CHAPTER 8

TRAINING ON D-MODULES

Summary. In this chapter, we introduce the fundamental functors on D-mod-
ules that we use in order to define supplementary structures, and we also in-
troduce various operations: pullback and pushforward by a holomorphic map
between complex manifolds or a morphism between smooth algebraic varieties.
Most results are presented as exercises. They mainly rely on Leibniz rule. The
main references for this chapter are [Bj693], [Kas03] and [GM93].

8.1. The sheaf of holomorphic differential operators

Let (X,0x) be a complex manifold equipped with its sheaf of holomorphic func-
tions. We also denote by C¥ the sheaf of complex-valued C'* functions on the un-
derlying C*° manifold Xg. This sheaf is a c-soft sheaf.

8.1.a. Vector fields, derivations, differential forms, contractions. We will
denote by O x the sheaf of holomorphic vector fields on X. This is the O x-locally free
sheaf generated in local coordinates by 0y, ,...,0s,. It is a sheaf of Ox-Lie algebras,
and vector fields act (on the left) on functions by derivation, in a way compatible
with the Lie algebra structure: given local vector fields £, n acting on functions as a
derivations and given a local holomorphic function f,

o f€ is the vector field acting as (f€)(g) = f - £(g),
« the bracket [€,n] defined as the operator [£,7](g) := £(n(g)) — n(&(g)) is still a
derivation, hence defines a vector field.

We will denote by ©x j, the exterior product AF©x, which is also a locally free O x-
module.

Dually, we denote by Q% the sheaf of holomorphic 1-forms on X. We will set
0k = APQL and wx = Q%. We denote by d : Q% — Q% the differential.

The natural nondegenerate pairing (s,+) : Q% ® Ox — Oy extends in a natural
way as a nondegenerate pairing Q’)“( ®Ox ; — Ox. In local coordinates (x1,...,zy),
a basis of Q% is given by the family (dz);, where I runs among the subsets of
cardinal k of {1,...,n} and dz; is defined as dx;, A--- Adwx;,, with I = {iy,... ik}
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and i1 < --- < 4. Dually, the partial derivatives d,, lead to the basis (0;,)r of Ox g,
with a similar meaning. Due to anti-commutativity of the wedge product, (9,)s is
the basis dual to (dzy); up to sign, that is, denoting by § the Kronecker index,

<d'r178x’1> = 5(’@‘)51,11 (e(k;) = (_1)k(k_1)/2).

We can thus regard sections of Q])“( as Ox-linear forms on ©x ;. For a local section n
of Q% | we may denote (1, ) as 1(s).

The contraction by a vector field £ is the Ox-linear morphism & J: Q’;( — Q’;{l
defined by 1 +— n(£ A+), where « is local section of ©x ,_1. More generally, for a local
section € of O j, the contraction 7 +— (€ A ) sends Q% to Q5 7.

For example, if k = n = dim X, set

dex :=dzy A---ANdx, and d:c;:zdxl/\-~-/\gx\i/\~--/\dmn.
Then we have
O, J dx = (—1)"'das,
since
0z 4 d2)(0,) = d@(D; A D) = (—1)' ' da(0a)
= (=1)""e(n) = (-1)""e(n — 1) = (=1)" " dae(a,)-
As a consequence, for f € Ox, we have d(f0,, J dz) = (—=1)""10f/0,, - dz.

The Lie derivative of de along { is defined as L¢(dx) := d(¢ J da). Similarly,

we rename the action of £ as a derivation on f as L¢(f) = O0f/05,. Note that

Lo, (dz) = 0. We conclude from these formulas that there is a natural right action
(in a compatible way with the Lie algebra structure) of ©® x on wx, defined by

(8.1.1) w-§=(—1)"Lew :== (—1)"d(€ J w).
Indeed, the relation £(flw =w-[&, f] = (w-&)f — (wf)- € holds, as for example, taking
& = 0,,, we find (fdx) - 0, = —(9f/0x;)dx and

(0f J0x;)dx = (=1)""*d(f0,, 1 dx) = —(fdx) - 0,, and (dx-0,,)f =0.
Similarly, let us check w - [£,¢] = (w &) & — (w-¢) & with w = dx, £ = f0,,,
§ = 0., We have [£,&'] = —(0f/0:,)0,, and w - &' = 0, so we only have to check

—(0f/0xjdz) - Oy, = ((fdx) - Os,) - Ou,,

which follows from the commutativity of the partial derivatives of f.
8.1.2. Definition (The sheaf of holomorphic differential operators)

For any open set U of X, the ring Dx(U) of holomorphic differential operators
on U is the subring of Hom¢(Oy, Op) generated by

« multiplication by holomorphic functions on U,
« derivation by holomorphic vector fields on U.

The sheaf Dy is defined by I'(U, Dx) = Dx(U) for every open set U of X.

