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ABSTRACT. We construct a new 20-dimensional family of projec-
tive hyper-Kahler fourfolds and prove that they are deformation-
equivalent to the second punctual Hilbert scheme of a K3 surface
of genus 12.

1. INTRODUCTION

An irreducible hyper-Kahler manifold is a compact Kéahler manifold
whose space of holomorphic 2-forms is generated by an everywhere
nondegenerate form. It is known, as a consequence of the Kodaira
embedding theorem and the study of the period map, that algebraic
hyper-Kahler manifolds form a countable union of hypersurfaces in the
local universal deformation space of any hyper-Kahler manifold.

Beauville described, in each dimension 2n, two families of such vari-
eties ([B]):

(1) the n-th punctual Hilbert scheme S of a K3 surface S;
(2) the fiber at the origin of the Albanese map of the (n + 1)-st
punctual Hilbert scheme of an abelian surface.

All of the irreducible hyper-Kahler manifolds constructed later on have
been proved to be deformation-equivalent to one of Beauville’s ex-
amples, with the exception of two sporadic families of examples con-
structed by O’Grady in dimensions 6 ([O1]) and 10 ([02]).

Beauville’s examples all have, in dimension at least 4, Picard number
> 2, while a very general algebraic deformation has Picard number 1,
hence is not of the same type. There are very few explicit geometric
descriptions for these deformations. More precisely, there are, to our
knowledge, only three such families that are explicitly described, each
of which is 20-dimensional and parametrizes general polarized defor-
mations of the second punctual Hilbert scheme of a K3 surface:
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(1) Beauville and Donagi proved in [BD] that the variety F(X)
of lines on a smooth cubic hypersurface X C P’ is an alge-
braic hyper-Kéhler fourfold. This gives a 20-dimensional mod-
uli space of fourfolds, and along an explicitly described hy-
persurface in this moduli space (corresponding to “Pfaffian”
cubics), F(X) is isomorphic to the second punctual Hilbert
scheme of a general K3 surface S of genus 8.

(2) Hliev and Ranestad proved in [IR1] that the variety V(X)) of
sum of powers of a general cubic X C P as above is another
algebraic hyper-Kahler fourfold, with 20 moduli. Along an-
other hypersurface in the moduli space (corresponding to “apo-
lar” cubics), V(X) is also isomorphic to S, While the Hodge
structure on H?(V(X),Z) is presumably isogenous to that of
H?*(F(X),Z) (a fact which is not known), it is shown in [IR2]
that the polarization on V(X) is in general numerically differ-
ent from the Pliicker polarization on F'(X). This guarantees
that we have two different families of deformations of S

(3) O’Grady constructed in [O3] a 20-parameter family of hyper-
Kahler algebraic fourfolds. They are quasi-étale double cov-
ers of certain sextic hypersurfaces constructed by Eisenbud,
Popescu, and Walter, and are deformations of the second punc-
tual Hilbert scheme of a general K3 surface of genus 6.

Our purpose in this paper is to construct and study another family of
hyper-Kahler fourfolds, which is close in spirit to the Beauville-Donagi
family: it is related to the geometry of Grassmannians, and there is
an associated Fano hypersurface which will play the role of the cubic
hypersurface in [BD]. The Grassmannian considered here is G(6, Vip),
which parametrizes vector subspaces of dimension 6 of a fixed vector
space Vig of dimension 10. Our starting point, which came to us fol-
lowing a discussion with Peskine, is a 3-form o € A\® Vih- A dimension
count shows that the moduli space of such ¢ is 20-dimensional.

We associate with o two varieties: a hypersurface F, in G(3, Vi),
and a fourfold Y, in G(6, Vig). Our first result is the following.

Theorem 1.1. There is a natural correspondence G, C Y, X F,., which
is of relative dimension 9 over Y,. When Y, and F, are smooth of
the expected dimension, this correspondence induces an isomorphism
of rational Hodge structures:

Hzo(Faa Q)van = HQ(YUa Q)van-

The Hodge structure on the left-hand side has Hodge numbers h%'' =
'Y =1 and h1%19 = 20, the other Hodge numbers being 0.
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As a consequence, we conclude that Y is an irreducible hyper-Kahler
fourfold with second Betti number 23. Although the construction of
Y, allows us to construct explicit hypersurfaces in the moduli space
where its Picard number jumps to 2 (see sections 2, 3, and 5), we have
not been able to identify an explicit hypersurface in the moduli space
where Y, is isomorphic to the second punctual Hilbert scheme of a K3
surface. We prove however that Y, is a deformation of such a Hilbert
scheme.

Theorem 1.2. The varieties Y., endowed with the Plicker line bundle,
are deformation-equivalent to the second punctual Hilbert scheme S
of a K3 surface S of genus 12, endowed with the line bundle whose

pull-back to S x S is (Os(1) K O5(1))0(—33E).

_In this theorem, S xS — S x § is the blow-up of the diagonal,
E is the exceptional divisor, and the pull-back is via the canonical

double cover S x S — SB. The proof of this result is closely re-
lated to that of the main result of [Hu|, where Huybrechts proved that
birational equivalence implies deformation equivalence for irreducible
hyper-Kahler manifolds. However, we are in a situation where only
a singular degeneration of Y, is birationally equivalent to the second
punctual Hilbert scheme of a K3 surface, to which we cannot apply
directly Huybrechts’ theorem.

To close this introduction, we would like to explain how our construc-
tion fits into the general results of [GHS] on the Kodaira dimensions of
certain modular varieties dominated by moduli spaces of hyper-Kéahler
manifolds (we would like to thank Hulek for pointing this out to us).
We quickly review some of the relevant results of [GHS].

Let S be a K3 surface and let L be the rank-23 lattice H?(S?,Z),
equipped with the Beauville-Bogomolov quadratic form ¢ ([B]). De-
pending on the positive integer d, there are, under the action of the
stable orthogonal group of L, either one or two orbits of primitive vec-
tors h of L with q(h) = 2d: one is called of split type and the other
of nonsplit type (it occurs if and only if d = —1 (mod 4)). Polarized
hyper-Kéhler manifolds which are deformation equivalent to (S?, h)
admit a quasi-projective coarse moduli space .#}, which is finite over a
dense open subset of a locally symmetric modular variety .#},. When h
is of split type, it is proved in [GHS] that .7, (hence also every compo-
nent of .#),) is of general type for d > 12 and of nonnegative Kodaira
dimension for d =9 or 11.
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On the other hand, for the class h of the line bundle mentioned in
Theorem 1.2, we have

q(h) =100 x 22 + (33)* x (—2) = 22,

hence d = 11. Furthermore, h is of nonsplit type, and our construction
proves that one component of .#}, (hence also .#},) is unirational.

Remark 1.3. Part of the results of this paper (and particularly those
concerning the Hodge theory of the hypersurface F,) are related to
those of [KMM], where hypersurfaces or complete intersections in ho-
mogeneous varieties with a Hodge structure on middle cohomology of
3-dimensional Calabi-Yau type are exhibited and studied.

