CHAPTER 9

NEARBY AND VANISHING CYCLES OF D-MODULES

Summary. We introduce the Kashiwara-Malgrange filtration for a D x-module,
and the notion of strict R-specializability. This leads to the construction of the
nearby and vanishing cycle functors. One of the main results is a criterion for the

compatibility of this functor with the proper pushforward functor of D-modules.

Throughout this chapter we use the following notation.

9.0.1. Notation.

« X denotes a complex manifold.

o H denotes a smooth hypersurface in X.

« Locally on H, we choose a decomposition X = H x A;, where A; is a small disc
in C with coordinate t. We have the corresponding z-vector field 5t.

« D denotes an effective divisor on X with support denoted by |D|. Locally on D,
we choose a holomorphic function g : X — C such that D = (g). We then have
Dl =g71(0). )

« Recall that Dx means Dx or RrpDx and, in the latter case, D x-modules mean
graded D x-modules (see Chapter 8). We then use (k) for the shift by k of the grading
(see Section 5.1.a). When the information on the grading is not essential, we just
omit to indicate the corresponding shift. We use the convention that, whenever D X
means Dy, all conditions and statements relying on gradedness or strictness are
understood to be empty or tautological.

9.0.2. Remark (Left and right f)-modules). For various purposes, it is more convenient
to work with right D-modules. However, left D-modules are more commonly used
in applications. We will therefore mainly treat right D-modules and give the corre-
sponding formulas for left D-modules in various remarks.

9.0.3. Remark (Restriction to z = 1). Throughout this chapter we keep the Conven-
tion 8.1.11. All the constructions can be done either for D x-modules or for graded
RpDx-modules, in which case a strictness assumption (strict R-specializability) is
most often needed. By “good behaviour with respect to the restriction z = 17,
we mean that the restriction functor M — M := 3\7[/ (z — 1)3\7[ is compatible with
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the constructions. We will see that many, but not all, of the constructions in this
chapter have good behaviour with respect to setting z = 1. We will make this precise
for each such construction.

9.1. Introduction

This chapter has one main purpose: Given a coherent D x-module, to give a suffi-
cient condition such that the restriction functor to a divisor D, producing a complex
of D x-modules supported on the divisor D which corresponds to the functor pip.«nty;
when 1y : H — X is the inclusion of a smooth hypersurface, gives rise to a complex
of D x-modules with coherent cohomology.

The property of being specializable along D will answer this first requirement. How-
ever, in the case where D x = RpDx, strictness comes into play in a fundamental way
in order to ensure a good behaviour. This leads to the notion of strict specializability
along D. When forgetting the F-filtration, i.e., when considering D x-modules, the
strictness condition is empty.

Given any holomorphic function g on X with associated divisor D and for ev-
ery strictly R- spemahzable D x-module M along D, we introduce the nearby cycle
D x-modules ¥, xM (A € C* with [A| = 1) and the vanishing cycle module ¢, M.
They are the “generalized restriction functors”, which the usual restriction functors
can be deduced from.

The construction is possible when the Kashiwara-Malgrange V-filtration exists on
a given D x-module. More precisely, the notion of V-filtration is well-defined in the
case when D is a smooth divisor. We reduce to this case by considering, when more
generally D = (g), the graph inclusion ¢4 : X — X x C. The V-filtration can exist
on the pushforward 5t M. We then say that M is strictly specializable along D.

Kashiwara’s equivalence is an equivalence (via the pushforward functor ¢y : Y < X)
between the category of coherent Dy-modules and that of coherent D y-modules
supported on the submanifold Y. When Y has codimension 1 in X, this equivalence
can be extended as an equivalence between strict coherent @y-modules and coherent
D x-modules which are strictly R-specializable along Y.

Complex Hodge modules will satisfy a property of semi-simplicity with re-
spect to their support that we introduce in this chapter under the name of strict
S-decomposability (“S” is for “support”). The support of a coherent D x-module M
is a closed analytic subspace in X. It may have various irreducible components.
We introduce a condition that ensures the following to properties.

« The D x-module M decomposes as the direct sum of D x-modules, each of which
supported by a single component.

« Moreover, each such summand decomposes itself as the direct sum of D x-mod-
ules, each of which supported on an irreducible closed analytic subset of the support
of the given summand, in order to satisfy a “geometric simplicity property”, namely
each such new summand has no coherent sub- nor quotient module supported on a
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strictly smaller closed analytic subset. We then say that such a summand has pure
support.

In Section 9.8, we give a criterion in order that the functors 14 and ¢4 1 com-
mute with proper pushforward. This will be an essential step in the theory of complex
Hodge modules (see Chapter 14), where we need to prove that the property of strict
S-decomposability (i.e., geometric semi-simplicity) is preserved by projective pushfor-
ward.

9.2. The filtration V,@X relative to a smooth hypersurface

Let H C X be a smooth hypersurface™ of X with defining ideal Iz C Ox. Let
us set 5@ = Ox for £ < 0 and 3% = J%@X for £ > 0. The sheaf of logarithmic vector
fields along H, denoted by Ox (log H) is the subsheaf of the sheaf Oy of holomorphic
vector fields on X which preserve the ideal ﬁH. This is a sheaf of Lie sub-algebras
of éx. We denote by ¢ty : H — X the inclusion.

9.2.a. The sheaf of rings VO@X and its modules. The subsheaf of algebras
of @X generated by 6}( and éx(— log H) is called the sheaf of logarithmic differential
operators along H. We will denote it by VoDx. In local coordinates (t,xo,...,2p)
where H has equation ¢ = 0, a local section of éx(— log H) can be written as altgt +
agggcz +-- -—I—angw”, where a; are local sections of (5X. Local sections of VO@X consist
of local sections of D x expressed only with tgt,gxz,g%. This sheaf shares many
properties with D x that we summarize below, and whose proof is left as an exercise
(see Exercise 9.1).

We denote by QL (log H) (sheaf of logarithmic 1-forms along H) the O x-dual
of éX(— log H). Tt is the locally free O x-module locally generated by ﬁﬁ( and
ag/ g for any local equation g of H. In local coordinates as above, one can choose
at/t,axg, . ,axn as an 6X—basis.

We set ﬁ’%(log H) = /\kﬁ}( (log H) and we consider the logarithmic de Rham com-
plex (Q}((log H),d), which contains (ﬁ}(,a) as a sub-complex. We also consider
the corresponding complex where we tensor each term with 0) x(—H), and with in-
duced differential, that we denote by 5}( (log H)(—H). For each k > 0, the sheaf
§§< (log H)(—H) maps injectively to §~2’§{ and the cokernel is LH*QII“_I. The morphism
T*upr - Q% — 157, Q}; is the pullback of forms. We then have a natural exact sequence
of complexes

0 — (% (log H)(—H),d) — (Q%,d) —> 1. (Q}y,d) — 0.
On the other hand, we have an exact sequence

0 — (@%. d) — (% (log H), d) 5 1 (51, —d)(~1) — 0,

(D Other settings can be considered, for example a smooth subvariety, or a finite family of smooth
subvarieties, but they will not be needed for our purpose.
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where Resy is defined in local coordinates by (setting I = i1, ... 1)

Respy (@(mx)% A al‘[) = 30(07.13)5.%‘]

The Tate twist (—1) is due to the division by dt.

We have /\”(()ﬁ((logH)) = wx(H) = wx @5, (7))((H)7 and wy(H) is a right
VO@ x-module. One can then define the side-changing functors for VO@ x-modules by
means of wx (H).

If Nis a left, resp. right Vo'ﬁ x-module, one can define the logarithmic de Rham
complex "DRjog (ﬂ), resp. the logarithmic Spencer complex Splog(if) (since H is fixed,
there may be no confusion for what log is for), in a way similar to that of Section 8.4
by means of logarithmic forms and vector fields. For example (the « indicates the
term in degree zero),

_ - (=1)"V  ~ _ _ _
"DRypg N = {0 %NL QA (log H)@N — -+ — Q% (log H) @ N — 0}.

The complex Splog(V()@X) is a resolution of Ox as a left VoDy-module and
pDRlog(Vo@ x) is a resolution of @x(H) as a right VoD y-module (adapt Exercises
8.22 and 8.21 to VoD ). From now on, we denote both as DRlog(N)

To any (say, right) V0® x-module N is associated a right D x-module M defined by

(9.2.1) M=N@, 5 Dx

where the left structure of D x is used for the tensor product and the right one for
the right D x-module structure.

9.2.2. Proposition. There exists a natural morphism of complezes "DRog N — "DRM.
If any local equation t of H acts in an injective way on N, it is a quasi-isomorphism.

Proof. We treat the right case. By Exercise 9.1, we have
Splog(N) ~N ®Vo'bx Splog(%®X)7

and we recall (see Exercise 8.24) that, similarly, Sp(M) ~ M ®p . Sp(Dx). We have
a natural morphism Splog(VOZB x) — Sp(Dx) and we obtained the desired natural
morphism Splog(ﬂ) —+Sp(M) as

Splog (N) ~N ®V05X Splog(‘/o.DX)
N N®Vo‘5x Sp(Dx) ~ (N Oy B« Dx) QF Sp(Dx) ~ Sp(M).
On the one hand, Splog(Voﬁx) is a resolution of Oy as a left Vo(Dy )-module, and
Sp(@ X) is a resolution of O x as a left D x- module, that we can also regard as a resolu-

tion of Ox as left Vo(D x )-module. On the other hand, since each term of Splog(VgDX)
is VoD x-locally free, Splog( ) is a realization of N®L VoD Ox. If t : N — N is injective
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for any local equation of H, we have ﬁf@vo,ﬁx @X = N@{; 5 ‘.TDX by Proposition 9.2.3
0+ X

below, and thus, since each term of Sp(@x) is @X—locally free, we obtain
- ~ ~ . ~
N®V0:BX Sp(@x) :N®V0'5X Sp(@x) N®V Dy Ox.
It follows that the natural morphism above
N ®Vo'5x SplOg(%DX) — N ®V0'BX SP(QX)

is a quasi-isomorphism. O

9.2.b. Tensoring with respect to Voﬁx. In this section, we analyze more pre-
cisely the tensor product (9.2.1).

9.2.3. Proposition. Let N be a right VODX module such that for some (or any) local
equation t of H, t : N — N is injective. Then

HZ(N®V0®X DX) =0 fori=#0,

that is,

N QL

Vo@x ®X - N®V0(EX DX

Furthermore,
(ﬂ@@x éx(—logH)) ®6x @X — ﬂ@@x @X

N®, ~ Dy ~ Coker )
VoDx TX M) @Pr— (n0®@P —nc0P)

Proof. We first revisit Exercise 9.2. Recall (see Exercise 9.1) that Sp VoD is the
complex having V5D x Op Ox k(log H) as its term in degree —k, and differential the

left Voﬁ x-linear morphism

- - 5 ~ ~
VoD x ®6x @Xk(log H) — VoDx ®6x @X’kfl(log H)

given, for @ =01 A --- A G
(P®6)=> (1)1 (Ph:)®6; + Y (~1)"P @ ([6;0,] A6, ),
i=1 1<j
with 01 =01N - NOi_1NOi 1 N /\Hk, and a similar meaning for (9Z j (see Exercise 9.1).
Since Sp(VOD x) is a resolution of O x by locally free left VOD x-modules which are
o) x-locally free, we have
j:fﬁ N@@X Sp‘/()@x,

with their right Voi x-module structure, by using theNtensor ri~ght structure on the
right-hand side. The complex N @5 SpVoDx has Nog (VoDx ®5 Oxk(log H))
as its term in degree —k, and differential Id ®g, which is right VO@ x-linear for the
tensor right structure (see Exercise 8.12(2a)). Let us make explicit the differential.
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For P ¢ VODX, the element [n ® (1 ® 0)] - P is complicated to express, but we must
have, by right VE)ZD x-linearity of Id ®6

(Id®d)[(n ® (120)) - P] = [(1[d®d)(n @ (1®6))] - P

= [n@[i(— i-19. 2 0, +Z D1 @ (] ez,ej]/\ai,j):” - P.

=1 1<j

‘We now write

~

®0;©0;) =10, (128,) —[n® (1 86,)]-6;
so the previous formula reads, after the involution
Neg, VoDx ®5, C:)X,lc<10g H))~(N®g éx,k(bg H))®5 VoDx

transforming the tens structure to the triv one, by denoting gtriv the corresponding
differential:

k
(9.2.4) gtriv[(n®0)®P] —Z(— 1)"1(nb; ® ;) ® P

—Z ' n®0,) @ (0:P)+ > (=) (n e ([0:,0,] 7 0;;))® P

1<J k

= [px(n®0)]eP - > (1) (ne8,) (O:P),

i=1

where SN is the differential of the Spencer complex Spj, Nof N as a right Vb@ x-mod-
ule. N N N
We obtain, due to the local O x-freeness of VoD x and Dy,

Ney 5 Dx=~Neg SpVeDx) el 5 Dx
~ (N ®g, Ox.(log H)) ©, VoDx, duiv) @y, 5 Dx
~ (Nog, ®x.(10gH))®~ VoDx, Suiv) @y, 5, Dx
~ ((3?f®O Ox..(log H)) ®~ Dx, duriv)
~ (N®p, Ox.(log H)) @5, Dx, duriv).

In the last two lines, 5mv is given by (9.2.4), where P is now a local section of DX
We have thus realized N ®L D x as a complex (3’~ Rs, D X, (5tm) where each

term F* is an O x-module (here we forget the rlght VO'D x-module structure of N)
With respect to the filtration F ’®o F, kD X, &mv has degree one, and the differential

gry 5“1\, of the graded complex F* R5, gr? D x is expressed as

k

i=1
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for a local section Q) of ngDX The filtration F; (3"' ®5, Dx,émv) whose term in

degree —k is Fk ®F F,_ kDX satisfies F, (’J"’ ®F DX,(XHV) =0 for p < 0 and we
have

(9.2.5) ot (F° ®F Dy, duiv) = (F° R5, ar’ Dx, gl Sy ),
compatible with the grading.

9.2.6. Assertion. The graded complex (§" Rp, ng@X,grfgtriv) has zero cohomology
in any degree i # 0.

Proof In local coordinates t,xs,...,x, such that H={t=0}, let us choose a basis
8,5,8302, .. 8% as a basis of local vector fields, and let us replace at with t@t to
obtain a basis of logarithmic vector fields. Let 7,&s,...,&, resp. t7,&2,&s,...,&, be
the corresponding basis of grj @X resp. gry VOQX Then gr (5"‘ ®5 » @Xagtriv) i
identified with a Koszul complex. More premsely, it 1somorph1c to the smlple complex
associated to the n-cube with vertices N ®5 . oafDy = N g [’T &a,..., &) and
arrows in the i-th direction all equal to multlphcatlon by & if i # 1 and by t ® 7 if
i=1.

In such a way we obtain that (5"‘ ®5 « ngﬁx, grfgmv) is quasi-isomorphic to the
complex

N®<c [&1] ——»t®7 ﬁ@’c Clé],

where « indicates the term in degree zero. Injectivity of the differential immediately
follows from the injectivity assumption on ¢ : N — N. O

By (9.2.5), the assertion applies to the graded complex ng(g"' ®5 @Xagtriv)
and therefore each gry (ff' Ra, D X, Otriv) has cohomology in degree zero at most.
It follows that each Fp("f ®F D X, gtriv) satisfies the same property, and passing to
the inductive limit, so does the complex (F* ®F Dx, Otriv)-

Lastly, N Qv B« Dx is isomorphic to the cokernel of

gtriv : (ﬂ ®6x (:)X(—logH)) ®5x @X — ﬂ@rjx @X,
and the last formula of the proposition follows from the expression (9.2.4) of gtriv. O

Let N be a left D x-module. We consider similarly the tensor product D X ®I“/ 5 N
0

X
with the trivial left D y-action, and where the right V4D x-action on Dx is used for

the tensor product.

9.2.7. Corollary. Let N be a coherent left VODX module such that for some local equa-
tiont of H, t : N— N is injective. Then Hz(’DX ®L ) =0 fori#0.

Proof. Here, the right action of VO@ x on D X is used. The question is local, and we
can interpret the side-changing functor for VoD x-modules (given by Neft — Nrisht —
wx (H) ®g Neft) as coming from an involution of VyDx induced by an involution
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of Dx (see Exercise 8.17). If (Vb@x) is a finite resolution of N'eft by free VoD x-mod-
ule, it gives rise to a D x-free resolution (DX)’ of 'DX ®L N Regarding these

modules as right D x-modules via the involution above, Pr0p051tlon 9.2.3 implies that
the cohomology of this complex vanishes in any nonzero degree. O

9.2.c. The filtration V,@X. One can characterize sections of VO@X on an open
subset U of X as follows:

VoDx(U) = {P e Dx(U) | P-T,(U) C P (U), Vj € Z}.

This leads us to define a canonical increasing filtration of D x indexed by Z. For
every k € 7Z, the subsheaf Vi;Dx C Dx (k € Z) consists of operators P such that
P73, C qu_k for every j € Z. For every open subset U of X we thus have

(9.2.8) ViDx(U)={P € Dx(U) | P-5,(U) c W), Vj e Z}.

This defines an increasing filtration V@ x of D x indexed by Z. Note that one can
also define VkDX(U) with the right action, that is, as the set of ) € DX(U) such
that 7 wU)-QC JJ ¥(U), Vj € Z. See Exercise 9.3 for basic properties of V,Dx.

The FEuler vector field E is the class E of tat in gry VP x in some local product
decomposition as in Exercise 9.3. See Exercise 9.4 for its basic properties. Let us
insist on the fact that E only depends on H, not on the generator chosen in the
ideal 5;1
9.2.9. Structure of gr VD x and ngZD x. What is the geometric meaning of the sheaf of
rings grg VDy? A natural question is to relate the sheaf Dy of differential operators
on H with it. While DH can be identified to the quotient ngDX/EgrO DX =
gre VDx /erg VD x E, one cannot in general consider it as a subsheaf of gre VD x. This is
related to the possible non-triviality of the normal bundle of H in X.

When H is globally defined by a holomorphic function g, Exercise 9.4(3) shows an
identification grg YDy ~D w|E]. More generally, for any effective divisor D defined by
a holomorphic function g : X — C, we will often use the trick of the graph inclusion

: X — X x C and we will then consider the filtration VD xxc With respect to
X x {0}, so that we will be able to identify grg VD xxc with the ring ’DX[ .

What about the sheaf ng'D x? Let v: NgX — H denote the normal bundle of H
in X. Let us define the sheaf @[ Ny x) of differential operators which are algebraic in the
fibers of v. We first consider the sheaf 6[ Ny x] on X of holomorphic functions which
are algebraic in the fibers of v. It is locally defined by using a local trivialization
of v as a product X x C, where C has coordinate ¢. Then O[NHX] = OX[ ]. For
an intrinsic definitions, one extends in a canonical way v as a projective fibration
v ]P’(NHX @ O) with fibers P! and we denote by Xoo the section oo of this bundle.
Then O[N x] = V*OP(NHX@O)(*X ). Now, D[NHX is by definition the sheaf of
differential operators with coefficients in (ND[ Npx]- It is similarly equipped with its
V-filtration V, 'D[NH x]- Then there is a canonical isomorphism (as graded objects)

gr D ~ gr D[NH x], and the latter sheaf is isomorphic (forgetting the grading) to

DNy x)-
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9.2.10. Remark (Restricti0n~t0 z = 1) T~he V—ﬁ1t~ration restljcts well~when setting
z = 1, that iS, VkDX = Vka/(Z — 1)VkDX = VkDX/(Z — 1)'DX ﬂVkﬂx.

9.3. Specialization of coherent 5X-m0dules

In this section, we denote by H a smooth hypersurface of a complex manifold X
and by t a local generator of J. We use the definitions and notation of Section 9.2.

9.3.1. Caveat. In Subsections 9.3.a-9.3.c, when @X = RpDx, we will forget about the
grading of the D x-modules and morphisms involved, in order to keep the notation
similar to the case of D x-modules. From Section 9.4, we will remember the shift of
grading for various morphisms, in the case of RrD x-modules (this shift has no effect
in the case of D x-modules).

9.3.a. Coherent V-filtrations

The coherence of the Rees sheaf of rings RVQND x is proved in Exercise 9.8.

9.3.2. Definition (Coherent V -filtrations indexed by Z). Let M be a coherent right
D x-module. A V-filtration indexed by Z is an increasing filtration U, M which satis-
fies

Vkix'UzﬂfCUg+kf\;[ Vk,KGZ.

In particular, each U53\~/[ is a right Voﬁx—module. We say that it is a coherent V -filtra-
tion if each UEJT/E is VO@ x-coherent, locally on X, there exists ¢, > 0 such that, for
all k>0
~ ~ ~ k ~
U_p—toM =U_g, Mt* and Upi,M =Y Uy, M.
j=0

The definition is similar for left D x-modules and decreasing filtrations.

We will have to consider the notion of filtration indexed by R, so we introduce the
notion of coherence for such a filtration.

9.3.3. Definition (Coherent V -filtrations indexed by R). Let M be a coherent right
D x-module. A V-filtration indexed by R is an increasing filtration U, M which satis-
fies

ViDx - UM C UsiM VEEZ, a€R.

We set U<QJT/[ =Upca U<0/3T/[ and grgﬁ[ = UQJT/E/UQYJT/[. We say that U.JVE isa
coherent V -filtration indexed by R if
. there exists a finite set A C (—1,0] such that UcoM = UM for o ¢ A+ Z and
« for each o € A, the Z-indexed filtration U,4+,M is a coherent V-filtration in the
sense of Definition 9.3.2.
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In other words, giving a coherent V-filtration indexed by R is equivalent to giving
a finite family of coherent V-filtrations (U, 4,M)aeca which are nested, that is, which
satisfy for all a,a’ € A and ¢, ¢' € Z, the relation

(9.3.4) A+l <o + 0 = UgreM C UpryoM.

