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0. Introduction

It has been conjectured by Bloch and Beilinson that there exists a decreasing
filtration Fiy, CH*(X)g on the Chow groups with rational coefficients of any
smooth complex projective variety X, satisfying the following properties:

1. (functoriality) Fgp is stable under correspondences, i.e. if I' € CHK(X x Y),
the induced morphism

T, : CH'(X)g — CH*"=mX(y)q

satisfies: T, F,CH'(X)g C Fly, CH*H=dmX (y)q.
2. (graded) If I' € CH*(X X Y)pom is a correspondence homologous to 0, the
associated morphism I',, satisfies

Gri, Tw=0:Gri CH'(X)g — Gry, CH="X(y)q.  (0.1)

Another version which we shall adopt says that the vanishing (0.1) holds once
the Kiinneth component of [I"], which lies in

Hom (H2]7i (X, Q)’ H2k+2]72dim X—i (Y, Q))’

vanishes. In other words, the graded pieces Gr}BB CH!(X)q are governed by

the cohomology groups H*~(X, Q).
3. (finiteness) The filtration ends-up: ngl CHk(X)Q =0, Vk.

Several filtrations have been constructed, which satisfy some of the properties
stated above. Hiroshi Saito [11] proposes considering the filtration Fi, CH*(X)q
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constructed inductively, starting with F},CH*(X)g = CH*(X)jom. and defining
FIF'CHN(X) =< T FL,CH (Y), [T] = 0in H? (Y x X, Z) >q,
where k =y +1 —dimY, y = codim I'. A more direct way to define it is to put
FL,CH*(X)g =<Tu(z1-...-2), T € CH(Y x X), z; € CHY)hom.q) >0 -

This filtration must clearly be contained in any Bloch—Beilinson filtration, if there
is one, because of property 2. Also, it satisfies property 1 and the first version of
property 2 but nothing is known about 3.

Shuji Saito [10] constructs a filtration F gCH k(X) similar in spirit but closer to
satisfying 3. Roughly speaking, itis defined as follows: one starts with Fi{CH*(X)q
= CHk(X)ham,Q and one defines

FH CHN(X) =< TWFsCH'(Y), [Tlay-aktiz—i = 0 >q,
where k =y +1—dimY, y = codim I" and
[Tay—ksiok—i € Hom (H*7'(Y, Q), H*7'(X, Q)

denotes the Kiinneth component of type (2y — 2k + i, 2k — i) of the cohomology
class of I'. This filtration obviously contains the previous one, and again, it must
clearly be contained in any Bloch—Beilinson filtration, if there is one, because of
(the strengthened version) of property 2. It also satisfies properties 1 and 2, and,
assuming the Lefschetz standard conjecture, the following version of 3:

FSM CHN(X)g = FEPCHN(X)g = FSCHN(X)g, [ > k+ 1.

(Notice that in the precise version of [10], one does not need the Lefschetz conjec-
ture to get the stationarity above.)

Our purpose in this paper is of several kinds. First of all we introduce a filtration
F! ... on the group CHy(X)g of O-cycles with rational coefficients of any smooth
projective variety X. The group F! . CHy(X) is simply defined as the subgroup
of CHy(X) consisting of elements annihilated by all O-correspondences from X
to a variety of dimension < i. This filtration satisfies properties 1 (functoriality)
and 3 (finiteness) but we cannot say much about 2. We shall come back to this in

the last section. In the first section we show the following:

Proposition 1. Assume there exists a Bloch—Beilinson filtration. Assume further-
more the Lefschetz standard conjecture is true. Then we must have

Fi

naive — FIZBB
on the groups CHy(X)g = CH"(X)q, n = dim X.

We turn next to a filtration introduced by Nori [8]. This is an increasing filtration
that we shall denote by N, CH*(X ). It satisfies the properties that

NoCH*(X)q = CH"(X) g0
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where the right-hand side is the subgroup of cycles algebraically equivalent to 0,
and that for r > n — k, n = dim X one has

N,CH*(X)g = CH"(X)1om.0-
We show the following:

Proposition 2. Assume a Bloch—Beilinson filtration exists. Assume furthermore
the Lefschetz standard conjecture holds. Then one has, forr > 0,

FppCH (X))o C N, CH*(X)q.