Acknowledgements. This work was started at the MSRI during the al-
gebraic geometry program of spring 2009. We thank the organizers of this
semester and the MSRI for support and the excellent environment provided
during this period. We also thank Christian Peskine for an inspiring dis-
cussion which gave us the starting point of this work, Daniel Grayson and
Michael Stillman for their help with the program Macaulay2, Frédéric Han
for doing calculations for us with the program LiE, Laurent Manivel for
his virtuosity with Bott’s theorem, and Klaus Hulek for bringing to our
attention the link between our construction and the results of [GHS].

Notation. If V' is a complex vector space, we denote by G(d, V) the
Grassmannian of vector subspaces of V' of dimension d, by .#; the
rank-d tautological vector subbundle on G(d, V'), and by & its dual.

2. THE HYPERSURFACE F,; AND THE FOURFOLD Y,

Let Vip be a (complex) vector space of dimension 10 and let o be a
general element in /\3 10- The 3-form o determines a Pliicker hyper-
plane section

3
F, € G(3,Vio) € P(/\ Vio)

consisting of 3-dimensional vector subspaces of V;g on which o vanishes.
On the other hand, o determines a subvariety

Yg C G<6, ‘/10)

defined as the set of 6-dimensional vector subspaces of Viq on which
o vanishes identically. It is the zero-set of a general section of A\’ &.
As &% is generated by global sections, Y, is smooth of codimension
rk(A\* &) = 20. Using a Koszul resolution and Bott’s theorem, one
shows that it is connected.
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We denote by Ogvi,)(1) = det(&s) the Pliicker line bundle on
G(G, ‘/10) As wg(&vw) = ﬁg(&vw)(—]_O) and det(/\3 é%) = ﬁg(&vw)(l()),
we conclude by adjunction that Y, is a smooth fourfold with trivial
canonical bundle.

Next we observe that there is a natural correspondence between F,
and Y,. Namely, each point of Y, determines a 6-dimensional vector
subspace Wy C Vjp on which ¢ vanishes identically, hence an inclusion
G(3,Ws) C F,. Putting this together in a family gives us a variety

Go = {([Ws], [We]) € G(3, Vi) x G(6, Vo) | W3 C Ws, olw, = 0},
with two projections
(1) Y, <L G, 2 F,.

The fibers of ¢ are the 9-dimensional Grassmannians G(3, Ws). There
is thus an induced cohomological correspondence

q*p* : H20(Fda Q) - H2(Y0a Q)7
whose restriction to vanishing cohomology will be denoted by

(2) (Q*p*)van . H2O(FU7 Q)Van - H2(YU7 Q)?
where, if we denote by j the inclusion F, — G(3, Vi),

H(Fy, Q)van := Ker(H?(F,, Q) 25 H*(G(3,V0), Q).

Our aim in this section is to investigate the geometry of Y, and of
the correspondence introduced above. We will show the following.

Theorem 2.1. The variety Y, is an irreducible hyper-Kahler fourfold
with by = 23.

This means by definition that Y, has an everywhere nondegenerate
holomorphic 2-form, unique up to multiplication by a nonzero scalar,
and, because Y, has trivial canonical bundle, this is equivalent by [B]
and [Bo] to h*°(Y,) # 0 and no finite cover of Y, is a product of
two algebraic K3 surfaces, or the product of an abelian surface by an
algebraic K3 surface, or an abelian fourfold.

The first step in the proof is the following result concerning the
geometry of Fy.

Theorem 2.2. 1) The only nonzero Hodge numbers of the Hodge struc-
ture on H**(F,, Q)yan are

WF,) =0 (F,) =1 and h'""(F,)vm = 20.

2) For o very general, the Hodge structure on H?°(F,, Q)yan 1S sim-
ple.
3) The morphism of Hodge structures (q«p*)van in (2) is injective.
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Proof. 1) This is a consequence of Griffiths” description of the Hodge
structure on the vanishing cohomology of an ample hypersurface (see
|G] and [V1], 6.1.2). Let U := G(3, Vi) - F,. We have first of all the
following.

Lemma 2.3. The restriction map
H2O(G<37 ‘/10)7 Q) - H20<U7 Q)
18 Zero.

Proof. The cohomology of G(3,Vjg) is generated as an algebra by the
classes { = ¢1(.%3), ca = c2(-#3), and c3 = c3(-3), where { is propor-
tional to the class of F,, hence vanishes on U. On the other hand, con-
sider the projective bundle P(#3) on G(3, Vig). It admits a natural map
o to P(Vyg) and its cohomology is generated by h = o*c¢1(Op30)(1))
as an algebra over H*(G(3, V1), Q), with the sole relation

h3 + h%0 + hey + ¢35 = 0.
Modulo ¢, hence in H*(U), this relation becomes
h3+h02+C3:0.
Together with the vanishing h'? = 0, this yields the following equalities
in H*(U, Q):
Cy = 3cocs, b = 4descy, caca = 0.
But the only polynomials of weighted degree 10 in ¢y and c3 are ¢ and

c2cZ, and they vanish by the relations above. O

This lemma and the Thom exact sequence ([V1], 6.1.1) show that
the residue map is an isomorphism

H* (U, Q) ~ H*(F,, Q)yan-

Now we apply Griffiths” theory (|G]; see also [V1], 6.1.2), which de-
scribes the Hodge filtration on the cohomology H* (U, C) (which up
to a shift of —1 corresponds to the Hodge filtration on H*(F,, Q)yan)-
The only assumption we need is the vanishing

H'(G(3,V10), W31, (K)) =0 forall k>0, i>0, j >0,

which we get from Bott’s theorem. It follows that
FPH(F,, C)un = FP'H*' (U, C)
is generated by residues

o
Resp, oy
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where o runs through the space of sections of wgsv,)(21 — p) =
Oc(310)(11—p). We immediately get the vanishing of F*? H**(F,, C)yan,
hence of h?2°~P(F,, C)yapn for p > 12.

For p = 11, we get a 1-dimensional vector space generated by Resr, T,
where o is a nowhere vanishing section of wg(s v,0)(10) = Og(s,v10)- For
p = 10, we find that H'%1%(F,, C),., is generated by the residues

«

I{eSF(7 F,

where a runs through the space of sections of we(s v,0)(11) = Og(3,v10)(1).
Finally, we recall the analysis (adapted from [G]; see also [V1], 6.1.3,
where the case of hypersurfaces in a projective space is treated) of the
kernel of the maps

HO<G(37 ‘/10)7 ﬁG(&Vw)) = HO<F07 ﬁFo’) - Hng(FU)
(8%

a +— Resp, —5
o

and
H°(G(3, Vi), Oca.vi)(1))/Co =~ H(F,, Ok, (1)) — H"(F,)
o
a ResFUF (mod H''(F,))

induced by the residue maps. The same analysis as in the case of
hypersurfaces in a projective space shows that the kernels are Jacobian
ideals obtained respectively from sections of T (s v,4)(—1) and sections
of T3,v10) via the natural maps

H0<G(3> Vio), TG(37V10)(Z)) - HO(FUa Or, (1 +1)),

for | € {—1,0}, induced by the normal bundle exact sequence of F.
Now H°(G(3,Vio), Te3v10)(—1)) = 0, whereas the vector space
H°(G(3,Vi0), T3 1)) has dimension 99 and injects into H°(F,, O, (1)).

Hence we conclude h'%(F, ), = 119 — 99 = 20.

