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1 Introduction

Let G be a compact Lie group with Lie algebra g acting on a compact sym-
plectic manifold M by a Hamiltonian action. If X € g, we denote by X, the
vector field on M induced by the action of G. We denote by o the symplectic
form on M and by  : M — g* the moment map. To simplify, we will assume
in this article that M has a G-invariant spin structure. We will show in the
appendix how to remove this assumption.

Let us assume that M is prequantized and let £ be the Kostant-Souriau
line bundle on M. We denote by R(G) the ring of virtual finite dimensional
representations of G. An element of R(G) is thus a difference of two finite
dimensional representations of G. We associate to (M, £) a virtual represen-
tation Q(M, L) € R(G) of G constructed as follows: Choose a G-invariant
Riemannian structure on M. Let S* be the half-spin bundles over M de-
termined by the spin structure and the symplectic orientation of M. Let
['(M,S8* ® L) be the spaces of smooth sections of S* ® £. Consider the
twisted Dirac operator

D T(M, 8" L) —-T(M,S8 ®L).

This is an elliptic operator commuting with the action of G. We define a
virtual representation Q(M, L) of G by the formula:

Q(M, L) = (=1)MmM2 ([KerDf] — [CokerD[]) .

The virtual representation Q(M, £) so obtained is independent of the choice
of the Riemannian structure on M. If M and £ have G-invariant complex
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structures, then Q(M, L) (apart from a shift of parameters) is the direct
image of the sheaf O(L) of holomorphic sections of £ by the map M — point.
In the differentiable category, we employ as in Atiyah-Hirzebruch [3] the
Dirac operator to define the direct image Q(M, L) € R(G) = Kg(point) of
L € Kg(M). If the group G is trivial, then Q(M, L) € Z is the index of the
operator Df. We call this number the Riemann-Roch number of (M, L).

We are interested in describing the decomposition of Q(M, L) in irre-
ducible representations of G. Let G = T be a torus. Let P C it* be the
lattice of weights of T. We have a decomposition

QM. L) = n(&M,L)e;

{eiP

where n(§, M, L) € Z and is non zero for a finite number of ¢ in the lattice
1P Ct.

The number n(§, M, L) is called the multiplicity of the weight e; in
Q(M, L). The function  +— n(&, M, L) defined on the lattice iP C t* is
the Fourier transform of the character Tr Q(M, L) of T. It is the quantum
analogue of the function over p(M) C t* equal to the density p.(Ba) of
the pushforward by u of the Liouville measure 5, of M . The value of the
locally polynomial density pu.(5y) on a regular value £ € t* of u is equal
to the symplectic volume of the reduced fiber My = T\p(€) ([12]). Let
£ €iPNnu(M) . Assume furthermore that T acts freely on p~!(£). Then
Le =T\(L],1(¢) is a Kostant-Souriau line bundle on the reduced symplectic
manifold M, and M inherits a spin structure from M. Guillemin- Sternberg
[17] conjectured that the value of n(&, M, L) at a regular value & € iPNu(M)
is the Riemann-Roch number Q(M;, L¢). They prove this conjecture in the
holomorphic case under some positivity assumptions on L .

Recently, E. Witten [31] suggested a formula relating integrals over M x g
of some closed equivariant cohomology classes a(X) on M and integrals over
the reduced fiber M. Witten’s formula has been proved by Jeffrey-Kirwan
[19]. We realised [29] that the same idea of Witten can be employed modulo
some elaboration to the proof of the formula n(¢, M, £) = Q(M, L¢) for mul-
tiplicities. The similarity between Jeffrey-Kirwan-Witten formula and mul-
tiplicities formulas was also noticed independently and from a different view
point by V.Guillemin [14] and E. Meinrenken [22]. In particular E. Mein-
renken [22] proved the formula n(&, M, L) = Q(M¢, L¢) including the case
of locally free actions, where the definition of Q(M¢, L¢) has to be suitably
modified. Note that a simple proof of the formula n(¢, M, L) = Q(Me, L¢)
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is obtained in the case of an S'-action by Jeffrey-Kirwan [20] using their
residue formula.

Our proof relies directly on the universal formula for the character of
Q(M, L). Let us explain briefly our technique which can be applied as well
to other index problems. Let us consider an open G-invariant subset U with
smooth boundary B of a compact spin manifold M. Let A be a G-invariant 1-
form on M such that the map p : M — g* defined by ) (X) = (A, X)) does
not vanish at any point of the boundary B. Let £ be a G-equivariant complex
vector bundle over M. In [9], the formula of Atiyah-Segal-Singer for the
equivariant index Q(M, &) of the twisted Dirac operator Dy is reformulated in
a neighbourhhood of the identity of GG in terms of the equivariant cohomology

of M as follows :
TrQ(M,E)(exp X) = (Qm)—dimM/Q/ ch(&)(X)
M

JUR(M)(X)

Here ch(£)(X) is the equivariant Chern character of £ and J “2(M)(X) is
the equivariant A-genus of M. The class J(M)(X) is invertible for X in a

neighbourhood of 0 in g. Normalisations are as in [13]. Consider for ¢t € R
the C'*° functions TQ(U, &, A\, t) on a neighbourhood of 0 € g defined by:

- » h(&)(X)
TOU E N\ D(X) = (2 d1mM/2/ itdgM(X) _©
Q( » &Y )( ) ( Zﬂ-) Ue J1/2<M)(X>
where dg = d — (X)) is the equivariant differential.
We conjecture that there exists an (infinite-dimensional) trace class vir-
tual representation Q(U,E, A) of G such that we have the identity of gener-

alised functions on a neighbourhood of 0 in g:
TrQ(U,E, N)(exp X) = ltlim TQU,E N T)(X)

(and similar identities near any point s € GG).

In this article we prove the following theorem ( Theorem 17) :

Let T be a torus with Lie algebra t. Assume that there exists S € t such
that (A, Sp) > 0 on the boundary B of U. Then there exists a trace class
virtual representation Q(U, £, \) of T such that

TrQ(U,E M) (exp X) = tlgglo TQU,E N 1)(X).

Furthermore, the fixed point formula of Atiyah-Segal-Singer is valid in
the generalised sense. Let M7T be the submanifold of fixed points for the
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action of the torus 7. Our hypothesis implies that M7 N B = (. Consider
the subset M7 NU. Then we have the fixed point formula for g = exp X

TrQ(U,g,)\)(g)Z/MTmU %Do—j(s)@)

where D(g) is an holomorphic function on Tt with value differential forms
on M7 and Dai(s) (g9) is the boundary value of the holomorphic function
D7!(g) on an open subset of T¢ determined by S. Thus the invariant form
A allows us to construct a trace class virtual representation with character
formula given by the Atiyah-Segal-Singer fixed point formula on U suitably
interpreted as a generalised function.

Let us return to the case of an Hamiltonian manifold M under an action
of G = S'. Let us indicate briefly how to write Q(M, £) as a sum of three
infinite dimensional trace class (virtual) representations related to the geom-
etry of the moment map p : M — g*. We consider 0 € g* and we assume G
acts freely on p=1(0).

Choosing a basis E of g, we consider the map f = p(F) from M to R.
Choose r a small positive real number. Let

Mo = {z; | f(z)] <}, My = {x; f(x) > r}, M_ = {z; f(x) < -1}

Let (.,.) be a G-invariant metric on M and let \(-) = p(E)(Ey, ). Then
A is a G-invariant 1-form on M . The value A\(Ey) = u(E)| Ex]]? is strictly
positive on the boundary of M, and strictly negative on the boundary of M_.
We can thus construct with the help of the 1-form X virtual representations
Q+(M, L) = Q(Mx, L, \) with character formula given by Atiyah-Segal-
Singer fixed point formula on M. expanded in the outer directions: it follows
that the virtual character Q (M, L) is of the form Q (M, L) = >, _, ae™.

n>0
Similarly Q_(M,L) = >, _,a,e™. In particular neither QJF(]\/?, L) nor
Q_(M, L) contains the trivial representation of G' = S*.

We denote f~1(0) by P. Consider the principal fibration ¢ : P — M,eq =
G\ P with structure group G = S'. Let L,.q = G\(L|p). Consider, for all
n € 7Z the characters x,(exp 0E) = e of G and let 7,, be the associated line
bundles on G\P = M,¢q. Then Q(M,eq, Lrea ® 7,,) is a positive or negative

integer. Define the virtual character Qo(M, £) of G by

QO(M7 E) - Z Q(M'red7 £7‘6d X T—n>€in9.
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In particular, the multiplicity of the trivial representation in Qo(M, L) is
Q(Mred7 Ered)-

As a corollary of Theorem 17 of this article and of a limit formula a la
Witten for integration of equivariant differential forms in a neighbourhood
of f71(0) proved in [28], we obtain the following decomposition of Q(M, L)
associated to the partition

M = MyUM, UM_
of M:

Q(M"C) = QO(Mv E) S Q+(M7 [’) S Q—(M7 E)

If a group K commutes with the action of GG, then this decomposition is a
decomposition of representations of G x K. As a result the virtual represen-
tation Q(M, £)¢ of K is the virtual representation Q(M,cq, Lreq) of K.

To extend the results to the action of a torus, as announced in [29], we
can apply successively the decomposition above to analyse the decomposi-
tion of Q(M, L) under the action of a torus 7' = (S')" in order to obtain
n(&, M, L) = Q(M, L¢) for a regular value £ . This requires an extension
of Theorem 17 to an open subset V' of some non compact manifolds N .
The basic example is T*G x M where M is a compact G x H manifold and
V =T*G xU. We will not give the details. Instead, we will give in Part II of
this article [30] a proof based directly on a deformation of the Dirac operator
itself. This proof, although requiring the machinery of transversally elliptic
symbols, requires almost no computation and leads directly to the formula
n(&, M, L) = Q(Me, L¢) in the more general case of orbifolds with torus ac-
tions. It is parallel to the method we used here. However we feel worthwhile
to publish here a detailed and elementary proof for the case of an S!-action.