In particular, for k = r we recover a fact observed by Jannsen [4], namely that
under the same assumptions, we have

FpgCH"(X)g C CHN(X) .0 0.2)

In the second and third sections of this paper, we formulate two conjectures,
which together will appear to imply the Bloch conjecture [1] for surfaces. One is
a weak form of the inclusion 0.2:

Conjecture 1. For some N > 0 we have
Fi/CH*(X)g C CH*(X)apg.q,
where F ;1\/ CH is the Hiroshi Saito filtration introduced above.
We shall show the following:

Theorem 1. Assume the generalized Hodge conjecture holds. Assume furthermore
that Conjecture 4 is satisfied. Then if X is a smooth projective variety satisfying
the condition that H*°(X) = 0, i > 0, we have

CHO(X)hom,Q =0.

This is a converse to the higher-dimensional version of Mumford’s theorem [6].

The second conjecture is related to the fact that the Hodge structure on the
transcendental part of the cohomology group H" (X, Q), n = dim X is naturally
a polarized Hodge structure. It follows from this that if

FreCH" X xY),n=dimX =dimY,
the morphism of Hodge structures

[Tl : H*(X, Q) — H*(Y, Q)

satisfies
Im [Ty =Im[lo'T], C H'(Y, Q). (0.3)

Here ‘T € CH"(Y x X) is the transposed cycle and ['T], : H"(Y,Q), —
H"(X, Q) is the transpose of [['], : H"(X,Q), — H"(Y,Q), with respect
to the intersection pairing.

The equality (0.3) together with the Bloch—Beilinson conjecture then lead to
the following conjecture:



C. Voisin

Conjecture 2. LetI' € CH"(X x Y), n = dim X = dim Y be a correspondence.
Then

Im F'T, = Im F"(T' o 'T)), C F"CH"(Y)q.

Here F'"T', and F" (T o 'T"), denote, respectively, the restrictions of T’y and ' o 'T",,
to F"CH"(X)g and F"CH" (Y )q, the filtration being the naive filtration.

We shall explain several consequences of this conjecture in the case where
n = dim 2 (the conjecture is well known for curves). Recalling that F3,;,, CHo(X)
is made of cycles annihilated by all O-correspondences from X to a surface, first
of all it allows us to study the naive filtration for O-cycles on a threefold by the
following results:

Proposition 3. Assume Conjecture 2 holds. Then if T’ € CH*(X x S) is a corres-
pondence between a smooth complex projective threefold and a smooth complex

.o . J . . .
projective surface, and if Y < X is the inclusion of any smooth ample surface, we
have

CHy(X) = j.CHy(Y) + KerT,.
Proposition 4. Under the same assumption, let T € CH*(X x 8), where m :
8 — B is a family of smooth surfaces parametrized by a smooth connected

quasiprojective basis B. Then the kernel Ker (F2Tpy : FPCHp(X) — F>CHy(Sp))
is constant, where F>*CHy = Ker alb and S, = n~"(b), T}, = [xxs),-

Another consequence of Conjecture 2 is the following rigidity statement:

Proposition 5. Assume Conjecture 2. Then if B is a smooth connected quasipro-
Jective variety, 8 — B is a smooth family of surfaces, X is a surface, and

e CH* (8 x %)
is a codimension 2 cycle, the subgroup
Im F*Ty, C F*CH*(Z)g
is a constant subgroup, i.e. is independent of b € B.

Finally we show that Conjectures 4 and 2 together imply Bloch’s conjecture
for correspondences between surfaces

Theorem 2. Assume Conjectures 4 and 2. Then if T € CH*(S x T) is a corres-
pondence between smooth surfaces, such that [I'], : H>9(S) —> H>Y(T) is equal
to 0, the morphism

F?T, : F2CHy(S) - F>CHy(T)

is equal to 0.
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1. On some filtrations on Chow groups
1.1. A naive filtration on CHy(X)

We define a decreasing filtration F!
jective, by putting

on CHy(X), where X is smooth and pro-
Fl e CHo(X) = NrKer Ty,
where the intersection is taken over all correspondences I' € CH!(X x Y) with
l=dimY <.

The obvious facts concerning this filtration are the following:

Lemma 1. F!

naive

is stable under O-correspondences, i.e. correspondences

FeCH\(X xY), l=dimY.

Proof. Indeed, if T is such a correspondence and I' € CH*(Y x Z) with k =
dim Z < i, the composed correspondence I'" o I" belongs to CH*(X x Z) and
hence annihilates F! . CHy(X). This proves that

naive

T (F} e CHo(X)) C F,

naive CHo(Y ).
Lemma 2. We have the equalities
Frane CHo(X) = CHo(X)jom
Fruw.CH)(X)g = Ker alby C CHo(X)nom,q-
where albx : CHy(X)hom — Alb(X) is the Albanese morphism.

Proof. The first equality is obvious: it suffices to consider the correspondences
from each component of X to a point.