2) The simplicity of a polarized Hodge structure of weight 20 with
Hodge numbers h''? = 1, and h*?°~% = 0 for = > 11, is equivalent
to the fact that there are no Hodge classes in H'%!9 (here we use the
polarization to say that any nontrivial Hodge substructure has A% =
0, hence consists of Hodge classes, or its orthogonal complement has
h'19 = 0, hence consists of Hodge classes). So it suffices to prove that
for o very general, there are no Hodge classes in H**(F,, Q)yan. This
is a Noether-Lefschetz type theorem which is proved by the classical
Lefschetz monodromy argument (see [V1], 3.2.3).

3) By simplicity, the morphism of Hodge structures (¢.p*)van is either
0 or injective. It thus suffices to prove that it is not 0. Equivalently, it
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suffices to prove that the morphism

p*q* : HQ(Y07 Q) - HQO(Fav Q)

has rank at least 2. Indeed, since Ho(G(6,Vip), Q) has dimension 1,
denoting by i, : Y, — G(6, Vi) the inclusion, we find that p.q* has
rank at least 2 if and only if its restriction

p*q*|Keri0* . Ker ig* - HQO(Faa Q)

has rank at least 1. But this morphism takes its values in Hog(F,, Q)van
and its dual is the morphism (g.p*)van composed with the inclusion of
(Keriy)* into H*(Y,, Q).

In order to see that the rank of p.¢* is at least 2, we make the
following construction. Consider subspaces V; C Vi C Vig, where the
subscripts indicate the dimension, and choose o € A\® V}} satisfying

*

One verifies that one can choose such a o keeping Y, and F, smooth.

In this situation, Y, contains a line (with respect to the Pliicker
embedding); namely, choosing any Vj such that V, C V5 C V7, and
observing that ¢ vanishes on any hyperplane of V7 containing Vj, we
find that the line

C = {[Ws] | Vs € Ws C V5}

is contained in Y.

Let Z = p(qg'(C)). Observe that the class z € Hayy(F,,Q) of Z
is equal to p.q*c, where c is the class of C. Furthermore, the classes
so obtained are in the same orbit under the monodromy action (this is
because the set of triples (o, [V4], [V7]) as above is irreducible, hence the
corresponding classes are all obtained one from the other by parallel
transport).

We will now specialize o further in two ways, asking that Y, contain
two curves C' and C” as above (but of course with different cohomology
classes in Y,).

A) We choose V, C V; C Vjp and V] C VI C Vjg in such a way that
the intersection V; N V7 is transverse, and V; N V] = {0}. In a suitable
basis (eq, ..., e10) of Vig, we take
‘/7: <€17...,67>, ‘/4 = <€2,...7€5>, ‘/7/: <€4,...,€10>, ‘/Z: <667'--7€9>-
Then,

olv, =ej Neg Nep and ol = ej Aeg A e,
and this is compatible, because on the intersection

‘/}ﬂ‘/},:<64,...,€7>,
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the two 3-forms e} A ef A e5 and e} A e A e}, vanish. One verifies that
for a general choice of ¢ as above, Y, and F, are smooth.

B) We choose V, C V7 C Vig and V] C VI C Vi in such a way that
the intersection V7 N VY is transverse, but V; NV} is 1-dimensional. In

a suitable basis (eq, ..., e10) of Vip, we take
Vi={(e1,...,er), Va=(e1,...,eq),
V7/ = <€47 Sy 610>, V4’ = <647€87€9;€10>-
Then,

olv, =esNeg ANep and oy = e AegAey

are obviously compatible and we indeed have a 1-dimensional intersec-
tion V4 NV}, generated by ey.

One checks that for a general choice of o as above, Y, and F, are
smooth.

The proof of the theorem is then concluded by the following lemma.

Lemma 2.4. The classes z, 2z’ € Hyy(F,, Q) constructed above satisfy
22 =0

in situation A), and
z-2 =1

in situation B).

Indeed, if p,q* has rank at most 1, the classes z and 2z’ must be
proportional. As they are in the same orbit of the monodromy action,
they are equal. This contradicts the fact that they satisfy z- 2’ =0 or
z -z =1 according to the configuration. U

Proof of Lemma 2.4. Note that in both cases, the (singular) variety Z
is described as follows:

Z = {W; C V; | dim(W; N V3) > 2}.

In situation A), we may choose V5 and VI transverse, so that Vs NVZ =
{0}. But then,

ZNZ ={WsC Vo Ve | dim(WsNVs) > 2, dim(W; N V) > 2}

is clearly empty.
In situation B), we may choose V5 and VI so that they meet along
the 1-dimensional vector space (e4) = V4 N V). Then

ZNZ' ={Ws CcVon V| dim(WsNVs) > 2, dim(W3NVy) > 2},



10 OLIVIER DEBARRE AND CLAIRE VOISIN

and denoting by Vs (resp. V5,) the 2-dimensional intersectionVs N V7
(resp. V2 N'V7), we find

ZN Z/ = {Wg C ‘/7 N ‘/7/ | dlm(Wg N ‘/570) Z 2, dlm(Wg N ‘/5170) Z 2}
As Vs and V5 are 2-dimensional, one must have for such a Wi:
‘/5’0 = W3 N V:r),o and ‘/5/’0 = W3 N Vv5/,07

and finally, W3 = V5 + V5 ;.

Thus the intersection Z N Z’ consists of one point, namely the point
[Vs,0+ Vs o] of G(3,V1g), and it follows that z- 2’ is nonzero in this case.
To prove z - 2/ = 1, one notes that Z and Z’ are smooth at the above
point, and one checks that the intersection is transverse. ([l

Remark 2.5. The hyper-Kéhler manifolds Y, containing a line as
above are very similar to the Fano varieties of lines in a cubic four-
fold ([BD]) containing a plane ([V2]). Indeed, the V5 introduced in
the construction of the line C' varies in the plane P(V7/V}). Further-
more, the subset of Y, swept out by the curves C' is the dual plane
P((V7/Vy)*) C Y, parametrizing hyperplanes of V7 containing V. This,
as noticed in [V2], is a Lagrangian plane in Y.

Proof of Theorem 2.1. Theorem 2.2 implies h*°(Y,) # 0. In order to
show that Y, is an irreducible hyper-Kahler variety, it thus suffices to
show that no finite étale cover of Y, is an abelian fourfold, the product
of an abelian surface and an algebraic K3 surface, or the product of
two algebraic K3 surfaces. But this follows again from Theorem 2.2.
Indeed, this theorem implies that for very general o, the Hodge struc-
ture on H*(Y,,Q) contains an irreducible Hodge substructure with
hlt = 20. If such a covering existed, this irreducible Hodge structure
would inject into the transcendental part of the H? of an abelian four-
fold, an abelian surface, or an algebraic K3 surface, where “transcen-
dental” means “orthogonal to the set of Hodge classes in the Poincaré
dual cohomology group.” But the Hodge structures on the transcen-
dental part of the H? of an abelian fourfold, an abelian surface, or an
algebraic K3 surface all have hj;' < 19.