In order to state the results without spin hypothesis, it is necessary to
modify as in [23] the notion of Kostant-Souriau line bundle. This is explained
in the appendix and is only a technical modification. However, we believe
results are more invariantly stated in terms of quantum bundles as in [27].
Indeed if 7 is a quantum bundle on an even dimensional compact oriented
manifold M, there is a virtual representation Q(M, 7) associated to 7. Fur-
thermore there is a natural map 7 — 7,4 from quantum bundles on M to
quantum bundles on the reduction M,y . Our main result on multiplicities
is thus:



Theorem 1 Let G be a torus . Let K be a compact Lie group. Let M be
a G x K Hamiltonian manifold. Let L be a Kostant-Souriau quantum line
bundle for G x K. Let Q(M,L) € R(G x K) be the quantized space. Let
w: M — g* the moment map for the G-action. Assume that G acts freely
on u=(0). Consider the K-Hamiltonian manifold M,.q = G\p='(0) with
Kostant-Souriau quantum line bundle L,.q. Then the virtual representation
Q(M, L)€ is isomorphic to the virtual representation Q(M,eq, Lreq) of K.

I am thankful to Michel Duflo for discussion on this problem. The inspi-
ration of this work is our common conjecture ([27]) on universal formula for
characters. Indeed the character Q(U, &, \) obtained by a limit procedure
is the universal character formula for the manifold U with a cylindrical end
attached to it.

2 Quantization on compact manifolds

In this section we recall some well known facts due mainly to Atiyah-Bott
([1], [2]) , Atiyah-Segal-Singer ([5], [4], [6]) ) and Berline-Vergne ([9]) on the
equivariant index of the Dirac operator.

Let G be a compact Lie group acting on a compact even dimensional
orientable manifold M. For simplicity, we assume in this article that M has
a G-invariant spin structure. We will remove this assumption in part II. If
& is a vector bundle over M, we denote by I'(M, E) the space of its smooth
sections. Let Kg(M) be the Grothendieck group of G-equivariant complex
vector bundles over M.

We denote by R(G) the ring of virtual finite dimensional representations
of G. If V* are two finite dimensional representation spaces of G, then [V] =
[V*] — [V7] is an element of R(G). We denote dimV = dim V" — dim V™.
If G = {1} we identify R(G) to Z by the function dim V.

Let o be a G-invariant orientation of M. There is a well defined quanti-
zation map

Q°: Ko(M) — R(G).

This map can be constructed as follows: Choose a G-invariant metric on
M. Let § = ST & S~ be the spinor bundle (conventions on gradings are as
in [7]). Let € be a G-equivariant complex vector bundle over M. Let ST ® &
be the twisted spinor bundle. With the help of a G-invariant connection A



on &, we can construct a twisted Dirac operator D¢ o. This gives an elliptic

operator
Df, :T(M,8T®€&) —-T(M, S ®E)

which commutes with the natural action of G. The index space of D;{  is by
definition the virtual representation of G in [KerDy ,] — [Coker Dy ,]. The
virtual representation of G so obtained is independent of the choice of the
metric on M and of the connection A on £. It depends only of the bundle £
and of the orientation o of M. We define

(1) Q°(M,€&) = (—1)dimM/2 ([K@rDZA] — [C’okeTD;A])

In particular if GG is reduced to the identity and if £ is a bundle over M,
then Q°(M,E) € Z is a number. This number will be called the Riemann-
Roch number of the bundle £ over M.

Indeed the direct image map @° is the C*°-version of the direct image
map in algebraic geometry. If M is a complex manifold of complex dimension
d and & is a holomorphic vector bundle, then the space Q°(M,E) coincide
up to a sign €(o) with the virtual space

d
H(M.E®p) =Y (—1)"H"M, O€E @ p"))

of cohomology of the sheaf of holomorphic sections of £ ® p*, where p is the
square root of the line bundle of (n,0)-forms. The line bundle p exists, from
our assumption on existence of spin structure. In particular, if £ is sufficiently
positive, the space Q°(M,E) is up to sign the space of holomorphic sections
of £ ® p*. Our convention on orientations is such that if £ is a sufficiently
positive line bundle and o, the orientation of M induced by the symplectic
form determined by the curvature of £, then Q°¢(M, L) = H°(M, L @ p*).

Let g be the Lie algebra of G. If X € g, we denote by X,; the vector
field on M produced by the infinitesimal action of g:

d
(Xn)e = 7 (exp —€X) - x| 0.

€
A G-equivariant differential form on M is a smooth G-equivariant map,

defined on the Lie algebra g, with values in the space A(M) of smooth
differential forms on M. We denote the space of G-equivariant differential
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forms by AX (g, M) = C*=(g, A(M))“. Here X will denote a point on g or the
function X — X. Thus we may denote a map « : g — A(M) by the notation
a(X). Similar notations will be common for functions on manifolds, where
the notation f(z) will denote (depending of the context) either the value of
the function f at the point x € M or the function f itself.

We will consider equivariant differential forms a(X) which are defined
only for X belonging to a G-invariant open subset W C g. We denote
by A% (W, M) = C>=(W, A(M))% the space of these forms. An element of
C>* (W, A(M)) will also be refered to as a differential form on M depending
on X € W. The equivariant coboundary dg : A (W, M) — A¥(W,M) is
defined for a € AX (W, M) and X € W by

(dgar)(X) = d(a(X)) — o(Xnr) (X)),

where (X)) is the contraction with the vector field X ;.

A closed equivariant form is by definition a G-equivariant differential form
a satisfying dgor = 0.

We also write dx for the operator d — ¢(X /) acting on forms.

Let G be a compact Lie group acting on a symplectic manifold M by a
Hamiltonian action. We denote by (M, o, ) such a data, with o the sym-
plectic form on M and p: M — g* the moment map. For X € g, let

(2) X—=og(X)=pX)+o

be the equivariant symplectic form. It is a closed G-equivariant differential
form on M.

Let £ be a G-equivariant vector bundle with G-invariant connection A.
Let I be the curvature of A. For X € g, let u*(X) € I'(M,End(£)) be the
moment of X with respect to the connection A ([7]). Let X — F(X) =
pA(X) + F (X € g) be its equivariant curvature. Then ch(&,A)(X) =
Tr(e™)) is a closed G-equivariant differential form on M called the equiv-
ariant Chern character. For X = 0, we denote ch(€,A)(0) = Tr(e!") simply
by ch(&) leaving implicit the choice of connection . The form ch(€) is up to
normalisations factors of 27 the usual Chern character.

Definition 2 ( Kostant-Souriau)([21],/25]). The Hamiltonian manifold (M, o, 1)
1s said to be quantizable, if there exists a G-equivariant line bundle L — M
with G-invariant connection A such that the equivariant curvature of L is
i04(X). Such a line bundle will be called a Kostant-Souriau line bundle.
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Thus, if (£, A) is a Kostant-Souriau line bundle, we have for X € g,
(3) ch(L,A)(X) = o),

If G acts on a set E, we will denote by E¢ the set of fixed points of G in
E. If s € G, we denote by E(s) the subset of E fixed by s. We denote by
G(s) the centraliser of s in G. If s € G, the set M (s) is a submanifold of M.
We denote by T'M the tangent bundle to M. If N is a closed submanifold
of M, we denote by TyM = TM|y/TN the normal bundle to N in M. If
S € g, we denote by M(S) = {m € M;(Sp)m = 0} the manifold of zeroes
of the vector field Sy;.

Recall the localisation formula for G-equivariant differential forms with
compact support on an oriented G-manifold M. Let S € g and consider the
zero set M (S). We choose a G/(S)-invariant connection on Ty syM and we
denote by R(TnsyM) its G(S)-equivariant curvature. Choose an orientation
o on TysyM. We denote by Euly(Tys)M) the G(S)-equivariant Euler form
of Th(syM. We have for Y € g(5)

1/2
Eul,(TasyM)(Y) = (—2m) "ok M)/2 det R(Thr(s)M)(Y).

Let W be a G/(S)-invariant neighbourhood of S'in g(.5). Let a € Ag 5 (W, M)
such that a(X) € Ag(M) for every X € W. We suppose that « is a closed
G(S)-equivariant form on M. The form Eul,(TysM)(Y), is invertible for
Y sufficiently near S and x in the compact support of «. Then for Y € g(5)
sufficiently close to S, we have ([8],[10], see also [7] Chapter 7 )

B a(Y)
(4) /M a(Y) = /M(S) Euly(TvsM)(Y)

Here the orientations of M, M(S) and the orientation o on Ty s M are
chosen in a compatible way.

Assume now that a(Y) depends holomorphically of Y, for Y belonging
to an open set W in g(S)c. Let U be the open subset of g(S)c consisting of
those Y such that Euly(Ths)M)(Y) is invertible. Let W’ be the connected
component of W N U containing S. By analytic continuation, we then have,
for all Y € W’

B a(Y)
(5) /M oY) = /M(S) Euly(TysyM)(Y)
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For example, if « is analytic in a small ball W C g(S)¢, we can apply Formula
5toY = 28, with z a non zero complex number of small norm.

A bouquet of equivariant differential forms on M is a family «, where for
each s € G the form a; is a G(s)-closed equivariant differential form on M(s)
satisfying the following conditions of invariance and compatibility ([13], [11]
, see also [27] ).

1. Invariance:
Olgsg—1 = g+ Qi

forall g € G and s € G.
2. Compatibility: Let s € G, then for all S € g(s) and sufficiently small
Qees (V) = as(S + V)| M (se”)
for all Y € g(se”).

Remark 2.1 If S € g(s) is sufficiently small then M(se®) = M(s) N M(S)
and g(se®) = g(s)Ng(S) so that the right hand-side of the equality (2) has a
meaning.

Recall ( [13],[11], see also [27] ) the definition of the bouquet bch(€, A)
of Chern characters of a G-equivariant vector bundle with G-invariant con-
nection A. By definition bch(€, A) = (chs(E, A))seq where

(6) chy(E,A)(X) = Tr(s€e! ) for X € g(s).