The second fact is more difficult, but classically known (cf. [7]). We recall the
argument here: first of all the inclusion

Keralbyx C F?

naive CHo(X)
follows from the fact that for any correspondence,

e CH' (X x C),
where C is a smooth curve, the morphism

F* : CHO(X)hom - CHO(C)ham

factors through the Albanese morphism.
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. L J . .
The reverse inclusion is proven as follows: let C < X be the inclusion of
a smooth curve which is the complete intersection of ample hypersurfaces. By the
Lefschetz theorem, the restriction provides an inclusion

j¥HY(X,Z) - H'(C, 7).

Tensorized by Q, this morphism is the inclusion of a sub-Hodge structure and using
the polarization on the right-hand side, we get a splitting

H'(C,Q)=H'X,Q &L (1.4)

into a direct sum of rational sub-Hodge structures. Now let y be the degree 2 rational
Hodge class on C x X whose associated morphisms (or Kiinneth components)

ve s H(C,Q) — H'(X,Q)

vanish for / # 1 and are equal to the projector on the first factor in (1.4) for [ = 1.
There exists a divisor D € CH'(C x X)q such that [D] = y. Now we claim that
Ker D* : CHy(X)g — CHy(C)q is contained in Ker albx ® Q. This is because,
by assumption, j, o [D]* acts as the identity on Alb(X) ® Q.

This fact implies that

F2..CHy(X)g C Ker D* C Ker alby,
as claimed. -

Lemma 3. We have F'}L CHy(X)q = 0, where n = dim X.
Proof. Indeed, it suffices to consider the cycle I' € CH"(X x X) which is given
by the diagonal. Clearly Ker I'y = 0. On the other hand, we have, by definition,
F'EL CHo(X) C Ker Ty -
In conclusion this filtration satisfies the properties 1 and 3 of the Bloch—
Beilinson filtration, but we cannot say anything about property 2. The simplest
question to ask would be an analogue of Mumford’s theorem for this filtration,
namely:

Conjecture 3. Let X be a n-dimensional smooth complex projective variety such
that F . CHy(X) = 0. Then we have H*9(X) = 0.

naive

In the case n = 2, the answer is affirmative since we know that F2 . . = Ker alb,

so that the conjecture above is Mumford’s theorem in this case. The first interesting
case is F>,. CHy(X) for X a threefold. We shall come back to this in Section 3.

We now show:

Proposition 6. Assume the Lefschetz standard conjecture [5] hold. Assume
a Bloch—Beilinson filtration Fgp exists. Then we have

Frl;a‘t‘veCHO(X)Q = FéBCH()(X)Q,
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Proof. The inclusion,

FysCHy(X)g C Fl . CHy(X)g,

natve

follows from the finiteness property 3 of the Bloch—Beilinson filtration. Indeed, if
z € Fi,CHy(X)gand " € CH'(X x Y) withl = dim Y < i we have

Iz € FipCHy(Y)g

and this group is 0 because dim Y < i.
The reverse inclusion is proved by induction on n = dim X. We choose an

ample smooth hypersurface Y <l X. Since we assume the Lefschetz standard
conjecture, there exists acycle ' € CH" (Y x X )@ such that

[[lioj*: H'(X,Q) — H'(X.Q)
is the identity for / < n. Dualizing, we get that
JeolTL: H(X,Q) — H'(X,Q)

is the identity for [ > n. If I'; C Y x X is the graph of j, the cycle I'; o 'T" €
CH"(X x X) has its cohomology class y acting as j, o ['T'], on the cohomology
groups of X. So it acts as the identity on H'(X, Q) for [ > n. Now if a Bloch—
Beilinson filtration exists, property 2 says that the cycle I'; o I’ must act on the
graded pieces

Gri,, CHy(X)q.

as the identity for i < n.

It remains to see that this implies that F!, CHy(X)g C FizCHy(X)g for
all i. We do it now by induction on i. Assume this is proved for i — 1. Let
z€F! CHy(X)q. So by inductionon i, z € Fggl CHy(X)q. Because we know

naive

that j, o 'T, acts as the identity on Gr};; CHy(X)q, we have that
7= ju 0Tz modulo FzCHy(X)g.

t
Now, since 'T'xz € Fl ;,

CHy(Y)q, induction on dim X shows that
T,z € FyyCHy(Y)q.