By construction, the sheaf Dx acts on the left on Oy, i.e., Ox is a left D x-module.



8.1. THE SHEAF OF HOLOMORPHIC DIFFERENTIAL OPERATORS 229

8.1.3. Definition (The filtration of D x by the order). The increasing family of sub-
sheaves F;Dx C Dy is defined inductively:

« Dy =0ifk < —

o FoDx = Ox (via the canonical injection Ox — Homc(Ox,0x)),

« the local sections P of Fy1Dx are characterized by the fact that [P, f] is a local
section of FjDx for any holomorphic function g.

8.1.4. Proposition. Giving a left D x -module M is equivalent to giving an O x -module M
together with an integrable connection V.

Proof. Exercises 8.1, 8.5 and 8.6. O

8.1.b. Vector fields and differential forms in presence of a filtration

We now apply the constructions of Section 5.1 to the filtered ring (Dx, F,Dx) and
its (left or right) modules. We obtain the following properties:

. 6)( = RFOX = Ox[z]

« in local coordinates, we have

(8.1.5) Dx := RrDx = Ox[2)(8ay,- .., 0n, ),

i.e., any germ of section of Dy may be written in a unique way as
Zaa x,z) 8a Zaﬁb x,z)

where aq, b, € ) x, and where we set

(8.1.6) Oy, 1= 20,,.
o The ring D x 1s equipped with a natural filtration F,@ x by the order in 53: If
we write Dx = RrpDx, then this filtration is defined by the formula

~ k—1 )
(8.1.7) F.Dx = @ F;Dxz @ FyDx2"C|2].
j=0

« The sheaf Oy is the locally free O x-module locally generated by 593 5%
(having degree 1, due to our convention in Section 5.1.3) and we have [0, f] =
z(“)f/aﬂcz for any local section g of OX, we also set @X E=A @X,

« QL is the locally free graded Ox-module z~'C[z] @¢ O, and Q% = AFQL; the
differential d is induced by 1 ® d on Qlj( = 27*C[z] ®c Q%; we set wx = QX; we
regard the differential as a graded morphism of degree zero

d: Ok — Okt

the local basis (dz; = 2z~ *dz;); (having degree —1) is dual to the basis (9,,); of ©x.
« We also set é}’g’ = C%¥[z]. This is a c-soft sheaf on the underlying C'*° mani-
fold XR.
o Contraction of a z-differential form of degree k by a z-vector field is defined as
in Section 8.1.a.
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« We have natural Lie algebra actions of &) x on 0 x (action on the left) and on wx
(action on the right).

8.1.8. Example (Filtered flat bundles). Let (£,V) be a flat holomorphic bundle on X
and let F*L be a decreasing filtration of £ by O x-locally free sheaves. Then the flat
connection V endows £ with the structure of a left D x-module (Proposition 8.1.4).
The Griffiths transversality property

(8.1.8 %) VFPL Cc QY @ FP71L, VpelZ

is equivalent to the property that the corresponding increasing filtration F,£ is an
FD x-filtration of the D y-module L.

8.1.9. Deﬁmtwn (Connection). Let M be a graded ) x-module. A connection on M is
a graded C-linear morphism VM- Q &M (of degree zero) which satisfies the
Leibniz rule

VfeOx, V(fm)=fVm+dfem.

Proposition 8.1.4 holds true in this filtered setting (Exercise 8.7).

8.1.10. Example. The fundamental examples of filtered left and right D y-modules are:
e (Ox, F,0x) with grfOX =0 for p#£0, so RpOx = Ox|z],

o (wx, Fowx) with grgwx =0 for p# —n, so Rpwx = wx = A% = 27 "wx|z].

8.1.11. Convention. We will use the following convention.

(i) Ox (resp. éj’?) denotes either the sheaf rings Ox (resp. €¥) or the sheaf of
graded rings Ox[z] = RpOx (resp. €¥][z]), and Mod(Ox) denotes the category of
O x-modules or that of graded O X[ ]-modules.

(ii) The notation Ox, QX, A¥©x has a similar double meaning.

(iii) Similarly, Dy denotes either the sheaf rings Dx or the sheaf of graded rings
RrDx, and Mod(Dy) denotes the category of D y-modules or that of graded RpD x-
modules.

(iv) It will also be convenient to denote by C either the field C or the graded
ring Cl[z].

(v) In each of the second cases above, we will usually omit the word “graded”,
although it is always understood.

(vi) One recovers standard results for D x-modules by setting z = 1 and d=0.

(vii) The strictness condition that we may consider (see Section 5.1.b) only refers
to the second cases above, it is empty in the first cases.

8.2. Left and right

Considering left or right D x-modules is not completely symmetric. The main
reason is that the left D x-module 0 x is a sheaf of rings, while its right analogue
wWx = ﬁ}, is not a sheaf of rings. So for example the behaviour with respect to
tensor products over Oy is not the same for left and right D-modules. Also, the side
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changing functor defined below sends @1)'3(“ to wx ®F, D x, and not to D x regarded

as a right D x-module over itself.