9.3.5. The Rees module of a V-filtration indexed by A + 7. The following construction
of extending the set of indices will prove useful (see Section 5.1.d). Let A C (—1,0]
be a finite subset containing 0 and set r = #A. Let us fix the %Z—numbering of
A+Z=A...,a_1p,a0,1/, ...} which respects the order and such that a; = k for
any k € Z. We denote by AV,@X the filtration indexed by %Z defined by AV,,/T-@X =
VLp/rJ®X~ The Rees ring is RAV@X = DBrez AVk/Tixuk with ©" = v. Note that
grzyrﬁx =0if k/r ¢ Z and
grAV@X =& grzyT@X =& ng@X.
kEZ PpEZ

For a V-filtration U, M indexed by A + Z we similarly set RyM = Dz Uak/7,3\~/[uk,
which is an RAV@X—module since |k/r| 4 ag/r = Qijrj44/r < gy The cohe-
rency property in Definition 9.3.3 is equivalent to the coherency of RUﬁ. As an
RV@X—module7 we have RUJ\~/[ =@.ca RUQ+ZJ\~/[.

9.3.6. Remark (Left and right). In the following, it will be more natural to consider
decreasing V-filtrations on left D x-modules, mimicking the t-adic filtration on o) X,
while the V-filtrations on right D x-modules will remain increasing. In such a way, the
formulas for the Bernstein polynomial below remain very similar. As usual, decreasing
filtrations are denoted with an upper index. We will mainly work in the context of
right @—modules, and we will give the main formulas in both cases. Let us insist,
however, that both cases are interchanged naturally by the side changing functor
(Exercise 9.25) and that the final formulas in terms of the functors 1, ¢ are identical.

9.3.b. Specializable coherent @X-modules. Let H C X be a smooth hypersur-
face. Let M be a coherent D y-module and let m be a germ of section of M. In the
following, we abuse notation by denoting E € Vo‘ﬁ x any local lifting of the Euler
operator E € gr D x, being understood that the corresponding formula does not
depend on the choice of such a lifting.

9.3.7. Definition.

(1) A weak Bernstein equation for m is a relation (right resp. left case)
(9.3.7%) m - (2°b(E) = P) =0 resp. (2'b(E) — P)ym =0,
where

« / is some non-negative integer,

« b(s) is a nonzero polynomial in a variable s with coefficients in C, which
takes the form [] . 4(s —az)”> for some finite subset A € C (depending on m),

« Pisagermin V_ Dy, i.e., P =tQ = Q't with Q,Q’ germs in VoD.
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(2) We say that M is specializable along H if any germ of section of M is the
solution of some weak Bernstein equation (9.3.7 ).

9.3.8. Remark. The full subcategory of Mod(@ x ) consisting of D x-modules which are
specializable along H is abelian (see Exercises 9.16 and 9.17).

Assume that M is D y-coherent and specializable along H. According to Bézout,
for every local section m of M, there exists a minimal polynomial

b (s) = H (s —az)’*, R(m) C C finite,
a€ER(m)

giving rise to a weak Bernstein equation (9.3.7*). We say that M is R-specializable
along H if for every local section m, we have R(m) C R. We then set:

(9.3.9) ordg(m) = max R(m), resp. ordg(m) = min R(m).
9.3.10. Definition (Filtration by the order along H). Assume that M is a right D x-mod-

ule. The filtration by the order along H is the increasing filtration V,JT/[% indexed
by R defined by («a € R)

(9.3.11) Vaj\?[mo = {m € JV[% | OrdH,mo (m) < O‘}v
(9.3.12) VeaMy, = {m eM,, | ordy 4, (m) < a}.

We do not claim that it is a coherent V -filtration. The order filtration satisfies
(see Exercise 9.15):

VkeZ Va,B €R, VoM, - ViDxa, C VassMa, .
It is a filtration of M by subsheaves VaJ\~/[ of VO@ x-modules. We set
(9.3.13) gtV M := Vo M/ Ve M.

These are gr?{@ x-modules. In particular, they are equipped with an action of the
Euler field E. We already notice, as a preparation to strict R-specializability, that
they satisfy part of the strictness condition.

9.3.14. Lemma. The gr}f@x -module grgf/[ has no z-torsion.

Proof. 1t is a matter of proving that, for a section m of Va3\~/[, if mz7 is a section of
VoM for some j > 0, then so does m. But one checks in a straightforward way that,
if P in Exercise 9.15 is equal to 27, then the inequality there is an equality (with
k=0). O

9.3.15. The case of left D x-modules. Recall that the order of a local section m is defi-
ned as ordg (m)=min R(m). In Exercise 9.15 we have ord 5 (Pm)>ordgy 5, (m)—k.

The filtration by the order along H is the decreasing filtration V°M,  indexed by R
defined by

VIM,, = {m e M,, | ordy..,(m) > B},
V>OM,, = {m € My, | ordy o, (m) > B}.
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The order filtration satisfies
VkeZ Va,B R, ViDxa, VM, C VI "M,,.

We set gr@ﬁ[ = VBJV[/V>ﬁJT/[. Lemma 9.3.14 also applies. See Exercise 9.25 for the
side-changing properties.

9.3.c. Strictly R-specializable coherent D y-modules. A drawback of the set-
ting of Section 9.3.b is that we cannot ensure that the order filtration is a coherent
V -filtration.

9.3.16. Lemma (Kashiwara-Malgrange V -filtration). Let M be an R-specializable cohe-
rent @X -module. Assume that, in the neighbourhood of any x, € X there exists a
coherent V -filtration U,J\~/[ indexed by 7 with the following two properties:

(1) its minimal weak Bernstein polynomial by(s) = [[,caq) (s — az)" satisfies
AU) c (-1,0],

(2) for every k, kaf[/Uk,ﬂv[ has no z-torsion.
Then such a filtration is unique and equal to the order filtration when considered
indexed by integers, which is therefore a coherent V -filtration as such. It is called the
Kashiwara-Malgrange filtration of M.

9.3.17. Remark. Exercise 9.26 shows that, under the assumption of Lemma 9.3.16, the
filtration by the order (indexed by R) is coherent, in the sense of Definition 9.3.3, and
that t0; — az is nilpotent on gr’ M for each o € R (in fact, a € A(U) + Z).

Proof of Lemma 9.3.16. Assume UM satisfies (1) and (2). Let m be a local sec-
tion of UyM and let U,(m - Dx) be the V-filtration induced by U.M on m - Dx.
By Exercise 9.11(1), it is a coherent V-filtration. There exists thus k, > 1 such that
Up—k,(m - @X) cm- V,l’.bx. It follows that

R(m) € (A(U) + k) U---U(AU) + &k — ko + 1)

and thus ordgm = max R(m) < k, so m C Vk3\~/[.

Conversely, assume m is a local section of VkJV[. It is also a local section of
Uk+k05\?{ for some k, > 0. Its class in gr,ﬂﬁrkoﬁ is annihilated both by z%b,,(E) and by
2Y' by (E —(k + ko)z) (for some £, > 0), so if k, > 0, both polynomials have no com-
mon z-root, and this class is annihilated by some non-negative power of z, according
to Bézout. By Assumption (2), it is zero, and m is a local section of Uk+ko,1f/[7 from
which we conclude by induction that m is a local section of UkJ\~/E, as wanted. O

9.3.18. Definition (Strictly R-specializable D x-modules). Assume that M is R-speciali-
zable along H. We say that it is strictly R-specializable along H if

(1) there exists a finite set A C (—1, 0] such that the filtration by the order along H
is a coherent V-filtration indexed by A + Z,
and for some (or every) local decomposition X ~ H x Ay,

(2) for every a < 0, ¢ : ngJV[ — grx_lf/[ is onto,

(3) for every a > —1, 0, : gr’ M — ng_HJV[(—l) is onto.
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For each oo € A + Z, we denote by N the endomorphism E —azId on grgf/[, which is
nilpotent, due to (1).

See Exercise 9.26 for the relation between Definition 9.3.18 and Lemma 9.3.16, and
Exercise 9.18 for the equivalence between “some” and “every” in the definition above.

9.3.19. Remark (Morphisms preserve the V-filtration). Any D x-linear morphism ¢ :
M — N between strictly R-specializable D x-modules preserves the V-filtration, pos-
sibly not strictly. See Exercises 9.16, 9.17 and 9.23.

9.3.20. Remark (The need of a shift). We will now remember explicitly the grading in
the case of RpD x-modules. Recall (see (5.1.4) and (5.1.5xx)) that, given a graded
object M = B, M, (with M, in degree —p), we set M (k) = P, M (k), with M (k), =
Mp_y.

If we regard the actions of ¢ and &; as morphisms in Mod(Dp)-modules,
that is, graded morphisms of degree zero, we have to introduce a shift by —1
(see Remark 5.1.5) for the action of 5t, which sends F,2P to F,112P™!. The same
shift has to be introduced for the action of E, as well as for that of N = (E —azId).

We have seen that, for strictly R-specializable RpD-modules, the module grgf/ﬁ are
graded RpD-modules in a natural way. Let us emphasize that, in Definition 9.3.18(2)
and (3),

« the morphism ¢ is graded of degree zero,

« the morphism 9y is graded of degree one; this explains why we write 9.3.18(3) as

y : gr}l/f/[ = grgﬁ(—l) for a > —1.

9.3.21. Proposition. Assume that M is strictly R-specializable along H. Then, every
grvM is a graded gry DX module, and is strict as such (see Definition 5.1.6).

Proof. Recall that, for a graded module, strictness is equivalent to absence of z-tor-
sion (see Exercise 5.2(1)). Therefore, the second point follows from the first one and
from Lemma 9.3.14.

Let us consider the first point. We first claim that a local section m of M is a local
section of VM if and only if it satisfies a relation

m-b(E) € VaM

for some b with z-roots < «. Indeed, if m is a local section of VgJ\~/[ with 8 > «
and satisfying such a relation, the Bézout argument already used and the absence of
z-torsion on each gr‘w/fff (Lemma 9.3.14) implies that m is a local section of V<53\~/[.
Property 9.3.18(1) implies that there is only a finite set of jumps of the V-filtration
between « and (3, so by induction we conclude that m € V, M. The converse is clear.

The grading on M induces a natural left action of 20, on M: for a local section
m = P, m, of M = D, MP, we set zd.m = @®, pmp. We define a right action of
—0,z by the trick of Exercise 8.17: we set m(—9,z) := z0,m. This action is natural
in the sense that it satisfies the usual commutation relations with the right action
of Dx. We claim that, for every a € R, we have Vaﬁ[(—azz) - VaJT/[. Let m be a
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local section of VQJT/[, which satisfies a relation mb,,(E) = m - P with P € V,lﬁx.
Then one checks that

m(—8.2)bm (E) = mby, (E)(—0.2) + mQ, Q € VoDx

= mP(—@Zz) +mQ@Q, Pe V_l‘ﬁx
=m(—0,2)P+mR, ReVyDy.

We conclude that m(—0,z) € VQJ% by applying the first claim above.

Since the eigenvalues of (—0,z) on M are integers and are simple, the same prop-
erty holds for VQJV[, showing that VoM decomposes as the direct sum of its (—0,z2)-
eigenspaces, which are its graded components of various degrees. O

9.3.22. Caveat. For a morphism ¢ between D x-modules which are strictly R-specia-
lizable along H, the kernel and cokernel of ¢, while being R-specializable along H,
need not be strictly R-specializable. See Exercises 9.20, 9.23, as well as Definition
9.3.29, Caveat 9.3.30 and Proposition 9.3.38 for further properties.

9.3.23. Remark (The case of left D x -modules). ~For left D x-modules, we take 8 > —1
in 9.3.18(2) and 8 < 0 in 9.3.18(3) for gr@M. The nilpotent endomorphism N of
greM is induced by the action of —(E —f3z).

9.3.24. Side-changing. Let M be a left D y-module and let M*&ht = &y @M denote the
associated right D x-module. Let us assume that H is defined by one equation g = 0,
so that gr‘B/J\N/[ and grxf/[right are respectively left and right D g-modules equipped
with an action of E (see Exercise 9.4(3)).

Assume first that M = Ox and M &bt = 5. We have

k@ 0 itk <
VPOx = ~
gkOX if £ >
We have gr¥,&x =wg®dg/z, so that dg/z induces an isomorphism (see Remark 5.1.5)
Gp(=1) = gr¥ oy, thatis, gr¥ (O5E™) ~ (gr)Ox)" e (1),
Arguing similarly for M and Mrisht gives an identification
grl, () o (@ NP (—1), §=—a—1.

With this identification, the actions of E (resp. N) on both sides coincide. Be aware
that this identification depends on the choice of the defining equation g of H.
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9.3.25. Proposition. Assume that M is strictly R-specializable along H. Then, in any
local decomposition X ~ H x A; we have

(a) Va <0, t: VOCJT/[ — Va,lf/[ is an isomorphism;
(b) Va >0, VaM = VeoM + (Va1 M)y
N N ) bi Fo <0,
(c) tigrVM — grl M s c.m. zso.morp i z.fa
injective if a > 0;
~ ~ ~ ] hi if o > —1,
(d) Oy :ger—>ng+1M(—l) 18 %zn. zso‘morp i %fa
injective if a < —1;

In particular (from (b)), M is generated as a Dx-module by VoM.

Proof. Because Vo4 M is a coherent V-filtration, (a) holds for o < 0 locally
and (b) for @ > 0 locally. Therefore, (a) follows from (c) and (b) follows from (d).
By 9.3.18(2) (resp. (3)), the map in (c) (resp. (d)) is onto. The composition
0, = (BE—az) + az is injective on ngJVE for ao # 0 since (E —az) is nilpotent and
ngJT/f is strict, hence (c) holds. The argument for (d) is similar. O

9.3.26. Remark (Restriction to z = 1). Let us keep the notation of Exercise 9.24. For a
coherent D x-module M which is R-specializable, 9.3.18(2) and (3) are automatically
satisfied. Moreover, the morphisms in 9.3.25(c) and (d) are isomorphisms for the
given values of «. In other words, for coherent D x-modules, being R-specializable
is equivalent to being strictly R-specializable. In particular, Exercise 9.24 applies to
coherent RpD x-modules which are strictly R-specializable along H.

In the application of strict R-specializability to pure or mixed Hodge modules,
we will see that the nilpotent endomorphlsms N on each grvM (e € A+ 7Z) and the
morphisms ¢ : grj VM = gr¥ 13\/( and 0, : gr¥ 13\/[ — gr(‘)/M( 1) (see Definition 9.3.18)
underlie morphisms of mixed Hodge modules (with a suitable shift, they are denoted
by var and can), and therefore are strict. It is thus valuable to highlight this property
and some of its consequences.

9.3.27. Definition (Strong strict R-specializability). We will say that Mis strongly strict-
ly R-specializable along H if the nilpotent endomorphisms N* (¢ > 1) on each ngM
(a« € A+ Z) and, for some (or any) decomposition X ~ H x Ay, the morphisms
t:grg YM - gV 13\/[ and 9, : gr¥ 13\/[ — grgM( 1) are strict.

9.3.28. Lemma. If M is strongly strictly R-specializable along H, then for each o €
A+ 7Z and each £ € Z, denoting by M grvM the monodromy filtration of ngM the
DH modules gr, ngJV[ are strict.

Proof. This is Proposition 5.1.10. O

9.3.29. Definition (Strictly R-specializable morphisms). A morphism ¢ between strictly
R-specializable coherent left D x-modules is said to be strictly R-specializable if for
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every a € [—1,0], the induced morphism gr¥ ¢ is strict (i.e., its cokernel is strict),
and a similar property for right modules.

9.3.30. Caveat. The composition of strictly R-specializable morphisms need not be
strictly R-specializable (see Caveat 5.1.7).

9.3.31. Proposition. If o is strictly R-specializable, then grY o is strict for every o € R,
and Ker ¢, Im ¢ and Coker ¢ are strictly R-specializable along H and their V -filtra-
tions are given by

Vo Kerp =V, MNKeryp, V,Cokeryp = Coker(aplv 50>

(9.3.31 %)

Vo Im o = Tm( = V,NNIme.

W‘Vaﬁ)
Proof. Let us equip Ker ¢ and Coker ¢ with the filtration U, naturally induced by
V.M, V,N. By using 9.3.25(c) and (d) for M and N, we find that gr/ Ker¢ and
gry Coker ¢ are strict for every a € R. By the uniqueness of the V-filtration, the
first line in (9.3.31 %) holds, and therefore all properties of Definition 9.3.18 hold for
Ker ¢ and Coker ¢. Now, Im ¢ has two possible coherent V-filtrations, one induced
by V.N and the other one being the image of V.M. For the first one, strictness of
gr,, Im ¢ holds, hence Im ¢ is strictly R-specializable and V,Im¢ =ImpnN VaN. For
the second one U, Im ¢, gr/ Im ¢ is identified with the image of gr’ ¢, hence is also
strict, so U, Im ¢ is also equal to V, Im ¢. Then all properties of Definition 9.3.18 also
hold for Im ¢. O

9.3.32. Corollary. Let M* = {- - RN Vi -+ } be a complex bounded above whose
terms are @X-coherent and strictly R-specmlz'zable along H. Assume that, for ev-
ery a € [—1,0], the graded complex ngJVE' is strict, i.e., its cohomology is strict.
Then each differential d; and each HIM® is strictly R-specializable along H and grY
commutes with taking cohomology.

Proof. By using 9.3.25(c) and (d) for each term of the complex ngJV[', we find that
strictness of the cohomology holds for every a € R. We argue by decreasing induction.
Assume MF! = 0. Then the assumption implies that dj : ME-1 5 MF s strictly
R-specializable, so we can apply Proposition 9.3.31 to it. We then replace the complex

Vo k-2 dk—_i Ker d;, — 0 and apply the induction hypothesis. Moreover, the strict
R-specializability of J\N/Ek/ Ker dy, ~ Imdy41 implies that of dj_1. O

9.3.33. Deﬁmtton (Strictly R-specializable 1V -filtered D x-module)

Let (M W, M) be a coherent D x-module equipped with a locally finite filtration by
coherent D x-submodules. We say that (J\/[ W, M) is a strictly R-specializable filtered
D x-module (along H ) if each WZJ\/[ and each grg‘/M is strictly R-specializable.

9.3.34. Lemma. Let (M, W, M) be a strictly R-specializable filtered D x -module. Then
each WM/WiM (k < £) is strictly R-specializable along H.
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Proof. By induction on £ — k > 1, the case £ — k = 1 holding true by assumption.
Let U, (WM/W,M) be the V-filtration naturally induced by V, WM. It is a cohe-
rent filtration. By induction we have U, (W,_ 1M/Wk3\/[) = V.(W,- 1M/Wk3\/[) and
U.gr, WM =V, grgVM Similarly, V, ngv[ N Wy_ M=V, Wi M. We conclude that
the sequence

0 — gr. (Wg 1M/WkM) — gr, (WgM/WkM) — grvgre M—0

is exact, hence the strictness of the middle term. O

9.3.d. DX modules and VODX modules. In this section, we consider the question
of how much VoM or V_; M determines M when M is strictly R-specializable along H,
that is, how much a D x-module which is strictly R-specializable is determined by a
logarithmic (along H) D x-module.

We assume that X = H x A; and we associate to a D x-module M which is strictly
R-specializable along H the following set of data:

(M<,1,3\~/[0,c v) = (V,13\~/[ gr(‘)/f/[ 5,5,1?),

where we regard V_ 13\/[ as a coherent VOD x-module, grg Y\ as a coherent grg VD x-mod-
ule, and the data ¢ = 6t, v =1 as gry VD y-linear morphisms
"
gr‘_/le[ grg M.
v

A morphism @ (j\/vflyg_l, j\/vtl,o, C,V) — (j\/vfg}g_l, jvv£270, C,V) isa pair ((pg_l, (po) which
satisfies, denoting by _; the morphism induce by p<_1 on gr¥ ;M <_1:

(9.3.35) COp_1=(pOC, H_10V=1VoO .

9.3.36. Proposition (Recovering morphisms from their restriction to V_; and gr})
Any morphism

(80<—1a 900) : (V—ljvv[h gr(‘)/j\?[h 5t5 t) — (V—lj%% grl?)/j\?t% 5757 t)
can be lifted in a unique way as a morphism ¢ : JT/[l — J\N/[Q.

9.3.37. Lemma (Recovering morphisms fron their restriction to ;)
Assume that X = H x Ay and that My, My are strictly R-specializable along H.
Let <o : VoMy — VoMo be a morphism in Mod(VoDx) such that the diagram

(Do) | |a

commutes. Then p<o extends in a unique way as a morphism ¢ : My — Ma.
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Proof. We show inductively the existence and uniqueness of ¢y, : Vk3\~/[1 — VkJ\N/[Q
(k > 1) such that o<kly, 57, = ¢<k—1 and the diagram

~ Pk ~
Vi iMy —— Vi1 My

(D) 5{ ﬁ
Vkﬁl 4<) VkﬁQ

commutes. Let us check for example the case K = 1. For the uniqueness, if v |V M, = =0
and 7 o 6t VOM1 — Vﬂ\/[g is zero. A local section m of V1M1 writes, according to
9.3.25(d), m = mg + moat where mg, m(, are local sections of VOJ\/[l Then ¢ (m) =
1 (mpdy) = 0. B N

Let us show the existence. For m,m/,n,n’ € VoM, if m —m' = (n’ — n)d;, then
we have n’ —n € V_ 13\/[2, according to 9.3.25(d). Therefore, setting <p<1(m + n@t)
w<o(m) + w<o(n )Bt well defines a Vb@x—hnear morphism ¢« : V1M1 — VlMg for
which (D;) commutes. O

Proof of Proposition 9.3.36. According to Lemma 9.3.37, the morphism ¢ can be
uniquely reconstructed from @¢q : VOJ\/[1 — VOJ\/[2 such that (Dg) commutes.
We then reconstruct p<o from the data (p<_1,¥0)-

We consider the morphisms

gr¥ M(1) A> VoM@ gV M(1) @ gry VM L gr¥ M
et (anaegt)

(m,e,e) ————— [m]+e- Ot —c-t

where, for m € V_i M, [m] denotes its class in grylﬁ[. Clearly, the composition is
zero, so that A and B define a complex C* of VO@ x-modules (by regarding each
ngJ\N/E as a Voﬁx—module). It is also clear that A is injective and B is surjective, so
that H/(C*) =0 for j # 1.