Hence we get that ji, o ‘T,z € Fi,CHy(X)g, and also z € Fi,CHy(X)g. O

1.2. Nori’s and Bloch—Beilinson’s filtrations

Recall that the (increasing) Nori filtration N, CH*(X) is defined by

N,CH¥(X) =< T.z,T € CH" (Y x X), z € CHA(Y)pom > -
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Here we consider all possible smooth projective Y and all possible correspondences
I" and look at the group generated by the cycles above. We clearly have

MoCH(X) = CH (X) .
the subgroup of cycles algebraically equivalent to 0. We also have
N, CH"(X) = CH"(X)om.

forr > n — k, since for r = n — k, one can take for I" the diagonal cycle in X x X.
Furthermore the Nori filtration is obviously stable under correspondences. Nori [8]
proves that the graded pieces of his filtration are generally non-trivial modulo
torsion, thus refining Griffiths’ result [3] on the non-triviality of the Griffiths
group CH KX hom J/CH kx )aig- We prove the following relation between Nori’s
and Bloch—Beilinson’s filtrations:

Proposition 7. Assume the Lefschetz standard conjecture is true and that a Bloch—
Beilinson filtration exists. Then we have, for any r > 0,

FppCH (X)g C Ny CHY(X) g
For r = k we then get the following, which was proved by Jannsen [4]:

Corollary 1. In particular we have the inclusion
FiyCH (X)g € CHY(X)ag.0-

Proof of Proposition 7. The proof is again by induction on dim X. There are two
possibilities:

a) k —r > n — k. In this case we have N, CH*(X) = CH*(X)pom and
F'CH*(X) c CH*(X)pom because r > 0. Hence there is nothing to prove in this
case.

b) k — r < n — k. In this case, we have, as well,

2k —r < n.

We choose an ample smooth hypersurface Y <l X. Since we assume the Lefschetz
standard conjecture, there exists a cycle I' € CH"~!(Y x X)g such that
Mo j*: H'(X, Q) — H'(X.Q)

is the identity for / < n. In particular [I"], o j* acts as the identity on H'(X, Q) for
I < 2k — r. Now if a Bloch-Beilinson filtration exists, the correspondence I' o 'T';
must act as the identity on the graded pieces

Gri,, CH*(X)qg

for 2k —1 < 2k —r, hence I o'I"; must act bijectively on the group Fj, CH"(X)q.
It follows that any z € Fj, CH*(X)q can be written as

z="T,0 /"7,
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for some z' € Fpy CHk(X)Q. Now, by induction on dim X, we may assume that
j*7 € My CH*(Y)q, hence it follows that

z=T.0j*% € Ni_,CH"(X)q. 0

2. A generalized Nori conjecture and its consequences

We have seen in Proposition 7 that if a Bloch—Beilinson filtration exists, and the
Lefschetz conjecture holds, we must have the inclusion

FipCH (X)g € CH*(X) a0

for r > 0. We do not know if a Bloch—Beilinson filtration exists, but we have the
Hiroshi Saito filtration described in the introduction, which has to be contained in
any Bloch—Beilinson filtration. So we can make the following conjecture, which is
a weak converse to Proposition 7:

Conjecture 4. For some N > 0 (depending on X), we have

FCH"(X)g € CH*(X)ag-

We call this a weak generalized Nori conjecture because it extends to any
codimension and weakens the following conjecture by Nori [8]:

Conjecture 5. The kernel of the Abel-Jacobi map for codimension 2 cycles is
contained modulo torsion in the group of cycles algebraically equivalent to 0.

Indeed, it is a standard fact that F’ }qv CH*(X) is contained in the kernel of the
Abel-Jacobi map for N > 2, (the product of two cycles homologous to 0 is Abel—
Jacobi equivalent to 0), so that Conjecture 4 is a weakening of Nori’s Conjecture 5
in the case of codimension 2 cycles.

In this section we prove the following statement:

Theorem 3. Assume that the generalized Hodge conjecture is true. Assume that
Conjecture 4 holds. Then, if X is a smooth projective complex variety satisfying
the condition

H9X)=0,i>0,
we have
CHO(X)hom =0.

This “theorem” says that the converse to the generalized Mumford theorem [6]
is implied by Conjecture 4. Indeed, the generalized Mumford theorem says, con-
versely, that the vanishing

CHo(X)pom =0
implies the vanishing
HYX)=0,i>0.

The proof of the theorem starts with the following, presumably standard, lemma:
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Lemma 4. Assume the generalized Hodge conjecture holds. Then if X is a smooth
projective complex variety satisfying the condition

H"(X)=0,i>0,
there exists a cycle
I'e CH"(X x X)g, n = dim X
such that
[[1=0in H*(X x X, Q),
[ = Id on CHo(X)hom.0-

Proof. Tt suffices to consider the case where X is connected. Because H"%(X) = 0,
i > 0, the generalized Hodge—Grothendieck conjecture implies that there exists
a variety Y of dimension n — 1, and a morphism

j:Y—=X
such that
Jet H2 (Y Q) — H'(X, Q)
is surjective for / > 0. Consider the morphism
(J,D:YxY—> XxX.
It provides a surjective morphism of Hodge structures
(o st H2, Q@ H' (1, Q) » H'(X, Q) ® (X, Q).

for/ > 0and2n —1 > 0.
Letx € X, Ax C X x X be the diagonal and

Ay=Ax—xxX—XxxeCH (X x X)g.