If A\ is a G-invariant 1-form, then A(f) = A — itAl is also a G-invariant
connection for all t € R. We have

(7) chy(E,A(t)) = e @AM A chy(E, A).

Let us give a formula for Tr Q°(M, ) in the neighbourhood of s € G
in terms of the equivariant cohomology of M(s). As M is oriented and has
a G-invariant spin structure, the submanifolds M (s) of M are orientable (
see for example [7] or [27].) To explain the formula for Tr Q°(M,E) in the
neighbourhood of s € GG, we recall the definitions of some other equivariant
differential forms:

Let s be an orthogonal transformation of an Euclidean vector space V;
such that (1 — s) is invertible. In particular dety, (1 — s) > 0. Let so(V})(s)
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be the space of orthogonal transformation of Vi commuting with s. Define
for Y € so(V1)(s)

(8) D (V)(Y) = dvc;t(l — se¥).

If V1 if understood, we write Dy(V;) = D,. The function D, has an analytic
square-root on (s0(V;)(s))c. We normalize it by DA?(0) > 0.
If V} is two-dimensional with (e, e2) as orthonormal basis, and s - (e; +

ieg) = €(ey +iey) with 6 not in 277, then
(9) D,/*(0) = 2[sin(4/2)|.

Let V be a G-equivariant Euclidean connection on T'M. Then V deter-
mines Euclidean connections Vo on TM(s) and Vy on T M. Let Ro(X),
Ry(X) be the equivariant curvatures of Vo and V. Then, we define the
G(s)-equivariant form J(M(s), V) on M(s) by

Ro(X)/2 _ ,~Ro(X)/2

Ro(X)

(10) J(M(s), V)(X) = det(E

for X € g(s). When V is understood, we write the equivariant differential
form J(M(s), V) simply as J(M(s)) .

For X in a small neighbourhood of 0 in the complexification of g(s),
JY2(M(s), V)(X) is analytic and invertible.

Let us still denote by s the transformation of T M determined by
s. Then at each point x € M(s) the transformation s is an orthogonal
transformation of (Thss)M ), and does not have any eigenvalue equal to 1.

We define for X € g(s):

(11) Dy(TaryM, V)(X) = det(1 — sef1),

When V is understood, we write the equivariant differential form D4 (T M) M, V)

simply as Dg(ThM).

We denote by L(s, &, A) the G(s)-equivariantly closed form on M(s) de-
fined on a sufficiently small neighbourhood of 0 in g(s)c by
(12)

L(s, &, A)(X) = (2m)” MO chy (€, A)(X) T2(M(s5))(X) D2 (Taris) M)(X).
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Let o be an orientation of M and o' an orientation of M (s). The action of s
on the spin bundle S determines a sign €(s, 0, 0’) which is a locally constant
function on M(s). If S is small, then M(e) = M(S). The element S
determines an orientation og of the normal bundle T (s)M and e(e®,0,0) =1
in the case where the orientations o, 0’, 0_g are compatible. The convention
for og is as in [13].

Theorem 3 Let £ be a G-equivariant vector bundle over an even-dimensional
compact spin manifold M. Choose a G-invariant connection A on £. Then,
for each s € G, there exists a neighbourhood Ug(0) of 0 in g(s) such that we
have

o _ ;—dim M/2 —dim M(s)/2 €(s,0,0') chy(€, A)(X)
TR M E)lsexpX) =+ /M@,of(%) (8 () (X) DY (T M) (X)

for every X € Us(0).

We write also this formula
(13)  TrQ°(M,E)(sexpX) = z'_dimM/Q/ €(s,0,0")L(s,E,A)(X)
M(s),0

with L(s, &, A)(X) given by (12). The formula (13) determines Tr Q°(M, &)
in a neighbourhood of s € G.

Remark 2.2 Let us denote by Zq(M) the space of bouquets of equivariant
differential forms. We have defined in ([13], see also [27]) a direct image (or

bouquet-integral) map

/bM : Za(M) — C=(G)°.

We can restate the formula of Theorem 3 for the equivariant index of the
twisted Dirac operator in function of the bouquet integration as follows

M
TrQ°(M, &) = i~ dimM/2 / beh(E, A).
b

Let g = se® with S € g(s) small. Let Y € g(s) Ng(S). Then the two
integral expressions for Tr Q°(M, &) (se5+tY)) = Tr Q°(M, £)(se’eY) either as
an integral formula over M (s)( formula for the s-part) or over M(s) N M (S)
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(formula for the se®-part) agree, as follows from the bouquet condition on
chs(€,A) and the localisation formula . For example the two formulas for
TrQ°(M, E)(e5+Y)) = TrQ°(M, &) (e®eY) coincide: for s = e with S small,
we have M(s) = M(S) G(s) = G(S) and the following relation between the
G(S)-equivariant forms over M (S):

ch(&, A)(S + V) [ms)

14 9 —dim M/2 —
) e A s (S + V) Bl (T M)S + V)

chy (&, A)(Y)
JV2(M(8))(Y) D5 (Trys) M)(Y)
for all Y € g(9) sufficiently small.

Taking X = 0 in Formula (13), we obtain Atiyah-Segal-Singer Formula
for the equivariant index of the Dirac operator.

(27T)—dimM(S))/2

(15)

, , ") chs(E, A
TI'QO(M, 5)(8) :i—dlmM/Q/ (27T)—d1mM(s)/2 6(‘97070)6 i5(257 )(0) .
M(s),0 JH2(M ())(0) D5 (Tar(sM)(0)
When G = {1}, we identify the index Q°(M, ) with the natural number
TrQ°(M,E)(1) = dimQ°(M, E). We have

(16) Q°(M, €) = (2im)~Am /2 / ch(€).J12(M).

M

We have denoted J~'/2(M)(0) simply by J~*2(M) . The form J~Y/2(M) is
a caracteristic form on M which coincide up to normalisations factors of 27
with the A—genus.

When (M, o, 1) is a Hamiltonian manifold and £ a Kostant-Souriau line
bundle on M, the virtual representation Q°(M, L) is then the quantized
space of the manifold (M, o, ). Here the orientation o will always be the
symplectic orientation and we will sometimes omit o in our notation. If the
group G is connected, the bouquet of Chern characters beh(L,.A) is entirely
determined by (o, ), thus we could write Q°(M,L) = Q(M,o,u). The
(virtual) representation Q(M, o, u) has indeed some deep relations with the
original symplectic space (M, o). For example, if the A-genus of the manifold
M is equal to 1 ( as is the case when M is a regular coadjoint orbit of G),
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then the dimension of Q(M, o, u) is equal to the symplectic volume of M.
In particular, this volume is an integer. One of the aims of this article is to
describe the decomposition of Q(M, o, i) in function of the moment map pu.

Of course, Atiyah-Singer-Segal pointwise formula (15) for TrQ°(M, &)
determines it. However, as the dependance of s of the set M(s) is quite
chaotic, it is difficult to employ directly this formula for the geometric study
of multiplicities: to compute for example the multiplicity of the trivial rep-
resentation of G, we have to compute [, TrQ°(M, E)(s)ds. The equivariant
index formula has a better behaviour: the dependance in X of the integral
formula for Tr Q°(M, £)(seX) is C* in X. However, there are still some
difficulties, as it seems not possible to give a unique global integral formula
valid on G and with C'* dependance on s (the formula given above is only
valid in a neighbourhood of each point s € G).

Consider the particular case of a manifold M with a trivial action of a
torus 7T

Let T be a torus. Let t be the Lie algebra of T'. Let P C it* be the set of
differentials of unitary characters of 7'. We will call an element of P a weight
of T. If £ € P, we denote by e¢ € T the corresponding character of T'. For
X € t, we have eg(exp X) = e&¥). Then R(T) is the free Z-module with
basis e¢, £ € P. Let € be a T-equivariant vector bundle over M. The vector
bundle £ is a sum of its subbundles & such that 7" acts on & by ec. Let A
be the connection induced by the T-invariant connection A on &. Thus the
function s + chy(€,A)(0) = Tr(se”) = > . ec(s) ch(&, Ae)(0) is a regular
function on 7" with values differential forms on M. We denote it by ch(€)(s)
leaving implicit the choice of A. The equivariant index Q°(M, ) of £ is the
element of R(T') such that for s € T'

(A7) TrQo(M,E)(s) = (2im)~ i M2 / ch(E)(s)J-2(M).

M
In particular the set of weights appearing in the virtual representation Q°(M, &)
is contained in the set of weights & such that & is non zero.

Let G be a compact connected Lie group. Atiyah-Segal-Singer formula
(15) gives us a formula similar to Hermann Weyl formula for the character
of Q°(M,E). Let T be the maximal torus of G.

We have a decomposition

TrQ*(M,E)(s) = Y n(&, M, E)ee(s)

fep

14



for s € T where n(§, M, E) € Z and is non zero for a finite number of . The
number n(&, M, E) is called the multiplicity of the weight e in Q°(M, E).
Let M7 be the set of fixed points of the action of T"in M. Let o’ be an
orientation of M. Let N be the normal bundle of M7T in M. The formula
(18)
Tr Q°(M, E)(s) = i~ MM/ / (am)-Camniryj2_E0,0, 0 hol, AXO
MT ol JY2(MT)(0) Dy*(N)(0)

is valid for the dense set of s € T such that M(s) = M7,

Let F be the set of connected components of M7T. For a € F, we denote
by M, the corresponding connected component of M7T. We denote by &,
the restriction of the vector bundle £ on M,. Let N, be the normal bundle
T, M.

a

Definition 4 We say that s is a-reqular if detp;, (1 — s) # 0.

We denote by T4, the set of a-regular elements of I". We fix an orientation
0, on M,. We consider the part of Formula (18) for Tr Q°(M, £) coming from
integration on the connected component M, of MT.

