri; [Ag]t in the set of variables (2.1).
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Let M be a monomial of the form above, and let Iy C {1,...,m} be the set of
indices i appearing in M via a diagonal, i.e. for some [ # i, the variable pr[Ag]s,
appears in M. Then I; is also the unique index set for which the projection of
M in

® H*(57 @)alg ® ® HZ(Sa Q)tr

igIn i€ly
is non zero. Hence it follows that a relation
Z aMM =0
M
implies for each fixed I C {1,...,m} (of even cardinality), by projection onto
Q) pri H* (S, Qatg @ Q) pri H*(S, Qir,
igI iel

a relation of the form

(2.3) > ayM=o.

M, Iy=1

Now note that we can further decompose each term ®i€] priH*(S,Q)a4 using
the basis of H*(S, Q)44 given by H*(S,Q), H°(S,Q) and the basis B. Then the
relation (2.3) decomposes into a sum of relations of the form

(2.4) (®jgrpria;) @ ( Z M),
Iyp=I

for any given I and given set (cj);¢r of chosen elements in the basis
H'(S,Q), H'(S,Q), B

of H*(S,Q)aig- Here each M’ is a monomial in the prij[Asley, and Iy = 1
means that only indices 4, j € I appear in the monomial M’, and each index
l € I appears exactly once.

Of course, (2.4) is equivalent to the relation

(2.5) > oM =0,

Iy=I
which has to hold in H?$(S™, Q) or equivalently in H?*(S, Q). (Here 2s is the
cardinality of I, and S’ is the product of the copies of S indexed by I. Thus
clearly (2.5) is pulled-back via the projection S™ — S from the corresponding
relation in S7.)
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Now observe that if we started with a polynomial relation invariant under the
action of &,,_2, each relation we get in (2.5) is invariant under the symmetric
group &’ permuting the elements of I which are < m — 2.

In conclusion, we are reduced to prove that for each I C {1,...,m} of cardi-
nality 2s, and thus satisfying 2s < m < 2b3(S)s + 1, there are no relations in
H?3(S) between monomials of the form

(2.6) [1ers1A80,

where each index ¢, j € I appears exactly once. Furthermore, for any m, there
are no &'-invariant relations in H?*(S;) between monomials of the form above.

For the statement concerning &’-invariant relations, this is obvious, as the
symmetric group &’ acts with at most two distinct orbits on the set of monomials
of degree s in the variables pr;;[Aglir, 4, j € I, with no repeated indices, namely,
in the case where m — 1, m € I, those monomials containing pj, ; ,,[As]s and
those not containing it. Assume that m — 1, m € I, as otherwise the action is

transitive and the result is still simpler.

Then the only possible non zero &’ -invariant relation would be of the form:

(2.7) BY M=a) M,

Meé& MeF
where £ is the set of monomials not containing pry, _; ,,[Aglty, and F is the set
of monomials containing pry, _;,,[As]y. We identify I with {1,...,2s} in such

a way that m — 1 is identified with 2s — 1 and m with 2s. Then this gives an
identification of ST with S x S* and we can consider each M as above as a
self-correspondence of S°. Let pi, pa be the two projections of S?¢ to S*. Then
each monomial M as above induces a map

R H2S,O(SS) N HQS,O(SS),
given by
(2.8) (1) = pr«(M - p3n).
Now we have yp; = 0 when the monomial M has the property that for two
indices ¢, j < s, pr; [Ag]s divides M, because w? = 0 on S. In particular, we
have vy = 0 for M € F. Thus (2.7) gives

Me&
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On the other hand, when the monomial M has the property that for any indices
i#j < s, pry; [Ag]yr does not divide M, M is of the form

Wi<spri o1 o) [Asler

for some permutation o of {1,...,s}. In that case, we have

(210)  ym(priw ... prow) =proqw ... prow = piw - ... puw.
Thus we get by (2.9) and (2.10)
B yu = BsTdgaso(ss) =0,
Mee&

which implies that 3 = 0, and that if a # 0, the relation reduces to ) ;. - M = 0.
But elements of F are of the form

p:n—l,m[AS]tT : Mlu

where M’ € F' are the monomials with no repeated indices in the pri; [Aglr, i, § <
m—1, 4, j € I. The relation ), M = 0 thus provides ).z M’ = 0, which
has just been proved to be impossible.

In the case where 2s < m < 2b3(S)4+ 1, we have s < by(S),. The intersection
form on H?(S,C)y, is non degenerate. Thus we can choose an orthonormal basis
a;, 1 <4 < bo(S)y, of HX(S,C)4y. Let

ni=priag ... prios.
For each monomial M, consider now vy : H?(S* C) — H?$(S*,C), defined as
in (2.8). As we have < «a;,a; >= 0 for i # j, we find that if there are two
indices 4, j > s such that pj;[Agly, appears in M, we have yp(n) = 0, and

that the remaining M’s are in one-to-one correspondence with permutations o of
{1,...,s}. Then, as before, we have for such M:

V(M) = Poy@1 - Po(e) Qs = PIOG-1(1) " - - - DgOlg—1(s)-

As the tensors PriQg-i(1) * - " Pre@s-i(s), 0 € G are linearly independent
in H?(S,C)y, we conclude from these two facts that a relation >, aprM = 0
implies aps = 0 for all those M such that for no indices i, j > s, prj; [Ag]er
appears in M.

To show that the other coefficients ajp; must be also 0, we introduce maps
similar to the vys, defined by choosing any subset Iy = {iy,...,is}, i1 < ... < g
of I. Denoting by Iy the complementary set, we define 'yﬁ as pr« o (M - p7,),
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where py, (resp. pr,) is the projection from S; = S2 to S* determined by the
(ordered) set I; (resp. I3). For any M, there is a choice of I; such that for no
indices i, j € I2, prj; [Ag]ir appears in M, and then we conclude as before that
oy must also be 0.

Thus Lemma 2.3 and also Proposition 2.2 are proved.
|

We come now to the geometry of S, Let us introduce the following notation:
let

p={pr, b, m=m(p), Y [ pil=n
i
be a partition of {1,...,n}. Such a partition determines a partial diagonal
S,=8mc s,
defined by the conditions

r=(x1,...,0n) € Sy & x; =x; if i, j € yy, for some I.

Consider the quotient map
Qu:S™=2S, — S,
and denote by E, the following fibered product:
E, =S, X gm S < §™ x s,
We view E, as a correspondence between S™ and S "] and we will denote as
usual by E}, : CH(S) — CH(S™) the map
a— pri,(pri(a) - Ey,).

Let us denote by &, the subgroup of &,,, permuting only the indices 7, j for which
the cardinalities of p;, pu; are equal. The group &, can be seen as the quotient
of the global stabilizer of S, in S™ by its pointwise stabilizer. In this way the
action of &, on S, = S™ is induced by the action of &,, on S".

We have the following result:
Proposition 2.4. Let P € CH(S™) be a polynomial expression in ci(Opy), ¢j(Tn).