Clearly A’y acts as the identity on CHo(X)pom,0. On the other hand, the class
[A’y] is the sum of the Kiinneth components of [A x] whose type is different from
(0, 2n) or (2n, 0). It follows then from the above, and from the fact that the Hodge
structures we consider are polarized, that there is a rational Hodge class

Y e H" Y x Y,Q) N H" 2"2(Y x Y)
such that
(J, Dwy" = [AX].
Because the Hodge conjecture is supposed to be true, there is a cycle
I e CH" (Y x ¥, Q)
such that [T"] = y'. The cycle
I=Ay—(, )" € CH'(X x X)g

then satisfies our conclusion, since (j, j).I" acts trivially on CHy(X)q because it
is supported on j(Y) x j(Y). O
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Proof of Theorem 3. Let X be as in the theorem. Using the above lemma, we get
acycleI' e CH"(X x X) suchthat [I'] = 0 and I'y, = Id on CHy(X)4om,0- By the
definition of the Hiroshi Saito filtration, [I'] = 0 implies that

N e FYCH"(X x X)g,
for any N > 0. If Conjecture 4 is true, then we have
IV e CH"(X X X)alg.0

for some N.
Now we recall the following result, due independently to Voevodsky [12] and
the author [13]:

Theorem 4. Let z € CH(X x X)augq be a cycle algebraically equivalent to 0.
Then for some M > 0, we have

M =0 in CH(X x X)q.
Applying this theorem to 'V we conclude that some power
[oMN
vanishes in CH" (X x X)q. In particular,
MY = 0 in End (CHo(X)q).
Now because I', = Id on CHo(X)pom,q, it follows that
CHy(X)hom,0 = 0.

Finally Roitman’s theorem [9] implies that CHy(X)pom = 0. |

3. Polarizations

In this section, we would like to point out a problem which is the missing in-
gredient to extend Theorem 3 to the case of O-correspondences between varieties
inducing the 0-maps between spaces of holomorphic forms. The starting point is
the observation that if a Bloch—Beilinson filtration exists for a correspondence

FreCH'"XxY),n=dimX =dimY,
the morphism

F'Ty : FyCHy(X)g — FggCHo(Y)g
is determined by the morphism of Hodge structures

[Tl : H'(X, Q) — H"(Y, Q).
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Furthermore, if the generalized Hodge conjecture is true, it is even governed by
the morphism of Hodge structures

[F]* : Hn(Xv Q)tr - Hn(Yv Q)tr-

(Here the subscript #r stands for the transcendental part and means the orthogonal
with respect to the intersection pairing of the maximal sub-Hodge structure which
has no (n, 0)-part. Equivalently, this is the smallest sub-Hodge structure which is
rational and contains over C the space H™°.) This fact is proved in the same way
as Lemma 4.

Next we recall that the intersection pairing on H"(X, Q) induces a polar-
ized Hodge structure on H"(X, Q) ,in, Where the primitive cohomology group
H" (X, Q) prim is defined as the kernel of the morphism

L=c(HVU: H'(X,Q) — H'™(X,Q),

for a given ample line bundle H on X. The fact that the Hodge structure is polarized
means that if % is the hermitian form deduced from <, > by the rule

h(@, p) = (=1)" < a, B >,

first of all the Hodge decomposition is orthogonal with respect to # and secondly,
the restriction of & to each H”? is of a definite sign.
Note now that we have the inclusion

Hn(Xs Q)tr - Hn(Xs Q)prima

for any choice of polarization H, because H" (X, Q) i is also the orthogonal of
the sub-Hodge structure

Im Uce(H): H"2(X,Q) - H"(X, Q),

which has no (2, 0)-part. It follows that <, > induces a polarized Hodge structure
on H"(X, Q), as well. Now we have the following lemma:

Lemma 5. Let ¢ : H — H’' be a morphism of Hodge structures which are
polarized. Then

Im¢p=1Im¢o'ep,

where'¢ . H' — H is the transpose of ¢ with respect to the polarizations. More
precisely, there exists a morphism  : H — H’ of Hodge structures such that

p=¢o'dpoy.