The categories of left (resp. right) Dy-modules are denoted by I\/IodICft(@X)
(resp. Mod™®™ (D) (recall that we consider graded modules and morphisms of
degree zero in the case of D = RrD). We analyze the relations between both
categories in this section.

The main rule to be followed is that the side-changing functor changes a functor
in the category of left objects to the functor denoted in the same way in the category
of right objects, and conversely.

Exercises 8.8 and 8.9 give the basic tools for generating left or right D-modules.

8.2.1. Example (Example 8.1.10 continued).

(1) Dy is a left and a right D x-module.
(2) Ox is a left Dx-module (Exercise 8.10), with grading

~ OX ifp = O,
(Ox)p = .
0 if p<O.
(3) wx = ﬁ%mx is a right D x-module (Exercise 8.11), with grading

- wx ifp>=-—n,
(Wx)p = .
0 ifp<—n.

8.2.2. Definition (Side-changing of D x-modules). Any left D y-module M gives rise
to a right one M8 by setting M'ieht = Gy ® Bx M and, for any vector field ¢ and
any function g,

(wem) - f=fwdm=w® fm, (WOmM) {=wE@m —w®Em.
Conversely, set Meft = Homg (wx, Mright)  which also has in a natural way the

structure of a left D x-module (see Exercise 8.13(2)). The grading behaves as follows
(see Example 8.1.10 and (5.1.4)):

Nrright - Nrleft Nrleft
mrent = » nOJX®oXMe :wX®oXMe (—n),

right __ left
Mp =wx ®oy Mern'

(8.2.2%)

If M = RpM is the Rees module of a filtration, then the side-changing functor is
written as

(8.2.2 **) Feright = Fp(wX ®ox Mleft) =wx oy Fp+aneft.

8.2.3. Caveat. Let WY = Homg (Wx, 6X) as an (NDX—module. One often finds in the
literature the formula Mvleft = Jyrisht Rs, WY, which give the Ox-module structure
of M'*f*. However, the left D x-module structure is not obtained with a “tensor product
formula” as in Exercise 8.12, but uses the interpretation as Homg _ (Wx, Mrisht),

N On the ojher hand, let U~be a chart of X Witll coordinates 1,...,T,. Set de =
dzy A -+ Adxy,. This is an Oy-basis of Wx. Let d&¥ denote the dual basis of W% . It
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is often convenient, for a right Dy-module M&ht, to write Mt = Mrieht @ dz¥ with
the convention that a local section dz¥ ® m is regarded as the morphism sending de
to m. In view of the duality between ﬁﬁ( and Oy, one can identify w¥ with A"Ox
and choose the local basis 5;\” = 5951 AR 5% of A"Oy. Both bases are related by
da¥ = e(n)dA". See also Exercise 8.17.

The following is obvious from Exercises 8.14 and 8.15.

8.2.4. Proposition. The side-changing functors left-to-right and right-to-left are iso-
morphisms of between the categories of left and right graded @X -modules, which are
inverse one another. The left-to-right functor induces a twist (—n), while the right-
to-left functor induces a twist (n) (n = dim X ). O

8.2.5. Remark. The ring D x considered as a right D x-module over itself is not equal
to the right D x-module associated with D x regarded as a left D x-module over itself
by the side-changing functor.

8.2.6. Caveat (Side-changing and grading). For a filtered left D x-module (M, F,M),
side-changing and grading are related by the formula (according to example 8.2.1(3))

g’ (wx ®ox M) = wx ®o, grf M(—n),

as Ox-modules. The action of gr” Dy is not exactly preserved by this isomorphism.
Indeed, recall that, for a vector field £, we have (w @ m)€ = wé @ m — w ® &m and,
taking classes in the suitable graded piece, we find [w ® m][{] = —w ® [Eém]. We can
thus write, as grf’D x-modules,

ng(wX Roy M) =wx Qoy inv*ngJ\/[(fn),

where inv*grfM denotes the Ox-module gr”M on which the action of grfDyx is
modified in such a way that grf’D x acts by multiplying by (—1)* the usual action.

8.3. Examples of D-modules

We list here some classical examples of D-modules. One can get many other ex-
amples by applying various operations on D-modules.

83.1. Let £ be an Gx—mgdule. There is a very simple way to get a right ?X—module
from £: consider £ ®F Dx equipped with the natural right action of Dx. This is

called an induced D x-module. Although this construction is very simple, it is also
very useful to get cohomological properties of Dx-modules. One can also consider
the left D x-module D x ®F L (however, this is not the left D x-module attached to

the right one L D5 D x by the side-changing functor of Definition 8.2.2).
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8.3.2.  One of the main geometrical examples of D x-modules are the vector bundles
on X equipped with an integrable connection. Recall (Proposition 8.1.4) that left
Dx-modules are Ox-modules with an integrable connection. Among them, the
coherent D x-modules are of particular interest. One can show that such modules are
Ox-locally free, i.e., correspond to holomorphic vector bundles of finite rank on X.