Then for any p as above, E;(P) € CH(S™) is a polynomial expression in
prio, pri,Ag. Furthermore, E;(P) is invariant under the group &,,.
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Note that the last statement is obvious, since &, leaves invariant the corre-
spondence F, C S, X sl

We postpone the proof of this proposition and conclude the proofs of the
theorems.

Proof of Theorem 2.1. From the work of De Cataldo-Migliorini [11], it
follows that the map

(E2) e Part({1,..n}) : CH(S™M) — T1,CH(S™®)

is injective. Let now P € CH(S™) be a polynomial expression in ¢;(L), L €
PicS C PicSM, ci(Op), ¢j(Ty) € CH(S™). Note first that for L € Pic S, and
for each p, the restriction of priL to E, C S, X S is a pull-back pTTL“IEu’
where L, € PicS, = PicS™ is equal to LMl X L®l#ml This follows from
the fact that L is the pull-back of a line bundle on S . Note that L,, is invariant
under &,,.

Thus it follows from Proposition 2.4 and the projection formula that for each
partition u, E}(P) is a polynomial expression in pr;eci (L), prio, pry,, A which is
invariant under the group &,,.

Now, if P is cohomologous to 0, each E;(P) is cohomologous to 0. Let us now
verify that the assumptions of Proposition 2.2 are satisfied. Recall that we assume
n < 2ba(S)y + 4. If m(p) < 2b2(S)y + 1, Proposition 2.2 applies. Otherwise,
m(p) > 2ba(S)y + 2 and, as n < 2ba(S)s + 4, it follows that the partition
contains at most two sets of cardinality > 2. Thus the group &, contains in

this case a group conjugate to &,,(,)—2. Proposition 2.2 thus applies, and gives
E;(P)=0in CH(S,), for all .

It follows that P = 0 by the result of De Cataldo-Migliorini. This concludes
the proof of Theorem 2.1. n

Proof of Theorem 1.5. Let P € CH*(SM), with k > 2n — 2 be a polyno-
mial expression in ¢ (L), L € PicS C PicSM, ci(Opy), ¢(Th) € CH(S), and
assume that [P] = 0. Notice that because k > 2n — 2, we have E;P = 0 if the
image of F, in SI" has codimension > 2. This is the case once m(x) < n—2. On
the other hand, if m(u) > n — 2, the partition p has at most two sets u; of car-
dinality > 2. Hence for m(u) > n — 2, the group &, contains a group conjugate
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to Gm(u
in priei(L), prjo, pri;As, Proposition 2.2 thus applies, and gives Ei(P) =0
in CH(S,) for m(u) > n — 2. As we also have E;(P) = 0 in CH(S),) for
m(p) < n — 2, the theorem of De Cataldo-Migliorini shows that P = 0. |

)—2- As [E}P] = 0, and E}P is a & -invariant polynomial expression

To conclude, let us notice that Proposition 2.4 and the end of the proof of
Theorem 2.1 prove the following:

Proposition 2.5. Conjecture 1.6 for S, and any m < n, implies Conjecture 1.3

for S

It remains to prove Proposition 2.4. For the proof, we use the formulas proved
in [13], which allow induction on n. As in [13], in order to get the result by
induction, we will need to introduce a more general induction statement, which
is the following: For each integer [, we can also consider the correspondence

E'u’l = E/J X Asl

betweeen S, x St and S x St where Ag is the diagonal of S!. On Sl 5 St we
have the natural classes prg;cs(Z,), where Z,, is the ideal sheaf of the universal
subscheme %,, C S x S, and pr; is the projection onto the product of the first
factor S and the i-th factor of S!. We shall denote pro the projection onto the
first factor S, and pr; the projection onto the i-th factor of S'.

The induction statement, which will be proved by induction on n, is the fol-
lowing generalization of Proposition 2.4 (which is the [ = 0 case):

Proposition 2.6. Let P € CH(S™ x S') be a polynomial expression in
prgcr(o[n]), procs(Tn), proes(Zn), 1 <i <L
Then for any p as above,
" (P) € CH(S™ x 8') = CH(S™)
is a polynomial expression in the pr;fo, priA i, g,k <m+ L
Proof. Consider the smooth variety Sl parameterizing pairs (2,2') of
subschemes of S, of length n and n — 1 respectively, such that 2’ C z.

Snn=1] admits a natural map p to S, which to (z,2’) associates the residual
point of 2’ in z. Together with the two natural projections v to S ] and ¢ to
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Sln=1] respectively, this gives two maps:
¢Sl gl g — (g, p) Sl g1l g,
o is birational; in fact it is the blow-up of S[*~1x S along the incidence subscheme
¥,_1 C SI"~1 x §. We shall denote by £ the line bundle O(—E) on S»n—1,
where E is the exceptional divisor of o. Thus we have
Im (0"Zp—1 — Ogpnn-1)) = O(=E) = L.
The map 1 has degree n, and (¢, p) is a birational map from Snn=1] to the

incidence subscheme ¥,, ¢ SI" x S.

Let now p = {p1,..., tm} be a partition of {1,...,n}, and S, = S™ C S™ be
as above. Consider the fibered product

SM X g(n) S[n,nflh
which is also equal to

E’u Xs[n] S[n/nil] .
It obviously has exactly m components dominating S,,, according to the choice
of the residual point. Let us choose one component, say the one where over the
generic point (z1,...,%,) € S, the residual point is z,,. Let ' be the partition
of {1,...,n — 1} deduced from p by putting

1y = iy i 0 iy gy = pi \ {n}, if n € p;.

Let us denote by E,,, C S, x S (=1} the underlying reduced variety of the
component defined above, and note that via the projection 7 from S, to S,
(forgetting the n-th factor), and the map o, we get a natural map

Xy = (an)\Ew#/ : E,u,,u/ — Eﬂ' x S.
On the other hand, we have the natural map
Xu = (Idsww)lEu,m : By — E,.
Now, observe that the following diagram is commutative:
B, ®E,, "% Eu,x8
pﬂl ! (pw,[d),
SN 1) SM/ X S

where p,, is the restriction to £, C S, x § [} of the first projection, and similarly
for p,s, and where 7’ : S, — S,y x S is given by (W,prnwu). Note also that
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both x, and X, are generically finite of degree 1. Thus we have the following
equalities :
E; g0yt =Ey: CH(SM) — CH(S,),

moo B} oot = (Ey x Ag)*: CH(S" x §) — CH(S, x S).

Similarly, for any integer I, we can consider the induced correspondence
E i =E, wxAg
between S, X St and SIm=1) % S'. Then we have the formulas
(2.11) B, = E; 0 (¥, Id)" : CH(SM x ') — CH(S, x ),
(212)E} 1y =7, 0 B, 0 (0,1d)* : CH(S" x §MY) — CH(S,y x §™).
Here, Id; denotes the identity of S!, and 7, is defined by
m = (7', 1d}) : S, x S' — S, x ST,

Furthermore, for any v € CH (S~ x S!), one has
(2.13) e © B i (7) = B 1 (0, Id1)4).