To conclude the proof of the theorem, we need to show by(Y,) = 23.
We already know bs(Y,) > 23: indeed, the image of (¢.p*)van has rank
22 and it is not the whole of H?(Y,, Q) because it does not contain any
Hodge class for a very general 0. As Y, is an irreducible hyper-Kéahler
fourfold, the equality by(Y,) = 23 then follows from [Gu], where it is
proved that 23 is the maximal possible second Betti number. O
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Remark 2.6. It is also possible (and even shorter) to prove that Y, is
a hyper-Kahler variety by showing

20

X(Ys, Oy,) :Z(— ) < (6, V10), /\ /\5/6 ) =3,

=0
using for example Macaulay. Alternatively, as shown to us by Manivel
and Han, using the Koszul resolution of &y, , Bott’s theorem, and prop-
erties of the irreducible representations that occur in A'(A\® Vi) (or, al-
ternatively, the program LiE), one can prove directly h?(Y,, Oy, ) = 1.
However, the proof above is more geometric and explains where the
holomorphic 2-form comes from.

To conclude this section, note that Theorem 2.1 allows us in turn
to refine Theorem 2.2 as follows. Consider again the inclusion i, of
Y, into G(6, Vi) and define the vanishing cohomology H?(Y,, Q)yan as
the kernel of

lox - H2(Y07 Q) - H42(G(67 ‘/10)7 Q) = HG(G(67 VlO)’ Q)

Corollary 2.7. The morphism i, has rank 1. The morphism of Hodge
structures (q.p*)van defined in (2) takes values in H*(Yy, Q)van and in-
duces an isomorphism

HZO(Fcﬂ Q)van =~ H2(Y0'7 Q)van'
Proof. The composition

ia* o (Q*p*)van : HQO(Faa Q)van - H42(G(67 ‘/10)7 Q)

vanishes, because the Hodge structure on the right-hand side is trivial,
while the Hodge structure on the left-hand side is nontrivial and gener-
ically simple. Thus (q.p*)van takes values in H*(Y,, Q)van. We know
that this morphism is injective and that the left-hand side has dimen-
sion 22. Hence all the statements follow from the equality by(Y,) = 23,
so that dim(Keri,,) < 22, with equality if and only if rk(i,.) = 1 and
(@P*)van surjects onto H*(Y,, Q)van- O

3. SINGULAR HYPERSURFACES F,

In this section, we are interested in those o € A’ V; for which the
hypersurface F, C G(3, Vi) is singular.

Proposition 3.1. The dual variety G(3,Vio)* € P(A*V}y) is an ir-
reducible hypersurface. For o general in G(3,Vi9)*, the correspond-
ing hyperplane section F, of G(3,Vi9) has a unique singular point. It
corresponds to a 3-dimensional vector subspace W C Vig such that

U|A2WAV10 — O
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Proof. The fact that the dual variety G (3, Vio)* € P(A® V;;) is a hyper-
surface follows for example from [L], §3, which proves that its degree is
640. Then it is classical that this hypersurface is irreducible, and that
a general point corresponds to a hyperplane tangent to G(3, Vi) at a
single point.

Let [W] be a point of G(3,Vip). The embedding of

Tes,vi0),w) =~ Hom(W, Vig /W)

nto

3 3 3
Tent vioy a2 w) = Hom(/\ W, /\ Vm/ /\ W)
is given by

U — (wl/\wQ/\wg — u(wy ) Awg Aws 4wy Au(ws) Awz+wy /\’UJQ/\U(U)g)).

Therefore, the hyperplane section F, C G(3, Vi) defined by o € A* V7,
is singular at [W] if and only if o(w; A wy A v) = 0 for all wy, wy in W
and all v € Vyg. O

We will henceforth assume that o corresponds to a general point
of the discriminant hypersurface G(3, Vip)* and we denote by [W] the
unique singular point of F,. By Proposition 3.1, we have

0|A2WAV10 - 0

For each d € {0,1,2,3}, let Y2 be the closure in Y, of the set of
points [Wg] such that dim(W N W) = d.

Proposition 3.2. 1) The variety Y is a general K3 surface of genus
12.

2) The varieties Y.} and Y? are either empty or smooth of dimension
2

3) The variety Y2 is a smooth and irreducible fourfold.
4) The variety Y, is a normal and irreducible fourfold.

Proof. 1) Choose a decomposition Vi = W @& @. Since o vanishes on
/\2W A Vig, we can write 0 = o1 + 09 with 07 € W* ® /\2 Q* and
0y € /\3 Q*. The projection Vjg — () induces an isomorphism between
Y3 and

3) S ={W] € GB3.Q) | W& W €Yy},

This variety is defined by the vanishing of o5, viewed as a section of
Oa,0)(1), and of oy, viewed as a 3-dimensional space of sections of

/\2 5. Since o1 and o9 are general, S is a general K3 surface of genus
12 ([M], Theorem 10).
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2) This follows from a parameter count, which we will only do for
Y2, the case of V! being completely analogous. The dimension of
the set of (o], [W], [W1], [Wa], [W4], [W3]) such that W = Wy & Wa,
Vip=W & Wy & Wy, and both o2 yy,, and o xsg,ew,) vanish, ie.,
with the notation above,

o1 € (Wg ® ((W4 QR W;) @ /Q\Wé)>* D <W1 & /Q\(W4 @ Wé)>*

2 2 3
0y € </\W4®Wé) 3] <W4®/\W3:> S (/\Wé) )

is 30 + 21 + 18 + 12+ 1 — 1 = 81 for the choice of [o], plus 9 + 16 +
24 4 21 = 70 for the choices of Wy, Wy, Wy, and Wj, hence 151. The
set of ([o],[W],[Ws]) such that F, is singular at [WW] and [Wg] € Y2,
is therefore smooth of dimension 151 minus 2 + 8 + 21 for the choices
of Wy, Wy, and Wi, hence 120. For [o] general in the 118-dimensional
hypersurface G(3,Vig)*, it follows by generic smoothness that Y? is
either empty, or smooth of dimension 2.

3) Similarly, we consider the set of ([o], [W], [Ws], [W1]) such that
Vip = W @& W @& Wy, and both 0|/\2 Wavy, and O'|/\3 w, vanish. It is
smooth, hence so is the (122-dimensional) set of ([o], [W], [Ws]) such
that F, is singular at [IW], and [Ws] € Y. By generic smoothness, so is
the general, 4-dimensional fiber Y. of the projection ([o], [W], [We]) —

([o], W)

4) Since Y, has everywhere dimension at least 4, the variety Y is
dense in Y,, which has therefore dimension 4. It is moreover a local
complete intersection, hence is connected in codimension 1 ([H]). It is
also connected and, its singular locus being contained in the surface
Y} UY2UY?, it is irreducible and normal. U

Let p : Vig — Vip/W be the canonical projection. The K3 surface S
of (3) is defined more canonically as

(4) S={We€GB,Vi/W) | [p~ (W] € Yy }.

We now prove the main result of this section.

Theorem 3.3. There is a birational isomorphism
¢:SP -5y,

defined as follows: let [W'| and [W"] be general points of S; then
S([W'],[W"]) is the only element [We] of Y such that p(Wg) = W' &
w”.
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Proof. We first show that the map ¢! is well-defined at a general point
[Ws] of Y°. We will show that there are exactly two points [W’] of S
such that W’ C p(W5s).