It may happen that, for some X, such a category does not give any interesting
geometric object. Indeed, if for instance X has a trivial fundamental group (e.g. X =
P!(C)), then any vector bundle with integrable connection is isomorphic to the trivial
bundle Ox with the connection d. However, on non simply connected Zariski open
sets of X, there exist interesting vector bundles with connections. This leads to the
notion of meromorphic vector bundle with connection.

Let D be a divisor in X and denote by O x (xD) the sheaf of meromorphic functions
on X with poles along D at most. This is a sheaf of left D y-modules, being an
O x-module equipped with the natural connection d : O x (xD) — Q% (*D).

By definition, a meromorphic bundle is a locally free O x (*D) module of finite rank.
When it is equipped with an integrable connection, it becomes a left D x-module.

8.3.3. One can twist the previous examples. Assume that w is a closed holomorphic
form on X. Define V: Ox — Q% by the formula V = d+ w. As w is closed, V is an
integrable connection on the trivial bundle Ox.

Usually, the nonzero closed form on X are meromorphic, with poles on some divi-
sor D. Then V is an integrable connection on Ox (xD).

If w is exact, w = dg for some meromorphic function g on X, then V can be written
ase Jdodoed.

More generally, if M is any meromorphic bundle with an integrable connection V,
then, for any such w, V + wId defines a new D x-module structure on M.

8.3.4. Denote by Dbx the sheaf of distributions on the complex manifold X of di-
mension n: given any open set U of X, Dbx (U) is the space of distributions on U,
which is by definition the weak dual of the space of C*° forms with compact support
on U, of type (n,n). By Exercise 8.11, there is a right action of Dx on such forms.
The left action of Dx on distributions is defined by adjunction: denote by (n,u) the
natural pairing between a compactly supported C*°-form 7 and a distribution u on U;
let P be a holomorphic differential operator on U; define then P - u in such a way
that, for every 7, on has

(n, P-u) = (n- P,u).

Given any distribution v on X, the subsheaf Dx -u C Dby is the D x-module gener-
ated by this distribution. Saying that a distribution is a solution of a family Py, ..., Py
of differential equation is equivalent to saying that the morphism Dy — Dy - u send-
ing 1 to w induces a surjective morphism Dx /(Py,...,Py) = Dx - u.

Similarly, the sheaf €x of currents of degree 0 on X is defined in such a way that,
for any open set U C X, €x(U) is dual to C°(U) with a suitable topology. It is a
right D x-module.
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In local coordinates x1, ..., x,, a current of degree 0 is nothing but a distribution
times the volume form dx1 A --- Adx, ANdT1 A --- AN dx,,.

As we are now working with C'°*° forms or with currents, it is natural not to
forget the anti-holomorphic part of these objects. Denote by O« the sheaf of anti-
holomorphic functions on X and by D+ the sheaf of anti-holomorphic differential op-
erators. Then Dbx (resp. €x) are similarly left (resp. right) Dy-modules. Of course,
the Dx and D+ actions do commute, and they coincide when considering multipli-
cation by constants.

The conjugation exchanges both structures. For example, if u is a distribution
on U, its conjugate @ is defined by the formula

(8.3.4 %) (n,@) == (7, u) (ne &X™(U)).
This is of course compatible with the usual conjugation of L] _ functions.
It is therefore natural to introduce the following sheaves of rings:

(8.3.4 %) Oxx = 0x ®c Ox, Dy x = Dx ®&c Dx,
and consider Dby (resp. €x) as left (resp. right) Dy x-modules.
8.3.5. One can construct new examples from old ones by using various operations.

« Let M be a left Dy-module. Then Homgp (M, Dx) has a natural structure of
right D x-module. Using a resolution N* of M by left D x-modules LVhi~ch are acyclic
for Homg (e, Dx), one gets aright D x-module structure on &ct% (M, Dx) for k > 0.

X

« Given two left (resp. aleft and a right) D x-modules M and if, the same argument
enables one to put on the various Jor; 5 (N, M) a left (resp. a right) Dx-module
structure.