Indeed, this follows from the fact that the correspondences E,, ,» C S, x S [nn—1]
and E,y x Ag C S,y x S x Sn=1] xS satisfy the relation:

(214) (W,?Ids[nﬂ"—ll)*(E,U«,,U«/) = (Idsu,,(f, IdS)*(E,U/ X AS)

in CH(S,s x S x SI»"=1) and similarly with [ > 0. From (2.14), we deduce that
for v € CH(S™"=1), one has

T 0 By () = (08, x8) (7', Idginn—1)s (Epr) - Popnn—17)
= (ps, xs)x((Ids,,,0,1ds)" (E X Ag)  Pgpnn-17)
= (ps, xs)x o (Ids,,,0,1ds)«((Ids,,,0,1ds)" (Ey X Ag) - pgun-17)
= (ps,xs)«((Ew x Ag) - (Ids ,, 0, Idg)«(Pginn-17))
= (ps, x$)« (B X Ag) - Pgin-11, 5(0+7))
= EZ/J(U*’Y),
which proves (2.13) for [ = 0. One argues similarly for [ > 0.

From (2.13), using the projection formula, one deduces that for any

ae CH(SM U x 8, gecH(S Y x 51,
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one has :

(215> Td* ° E;,/.L,,l(a ’ (07 Idl)*/@) = E:’,l—l—l((av Idl)*a ’ ﬁ)

The key point is now the following formulas proved by Ellingsrud, Gottsche,
Lehn in [13]: here we work on the Ky groups (the varieties considered are smooth
and projective). The morphism ¢' : Ko(Y) — Ky(X) for a morphism ¢ : X — Y
between smooth varieties is induced by the morphism ¢* on vector bundles. The
morphism M + M is induced by the morphism E + E* on vector bundles, and
the product - is induced by the tensor product between vector bundles. Then we
have (here we use for simplicity the fact that Kg is trivial) :

Theorem 2.7. ([13], Lemma 2.1 and Proposition 2.3) We have in Ko(S""1):

(2.16) YT =@ Ty 1+ L-0T) | —p'(1—Ts).
(2.17) ¥ Oppy = ¢'Opy_y) + L.

Furthermore, we have in KO(S[”’"_” x S):

(2.13) (¢, 1ds)'T, = (¢, Ids) Tn—1 — pri(L) @ (p, Ids)' Oas.

Another very important property is
Lemma 2.8. ([13], Lemma 1.1) In CH (S x S), we have the relation
au(c1(£)') = (=1)'ci(~Tn-1).

Theorem 2.7 can be translated into statements concerning the Chern classes
of the considered sheaves (or elements of the Ky groups). Namely we conclude
from (2.16) that the Chern classes ¢;(7T},) satisfy the property that ¢*c¢;(T},) can
be expressed as polynomials in

¢*Cj(Tn_1), Cl(ﬁ), O'*CS(In_l), p*CQ(Ts) = 24,0*0.

Similarly, we get from (2.17) that the Chern classes ¢;(Oy,)) satisfy the property
that ¢*c;(O,) can be expressed as polynomials in

(b*cj(o[n—l})? Cl(ﬁ)'

Finally, from (2.18) we conclude that the Chern classes of Z,, satisfy the property
that (1, Ids)*c;(Z,) € CH(S™"~1 x ) can be expressed as polynomials in

(¢7 IdS)*Cj (In—1>7 p?"301 (£)7 (pa IdS)*CS(OAs)'
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Note that because Ky is trivial, the Chern classes of Oa4 reduce to
c2(Oag) = —Ag € CH*(S x S)
and ¢4(Oay), which is proportional to (0,0) as ¢2(Ts) is proportional to o.
Let now P € CH(S!" x S%) be a polynomial expression in
procr(Opy), procs(Tn), proci(Zn), 1 <i <1
as in Proposition 2.6. Applying (2.11), we get
(2.19) “(P) = Bl (1, 1d)(P).
As just explained above, (¢, Id;)*(P) € CH(S™"1 x S') can be expressed as a

polynomial in
(¢, pri)*ct(Zn-1), proci(L), (¢ o pro)*er(Opp—1)), (¢ 0 pro)cs(Tn-1),
(pri; o (0,1d;))"Ag, (prio (o,1d;))* 0, 1 <i<l+1.
Observing that
¢ oprg: Sl i gl g1l

is equal to prg o (o, 1d;), the variables above can all be expressed as pull-back via
(0, Id;) of the following variables in CH (S~ x §t1):

(2.20) priiAs, prio, 1 <i <I+1,
proice(Tn-1), procr(Op-1y), procs(Tn-1),

except for prici(£). Thus we have in CH (Sl x §1):

(2.21) (¢, 1d))*(P) = > priei(L) (o, 1dy)* Qs

where Q; € CH (S~ x §"1) is a polynomial expression in the variables (2.20).
From (2.21) and (2.19), applying (2.15), we deduce that

(2.22) (B (P) = m, (B, g 0 (4, 1d1)"(P)) =
T (B )" (Y pr5er (L)' (0, 1d)* Qi) = Ejy 11 (Y Qi - (0, Idy)(prger (L)1)

Using Lemma 2.8, we find that (o, Id;).(prici(£)%)) is a polynomial expression
in the prg;cs(Z,—1), and thus

ZQi (o, Idy)s(prer (L))
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is a polynomial expression in the variables (2.20). Applying induction on n and
the projection formula to the right hand side, we conclude that m, (E7; ,(P)) is a
polynomial expression in the variables

p’f’;O, pr;{kA57 ia j7 ka S l + m.

There are finally two cases to consider here, according to whether | u(n) |=1
or | u(n) |> 2, where u(n) is the element of the partition p to which n belongs
(so | p(n) | is the multiplicity of n in the diagonal S),). In the first case, we have

78,2 S, xS,

while in the second case, we have 7w : S, = S, and 7’ is the embedding of
S, = 8™in S, x S = S™+! which is given by the diagonal on the last factor. In
the first case, ™ being an isomorphism, we proved that EZ,I(P) is a polynomial
in the variables pr;ijS, prio. In the second case, we get that pr, o n’ is an
isomorphism from S, to S,/, and applying (pr,/, Id;) to both sides of (2.22), we
get the same conclusion.

This proves Proposition 2.6, and thus also Proposition 2.4. [

Remark 2.9. [t is presumably the case that Proposition 2.4 could be obtained
as a consequence of the Bridgeland-King-Reid-Haiman equivalence of categories
between the derived category of S and the derived category of &, -equivariant
coherent sheaves on S™ (see [10], [15]), combined with results on equivariant K -

theory of Vistoli [20], and Riemann-Roch type theorems by Toen [19].

However, the explicit computation of the equivariant complex associated to a
given sheaf on S is rather complicated. It is done in [17] for Olp)s but not for
T, and the computation is more difficult than the method of [13], that we have
been using here.

3. CASE OF THE VARIETY OF LINES OF A CUBIC FOURFOLD

We shall use the following notations: the cubic fourfold will be denoted by
X and its Fano variety of lines by F. F' is contained in the Grassmannian
G := (G(2,6) of lines in P°, and we shall denote by

le CHYF,7), c € CH*(F,7)
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the Chern classes of the rank 2 quotient bundle £ induced on F'. Thus if
pLx

(3.23) pl
F

is the incidence diagram, P is a P'-bundle over F, and & = R%p.q*(Ox(1)).