Definition 5 Let a € F. Let O%(M,E) be the function on Ty ey given by:
(19)
@g(M, 5)(5) — Z-—dim M/2 / (27T)_(dim Ma)/2 6<57 0, Oa) Chs(gaa A) (O) )
Maoo J2(My)(0) Di"*(NL)(0)

Remark 2.3 ©9(M, E)(s) does not depend of the choice of o0,.

Lemma 6 The function ©%(M,E) is the restriction to T,.,q of a rational
function on T.

Proof. We need to analyse the behaviour in s of the terms of the above
integral formula for ©%(M, E). Recall that we have chosen G-invariant con-
nections V on TM and A on &. The function s — ch(&,, A)(0) = ch(&,)(s)
is a regular function on 7" with values differential forms on M,.

Let us describe the function s — Dy ?(N,)(0). For & € M,, the represen-
tation of T' on the vector space (N,),0rC breaks up into non-zero weights.
These weights and their multiplicities are independent of the point x € M,.
We denote by A, the set of weights a appearing in the action of T in
(N.)20rC for some x € M,. They are all non-zero weights. For a € A,
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let N () be the subbundle of N, ®g C where T acts by a multiple of the
weight e,. Let n,(«) be the rank of NM,(«) . The set Tp ¢, is the set of
elements ¢ € T such that (1 — e,(t)) # 0 for all @« € A,. Let R,, be the
curvature of the connection determined by V on N, («).

Weights of T'on N, appear in pairs +ay. If S, € tis such that ia(S,) # 0
for all @ € A, then we define

(20) AF(S)) = {a € Aia(S,) < 0}

a

Definition 7 A subset AT of A, such that there exists S, € t with A} =
AT (S,) is called a positive system.

Then A, = A} U (—Af). For a positive system we denote
C(A}) ={S e tjia(S) < 0,foralla € A}

We fix a positive system AT and define

(21) N = ®pens Na(a).

We denote by R the curvature of the connection determined by V on

N-i—

a

The fact that the representation of 7" on M lifts to the spin bundle implies
that there exists a T-equivariant line bundle £} over M, such that

(£5)? = NN}

Let

(22) pi=5 3 mala)a

aeAT

Then pf is a weight of T
Let rf = %ZaeA; Trn, (a) Raa- Then r} is a 2-form on M,. We have

ch(L])(s) = e,+(s)e"™.
We have (see Formula( 9))

ol (s)e‘r‘ie(s, AT)det(1 — SGR;)
a N;_

DY2(N,)(0) = i e_

16



where €(s, A]) is a sign. The system A} determines an orientation on N:

we choose as oriented basis eq, eq, €3, €4, ... a basis such that e; —ieq, e3—iey, ...
is a basis of N. Define

(23) €(0,04, AT) = +1

according to the cases where the orientations on N, given by Al and o/o,
coincide or not. We have €(s,0,0,)€e(s, A}) = €(0, 04, A) thus

€(5,0,04)DY2(NL)(0) = €(0, 0q, A:)i”gefﬁ (s)e_’”;r de+t(1 - seRj)
a Na

and
(24)

' ch(, @ £3)(s) 71 .

O°(M,E)(s) = (2im d‘mMa/ €(0, 04, AT = - det(1 — sefta).
o(M,E)(s) = (2im) . ( a) JI2(,) NJ( )
Thus we see on this formula that ©°(M, E)(s) is a rational function of s on
Treg.a- We have used a positive system to give a rational expression. However

©°(M, E)(s) is independent of the choice of positive system. 1

Let us say that s € T is M-regular if s is a-regular (Definition 4) for all
acF.

Lemma 8 For an arbitrary choice of positive systems AT of A,, we have
the equality

TrQ°(M,E)(s) = > _O4(M,E)(s)

aceF

for any M -reqular element s € T.

Proof. The character of the finite dimensional virtual representation
Q°(M,€) is an analytic function on 7. The preceding formula holds for
all s € T such that M(s) = MT. By analyticity, it holds for all M-regular
elements of T'. 1

A choice of positive system Al determines a natural extension of the
function ©%(M, £) defined on Ty, ., as a generalised function on 7.
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Definition 9 We denote by R~>°(T) the set of generalised characters of T
An element § € R=°(T) is a sum Yy neee of characters of T with coefficients

ne i Z and such that the coefficients ng have at most polynomial growth.
The support of 6 is the set of £ € P such that ng # 0. For 8§ € R=>°(T'), we
denote by Tr 0 the generalised function

Tro(t Z neeg(t

Let A be a choice of positive systems for A,. Let N, be the T-
equivariant vector bundle given by Formula(21). Let S(N.F) = @&5S™(N,)
be the series of complex finite dimensional vector bundles obtained from the
symmetric powers of Nf. If H is a T-equivariant bundle on M,, then the
equivariant index Q% (M,,H) is an element of R(T).

Definition 10 Define the series of characters of T':

AYMEAT) = €(0,00, A7) > Q" (M,, €, @ S*N,T) ® L]).

k=0
It is easy to see that A%(M,E,A}) is in R~(T).
Proposition 11 For s € T}, ,.4, we have

O9(M, E)(s) = Tr(AS(M, €, AF))(s).

Proof. Using Formula (24) , this formula is a consequence of the formula:
det .+ (1 — se” )Trs( N+)(S€R“ ) = 1 and of the index formula for a manifold
with trivial T-action (Formula (17)). n

Let Tc = (C*)4™T be the complexification of T'. Elements of R(T') extend
on holomorphic functions on 7T¢. Let

Te(AN) ={g=exp(X +iY); X € t,Y € C(A})}.

Remark that for g € Tc(A]) then det (1 geBa) isnot 0 as (1—eq(g)) # 0
for all @ € A,.

Lemma 12 The generalised function Tr A2(M,E, AY) is the boundary value
of an holomorphic function ¥° on Tc(AT). We have for g € Tc(A]):

w3(0) = im0 [ (o0, a0 2L gl — ger,
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Proof. For each k, the function g — Tr Q% (M,,&, ® S*NF) @ L})(g)
extends holomorphically to T¢. Furthermore, the series

> TrQ (M, £, @ SHN) ® LT)(9)

k=0

defines an holomorphic function on T¢(AF). Indeed, writing g = exp(X +:Y")
with Y € C(A}) and decomposing N, in line bundles, this follows from the
fact that for any o € A},

)
§ 6k:a(X+zY)
k=0

defines an holomorphic function on Tc(A}) as ia(Y) < 0 for Y € C(A]).

Consider the case where (M, o, 1) is a quantizable symplectic manifold .
Then p: M — t* takes constant values p, on each connected component M,
of MT. Furthermore it follows from the definition of the Kostant-Souriau line
bundle with connection (£, A) that T" acts by e;,, on L,. In particular iy,
is a weight. By definition of A°(M, L, A) and the remark following Formula
17, we have the following lemma.

Lemma 13 The support of A°(M, L, A) is contained in the set
e + p + {Z na;n, > 0, € A}

Let a — AJ be an arbitrary choice of positive systems for A}, when a
varies in F. Then, over the open subset of M-regular elements , we have
from Lemma 8 and Proposition 11 the equality

(25) TrQ°(M,E)(s) = > TrAY(M,E,Af)(s)

However in general the equality above does not hold over T

Let S € t be an element such «(S) # 0 for all @ € UyerA,. The element
S determines a consistent choice of positive systems A} (S) of A, when a
varies in F.

Proposition 14 (Guillemin-Lerman-Sternberg, Guillemin-Prato) ([15], [16])
Let F be the set of connected components of MT. Let S € t be an element
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such a(S) # 0 for all & € UuerA,. We have the identity of generalised
functions over T':

TrQ°(M,E)(s) = > TrAY(M,E,AF(S))(s).

aceF

Proof. Let us give a proof using the integral expression (13) for Tr Q°(M, E)(s exp X)
as this proof will generalised easily to a proof of Theorem 17. Consider the
function s — TrQ°(M,E)(s). It extends holomorphically to Tz. We can
choose S such that M(S) = M?. Let t be a small positive number. We have
TrQ°(M,E)(s) = limy_o Tr Q°(M, E)(sexp its).

The differential form L(s,&,A)(X) extends holomorphically in a neigh-
bourhood of 0 in tc. It is clear that

TrQ°(M,E)(sexpitS) = i_dimM/Q/ €(s,0,0")L(s,E,A)(itS)
M(s),0

for every t sufficiently small.
We now use the localisation formula (5)(applied to M = M (s) and YV =
itS) and we obtain, for any small positive ¢,

4 _ L(s,&E,A)(itS)
1 d‘mM/2/ s,0,0)L(s,E,A)(itS) = dim M/2 E / (s,0,0") :
M(s),0/ el L ) S on Euly o, (T, M (s))(itS)

We can check by calculations similar to those of Lemma 6 that on M,

L(s,&,A)(itS) |,
Euly o, (Tar, M(s))(itS)

(26) i~ M M2¢(5 0,0

ch(&, @ L) (sexpitS) -1
T2, det(l — sexpitSefta )

The element sexpitS is in Tc(A]) for any ¢ > 0. Thus we obtain that for
any t > 0,

(2im)~dmMag(o 0., AT)

TrQ°(M,E)(sexpitS) = Z Vo (sexpitS)
acF

and we conclude by Lemma 12. 1§
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3 Quantization of manifolds with boundaries

Consider a compact G-manifold M (oriented and with G-invariant spin struc-
ture) and let U be a G-invariant open subset of M. If (£, A) is a G-equivariant
vector bundle over M with connection A , we would like to give a meaning
to the quantized space Q°(U, &, A). Consider the character formula (13) for
Q°(M,€). Let s € Gand Y € U,(0) a small neighbourhood of 0 in g(s), then

TrQ°(M,E,A)(sexpY) = i_dimMﬂ/ €(s,0,0")L(s,E,A)(Y).
M(s),0

It would be naive to try to define a character Tr Q°(U, £, A) by a truncated
formula:

Tr Q°(U, €, A)(s exp V) = i~ m /2 / (s, 0,0)L(s, €, A)(Y).
U(s),o’

This will never define a character on GG nor even a global function © on G as
the localisation formula (which relies on Stokes’ theorem) does not hold for
manifolds with boundaries.