Choose as above a decomposition Vig = W & @ with Wg C @ and
identify Vio/W with Q. Let W’ be a 3-dimensional vector subspace
of Wg. Since o vanishes on A\ W A Vi and on A® Wy, the condition
[W @ W'] € Y, is equivalent to the vanishing of o on W @ A> W’. This
means that [IW'] € G(3, W) is in the zero-locus of 3 sections of \* ..
Since c5(A\” ) = 2, this zero-locus consists of either two or infinitely
many points. As in the proof of Proposition 3.2 above, one sees that
it consists in fact of two points [W’] and [W”] and that moreover,
W'+ W" has dimension 6, hence is equal to Ws. In other words, ¢!
is well-defined at the point [Ws], which it maps to the unordered pair
(W7, [W7]).

Conversely, let [W'] and [W”] be general points of S. Choose again a
splitting Vip=~W @ Vio/W. Write a 6-dimensional vector subspace Wy
of W& W' @ W” such that W N Ws = {0} as the graph

{u(wl7w//) _|_w/ _|_w// | w/ E W,, w// 6 W//}

of some linear map u : W/ @& W” — W. The condition that ¢ vanish
on W is then equivalent to the vanishing of the form (Idy quw»,u)*c €
A’ (W'@W")*. Since o vanishes on A\*(W @W’) and on A\*(W @ W"),
this form is actually in (/\2 W'® W”)* oW A’ W”)* and depends
in an affine way on u. In other words, [Ws| € Y, if and only if w is in
the inverse image of 0 by the affine map fu w» : v — (Idwgwr, u)*o.
For later use, we denote by

(5)

fwrwn s Hom(W @ W W) — (NW oW & (W e N W

u — (Id,u)*oy

the associated linear map.

It follows that the set of elements [Ws] of Y2 such that Ws C W &
W' @ W" are (possibly empty) affine spaces.

The graph of ¢! has dimension 4 and dominates S, and we just
proved that the fibers are affine spaces. It follows that this projection
is birational, hence ¢! (and ¢) are birational isomorphisms. 0

We end this section with the computation of the line bundle ¢* 0y, (1)
on SP. Recall that, if

e:9xS—=85x%x8S
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is the blow-up of the diagonal, S can be seen as the quotient of SxS
by the involution exchanging the two factors. We denote by

7“:5/'?</5'—>S[2}

the quotient map, by E C S xS the exceptional divisor of €, and by
E its image in S,

For ¢ € {1,2}, let p; : S/>\</S — S be the i-th projection. Given
coherent sheaves .% and ¢ on S, we define coherent sheaves on S x S
by setting

FNRYG =piF@pyd and FHY =pl.¥ op¥Y.

Proposition 3.4. The pull-back to S xS of $*Oy, (1) is isomorphic
to (ﬁg(l) X ﬁg(l))lo(—33E).
Proof. There are two natural vector bundles of rank 6 on the open
subset U; of S where ¢ defines a morphism ¢y, : Uy — Y, C G(6, Vi):
the pull-back ¢, (&sly,) and sy, , where

Fe i = 1.1 (&3]s).

Recalling from Theorem 3.3 the definition of ¢, observe that there is a
natural morphism

P : Qg\6|U1 - ¢*Ul (56‘5/0)
induced by the dual of the projection p : Vig — Vio/W. This implies

(6) ¢ (Oy, (1)) = det(&|y,) = (det F)(D),

where D is the divisor defined by the vanishing of the determinant of

P. Next, as the pull-back of %4 to S x S fits into the exact sequence
0 — 1" Fs — &|s B 83]5 — 5635 — 0,

where €5 : E — S is induced by the blow-up map e, we get

(7) det(r* F5) = (O5(1) B O5(1))(-3E).

It remains to analyze D. We first compute the class of the divisor D’

where the morphism (5), suitably defined, is not of maximal rank.

It has the same support as D. Indeed, on the complement of D,

the map fy w»~ defined in (5) is an isomorphism (otherwise, positive-

dimensional fibers of ¢~! would appear in codimension 1). We will
next compute the respective multiplicities of D and D’.

Lemma 3.5. The pull-back t0§/>\</5 of the divisor D' is in the linear
system |(Os(1) X Os(1))5(—20F)).



16 OLIVIER DEBARRE AND CLAIRE VOISIN

Proof. In order to compute the full class of D’ as a determinant, we
need first to extend the definition of fW/7W// at a general point of F.

The rational map

SE s G (6, Vip/WV)

defined by the global sections of .%¢ is well-defined on an open subset
U, of S whose complement has codimension > 2. At a point z € Us,
we may consider the fiber % as a hyperplane in V;o/W which, when
z is a general point ([W’], [W"]), is just W' & W".

On the other hand, there is a natural restriction map

3
R:/\gé\6—>$2,

where .%, is the rank-2 vector bundle r,p*(A® &) on Sl The fiber
of % at a pair ([W'],[W"]) away from E is the direct sum (A\* W' @
/\3 W”)*.

At the point z, the map fW/,Wu s u — (Idyrgwr,u)*o; defined in
(5) is now a map Hom(.Z;,, W) — A’ % which is linear and takes
values in Ker R, away from E , and this still remains true along £ (this
is due to the fact that for [W'], [W"] € S, 01| psqvawrenr) Pelongs to
W* @ W™ @ W""). Hence, we have extended the definition of the map
(5) over Uy as the fiber of a map

fe Hom(Fg, W @ Oy,) — HerR|y,

between two vector bundles of rank 18. One checks that R is surjective

—

in codimension 1. It follows that the vanishing of det(f) gives us a
divisor in the linear system

3
[(det(/\ Fs) ® (det Z) ™" @ (det F5) 73| = |(det.2) " @ (det F)T).

Using (7) and the fact that, analogously, the determinant of .4, pulls

back to (Fs(1) K Og(1))(—E) on 5/;3’, we see that this line bundle
pulls back to the line bundle

(Os(1) K O5(1))%(—20E)

on S x S, and this concludes the proof of the lemma. O

We can conclude the proof of Proposition 3.4 with the following
lemma.

Lemma 3.6. 1) The map ¢ contracts D' to Y2, so that the rank of P
along D' is 3.
2) The divisor D' has everywhere multiplicity 2.
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Indeed, as P has rank 3 along D', the reduced divisor D;_; underlying
D’ appears with multiplicity at least 3 in the divisor defined by det(P).
Using the explicit description of D’ given in the proof of item 2) of
Lemma 3.6 and the computation of the differential dP : Ker P —
Coker P in the normal direction to D', one checks that the multiplicity
is exactly 3.

By Lemmas 3.5 and 3.6, r* D, belongs to the linear system |(0s(1)X

05(1))3(—10E)|. Hence we get, using (6) and (7):
r*¢* Oy, (1) = r*((det F6)(3D.))
= (05(1) K O5(1))(-3E) ® (05(1) K 05(1))°(~30E)
= (05(1) R 05(1))"°(-33E),
which is the content of the proposition. U

Proof of Lemma 3.6. 1) By definition of D', a point z in U; N Uy has
the property that the point ¢(z) of Y, corresponds to a vector subspace
Ws C Vip such that plw, : Ws — Vig/W is not of maximal rank. In
other words, with the notation of Proposition 3.2, ¢(z) belongs to Y/,
for some ¢ > 1. Furthermore, the rank of P at z is equal to the rank
of plw,. By Proposition 3.2, we have dimY} < 2 for ¢ > 1, thus 1) is
equivalent to the following.