8.4. The de Rham functor

8.4.1. Definition (de Rham). For a left D x-module JV[, the de Rham complex DRM is
the bounded complex (with « in degree zero and all nonzero terms in non-negative
degrees)

DRM := {0—>J§[L§§®JV[L~--L§}®J§[—>O}.
The terms are the O x-modules ﬁ}( R5,, Mt and the differentials the C-linear mor-

phisms V defined in Exercise 8.6 or 8.7.
The shifted de Rham complex "DR M is defined as
1)V )"V —1)"V
(1) )"V (-1

"DRM := {0 - M QL oM

Q% @ M — 0},

The previous definition produces a compler since VoV = 0, according to the
integrability condition on %, as remarked in Exercise 8.6 or 8.7. The notation "DR is
motivated by the property that, for a holonomic D x-module M, the complex "DRM
is a perverse sheaf (a theorem of Kashiwara).
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8.4.2. Remark (Shift of a complex). Given a complex (0'75), the shifted complex
(C*,0)[n] is the complex (C™*,(—1)"5). Thus the complex "DRM is equal to
DR M]n]. The shifted de Rham complex is implicitly considered in Formula (8.1.1).
In the following, given a complex (C",g), we will also denote by C™** the shifted
complez (C*,8)[n] when there is no doubt about the differential.

8.4.3. Definition (Spencer). The Spencer complex Sp(3\~/[) of a right D x-module M is
the bounded complex (with « in degree zero and all nonzero terms in non-positive
degrees; recall also the notation ©x = /\k@x)

- 6~ (5~ ~ Y3
Sp(M) —{O—>M®O Oxn —25s .. —>M®O ®X1—>M—>0}

where the differential gﬁ is the C-linear map given by

me (& A A&%Z “Hme&) @ (EL A NE A NE)
FS D me (&I A G ARG A NG A NG,
1<j

where a means that we omit &; in the wedge product.

Of spemal interest will be, of course, the de Rham or Spencer complex of the
ring DX, considered as a left or right D x-module. Notice that in DR(@X) the
differentials are right D x-linear, and in Sp(@ x ) they are left D x-linear. See Exercises
8.21-8.24 for some of their properties.

8.4.4. Remark.

(1) For aright D x-module M, the complex Sp(M) is isomorphic to 3\7[@5)( Sp(Dx)
(Exercise 8.24). It is then possible to prove some statements on Sp(M) by only
considering the case where M="D X-

(2) For a left D x-module M, it is usual to find in the literature the definition
of the unshifted de Rham complex DRM as RHoms ((T)XJ\N/[) (in a suitable derived

category). Since Sp(@x) is a resolution of Oy by locally free @X—modules, this
isomorphism amounts to the isomorphism DRM =~ Homg (Sp(Dx),M). This is
shown in Exercise 8.25.
Side-changing. Given any k > 0, the contraction is the morphism (see Section 8.1.a)
Ox ®5. Ox i > QLF
(8.4.5) Ox X, X
wRE > (Edw)(e) =w(ENe).

8.4.6. Example. In local coordinates (x1,...,x,), let us set dx =dry A--- Ada,. For
i=1,...,k < n, let us set 5@5:@1/\“'/\5951/\”'/\5“ (i.e., omitting 5% in the
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wedge product) for simplicity. Then the following formulas hold, for & < n:
(Op, A+ ANy, ) J da = e(n),
(8.4.6%) (Dp, A+~ NDy,) Jda = e(n)e(n — k)dzgpq A--- Adiy,
(8.4.6xx) Oz, Jdx = (—1)*"e(n)e(n — k + 1)da; Adazppq A--- A day,.

8.4.7. Lemma. There exists a natural isomorphism of complexes of right D x-modules
(i.e., is compatible with the differentials of these complexes)

LWx @, Sp(Dx) = "DR(Dx)
which induces the identity
Gx ®g, Sp°(Dx) = @x ®5, Dx = DR" D.
It is induced by the isomorphisms of right @X—modules
ox ®5, (Dx ®5, Ox.) % Oy * e, Dx
w18 - Pr— (Elw)®@P

(where the right structure of the right-hand term is the natural one and that of the
left-hand term is nothing but that induced by the natural left structure of D x D5, Ox
by side-changing).

Proof. 1t is enough to prove that the diagram

wx ®6x (®X ®6x éXJg) —>L QnX_k ®6x @X

5| | s

wx O, (@X ®5 . éx,kq) —ty 6}7“1 ®5 . Dx

commutes. We will make use of the relations satisfied by the function & (see Nota-
tion 0.2). Tt is also enough to check this locally, and, in local coordinates (x1, ..., Z,),
we are reduced by right D x-linearity to checking this on sections of the form
dz @ (1© By, A--- A 5“)) We use the notation of Example 8.4.6.