Consider a G-invariant 1-form A on M . As suggested by Witten’s locali-
sation procedure, we introduce for every t € R the connection A(t) = A—it\]
on £. By Formula (7) we have L(s, &, A(t))(Y) = e D AL(s, &, A)(Y).

We consider

Tr Q°(M, £, A(t))(sexp ) = i~ dm /2 / (5, 0,0)e N (s, £, A)(Y).

M(s),0’

The integral is independent of ¢ as seen from the fact that e=#¥* is congruent

to 1 in equivariant cohomology. However for every s € G the truncated
integral

TQU,E, b, \, 5,1)(Y) = i~ dim /2 / (5, 0,0)e (s, €, A)(Y)
U(s),o

is a C°°-function on Ug(0) depending on ¢t .
We assume that U = {x € M; f(z) > 0} where f is a G-invariant function
from M to R such that 0 is a regular value of f.
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Lemma 15 Assume that the map py : M — g* given by ux(X) = M Xuy)
does not vanish at any point of the boundary B of U. Then for each s € G
the limit ©°(U,E, A, \,s) when t — oo of TQ°(U,E, A, N\, s,t) exists in the
space of generalised functions on Ug(0).
Proof. For s € G, the boundary of U(s) is smooth and given by B(s).
Indeed we have B = f~*(0). Then the differential df vanishes on (1 —s)T, M
for x € M(s). It follows that 0 is a regular value for the restriction of f to
M(s) .

Let a be any closed G(s)-equivariant form on M (s). We write g(s) = 3.
For Y € 3, write ©(s,t)(Y) = [, e~ vAq(Y). Then, we have

d i ;
—e Ay = —id. (N A ).
We then obtain .
e Mg = o — ida(/ e Ao du).
0

Integration over U(s) and using Stokes’ formula leads to

O(s, 1)(Y) = /U ) e~ Aq(Y) = /U (S)a(Y)—i /B (s)( /0 t Ae~ A (Y ) du).

Let us see that when ¢ tends to oo, U(B, 5, t)(Y) = —i [, I3 Ae~ i A (V) du
has a limit in the sense of generalised functions given by

U(B,s)(Y) = —i /B . /O h e Ao (Y du.

Consider a test function ¢ on 3. Define for f € 3* (ad)(f) = J, efMa(Y)p(Y)dY.

Then (oqub)( f) is a differential form on M depending of f € 3*. When
f +— oo, this differential form converges uniformly to 0 on M. We have
dy A = —px(Y) + dX by definition of 5 so that e™d* = g (Y)g=udd  The
restriction of py : M — g* to M(s) is valued in 3*. Thus

= —1 e~ () (upy (m))du
(27) / (B, s, 1) (V)o(Y)dY = /B o A @) )

In this integral expression, we see that W(B, s,t) has a limit . Indeed for
m € B(s), the differential form (a¢)(upy(m)) is rapidly decreasing in u ( as
px(m) is never 0 on B(s)) while e~ is polynomial in u.
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Appying this calculation to TQ°(U, £, A, \, s,t) we see that TQ°(U, E, A, A, s, t)
has limit when ¢ — oo the generalised function ©°(U, &, A, A, s) given for
Y € Uy(0) by:

(28) O°(U,E, AN\, s)(Y) =

i~ dim M/2 (/U(s) e(s,0,0)L(s,E,A)(Y) —i/B(s)(/OOO e~y Ae(s, 0, o’)L(s,E,A)(Y)du)) :

|
We conjecture:
Under the same hypothesis as Lemma 15 there exists a a virtual trace
class representation Q°(U,E, A, \) of G such that for every s € G, we have
for Y € U(0)

TrQ°(U,E,A N)(sexpY) = tlim TQ(U,E,A N s5,t)(Y)=0°%U,E, A\ s)(Y).

Remark that it is not even clear that there exists a G-invariant generalised
function © on G such that, for Y € U(0),

O(sexpY) =0O°%(U,E A\, s)(Y).

Remark 3.1 It is possible to understand Formula (28) for ©°(U,E, A, A, s)
in the framework of bouquet integrals:

Let us consider the manifold M = M x R where G acts trivially on R.
We embed M in M x R by m — (m,0). We write (m,u) an element of M.
We consider the differential form X\ = u) as a differential form on M. Let
us consider C C M the cylinder with base B:

C =BxR".

The boundary of C' in M x R is equal to the boundary of U both being the
manifold B. If R is a tubular neighbourhood of B in M, we can identify C

to the open subset R — U of M. This gives an orientation 0y to C.
Define

(29) Z = UU(C, 0u)-

Then Z is an oriented cycle in M. It can be also identified to the manifold
U with the cylindrical end C attached to it. Consider on M the pull back
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& of the vector bundle £ with connection A = A — iX. Then Formula (28)
for ©°(U,E, A\, s)(Y) is nothing but the s-part of the universal formula for
i~ dim M/2 beUC beh(€,A). The conjecture above is then: There exists a virtual
trace class representation Q°(U U C, S,A) =Q°(U,E, A, \) such that

vucC
(30) Tr Q(U, €, A, \) — i~ dim /2 / beh(E, &)
b

and is consistent with the hope (see [27]) than for good non compact manifolds
and good bouquets, then the bouquet integration produces global (generalised)
functions on G.

We will prove this conjecture together with an explicit formula for Q°(U, &, A, \)
in a simple case. The following localisation formula for the manifold U with
boundary B is due to Kalkman ([18]).

Lemma 16 Let o be a closed G-equivariant differential form on M. Assume
there exists a central element S € g such that (X, Sy) does not vanish on B
. Then for every Y € g sufficiently close to S

A B a(Y)
Jeo= @) ) = /W) By Tors V)

Proof. Our hypothesis implies M (S)N B = (). Recall (see for example [13])
that we may write a(Y) = 5(Y) +dgv(Y) where 5(Y") is supported in a small
neighbourhood of M (S). Using a G-invariant partition of unity we may write
also v(Y) = 1(Y') + v1(Y) where 14(Y) is supported on a neighbourhood of
B and v4(Y') is identically 0 on B. Applying the localisation formula (4) to
the compactly supported closed form aq(Y) = B(Y) + (dgv1)(Y) on U, we

obtain
N _ a1 (Y)
/U 1Y) /U(S) EUlo(TM(S)M)(Y) '

As aq is in the same cohomology class as «,

[ )] a(Y)
vs) Bulo(TarsyM)(Y') u(s) Eulo(Ths)M)(Y)
Let ao(Y) = (dgt)(Y). It remains to show that

A
W= ey
/aom / sa(v)
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We have ap(Y) = dy (A(dyA) "Lap(Y)) as ap(Y) is compactly supported near
B and dy A invertible on B. Let n = dim M. This implies that the term of
maximal degree of ag(Y') is exact and equal to d(A(dyA) " o(Y))pm—1). By
Stokes’ theorem, we obtain [, ag(Y) = [, A(dyA)'ag(Y). But o = o on
B and we obtain our result. 1

Assume that «(Y) depends holomorphically of Y for Y belonging to an
open subset W of g¢. Let U be the open subset consisting of the elements
Y € gc such that dyA(Y)|p and Euly(Ths)M)(Y) are invertible. Let W' be
the connected component of S in W NU. Then for all Y € W’ we have

A B a(Y)
U RIS @) ) = /m) By (Tars) M)(Y)

We consider now a compact manifold M with an action of a torus T". Let
U be a T-invariant open subset of M with smooth boundary B. Assume
that there exists S € t such that p,(S) > 0 on B. The element S € t can
be assumed sufficiently generic so that M(S) = MT. We have M* N B = .
Let F be the set of connected components of M. Let F(U) be the subset
of connected components of M7 which are contained in U. The element
S € t determines positive systems AT(S) defined by Formula (20). Recall
Definition 10 for A%(M,E, AF(S)) and Formula (28) for ©°(U, &, A, A, s)(X).
The main theorem of this section is

Theorem 17 Let T be a torus. Let U be a T-invariant open subset of M
with boundary B. Let \ be a T-invariant 1-form on M such that there exists
S €t with (A\,Sy) >0 on B. Define

Q°(U,E,AN) = > AUM,EAF(S)).

acF(U)

Then for each s € T, there exists small neighbourhood Us(0) of 0 € t, such
that in C~>(U4(0)):

TrQ°(U,E, A, N)(sexp X) = O°(U, E, A, A, s)(X).

Remark 3.2 If M = U, then B is empty, and we obtain the formula of
Guillemin-Lerman-Sternberg, Guillemin-Prato (Proposition 14)
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Proof. Let s € T. Let O(s) = ©°(U,E, A, A\, s). Then by Formula (28)
O(s)(X) =i~ MM (U, 5)(X) + ¥ (B, s)(X))
with
F(U,s)(X) :/ €(s,0,0 ) L(s, &, A)(X)
U(s)

and

W(B, s)(X) = —z’/

B

( / e X0 (s 0, o\ L(s, €, A) (X ).
(s) JO

The form L(s,&,A)(X) is analytic on a neighbourhood of 0 in t¢. Let
t > 0 be a small positive number. Define

FA(U, s)(X) = / (5, 0,0)L(s, €, A)(X + itS).
U(s)
Then
lim F(U, )(X) = F(U, 5)(X).