Let us consider the morphism from VOJV[ to the middle term defined by the for-
mula g — (- ¢,0,[p]), where [u] denotes the class of p in gry VM. Tt is injective:
if [u] = 0, then pu € V<03\~/[, and if moreover ¢t = 0, then p = 0, according to 9.3.25(a).
Furthermore, the intersection of its image with Im A is zero.

We claim that the induced morphism VoM — H'(C*) is an isomorphism. Injec-
tivity has been seen above. Modulo Im A, any element of Ker B can be represented
in a unique way as (m,0,d) with [m] = & - t. We choose any lifting 5 € VoM of § and
9.3.25(a) implies that there exists 1 € VoM such that m — & -t = 5 - t. We conclude
by setting p = 6  +1).

Let <o : VoMl — VOM2 be a VOQX linear morphism such that (Dg) commutes.
The associated pair (¢<_1, o) determines a morphism C; — C5 between the corre-
sponding complexes, and therefore a morphism between their cohomology. Conversely,
a pair (p<—1, o) satisfying (9.3.35) determines a morphism of complexes, and thus a
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morphism H'(C}) — H'(C3), that is, a morphism ¢<g. One then checks that (Do)
commutes. O

9.3.38. Proposition (Morphisms inducing an isomorphism on V()

Assume that X = H x A;. Let 3\7[ N be strictly R-specializable along H and
let A M — N bea DX linear morphzsm which induces an isomorphism VOM =
VON of VODX modules. Then the DX module Ker ga, resp. Coker ¢, is identified with
the @X module pip. Kergry o, resp. pip. Cokergry . In particular, if ¢ is strictly
R-specializable along H, then Coker ¢ is strict.

We first analyze the VO@X—module J%/Vwﬁ

9.3.39. Structure of M /Vea, M. Let M be a coherent rlght D x-module which is strict-
ly R-specializable along H. Let us fix a, € R. Then M/V<a M is a VD x-module.
We make explicit its structure when a, = —1.

(1) An easy induction shows that JV[/V<%JV[ is strict.

(2) Moreover, each local section of M / V<a03\~/[ is annihilated by a product of terms
(E —az)" for some N > 0. Together with Bézout, it follows that M /V.q, M decom-
poses as P, Ker(E —az)N with N > 0, and the a-summand can be identified with
gr¥ M. Thus MV, M can be identified with € gr¥ M as a VoD x-module.

In general, this Vj D x-module structure does not extend to a D x-module structure:
in local coordinates, let m be a local section of V%J\Nf[ with a nonzero class in ngOJ\N/[;
then mt = 0 in M/Veq, M, while mdst = [m]dyt in ngDJVC may be distinct from z[m],
so that the relation m - [0y, ] = zm may not hold in M/V., M. We analyze more

aZa,

precisely this obstruction when «, = 0.
(3) Assume now that X ~ H x A;. Let s be a new variable and, for « € A+7Z, let
us equip gry M[s] := gr¥ M®c¢ Cls] with the following right VD x-structure defined by

o 0 ifj7=0
()i . 4 — ’
& jz))s ifj>1

(mg)sj)tgt = (mg) (E Jrjz))sj

One checks that this is indeed a VoD x-module structure (i.e. [t5t7 t] acts as zt) and
that M/V_; M can be identified with Doco) &t VM([s], since &; : gr¥ M — graHM
is an isomorphism for o > 0. With this structure we have

ar’Ms? = Ker(td; — (o +j)2)Y  (with N > 0 locally).
(4) We equip ngJ\~/[[ ] with the action of 8, defined by (m(J) o, = mi) si+1,
Then the relation [J;,¢] = z holds on sgr’¥M][s], but on the component gr’M of

s-degree zero, we have [8t t] = E+4z. It follows that this action does not define a
D x-module structure on ngM[ ] unless E acts by zero on gr¥ M.

Proof of Proposition 9.3.38. Since ¢ is also VOCD x-linear, it induces a morphism
[¢] : M/ VoM — N/VoN, which decomposes with respect to the decomposition of
9.3.39(2). Each summand is then identified with gr¥ ¢ (a > 0). Since ¢ induces an
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isomorphism on Vj, gr¥¢ is an isomorphism for o € (—1,0), hence for each a > 0
not in N.

We have Kerp ~ Ker[ ] and smnlarly with Coker. Since t is nilpotent on each
local section of M/ V<0M and N/ V<0N it is nilpotent on the coherent D x-modules
Ker ¢, Coker ¢, which are thus supported on H.

The decomposition of 9.3.39(2) induces decompositions

Kerp = @ Kergr) ¢ and Cokery = @ Cokergry ¢
kEN kEN
as VO@X—modules. The action of 5,5 defined on the model of 9.3.39(3) descends
to the corresponding models of Kery and Cokery, and since E acts by 0 on
Ker gry ¢, Coker gry ¢, the obstruction in 9.3.39(4) to extending the VoD x-structure
toa D x-structure vanishes. We thereby obtained the desired identification. O

9.4. Nearby and vanishing cycle functors

9.4.1. Deﬁmtlon (Strict R-specializability along D). Let D be an effective divisor in X
and let M be a coherent D x-module. We say that Mis strictly R—spemahzable along D
if for some (or any) local equation g defining D, denoting by X —Z X x C the graph
inclusion of g, J\~/[g is strictly R-specializable along X x {0}.

In order to justify this definition, one has to check

« that the condition does not depend on the choice of g defining D,
« and that it is compatible with Definition 9.3.18 when D = H is a smooth hyper-
surface defined by an equation ¢.

For the first point, if u(x) is a local invertible function, one considers the isomorphism
Yy ¢ (x,t) = (x,u(z)t). Then tyy = ¢y 0 1y, and one deduces the assertion from the
property that J\~/Eg is strictly R-specializable along (u(x)t) (see Exercise 9.18).

The second point is treated in Exercise 9.31.

9.4.2. Remark (strict R-specializability of O x and wy). While Ox and wyx are R-spe-
cializable along any divisor D, as provided by the theory of the Bernstein-Sato poly-
nomial, the strict R-specializability of O x and wx does not follow from that theory.
It relies on Hodge properties and will only be obtained in Section 14.6, as a particular
case of Theorem 14.6.1.

9.4.3. Definition (Nearby and vanishing cycle functors). Assume that M is coherent and
strictly R-specializable along (g). We then set

o (Left case)

(9.4.3%) {%’A@e& = gy (OG1), A = exp(—2mi B), B € (~1,0],
¢g,1M16& = gr‘_/l(Méeft)(fl).
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« (Right case)

(9.4.3 xx) {wQ’AM = grg(ﬁg)(l)a A =exp(2ria), a € [-1,0),

¢g,13% = gr(‘)/(f/[g).

Then wg7,\JV[, ¢g,13\~/t are D y-modules supported on g~1(0), equipped with an endo-
morphism E induced by t0;. We set

N < —(E—pBz) in the left case,
(E—az)  in the right case.

9.4.4. Remark (Choice of the shift). The choice of a shift (—1) for ¢,4.1 in the left case
has already been justified in dimension 1 (see (7.2.16)). In the right case, the choice
of a shift (1) for ¢, ,\M and no shift for ¢, 13\/[ is justified by the following examples.
(1) It M = Wxxc we have gr¥ Oxxc(l) ~ @x by identifying Wxxc with
wx Vg 6X><(C dt/z (see Remark 9.3.24).
(2) If Mis a right D xxc-module of the form ., N where N is a right ®X><{O}'
module and ¢ : X x {0} < X x C is the inclusion, then gr}f M = N.

9.4.5. Lemma (Side-changing for the nearby/vanishing cycle functors)
The side-changing functor commutes with the nearby/vanishing cycle functors,
namely

,(/)57/\(jvvtright) _ (,(Aq’/\jvvtlcft)right7 d) (Mrlght) (¢ Mlcft)nght
It is moreover compatible with the actions of N.

Proof. 1f N is a left Dyyc-module which is strictly R-specializable along X x {0},
we have (see Remark 9.3.24)

ar’ (@xxc @ N)(1) ~ Gx ®gr€(ﬂ) VaeR, f=—-a—1.

We apply this to N = JT/[lgeft, so that Nright — JT/EZight. The right action of 8, corre-
sponds to the left action of —9;t = —(td; + z), so the right action of N = (8, — )
corresponds to that of —(td; + z + az) = —(E—fz) = N. O

9.4.6. Proposition. Let g : X — C be a holomorphic function and let M be a coherent
DX module. Assume that M is strictly R-specializable along g = 0. Then 1), AM and
¢g,1M are DX coherent.

Proof. By assumption, @[Jg’AJT/t and ¢g,13\~/[ are gr(‘)/@XXC = @X[E]-coherent. Since N
is nilpotent on 14 \M and ¢4 1M, the D x-coherence follows. O

9.4.7. Definition (Morphisms N, can and var, nearby/vanishing Lefschetz quiver)
Assume that M is strictly R-specializable along g = 0. The nilpotent operator N
is a morphism

Dga M N g aM(—1), a1 VE(—1).
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When A = 1, the nilpotent operator N on ¢g,1ﬁ and (;59715\7( is the operator obtained
as the composition var o can and can o var in the nearby/vanishing Lefschetz quiver:

can = _5t .
- T ~
(9.4.7 %) g1 M $g 1M (left case)
Y var=¢-
can = - 0,
-~ T ~
(9.4.7 %) g1 M g1 M (right case)
\—/
U var= ot

with the same convention as in (3.4.8).

9.4.8. Definition (Monodromy operator). We work with right D x-modules. Assume
that M is R-specializable along (g). The monodromy operator T on ), \M is the op-
erator induced by exp(27itd;) (for left Dx-modules T = exp(—27itd;)). On ¢y \M,
we have T = Aexp 27i N, and the nilpotent operator N is given by ﬁ log(A~!T). On
¢g,1 M we have T = exp 2miN and N = L logT.

27

9.4.9. Remark (Monodromy filtration on nearby and vanishing cycles)

The monodromy filtration relative to N on ¢g’>\3\~/[ and (;59,13% (see Exercise 3.3.1
and Remark 3.3.4) is well-defined in the abelian category of graded D x-modules with
the automorphism o induced by the shift (1) of the grading (or in the abelian category
of D x-modules). The Lefschetz decomposition holds in this category, with respect to
the corresponding primitive submodules sz/Jg)\JT/[, Pg(ngj\/v[ for £ > 0.

Nevertheless, strict R-specializability is not sufficient to ensure that each such
primitive submodule (hence each graded piece of the monodromy filtration) is strict.
The following proposition gives a criterion for the strictness of the primitive parts.

9.4.10. Proposition. Assume M is strictly R-specializable along (g9) and fix X € S*. The
following properties are equivalent.

(1) For every £ >1, N*: 1/)%)\’3:\7( — wg,kﬁ(f@ s a strict morphism.

(2) For every l € Z, grg/[wg)g\/[ is strict.

(3) For every £ > 0, Pyipg \M s strict.

We have similar assertions for ¢4 1M.
Proof. This is Proposition 5.1.10, see also Lemma 9.3.28. O

9.4.11. Remark (Restriction to z = 1 of the monodromy filtration)

If M is a coherent RpD x-module which is strictly R-specializable along D and
setting M = M/(z — 1)M, we have g \M = g \M/(z — 1)1pg\M and ¢, 1 M =
$g1M/(z — 1)¢pg.1 M, according to Exercise 9.24, and the morphisms can and var
for M obviously restrict to the morphisms can and var for M, as well as the nilpotent
endomorphism N.
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Similarly, the monodromy filtration M,(N) on ¢, \M, ¢4.1 M restricts to the mon-
odromy filtration M,(N) on 1, \M, ¢,1M, since everything behaves C[z, z~!]-flatly
after tensoring with C[z, z71].

9.5. Strictly non-characteristic restrictions in codimension one

We revisit the results of Section 8.6.b in case ty : Y — X denote the inclusion of
a closed submanifold of codimension one, that we denote by H. We will consider left
D x -modules and the corresponding setting for the V-filtration in this section.

9.5.1. Example. Assume that Y = H is a hypersurface defined by a coordinate function
t: X — C and that M is a holonomic (more generally, coherent) D x-module with
characteristic variety CharM C T*X. Then, if H is non-characteristic with respect
to M, M is D x,c-coherent in the neighbourhood of H and ¢ : M — M is injective
(see e.g. [MTO04, Prop.I1.3.4 & Prop.I11.3.3] and the references therein). It follows
that the filtration UM = t*M for k > 0 and UM =M for k < 0is a good V-filtra-
tion, which is equal to the Kashiwara-Malgrange filtration, so that M = VoM.

9.5.2. Proposition.

(1) o M is strictly mon-characteristic along H, it is also strictly R-specializable
along H,

(2) if M is non-characteristic and strictly R-specializable along H, it is strictly
non-characteristic along H.

In such a case, gr‘ﬁ/J\N/[ = 0 unless B € N, the nilpotent endomorphism tgt on gr(‘),JV[
18 equal to zero, and M is strongly strictly R-specializable along H in the sense of
Definition 9.3.27. Lastly, DLHM s naturally identified with gr?/M

Proof. Since the question is local, we may assume that X ~ H x A;.

(1) The previous proposition says that ¢ : M — M is injective and the definition
amounts to the strictness of M/tM.

Since M is Dy sc-coherent (Exercise 9.34), the filtration defined by U M = t*M
(k € N) is a coherent V-filtration and E : gry, M — gr%M acts by 0 since d;U°M C
UM = M. It follows that M is specializable along H and that the Bernstein poly-
nomial of the filtration U*M has only integral roots. Moreover, t : grUM — grlfflM
is onto for £ > 0. We will show by induction on k that each gr’f]ﬁ[ is strict. The as-
sumption is that grUJ\?[ is strict. We note that E —kz acts by zero on grUJ\~/€ If grUJT/E
is strict, then the composition 8tt that acts by (k+ 1)z on grUJ\/[ is mJectlve so
t: grUM — grk+1M is bijective, and gr’f]HM is thus strict. It follows that M is strict-
ly R-specializable along H, and the t-adic filtration U* Mis equal to the V-filtration.

(2) It follows from the assumption that M is non-characteristic along H, hence
M= VM by Example 9.5.1, and ngJV[ = 0 for any 8 < 0. By strict R-specia-
hzablhty of M we deduce that gr‘B/M = 0 for any f < 0, hence M = VOM that
t: M — Mis injective, and that M/tM gr?,M is strict.
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If M satisfies (1), equlvalently (2), we have seen in the proof of (1) that gr"B,M =0
for B ¢ N. Since gry, M = 0, we deduce that t@t acts by zero on gr%M Then M
tautologically satisfies the conditions for strong strict R-specializability of Definition
9.3.27.

We note that ngM is naturally a DH module since E acts by 0, and DH =
grg DX/EgrO Dy, and one checks that the identification DLHM M/JHM = grvM
is compatible with the action of D H. O

9.5.3. Remark (The case of right D x-modules). Let M be a left D x-module and let
Mrisht — wx Rp M be the associated right DX module (with grading). If M is

strictly non-characteristic along H, then so is Mright . We have
DLEMright =Wy ®F DLEJT/[ =Wy ®5 gr(‘)ﬂ% = gr‘jlﬁright(l),

according to Remark 9.3.24.
Assume that H is globally defined by the smooth function g. Then

DLH*(DL?LIJ\?[right) = DLH*(gr%ﬁ) = plHx (grylﬁright)(l) = z/Jg,ljv/[righ&

according to Exercise 9.31.

9.6. Strict Kashiwara’s equivalence

We now return to the case of right D x-module when considering the pushforward
functor.

Let ty : Y C X be the inclusion of a complex submanifold. The following is known
as “Kashiwara’s equivalence”.

9.6.1. Proposition (see [Kas03, §4.8]). The pushforward functor iy induces a natural
equivalence between coherent Dy -modules and coherent D x -modules supported on'Y,
whose quasi-inverse is the restriction functor i3y . O

Be aware however that this result does not hold for graded coherent RpD x-
modules. For example, if X = C with coordinate s and ¢y : Y = {0} — X denotes
the inclusion, piy.C[z] = d; - Clz, ;] with 6,7 = 0. On the other hand, consider
the Clz, T](@ )-submodule of C[z] ®¢ pty«C = §,Clz, d;] generated by 4,0, (note: 0,
and not d,). This submodule is written §,C[z] & Di>o 6,.0%8,. Tt has finite type

over C|z, 7](d,) by construction, each element is annihilated by some power of s, and
DL;/( 1)(5TGT -Clz,7)(d:)) = 6,C[2], but it is not equal to pey,C[z].

Note also that this proposition implies in particular that Db;(k)DLy*M = 0 for
k # —1, if M is Dx-coherent. In the example above, we have iy ,C = C[0;] and the
complex ¢} 5ty .C is the complex C[0,] — C[d,] with terms in degrees —1 and 0.
It has cohomology in degree —1 only.

However, this is not true for graded coherent RpD x-modules. With the similar
example, the complex ,u¥uy,Clz] is the complex C[z,8,] —= C|z,8,]. We have
d% .7 = k20, so the cokernel of s is not equal to zero.
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9.6.2. Proposition (Strict Kashiwara’s equivalence). Let Y be a smooth closed subman-
ifold of X, and let vy : Y — X denote the inclusion. Then the functor pLy, :
Modcoh(@y) — Modcoh(@x) is fully faithful. If moreover Y = H is smooth of codi-
mension 1 in X, it induces an equivalence between the full subcategory of Modcoh(ﬁH)
whose objects are strict, and the full subcategory of Modcoh(@x) whose objects are
stm’ctly R-specializable along H and supported on H. An inverse functor is M —
gry VM.

Proof the full faithfulness. 1t is enough to prove that each morphism ¢ : DLy*fol —
DLY*’JA\TQ takes the form ey, for a unique 9 : ifl — ifg Because of uniqueness, the
assertion is local with respect to Y, hence we can assume that there exist local coordi-
nates (z1,...,2,) deﬁnlng Y. Assume M = DLY*N for some coherent Dy module N.
Then one can recover N from M as the Dy module M/ Z M- 6 . As a consequence,
1 must be the morphlsm induced by ¢ on M/ Do M- 6;61, hence its uniqueness. On
the other hand, since M1 is generated by N1 ® 1 over D x (see Exercise 8.45), ¢ is
determined by its restriction to N1 ®1, that is by ¥, and the formula is ¢ = pey,. O

9.6.3. Lemma. Assume X ~ H x C with coordinate t on the second factor. Let M be
a coherent Dx-module supported on H x {0}.

(1) Assume that there exists a strict @H—module N such that M ~ DLH*ﬁ. Then
(a) N = Ker[t : M — M],
(b) N is Dy -coherent,
(c) M is strict and strictly R-specializable along H,
(d) N = ngJV[.
(2) Conversely, sz/[ is strictly R-specializable along H, then such an N ezists. In
particular, M is also strict.

9.6.4. Remark (Strictness and strict R-specializability). Let M be as in Lemma 9.6. 3,
that is, D x-coherent and supported on H x {0} Then the filtration UyM = Kert C
Ulj\/[ Kert? C --- is a filtration by VOD x-submodules and obviously admits a
weak Bernstein polynomlal Assume moreover that M is strict. Then every grgM is
also strict: if m € UkJV[ and z‘m € Uk_lM, that is, if t*T'm = 0 and tFzfm = 0,
then t*m = 0 by strictness of M and thus m = 0 in grgf/[. Therefore, UM is the
Kashiwara-Malgrange filtration V,JV[ in the sense of Lemma 9.3.16, and Properties
9.3.18(1) and (2) are satisfied.

However, the condition that M is strict is not enough to obtain the conclusion of
9.6.3(1), as shown by the following example. The point is that 9.3.18(3) may not hold.
Assume that H is reduced to a point and let M be the D x-submodule of the Dx|z]-
module C(d;) generated by 1 and d; (recall that C := C|z]), that we denote by [1]
and [9;] for the sake of clarity. By definition, we have [1]t = 0 and [8t]t2 = 0. For the
Kashiwara-Malgrange filtration V, M defined above, Bt gr, YM=C— gr‘{M [at]c
is not onto, for its cokernel is [0¢]C. In other words, M is not strictly R-specializable
at t = 0 and not of the form DLH*N.
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Proof of Lemma 9.6.3.