On the one hand, we have dz - 535 = 0 and, according to (8.4.6%x) we find

k
0[dz @ (1® (Do, A+ Aa )] =D (1) e @ (0, ® Oz,
=1

(—1)'[dz ® (1 0x,)]-Os,
k

k
i=1
3 (-1)'(05, 4 dz) © s,

=1

= (—-1)fen)etn —k+1)> (do; Adzpsr A Adzy) © Oy,

M=

=1
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On the other hand, we have, according to (8.4.6x) (see Exercises 8.5 and 8.7),
(—1)"Ve[de@(1 @ (9ay A~ AD,))]
= (~1)"V[(@gy A+ A Dyy) J da) @ 1]

= (—1)"e(n)e(n — k)V[([dzp1 A - Adz,) @1]

k
=(—D"em)e(n—k) Y _(—1)"F(dzgrr A+ Ada, Adz;) ® 0y,
=1
k
=(-1)"e(n)e(n — k) Z(axl Adzpr A=+ Aday) @ Oy,
=1

and the desired equality follows from the relation e(n—k+1) = (=1)"*e(n—k). O

Let M be a left D x-module and let Mright the associated right module. We will
now compare "DRx (M) and Sp(M"i8"). We will denote by "DR(M"ght) the Spencer
complex Sp(Mght) and we keep the notation "DR(M't) for the de Rham complex
of a left D x-module. Exercise 8.26 gives an isomorphism

~

(8.4.8) PDR(MEht) 5 DRV,

8.4.9. The grading of p];)RJVL In the left and right case, "DRM is a bounded complex
of sheaves of graded C-modules and the isomorphism (8.4.8) is an isomorphism as
such (i.e., preserves the grading). Indeed, we note that, for k > 0, Q% (resp. O x ) is

homogeneous of degree —k (resp. k); therefore, the degree p component of "/DRM is
the complex of C-vector spaces

("DRMM), .= {0 — Mt — @ @ MY, — -+ — Q% @ M — 0} - 27,

("DRME) = {0 — MIE @ Ox, — -+ = MIEY @ O,y — MIEM — 0} . 2P,

and the side-changing functors preserve the grading (see (8.2.2x%)). If M = RpM
is the Rees module of an F-filtered Dx-module M, we regard "DRM as the Rees
complex of the filtered complex

F,"DRM ™ .= {0 = F,M" = Q% @ F, 1M — -+ = Q% ® F, M — 0},
F,"DR M . | |
={0 = F, M ®0x, = - = F, M ©0x ; — F,M"#" - 0}.
Recall that the side-changing functor for filtered D x-modules (8.2.2 %) amounts to
Fpmright =wy ® Fp+aneft.

Exercise 8.24 clearly shows that "DR is a functor from the category of left
(resp. right) D x-modules to the category of bounded complex of sheaves of C-mod-
ules. It can be extended to a functor between the corresponding bounded derived
categories.
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8.4.10. Definition (Contraction by a one-form). The contraction morphism
~ ~ J ~
Oxr @V — Ox i1

is the unique morphism such that the following diagram commutes:

~ ~ ~ Ide .t -
wx®®X,k®Ql LHUX@)@XJC 1

ﬁ}fk ® QL A §}7k+1
where the vertical morphisms are induced by (8.4.5), i.e., @(& 1 nt) = &(€) Ant.

8.4.11. Action of a closed one-form on the de Rham complex. Let 1) be a closed holomor-
phic one-form on X. Then the exterior product by 1 induces a morphism
A "DROV) — "DR(OV)[1].
Indeed, for a local section m of M and a k-form w, we have
ViAw)@m) = (dpAw)@m—nAV(wem)=—nAV(wem),
so that the morphism n A commutes with the differentials (see Remark 8.4.2).
According to Lemma 8.4.7, we can define the contraction
« 1 7:Sp(Dx) — Sp(Dx)|[1]
as the unique morphism which corresponds to n A« on pDR(@ x) via t. According to
Remark 8.4.4(1), we can define in a similar way a morphism of complexes
(8.4.12) « 1 : "DR(MMEM) — "DR(M"EM)[1].
Note that, if n = d f is exact, then the induced morphism
n A« HPDR(M"®) — H™H "DR(M"")

is zero. Indeed, if a local section p of ?2]}( @Mt satisfies %,u =0, then af/\,u = %(f,u)
In other words, the morphism 1 A on the cohomology only depends on the class of 7
in H'I'(X, (623(,5)) The same result holds when we make 7 acting on the complex
I'(X,"DR(M®)), and a similar result holds for the action  J 7 on "DR(Misht),

8.4.13. C*° de Rham and Spencer complexes. Let us denote by (Eg;’o),a' ) the complex
é}o ®F (~23{ with the differential induced by d (here, we assume « > 0). More generally,
let us set

e(p,Q) Qp A 8(0,11 _ Eg?xo) Agggq)
and let d” be the (usual) anti-holomorphic differential. For every p, the complex
(Eg’;”,d”) is a resolution of ﬁ’;{ (note that, here, d” is not affected by z, hence is
homogeneous of degree zero with respect to the grading). We therefore have a compleX
(53(,5) which is the single complex associated to the double complex (8( ) d,ar ).
In particular, since D x IS o) x-locally free, we have a natural quasi-isomorphism of
complexes of right D x-modules:

(Qx ®5, Dx,V) = (€x ®5, Dx,D) = DR®(Dx), D:=1d@V+d’®Id,
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by sending holomorphic k-forms to (k, 0)-forms. Given a left D x-module JV[left, we can
define similarly the C*° de Rham complex

DR™ (M) .= (€% @5 M, D), D:=(-1)"(Id®V +d” @1d).