Proof. Let L = Ker ¢. This is a sub-Hodge structure of H. Because H is polar-
ized, the pairing on H remains non degenerate after restriction to L, because the
associated hermitian form remains non degenerate after restriction to each L9,
and it follows that we have a decomposition

H=L®L".

Furthermore L= is also a sub-Hodge structure of H.
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Similarly we have an orthogonal decomposition

H/ — L/ ® L/J_
where L' := Im ¢. The morphism ¢ now induces an isomorphism of Hodge
structures ¢p : L+ = L’ and we can write
¢=jropoomyL, 3.5)

where j;- is the inclusion of L’ into H', and 7, 1 is the orthogonal projection onto
L. The three morphisms here are morphisms of Hodge structures. It follows from
(3.5) that

po'p=jropyo 'Poomy, (3.6)

where ‘¢ : L’ — L™ is the transpose of ¢y with respect to the restricted pairings.
Now there obviously exists a morphism of Hodge structures

Yo: Lt — L,

such that
$o = do o "¢o o Yo, 3.7
namely it suffices to take {9 = ’qba ! Then equations (3.7) and (3.5) give
¢ =jrogoo 'ppoypomi,
which is obviously equal to
jrrogoo 'goom o,

where = jrroypom, 1 : H— H'.Hence applying (3.6) again we have written

p=¢o'¢poy. 0

NowletI' e CH"(X x Y)q, n = dim X = dim Y, and let us apply the above
to

[Tl : H'(X, Q)y = H"(Y, Q).
The lemma above gives a morphism of Hodge structures
v H'"(X,Qp — H'(Y, Q)
such that
[Tl = [Tlso [T o .
If the Hodge conjecture is true, this ¥ is equal to [ W], for some cycle

We CH'(X x Y)g.
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Furthermore we know that
[Tl = [T,
where 'T" € CH" (Y x X)q is the transpose of I'. In conclusion we have the equality
[[le =[To ToW:H'(X,Q), — H"(Y,Q),.
According to Bloch and Beilinson, we should have the corresponding equality
F'Ty=F'(To'ToW),: Fy,CH"(X)g — F3zCH"(Y)q
and, in particular,
Im F'T, =Im F"(I'o 'T"), C F3zCH"(Y)q.

Recall that here Fj, CH"(Y)q should be equal to F}, , CH"(Y)g, which is well
defined. We thus are led to the following conjecture:

Conjecture 6. LetI" €e CH"(X x Y)g, h =dim X = dim Y. Then
ImF'T, =ImF'To 'T), C F"

naive

CH"(Y)q,

where F"T", denotes the restriction of 'y to F” . CH,.

naive
Remark 1. A stronger form of the conjecture would ask the existence of a cycle
W e CH"(X x Y)g such that

F'Ty=F'(To'ToW),:F,. CH" (X)g — Fy.,,CH"(Y)q.

naive

It turns out that, in the case n = 2 that we will be considering below, these two
versions are equivalent. Note also that when n = 1, the conjecture is true.

Remark 2. For n = 2, the conjecture also has the following consequence: for any
correspondence I' € CH?(X x Y)g, where X and Y are smooth complex projective
surfaces, we have the equality Ker F’T', = Ker F>('T" o I'),. Indeed, as noticed
above, the conjecture for n = 2 implies the existence of a W € CH?*(X x Y)g such
that

F’T'y = F>(To 'To W),.

This implies the equality of the actions of the transposed correspondences on the
F? level, namely

F*'Ty = F?("WoTl o ), : F°CHy(Y)g — F*CHy(X)q,

as follows from the Bloch—Srinivas decomposition (cf [2]). This last equality
obviously implies that Ker F>'T, = Ker F>(I' o 'T),.

Example 1. Let X, Y be two smooth projective surfaces which are fibered over a
1-dimensional smooth basis B. Let I"' C X xp Y bea2-cycle. SoI' C X x Y is
the union over b € B of the one-dimensional correspondences I'j, and of finitely
many cycles supported on products X, x Y. Such a correspondence I' satisfies
Conjecture 6 because each I', does.
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The first consequence of Conjecture 6 for surfaces is the following:

Proposition 8. Assume Conjecture 6 holds forn = 2. Let T' € CH*(X x S) be
a 0-correspondence, where X is a smooth projective threefold and S is a smooth
projective surface. Then for any very ample smooth surface

Y < X,
we have CHy(X) = j.CHy(Y) + Ker 'y, or equivalently
ImT, = 1Im Ty o j,).