Define d\(X + itS) = —ux(X +itS) + d\. Define
U,(B, 5)(X) = —i / / Ne NS (5 o oI (s, €, A)(X + itS)du.
B(s) J0

We have
lim W,(B, s)(X) = ¥(B, s)(X)

t—0
in the space of generalised functions.
Let t > 0. As (uy,S) > 0 on B, the function u s e~"9 ig rapidly
decreasing on B(s) x RT. Now

U,(B,s)(X) = —i/ / N MANXFES) ¢(5 6 o' VL(s,E, A)(X + itS))du
B(s) J0

= —i/ / Ae S gt (X) g =tudhe (g o o'V[(s5,E, A)(X +itS)du
B(s) J0

is an analytic function of X € U,(0). We have

A , ,
U,(B,s)(X) = —/B(s) (dt)\)(X+itS)€(8’O’0)L(S’€’A)(X +itS).
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We write AT(S) = AF . As S € C(A[) the element g = sexp(X + itS) is
in Tc(A). We can define also (see Lemma 12)

Tr A2(M, €, A} ) (sexp(X + itS))
and

1ir%TrAg(M,5,A:[)(sexp(X +itS)) = Tr A2(M, E, Af)(sexp X)

in the space of generalised functions.
To prove the theorem it remains to see that if P(X) = F,(U,s)(X) +
Uy(B, s)(X)

jmdmM/2p (x) = Z Tr A2(M,E, A} (sexp(X +itS))

a€F(U)

for any ¢ > 0.
Define a(Z) = €(s,0,0')L(s,E,A)(Z) for Z in a small neighbourhood of
0 in tc. Then «(Z) depends holomorphically of Z. For ¢ > 0,

: A :
P(X) = /U(S)Cz(X—i—ztS) - /B(s) (dt)\)(X—i—itS)a(X—i_ZtS)'

Recall from our assumption on S that U(s)(S) = U' = Userw)M,.
Consider the localisation formula (31) (with U replaced by U(s)). We can
apply it to Y = X +itS. As X is of small norm, W' contains Y = X + 2§
with |z| = 1. Furthermore as X is real, it contains elements Y = X + itS
with ¢t # 0 . We obtain

s,0,0" ) L(s,E,A)(X + itS)
Z /aoa Euly o, (Tar, M (s))(X +itS)

acF(U
Comparing with the formula in Lemma 12 for Tr A2(M, &, AF)(g), with
g = sexp(X + itS),
it remains to see that on M,

,l'fdimM/QE(S’ 0, 0/)-[/(37 g, A)|Ma(X + ZtS)
Euzo’/oa (TMQM(S))<X + ZtS)

ch(& ® L;)(g) !
J2(M,) det(l — geft )

= (2im)” dim M“e(o, 0, AT)
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4 Geometry of the moment map and decom-
position of the quantized representation for
a S'-action

Let G = {0 € R}. Let g = Lie(S') = RE with E € g such that
expfF = €. Let (M, o, u) be a G- Hamiltonian manifold with symplectic
form o and moment map p. Let f: M — R be the G-invariant map

We assume that (M, o, 1) is prequantized and let £ be a Kostant-Souriau
line bundle (Definition 2) with its connection A. As before we assume for
simplicity that M carries a G-invariant spin structure. We fix the orientation
o given by the symplectic structure and write Q(M, £) instead of Q°(M, L).
Our aim is to understand the decomposition of (M, £) in irreducible repre-
sentations of GG in function of the geometry of the map f. Let £ be a regular
value of f. Let Pr = f1(£). We assume that G acts freely on f~1(£). We
can then consider the manifold M,.q(§) = G\ . It is a symplectic manifold
with symplectic form o.. Then as we will show in Lemma 26 the manifold
M,eqa(§) carries also a spin structure. Consider the line bundle £. Then
Lreq(§) = (G\L|p,) is a line bundle on M,¢4(§) which is a Kostant-Souriau
line bundle for o¢. In this section, we show:

Theorem 18 Let G = St. Let £ € g* such that i is a weight of G. Assume
that G acts freely on f~1(£). Then the multiplicity n(i€, M, L) of e in
Q(M, L) is equal to Q(Myea(§), Lrea(§))-

By changing the moment map p to p — £ , we can suppose that £ = 0.
We will then denote M,..4(0) simply by M,.q and L,.4(0) simply by L,.q.

To study the multiplicity of the trivial representation in Q(M, L) we
will decompose the virtual character Q(M, L) as the sum of three infinite
dimensional virtual characters ©g, ©, and O_.

We denote f~1(0) by P. Consider the principal fibration ¢ : P — M,.q =
G\ P with structure group G = S'. Let n € Z. Consider the character
Xn(expOF) = €™ of G and let 7, be the associated line bundle on G\ P =
M,eq. Then Q(M,eq, Lreq ® T,,) is a relative integer.
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Definition 19 Define the virtual character Qo(M, L) of G by

QO(M7 [’> - Z Q(Mred> ‘Cred & Tfn)eine-

neL

The multiplicity of the trivial representation in Qo(M, L) is Q(M,eq, Lreq)-

It follows from Atiyah-Singer formula (16) that the function n — Q(M,cq, Lrea®
7_,) is polynomial in n so that Qy(M, L) is indeed a trace-class virtual rep-
resentation. Furthermore, Tr Qo(M, L) defines a generalised function on G
supported at the identity of G.

Let F be the set of connected components of M”. Let a € F and let M,
be a connected component of M7T. Then f is constant on M,. Let F* (resp.

F~) be the set of a € F such that f(M,) > 0 (resp. f(M,) < 0). Then
F = FTUF~. We then choose for each component a € F the following
outer order:

A% = fa € Ay, ia(E)f(M,) < 0}.

More precisely for a € FT we choose: AT = AT (E) ={a € A,,ia(F) <
0}, while we choose for each component a € F~ the order Af (—F).
Recall the definition (Definition 10) of the element A, (M, £, A}) in R~°(G).

Definition 20 Define Qi (M, L) € R~>°(G) by

Q+(M7 ‘C) = Z Aa(M?‘Ca Agut)'

acF+t

Q_(M, L) =Y Au(M,L,AM™).

aceF—

By definition of F,, the constant value p, of u(E) on M, is a positive
integer. By definition of AT (E) the number p, = —ipf(FE) is a positive
integer. The following lemma follows from Lemma 13.

Lemma 21 Let m > 0 be the minimum of all numbers pi, + pq for a € FT.
The virtual character Q (M, L) is of the form Q. (M,L) = > a,e™ with
n > m. In particular Q (M, L) does not contain the trivial representation
of G = St

Similarly the virtual character Q_(M, L) is of the form Q_(M,L) =
> co@n€™ and Q_(M, L) does not contain the trivial representation of

St=@G.
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The main theorem of this section is the following

Theorem 22 We have the decomposition

It is clear that this theorem implies Theorem 18 for the case of an action
of S*. Furthermore this theorem should allow us to compare multiplicities
when we cross a singular value of f.

Remark 4.1 This writing of Q(M, L) is in agreement with Formula (25) for
Q(M, L). Indeed we know from Lemma 8 that Tr(Q(M, L) — Tr(Q+ (M, L) ®
Q_(M,L))) is a generalised function supported on singular elements. The-
orem 22 1s an explicit description of this generalised function in function of

the fiber f=1(0).

Proof. Choosing a basis F of g, we consider the map f = u(E) from
M — R. Let r be a small positive number. Let

Mo = {z;|f(z)| <r}, My = {z; f(z) > r}, M_ = {z; f(x) < —r}.

We can choose r such that S' acts freely on M,. Thus the vector field £y,
does not vanish on M. As in Witten, consider the function w = % f?. Then
w gives rise to the Hamiltonian vector field H,, = u(E)Ey = fEy. Let (.,.)
be a G-invariant metric on M. Let

(32) AC) = (Hu, ") = f(Eu, )

be the G-invariant 1-form determined by H, and the choice of G-invariant
metric (.,.) on M.

Remark that A(Ey) = p(E)||Ep||? is strictly positive on the boundary
of M, and strictly negative on the boundary of M_.

We associated to M,, M, and M_ three generalised functions on G
with the help of A by truncating formulas for the s-part of the character
of Q(M,L,A(t)) with A(t) = A —itA on L. Clearly as Q(M, L, A(t)) is
independent of ¢ for all s € G and all t € R, and X € g small we have

TrQ(M, L)(sexp X) =
TQ(Mo, £, A\, 5,0)(X)+TQ(M., L, A, N, 5, 8)(X)+TQM_, L, A, A, 5,1)(X).
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Furthermore Lemma 15 and Theorem 17 implies that
thm TQ(M-H E? Aa )‘7 S, t) (X) =Tr Q-l—(Ma ‘Ca A)(‘S exp X)

and
lHm TQ(M_, L, A\, s,t)(X) =TrQ_(M,L,A)(sexp X).

t—o00

Thus it remains to see

Lemma 23 For each s € G and X € Ug(0) a small neighbourhood of 0 in g,
we have in C~*>°(Uq(0)):

Tr QO(M; L) (8 eXpX) = thm TQ(M07 La A7 >\7 S, t)(X>

Proof.

By our hypothesis on the free action, TQ(My, L, A, A, s,t)(X) is equal to
0 for s # 1 as My(s) = 0. The generalised function Tr Qo(M, L) is supported
at 1, thus Tr Qo(M, L)(sexp X) = 0 for s # 1 and X small. We need only
to verify the formula of Lemma 23 for s = 1. Let s = 1 and let us study the
limit in the space of generalised functions on U;(0) of the truncated integral

As A(t) = A —itA, we have ch(L£, A(t))(X) = e~"x* ch(L, A)(X).
Let ¢ be a test function on g with support in U;(0) so that JY2(M)(X)
is invertible on the support of ¢. We have

(33) / TQUMy £ (X)o(X)ax = [ | / e LX) (X )AX)

g

with
L(X) = (2im)~4mM/2 ch(L, A)(X) T V2 (M)(X)
a closed G-equivariant differential form on M.

Let us recall the results of [28]. As G acts freely on P, there exists an
isomorphism W : HZ (g, P) — H*(M,eq). If w is a connection form with
curvature  for the fibration q : P — M,..q, then W coincides on S(g*) with
the Chern-Weil homomorphism ¢ — ¢(£2). The inverse of W is simply given
by q¢*.

Let a € AX (g, M) be a G-equivariant closed form on M. The restriction
alp of a to P is a G-equivariant closed form on P. We denote by «..q the
element W (a|p). Then a,..4 is a De Rham cohomology class on M,..4.