We shall denote by H € CH'(X) the class ¢1(Ox(1)) and by h its pull-back
to P, h =q¢*H.

Let I C F x F be the incidence subvariety, which is the codimension 2 subset
of F' x F defined as

(3.24) I=(p,p)(q,9) " (Ax),

where Ay is the diagonal of X. Thus [ is the set of pairs (d,d) of intersecting
lines. We shall denote by the same letter I the class of I in CH?(F x F).

We start the proof with a few remarks concerning the Chern classes of F. As
it is known that F is symplectic holomorphic, one has Tr = Qp, and thus only
the even Chern classes of F' can be non zero. We shall denote them by cs, c4. It
is immediate to compute that co and ¢4 can be written as polynomials in ¢ and
l. Indeed F' C G is defined as the zero set of a section of the vector bundle S3Eq
on G, and thus the normal bundle of F in G is isomorphic to S2€. The normal
bundle exact sequence then shows that the Chern classes of F' are polynomials
in I, ¢ and in the Chern classes of G restricted to F. But the later are also
polynomials in ¢ and [, as are the restrictions of all cycles on the Grassmannian.

Thus, in this case, Theorem 1.4, 2) is equivalent to the following :

Theorem 3.1. Any polynomial expression in D € CHY(F) and ¢ € CH*(F)
which vanishes in cohomology, vanishes in CH(F).

We observe first that there is no cohomological relation in degree 4 of the form
above. Indeed, as F' is a deformation of a S/, one knows that

HY(F,Q) = S*H*(F, Q).
Thus there is only one cohomological relation of the form

[CQ(F)] =P,
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where P € S?H?(F,Q). But this P is non degenerate because its kernel is a
sub-Hodge structure of H?(F,Q)*, which must be trivial because it is stable
under deformation of F', and in particular under a deformation for which N.S(F')
becomes trivial. Thus there cannot be any relation of the form

[e2(F)] = @,
where Q € S?(NS(F)), because NS(F) never generates H?(F, Q).

Thus we only have to study relations in H% and H®. We first deal with the
relations between [ and ¢ in degree 8. There are obviously two such relations, as
I*, ¢2, I?c are all proportional in H®(F,Q). Let us prove:

Lemma 3.2. There exists a 0-cycle o € CH*(F), which is of degree 1, and such
that
4, 2 1%

are multiples of o in CH*(F).

Proof. We observe first that for generic X, there is one surface 3 of class
¢ which is a singular rational surface (namely, its desingularization is rational).
Indeed, surfaces in the class ¢ are surfaces of lines of hyperplane sections of X.
When an hyperplane section Y acquires a node z, its surface of lines becomes
birationally equivalent to a symmetric product S?FE,, where E, is the curve of
lines in Y (or X) passing through z (see [12]). This curve of lines has genus 4,
and imposing four “independent” supplementary nodes to Y creates four nodes on
the curve F,, which remains irreducible, so that the normalization of E, becomes
rational. In that case, the desingularization of the surface of lines of Y is rational.
Now, for generic X it is easy to see that there exists such an hyperplane section
Y with five independent nodes (which means that the associated vanishing cycles
are independent).

Of course, all points of ¥ are rationally equivalent in F'. For some particular
X, it might be that the surface ¥ degenerates to a non rational surface, but it
still will remain true that all the points of the degenerate surface ¥ are rationally
equivalent in F'.

We shall denote by o € CH*(F) this degree 1 O-cycle. As ¢? is supported on
¥, ¢? is a multiple of 0 in CH*(F). Similarly c - [? is supported on ¥, hence it
has to be a multiple of o in CH*(F).
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Next, with the same notations as above, we note that the curve E, is contained
in ¥. Thus we have a relation in CH*(X):

(3.25) l- Ey = o,

for some coefficient u equal to the degree of [- E,. The class of E, is computed as
follows: As CHy(X) = Z, this class does not depend on z, and in fact we have:

3E, = p.h',
because 3z is rationally equivalent to H* in X. Now we have the relation defining
Chern classes:
(p*l — h)h = p*c
in C H?(P), which gives
h: =p*l-h—p*c, > =p*l-(p*l-h—p'c)—h-p'c=p*(I>—¢c)-h—p*(-c),
Wt =p* (12 —¢)- (p"l-h—p*c) = p*(l-¢) - h = p*(I> = 2le) - b — p*((I* = ¢)o).
Thus we have
(3.26) 3E, =13 — 2lcin CH3(F).
Equation (3.25) thus gives a relation
31(13 — 2lc) = po,
and thus [ is also a multiple of o.

We now introduce a relation in the Chow ring of F' x F' which generalizes
the results obtained in [22] (which concerned in particular the Chow ring of the
surface of lines of a cubic threefold). This relation will be essential to understand
the group CH;(F).

Proposition 3.3. There is a quadratic relation in CH*(F x F)
(3.27) PP=aAp+T-1+71,
where o # 0, and T' is a codimension 2 cycle of F' x F which is a degree 2
polynomial in
l1 = p?l, lg Zpgl,
and T" is a codimension 4 cycle which is a degree 2 weighted polynomial in

l1, l2, pic, psc.
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Proof. We first prove the existence of a relation of the above form, and we
will show later on that the coefficient « is not 0.

To get such a relation, it suffices to show the existence of a relation
(3.28) B=T-Ip+T"in CHYF x F\ Ar),
where ', T are as above and I is the restriction of I to F' x F'\ Ap.
Note that [ is the image in F' x F' via the map (p,p) of
I:=(q,9) " (Ax).
Furthermore, over a point (4,d") € F' x F, the fiber of the map
p = (p,p)‘-f:f—> FxF

identifies schematically to the intersection of the corresponding lines L, L’ in X.
Thus, away from the diagonal, this fibre is a reduced point, and the restriction
ph of p' to In:=1\ (p')"'(Ap) is an isomorphism onto Iy.

Furthermore, as 170 is a local complete intersection, and (p, p) is a submersion,
Iy is also a local complete intersection, and thus I3 is equal to ji(c2(Np,)), where
Ny, is the normal bundle of Iy in F' x F'\ Ap and j is the inclusion of Iy in
F x F'\ Ap. On the other hand, as p{ is an isomorphism onto Iy, the normal
bundle of I~0 in P x P fits into a normal sequence

(3.29) 0— TP><P/F><F|TO = N pxp = (p0)"Niyyrxr — 0.