(1) Assume M = DLH*N for some strict @H module N. We have DLH*N =
Do L N©@6,0F with 64t = 0 (see Exercise 8.46(1)). The action of ¢ on pi,N is the

z-shift n ® 5t8tk — zkn ® 5t8t , hence N = Kert because N is strict. Given a finite
family of local D x-generators of JT/[, we produce another such family made of homoge-
neous elements, by taking the components on the - previous decomposition. Therefore,
there exists a finite family of local sections n; of N such that n; Q o generate M. Let
N’ C N be the @H submodule they generate. Then DLH*N — DLH*N M is onto.
On the other hand, since N is also strict, this map is 1nJect1ve If Zk 11, ®6t8 — 0,
then nfy ® 6t8 0, and sV nN ® 6t8N =xzVnly ® ata ~— 0, where * is a nonzero
constant; so zVn/y = 0 in N hence nN = 0. We conclude N’ = N since both are
equal to Ker¢ in pt N, Therefore, N is locally finitely D D pi-generated in J\/[ and then
is DH coherent. One then checks that the filtration U; M := @k>0 LH*N ® 5,585 is a
coherent V-filtration of JV[ and N = grg UM. We deduce that each grgM is strict, and
M is strictly R-specializable. Lastly, n ® d; satisfies (n ® (5t)t8t =0, so VM U, M
jumps at non—negatlve integers only.

(2) Assume that M is strictly R-specializable along H. Then V<07V[ = 0, according
to 9.3.25(a). Similarly, grvM =0fora¢Z. Ast: grkVM — gry_ 1J\/[ is injective for
k #£ 0 (see 9.3.25(c)), we conclude that

gry M ~ VoM = Kerls : M — M].
Since 0, : gry VM — gry_ 13\/( is an isomorphism for k& < 0, we obtain

M= @ ary M8 —DL*groM
£20
Lastly, E acts by zero on grg J\/[ which is therefore a coherent D y-module by means

of the isomorphism grg DX/ E grg YDy ~ Dy. It is strict since M is strictly R-specia-
lizable. O

End of the proof of Proposition 9.6.2. 1t remains to prove essential surjectivity. Let
V,JV[ be the V-filtration of M along H. By the argument in the second part of
the proof of Lemma 9.6.3, we have local isomorphisms M plx8rg VM which induce
the identity on VOM = grg VM. By full faithfulness they glue in a unique way as a
global isomorphism M ~ plx 8L VM. O

9.6.5. Corollary Assume codim H = 1. Let N be DH coherent and set M = DLH*N
IfM M1 &) Mg with Ml, M2 bemg DX coherent, then there exist coherent 'DH sub-
modules NhNg ofN such that N = N1 &) Ng and M = DLH*N forj=1,2.

Proof. Each M is coherent and supported on H. We set N = JV[ nN. Locally,
choose a coordinate ¢ defining H and set N’ M; /JV[ - 9y. Since N = M/M y,
we deduce that N = N/ @& N}, and we have a (local) isomorphism M; ~ DL*N Then
one checks that N’ Nz, so it is globally defined. O
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We now consider the behaviour of strict R-specializability along a function with
respect to strict Kashiwara’s equivalence. Let ¢ : X < X; be the inclusion of a smooth
hypersurface in X, let g1 : X; — C be a holomorphic function and let g = g1 o ¢.
We have a commutative diagram

L
X2y xxC,

Lol
L
X1(i)X1X(Ct

We can regard 9.6.6(1) as the particular case of Theorem 9.8.8 below where f is a
closed embedding ¢.

9.6.6. Proposition. Let N be a coherent @X -module and set M = DL*N.

(1) Assume that N is strictly R-specializable along (g). Then M is strictly R-spe-
cializable along (g1).

(2) Assume that M is strictly R-specializable along (g1). Then N is strictly R-spe-
cializable along (g).
In such a case, we have d)gl,ﬂ% o~ DL*¢g7Aﬁ and (bghljv[ o~ DL*QZ)g,lif. Moreover, with

respect to these identifications,cans; = pix cang and varys = pl. vary.

M M
Proof. The first statement is easy to check. Let us consider the second one. We first
consider the case where X7 = X x C, and H; = H x C,, with X = H xC; and ¢, g1
are the projection to C;. We denote by V' the V-filtration along ¢. We have M=
DL*N D, L*N® O, 5"“

Let us first prove that the V- filtration of M is compatible with the decomposition.
Let Zl 0 Mi®0r 8 be a section in V, M. We will prove by induction on N that nz®(5 €
Va M for every i. It is enough to prove it for i = N. We have (ZZ n; 0 8’) =
x2Nny ® 8, €V, M for some nonzero constant . If ny ®oir €V, M for 7> then
the class of ny ® 0 in ngJV[ is annihilated by 2%, hence is zero since gr,‘y/ M is strict.
Therefore, ny ® 6, €Va M

Let us define U, N as the subsheaf of N consisting of those sections n such that
n®o, € V, M. Then one has V, M = D, t:Ua N®5 81 and grvM D, v.gry, N®5 (“)1
In particular, each grUN is strict. Clearly, each U, Nis a VbiD x-module. We argue
as in Lemma 9.6.3(1) to show that each U,N is VoD x/-coherent.

From the properties of V,JVE one deduces that U,ﬁf satisfies the characteristic prop-
erties of the V-filtration, hence is equal to it. Therefore, N is strictly R-specializable
along H and Properties 9.3.18(2) and (3) are clearly satisfied, as they hold for M.
The last statement is then clear by the computation of the V-filtrations above.

For the general case, the assumption is that Lgl*(b*j:f) is strictly R-specializable
along X; x {0}, hence so is L;(L(J*if) Since the question is local, we can assume
that ¢ is the inclusion X x {0} < X x C, = X; and similarly for ¢/ after taking the
product with (Et. We are then reduced to the previous case and we obtain the strict
R-specializability of Lg*if along (). O
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9.7. Support-decomposable D-modules

Let g : X — C be a holomorphic function. We set D := (g) and |D| = g~1(0).
Let 15 : X — X x C denote the graph embedding associated with g. We set H =
X x{0} Cc X xC.

Let us make precise the behaviour of the support of nearby and vanishing cycles.

9.7.1. Proposition. Assume that M is @X coherent and strictly R-specializable along D.

(1) For every A € S', dim Supp wg WM < dim SuppM
(2) If SuppM C |D|, then 1y \M =0 for any X € S, and M~ bg. M.

Proof.

(1) Clearly, the support is contained in g—*(0) N Supp M. The question is local.
Let 2, € g~1(0) N Supp M. Assume that a local component S, of SuppJT/[ at x, is
contained in f~!(0). It is enough to prove the vanishing of ¢, ,\J\~/C in the neighbour-
hood of a point 2/, € S, N (Supp f{)smOOth. We can choose local coordinates at /)
such that g = ¢" for some r > 1. By the example of Section 9.9.a below, we are
reduced to proving that, near z/, we have 1, AJ\~/[ = 0 for every A € S!. This follows
from Lemma 9.6.3(2).

(2) The first statement follows from the first point. By Proposition 9.6.2 we have
if[g = plex8lg M = plixy, 1M On the other hand, we recover M from M as

M = ppMy, where p : X xC — C s the projection. We then use that por; =Idx. O

9.7.2. Proposition. Let M be a coherent Dx-module which is strictly R-specializable
along (g).
(1) The following properties are equivalent:
(a) var : @y, M = g, 13\7[( 1) is injective,
(b) M has no proper subobject in Modcoh(DXXc) supported on H,
(¢c) There is no strictly R-specializable inclusion N < M with N strictly
R-specializable supported on H.
(2) If can : 1/1%13?[ — (;59’13% 18 onto, then JV[Q has no proper quotient satisfying
9.3.18(1) and supported on H.

9.7.3. Definition (Middle extension along (g)). Let M be a coherent D x-module which
is strictly R-specializable along (g). We say that M is a middle extension along (g) if
var : ¢g,13\~/f — ¢g’13\~/[(—1) is injective and can : 1/19’13% — ¢g,13\~/f is onto. (See Remark
3.3.12 for the terminology.)

The nearby/vanishing Lefschetz quiver of a middle extension is isomorphic to the
Lefschetz quiver (proof as Exercise 9.36)

can = N
~ T
(9.7.4) Pg 1M ImN.
\_//

D Jar = incl
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9.7.5. Proposition. Let M be as in Proposition 9.7.2. The following properties are
equivalent:

(1) ®g, M = Im can & Ker var,

(2) M=MM” with M/, M" strictly R-specializable along (g), M/ being a middle
extension along (g) and M” supported on g=1(0).
Moreover, such a decomposition is unique, and if JVE,if satisfy these properties, any
morphism p : M- N decomposes correspondingly.

Proof of Propositions 9.7.2 and 9.7.5. All along this proof, we set N= J\~/(g for short.
9.7.2(1) (1a) < (1b): It is enough to show that the morphisms

Ker[t : VoN — V_1N]

T

Ker[t : N — N] Kerlt : grgﬂ — gV N]

are isomorphisms. It is clear for the right one, since ¢ : V<ON — V<-IN is an
isomorphism, according to 9.3.25(a). For the left one this follows from the fact that ¢
is injective on gr¥ N for o # 0 according to 9.3.25(c).

(1b) < (Ic): let us check < (the other implication is clear). Let T denote the
t-torsion submodule of N and T’ the D x xc-submodule generated by

To = Ker[t : N — N].

9.7.6. Assertion. T' is strictly R-specializable and the inclusion T < N is strictly
R-specializable.

This assertion gives the implication < because Assumption (1c) implies T =
hence t : N — N is injective, so T = 0.

Proof of the assertion. Let us show first that T is D X X C coherent. As we remarked
above, we have Ty = Ker[t : grg YN - grle] Now, T is the kernel of a linear
morphism between D ;-coherent modules (H = X x {0}), hence is also D y-coherent.
It follows that J7 is D x xc-coherent.

Let us now show that 7" is strictly R-specializable. We note that ‘jv'o is strict because
it is 1s0morph1c to a submodule of gry VN. Let U, T’ be the filtration induced by V, N
on T'. Then U-oT’ = 0, according to 9.3.25(a), and grg‘.]" =0 for « ¢ N. Let us
show by induction on k that

UpT = To + To0s + - - - + ToF.

Let us denote by U, k‘J” the right-hand term. The inclusion D is clear. Let z, € H,
meUk‘J' and let £ > k such that m € U/J" If€>k0nehasm€‘f’ AV Ny v,



338 CHAPTER 9. NEARBY AND VANISHING CYCLES OF D-MODULES

hence mt‘ € ‘};o NV_1N,, = 0. Set
m:m0+m15t+-~-—|—mggf,

with m;t =0 (j =0,...,¢). One then has mggéte =0, and since

¢
mgaftz =my H tat +jz) =1 mezt

and ‘}0 is strict, one concludes that my, = 0, hence m € Ué_l‘j';o. By induction, this
implies the other inclusion.

As grUa” is contained in gr(‘;if, one deduces from 9.3.25(d) that dy gry Uy
gry H‘} is injective for £ > 0. The previous computation shows that it is onto,
hence T7 is strictly R-specializable and U, T’ is its Malgrange Kashiwara filtration.

It is now enough to prove that the injective morphism ) grg Ugr 8rg VN is strict. But
its cokernel is identified with the submodule Iml[t : gry N — gr¥,N] of gr¥, N, which
is strict. O

9.7.2(2) If can is onto, then N = DXX(C V<0N If N has a t-torsion quotlent T
satisfying 9.3. 18( ), then VooT = 0, so VooXN is contained in Ker[N — ‘I] and thus
N=Dxxc- V<0N is also contained in this kernel, that is, T =0.

9.7.5(1) = 9.7.5(2) Set
UN' = VeoN + 0,V N and Ty = Ker[t : N —» N].
The assumption (1) is equivalent to VON = Uoif/ &3] 5’0. Define
UN' =V Dx -UN'  and UN" = ViDx - To

for k > 0. As VeuN = Vi 1N + 9, Vi1 N for k > 1, one has ViN = UN' + UN" for
k > 0. Let us show by induction on k£ > 0 that this sum is direct. Fix k£ > 1 and let
m € UkN’ N UkN". Write
my_1,Ny_q € Up_ 1N,

Y I S " "noa
mo=mj_y +np_100 =my_y +ng_10, { " " Ur
Mg 1M1 € Ug—1 N7,

One has [n%fl]gt = [ngfl]é{t in VkN/Vk_lif, hence, as
515 : Vk_lif/Vk_gﬂ — ij:f/vk_quf

is bijective for k > 1, one gets [nj,_,] = [n}/_;] in Vi—1N/Vi_oN and by induction one
deduces that both terms are zero. One concludes that m € Uk,lﬁf’ﬂUk,lN”zo by
induction.

This implies that N = N’ @ N with N’ := |J, Uy N’ and N defined similarly. Tt
follows from Exercise 9.20(1) that both N’ and N are strictly R-specializable along H
and the filtrations U, above are their Malgrange-Kashiwara filtrations. In particular,
N’ satisfies (1) and (2). By Corollary 9.6.5 we also know that N’ = JT/[’Q and N = JV[Z
for some coherent D y-modules M’ , M.

9.7.5(2) = 9.7.5(1): One has VooN” = 0. Let us show that Imcan = gr}/ N’ and
Kervar = gry N”. The inclusions Imcan C gry N’ and Kervar > gry N” are clear.



9.7. SUPPORT-DECOMPOSABLE D-MODULES 339

Moreover grgﬂ' NKervar = 0 as N’ satisfies (1). Lastly, can : gr” 1N’ — gry YN i
onto, as N’ satisfies (2). Hence grg VN = Im can @ Ker var.

Let us now prove the last assertion. We first note that the uniqueness statement
follows from the statement on morphisms: if we have two decomposition M= M’
M’l’ = M’2 &) Mz, then the identity Lnorpglsm decomposes correspondingly.

Let us consider a morphism ¢ : M aM” — N @N". First, by (1b) in Proposition
9.7.2, the component M” — N is zero. For the component M’ — N”, let us denote
by M its image. The V-filtration on M’ "tun,1 induced by V, N” is coherent (Exercise

9.11(1)) and satisfies 9.3.18(1), hence by Proposition 9.7.2(2) we have Mfun’l =0. O

9.7.7. Definition (S(upport)-decomposable D x-modules). We say that a coherent
D x-module M is

o S-decomposable along (g) if it is strictly R-specializable along (g) and satisfies
the equivalent conditions 9.7.5;

* S-decomposable at x, € X if for any analytic germ g : (X,2,) — (C,0) such
that ¢g=1(0 )ﬂSuppM has everywhere codimension 1 in Supp M Mis S- decomposable
along (g) in some neighbourhood of z,;

o S-decomposable if it is S-decomposable at all points z, € X.

9.7.8. Lemma.

(1) If3\~/[ is S-decomposable along (g), then it is S-decomposable along (g") for every
r>1.
(2) IfF M = My @ My, then M is S-decomposable of some kind if and only if My
and JVEQ are So.
(3) We assume that M is S-decomposable and its support Z is a pure dimensional
closed analytic subset of X. Then the following conditions are equivalent:
(a) for any analytic germ g = (X,z,) — (C,0) such that g=1(0) N Z has
everywhere codimension 1 in Z, JVEg is a middle extension along (g);
(b) near any x,, there is no D x -coherent submodule ofJV[ with support having
codimension > 1 in Z;
(¢) near any x,, there is no nonzero morphism ¢ : M— if with N S-decom-
posable at z,, such that Im ¢ is supported in codimension > 1 in Z.

Proof. Property (1) is an immediate consequence of the example of Section 9.9.a, and
Property (2) follows from the fact that for any germ g, the corresponding can and
var decompose with respect to the given decomposition of M. Let us now prove (3).
Both conditions (3a) and (3b) reduce to the property that, for any analytic germ g :
(X,z,) = (C,0) which does not vanish identically on any local irreducible component
of Z at z,, the corresponding decomposition M = M’ & M” of 9.7. 5(2) reduces to
M =M ,ie., M” = 0. For the equivalence with (3c¢), we note that, according to the
last assertion in Proposition 9.7.5, and with respect to the decomposition ¢ = ¢’ & "
along a germ g, we have Im ¢ # 0 and supported in g~1(0) if and only if Im " # 0,
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and thus M” # 0. Conversely, if M # 0, the projection M — M” gives a morphism
contradicting (3c). O

9.7.9. Definition (Pure support). Let M be S-decomposable and having support a pure
dimensional closed analytic subset Z of X. We say that M has pure support Z if the
equivalent conditions of 9.7.8(3) are satisfied.

9.7.10. Proposition (Generic structure of a S-decomposable module)

Assume that M is holonomic and S- decomposable with pure support Z, where Z
is smooth. Then there exists a unique holonomic and S-decomposable DZ module N
such that M = DLZ*N. Moreover, there exists a Zariski dense open subset Z° C Z
such that iﬁza 18 6Zo—coh6rent and strict.

Proof. Let us consider the first statement. By uniqueness, the question is local on Z.
We argue by induction on dim X. Let H be a smooth hypersurface containing Z
such that H = {t = 0} of some local coordinate system (t,zs,...,24). Since M
is strictly R-specializable along t, the strict Kashiwara’s equivalence implies that
M = DLH*j:f for a unique coherent D g-module N. Moreover, N is strictly R-spe-
cializable along any holomorphic function on H, according to Proposition 9.6.6. If
this function is the restriction gy of a holomorphic function on X, then one checks
that a decomposition 9.7.5(2) for M along (g) comes from a decomposition 9.7.5(2)
for N along (g|pr). We conclude that N is also S-decomposable, and has pure support
Z C H. Continuing this way, we reach a coherent D z-module which is S-decomposa-
ble. It is easy to check that N is holonomic since, if Char M denotes the characteristic
variety of M it is obtained by a straightforward formula from Char N.

Coming back to the global setting, we consider the characteristic variety Char N
of if, which is contained, by definition, in a set of the form (Ul 17 7 ) x C,, where Z;
is an irreducible closed analytic subset of Z, one of them being Z. We set Z° =
Z U1|Z 42 Z;. In such a way, we obtain a Zariski-dense open subset Z° of Z such
that Char N‘Zo C T4.Z°xC,. We conclude from Exercise 8.69 that NlZO is OZU—COh—
erent.

Let us now restrict to Z° and prove that N is strict there. If ¢ is a local coordinate,
notice that each term of the V-filtration V.’N is also O zo-coherent (recall that we
know that N is strictly R- spec1ahzable along t). It follows that the V-filtration is
locally stationary, hence N = VN, since ngN 0 for a > 0 (Proposition 9.3.25(d)),
hence for all & > 0. Let m be a local section of N killed by z. Then m is zero in
N/ Nt by strict R-specializability. As Nis O zo-coherent, Nakayama’s lemma (applied
to N@)@ZO Ozoxc. ) implies that m = 0. O

9.7.11. Corollary. Let M be holonomic and S-decomposable. Then M is strict.

Proof. The question is local, and we can assume that M has pure support Z with Z
closed irreducible analytic near x,. Proposition 9.7.10 applied to the smooth part
of Z produces a dense open subset Z° of Z such that M‘ZO is strict. Let m be a
local section of M near z, € Z killed by z. Then m - D x is supported by a proper
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analytic subset of Z near x, by the previous argument. As M has pure support Z,
we conclude that m = 0. O

9.7.12. Corollary. Let M be holonomic and S-decomposable. Then there exist irre-
ducible closed analytic subsets Z; of X such that Char M = (Ul T}iX) x C,.

Proof. Since M is strict, there exists a coherently F-filtered D x-module (M, F,M)
such that M = RpM. We can thus apply Exercise 8.71(1). O

9.7.13. Corollary. Let Z C X be a closed analytic subset of X and let M be holonomic
and S-decomposable with pure support Z. Then there exists a dense > open subset Z°
of Z, a neighbourhood nb(Z°) in X, and a D g0 -holonomic module N which is O zo-
locally free of finite rank, such that M|nb(Zo) = plzox N.

Proof. By restricting first to a neighbourhood of the smooth locus of Z, we can
assume that Z is smooth, so that the setting is that of Proposition 9.7.10, and we can
also assume that X = Z. Recall that, by strictness, M = RpM. According to the
same proposition, we can also assume that M is O x-coherent, hence O x-locally free
(see Exercise 8.69(3)).

The filtration F,M has then only a finite number of jumps, and grfM is also
Ox-coherent. Up to restricting to a dense open subset, we can assume that grf’M
is Ox-locally free. For each p, let v, be a local family of elements of F,M whose
classes in grgM form a local frame. Then (v,), is a local frame of M. We have
a natural surjective morphism EBP 2P0 xvp = RFpM, which induces an isomorphism
after tensoring with Ox[2~1] over Ox, since both terms have (vp)p as an Ox[z71)-
basis. Each local section of the kernel is thus annihilated by some power of z, hence
is zero since the left-hand term is obviously strict. Therefore, RpM is o) x-locally
free. O

We will now show that a S-decomposable holonomic D x-module (see Definition
8.8.23) can indeed be decomposed as the direct sum of holonomic D x-modules hav-
ing as pure support closed irreducible analytic subsets. These subsets are then called
the pure components of (the support of) M (note that a pure component could be in-
cluded in another one). We first consider the local decomposition and, by uniqueness,
we get the global one. It is important for that to be able to define a priori the pure
components. They are obtained from the characteristic variety of JQ[, equivalently
of M, according to Corollary 9.7.12.

9.7.14. Proposition. Let M be holonomic and S-decomposable at x,, and let (Z;,x0)icr
be the family of closed irreducible analytic germs (Z;,x,) such that CharM =
U, T; X x C, near z,. There exists a unique decomposition My, = ©ietMz, », of

germs at x, such that JT/[ZMO = 0 or has pure support (Z;, x,).