We have the following proposition ([28] , Theorem 19 and Remark)
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Proposition 24 Let a € A¥ (g, M) be a G-equivariant closed form on M.
Let ¢ be a test function on g. Then

tlim/ /e_itdx’\a(X)qb(X)dX = i(27r)2/ Qread ().
©J Mo Jg Mreq

Remark 4.2 The form ¢(Q) is defined via the Taylor series of ¢ at 0. As
Q is nilpotent, the form ¢(§2) involves only finitely many derivatives of ¢ at
0. Thus the map ¢ — [, ) Qrea®(82) is a distribution of support 0.

We then obtained that the limit when ¢ tends to co of the generalised function
TQ(Moy,t,1)(X) exists . We denote it by ©y. We have by Proposition 24,
for ¢ a test function on g:

Jeux)sx)ax =ize)? [ Loaote)
where L(X) = (2im)~4mM/2ch(L£ A)(X)JV2(M)(X).
Lemma 25 We have

Lred — (2Z~ﬂ_)fdimM/QeiUTedel/Q(MTed).

Proof. Recall that o|p is the pull-back of the symplectic form o,cq on M,eq.
Thus as u|p = 0, we have ch(£, A)|p = €!” and ch(L, A)|p is already in the
form g*(e'red).

Let J(M,eq) the J-genus of the tangent bundle to M,.q. Let us see that

J(M)(X)|p = q"J (Myea)

in cohomology. Indeed TM|p = TP @& P x g* and TP = ¢*T'M,.q &V where
q*T' M, q is identified to the horizontal tangent bundle and V to the vertical
tangent bundle via the connection form w. Thus TM|p = ¢*T M,.q® P X (g&

g"). The equivariant J-genus of the trivial bundle P x (g ® g*) is identically
1. Thus

J(M)|p = q"(J (Mrea))

and we obtain our lemma. 1

Lemma 26 The manifold M,.q has a spin structure.
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Proof. Let S be the spin bundle of M. Consider the horizontal vector H =
J¢ on a neighbourhood of P in M of the form P x {f €Ju,v[}. Let V = Ey,
be the vertical vector field generated by E. Let ¢y be the endomorphism of
S|p obtained by the Clifford action of H+iV on S. Then Sy = Kercy C S|p
has typical fiber over x the spinor space of T ;) M,eq. It is a G-equivariant
subbundle of §|p. The bundle Sy/G over M, .4 is a spinor bundle for M,.q. 1

As dim M,.q = dim M — 2, we obtain the following expression of ©q

/ Oo(X)$(X)dX = (2m)(2im)~SmMreal2 [ g(Q)eiorea J12( D).

g Myeq

As ¢(Q) = >, %—f((%)k@h:o , we see that ©y is a distribution on g with
support 0. Let us compute its Fourier expansion. Let y,(0) = ™. We have

Oo(expE) = > a,e™ with

an, = (27) 71 / Op(exp OE)x_n(0)dd = (Ziﬂ)dimM“d/Q/ eored J7Y2 (M, oq)e ™,
R M,

red

The associated line bundle 7_,, to y_, has Chern character is e=™. Thus
the index Q(M,eq, Lrea ®T_y,) of the twisted Dirac operator DZM(@T_” on the
spin manifold M, .4 is in Z. It is given by the integral formula (16)

Q(Myed, Lrea @ T_p) = (i)~ 4 Mrea/? / e 7rede” VT2 (M)
Mred

We thus obtain Lemma 23 and hence Theorem 22. 1

Assume that a compact group K acts on M commuting with the action
of S and such that (£,A) is a K-equivariant vector bundle and that the
action of K preserves A. Then f is an K-invariant function . The mani-
fold f71(0) carries an K-action and M,.q is a K-Hamiltonian manifold with
Kostant-Souriau line bundle L£,.4. All terms of Theorem 22 are virtual repre-

sentations of G x K and it is clear that the same theorem holds as (virtual)
representations of G x K.

Theorem 27 We have the decomposition
Q(Ma ‘C) = QO(M7 ‘C) D Q+(M7 ﬁ) D Q*(Ma ‘C)

as virtual representations of G x K.
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The space Q(M, L)% is a virtual representation of K. We have

Theorem 28 Let G = S'. Let K be a compact Lie group. Let M be a
G x K Hamiltonian manifold with o (G x K)-invariant spin structure. Let
L be a Kostant-Souriau line bundle for G x K. Let Q(M,L) € R(G X
K) be the quantized space. Let f : M — g* the moment map for the G-
action. Assume that G acts freely on f=1(0). Consider the K-Hamiltonian
manifold M,eq = G\ f~1(0) with Kostant-Souriau line bundle L,.q. Then the

virtual representation Q(M, L)€ is isomorphic to the virtual representation

Q(Mredy Ered) OfK

Theorem 27 should be interpreted in the non-compact manifold M =
M x R . We embednish M in M x R by z + (z,0). Let us consider

Ci:BiXRJr

where By are the boundary of M,. We define orientations o,,; on Cy as
explained in 29. Define

Zi = Mi U (Ci7 Oout)

ZO = (C,, _Oout) U M() U (C+, _Oout)

Thus Zy, Z,, Z_ are G-invariant oriented cycles in M. Clearly, as a sum of
oriented cycles, we have:

M = [Z_]+[Z] + [Z4].

As shown in the preceding section (Formula (30)), the decomposition Q (M, £)
Qo(M, L) DQ+(M,L)DQ_(M, L) as a sum of 3 virtual characters of G cor-
responds to the decomposition M = [Z_] + [Zo] + [Z4+] in M. Indeed we
have ,

TrQ+(M, L) = z‘dimZ/Q/ beh(Zy, L, AY).

Z+

b
Tr Qo(M, L) =i~ 4mZ/2 / beh(Zo, £, AM).

Zo
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5 Appendix

5.1 The universal character formula for quantum bun-
dles

In this appendix, we state the universal character formula without the re-
strictive assumption of spin structure on M.

Let G be a compact Lie group acting on a smooth oriented manifold
M and preserving the orientation of M. Let us recall the definition of a
G-equivariant quantum bundle over M.

If V is a real vector space, we denote by GL*(V) the group of linear
transformations of V' which are of positive determinant. We denote by j :
ML (V) — GL*(V) the two-fold connected cover of GL*(V) and by € €
ML*(V) the non trivial element above 1 € GL* (V).

Let W be a Hermitian space. Let U(WW) be the group of unitary trans-
formations of W. We denote by —I the transformation w — —w of W.
We embed Z/27Z as a central subgroup Z in M LT (V) x U(W) obtained by
sending (—1) € Z/27Z to (e,—I) € ML*(V) x U(W). Let

MLT(WV)W = (MLT(V) x UW)))/Z.

We denote by [g,u] the class of the element (g,u) € MLT (V) x U(W)
in MLT(V)W. We call the group MLT (V)" the metalinear group with
coefficients in W. There are canonical morphisms

f:MLY(WV)WY — GLT(V)

and
u: ML*(V)W —- UMW)/ £1.

If V1@ V3 is a direct sum decomposition of V' the subgroup {g € M LT (V@
Vo)W f(g) € GLT(V1)} is isomorphic to ML+ (V)W'. We thus imbedd
ML (Vi)™ and M LT (V5)"2 as two commuting subgroups of M LT (V)W1&W,

If P — M is a principal space with group ML* (V)" we denote by P’
the vector bundle over M associated to the representation f of MLt (V)W
inV.

Recall the definition:

Definition 29 Let M be a manifold of dimension n . Let V' be a real vector
space of dimension n. Let W be an Hermitian space. A quantum bundle
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T: P — M over M with fiber W is a principal bundle over M with structure
group MLT (VYW such that the associated bundle P/ is the tangent bundle
TM.

In this definition it is necessary that the manifold M is orientable for
quantum bundles to exist. The space W is called the fiber of the quantum
bundle P, although there is no true vector bundle W with fiber W associated
to P. However there is an associated bundle P* to P with structure group
U(W)/ £ 1, ie. a pseudo vector bundle with fiber W in the terminology of
27]. In particular as the adjoint action of U(W') on End(W) factors through
U(W)/ £ I, the bundle End(W) is well defined.

It is clear that we can add two quantum bundles of fibers W; and W,
and obtain a quantum bundle of fiber Wy & W;. We can tensor a quantum
bundle with fiber W with a Hermitian vector bundle with fiber £’ and obtain
a quantum bundle with fiber W ® F.

Let G be a Lie group acting on M and preserving the orientation of M.
A G-equivariant quantum bundle is a quantum bundle with a left action of
G such that the associated action of G on the associated bundle P/ is the
natural action of GG on the tangent bundle T'M.

We denote by FL (M) the set of G-equivariant quantum bundles on M (up
to isomorphism). We denote by K&(M) the associated Grothendieck group.
If G = {1}, we denote F}(M) simply by F*(M) and K5 (M) by K*'(M).

A G-equivariant quantum bundle with Hermitian connection is a couple
(1,A) consisting of a G-equivariant quantum bundle 7 and of a G-invariant
connection A on the associated bundle 7 with group U(W)/ £ I.

Let 7 be a G-equivariant quantum bundle on M. If A is a G-equivariant
connection on P", the equivariant curvature F(X) of A is a differential
form on M with values in the bundle End(W). Thus we can define the
Chern character ch(r, A)(X) as in the case of vector bundles by the formula
ch(r, A)(X) = Tr(ef™)). Tt is a G-equivariant closed form on the manifold
M.

Let (M, o, i) be a symplectic manifold with Hamiltonian action of G. We
slightly modify the notion of the Kostant-Souriau line bundle.

Definition 30 We say that (M, o, p) is prequantizable if there exists a G-
equivariant quantum line bundle (1,A) over M with equivariant curvature

F(X) = iog(X).

If the manifold M is a compact even-dimensional manifold and has a
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G-invariant orientation o, there is a well defined quantization map
Q°: K&(M) — R(G).