We deduce from this that pj*ca (N Io/FxF) can be expressed as a polynomial in
the Chern classes c1, co of the normal bundle NTO /PxP and in the Chern classes

of Trup/rxrj,-
The later ones are polynomials in hy, I}, hg, I}, where
hi = prih, I = pri(p*l),i=1, 2,

and pr; are the two projections of P x P onto P. Next we observe that, as
I=(q,q) '(Ax), we have the equalities

Ci(NTO/PXp) = qoci(Tx),

where qq : Iy — X is the restriction of (g,q) to Iy. But ¢i(Tx) are polynomials
in H. Thus we conclude that we have a relation:

1§ = po. ' 5c2(N1y 7))
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:p6*(P(hi7 l;))v
for some degree 2 polynomial P in h;, lg‘ i (in fact Ay = hg on fo) This can also

be written as
15 = (p.p)«(P(hi, 1)) - D
Let us now write the quadratic polynomial P as
P =hA+hyB+Q,

where A, B are linear in h;,l;, and @ is quadratic in [}, 5. We have by the
projection formula, noting that I = (p, p)*l;,

(P p)-(QE) - T) = Q) - 1,
which is of the form IV - I.
At this point we proved
(3.30) I =T"Io+ (p,p)«((MA+haB) - D) pupag
Finally, we observe that the diagonal of X admits a Kiinneth type decomposition:
Ax = Ay + Ao,
where Aj can be written as a sum

Al = ZO@LH{ . Hg_l
7

and Ag has the property that
(3.31) Hy-Ag=0, Hy-Ag=0in CH*(X x X).

Here H; = pryH, i = 1, 2, and pr; are the two projections on X x X. We obtain
this decomposition as follows: we choose the «; in such a way that we have the

following equalities between intersection numbers:
Ax-Hi-Hy '=A;-Hi-H} " fori=0,...,4.
Then the cycle Ay = Ax — A; is such that its image under each inclusion
XXX PP xX,jo: X xX— X xP°

is rationally equivalent to 0, because j1.Ax = AP5|]P’5>< y- This implies (3.31)
because

Jy 0 j1x = 3Hy+, j5 0 jox = 3Hy .
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From the decomposition above, and recalling that

I=(q,9)""(Ax) = (¢, 9)"Ax, hi = (¢,9)" H;
we conclude that

hMmA-T=A-(q,9)(H -Ax) = A-(q,q)*(HiAy).

But as H1A; is a polynomial in Hj, Hy, it is then clear that (p,p)«(h1A-1I) is a

cycle of the form I as in the Proposition. Similarly for (p,p).(heB - I). Thus,
using (3.30), the existence of a quadratic relation (3.27) is proven.

We now show that o # 0. Mimicking the arguments in [22], one sees that there
exist an hypersurface W C F' and a non zero coefficient v € Z such that for each
6 € F, there is a relation

8 =82 + 2,

where z is a 0-cycle supported on W. Here Ss is the surface of lines of X meeting
§, so that Ss = I*§ in CH?(F) and

(3.32) S2 =6 — 2z = (I?)*6 in CHA(F).
We have an equality
I?=aAp+T -1+ in CHYF x F),

from which we deduce that (I2)* acts as multiplication by o on H*?(F) # 0.
On the other hand, (3.32) together with the generalized Mumford theorem (cf
[23], Proposition 10.24 ), shows that (I2)* acts as multiplication by v on H*?(F).
Thus ao = v # 0.

We have the following corollary of Proposition 3.3.

Corollary 3.4. Let z € CH(F) = CH3(F) be a 1-cycle. Assume that z is
rationally equivalent to a combination of rational curves C; C F,

z = E niCi,
A

that z is cohomologous to 0, and that one (or equivalently any) point x; of C; is
rationally equivalent to o in F. Then z = 0 in CH3(F).
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Proof. Indeed, observe that since
z = Z nZ-Ci,
i
with C; rational, we have

(3.33) Apyz = an(xl x C;+ C; X z;) in CH(F x F),

)

where z; is any point of C;. Now I? is the restriction of I x I to the diagonal
Apyp of F x F. Thus we have

(I%)"z = (I x I)"(Aps2)) jap-
From (3.33), we conclude that

(3.34) (I)z2=2> nlI*Ci-I"z;.

By assumption, we have I*z; = I*o in CH?(F), thus (3.34) is equal to
(3.35) 2I0- Y nl*C;=2I"0-I"z
i
But z is homologous to 0, so I*z € CH(F) is also homologous to 0, hence it is
rationally equivalent to 0. Thus (I2)*z =0 in CH3(F).
Now we apply Proposition 3.3 which gives a relation
az = (I*)z2 — ([ - I)*z — T2
As (I?)*z = 0, the right hand side is equal to
—(T- D)z —T"2.

But we know that both I*z and [ - z are rationally equivalent to 0 : for the first,
this was noticed just before, and for the second, this is because it is a multiple of
o and homologous to 0. Hence it follows that —(I'-I)*z —T"*z = 0 and, as o # 0,
we conclude that z = 0. [

As a consequence, we can start the computation of relations in CH?3(F) by
showing the following Lemma 3.5: Notice that [I?] and [I¢] are proportional in
HS(F,Q). Let this relation be

(el — vi*] = 0 in HS(F,Q), u #0,v #0.
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Lemma 3.5. We have the equality
pel —vl3 =0
in CH3(F).
Proof. Indeed, it suffices to prove this relation for generic X. In that case, we
proved that the cycles I3 and lc are supported on a rational surface of class ¢, all

points of which are rationally equivalent to o in F. Thus the cycle z = ucl — vi?
satisfies the assumptions of Corollary 3.4. ]

In conclusion, we proved in Lemma 3.2 and Lemma 3.5 that all polynomial

cohomological relations between [ and ¢ hold in CH (F).

Let us decompose now CH'(F) as
CHY(F)=<1>@®CH(F)o,

where CH(F)g = p«q*CH?(X)prim. Recall the following from [23], 9.3.4. Let
Z € CH*(X)prim == {Z € CH*(F), [Z]) € H*(X, Q)prim }. Write

¢ Z=hp*D+p*Z.

Then from
H-Z=0in CH3(X),
(see [23], 9.3.4), we get, using h? = hp*l — p*c,
h2p*D + hp*Z' =0 = hp*(ID + Z') — p*(cD).
Thus we have D = p,.q*Z, and
(3.36) Z'=—ID, ¢D =0 in CH(F).
In particular
(3.37) q*Z = (h—p*l)p*D.
Let us deduce from this the following;:
Lemma 3.6. For any D € CH'(F)o, we have the relations:
I’D? = Cq([D))o,

ID? = C'q([D))E,,
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where q is the Beauville-Bogomolov quadratic form on H*(F), C, C' are con-

stants, and E,; = p.q*x was already introduced and shown to be proportional to
I3 and cl in CH3(F).
Proof. Note that since X is Fano, we have CH*(X) = Q and thus
(3.38) Z?=< 77>z
for any x € X. Using (3.37), we get
(3.39) q"(Z%) = (h—p"1)*p"(D?).

Next we use the relations cD = 0, h? = hp*l — p*c, and (3.38) to rewrite (3.39)

as
< Z,7Z > q*z = hp*lp* D* — 2hp*lp*D? + p*(I>D?)
— WD) 1 (PD?).