Proof. For the existence of the decomposmon we will argue by induction on
dim Supp M. The case where dim Supp M is clear. First, we reduce to the case when
the support Z of M (see Proposition 8.8.11) is irreducible at z,. For this purpose,
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let us decompose the germ of Z at z,into its irreducible components Uj Z;. Let
g be a germ of holomorphic function at z, such that g=!(0) N S has everywhere
codimension 1 in Z and contains the support of the kernel and cokernel of

@szﬁ — j/i[
J

(see Lemma 8.8.12). Let us consider the decomposition M = M’ &M with M’ being
a middle extension along (g) and M” supported on g~1(0). Since the kernel and
cokernel of the above morphism have support contained in g~!(0), we conclude that
it induces an isomorphism @ Iz, M — M. Moreover, since S-decomposability is
stable by direct summand (Lemma 9.7.8(2)), each T ZJJ\N/[ and M” are S-decomposa-
ble. We can apply the induction hypothesis to M , and we are reduced to treat each
I Z].J\N/L so we can assume that Z is irreducible and has dimension > 1.

Let us now choose a germ ¢ : (X, z,) — (C, 0) which is non-constant on Z and such
that ¢g=1(0) contains all the components Z; defined by CharM except Z. We have,
as above, a unique decomposition M=MaeM of germs at x,, where M is a middle
extension along (g), and M is supported on g 1(()) by the assumption of S-decom-
posability along (g) at x,. Moreover, M and M” are also S- decomposable at x,.
We can apply the induction hypothesis to M.

Let us show that M’ has pure support Z near x,: if J\~/E’1 is a coherent submodule
of M/ supported on a strict analytic subset Z C Z, then Z is contained in the union
of the components Z;, hence J\N/f'l is supported in g~1(0), so is zero. We conclude
by 9.7.8(3b).

For the uniqueness of the decomposition, we note that, given two local decom-
positions with components J\N/[ZZ_@O,JV[’ZMO, the components ¢;; of any morphism
P J\?Emo — J\~/Cxo vanishes as soon as i# j. Indeed, we have either codimz, (Z; N Z;) > 1
or codimz,(Z; N Z;) > 1. In the first case we apply Lemma 9.7.8(3c) to JT/[ZWO. In
the second case, we apply Lemma 9.7.8(3b) to JT/[’Z_%%. We apply this same result to

p=1Id: M — M to obtain uniqueness. O
By uniqueness of the local decomposition, we get:

9.7.15. Corollary. Let M be holonomic and S-decomposable on X and let (Z;);er be
the (locally finite) family of closed irreducible analytic subsets Z; such that Char M =
U, T; X x C,. There exists a unique decomposition M = @ﬂ\%zi such that each
JVEZi = 0 or has pure support Z;.

As indicated above, a closedNanalytic irreducible subset Z of X such that M z#0
is called a pure component of M.

Proof of Corollary 9.7.15. Given the family (Z;);c; and z, € X, the germs (Z;, z,)
are equidimensional, and Proposition 9.7.14 gives a unique decomposition 3\7[3co =
Dic IJV[ 7,2, by gathering the local irreducible components of (Z;, z,). The uniqueness
enables us to glue all along Z; the various germs M Zix- O
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9.7.16. Corollary. Let M/, M" be two holonomic D x-module which are S-decompo-
sable and let (Z;)ic; be the family of their pure components. Then any morphism
oMy — M%j vanishes identically if Z; # Z;.

Proof. The image of ¢ is supported on Z;NZ;, which has everywhere codimension > 1
in Z; or Z; if Z; # Z;. We then apply Lemma 9.7.8. O

9.7.17. Remark (Restriction to z = 1). Let us keep the notation of Exercise 9.24 and
let us assume that M is D y-coherent and strictly R-specializable. It is obvious that,
if can is onto for M, it is also onto for M := M/M(z — 1). On the other hand, it is
also true that, if var in injective for M, it is also injective for M (see Exercise 5.2(3)).
As a consequence, if M is a middle extension along (g), so is M. Moreover, if M is
S-decomposable along (g) at z,, so is M, and the strict decomposition M=M oM’
restricts to the decomposition M = M’ & M” given by 9.7.5(2).

We conclude that, if M is S-decomposable, then M is S-decomposable, and the
pure components are in one-to-one correspondence.

9.7.18. The structure of gr%grvﬁ. Assume that X = H x A; and let us consider the
V-filtration along ¢. Let M be strictly R-specializable along (t). For each o € A+Z, let
M. grY M denote the monodromy filtration of the nilpotent operator N (see Section 3.3,
with Section 3.1.2 for the twist (—1) induced by the action of N). If moreover M
is S-decomposable along (t)7 we make prec1se the structure of the ngDX module
gri}dgrvj\/[ Dacarz grMor? VM when M.

The isomorphisms 9.3.18(2) and (3) commute with the action of N, hence induce,
for each £, corresponding isomorphisms

tgr)gra M = gr)ery M (a <0),
y : grygrgi/[ = grlg\/[grx+13\~/[ (a > —1).

Furthermore, tgt acts as azId on grg/[ngJ\N/[.

For any a € (—1,0), we can thus write (omitting dt)

grygrx+zfm ~ [grygrt‘;ﬂ% ®g (E[t]t &) gryngJ\% ® grygrxﬁ/[ ®g @[@]@ ,
where the action of grvﬁx = @H[ ](8;) is described as follows (the action of Dy is
the natural one on gr, ngM) for k > 0:

(met") -t =metH, (m® t**1) . 9, = (a — k)z(m @ t¥),
(m®dF) -0, =m® o, (Mm@t t=(a+k+1)z(medF)
It is thus naturally identified with (omitting dt)
(9.7.18 %) erM e M R [@[t]@ /(t8; — az)C[t }<at>]

Let us now consider gr)! g1z VM. As M is assumed to be S-decomposable along (1),
we can assume that either M is supported on H or that M is a minimal extension
along H.
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In the first case, the structure of M is known by the strict Kashiwara’s equivalence
M ~ - g1 VM Xz (C[(?t] Furthermore, N acts by zero on gry, so we also have gry, VM ~
gry M Xz C[@t]

In the second case, we claim that (omitting dt)

(9.7.18 %) gr)lgry M ~ | grdlgr’, M Nz (E[t]] ) [gr%gr(‘{ﬁ[ Kz @[515]],

where 5,5 acts by zero on gr?ﬂgr‘flﬁf Kz 1 and ¢ acts by zero on gre gry Y M Nz 1.
The point is to check that var; and can; induce the zero morphisms after passing
to gr)®: this is provided by Lemma 3.3.13(b). Note that the first case also admits this
description.

9.8. Direct image of strictly R-specializable coherent D x-modules

Let us consider the setting of Theorem 8.8.15. So f : X — X' is a proper holo-
morphic map, and M is a coherent right Dy-module. Let H' C X’ be a smooth
hypersurface. We will assume that H := f*(H’) is also a smooth hypersurface of X.

If M has a coherent V-filtration U,JT/[ along H, the RV@ x-module RUJ\~/[ is therefore
coherent. With the assumptions above it is possible to define a sheaf RV@ XX/
and therefore the pushforward f*RUJT/[ as an RV@ x--module (where V.@ x is the
V-filtration relative to H' )

We will show the RV® x-coherence of the cohomology sheaves f* )RUJ\~/[ of the
pushforward j, f. RUM if M is equipped with a coherent filtration. By the argument
of Exercise 9.10, by quotienting by the v-torsion, we obtain a coherent V-filtration on
the cohomology sheaves f,gk)J\N/[ of the pushforward f*JV[

The v-torsion part contains much information however, and this supplementary
operation killing the v-torsion looses it. The main result of this section is that, if M is
strictly R-specializable along H, then so are the cohomology sheaves f,Ek)JT/[ along H',
and moreover, when considering the filtration by the order, the corresponding Rees
modules Dfik)RVJV[ have no wv-torsion, and can thus be written as RUDfik)JVE for
some coherent V-filtration U, f,gk)f/[. This coherent V-filtration is nothing but the
Kashiwara-Malgrange filtration of fik)JV[. We say that the Kashiwara-Malgrange
filtration behaves strictly with respect to the pushforward functor , f.

Another way to present this property is to consider the individual terms Va3\~/f
of the Kashiwara-Malgrange filtration as VoD x-modules. By introducing the sheaf
VO@ x—x/, one can define the pushforward complex f.V, M for every «, and
the strlctness property amounts to saying that for every k& and «, the morphlsms

V M — f* )M are injective. In the following, we work with right D x-modules
and increasing V-filtrations.

9.8.a. Definition of the pushforward functor and the coherence theorem

We first note that our assumption on H, H’, f is equivalent to the property that,
locally at =, € H, setting =/, = f(x,), there exist local decompositions (X, z,) ~
(H,z,) x (C,0) and (X', 27;) ~ (H',25) x (C,0) such that f(y,t) = (f|la(y),t).
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Let U, M be a V-filtration of M and let RUJ\~/[ be the associated graded Rvix—
module. Our first obJectlve is to apply the same reasoning as in Theorem 8.8.15 by
replacing the category of D-modules with that of graded Ry D x-modules.

The sheaf @X_>X/ has a V-filtration: we set VkDX_,X/ = OX ®r1p f VkDX/

One checks in local decomp051t10ns as above that, with respect to the left D x-struc-
ture one has WCDX VkDXHX/ C VkHCDXHXr We can write

(9.8.1) RVDX—)X’ = OX ®f716x/ f_lRVDX/ = RVOX ®f71RV6x/ f_leiX/.

Indeed, this amounts to checking that
Ox ®;p,, S7'RyOxs = Ry Ox,

whichNis clear. According to Exercise 9.7, Ry @X/ is Ry 6X/—10cally free, so RV@X_,X/
is Ry Ox-locally free.

We define
(9.8.2) b fsRuM = Rf.(RyM ®§V5X RyDx_x/)
as an object of Db(RV@X/).
9.8.3. Theorem. Let M be a DX module equipped with a coherent filtration F, M. Let
U, M be a coherent V -filtration ofM Then the cohomology modules of f*RUM have
coherent RV‘DX/ -cohomology.

9.8.4. Lemma. Let £ be an Rvg)x—module. Then
(L ®R (5 RV@X) R b RV@X%X/ = Z ®f_1RV6X/ fﬁlRV@X/.

Proof. 1t is a matter of proving that the left-hand side has cohomology in degree 0
only, since this cohomology is easﬂy seen to be equal to the right-hand side. This can
be checked on germs at x € X. Let L be a resolution of L by free Ry 0 x,z-modules.
We have

(zz®Rv Ox.z RV@X@) ®§V5X7 RV’@XHX’ x

= (ZT ®LV~X RVQX r) RV@X_LX/’I (EX. 97)

R Dx
= (L3 I RyDx ) ®LV~X’I RV®X%X’,9@
= (L3 @py 5, BvDxa) ©p 5 RvDxoxig
= L DRy B RV‘DXHX’ 2 =Ly ®Rv5x,m RV@XHX’,:I:
=L:®p 5, BvDxoxia (RvDx_xa is RyOx ,-free)
=L, @ARV&X,M F 'Ry Dy . O
As a consequence of this lemma, we have

(9.8.5) ofo(L @y 5 RvDx)=(RfLL)®p 5  RvDx

and the cohomology of this complex is Ry D xs-coherent.
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9.8.6. Remark. Assume that £ = K Rf Rvéx for some 6X—module K. Note that,
by flatness (see Exercise 9.7),

j~<®gx Rv'ﬁx = j~<®6x Rv'@X = E ®RV6X Rvﬁx.
Hence, by Lemma 9.8.4 and (9.8.1),
(K®5XRV®X)®;V5XRV@X—>X/ = fK®f_16X/f71RVDX/ = K@?A@X/ffle@XM
and thus (9.8.5) becomes
Df*(‘jzj ®6x RV@X) = Rf,,j{ ®f71(5x’ RV@X“

9.8.7. Lemma. Assume that M is a @X module having a coherent filtration F, M and
let U, M be a coherent V -filtration ofM Then in the neighbourhood of any compact
set of X, RUJ\/[ has a coherent F, RVDX -filtration.

Proof. Fix a compact set K C X. We can thus assume that M is generated by a
coherent O x-module F in some ‘neighbourhood of K, i.e., M="D X F. Consider the
V-filtration U’M generated by 7, i.e., U’M V.Dy - F. Then, clearly, RVOX F=
@k VkO X . Fuk is a coherent graded RVO x-module which generates RU/M as an
RVD x-module.

If the filtration UM is obtained from U/M by a shift by —¢ € Z, i.e., if Ry»M =
UZRU/JV[ C J\N/E[v,v_l], then RU//JV[ is generated by the RV(NOX—coherent submodule

v'RyOx - F.

On the other hand, let U”M be a coherent V-filtration such that RUuM has a
coherent F, RVD x-filtration. Then any coherent V-filtration U, M such that UkM C
Uy M for every k satisfies the same property, because RUM is thus a coherent graded
RV@ x-submodule of RU//J\~/[, so a coherent filtration on the latter induces a coherent
filtration on the former.

As any coherent V-filtration U,J\~/[ is contained, in some neighbourhood of K, in
the coherent V-filtration U, .’JVE suitably shifted, we get the lemma. O

Proof of Theorem 9.8.3. The proof now ends exactly as that for Theorem 8.8.15. [

9.8.b. Strictness of the Kashiwara-Malgrange filtration by pushforward

9.8.8. Theorem (Pushforward of strictly R-specializable @-modules)

Let f: X — X' be a proper morphism of complex manifolds, let H' be a smooth
hypersurface of X' and assume that Iy := Iy Ox defines a smooth hypersurface H
of X. Let M be a coherent right @X—module equipped with a coherent filtration.
Assume that M is strictly R-specializable along H with Kashiwara-Malgrange filtration
V.M indezed by A+ Z with A finite contained in (—1,0], and that each cohomology
module Df‘(}i}*gr(‘fi\% is strict (a € [—1,0]).

Then each cohomology module Dfii)JT/[, which is D x -coherent according to Theorem
8.8.15, is strictly R-specializable along H' and moreover,

(1) for every i, the natural morphism Df,gi) (VQJV[) — Df,gi)ﬂ\~/[ is injective,
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(2) its image is the Kashiwara-Malgrange filtration ofofi)J\N/[ along H',
(3) for every a,i, gr¥ (Df*Z)J\/[) = Dfl(;{)*(ngM).
As an important corollary we obtain in a straightforward way:

9.8.9. Corollary. Let f : X — X' be a proper morphism of complex manifolds. Let
g+ X' — C be any holomorphic function on X' and let M be D x -coherent and strictly
R- specializable along (g) with g = g’ o f. Assume that for all i and \, ii)(d)mﬂv{)
and Df*Z (¢q 13\/[) are strict.

Then Df* IM s DX/ coherent and strictly R-specializable along (¢'), we have for
all i and A,

(wg,)\(Df»Ei)J%),N) = Df*i) (¢g AJV[ N)
((bg,l(Dfii)JV[), ): D * ((bg,lM N)

and the morphisms can, var for fo)f/[ are the morphisms p ( )

can, p f* var. O

We first explain the mechanism which leads to the strictness property stated in
Theorem 9.8.8(1).

9.8.10. Proposition. Let H' C X' be a smooth hypersurface. Let (N' U, ﬂ’) be a
V -filtered complex of iDX/ -modules, where U, is indexed by Z. Let N > 0 and assume
that

(1) Hi(gr,giP) is strict for all k € Z and all i > —N —1;

(2) there exists a finite subset A C (—1,0] and for every k € Z there exists vy, > 0
such that T],c 4 (E—(a + k)2)"* acts by zero on Hi(grgﬁf') for every i > —N —1;

(3) there exists ko, such that for all k < k, and all i > —N — 1, the right mul-
tiplication by some (or any) local reduced equation t of H' induces an isomorphism
t: Ukifz L) Uk_qufi,'

(4) there exists i, € Z such that, for all i > i, and any k € Z, one has
Hi(UN*) = 0;

(5) H"(Ukif') 18 VO@X/-coherent forallk € Z and alli > —N — 1.

Then for every k € Z and i > —N the morphism H (UyN*) — H'(N*) is injective.
Moreover, the filtration U,Hi(ﬂ‘) defined by

UpH'(N*) = image[H* (UyN*) — H(N")]
satisfies grgHi(ﬁ') = Hi(gr{ N’) for allk € Z.
Proof. 1t will have three steps. During the proof, the indices k, j, ¢ will run in Z.

First step. This step proves a formal analogue of the conclusion of the proposition.
Put — ~ —

UpN* = y%nUthf'/Ueif’ and N°* = %Ukﬂ.-

Under the assumption of Proposition 9.8.10, we will prove the following:

_ —_—

(a) For all ] < k, U N* — UyN* is injective (hence, for all k, UN* — N' i
injective) and UkN‘/Uk_lN = UkN /Uk_lN'.
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b) For every j < k and any 4, Hi(Ukif'/Ujif') is strict.

(
(c) Hi(m) = lim, H'(UN*/UN") (i = =N).
(d) Hi(UN") — Hi(N*) is injective (i > —N).
(&) HI(N") = lim, H'(UN") (i > —N).

We note that the statements (b)-(d) imply that H‘(J/N\\f’) is strict for i > —N,
although H*(N*) need not be strict.

Define U, H(N*) = image [H’(Ukﬁ‘) — H%ﬂ')] Then the statements (a) and (d)
imply that

gtV H(N*) = H'(UuN* /U, N*) = H (gt N*) (i > —N).
For ¢ < j < k consider the exact sequence of complexes
0 — U;N*JUN® — UN* JUN® — UpN* JU;N* — 0.

As the projective system (Ukﬁf’ /U, gif') ¢ trivially satisfies the Mittag-Leffler condition
(ML) (see e.g. [KS90, Prop. 1.12.4]), the sequence remains exact after passing to
the projective limit, so we get an exact sequence of complexes
0 — U;N* — UpN* — UN*JUN* — 0,

hence (a).

Let us show by induction on m =k — ¢ € N that, for all / < k and i > —N,

(1) [aecalrcjcu(E—(a+j)2)" annihilates H'(Uy/Uy),

(ii) for all j such that £ < j < k, we have an exact sequence,

(9.8.11) 0 — HY(U;N*JUN") — H'(UN*JUN") — H'(UyN* /U;N*) — 0.
(i) H(UxN®/U,N®) is strict.
If ¢ =k —1, (i) and (iii) are true by assumption and (ii) is empty. Moreover, (ii),,
and (iii) <, imply (iii),,. For £ < j < k and k — ¢ = m, consider the exact sequence

(9.8.12) -+ —— H'(U;/U;) — H'(Uy,/Us) — H'(Ux/U;)
i+1
L H™YU; JU) — -
For any i > —N, any local section of Ime*! is then killed by some power of
[Tocallj<r<x(E—(a+r)z) and by some power of [[ ¢ 4 [1,, <, (E —(a+7)2) accord-
ing to (i)<m, hence is zero by Bézout and (iii)<,,, and the same property holds for
Im)?, so the previous sequence of H® is exact, hence (ii),,. then, according to (i),
(i), follows.
Consequently, the projective system (H!(UpN*/UN®)), satisfies (ML), so we
get (c). Moreover, taking the limit on £ in (9.8.11) gives, according to (ML), an exact
sequence

— —

0 — HY(U;N*) — H' (UN*) — H (UN*JU;N*) — 0,

hence (d). Now, (e) is clear.
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Second step. For every i, k, denote by ‘}}f C H i(Ukﬂ') the Jgs-torsion subsheaf of
HY(URN*). We set locally I =tOx,. We will now prove that it is enough to show

(9.8.13) ko, k<ky = TL=0 Vie[-N,i,.

We assume that (9.8.13) is proved (step 3). Let ¢ < k, and ¢ > —N, so that
ﬁ'i =0 (for ¢ > i,, one uses Assumption 4), and let k > ¢. Then, by definition of a
V-filtration, t*~¢ acts by 0 on UyN*/UN", so that the image of H~1(U,N*/U;N*) in
H ’(UgN ) is contained in ‘J’;, and thus is zero. We therefore have an exact sequence
for every i > —N:

0 — H'(UN") — H{(UN") — H'(UN*JUN") — 0.
Using (9.8.11), we get for every j < k the exact sequence

0 — HY(U;N*) — H (UxN*) — H(UN®JU;N*) — 0
This implies that H*(U; N*) — Hi(N®) = lim, Hi(U,N*) is injective. For every k, let
us set

Uy H'(N") := image[H (UyN") < H'(N")].
We thus have, for every k € Z and i > —N,
grl H'(N") = H'(grf/ N").

Third step: proof of (9.8.13). Let us choose k, as in | in 9.8.10(3). We notice that the

S

multiplication by ¢ induces an isomorphism ¢ : UkNl = Uk 1NZ for k < k, and
i > —N — 1, hence an isomorphism ¢ : HZ(UkN°) = Hl(Uk,ﬂ\f')7 and that (d)
in Step 1 implies that, for all ¢ > —N and all k£ < k,, the multiplication by ¢ on
Hi(UpN*) is injective.

The proof of (9.8.13) is done by decreasing induction on i. We assume that, for

every k < k,, we have ‘3“,‘;“ = 0 (this holds for ¢ = 4, given by 9.8.10(4)). We have
(after 9.8.10(3)) an exact sequence of complexes, for every k € Nand « > —N — 1,

~ 4k ~ ~ ~
0— UkN. t—> UkN. — UkNo/Uk,kN. — 0.
As 5",?'1 = 0, we have, for every k£ > 1 an exact sequence

) ~ k . ~ ~
H(UNY) L H(UN®) — HA(UN" /Ui N*) — 0,

hence, according to Step 1,

—_—

H (UN®)/H (Up— i N*) = H(UN* /U N*) = H (UN") /t* H (UN*).
According to Assumption 9.8.10(5) and Exercise 9.12, for k big enough (locally on X’),
the map T& — H(U,N*)/t* Hi(U,N*) is injective. It follows that T — H*(UN*) is

o —

injective too. But we know that ¢ is injective on Hi(Ukif') for k < k,, hence ‘j'}c =0,
thus concluding Step 3. O
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9.8.14. Remark. In Proposition 9.8.10, Condition (4) can be replaced by the following
two conditions:

(47) there exists i, € Z such that, for all i > i, one has Hz(if’) =0 and, for any k,
Hi (@i N*) =0,

(5°) for each k € Z each p € Z and each i > i,, the cohomology Hi((Ukif‘)p) is
O x -coherent, where (Ukifj)p denotes the p-th graded component of Ukifj.