This map can be constructed as follows: Let V' be an oriented even-dimensional
Euclidean space. Let S = ST @ S~ be the spinor space of V. Given a quan-
tum bundle 7 over M with fiber W, we can construct with the help of a
G-invariant metric on M, a graded G-equivariant Clifford bundle SI,iV on M
with typical fiber S* ® W. We denote by I'(M, Si,) the space of its smooth
sections. With the help of a G-invariant connection A on P", we can con-
struct a twisted Dirac operator D;’V, ,- This is an elliptic operator

DI}L/,A (M, S;{,) —I'(M,Sy)
which commutes with the natural action of G. We define
Q°(M,T) = (—1)dimM/2([KerD;“VA} — [CokerDy, ,]).

The virtual representation Q°(M, 7) depends only of the quantum bundle
7 and of the orientation o of M.

The character formula for Tr Q°(M, 7) is a slight modification of the char-
acter formula 13 when M is a spin manifold. The crucial difference is that if
we do not assume the existence of G-invariant spin structure, submanifolds
M (s) are not necessarily oriented, thus we need to produce densities on M (s)
rather than differential forms. The Chern character of equivariant quantum
bundles produces such families as we now recall.

Recall that if s is an elliptic transformation of an oriented vector space V'
and if § is an element of M LT (V) above s, then § determine an orientation
0z of V/V (s). The convention is as in [27].

If N is a manifold, we introduce the two-fold cover N, = {(m,&)} of N,
where m € N and ¢ is an orientation of T,,M. We say that a is a folded
differential form on N if v is a differential form on N,, such that oy = —a_¢.
The term of maximum exterior degree of a folded differential form « is a
density on N. We can then define [, a.

Let 7 : P — M be a G-equivariant quantum bundle over M with fiber W
and G-invariant Hermitian connection A. Then we can define the equivariant
curvature F'(X) of A. For X € g, it is a differential form on M with values
in End(W). If s € G, m € M(s) and p is an element of P above m, we
denote by g(p,s) the element g(p,s) € ML* (V)" such that sp = pg(p, s).

37



Let (5,s") € ML* (V) x U(W) such that [3,s"] = g(p, s). Let o' be a local
orientation of M (s). We write sign(s, 0, 0") = +1 depending on whether the
orientations o0z, 0,0’ are compatible or not.

Definition 31 The Chern character beh(r, A) = (chs(7, A))see of the equiv-
ariant quantum bundle T with G-invariant connection A is the family of folded
equivariant differential forms

chy o (7, A)(X) = sign(§, 0, o') Tr(s" e"IME)),

The Chern character beh(7, A) of a G-equivariant quantum bundle with
G-invariant connection A is an admissible bouquet in the sense of [13]. The
integration fbM on the space of admissible bouquets is defined in [13].

Theorem 32 Let 1 be a G-equivariant quantum bundle over an even-dimensional
compact manifold M. Choose a G-invariant connection A on 7. Then

M
TrQ°(M,7,A) =i~ WmM/2 / beh(r, A).
b
The meaning of this formula is as follows. Let s € G. There exists a neigh-
bourhood Ug(0) of 0 in g(s) such that we have
(34)

v O° (s ex _ ;j—dimM/2 )~ dim M(s)/2 chy(7, A)(X)
B aEnber ) fu TUEM()(X) DY (Tyriq M)(X)

for X € Us(0).

Remark that the term of maximal exterior degree under the integral sign is a
density on M(s), so that it can be integrated. If (M, o, i) is a prequantizable
compact symplectic manifold with Kostant-Souriau quantum line bundle 7,
the virtual representation Q(M, 1, A) is the quantized space of the Hamilto-
nian space (M, o, 11).

Let (M, o, i) a symplectic manifold with an Hamiltonian action of a com-
pact Lie group G. Let u : M — g* be the moment map. Assume that G
acts freely on p7'(0). We can then form the reduced manifold M,.q. In
the next subsection, we show that there is a canonical map 7 +— 7,4 from
G-equivariant bundles on M to quantum bundles on M,.4. This is the gener-
alisation of the Lemma 26 and was already observed in the symplectic context
in [24].
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The main result (Theorem 1) on multiplicities (see part II [30] for the
proof) can thus be stated without spin hypothesis on M.

Denote p~1(0) by P . A neighbourhood of P in M is diffeomorphic
to P x g*. In the next subsection, we show that there is an isomorphism

beteween G-equivariant quantum bundles on P x g* and quantum bundles
on M,.q = G\P.

5.2 Reduction of Quantum bundles

Let G be a compact Lie group with Lie algebra g. Let P be a compact
manifold which is a principal space for the action of G. Let N be the manifold

N=Pxg"

with diagonal action of G. Let N,.; = G\P be the quotient space. We
assume that the manifold N,.4 is oriented. We denote by ¢ : P — N,.4 the
quotient map.

We denote an element of N by (z,£) where x € P and £ € g*. We denote
by ¢' : P X g* — N,eq the map ¢'(x,&) = q(x). The fiber of ¢* is G x g*. In
particular the manifold NV is covered by open subsets of the form U x G x g*,
so that it looks locally as the product of N,.q by a cotangent space.

If W is a vector bundle over N,.q, then (¢")*W is a vector bundle over
N. Tt is provided with an action of G given by ¢ - ((z,£),v) = ((g9x,9-§),v)
for g € G,x € P,{ € g*,v € Wy(y). Every G-equivariant vector bundle over
P x g* is isomorphic to the pull-back of a G-equivariant vector bundle over
P. As the action of G on P is free, every G-equivariant vector bundle over
P is isomorphic to a bundle ¢*(W). Thus every G-equivariant vector bundle
over N is isomorphic to the pull-back (¢*)*W of a bundle over N,.4. We show
that the same result is true for quantum bundles over N = P x g*.

To state the correspondance between quantum bundles over N,..; and N,
we need some lemmas on the groups ML* (V).

Assume dim V' = 2d even. Let o be an orientation of V. Let f1, fo, ...., foa—1, foa
be an oriented basis of V. Let

SCfajo1 = faj,  S%fo5 = —foj-1-

The element ° = exp.S° of M LT (V') covers the element —1 of SL(V') and
depends only of the orientation o of V. We have (7°)? = € and ° is central
in ML*(V).
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Let Vi be a real vector space. Let V = V; @ V{*. On V consider the
orientation o = oy, gv; given as follows. If Ej is a basis of V; with dual basis
E’, then an oriented basis is F, E', Ey, E?, ..... Consider the homomorphism
d(g) = (9,tg71) of GL(V}) into SL(V). Let ML*(V)® be the metalinear
group with coefficients in C.

Lemma 33 Let~V1 be a real vector space. Let'V = [/1 @ Vi*. There exists a
homomorphism d : GL(V;) — MLT(V)C such that fd(s) = d(s).

We normalise this isomorphism when dim Vi s odd such that
d(—1) = [r°,i4m¥].
If dim V; s even, we embed Vi in Vi & R and normalise d such that by
d(g) = d(g. ).

Remark 5.1 IfdimV; is odd, we have [r°,i%™V1]? = [¢, —=1] = 1 in MLT(V)®
so that the image of (—1) is of order 2 as it should be.

Let ng = dim N,..q and let d = dim G. The dimension n of N is equal to
ng + 2d. By the choice of a connection on P the tangent bundle to the fiber
of ¢ : N — N, is isomophic to N X (g @ g*) If (Nyed, 0peq 18 oriented, we
choose as orientation of N the orientation

(35) ON = Oped N\ Ogpg*

Let Vi be a real vector space of dimension ng. Let 79 @ Ry — Nyeg
be a quantum bundle on N,.4 with Hermitian fiber W. It is a principal
bundle over N,.g with structure group MLT (Vo). Let V = Vo & g & g*.
Then V is of dimension n = ng + 2d. Consider the natural homomorphism
ho : MLY (V)W — MLT(V)" coming from the direct sum decomposition
V =Vy®g®g". Let R(0) = Ro Xprp+pyw MLT (V)W be the associated
bundle to the homomorphism hg. The group ML (V)" acts on the right
on R(7p). Thus R(7p) is a principal bundle over N,.; with structure group
MLT(V)". We denote by [r,a] the class of the element (r,a) r € 79,a €
MLT(V)" in R(7). Consider the adjoint action G — GL(g). Consider the
homomorphism d : G — ML*(g®g*) given in Lemma 33. As the subgroups
MLT (Vo) and ML*(g @ g*)® commute, the space R(7y) is provided with
an action of G given by g x [r,a] = [r,d(g)a]. The bundle (¢")*R(7) is thus
a G-equivariant principal bundle over N with structure group DLT(V)W.
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Lemma 34 If 7y is a quantum bundle on N,eq, the bundle (¢")*R(7o) is a
G-equivariant quantum bundle over N.

Proof. Let 7 = (¢")*R(7). We have to prove that the associated bundle
7/ with fiber V =V, @ g @ g* is isomorphic to the tangent bundle to N. It is
clear that the associated bundle 77 is isomorphic to (¢")* T N,.a® N x (g g*).
Let us choose a connection form for the principal fibration P — N,..4. This
provides an isomorphism between TN and (¢")*T'N,eq & N x (g @ g*). and
identifies 7/ to TN as G-equivariant bundles.

Proposition 35 FEvery G-equivariant quantum bundle T on N is of the form
7 = (p)*R(10) for a unique quantum bundle Treq on Nyeq.

The quantum bundle 7,.4 over the reduced manifold N,.4 such that 7 ~
(¢")*Treq Will be called the reduction of 7. The associated bundle 7 is iso-
morphic to (¢*)*7,.

It is also natural to consider the situation where a product of compact
Lie groups K x GG acts on P, and G acts freely on P. Then there is an action

of K on N,.q and we can similarly prove:

Proposition 36 The map 19 — (¢")*(R(70)) is an isomorphism of Ff;(Nyeq)
and Fl. ;(N).
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