Proof. Let (Y;),cpt be a Lefschetz pencil of surfaces, with Yo = Y. Let I'; €
CH?(Y, x S) be the restriction of T'. Then the cycle I'; o ‘T, € CH?(S x S) is
constant because ¢ varies in P'. It follows that Im F>(I'; o ‘T), is constant. If
Conjecture 6 is true, this is also equal to Im F’T,, hence Im F’T,, is independent
of ¢ for smooth Y; and this easily implies the same for any 7. On the other hand, let
C = Yy N Y be the base curve of the pencil. C is ample in each Y;, hence by the
Lefschetz theorem, we have

CHy(Y;) = F>*CHy(Y;) + ki, CHo(C),
where k; is the inclusion of C in Y;. It follows that
1, (CHo(Y,)) = Im F*Ty, + TCHy(C),

which is independent of ¢. Hence Im T, which is generated by the Im I";, must be
equal to Im Iy, for any t. O

Next we have the following two rigidity statements:

Proposition 9. Assume Conjecture 6 holds for surfaces. Let 8 % Bbea family of
smooth complex projective surfaces parametrized by a smooth connected quasipro-
jective basis B. Let T € CH*(8 x %), where X is a smooth complex projective
surface. Then

Im F*T'y, C F?CHy(2)g
is a constant subgroup, independent of b € B.
Here of course I', € CH?(S), x X) is the restriction of 'to Sy x X, S, = 7w~ (b).

Proposition 10. Assume Conjecture 6 holds for surfaces. Let § Z B be as above,
andletT € CH*(X x 8), where X is any smooth projective complex variety. Then

Ker F*T),, C F?*CHy(X)g = Keralby ® Q

is a constant subgroup of F>*CHy(X)q, independent of b € B.

Here I, € CH%(X x Sp) is the restriction of I'to X x S, S = 7~ (D).
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Proof of Proposition 9. If Conjecture 6 holds, we have
Im F?Tp = Im F*(T'y 0 'Th)s.

It follows that it suffices to prove the result when 4 = X x B and each cycle
[, e CHX(E x X)is self-adjoint, i.e. satisfies ‘T, = T'.

Fix now 0 € B. Since B is irreducible, each cycle I', — Iy is algebraically
equivalentto 0 in ¥ x X. So by Theorem 4, some power

(Tp — To)*"
vanishes in CH?*(X x >)q, which implies that
F2 (T, — To)2N : FXCHy(Z)g — F>*CHy(2)g
vanishes. Now since I';, — I is self-adjoint, Conjecture 6 implies that
Im F*(Ty — To)y = Im F* (T, — T9)2 = ... = Im F*([', — [p)2".
Hence F2(I'y, — Iy). already vanishes, and a fortiori

Im F?Tpy = Im F?Toy. q

Proof of Proposition 10. We note to begin with that we can assume that X is
a surface because, by the Lefschetz theorem, the group

Ker (F?Ty, : F?CHy(X)g — F*CHy(Sp)q)

is generated by the groups Ker (F’T'}, : F?CHo(Y)g — F?CHy(Sp)q), for all
ample surfaces ¥ C X, where FZ denotes the restriction of I', to ¥ x S,. Next by
Remark 2, Conjecture 6 for surfaces implies that

Ker F2('Wo W), = Ker F>W,

for any correspondence W between surfaces. Hence, if Conjecture 6 is true for
surfaces, it suffices to prove the statement in the case where X is a surface, § =
X x B,and T, € CH*(X x X)q is self-adjoint. (We replace for this the cycle
I, by 'T, o T'y.) Now we conclude as before: the cycle I', — Ty is algebraically
equivalent to O for any b € B, so, by Theorem 4, some power of it is rationally
equivalent to 0, hence we have

FX(Tp —To)?N =0: F>*CHy(X)g — F*CHo(X)o.

On the other hand, Conjecture 6 implies that Im F>(I',—T'9)2N = Im F*(I'y,—T¢)4,
so that F2(T', — Tp)°N = 0 implies F?T', = F*T, and a fortiori

Ker F*Ty, = Ker F*To,.
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Propositions 8 and 10 say the following about the naive filtration on CHy(X),
where X is a threefold: recall that

FnSai'veCHO(X) = mI‘Kel" F*,

where I" runs over all O-correspondences between X and a smooth surface. Proposi-
tion 8 says that, assuming Conjecture 6, for a given correspondence I'e CH*(X x S),
where S is a surface, we have

CHy(X) = jxCHo(Y) + Ker I,

where Y 2> X is a smooth hyperplane section of X. Next, Proposition 10 says
that, assuming Conjecture 6, if we have a family of correspondences I';, between
X and a varying surface S, parametrized by an irreducible quasiprojective basis B,
the kernel of F>I'}, is constant. But there are countably many such families of
correspondences (I', 5)pe g, such that any correspondence between X and a surface
is one fiber I';, ;. Hence it follows from the above that, assuming Conjecture 6, we
have

F3 . ,CHy(X) = N,Ker Ty,
and that for each n, we have
CHy(X) = j.CHy(Y) + Ker I'y,.
Unfortunately we cannot, however, conclude from this that

CHy(X) = j.CHo(Y) + NyKer Tyx = j.CHy(Y) + Fy,, CHy(X). (3.8)

naive
Indeed, Im j, could be a complement of each Ker I, which can even be assumed

to be decreasing, without being a complement of their intersection.