As in Exercise 8.24(2), by using that (E"+'®O Dy, D) is a complex of right D x-mod-
ules, we obtain a quasi-isomorphism:

"DR™(Dx) ®g M 5 "DR™ (M),
From the commutative diagram

R(@X) ®5X jv[left ~ pDR(Mleft)

| |

'DR™(Dx) ®g Mt — "DR™ (M)

we conclude that the right vertical morphism is a quasi-isomorphism.
We can argue similarly for defining the C'>° Spencer complex of a right D x-module
Mright We resolve

Oxi > (Ox ¥, EXY, Id@d").

Let us set, for each ¢ € Z,

Y = @ (Ox:05, ELY).
j—i=t

For any right D x-module M"8"  we define
DR () = (N 5 Sp .35,

where the differential g% is defined in Exercise 8.28. We will use the notation

Sp‘x’(@ x) for the C* Spencer complex of Dy with its right structure. Then, ar-
guing as in Exercise 8.24(1), we obtain a quasi-isomorphism

j\j[right ®5X SpOO(@X) o~ pDRw(vatright),

from which we deduce as above a quasi-isomorphism

~

R(jvv[right) -~ PDROO (ﬁtright).

Q..00,f

Recall that G}c is flat over Ox, hence so are 873( and Spy The terms of

"DR™(Dy) and Sp™(Dy) are flat over OX and Dy, and are c-soft sheaves, so that
any short exact sequence 0 — M —=M—=M =0 gives rise to an exact sequence of
the corresponding C'>° de Rham complexes, which consist of c-soft sheaves.

Moreover, by Exercise 8.28, if Mright corresponds to Mleft by side-changing, then

~

ROO (jvv[right) AN PDROO (jvvtlcft).
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8.5. Induced D-modules

A subcategory of I\/Iod(D x) proves very useful in many places, namely that of
mduced mght Dx modules. Let £ be an OX module. It induces a right @X module
L ®5 « DX, called an induced right D x -module.

8.5.1. Remark. We note that £ Rs, Dy has two structures of O x-module, one coming
from the action on £ and the other one from the right D X—modu1~e structure, and they
do not coincide. We will mainly use the right one. The “left” O x-module structure
onL®g, Dx will only be used when noticing that some naturally defined sheaves of
C-vector spaces are in fact sheaves of Ox-modules. On the other hand, £ ®F Dx

has a canonical structure of right D x-module.

The category I\/Iodi(@ x ) of right induced differential modules is the full subcategory
of Mod(Dx) consisting of induced D x-modules (i.e., we consider as morphisms all
D x-linear morphisms). It is an additive category (but not an abelian category).

8.5.2. Proposition (The canonical resolution by induced ! D x-modules)
Let M be a right D x-module. Then the complex M®g ., Sp(Dx) is isomorphic to

a complex of right induced D x -modules which is a resolution ofjv[ as such.

One should not confuse M ®5 x Sp(Dx) with M ®p Sp(Dx) =~ Sp(M) as in
Exercise 8.24(1), where a tensor product over Dy is considered. A good preliminary
for the following proof is Exercise 8.29.

Proof. (See Exercise 8.31 for a detailed proof.) That the terms of the complex are in-
duced D x-modules follows from Exercise 8.19(4) applied to £L=06 X k- Since Sp(Dx)
is a resolution of O x asa D x-module, hence as an 0 x-module, and since the terms of
Sp(DX) are OX—locally free, we conclude that M®ox Sp(DX) is a resolution of M. [

Let C*(@ x) the category of *x-bounded complexes of the additive category
Mod;(Dx) and let K*(DX) be the corresponding homotopy category. Since Sp Dy is
a complex of locally free 0 x-modules, the functor M — M@= Gx Sp D x is a functor
of triangulated categories, and sends acyclic complexes to acyclic complexes accordlng
to the previous proposition. It induces therefore a functor D*(Dx) — D*(D X)-

8.5.3. Corollary (Equivalence of D* (D y ) with D¥ (D x)). The natural functor D} (D x ) —
D*(Dx) is an equivalence of categories, and the functor D*(Dx) — DI (Dx) induced

by M* — M ®F 5 SpDx is a quasi-inverse functor. O

8.6. Pullback and external product of D-modules

8.6.a. Pullback of left D-modules. Let us begin with some relative complements
to Section 8.2. Let f : X — Y be a holomorphic map between analytic manifolds.
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For any local section £ of the sheaf Ox of z-vector fields on X , Tf(€) is a local section
of Ox D15y f~'Oy. We hence have an O x-linear map
Tf : Ox — Ox ® 15, 1oy,
and dually
T*f :O0x ®f’16Y Q%/ — Qﬁ(
Therefore, if N is any left 5y—module, the connection V¥ on N can be lifted as a
connection

VX PN = 0y ®;-15, N — Qﬁ( ®s15, FIN = ﬁﬁ( ®5, PN
by setting
(8.6.1) VX =d@ld+(T*f @ 1dy) o (1@ VY).