Claim. Ifo is general (in the hypersurface parametrizing singular F ),
no divisor of S is contracted to Y} or Y2.

Let us first consider the case of Y,!. On Us, the fiber of ¢ over a
point [Wg] € Y.} is contained in the set of ([W'], [W"]) € S@ such that
Ws C p {(W & W"). As [Ws] € Y}, the space p(Ws) has dimension
5. Let p(Ws)*+ C (Vio/W)* be the 2-dimensional space of linear forms
vanishing on p(Ws). As p(Ws) has codimension 1 in W/ & W, we may
assume that p(Ws) MW’ has codimension 1 in W’ and the rank at [W’]
of the evaluation map

ev: p(We)t @ Og — &

is 1. If the fiber ¢~ *([IW]) has positive dimension, the set of [W'] as
above contains a curve, and the saturation (Imev)s,; has rank 2 and
nontrivial effective determinant. But S is very general, hence its Picard
group is cyclic, generated by det &3 = Og(1), so the curve above has to
be in a linear system |Og(l)|, for some [ > 0. We get a contradiction
from the fact that the cokernel &3/(Imev)g, is a rank-1 torsion-free
sheaf with determinant equal to @s(1 — 1), with [ > 1; this would
imply that & (1 — 1) has a nonzero section for some ! > 1, which is
absurd.
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We now turn to the case of Y. A point [Ws] in Y? is such that
Wy := W N Wg has dimension 2 and Wy := p(Ws) has dimension 4. We
want to show that the set of ([W’],[W"]) € S® with W, c W' @ W"
is finite.

We count parameters as in the proof of Proposition 3.2.2), whose
notation we keep. We want to compute the dimension of the set of
([o], W], [Wh], [Wal, [Wa], W3], [W'],[W"]) such that W = W; & W,
Vio=WeaeWye Wi, Wy W e W"C W, e W;, and, in addition to
the conditions

(8) oI 2wavie = Olpsmaemy) =0
of that proof, such that

O-’/\s(WEBW/) - O-|/\3(W@W”) — 0
This means that the forms o; and o, must satisfy

(9) Tilwepzw = Oilwap?wr = 02 pswr = 02| g3y = 0.
Observe that we may assume dim(W’' N Wy) = dim(W"”" NW,) = 1,
as the case where one of these dimensions is > 2 can be ruled out
by the method used in the proof above. Then one checks that the
949+ 1+ 1 =20 conditions (9) are transverse to the conditions (8).
Therefore, using the numbers from the proof of Proposition 3.2.2),
there are 70 + 2 + 9 + 9 = 90 parameters for the choice of Wy, Wj,
Wy, Wi, W’ and W’ and, 81 — 20 = 61 parameters for the choice of
[o]. It follows that the set of ([o], [W], [We], [W'], [W"]) such that F, is
singular at [W] and the point ([W'], [W"]) of S is mapped to the point
[Ws] of Y2 has the same dimension 120 as the set of ([o], [W], [W]).
It follows that the corresponding projection is generically finite, which
proves the claim.

2) By the proof of 1), we now have another set-theoretic description
of the divisor D’: on Uy, it is the set of pairs ([W’], [W"]) € S such
that there exists [Ws] € Y2 with

WcWscWaeW oW

This locus has another determinantal description as follows. A W as
above is determined by its 3-dimensional projection W3 in W/ & W”,
and [W3] must be an element of S. Write W3 as the graph of a map
v: W — W” (the nontransverse cases cannot fill in a divisor, by
arguments as above). Recall that S is defined by a 3-dimensional space
of 2-forms oy € W* @ A°(Vio/W)* and a 3-form oy € A*(Vig/W)*.
Since oy vanishes on W ® A\*W’ and W @ A\° W, its restriction to
W ® (W' @ W") belongs to W* @ W™* @ W"*, so that the vanishing of
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(Id, v)*oy provides 9 linear equations on v. The existence of a nonzero
solution v is thus equivalent to the nonindependence of these linear
equations. We have a morphism (only defined on U, - E, but globally

—_——

defined on the double cover S x S)

B Hom(Sr, S) — W N pids
v — (Id,v)*oy.
At a point ([W'], [W"]) where 5 does not have maximal rank, 61,}1,71,‘,,,(0)
contains a line Vj, and we now have to impose a supplementary condi-

tion on v € V] in order that the corresponding W3 = Im(Id, v) be in S,
namely

(Id, v)*oo = 0.
Observe that this last equation is quadratic (inhomogeneous) in v, and
vanishes at v = 0. Hence there is in fact a unique W3 ¢ W’ & W” for
a general point ([W'],[W”"]) in the divisor D" defined by det(/3).

In order to conclude, we have to prove the following.
Claim. For general o, the divisor D" is reduced and D' = 2D".

The first fact is elementary and left to the reader. As for the second
one, it follows from the observation that at a point ([W’], [W"]) of S1,

the morphism fW/7W// defined in (5) is nothing but the transpose of the
direct sum of the morphism
6W’,W” : HOIIl(W/, W” — (W @ /\2 W/)*
v — (Id,v)*oy

introduced above, and its counterpart

2
B s Hom(W” W) — (We A\ W),

obtained by exchanging W’ and W (here we identify W with A\* W’
and similarly for W"). It follows from our discussion above that det(Sw- w)

and det(Bw» w+) both vanish simply along D!;. Hence det( fWQW//)
vanishes with multiplicity 2 along D;_,. O

4. THE FOURFOLD Y, AS A DEFORMATION OF Hilb?(K3)

It follows from Theorem 2.1 and [Gu] that the Hodge numbers of Y,
are the same as those of the Hilbert scheme of pairs of points on a K3
surface. We prove in this section the following more precise result.

Theorem 4.1. The variety Y, with its Plicker polarization is a defor-
mation of (SP, L), where S is the K3 surface of genus 12 introduced in
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the previous section, and L is the line bundle on S whose pull-back

to S x S is (Og(1) R Og(1))0(—33E).

We want to use the degeneration described in the previous section,
but we have to be careful, as the central fiber is very singular and only
birationally equivalent to SP. In particular, L is not ample on S,
We will borrow part of the arguments of [Hu].

The proof of Theorem 4.1 will follow from a computation of Hilbert
polynomials and from the following variant of Huybrechts’ theorem
saying that birationally equivalent hyper-Kéhler manifolds are defor-
mation equivalent.

We start from the following more general situation: X is an irre-
ducible hyper-Kahler manifold of dimension 2n, Y is a normal projec-
tive variety, and ¢ : X --» Y is a birational map. We will assume that
Y is a projective degeneration of irreducible hyper-Kéahler manifolds,
which means that there is an ample line bundle H on Y and a flat
projective family

(%, ) — A, where H € Pic(¥%),

with central fiber (Y, H) and general fiber (Y}, H;), where H; is ample
on Y;, an irreducible hyper-Kahler manifold. Note that this implies in
particular that the canonical bundle of Y is trivial on its smooth locus
Yieg-

Proposition 4.2. Assume that the line bundle L := ¢*H on X has
the following property:

(10) VkeZ x(X,LF) =x(Y,H").