Indeed, let us show that, together with Condition 9.8.10(3), (4’) and (5’) im-
ply (4). Due to the long exact sequence (9.8.12), one obtains by induction that
Hi(Ukif'/Uk_jif'):O for any i > i,, any k and any j € N. By Condition (3) we
have, for k < k,, a long exact sequence

s H(UNY) 2 H(UN®) — HU(UN® U N°) —

and this implies that ¢ is bijective on Hi(Ukif') if i > i, + 1 and k < k,, hence on
each component H*((U; kﬂ') ). The coherency condition implies that, for each i > i,,
each k < k, and any p € Z, there exists a nelghborhood of t = 0 (possibly depending
on p) such that HZ((U;CN') ) = 0. Since UyN* = N* away from ¢ = 0, (4°) implies
that the vanishing holds everywhere, that is, H I(UkN’) = 0 for k < ko. That it holds
for any k is obtained from the vanishing H'(U,N°® /Uk—;N*)=0 seen above. O

Proof of Theorem 9.8.8

9.8.15. Lemma. Let U,JT/[ be a V -filtration indexed by A+7Z of a @X—module M which
satisfies the following properties:

(a) t:U, M — Uy 1M is bijective for every a < 0,
(b) Oy grUJ\/[ — graHM is bijective for every a > —1.

Then, for each o € A, RU0+,M has a resolution La Op . Rv'ﬁx, where each Z;

is an O x-module.

Proof. Property (b) implies
(b*) for every a > 0, 8t :Un/Us—1 = Unat1/U, is bijective.

Therefore, we have a surjective morphism

~ - ~ €[-1,0) and k£ < 0,
U.M®5 ViDx — Uy if { [=1,0) an o
X a€0,1)and k >0

It follows that, for each a € [—1,0), we have a surjective morphism

(U M@Ua+1M) ®O Rvgx — Ry

a+o

We note that V.@X satisfies (a) and (b’) with a € Z.
Set K, = Ker ¢, that we equip with the induced filtration U,X,. We thus have
an exact sequence for every a:

00— U,9~<a — (UQJV[ ® Ua+13\~/[) ®p V.@X — Ua+.J\~{ — 0,
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from which we deduce that U,K, satisfies (a) and (b’), enabling us to continue the
process. O

The assertion of the theorem is local on X', and we will work in the neighbourhood
of a point 2/, € H’'. We consider the Kashiwara-Malgrange filtration V.JV[ as indexed
by Z, and it satisfies the properties 9.8.15(a) and (b’), according to Proposition 9.3.25.
We can then use a resolution £° ® RV@X of RVJV[ as in Lemma 9.8.15, that we stop
at a finite step chosen large enough (due to the cohomological finiteness of f) such
that

Df>r<Z (RVM) 7é 0 = Df>r<Z (R M) - Df* ( ®o RVDX)

and similarly, for any k € Z, setting gr} = Vi./Vi_1,
Dle*(grk M) #0 = Df|H*(g1"k M) = Df\ ([,’ ®6X grkV@X)'

In such a case, Df* (RVM) = H? (f* God* (L' ®15,, f_lRV@X/)), according to
Remark 9.8.6. We thus set

(N.7U.N) (f* GOd ( ®f 10 , f DX’) f* GOd ( ®f 10 f_l‘/O@X'>)'
Since the sequences
0— Vkﬁx/ — DX’ — {.DX//V]CDX/ —0

and 0— Vk_lfbx/ — Vkixl — grkV@X/ —0

are exact sequences of locally free 0 x-modules, they remain exact after applying
Z'@% then also after applying the Godement functor (see Exercise 8.49(1)), and
then after applying f, since the latter complexes consist of flabby sheaves.

This implies that UkN' is indeed a subcomplex of N* and

gryN* = f, God®(L* @15, e D).

Property 9.8.10(5) is satisfied according to Theorem 9.8.3, and Properties 9.8.10(3)
and (4) are clear.

We have I}Cz(grUN') :Df‘H*grk M for i > —N for some N such that Df‘H*grk M=0
if i < —N, so that 9.8.10(1) holds by assumption and 9.8.10(2) is satisfied by taking
a suitable finite set A C (—1,0] and the maximum of the local values vy along the
compact fiber f~1(z)).

From Proposition 9.8.10 we conclude that 9.8.8(1) holds for k¥ € Z and any .
Denoting by U,y f« DM the image filtration in 9.8.8(1), we thus have RUDf,Ei)JV( =

@ )RVM and therefore

gry ( f*Z)M) = Df\H*(grk M)
In particular, the left-hand term is strict by assumption on the right-hand term.

By the coherence theorem 9.8.3, we conclude that U, f* )M is a coherent V-filtra-
tion of Df* M. Therefore, U,Dfi )M satisfies the assumptions of Lemma 9.3.16.
Moreover, the propertles 9.3.18(2) and (3) are also satisfied since they hold for M.
We conclude that , f{’M is strictly R-specializable along H’ and that U, (b f,EZ)JV[) is
its Kashiwara-Malgrange filtration indexed by Z. Now, Properties (1)—(3) in Theorem
9.8.8 are clear.
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In order to pass from the Z-indexed V-filtration to the R-indexed V-filtration,
we use the correspondence of Exercise 9.26. O

9.9. Examples of computations of nearby and vanishing cycles

In this section, we make explicit some examples of computation of nearby and
vanishing cycles simple situations, anticipating more complicated computations in
Chapter 15.

9.9.a. Strict R-specializability along (¢”). Let g be a holomorphic function on X
and let M be a coherent Dy-module which is strictly R-specializable along (g)-
The purpose of this example is to show that M is then also strictly R-specializa-
ble along (¢") for every r > 2, and to compare nearby and vanishing cycles of M with
respect to g and to h := g".

9.9.1. Proposition.~Let M be a coherent D x-module which is strictly R-specializable
along (g). Then M is strictly R-specializable along (h) and

(a) (¢h7AM’N) = (TZ}Q*ALM’ N/r) for every A,

(B) (GnaM,N) = (50 M.N/r), -

(c) denoting by 1y : X — X x C the graph inclusion and setting N = My, there is
an isomorphism

cany, := cang o(rg"—1)7!

cany, 1 cang

~ ~ ~ g ~ - =T ~
UM oM p = { @l N = M T g M
(—-1) varp (1) varg
(=1
1

vary, 1= g’ " ovarg

Proof. 1t is equivalent to prove the assertion with M= TJE g =tand h =t", so
we will only consider this setting. We can then write pp M = @y M ® 605 as a
D x [u] (8, )-module, with

(m®8)dF =m®dsdk V>0,
(m ® 8)d, = (mdy) ® 6 — (rg"~'m) @ 60,
(m®d)u=(mt") @4,
(m®8)0x = (mOx) ®3,
and with the usual commutation rules. We then have the relation
r(m @ 0)ud, = [mtd,] ® § — (mt @ 6)d;.

We will denote by V' the V-filtration with respect to the variable ¢ and by V* that
with respect to the variable u.
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For oo < 0, we set
Un (ptneM) := (VEM @ 6) - Vi (Dx [u] (D)),
and for o > 0 we define inductively
Ua (otheM) i = U (p0meM) 4 Ua—1(5ns M)y
We will prove that the filtration U, (¢4, M) is the V-filtration V*(p . M).
« Let us assume that a < 0. Using the above relation we obtain that, if
VEM(td, — raz)'r C Vimﬁ[
then
Ua (othe M) (u8y — a2)"™ C Uca(ptnsM),

from which we conclude that (ud, — az) is nilpotent on gr? (Dbh*ﬂ%) for a < 0.
« By using the relation

(mtdy) ® § = (m @ 0)(tdy — rudy,),

we see that, if mq, ..., my generate VL, M over VEDx (o < 0), then mq ®6,...,my®6
generate Ua (p Lh*3\~/[) over VO“(@X[ 1(8,)), from which we conclude that Uy (ptnsM)
is Vi (@ x [u](y))-coherent for every <0, hence for every a.

By using the analogous property for M we obtain that, for every «,

Uafl(DLh*j\N/t) C Ua(DLh*M)u7
resp. U1 (5t M) C Ucai1 (otneM) 4 U (5ths M),
with equality if v < 0 (resp. if & > —1), from which we deduce that U, (5. M) is a

coherent V-filtration.
o For a < 0, we check that

Ua(otmM) = Uca(ptnsM) + > _ (VM ® 8)0F .
k>0

We deduce, by considering the degree in 5)&, that the natural morphism
D(er/a M@ If) — grll (pen.M)
k
Plmi] @ 0F +— | 3 (m  0)3F

k k

is an isomorphism of D x-modules. It follows that grU(DLh*JV[) is strict for Fany o < 0.
Since Properties (2) and (3) of Definition 9.3.18 clearly hold for U, (5t M), we con-
clude from Exercise 9.28 that M is strictly R—Spemahzable along (h) with Kashiwara-
Malgrange filtration V% (,tps M) equal to U, (5tnsM). The assertions (a), (b) and (c)

follow in a straightforward way. O
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9.9.b. Specialization along a strictly non-characteristic divisor

Let D = D1 U D5 be a divisor with normal crossings in X and smooth irreducible
components Dy, Dy. We set Dy 3 = D1 N Dy, which is a smooth manifold of codi-
mension two in X. Let M be a right D x-module which is strictly non-characteristic
along D1, Dy and D; . Let us summarize some consequences of the assumption on
nearby cycles. In local coordinates we will set D; ={z; =0} (i=1,2) and we denote
by ¢; : D; = X the inclusion, and similarly ¢; 2.

(a) M is strictly R-specializable along D; and Ds;. We denote by V.(i)ﬂ[ the
V-filtration of M along D; (i = 1,2).

(b) gV” M=0if 8 ¢N.

(c) gr¥y M = oUIM = M. In local coordinates, gr¥} M = M/Ma;.

9.9.2. Lemma. Fori = 1,2, the Dp,-module DL;‘J§~/E is strictly non-characteristic, hence
strictly R-specializable, along D1 2 and V.(j)gr‘f(f)j\/[ is the filtration induced by VM
(3,7} = {1,2}), so that

v )~ V( ) V(2)
griy griy M=gr’ M_DLIQM_LIQM

Proof. The first point is mostly obvious, giving rise to the last formula, according
to (c). For the second point, we have to check in local coordinates that (M/Maz1 )z =

Mxlg/ﬁ(mlx’g for every k > 1, that is, the morphism
M/ Mz —=— Mazs /Mazqxs
is an isomorphism. Recall (see Exercise 9.34) that Mis D x/c2-coherent, so by taking

a local resolution by free D x/cz-modules, we are reduced to proving the assertion for

M = @& /c2) for which it is obvious. O

Our aim is to compute, in the local setting, the nearby cycles of M along g = x4
(after having proved that M is strictly R-specializable along (g), of course). We con-
sider then the graph inclusion ¢4 : X < X x C,. The following proposition also holds
in the left case after side-changing.

9.9.3. Proposition. Under the previous assumptions, the D x -module M is a middle
extension along (g), we have Yy \M = 0 for A # 1 and there are functorial isomor-
phisms

¢1‘1,1j\7[®w12,1j\;[ if £ =0,
(9-9~3 *) wag,lm = ¢m1,1¢z2,1m(71) = %2,1%1,13\4(*1) if£=1,
0 otherwise.

Proof. We set N = JVEQ. We have N = Lgx [3,5] with the usual structure of a right
D x xc-module (see Example 8.7.7). We identify Lg*JV[ as the component of Oy degree
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zero in N. Let U.N denote the filtration defined by

~ - o~ - - U_1(N) - tF if k>0,
U N)=15M-Dx N,  U__1(N) = 1N -7 - '
Doc  y U-i(N) -0 ik
We wish to prove that U,ﬂ satisﬁes all the properties of the V-filtration of N.
Let m be a local section of M. From the relation

20
<0

(9.9.4) (m®1)0y, = (Mdy,) ® 1 — mas @ 0
we deduce
(m® 19t = (mdy,x1) @1 — (M ® 1)210,,

(9.9.5) - -
= (MOp,x2) ® 1 — (M 1)x20,,,

showing that U_1(N) is a VoD x xc,-module. If (m;);e; is a finite set of local @X/Cz—
generators of M (see Exercise 9.34) we deduce that it is a set of D x- generators, hence
of VoD x xc,-generators, of U_1(N). It follows that U*(N) is a good V-filtration of N.
Moreover, the formulas above imply

(M@ 1)(95t)? = (M, Dy @ 1) + (M@ 1)8y, By, — (M, @ 1)y, — (MBy, @1)0s,) -1,
giving a Bernstein relation. Since (8;t)2 vanishes on gr’, (N), the monodromy filtra-
tion is given by
M_gr¥; (N) =0, Mg, (N) = gr¥
Mogr?, (N) = Ker[9,t : gt (N) = g, (N)], My, (N) = gr¥, (V).
As a consequence,
Pogr’, (N) = grMer? | (N) = Ker 8t/ Im it
Pigr’, (N) = griler?, (N) = g (N)/ Ker 0t - M_ygr?, (N)(—1).
We will identify these D x-modules with those given in the statement. This will also
prove that gr 1(N) is strict, because ¥, 1M Ve, 1M wml’lwzgﬁlM are strict.
Let G,N denote the filtration by the order with respect to ;. Tt will be useful
to get control on the various objects occurring in the computations, malnly because

when working on ngN the action of 8331 amounts to that of —zs ® 8,5 and similarly
for 8I2, and the action of z1, x5 on M is well understood, due to Exercise 9.37.

9.9.6. Lemma. We have U_1(N) N Gy(N) = ) . o, (M ® 1)9519%2.

Proof. Any local section v of U_;(N) can be written as D ey kp 0 My kp ® 1)5k15k2
for some local sections my, , of M and, if ¢ = max{ky + ks | mp, k, # 0}, the degree
of v with respect to 8,5 is < ¢ and the coefficient of 8q is

z : k
771’617162':621 zy?.

k1+keo=q
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If this coefficient vanishes, Exercise 9.37 implies that

v= > (ks 1ks1 — iy ey 172) @ 1)O51012.

k1+ka<q
The operator against j; ; ® 1 is (2105, — x25$2)5;153{2, and (9.9.5) implies
(i ® 1)(2102, — 204,) = (113, (2105, — 2205,)) @ 1,
so that v € Zk1+k2<q71(3% ® 1)5&53’;; O
As a consequence, let us prove the equality
(9:9.7) O UA(N)NUAN =3 (M-(a1,25) @ 1) 52,
k1,ka

where 8, H(U_1(N)) := {v € U_;(N) | vd, € U_1(N)}, and that ¢ acts injectively on
U_iN.
Let v=> ,
vp # 0. We will argue by induction on p. By the lemma we have
vp= Y (i, @RI with Y mpy kb @l £ 0 in M.
kitka=p kitka=p

Vg ® 5{3 be a nonzero local section of U_1(.7<f) of G-order p, so that

Assume v0; is a local section of U_1(N). Then >, ., My kT8 282 s a local

section of J\~/[-(331, x2)PTL that is, is equal to
Z 'Ll’khkzxglx}fz with My ko € M~(93171'2)7
k1+ko=p
SOV =D p ey (Hbiy ey ®1)5§} 5_,’55 a local section of U,l(if)(‘;tﬁU,lﬂ and has G-order
< p — 1. We can conclude by induction.
Assume now that vt = 0. We have

0= (vt)y = [(y @ )], = vp @ 1O} = w12 @ O,

so vpzr1r2 = 0 in JV[, and thus v, = 0, a contradiction. O
Recall that M = V_(ll)f/[ (V-filtration relative to z1), so that M/Maz; = gr‘f(ll)f/(
and N1 := (M/Mx1)[04,] =~ ¥, 1M(—1), according to Exercise 9.31. Similarly, Njo ~

Yz, 1V5,,1M(—2). The map
(9.9.8) My ko @ 5k15k2 — (mkh;% ® 1)5’;1 55; . gtt

xr1 "Ix2
sends M-(z1,22)[0s, , Oz, ] to U_oN(—1), according to (9.9.4) and defines thus a sur-
jective morphism
Yy 1Py A M(—2) = N1z — gr™ gr¥, N(-1).

Let us prove that it is also injective. Let us denote by [my, r,] the class of mg, x, in
M/M-(21,22). Let Y [my, k,] ® 01

Z1

v= > (M. ®1)0E08

k1+ke<p

5;“; be nonzero and of degree equal to p and set
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Assume that vd,t € U,Qif, hence, by the injectivity of ¢, VO, € U,ljtf. The proof
of (9.9.7) above shows that, for k; —|— ko = p, there exists pg, , € M. (1, x2) such
that 30, g (M ey — ukl,kz)xg 2% = 0, and by Exercise 9.37 we conclude that
My ey € M- (21, 2), s0 [mkhkz] = 0, a contradiction.

As a consequence, if V@tt =D (Mg, by @ )(‘3’“18’”87515 belongs to U_ QN U_ 1N t,

~ X1 I
(9.9.7) implies v € > (M-(x1,22) ® )8!;1 6’;; We obtain therefore
~ N ~ ~
(9.9.9) gt er! N — g™ @l N(=1) = ¢, 1900, 1 M(-2),

and these modules are strict. Note that the isomorphism ng = grll\dgrglﬂ =
U_yN/(8:t)"'U_1M) is induced by
(9.9.10) My hy @ OF1 02— (Mg, g, © 1)0F10F2.

T1 7 T2 1 xT2”
Let us now consider My. Note that (9.9.7) and the injectivity of ¢ imply

Mogr? 1N Z (x1,22) ® 1)5’;152 mod U_,N,
k1,k2

and clearly Zk17k2(f/[$1x2 ® )3klak2 C U_yN. Note also that (mz ® )5@} =

X1 T2
(md%1z1) ® 1 mod Im dyt, according to (9.9.5). As a consequence,
Mogrt? \ N = "(Mzz @ )05 + > (May @ 1)952  mod (U_1 Nyt + U_oN),
k}l k2
and we have a surjective morphism

(9 9. 11) wxl lﬁ[(_l) 2] 1/112,13;[(_1) = jA\/fl @ jA\if2 — grtl\)/lgrglj\]a

sending my, o ®8k1 to (mg, 072 ® 1)5’Cl and mg , ® 5’“2 to (mo g, 21 ® 1)5’C2 In order
to show injectivity, we first check that it is strict with respect to the filtration G, N
and the filtration by the degree in 811,8962 on Nh Ng

Assume that (my, ox2 @ )8’;; + (Mo k1 ® 1)8’;; € Gp,ﬂ:f for ki, ke < p. Then
we find that m, o € J\~/Ex1 and momﬁxg, as wanted. By the same argument we deduce
the injectivity.

Due to the strictness of ﬁl, ﬁg, ﬁlg, we conclude at this point that grglf/[ is strict.
If we show that grgif is also strict for any k, then U.N satisfies all properties char-
acterizing the V-filtration. As a consequence, M is strictly R-specializable along (g),
gt/ N = 1/)g 1 M(—1), and (993 ) holds.

Clearly, 8t s gr? 1N — grg UN is onto. So we are left with proving the following
assertions:

(i) t* : grU N — gr¥ 1— kif is an isomorphibm (equivalently, injective) for k > 1

(ii) ¢ : grg UN - grUlif is injective (so grg UN is strict),

(iii) 5’“ grg UN - gry UN is an isomorphism (equivalently, injective) for k >

Proof of the assertions.

(i) fveU_ ﬂtf satisfies vt* = pt**! for some p € U,lﬂ then, by injectivity of ¢
on U_ 1N v=ut,sovelU_ QN

(11) IfveU_ 1N is such that uat teU_ 2N then there exists € U_ 1N such that
(V@t 1)t = 0 hence, by t-injectivity, v0, € U_1N.
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(111) We prove the injectivity by induction on k& > 1. Let v € U_ 13% and consider
V@t mod U_;N as an element of gry N. If (V@t)ak € Up— 1N then (vOF)dst = 0 in
gri 1N Since 9yt — kz is nilpotent on gry 1N and since gr¥_ 1N is strict (by (ii) and

the induction hypothes1s) Opt is 1nJect1ve on gr 1N SO (uat)ak =0 in grkle
and by induction v, =0 in gr; UN. O
This concludes the proof of Proposition 9.9.3. O

9.9.c. Nearby cycles along a monomial function of a smooth D-module

We consider a situation similar to that of the previous example, where we increase
the number of active variables but we simplify the D x-module. We will work in the
left setting, which is more natural in this context.

Let M be a smooth D x-module (see Definition 8.8. 22). The purpose of this section
is to compute the nearby cycles of M with respect to a function g which takes the
form g(z1,...,2,) = 21 - - - &, for some local coordinates z1, ..., z, on X and for some
r > 1. The goal is to show that, first, M is strictly R-specializable along (¢) = D, and
to compute the primitive parts in terms of the restriction of M to various coordinate
planes.