Note now that < Z,Z >= —C"q([D]) for some constant C’, as proved in [4], so
that pushing forward via p the above expression, we get

C'q([D))E, = ID?.
Finally, applying [ to this, we get
I?’D* = C'q(D)l - E, = Cq(D)o,

with C' = C'deg (1 - E;). (We use (3.26) and Lemma 3.5 to get the last equality.)
|

Summing-up what we have done up to now, we get:
Proposition 3.7. Any polynomial relation
[P] = 0in H(F,Q) or in H3(F,Q),
in the variables 1, ¢, D € CHY(F)o, which is of degree < 2 in D, is already
satisfied in CH?(F), resp. CH*(F).
Proof. Indeed, consider first the case of H®. The polynomial expression P is

then of the form

P=cQ+1Q + clA+ BA + ac® + Bcl® +~14,
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where Q, Q' € S2CHY(F)o, A, A’ € CH'(F)o and «, (3, y are constants. But we
know (cf (3.36)) that

c@ =0,cA=0,
and that 12Q)’, ¢?, cl?, yI* are all multiples of o (cf Lemma 3.2, Lemma 3.6). On
the other hand, as we proved that the cycle I3 is rationally equivalent to a cycle
supported on a rational surface in the class ¢, and all points of ¥ are rationally

equivalent to o, it follows that I3A’ is also a multiple of 0. Thus P is a multiple
of o in CH*(F), and as it is cohomologous to 0, it must be 0.

Next we consider the case of degree 6. Then P can be written as
P=1Q+ cA+1?A" + ol® + B,
where Q € S2CH(F)o, A, A’ € CH'(F)o and «, 3 are constants.

We know that cA = 0 and we proved already that the cycles
1Q, 13, ¢l

are all proportional in CH3(F) (cf Lemma 3.5, Lemma 3.6). Using these propor-
tionality relations, we get an equality in CH (F):

P =1%2A 4 A1),

where the number v depends on @, «, # and involves the constants u, v, C' of
Lemma 3.5, Lemma 3.6. But we know that [P] = 0, and thus the hard Lefschetz
theorem implies that [A’ 4 7] = 0. Thus, as we are in CH'(F) C H?(F,Q), we
have A’ +~l =0 and P = 0. |

We now turn to polynomials of degree at most 3 in D. Let us first consider
the case of polynomials of degree 4, that is P € CH*(F).

Lemma 3.8. Any polynomial expression P € CH*(F) in l,c, D € CHY(F)o
which is of degree at most 3 in D is a multiple of o. Thus, if [P] = 0 in H®(F,Q),
then P = 0.

Proof. Indeed this was already proved for polynomial expressions of degree at
most 2 in D (cf Proposition 3.7), and thus, we only have to consider expressions
of the form

P =T,
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where T' € S3CHY(F)p. Now Lemma 3.6 says that for D € CH'(F)o, ID? is
proportional to [* in CH3(F). Hence [D? is proportional to [>D in CH*(F). But
by Proposition 3.7, we know that [2D is a multiple of o in CH*(F), as is any
polynomial expression of degree < 2 in D. [

We turn now to the cubic polynomial relations in CH?(F). First of all we have
the following lemma:

Lemma 3.9. For any D € CH'(F)o, one has

(3.40) [D%] = a([D))[*D].

a([1))

Proof. Recall from [18], [9] that, in the complex cohomology algebra H*(F,C),
one has the relations

d? =0,
for d' € H%(F,C) such that ¢(d’) = 0.
It follows that we have more generally a relation of the form
d” = g(d)A(d),

where A(d') € H%(F,C) is a linear function of d’. We apply this to d’ = d + A[l],
where A\ € C, d = [D], D € CH'(F)y. Then we get, recalling that ¢(d, [I]) = 0,

(3.41)d3 + 3AA2[1] + 3AZd[1)% + N3[1)® = (q(d) + N2q([1]))A(d") in HS(F,C).
Write A(d') = a(d)N + AM. Then we get by taking the 0-th order term in A:
d® = q(d)a(d)N.
The order 2 term in A\ gives now
3d[l]* = q([l])a(d)N,

from which we conclude that

We will show the following proposition.
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Proposition 3.10. For any D € CH'(F)y, we have the relation

(3.42) D3 = ———q([D))I*D in CH?(F).

Postponing the proof of Proposition 3.10, we conclude now the proof of Theo-
rem 3.1, or equivalently of Theorem 1.4, 2).

Proof of Theorem 3.1. Let us first treat the case of a polynomial expression
P € CH3(F), which has to be of degree at most 3 in Pic Fjy. So assume [P] = 0,
where P = T +1Q + I?L + cL' + C, is the decomposition of P into elements
of Sym CH'(F)y of degree 3, 2, 1 and 0 respectively, whose coefficients are
polynomials in ¢, I. We know from (3.36) that ¢L’ = 0. We also know from
Lemma 3.6 and Lemma 3.5 that [Q and C are proportional to [3 in CH3(F).
Thus we have

IQ+ C =~ in CH3(F).

Finally, it follows from Proposition 3.10 that 7' is equal in CH3(F) to 12D for
some D € Pic Fy.

Thus we have P = [(D + L) +~I% in CH?(F) and the relation [P] = 0 implies
[?][D+ L+~ =0in HS(F,Q).

But the hard Lefschetz theorem implies then that [D + L + «I] = 0. Thus
D+ L+~=0and P=0.

To conclude the proof of the theorem, we now have to consider the case of a
polynomial P € CH*(F) of degree 4 in D € CH'(F)y. But Proposition 3.10
shows that, for any D € CH'(F)g, we have the relation

3
4 212 : 4
= ——q([D)I*D* in CH*(F).
q([1])
We proved in Lemma 3.6 that [2D? is proportional to o in CH*(F). Thus D*
is a multiple of o and so is any quartic homogeneous polynomial expression in

D € PicF,.

By Lemma 3.8, the same is true of any polynomial expression of degree <
3 in D, with coefficients which are polynomials in I, c. Thus any polynomial
expression P of degree 4 in D, with coefficients in [, ¢ is a multiple of o in
CH*(F). In particular, if [P] = 0, we have P = 0.
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Proof of Proposition 3.10. We first prove the result under the assumption
that X contains no plane. We will show later on how to deduce the result when
X contains planes.

Let us introduce the following object:
F={(61,00) € Fx F,3P=P2 C P’ PN X =26 + b5}

Because we made the assumption that X does not contain any plane, F is irre-
ducible, and is the graph of the rational map ¢ : F' --» F' described in [21]. We
shall denote by

TZﬁHF,gZ;:ﬁHF,
the restrictions to F of the two projections. Thus 7 is birational and ¢ = por L.

Note that F may be singular, which may imply that the groups C’HZ(}?’ ) and

CH*~(F) differ, and cause troubles because on one hand we compute relations
in CH,(F), and on the other hand, we use intersection product on CH (F).
However, there is a desingularization of F which is obtained by a sequence of blow-
ups starting from F'. We leave to the reader to adapt the following arguments
using this smooth model, and in the sequel, we do as if F were smooth.

We will prove the following two Lemmas:
Lemma 3.11. For D € CHY(F)y, we have ¢$*D = —27*D in CH(F).

Lemma 3.12. Let I C F' x F' be the incidence subscheme defined in 3.24. Then
(3.43) (¢, Id)"I = =2(7,1d)"I + Z

in CHQ(ﬁ x F), where Z is a cycle of the form

(3.44) Z=7ZxF+D xl+F x Z,

with Z1 C F a codimension 2 cycle, D' C F a codimension 1 cycle, Zo C F a

codimension 2 cycle.