Then a general small deformation of (X, L) is isomorphic to a small
(smooth) deformation of (Y, H).

Proof. Let T C Y be the union of the singular locus of Y and the
indeterminacy locus of ¢!, and let D C X be the union of ¢~(T') and
of the indeterminacy locus of ¢. (Note that in the case where Y is not
smooth, D may have divisorial components.)

Lemma 4.3. The map ¢ induces an isomorphism
X-D~Y-T.

Proof. By construction, ¢ induces a morphism ¢p : X-D — Y -T C
Yieg, and ¢~ a morphism ¢ Y -T — X. Let nx be a generator of
the (1-dimensional) space of holomorphic 2-forms on X and let 7y be
its pull-back by ¢7.'. It is a nonzero holomorphic 2-form on Y - T. The
form 7§ is nonzero on Y - T, hence it does not vanish there, because
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the canonical bundle of Y - T is trivial and Y - 7" has no nonconstant
holomorphic functions. In other words, 1y is nondegenerate on Y - T'.
Since (¢7')*(nx) = ny, we conclude that ¢' is étale.

Let us show that ¢p is surjective. Let y € Y = T'; then ¢! is defined
at y, and ¢! is étale at y. It follows that ¢ is defined at ¢~'(y) and
y = ¢(¢o (y)). Asy ¢ T and ¢ is defined at ¢~!(y), we conclude
¢ '(y) ¢ D.

Finally, we have ¢},(ny) = nx|x- p; in particular, since nx is non-
degenerate, we obtain as above that ¢p is étale.

Hence we have proved that ¢p is an étale surjective birational mor-
phism between the smooth varieties X - D and Y - T. It is therefore
an isomorphism and the lemma is proved. U

Lemma 4.4. Under the assumptions of Proposition 4.2, for all integers
k, the map ¢* induces an isomorphism

HO(Y, H*) ~ HO(X, L*).
Proof. Consider the following composition of maps:
HO(Y, H*) — H(Y - T, H*) & H°(X - D, L*).

The first map is bijective by the normality of Y. The second map is
an isomorphism by Lemma 4.3. It follows that we get an isomorphism

H(Y,H*) — H°(X - D, L¥)
which obviously factors as
oY, H%) -2 HO(X, L) — H°(X - D, L"),

where the last map is the restriction map, which is injective. Hence
the map ¢* : HO(Y, H*)—H°(X, L*) is also bijective. O

We can now prove Proposition 4.2. Indeed, consider a deformation
7 (Z,%Z) — A of the pair (X, L), such that for ¢t € A very general,
the group Pic(X;) has rank 1.

We claim that for ¢ € A general, the line bundle L; is ample on
X;. (This is the only place where we will use the fact that (Y, H)
is a projective degeneration of an irreducible hyper-Kéhler manifold.)
Indeed, its Hilbert polynomial is equal to the Hilbert polynomial of L
on X, hence of H on Y by our main assumption (10), or equivalently
of Hy on Y, for general s. Its terms of degree 2n and 2n — 2 are
therefore equal to those of Hy on Y;. First, the terms of degree 2n are
positive multiples of ¢x (L)™ and gy, (H)" respectively, where ¢y is the
Beauville-Bogomolov quadratic form on H?(X,Z) ([B]) and similarly
for qy,. Next, the terms of degree 2n — 2 are multiples of gx(L)"~! and
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qyv,(H,)" !, the signs of the coefficients being the same. This indeed
follows from the Riemann-Roch formula and the fact (which we can
apply to X and Y;) that for any 2n-dimensional irreducible hyper-
Kéhler manifold Z, and any degree-2 class o on 7,

qz(a)" ' = pzea(Ty)a™ 2,

with gz > 0. In conclusion, ¢x(L)" and gy, (H)"™ have the same sign
(and are nonzero), and so do qx(L)"! and qy, (H,)"'. Hence gx(L)
and gy, (Hs) have the same sign. As gy, (Hs) > 0, we get gx(L) > 0.
By [Hu], this implies now that X; is projective. For t € A very general,
since Pic(X;) is cyclic, either L; or L; ' is ample. The second case is
impossible because H°(X, L*) = 0 for k < 0, hence by semi-continuity,
HO(X,;,L¥) = 0 for K < 0. By openness of ampleness, the claim is
proved.
But then, we have

VEk>0 x(X,LF) = x(Xy, LF) = h(X,, LY).

On the other hand, we have by Lemma 4.4

RO(X, L*) = h°(Y, H*) = x(Y, H¥)
for k large enough, and the last term equals by assumption (X, L¥).
Hence we get

Vi >0 KX, LF)=hnoX,, LF),
and it follows by the semi-continuity and base change theorems that
on a neighborhood A’ of 0 in A, the sheaf ,(£*) is locally free and

has for fiber H°(X;, L¥) at t. But then, we get a flat projective family
% over A’ by the formula

Y = Proj (@ m(fk)>
k>0
By the above base change result and Lemma 4.4, the fiber of this family
over 0 is isomorphic to Y, endowed with the line bundle H, while the
fiber over t # 0 is X; endowed with the line bundle L;. O

Theorem 4.1 will be obtained as a consequence of Proposition 4.2,
applied to the birational map constructed in the previous section be-
tween X = S and Y =Y,, with H = 0y, (1) and L = ¢* 0y, (1).

As we know that the singular variety Y, is normal (Proposition 3.2)
and is a projective degeneration of an irreducible hyper-Kahler fourfold
by Theorem 2.1, in order to apply Proposition 4.2, we only need to
check the assumptions concerning the Hilbert polynomials, and this is
done in the following lemma.

Lemma 4.5. The Hilbert polynomials of Oy, (1) and L coincide.
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Proof. Let us first compute the Hilbert polynomial of Oy, (1). We claim
that for any integer k,

121
x(Y,, Oy, (k)) =3 + %5k2 + 7/&.

Indeed, we may do the computation for Y, smooth, in which case the
Hilbert polynomial is given by the Riemann-Roch formula. Let us de-
note by ¢; the Chern classes of the vector bundle .|y, , so in particular
¢1 = ¢1(Oy, (1)). Recalling that the class of Y, in G(6, Vig) is cao(A® &),
Macaulay gives us the following intersection numbers on Y, :

(11) cic3 = 330, ¢y = 105, ey = 825, 3 = 477, ¢ = 1452.

As Y, is a hyper-Kéhler variety, its odd-degree Chern classes ¢;(7Y,)
and c3(Ty,) vanish. Hence the Riemann-Roch formula takes the fol-
lowing very simple form:

Ty, )3 4
(12)  X(Yo, 0%, (k) = X(Ys, Ov,) + %,& Py

The first term of the sum equals 3 by Theorem 2.1. According to (11),
the last term equals %k“l. For the middle term, we need to compute
co(Ty,)c2. This is a tedious but straightforward computation. The
tangent bundle Ty, appears in the normal bundle sequence:

3
0 — Ty, — Taevio)ly, — /\56|Y0 — 0.