The computation is local on X. Thus X denotes a neighbourhood of the origin
in C" with coordinates (z1,...,%r,y), ¥y = (Zr41,...,Zs), and D is the divisor (g) in
this nelghbourhood

We set O = OXO For a (possibly empty) subset I C {1,...,r}, we denote by
J = I° its complementary subset, by O; the ring C{(z;)ics,y}[2] and by ¢; the
inclusion {z; = 0,Vj € J} — X. In particular, the ring (~9g contains no variables
Z1,...,2r. For £ <7, let us denote by Jp1 the set of subsets J C {1,...,r} having
cardinal equal to £ + 1.

9.9.12. Proposition. Under these assumptions

(1) M is strictly R-specializable and a middle extension along (9);

(2) The morphisms N, can, var are strict;

(3) for A € S, we have wg,,\JT/[ = 0 unless A\ = 1 and, for any £ > 0, there is a
functorial isomorphism

(9.9.12 %) Pyihy1 (M) = ? oire (M) (—0) (I=J°,
JEJrs1

where sz/)gJJ\N/[ denotes the primitive part of gr%ﬁw%lj\?[.

9.9.13. Remarks.

(1) Accordlng to Proposition 9.4.10, (3) implies that N is strict for any =1
(2) Since qngM = ImN after (1), we have a similar formula for Py, 1 (M), accord-
ing to Lemma 3.3.13.

Proof when M = 0. Let us set (see Example 8.7.7(2))
N = p1g:0(=1) = 1,0[8y],
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where ¢4 : X — X x C; is the graph inclusion of g. Once we know that N is strictly
R-specializable along (t), we have 1/19 10 = gr?/N( ).

We set y; = x4 for j =1,. —r. If § denotes the D- -generator 1 of N we have
the following relations:

(9.9.14) 13 = g(x)d, 00,0 = —(tdy + 2)9, (Ha ) (—t8,)7.

If we set U'N = (VD) - 6 and, for k >
UFN = t*U'N = (VD) - t¥0, U—kif = (Vi;D) - U'N = (VD) - 6,
this shows that the coherent V-filtration U*N satisfies the R-specializability property:
b(—tdy, + k2)UFN € UM'N  with b(s) =

Each gr’f]ﬁ is thus equipped with a nilpotent operator N satisfying N” = 0, and with
monodromy filtration M, gr]fJN.

Claim. gr, grUN is strict for any k,£.

As a consequence of this claim, we obtain that gr’fjﬁ is strict for any k, hence
U*N is the order filtration V’ﬂ, which is indexed by Z, according to Lemma 9.3.16.
Moreover, Properties 9.3.18(2) and (3) are obviously satisfied, due the definition of
U N so N is strictly R-specializable along (¢). Also by construction, the morphism
can is onto.

It will be convenient to work within the localized module O(xD) := O[1/g] and its
direct image N(xD) = DLg*é(*D) = N[1/g], so that we can invert the variables z; for
i =1,...,7. In such a way, we highlight and make simple the action of —tgt, while

the action of other operators are less obvious. We consider N as a sub D-module
of N(xD).

9.9.15. Lemma. N(xD) is a free rank 1 module over O(xD)[tdy] with generator b.

Proof. We have 9]0 = x~91(87t7), showing that N(xD) = @D, O(xD)(877)5, hence
also N(xD) = @, 0(+D)(td;)75. O
In order to prove the claim, it is necessary to have a canonical expression of local

sections of U*N modulo UF+N. For that purpose, we introduce a family of polyno-
mials of one variable s indexed by an integer k£ and a multi-index a € Z". For k € Z

Qak H H S—KZ

i=10e(—k,a;]

we set

where the index ¢ a priori runs in Z and we take the convention that the product
indexed by the empty set is 1. For a € Z" and k € Z, we set

Jk(a) = {Z € {17 s 7T} | a; = _k}’ LJy(a) = (xi)iEJk(a)-
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The following relations are easily checked:

Gair1(5) = (5 + k2)# (@ g, 1 (s)
da-1,k+1(5 — 2) = Ga k()
1 ifi ¢ Jg(a—1,),
qa?k(S) B qa_li,k(S) . {(8 — aiz) ifie Jk(a — 11).
We also set

da.k(8) iftk>0,
Qa k( ) ] N
Gak(8) - ITLjcpm0) (s + jz)min(L#T (@) f

that is, for k < —1, Qa,k(s) is the ged of the polynomials ga,k(s) - [T;cp0)(s + j2)
for £ varying in [k, 0), and

>
< -

7

#Ji(a) if k>0
vi(a) = 474(a) — min(L, 44(a)) = {#Jk( ) =1 e 21
0 if #.J),(a) =
(so that vi(a) < r < n). We have the relation
(9.9.16) Qi (5) = #(s + k)@ Qq i (s).
Let us also notice that
(9.9.17) Qa.k(s) is a multiple of Qq—1,x(s) Vie{l,...,r}, Vk e Z.

Indeed, this is clear for ¢4k, hence if £ > 0. On the other hand, we have Ji(a —1;) C
Ji(a), so min(1,#J;(a — 1;)) < min(1,#J;(a)) and the assertion also holds for
k> —1.

9.9.18. Lemma. For k € Z, the filtration U*N has the following expression:
UFN =Y Oftd]a™*Qax(—t0h)0.

ac’Z"

Proof. Let us start with U°N. Let us rewrite a section P(x,gz,t,tgt) -5 of UN.
The differential operator P € VO(@) can be written as a sum of monomials of the
form (tét)qégh(x, t) with h holomorphic in its variables. Since h(z,t)d = h(z, g(z))d,
we can simply consider (by using commutation relations) monomials of the form
(t0y)1h(x )8“ Moreover, since 8 (5 = 0, we can assume that a € N". Using now the
relation x;0,,0 = —(td; + 2)d, we write

aaa—x—aﬁﬂ —t0; — £2) -0 = & *Qa,0(—td;) - 0.

i=14¢=1
At this point, we have obtained

Uoj\\ifz Z 6<t5t Qa 0( tat)~.
aeN”
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We note that, if a; < 0 for some ¢ € {1,...,r}, then Qa—1,0(s) = Qa,0(s), and thus
=@ Qa1 0(~10;) = 242" Qa0 (~10;) € 02 *Qao(~10y).

Therefore, the above expression of UON is equal to that in the statement. For k > 0
we write

UN =" 3" 0(t0) 1™ *Qao(—t0)d = Y 0(td)z *Qao(—td; + kz)t*d

acZ" acZr

=Y 00 a1 Quo(—t0; + k2)d = Y O(td) ™ Qar(—1dy)d.

acZ" ac’Zr

Let us now consider U~*N for k > 1. We write

Oz %Qa0(—t8,)6 = 27 *Qa0(—td — kz)dFs

E

= (_1)k$—(a+k1)Q tat H t(?t —jZ

and we note that Qq.0(s —k2) = ga,0(5s — k2) = ga+k1,—x(s). One obtains the desired
assertion by induction on k. O

The algebraic case. We consider a similar setting as above with the simpliﬁcation
that the variables z1,...,z, are polynomial variables. Namely, we now set 0 =
Oglz1,... ,xp] and we keep the notation for the corresponding objects D, N, U*N.
We will prove Proposition 9.9.12 in this setting. The above results can be expressed
in a more precise way.

9.9.19. Lemma. For every k € Z, UEN can be decomposed as

(9.9.20) UN= @ O0g[td] - 17 %Qar(—t8;)0.
a€c’Z"
Proof. Recall that O[td;] = @ aczr Og[td;]-2~*. The lemma characterizes an element

of UFN through the possible coefficients of 2795 with respect to such a decomposition.
We start from the expression of Lemma 9.9.18 and we argue by induction on

a. It suffices to consider a term mix_aQa,k(—tgt)g, i€ {l,...,r}. Since Qg is a
multiple of Qq_1, % in C[0] (see (9.9.17)), 2;27%Qq.k is a multiple of 2~ (@~1)Q, 1, 4.
O]

From (9.9.16) we deduce that, as an O [td;]-module, U*N/U*'N admits a sim-
ilar direct sum decomposition, for which the coefficient of m’“Qaﬁkg can vary in
the quotient module Og[td;]/(—td, + kz)"*(@. In particular, it is strict, and N,
which is induced by the action of (—t5t + kz), is a strict morphism. The elements
T7%Qak (=t + k2)0 (0 < £ < wp(a) — 1) lift a Og-basis of this component and N
has only one Jordan block of size vj(a) on this component.
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We can now denote the filtration U*N by V*N. Since N has only one Jordan block
of size £ > 0 on each term such that v;(a) = £+ 1, we deduce that, as an (Bg—module7
ngr"“,ifz é Og -2
acZ”

v (@)=£+1

Let us now focus on ngfN 110 and gry, IN = ¢,.10(1). We have already seen
that 0, : ngN — gry, N(l) is onto. Let us check that ¢ : gry, IN - grl, is injective
and strict. Let us fix @ € Z". The corresponding component of gralif is nonzero
only if v_1(a ) 1, that is, #J_1(a) > 2. We note that J_i(a) = Jo(a —1). A lift

27Qq 1 (—:t)(—0;t)%6 (0 < £ < v_y1(a) — 1) of a basis element of gr‘_/lﬁf is sent by
t to

2@ DQq 1 (—t0) (—t,)'0 = 2~V Qa1,0(—1dy) (—t0,) 15

since Qq,—1(5) = Qa_1,0(s) - smnL#(@=1) — 50, ;4(s). We now note that
v(a—1)=v_1(a)+ 1,50 +1 < vg(a—1) and the image in ngN is a basis element.
The cokernel of ¢t on this component is identified with Ogr—(a- DQa-1 0( t@t)é
hence is strict. One similarly checks that N is strict on gr{, N and gry, N and
dy ngN — gry, IN is obviously strict, being onto. At this point, we have proved
all the statements of Proposition 9.9.12 except the second part of (3) that we now
consider.

We wish to identify ngr?/if as a D-module. We have the decomposition as an
(~9g—m0dule:

PgyN= @& @ (Pwer)Na,
Tl so(@=

and if #Jo(a) = £+1, the image of Op2™%Qq. 0( t@t) by the projection VON — grd, N
is contained in MgngN and the morphism Ogl’ *Qa,0(— tat) — gr), grQ,N induces
an isomorphism onto (ngrQ,N)a. It is now convenient to go back to the original
expression of the elements of N.

Recall that, for J = Jy(a), x}a"Qa,,yo(—tfavt)g is nothing but 5;’;5 For J C
{1,...,7}, we denote by I = J¢ its complement. We conclude that

@J‘#J ey 210;[0,,]0 is contained in M,VON,
« and maps Og—hnearly isomorphically onto ngr?/fN
Let us denote by ¢; the inclusion {z; =0|j € J} — X.

9.9.21. Lemma. The 6g—lmear isomorphism defined as the composition

D ou0i(—(l+1)= B 040,10, = B 770,(0,,10 =5 PN
ST=41 HT—41 #T=41

sending g] to the class of :r}fg is a D-linear isomorphism.

The shift —(¢ + 1) comes from the definition of the pushforward of left D-modules
by a closed embedding (see Exercise 8.46(2)). Since Ptp, 10 = Prgr{,N(1), this ends
the proof of Proposition 9.9.12 for O in the algebraic case.
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Proof of the lemma. We are left with proving @—linearity. This amounts to proving
that a:jx}’ 5 and 5:”3311 § have image zero in grg/lgro N. This follows from the previous
computations with the polynomials Q4. For example, the set J' associated with
CUJ{L‘I 5 satisfies #J' = £, so this element is mapped to M,_ 1ngN O

Analytic case for O. Le us denote by 0?18 the ring denoted by ) above, and 020 the
analytic version considered in the proposition. We have similarly Nan = Qang) Hale Nels,
By flatness of O™ over (~9a1g, the filtration defined by (©an ®Fal VN8 satisfies all
the properties necessary for Nan to be strictly R-specializable along (). Moreover,
gr"f,ﬂa’“ is obtained in the same way from ngN"‘lg and similarly for ngr?,Nd“ Also,

Lemma 9.9.21 holds in this analytic setting. We conclude Proposition 9.9.12 holds
for Na" if it holds for Nl&, O

Proof for any smooth D x-module . If now M is any s smooth D x-module, we note that
M M®o N with its usual twisted structure of D x-module, and that the action of
t resp. d, comes from that on N. As M is assumed to be O x- locally free, the filtration
of M defined by V, (3?[ ) = M ®5, Va (N) satisfies all properties of the Malgrange-
Kashiwara filtration. Notice also that Lemma 9.9.21 holds if we replace DL*6 1 with
bl (DL*M). It is then easy to deduce all assertions of the proposition for M from the
corresponding statement for N. O

9.10. Exercises

Exercise 9.1 (Voﬁ x-modules). Let H be a smooth hypersurface of X.

(1) Denote by Q3 % (log H) (sheaf of logarithmic 1-forms along H) the Ox-dual of
O x (—log H). Express a local section of 0} % (log H) in local coordinates.

(2) Show that A™(QL (log H)) = Tx (H) := Tx ®F Ox(H).

(3) Show that wx (H) is a right VoD x-module.

(4) Define the side-changing functors for VoD x-modules by means of &y (H).

(5) Define the logarithmic de Rham complex and the logarithmic Spencer complex
for a left resp. right VO@ x-module in a way similar to that of Section 8.4 by means
of logarithmic forms and vector fields.

(6) Show that Sp(VO@X) is a resolution of 6X as a left Voﬁx—module and
pDR(VO@X) is a resolution of Wx (H) as a right V()@X-module. [Hint: Argue as in
Exercises 8.21 and 8.22.]

(7) Show the analogues of Exercises 8.31, 8.24 and 8.26.

Exercise 9.2 (The Spencer complex of D x regarded as a right VO@ x-module)
Let H be a smooth hypersurface of X. We regard D x as a right V5D x-module and
consider the corresponding Spencer complex Sp(Dx; VpDx) := Dx Oy, B o Sp(VoDx).
(1) Choose local coordinates (t,xa,...,z,) such that H = {t = 0} and let
7,€2,...,&, be the corresponding logarithmic vector fields. Show that (&, ..., &, t7)
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is a regular sequence on the ring (5)([77 &, ...,&,] and deduce that the corresponding
Koszul complex is a resolution of O x [7]/(t7).

(2) Arguing as in Exercise 8.21, show that Sp(Dx;VoDx) is a resolution of
DX/DX @X( log H) by locally free left DX modules.

(3) Identify locally Dx /D - ©x(—log H) with Ox(3,)/(Ox (0s) - t).

(4) Let N be a right VoD x-module. Show that, if ¢ : N — N is injective, then
N®O Sp(Dx; VoDy) is a resolution of N®o (@X/ﬁx Ox(—log H)) as a right
VO‘D x-module, by us1ng the tens rlght V0® x-module structures. [Hint: Use that
the terms of Sp(iDX,VODX) are left DX—locaHy free, hence OX—locally free to con-
clude that N®O Sp(Dx; VoDx) =~ N®{j~)x (Dx/Dx - Ox(—log H)); express locally

N®I§ (Dx/Dx - Ox(—log H)) as the complex
X
3 =~ x. -t
N ®6X OX <3t> t
and check that the differential is injective.]

N®g, 0x(d)

(5) Conclude that, under the previous assumption on ﬁ, we have
H'(N®g, Sp(Dx;VoDx)) =0 fori#0.

Exercise 9.3 (The V -filtration of D x). Show the following properties.

(1) Let us fix a local decomposition X ~ H x A; (where A; C C is a disc with
coordinate t). With respect to this decomposition we have

J
PTRS
_ . N N _ t‘]%ﬁx’ . Zat ‘/ODXa
VoDx = Ox<8x,tat>, V_jDX = ~ ) Vj@X = k=0 (] = 0)
VoDy - 7, o~ o
Z %DX ! 8t P
k=0

(2) For every k, Vi Dx is a locally free VD x-module.
(3) Dy = Uk Vi Dx (the filtration is exhaustive).
(4) Vkﬁx . Vg@x C VkM@X with equality for £,/ < Oor k,£ >0
(5) VoDx is a sheaf of subalgebras of Dx.
(6) Vk@X|X\H = Dx|xp for all k € Z.
(7) gry VDy is supported on H for all k € Z,
(8) The induced filtration VkDX N OX = JH (‘~)X is the §H—adic filtration of 6)(
made increasing.
9) (Ni VaDx)lu = {0}
Exercise 9.4 (Euler vector field).

(1) Show that the class E of td, in gry Dy in some local product decomposition as
above does not depend on the choice of such a local product decomposition. [Hint:
see [MMO4, Lem. 4.1-12].]

(2 ) Show that V0®X acts on OH = OX/JH and with respect to this action that
V<ODX acts by 0, so that grg @X acts on OH, and that E acts by 0. Conclude that
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there exists a morphism grg VD x/Egrg VD x = D g and check by a local computation
that it is an isomorphism.

(3) Show that if H has a global equation g, then grj YDy ~ DH[ ].

(4) Conclude that grg YDy is a sheaf of rings and that E belongs to its center.

Exercise 9.5 (Euler vector field, continued).

(1) Show the identification (which forgets the grading) between gr’Dy and
D (Vg x]- [Hint: see [MMO4, Lem. 4.1-12] |

(2) Let M be a monodromic Diy,, x-module, i.e., a Dy, x}-module for which the
action of E has a minimal polynomial with coefficients in C. Show that M has a finite
filtration by Dpg-submodules. [Hint: Reduce first to the case where the minimal
polynomial has only one root «; in this case, filter M so that E —«aId vanishes on
each graded piece; identify then gry Dx /(E —a)gry Dx with Dy .|

Exercise 9.6. Show the equlvalence between the category of O x-modules with inte-
grable logarithmic connection VM > O Y(logH) ® M and the category of left
VO‘D x-modules. Show that the residue Res v corresponds to the induced action of E
on M/jHM

Exercise 9.7 (The Rees sheaf of rings RyDx). Introduce the Rees sheaf of rings
RVDX =P, VkDX e DX[U v~ associated to the filtered sheaf (‘DX, VDX)
(see Section 5.1.3), and similarly Ry Oy = D.. ViOx - v* € Ox[v,v!], which is the
Rees ring associated to the iH—adic filtration of O X.

(1) Show that RyOx = Ox[v, tv~1], where t = 0 is a local equation of H. Identify
this sheaf of rings with Ox[v w]/(t — vw) and show that, as an O x-module, it is
isomorphic to Ox[v] ® wOx [w]. Conclude that RVOX is O x-flat.

(2) Show that RyDyx = 6X[v t0 (0, Dy - -, O, )

(3) Conclude that RVZ~DX is locally free over RV(‘~)X and is 6X—ﬂat.

Exercise 9.8 (Coherence of RV@ x). We consider the Rees sheaf of rings RV@ x =
D, Vk@ x - vF as in Exercise 9.7. The aim of this exercise is to show the coherence of
the sheaf of rings RV@ x. Since the problem is local, we can assume that there are
coordinates (t,xa,...,x,) such that H = {t = 0}.

(1) Let K be a compact polycylinder in X. Show that Ry Ox(K) = Ry (Ox(K))
is Noetherian, being the Rees ring of the J-adic filtration on the ring ) x(K) (which
is Noetherian, by a theorem of Frisch). Slmllarly, as O X,z 1s flat on ) x (K) for every
x € K, show that the ring (Rvéx) = RVOX( )®O (K) Oxm is flat on RVGX(K)

(2) Show that RVO x is coherent on X by following the strategy developed in
[GM93]. [Hint: Let Q be any open set in X and let ¢ : (RVOX)I (RVOX)l

be any morphism. Let K be a polycylinder contained in Q. Show that Ker w(K)
is finitely generated over RyOx(K) and, if K° is the interior of K, show that
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Ker o = Kero(K) ®p 5 () (RV@X)lKo. Conclude that Ker ¢ ko is finitely gen-

erated, whence the coherence of Ry Ox.]

(3) Consider the sheaf Oy [T,&2,...,&] equipped with the V-filtration for which 7
has degree 1, the variables &,...,&, have degree 0, and inducing the V-filtra-
tion (i.e., t-adic in the reverse order) on 0) x. First, forgetting 7, Show that
Rv(OX[gg, e ,§7L]) = (Rvox)[fz, cee ,fn] Secondly, using Vk(OX[T, 62, . ,fn]) =
>0 Vi—j(Ox[&2,. .., &a])T? for every k € Z, show that we have a surjective
morphism

RyOxl&, ..., &] ® C[r'] — Ry (0x([r.&, ... &)
‘/E@X[EQ, .. af’n]qéle — WGX[§2a e agn]que+j'

If K C X is any polycylinder show that RV(6X[T, &a,...,&n])(K) is Noetherian, by
using that (RV(‘~)X (K)[7',&,...,&)] is Noetherian.

(4) As RyDyx can be filtered (by the degree of the operators) in such a way that,
locally on X, grRy Dy is isomorphic to RV((BX[T, &a,...,&]), conclude that, if K is
any sufficiently small polycylinder, then RyDy (K) is Noetherian.

(5) Use now arguments similar to that of [GM93] to concludes that Ry Dy is
coherent.

(6) Show similarly that Ry Dy is Noetherian in the sense of Remark 8.8.3.

Exercise 9.9 (Characterlzatlon of coherent V -filtrations indexed by 7Z)
Let M be a coherent D x-module. Show that the following properties are equiva-
lent for a V-filtration U, M indexed by Z.

(1) U.M is a coherent filtration.

(2) The Rees module RUJT/[ =@, Ugf/[vé is RV@X—coherent.

(3) For every x € X, replacing X with a small neighbourhood of z, there exist
integers A\j=1, .4, ti=1,...p, Ki=1,..p and a presentation (recall that [¢] means a shift of
the grading)

® Dxl\] — @ Dxlu] — N — 0

i=1
such that UM = image(®!_, Vi, +€®X [1i])-

Note that, as for J g-adic filtrations on coherent ) x-modules, it is not enough to check
the coherence of grUM as a ng® x-module in order to deduce that U, M is a coherent
V-filtration.