Remark 3. Notice that by Mumford’s theorem [6], the equality (3.8) would imply
Conjecture 3 for threefolds. Indeed, if F3 .. CHy(X) = 0, this equality would say

naive

that C Hy(X) is supported on a surface, and the generalized Mumford theorem then
allows us to conclude that H39(X) = 0.

We conclude this section by proving that Conjectures 4 and 6 together imply
Bloch’s conjecture for surfaces.

Theorem 5. Assume Conjecture 4 for codimension 2 cycles and Conjecture 6 for
surfaces hold. Then if T' € CH?(S x T) is a correspondence between surfaces such
that

[C]* : H>*(T) — H>°(S)
vanishes, the morphism
F’T, : FXCH(S) — F>CHy(T)

is equal to 0.
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Proof. Using the Chow—Kiinneth decomposition for surfaces [7] and the Lefschetz
theorem on (1, 1)-classes, the assumption on I" implies that there exists a cycle
I € CH?(S x T) such that:

1. [M=0in H*S x T, Q).
2. FT, = F?T', : F2CHy(S) — F*CHy(T).

So it suffices to show that F°T”, = 0. Next, using Conjecture 6, we may replace I’
by 'T” oI”, and hence assume that I is self-adjoint in CH?(S x S) and homologous
to 0. But if Conjecture 4 holds, I"*Y = 0 is algebraically equivalent to O up to
torsion for sufficiently large N. Then by Theorem 4, some multiple of I'” is equal
to 0in CH*(S x S)@. In particular,

(FT)°N =0

for some integer N’. But as already used, if Conjecture 6 is true, the self-adjointness
of I'" now implies that F?I", = 0. o

In conclusion, we just established relations between several conjectures, which
does not actually constitute a theorem. However we have split Bloch’s conjecture
into two parts: Conjecture 4 which might be easier than Bloch’s conjecture itself
since it concerns a filtration on a countable group, and Conjecture 6 which seems
to be a very interesting geometric problem.

References

1. Bloch, S.: Lectures on algebraic cycles. Duke Univ. Math. Ser. IV (1980)

2. Bloch, S., Srinivas, V.: Remarks on correspondences and algebraic cycles. Am. J. Math.
105, 1235-1253 (1983)

3. Griffiths, Ph.: On the periods of certain rational integrals I, II. Ann. Math. 90, 460-541
(1969)

4. Jannsen, U.: Equivalence relations on algebraic cycles. In: The arithmetic and geometry
of algebraic cycles, pp. 225-260 (Banff, AB, 1998) NATO Sci. Ser. C, Math. Phys. Sci.
548. Dordrecht: Kluwer Acad. Publ. 2000

5. Kleiman, S.: The standard conjectures. In: Motives, Proceedings of Symposia in Pure
Mathematics, Volume 55 (1994), Part I, 3-20

6. Mumford, D.: Rational equivalence of zero-cycles on surfaces. J. Math. Kyoto Univ. 9,
195-204 (1968)

7. Murre, J.: On the motive of an algebraic surface. J. Reine Angew. Math. 409, 190-204
(1990)

8. Nori, M.: Algebraic cycles and Hodge theoretic connectivity. Invent. Math. 111, 349—
373 (1993)

9. Roitman, A.: The torsion of the group of zero-cycles modulo rational equivalence. Ann.
Math. 111, 553-569 (1980)

10. Saito, S.: Motives and Filtrations on Chow groups. Invent. Math. 125, 149-196 (1996)

11. Saito, H.: Generalization of Abel’s theorem and some finiteness properties of 0-cycles
on surfaces. Compos. Math. 84, 289-332 (1992)

12. Voevodsky, V.: Nilpotence theorem for cycles algebraically equivalent to 0. Int. Math.
Res. Not. (1995), 187-190

13. Voisin, C.: Remarks on zero-cycles of self-products of varieties. In: Moduli of vector
bundles, Proc. of the Taniguchi symposium on vector bundles, December 1994, ed. by
M. Maruyama, pp. 265-285. Decker 1996