Assuming these lemmas, let us show how to conclude the proof: First of all,
from Lemma 3.11, we deduce that for D € Pic Fy, we have

(3.45) ¢*D? = —87*D3 in CH3(F).

Next, from lemma 3.12, we deduce that

(3.46) (¢, Id)*I* = 4(r, Id)*I? — 4Z - (7, 1d)*I + Z*.
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Note now that by definition of ¢* :

70 ¢" = ¢,
acting on C'H(F). Furthermore we have, applying 7, (7, Id). to (3.45), (3.46):
(3.47) ¢*D3 = —8D3,
(3.48) (¢, 1d)*I* =4I* — 41 - Z' + Z",

where Z is defined in (3.43) and
7' = (1r,1d),Z, Z" = (r,1d), Z>.

Observe now that

¢*((I7)"(2) = (¢, 1d)*(I*))*(2), V= € CHy(F).

Combining this with (3.48) and the quadratic relation (3.27) given in Proposition
3.3, we get, for any z € CH;(F):

(3.49) ¢ (az+ (D-I)* 2+ (I)2) = 4(I*)* 2 —4(I - Z')* 2+ (Z")*=
=4(az+ T - D)2+ T)%2) —4(I - Z")'2+ (Z")* 2.

Applying this to z = D3 and using (3.47), we finally get
(3.50) —8aD?® + ¢*((I'- I)*D3 + (I')*D?)

=4aD?® +4((T - 1)*D?® + (I')*D3 — (I - Z')*D?) + (Z2")* D?.
In conclusion, we proved that
12aD% = ¢*((D-1)*D3+(I')*D*)—4((T-1)* D*+(I")* D3 —(I- 2')* D*)— (Z")* D>,
We claim now that (I')*D3, ¢*((I")*D3) and (Z")* D3 are all multiples of I* (or
equivalently cl).

In the case of (I)* D3, this is a consequence of the fact that IV € CH*(F x F)
is a polynomial in pril, pril, pric, pric, and of lemma 3.5. This implies also
the claim for ¢*((I")*D3), as one shows easily (using Lemma 3.5) that ¢*I3 is a
multiple of 13. As for (Z”)*D3, we observe that we have for any z € CH;(F),

(Z2")"z = 1.((Z°) =),
and using formula (3.44) for Z, this gives
(3.51) (2" 2 = 21.(Z1 D' )deg (1 - 2).
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Hence it suffices to show that 7,.(Z1 D’) is a multiple of 3. Now we have by (3.51)
applied to 13

(Z")*13 = 21,(Z,D")deg 1*.

Thus it suffices to show that (Z”)*I? is a multiple of [3. This follows now from
(3.49) applied to z = I3, and from the fact that

¢*l3, (F . I)*l3, (F/)*l3, (I Z/)*li’)

are all multiples of [3. For the first three, this follows easily from the definition
of ¢ and from the form of I, I'/; for the last one, this follows from the fact that,
for any z € CHy(F), (I-Z')*z is a linear combination of 7.(Z;) - I*(z) and
7. D" - I*(1z). Then the result is a consequence of the fact that

I3, 114, 7.(Z,), . D'

are polynomial expressions in [ and ¢, which is proved using (3.43) and the defi-
nitions of F and I.

Next recall that the codimension 2-cycle I' is a linear combination of l%, l%, lils
on F x F. Thus (I'- I)*D3 is a combination of I2I*(D3) and of 11*(ID3). Next,
for the same reason, (I - Z')*D3 is a linear combination of 7.(Z1) - I*(D?3) and
7,.D" - I*(1D?), that is of

2. 1*(D%), c- I*(D3), 1 - I*(1D?).
Thus our relation (3.50) becomes:

(3.52) 12aD? = ¢*(ul*I*(D?) + vII*(1D3))
—I—,u'l2[*(D3) + I/ZI*(ZDS) —|—,LL”CI*(D3) "’N”/l3-
Recall from Lemma 3.8 that [D? is proportional to o. Thus I1*(ID?3) is pro-

portional to 11, which is a multiple of [* and ¢/ in CH3(F). Furthermore, we
mentioned already that ¢*(I3) is also proportional to [3.

Next we have
Lemma 3.13. For some constant 3, and for any D € CH(F)q, one has

I*(D%) = Bq([D))D.
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Proof. Indeed, as we are in CH'(F), it suffices to show this in H?(F,Q).
But we know that [D3] = ﬁq(D)[lQD]. Thus it suffices to show that for some
constant 3, and for any [D] € H?(F,Q)o,

r*(*[p))] = #'[D].
This is immediate because the left hand side is a morphism of Hodge structure
from H?(F,Q)o to H%(F,Q) which is defined for general X, hence has to be a

multiple of the identity, because the Hodge structure on H?(F,Q)q for general X
is simple with h?Y = 1, while H?(F,Q) = H*(F,Q)o + Q[l]. n

From this lemma, we get in particular that cI*(D?3) = 0, and we deduce from

(3.52) a relation:
12aD* = ¢*(ug([D))* D) + pig([D)IPD + v'T°.
Furthermore, we recall that by Lemma 3.11
¢*D = —27*D.
Hence it follows that
¢*(I2D) = 1.(=27*D¢*1%) = —2D¢*I2.

It is easy to verify that ¢*I? is a combination of [? and c. As ¢D = 0, we conclude
that ¢*(I?D) is a multiple of I2D. Thus we finally proved that we have a relation
(3.53) 12aD3 = i q([D))I?D + VI3

On the other hand, we know that we have the cohomological relation
3

D?® = ——q([D))[I*D].

(D] 0 (DN D]
Using the hard Lefschetz theorem, and comparing with the cohomological relation

12a[D°] = p"q([D])[I°D] + v"[I°]
deduced from (3.53), we conclude that v/ = 0, and that
MI/ 3

12 q(l)°
This concludes the proof of Proposition 3.10 when X contains no plane.
It remains to see how to do when X contains a plane. Let D := Dy for some

primitive class [Z] € H*(X,Q). In that case, either [Z] is a multiple of the
primitive component [H]? — 3[P] of the cohomology class of a plane P C X, or



646 Claire Voisin

it is not. In the later case, one can show by deformation theory that a generic
deformation of X preserving the class Z does not preserve any plane contained in
X. Then we know that (3.42) is satisfied by D; € Pic F} for the generic member
of a family of deformations of the pair (D, F'). Thus it is also satisfied by (D, F').

Thus it remains only to consider the case where D = Dy, [Z] = [H]? — 3[P)].
Thus D = [ — 3Dp, where Dp is the divisor of lines meeting P. But this case
is easy because away from the dual plane P* C F, Dp is isomorphic via p to
D := ¢ '(P) C P. It follows that the restriction (Dp)|p, identifies away from P*
as det ¢"Np/x — TP/F‘B, that is to the restriction of a combination of A and [ to

D. From this, one deduces easily that (3.42) is satisfied in '\ P*, and as it is
satisfied in cohomology, while

CH,(P*) = Ho(P*,Z) = Z C H*(F,Q),
it follows that it is satisfied as well on F'.
Thus Proposition 3.10 is proved, modulo Lemmas 3.11 and 3.12.