Exercise 9.10 (From coherent Ry D x-modules to D x-modules with a coherent V -filtra-
tion indexed by Z)

(1) Show that a graded RyDx-module M can be written as RyM for some
V-filtration on some D x-module M if and only if it has no v-torsion.

(2) Show that, if M is a graded coherent Rvﬁ x-module, then its v-torsion is a
graded coherent RV@ x-module.
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(3) Conclude that, for any graded coherent RyDx-module M, there exists a
unique coherent D x-module and a unique coherent V-filtration UM such that
M /v-torsion = RyM.

Exercise 9.11 (Some basic properties of coherent V -filtrations indexed by R)
We consider coherent V-filtrations indexed by A+Z for some finite set A C (—1,0]
as in Definition 9.3.3.

(1) Show that the filtration naturally induced by a coherent V-filtration on a cohe-
rent D x-module on a coherent sub or quotient D x-modules is a coherent V-filtration.
[Hint: Consider first each Z-indexed V-filtration Uahfff. For the case of a submod-
ule, use the characterization of Exercise 9.9(2) and the classical Artin-Rees lemma,
as in Corollary 8.8.8. This proof shows the interest of considering RUJ\~/[. End by
proving that (9.3.4) holds for the induced filtrations.]

(2) Deduce that, locally on X and for each o € A, there exist 1ntegers Aj= L.
Cj=1,..q> Mi=1,...p; ki=1,... p and a presentation @_, DxN] = B, Dxlpi] = M —
0 inducing for every £ a presentation

@ Vi, Dx[A il — @ Vit Dx i) — Uny s M — 0.
=1
(3) Show that two coherent V-filtrations UM and UM are locally comparable,
that is, locally on X there exists «, € R, such that, for every a € R,

Unea,M C UM C Upia,M

[Hint: Reduce to the case of Z-indexed V-filtrations and use (2).]

(4) It U,JV[ is a coherent V-filtration, then for every a, € R, the filtration U,JraﬂJV[
is also coherent.

(5) If U.M and UM are two coherent V-filtrations, then the filtration UC’{J\~/[ =
U,M + U/ M is also coherent.

(6) Assume that H is defined by an equation ¢ = 0. Prove that, locally on X,
there exists a, such that, for every a < ay, t : Uy — U,—1 is bijective. [Hint: Use
(2) above.]

Exercise 9.12. Let U be a coherent left Voﬁ x-module and let T be its t-torsion sub-
sheaf, i.e., the subsheaf of local sections locally killed by some power of ¢. Show
that, locally on X, there exists ¢ such that T NtU = 0. Adapt to the right case.
[Hint: Consider the t-adic filtration on VO'DX, i.e., the filtration V_ @X with j > 0.
Show (e.g. in the left case) that the filtration /U is coherent with respect to it, and
locally there is a surjective morphism (VO@ x)™ — W which is strict with respect to
the V-filtration. Deduce that its kernel X is coherent and comes equipped with the
induced V-filtration, which is coherent. Conclude that, locally on X, there exists
Jjo = 0 such that Vj,_ jﬂC = IV K for every j > 0. Show that, for every j > 0 there
is locally an exact sequence (up to shifting the grading on each V,@ x summand)

(Vo Dx)™ — (V_(j oy Dx)" — tUH0U — 0.
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Ast: Yk@X — Vk,lﬁx is bijective for k < 0, conclude that ¢ : t7oU — o1 is so,
hence T N #o0U = 0.]

Exercise 9.13. Show that a coherent D x-module M is specializable along H if and
only if one of the following properties holds:

(1) locally on X, some coherent V-filtration U, M (resp. U*M, left case) has a weak
Bernstein polynomial, i.e., there exists a nonzero b(s) and a non-negative integer £
such that

(9.10.0 %) VkelZ, grg UN - 2'b(E —kz) =0, resp. 2°b(E —kz)gr’,}f/[ =0;

(2) locally on X, any coherent V-filtration U M (resp. U.J%) has a weak Bernstein
polynomial.
[Hint: In one direction, take the V-filtration generated by a finite number of local
generators of J\?E; in the other direction, use that two coherent filtrations are locally
comparable.]

Exercise 9.14. Assume that M is (right) D x-coherent and specializable along H.

(1) Fix ¢, € Z and set UéJT/[ = Ug+[oj\/v[. Show that by (s) can be chosen as
by (s —£,2).

(2) Set by = b1b2 where b; and bg have no common root. Show that the filtra-
tion kaN[ Uj._ 13\/[ + bo(E— k:z)UkM is a coherent filtration and compute a polyno-
mial by in terms of by, bo.

(3) Conclude that there exists locally a coherent filtration U,M for which by (s) =
[Ioca(s —az)’ and Re(A) C (—1,0].

(4) Adapt the result to the left case.

Exercise 9.15. Assume that M is an R-specializable coherent right D x-module. Show
that, for m € M, and P € V;Dx ,,, we have

ordg z, (mP) < ordpy 5, (m) + k.

[Hint: Use that [E,V_1Dx] C VoD and that the coherent V-filtrations (mP-Dx)N
m-V,Dx and mP - V,Dx of mP - Dx are locally comparable.]|
In the left case, show that

ordy o, (Pm) > ordy 5, (m) — k.

Exercise 9.16 (R-specializability).

(1) In a short exact sequence 0 — M’ — M — M” — 0 of coherent D x-modules,
show that M is R- specializable along H if and only if M and M” are so.

(2) Let ¢ : M1 — Mg be a morphism between R-specializable modules along H.
Show that ¢ is compatible with the order filtrations along H. Conclude that, on the
full subcategory consisting of R-specializable D x-modules of the category of D x-mod-
ules (and morphisms consist of all morphisms of D x-modules), gr¥ is a functor to

the category of grg VD x-modules.
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Exercise 9.17 (R-specializability for D x -modules).

(1) Show that, for an R-specializable D x-module M, the assumption of Lemma
9.3.16 is satisfied. [Hint: Choose a finite set of local sections generating M and con-
sider the V-filtration they generate.] Conclude that Properties (1)—(3) of Definition
9.3.18 are also satisfied.

(2) Show that any morphism between coherent R-specializable D x-modules is
strictly compatible with the V-filtrations and its kernel and cokernel are coherent
R-specializable D x-modules.

Exercise 9.18. Show that the notion of strict R-specializability does not depend on
the choice of a local decomposition X ~ H x A;. [Hint: Use the formulas in [MMO04,
Lem. 4.1-12] ]

Exercise 9.19 (Strict R-specializability and Bernstein polynomials)

Assume that M is strictly R-specializable along H and let m be a local section
of JV[ with Bernstein polynomial b.n. We have seen in the proof of Proposition 9.3.21
that m is a local section of V, M if and only if the z-roots of bm are < «. Prove
that any z-root = of b,, is such that ngM # 0. |[Hint: Since DX m N VJV[ is
a good V-filtration of @X m (see Exercise 9.11(1)), there exists N > 0 such that
DX mnNV, NM cV_ 1®X -m; let v(y) be the order of nilpotency of E — on ngM
show that the product [ ¢,y o (E—=7)" (") gends m to V_1Dx - m and conclude.|

Exercise 9.20 (Strict R-specializability and exact sequences)
We consider an exact sequence 0 — Ml M= MQ — 0 of coherent D x-modules.

(1) Assume that M is strictly R-specializable along H and that the exact sequence
splits, i.e., M= JVEl &) JVEQ. Show that JV[l,J\N/[Q are strictly R-specializable along H.
[Hint: Show that the order filtration of M splits, and deduce the V-coherence of the
summands.]

(2) It M is strictly R-specializable along H, but the exact sequence does not split,
set

Uaﬁfl = Va3\~/[ N 3\7[1, UQJVEQ = image(Vaf/[).

« Show that these V-filtrations are coherent (see Exercise 9.11(1)) and that,
for every «, the sequence

0— grgff[l — grgf/[ — grgﬂfg —0

is exact.

« Conclude that U,Jv[l satisfies the Bernstein property 9.3.16(1) and the
strictness property 9.3.16(2) (with index set R), and thus injectivity in 9.3.25(a)
and (d), but possibly not 9.3.18(2) and (3). Deduce that U,M; = VoM. [Hint:
Use the uniqueness property of Lemma 9.3.16. ]

« If each grUMg is also strict, show that U, Mg Ve, 3\7[2

« If moreover one of both Ml, M2 is strictly R-specializable, show that so is
the other one.
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(3) Conclude that if M and JT/[Q are strictly R-specializable, then so is Jvtl and for
every «, the sequence

0— grgff[l — grgf/[ — ngJ\N/EQ —0
is exact.

Exercise 9.21 (Strlctness of submodules supported on the divisor H)

Assume that M is strictly R-specializable along H and let M1 be a coherent D x-
submodule of M supported on H. Show that My is strict. [Hint: Use Exercise 9. 20(2)
and show that V<0M1 = 0; from strictness of each ngMl, deduce that each V, M1 is
strict and conclude.]

Exercise 9.22 (Compatibility with Kashiwara’s equivalence)

Let ¢ : X — X; be a closed inclusion of complex manifolds, and let H; C X3
be a smooth hypersurface such that H := X N H; is a smooth hypersurface of X.
Show that a coherent D x-module M is strictly R-specializable along H if and only if
J\/[l = DL*M is so along H;, and we have, for every «,

(gra Ml, N) = (Da*gra M,N).

[Hint: Assume that X = H x Ay x A, and X = H x A, x {0}, so that My = ¢, M[,];
show that the filtration UaM; := 1,V M[@ ] satisfies all the characteristic properties
of the V-filtration of Jv[1 along Hi.|

Exercise 9.23 (Strict R-specializability and morphisms).

(1) Let ¢ : M — N be an isomorphism between strictly R-specializable D x-mod-
ules. Show that it is strictly compatible with the V-filtrations and for any «, gr¥ ¢ is
an isomorphism. [Hmt Use the uniqueness in Lemma 9.3.16. ]

(2) Let ¢ : M — N be any morphism between coherent D x-modules which are
strictly R-specializable along H. Show that the order filtration on Im ¢ is a coherent
V-filtration, and that Im ¢ is strictly R-specializable if and only if so is Ker . [Hint:
Apply Exercise 9.20(2).]

(3) Let ¢ : M — N be a morphism between strictly R- specmhzable D x-modules.
It induces a morphism grY ¢ : ngM — grgN. Show that if gr¥ ¢ is a strict morphism
for every a, then Coker ¢ is also strictly R-specializable and ¢ is strictly compatible
with V', so that the sequence

0 — gry Kerp — ngﬁ — grgif — gry Coker ¢ — 0
is exact for every a.

Exercise 9.24 (Restriction to z = 1). Let M be a coherent D x-module. Assume that M
is R-specializable along H.

(1) Show that for every «a,
(z=1D)MAV,M = (2 — DV, M.
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[Hint: Let m = (2—1)n be a local section of (z — 1)3\7(0 VaM; then n is a local section
of VVJ\N/E for some ~y; if v > «a, show that the class of n in ngJ\N/[ is a annihilated by
z — 1; conclude with Exercise 5.2(1).]

(2) Conclude that M := M/(z — 1)M is R-specializable along H and that, for
every a,

VoM = VoM/(2 — DVaM = VuM/((z — )M N VM),
gt/ M =grVM/(z — gr/ M.

(3) Show that (VM) @z, Clz, 271 = VaM[z, 271].

[2]
Exercise 9.25 (Side changing). Define the side changing functor for VO@ x-modules
by replacing Dx with VyDx in Definition 8.2.2. Show that M'f is R-specia-
lizable along H if and only if M"8" is so and, for every g8 € R, VA(Mleft) =

[V_g_l(ﬁ{right)]le“. [Hint: Use the local computation of Exercise 8.17.]

Exercise 9.26 (Indexing with Z or with R). The order filtration is naturally indexed
by R, while the notion of V-filtration considers filtrations indexed by Z. The purpose
of this exercise is to show how both notions match when the properties of Lemma
9.3.16 are satisfied. Let U,M be a filtration for which the properties of Lemma 9.3.16
are satisfied. Then we have seen that U,M coincides with the “integral part” of the
order filtration V,J\~/[. Show the following properties.

(1) The weak Bernstein equations (9.3.7x) and (9.10.0 %) hold without any power
of z, i.e., for every k the operator E —kz has a minimal polynomial on UkJ\N/[/U;C,lj\?[ =
VkJVE/Vk_ﬂ\?[ which does not depend on k.

(2) The eigen module of E —kz on this quotient module corresponding to the eigen-
value az isomorphic to ng n ,CJ\N/[ and the corresponding nilpotent endomorphism is

(9.10.0 %) N:=(E—-(k+ a)z).
In particular, each grx +kJT/£ is strict and we have a canonical identification

Vkﬁ/Vk_lj\;[ = @ gr‘a/+k3\~/[.

—1<a<0

(3) For every a € (—1,0], identify Va+k3\~/[ with the pullback of

D ng%kM
—l<a’'<a
by the projection VkJV[ — Vk3\~/[/Vk_13\~/[, and show that the shifted order filtration
indexed by integers Va+,3\~/[ is a coherent V-filtration.
(4) Conclude that there exists a finite set A C (—1, 0] such that the order filtration
is indexed by A + Z, and is coherent as such (see Definition 9.3.3).

Exercise 9.27. Check that if 9.3.18(2) and 9.3.18(3) hold for some local decomposition
X ~ H x A; at x, € H, then they hold for any such decomposition.
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Exercise 9.28 (A criterion to recognize the V-filtration). Assume that M is coherent
and R-specializable along H and let U.J\~/E be a good V-filtration indexed by A+ Z for
some finite set A C (—1,0]. Assume that U,M satisfies the following properties:

(1) grUM is strict for any o < 0,

(2) same as 9.3.18(2),

(3) same as 9.3.18(3).
Argue as in the proof of Proposition 9.3.25 to deduce that ¢ : ngJ\/[ — gra 13\/[ is
an isomorphism for any o < 0 and, inductively, that 0; : ngM — gr,, +13\/E( 1) is
an isomorphism for any « > —1. Conclude that grgf/[ is strict for any «, that M is
strictly R-specializable along H, and that U.M is the V-filtration of M.

Exercise 9.29 (Complement to 9.3. 39) We keep the notation of 9.3.39. Show that
JV[/V 23\/[ can be identified, as a VE]DX module, to

D giMe @ efMs,

Be(—2,—1] a€(—1,0]
where the Vb@ x-module structure on the latter term is a little modified with respect
to that of P ,c_1 g gr¥ M[s], namely:
- t acts by zero on @ﬁe(—z,—l] gr},/f/[,
« for a € (—1,0] and j = 0, mg - t = m§t € gr¥_, M (instead of 0),
« all the remaining actions are the same as in (3).
Exercise 9.30. Justify that 14 » and ¢, 1 are functors from the category of R-specia-

lizable right D x-modules to the category of right D x-modules supported on g~*(0).
[Hint: Use Exercise 9.16(2).]

Exercise 9.31. Assume that X = H x A, and let g denote the projection to Ay, so
that ¢4 is induced by the diagonal embedding A; < Ay, x A;,. Let M be a right
D x-module.
1) Show that we have v )\J\N/E ~ DLH*ngJ\Nf[ 1) and ¢ 13% = DLH*ngJT/L where
9, « g, 0
ty : H — X denotes the inclusion:
(a) Set u = (t; —t2)/2, v = (t1 +12)/2 and Mg =P, Lg*M®5 au, and show
that the right action of u .0y, v, 0, reads
(m® 5u6u) cu=kzm® 5u6‘5*1, (m® gugff) Oy =m® gugfjﬂ,
(m®gu55) ~v:mt®gu55, (m®gu55) ~51, :mgt@)guéﬁ.
(b) Using the relation d;, = %vgu + %51,, show that Mg ~ P, Lg*J\N/[ ® gugfl
with the obvious right action of 9;,.
(c) With respect to the latter decomposition, show that
(m®g Yo = mt ® by, (m®5~ )5t2 =My ® 6y — M ® by 5,51
(d) Show that the filtration U, (M g) = @k g« Va M® 6, 8k has a Bernstein

polynomial with respect to t2 and that gre, (Mg) = plHEle VM.
(e) Conclude.
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(2) Show that can = 9, and var = ty for ﬁg are DLg*(gt) and ptg«(t), with
Oy : gtV M — gry M(—1) and ¢ : gry’ M — gr¥, M.

Exercise 9.32 (Strict R-specializability and ramification). We take up the notation of
Section 9.9.a. Let ¢ > 1 be an integer and let p, : C — C be the ramification
u—t=ul Weset X, = Xg x C, and we still denote by p, the induced map
Xy — X. Since we will deal with pullbacks of D x-modules, we will work in the left
setting. Let M be a left @X—module.

(1) Show that the pullback ,p*M (Definitions 8.6.3 and 8.6.6) can also be defined
as follows:

« as an Ox, -module, we set ,p; M = pyM = Ox, ®p;16x p;lM;

. for coordinates x; on X, the action of 9,, is the natural one, i.e., 9;,(1 ®@m) =
1® Op,m;

. the action of 0, is defined, by a natural extension using Leibniz rule, from

5u(1 ®@m)=qul ' ® dym.

(2) Identify , pZJ\N/[ with @Z;é u* © M and make precise the D x,-module structure

on the right-hand term.

(3) Assume that M is R-specializable along (t). Show that any local section of
ppyM satisfies a weak Bernstein functional equation, by using that

u* @ tdym = 1(u5u — k2)(u* @ m).
q

(4) Assume that M is strictly R-specializable along (t). Show that the filtration
defined by the formula

—~ q—1 —~
VM = @ (u* @ VIR ),
k=0

satisfies all properties required for the Kashiwara-Malgrange filtration.
(5) Show that, for any u € St,
%,p(DP?}M) = @ 1/}t,>\M,
A=y

and, under this identification, the nilpotent endomorphism N, corresponds to the
direct sum of the nilpotent endomorphisms gN;. Conclude that we have a similar
relation for the graded modules with respect to the monodromy filtration and the
corresponding primitive submodules.

Exercise 9.33. Show that both conditions in Dfﬁnition 8.6.10 are indeed equivalent.
[Hint: Use the homogeneity property of Char M.]

Exercise 9.34. With the assumptions of Theorem 8.6.11, show similarly that, if Y is
defined by z; = --- = x, = 0 then, considering the map « : X — C? induced by
x:= (21,...,2p), then M is D x/cr-coherent.
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Exercise 9.35 (Middle extension property for holonomic D x-modules)

(1) Show that an R-specializable D x-module M, the property of being a middle
extension along (g) (i.e., can is onto and var is injective) is equivalent to the property
that M has no submodule not quotient module supported in {g = 0}. [Hint: Notice
that Property 9.3.18(1) is empty in Proposition 9.7.2(2).]

(2) Show that, if M is holonomic, this property is equivalent to the property that
both M and its dual D x-module have no submodules supported in {g = 0}.

(3) Show that if M is smooth (i.e., is a vector bundle with flat connection), then it
is a middle extension along any divisor (g). [Hint: Use that the dual module is also
smooth.|

(4) Let Mbe a @X—module which is strictly R-specializable along (g) and let M be
the underlying D y-module. Show that if M is a middle extension along (g9), then M
is a middle extension along (g). [Hint: Use Definition 9.7.3 both for M and M and
exactness of the functor M — M.

Exercise 9.36 (Nearby/vanishing Lefschetz quiver for a middle extension)
Show that the nearby/vanishing Lefschetz quivers (9.4.7 xx) and (9.4.7 %) are iso-
morphic to the quiver

can = N
~
Pg 1M ImN.
D Jar = incl

Exercise 9.37. In the setting of Lemma 9.9.2, prove that (z1,22) is a regular sequence
on J%, ie., xﬂ% N a:QJ\N/E = x1x23\~/[. Show that, for every k > 1, if we have a relation
D kst kg abrakrm, 4 =01 M, then there exist Wi € M for i,j > 0 (and the
convention that p; ; = 0 if ¢ or j < —1) such that mg, g, = T1k,—1,6, — T2y k-1
for every ki, ko.

9.11. Comments

The idea of computing the monodromy of a differential equation with regular sin-
gularities only in terms of the coefficients of the differential equation itself, that is, in
an algebraic way with respect to the differential equation, goes back to the work of
Fuchs. In higher dimension, this has been extended in terms of vector bundles and
connections by Deligne [Del70]. On the other hand, the algebraic computation of
the monodromy by Brieskorn [Bri70]| opened the way to the differential treatment
of the monodromy as done by Malgrange in [Mal74], and generalized in [Mal83].
The general definition of the V-filtration has been obtained by Kashiwara [Kas83].
It has been developed for the purpose of the theory of Hodge modules by M. Saito
[Sai88], and an account has been given in [Sab87a]. The theory of the V-filtration is
intimately related to that of the Bernstein-Sato polynomial [Ber68, BG69, Ber72]
and [Kas76, KasT78|.
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For the purpose of the theory of Hodge modules, M. Saito has developed the notion
of V-filtration for filtered D x-modules. His approach will be explained in Chapter 10.
In the present chapter, we have followed the adaptation of M. Saito’s approach for
D x-modules, inspired by [Sab05]. For example, the proof of the pushforward theorem
9.8.8 is a direct adaptation of loc. cit., which in turn is an adaptation of a similar
result of M. Saito in [Sai88], namely, Theorem 10.5.4. The computation of Section
9.9.b followed the same path. On the other hand, the result in Section 9.2.b is due to
[Wei20] and the proof is taken from [ES19].