Using the equality Taeuig) = &6 ® (Vio ® Ociie))/-%s), we now
compute

co(Ty,) = 5c2 — 8¢y
which, together with (11), gives
co(Ty, )} = 660.

Thus the claim is proved.

We now turn to the computation of the Hilbert polynomial of the
line bundle L on SP.

This is an explicit and standard computation. As S is hyper-
Kihler, formula (12) applies as well to S and L:

02(T5[21)01(L)2k2 (L)t
+

24 24
The first number in the sum is 3. It thus suffices to show the equalities

ci(L)* = 1452 and  cy(Tgz)cr(L)? = 660.

X(SD]? Lk) = X(va 65[2]) + k4'
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By Proposition 3.4, the pull-back of L on S x S is
(05(1) B 05(1))"(—33E).

Letting

l; =pici(Os(1)) and e =[E]

on S x S, we need to show

(1061 + £y) — 33e)* = 2904
(13) (10(51 -+ 62) - 336) . T*CQ<TS[2]) = 1320.

The first equality follows from
(11 R

together with the vanishing of the contributions of any odd power of e.
As to the second equality, note the two exact sequences, which com-
pare 7*CQ g2 and €*Qgys:

0— T*QS[Q] — st;g — ﬁE(—E) — O,
0— 5*QS><S — Q§>\<—§ — ﬁE(QE) — 0.
This gives us the following formula for the total Chern class of 7*Q g :

(15) Q) = " c(Qgns)c(O5(2E))c(Ox(—E)) L.

Fori € {1,2}, let o; be the class of a fiber of the projection p; : S x S —
S; we have

e c(Qsxs) = (14 240,)(1 + 240,)

and we deduce from (15)
r*co(Qgr2) = 2401 + 2409 — 3e2.

Equality (13) then follows from (14) together with 0103 = 0903 = 22,
oil; = 0, and 0;e? = —1. O

At this point, we have shown that a small smooth deformation of
(Y, Oy, (1)) is isomorphic to a small deformation of (S L). In order
to conclude the proof of Theorem 4.1, it only remains to prove the
following lemma (and use item 4) of Proposition 3.2).

Lemma 4.6. Whenever Y, has dimension 4, any small deformation of
(Y,, Oy, (1)) is given by a deformation of o.
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Proof. Let Z be a local complete intersection projective scheme and let
L be a line bundle on Z. The first Chern class of L, seen as an element
of HY(Z,Qy), defines an extension

(16) 0—>QZ—>@Z’L—>6Z—>O

and first-order deformations of the pair (Z, L) are parametrized by
EXtIZ(gZZ’L, ﬁz)

In our situation, Y, is the zero-set of the section o of the vector
bundle .Z = A® & on G := G(6, Vig). The discussion above applies to
both (G, 0s(1)) and (Y;, Oy, (1)). Since the normal bundle to Y, in G
is F|y,, we obtain an exact sequence

0— Fy, = Paoc)ly, = Pv,.0ov,1) — 0.
from which we deduce an exact sequence
(17)
B
HO(Y0'7 y‘yo) - EXt%/U<°@Y07ﬁYO-(1)7 ﬁyﬁ) - EXt;’g(@G:ﬁG(l)h{r’ ﬁyc)'

We need to show that the composition

H(G, F) = H(Y,, Z|y,) = Bxt}, (Px, ov, 1), Ov,)

is surjective. We will prove that both a and 3 are surjective.
Using the Koszul resolution for Oy, , we see that « is surjective if

HY(G,.Z o \F)=0

for all ¢« > 0, a fact that can be checked using Bott’s theorem and the
program LiE, as explained in Remark 2.6.

To show the surjectivity of [, it is enough by (17) to show that
Exty, (Z¢,000)y,, Oy,) vanishes. Consider the exact sequence

HY(Y,, Oy,) — Exty (Zc.oom)ly,, Ov,) — H' (Ys, Tcly,) = H*(Y,, Oy,)

obtained from (16). Again, as in Remark 2.6, one shows using the
Koszul resolution and Bott’s theorem that H'(Y,, Oy, ) vanishes. The
map

v HYY,, Tgly,) — H*(Y,, Oy,)
is given by cup-product with ¢;(0y,(1)). Using the Koszul resolution
again, it is injective if the cup-product maps

v HPYG, To © \.F7) — HP(G, \ F7)

by ¢1(0g(1)) are injective for all ¢ > 0. The tangent bundle Ty is
isomorphic to 24 ® .7, hence appears in the exact sequence
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whose extension class is
Cl(ﬁc(l)) € HI(G, Q(;) ~ EXté(Tg, ﬁg) C EthG(Tg, yﬁ X y6*)

Proceeding as above, one can show H*'(G, . @ \'.7*) = 0 for all
i > 0. In the long exact sequence in cohomology associated with (18),
we deduce that the edge map

HYN G, Tea \ F7) 2 H(G, \ F7) — H(G, 0550 |\ Z7)
is bijective. This proves this injectivity of ~;, hence the lemma. 0

5. FURTHER COMMENTS AND QUESTIONS

The geometric invariant theory of the 3-vectors o € /\3 Viy does
not seem to have been studied. We introduced in section 2 a natural
hypersurface in the moduli space

P(A\ Vi) // PGL(Vyy).

It parametrizes those Y, containing a line in the Pliicker embedding.
Section 3 was devoted to another hypersurface in this moduli space,
parametrizing singular F,.

There is a third natural hypersurface in this moduli space: it is the
set of o for which F,, contains a 10-dimensional Grassmannian G(2,7) C
G(3, V). Here we choose a Vi C Vi together with a nonzero z in V5,
and we see G(2,7) as the set of W3 C Vjp such that z € W3 C V4.
The fact that this G(2,7) is contained in F, is equivalent to the fact
that the 2-form Int, ¢ vanishes on Vg. That the existence of such a
subvariety of F}, is a divisorial condition on o follows from the equality
h%1Y(F,) = 1 and the semi-regularity of the embedding G(2,7) C F,,
which tells us that deforming F, preserving G(2,7) is equivalent to
deforming F, preserving the Hodge class [G(2,7)] (see [Bl]).

A related question concerns the existence of a hypersurface in the
moduli space where Y, is actually isomorphic to S® for some K3 sur-
face S. This should hold along a hypersurface where the Picard number
of Y, jumps (or equivalently, by Corollary 2.7, where the dimension of
the space of degree-20 Hodge classes on F,, jumps).

There are two families of K3 surfaces which are natural candidates,
namely those of genus 16 and those of genus 21. Indeed, the first ones
admit a rigid rank-2 vector bundle with 10 independent sections, so that
their second Hilbert schemes carry a rigid rank-4 vector bundle with
10 independent sections, which embeds them into G(4,10) ~ G(6, 10).
Similarly, K3 surfaces of genus 21 admit a rigid rank-3 vector bundle
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with 10 independent sections, so that their second Hilbert schemes
carry a rigid rank-6 vector bundle with 10 independent sections, which
embeds them into G(6, 10). In both cases and surprisingly enough, the
degree of the hyper-Kéhler subvarieties of G(6,10) that one obtains is
1452, which is the degree of Y,. However the other Chern numbers of
the tautological vector bundle (see (11)) do not coincide.

[IR1]

IR2]

[KMM]
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