Proof of Lemma 3.11. Note that 7 : F' — F is the contraction of a ruled
divisor E to the surface T' of points [ € F' having the property that there is a
IP? C P® which is everywhere tangent to the corresponding line A; C X. (One
verifies that T is always a surface, and the fiber of 7 over [ € T identifies to the P!
parameterizing planes P? contained in IP’? and containing A;, because X contains
no plane.)

Thus for any divisor D € CH'(F), there must be a relation

¢*D=7"D'+> o, in CHs(F),
i

where the E; are the irreducible components of E. Here the «; are computed as
D - gZ)(Eivl), where E;; is the fiber of E; over | € T;. (Here T; is the irreducible
component of T' corresponding to E;.) However, the curve &(Ezl) is the family
of lines contained in a cubic surface S in X which is singular along the line A;.
Thus the surface in X swept out by the lines parameterized by &(Ezl) is the cubic
surface S, and for D = Dy, with Z C X a cycle with primitive cohomology class,
one has

a;=—D-¢(E;)) =< Z,8 >=0.
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Thus we have

¢*D = 7*D" in CH;3(F),
and clearly D' = ¢*D € CH'(F). But the action of ¢* on CH!(F), is the
restriction of the action of ¢* on H%(F,Q)o := p.q*H*(X, Q)prim. This action
is multiplication by —2, because it is multiplication by —2 on H29(F) (cf [21]),
and for general X the Hodge structure on H?(F,Q)g is simple. Thus D’ = —2D

and the lemma is proven. [

Proof of Lemma 3.12. We observe first that it suffices to prove the lemma for
generic F, because the family of F' parameterized by the set U ¢ P(H°(Ops(3)))
corresponding to smooth cubic hypersurfaces which do not contain a plane is flat.

Next we note that because Pic’F = 0, (which implies that divisors on any
product K x F' are rationally equivalent to sum of pull-backs of divisors on each
factor,), and Pic F' = ZI, which implies that divisors on F' are rationally equiva-
lent to a multiple of I, any codimension 2 cycle in F x F which is supported on
D x F is of the form

Zix F+ D' xl,

where Z1, D’ have respectively codimension 2 and 1 in F.

We use now the fact that for L € F', the points L and ¢(L) of F parameterize

lines
A, Ay
in X which satisfy the property
QAL =+ A(b(L) = H3 n CHg(X)
Thus we also have
211, + Iyy = C in CH*(F),

where C' = p,q*H? is a constant. We then apply the Bloch-Srinivas argument
[6] ([23],10.3.1), to conclude that 2(7, Id)*I + (¢, Id)*I is rationally equivalent to
the sum of a cycle of the form F' x C and of a cycle W supported (via the first
projection) on a divisor of F. We can thus apply the remark above, which gives

2, Id)* I + (¢, Id) I =F x C + Zy x F+ D' x 1,
that is formula (3.44) with Zy = C.



648

1]

2]
B8l

4]
5]
0
7
8]
9

[10]

[11]

[12]

13

[14]

[15]

[16]

(17]
18]

(19]

Claire Voisin

REFERENCES

D. Abramovich, T. Graber, A. Vistoli. Algebraic orbifold quantum products. Orbifolds in
mathematics and physics (Madison, WI, 2001), 1-24, Contemp. Math., 310, Amer. Math.
Soc., Providence, RI, 2002.

A. Beauville. Variétés kahleriennes dont la premiére classe de Chern est nulle, J. Differential
Geometry 18 (1983), 755-782.

A. Beauville. On the splitting of the Bloch-Beilinson filtration, in Algebraic cycles and
motives (vol. 2), London Math. Soc. Lecture Notes 344, 38-53; Cambridge University Press
(2007).

A. Beauville, R. Donagi. La variété des droites d’une hypersurface cubique de dimension 4,
C.R. Acad. Sc. Paris 301, 703-706 (1985).

A. Beauville, C. Voisin. On the Chow ring of a K3 surface, J. Algebraic Geom. 13 (2004),
no. 3, 417-426.

S. Bloch, V. Srinivas. Remarks on correspondences and algebraic cycles, Amer. J. of Math.
105 (1983) 1235-1253.

F. A. Bogomolov. The decomposition of K&hler manifolds with a trivial canonical class.
(Russian) Mat. Sb. (N.S.) 93(135) (1974), 573-575

F. A. Bogomolov. Hamiltonian Kéhlerian manifolds. (Russian) Dokl. Akad. Nauk SSSR 243
(1978), no. 5, 1101-1104.

F. A. Bogomolov. On the cohomology ring of a simple hyper-Kahler manifold (on the results
of Verbitsky). Geom. Funct. Anal. 6 (1996), no. 4, 612-618.

T. Bridgeland, A. King, M. Reid. Mukai implies McKay: the McKay correspondence as an
equivalence of derived categories, J. Amer. Math. Soc. 14 (2001), no. 3, 535-554.

M.A. de Cataldo, L. Migliorini: The Chow groups and the motive of the Hilbert scheme of
points on a surface, Journal of algebra 251 (2002), 824-848.

H. Clemens, Ph. Griffiths. The intermediate jacobian of the cubic threefold, Ann. of Math.
(2) 95 (1972), 281-356.

G. Ellingsrud, L. Go6ttsche, M. Lehn. On the cobordism class of the Hilbert scheme of a
surface. Journal of Algebraic Geometry, 10 (2001), 81 - 100.

B. Fantechi, L. Géttsche. Orbifold cohomology for global quotients, Duke Math J., vol. 117
(2003), 197-227.

M. Haiman. Hilbert schemes, polygraphs, and the Macdonald positivity conjecture, J.
Amer. Math. Soc. 14 (2001), 941-1006.

M. Lehn, C. Sorger. The Cup Product of the Hilbert Scheme for K3 Surfaces. Inventiones
mathematicae 152 (2003) 305 - 329.

L. Scala. Ph. D. Thesis (2005).

M. Verbitsky. Cohomology of compact hyper-Kéahler manifolds and its applications. Geom.
Funct. Anal. 6 (1996), no. 4, 601-611.

B. Toen. Théoremes de Riemann-Roch pour les champs de Deligne-Mumford. (French)
K-Theory 18 (1999), no. 1, 33-76.



On the Chow Ring of Certain Algebraic Hyper-Kéahler Manifolds 649

[20] G. Vezzosi, A. Vistoli. Higher algebraic K-theory of group actions with finite stabilizers.
Duke Math. J. 113 (2002), no. 1, 1-55.

[21] C. Voisin. Intrinsic pseudo-volume forms and K-correspondences, The Fano Conference,
761-792, Univ. Torino, Turin, 2004.

[22] C. Voisin. Relations dans ’anneau de Chow de la surface des coniques des variétés de Fano,
Amer. J. of Mathematics 112 (1990) 877-898.

[23] C. Voisin. Hodge Theory and Complex Algebraic Geometry 11, Cambridge studies in ad-
vanced mathematics 77, Cambridge Univ. Press (2003).

Claire Voisin
Institut de mathématiques de Jussieu, CNRS,UMR 7586
E-mail: voisin@math.jussieu.fr