8.6.2. Lemma. The connection vX on f*ﬂ is integrable and defines the structure of a
left D x -module on N.

Proof. Exercise 8.32(1). O
This leads to the first definition of the pullback functor for @y—modules.

8.6.3. Definition. The left D x-module corresponding to (f *ﬂ, v x ) is the pullback of N
in the sense of D-modules, and is denoted o, f*(ON.

However, this definition is not suited for considering derived inverse images, since
the sheaves ‘J'orf oy (6 x, f *1if) are not obviously equipped with an integrable con-
nection. In order to overcome this difficulty, we introduce the transfer modules.
8.6.4. Definition (Transfer modules).

(1) The sheaf

Dxoy =0x @415, f1Dy =5 "Dy
is a left-right (@X, f‘lﬁy)-bimodule when using the natural right f_lﬁy—module
structure and the left Dx-module introduced above (see Exercise 8.32(2)). It has a
canonical section 1.

Correspondingly, we have F,Dx_,y = Ox ®7-1¢, f~1F,Dy and the previous defi-
nition reads RpDx_y =0x ® 15, f1RrDy (with Ox =0x[2] and Oy =0y [2]).

(2) The sheaf f)w_ x 1s obtained from D Xy by using the usual side-changing
functor on both sides:

Dy x = Hom ;5. (@y,wx ®p @XHY)
In the filtered/graded setting, this definition reads
F,Dyx =Homs-10, (wy,wx ®0x Fpin-mDx—y).
8.6.5. Example.

(1) One recovers @X as @X%X for the identity map Id : X — X, so that @)«—X
is identified with :Hbméx (&waX ®6x 'Dx)
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(2) On the other hand, if Y is reduced to a point, so that f~! is the constant map,
we have Dx_pt = Ox and Dy py = Wx.

We can now give a better definition of the pullback of a left @y—module ﬂ, better
in the sense that it is defined inside of the category of D-modules. It also enables
one to give a definition of a derived inverse image. The coincidence between both
definitions can be obtained by Exercise 8.39.

8.6.6. Definition (of the pullback of a left Dy-module). Let N be a left Dy-module.
The pullback , f*(ON is the left D x-module Dy_y ® jrpy TN

The derived pullback of* N is now defined by the usual method, i.e., by taking
a flat resolution of N as a left Dy module, or by taking a right f— 1ny flat reso-
lution of DX_)Y by (DX f~ 1Dy) bimodules. The cohomology modules Df*(J)fN =

TJor f DY(DXHy,f 1N) are left 'DX modules.

8.6.7. Remark. If f: X — Y is a smooth morphism, that is, locally expressed as the
projection of a product, or more generally a flat morphism, i.e. havmg equldmensmnal
fibers (since both X and Y are smooth), then for any left Dy module N we have
o f*N = L f*ON, fe., o f*ON = 0 for j # 0. Indeed, in such a case, Dx_,y is
f- 153/ flat (Exercise 8.36). Moreover, if N is strict (see Definition 5.1. 6), then so is

o0 N: indeed, the assumption amounts to the injectivity of z : N — N which is
preserved after flat base change.

We sometimes use the notation ,, f* instead of f*(o).

8.6.8. Side-changing and pullback. The pullback for a right Dy-module N*8ht is ob-
tained by applymg the side-changing functor at the source and the target. Let Nleft
be the left Dy-module associated with N¥&ht so that Ntieht — Gy @ Nlft, Then
we set

Df*(O)jA\'frig}lt — &:’X ® Df*(o)ﬂleft7

and similarly with , f*. Notice the change of grading by dimY — dim X, due to the
grading of wx ® f~1&y, i.e., we have

(Df*(O)Nright)p =wy ® (Df*(O)Nleft)(m _ n)p =—wxy ® f Nleft

p+n—m=

8.6.9. Example (Pull-back of a filtered module). Assume that N is the Rees module
RpN of a filtered left Dy-module (N, F,N). Then f*N = Ox ®f-10, FIN is
equipped with the filtration

F,f*N =image[Ox ®;-10, [ FyN = Ox ®p-10, f'N],

and the corresponding Rees module Rp f*N is equal to f* N/ z-torsion. If for exam-
ple f is a smooth morphism, so that Ox is f~'Oy-flat, then OX is also f~ 10y flat
and f* N = Rp N

We also have F, f*N'8lt = wy @ F, 1, N°f | after (8.2.2xx).
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8.6.b. (Strictly) non-characteristic restriction. Let ty : ¥ < X denote the
inclusion of a closed submanifold with ideal Jy (in local coordinates (z1,...,2,), Jy
is generated by x1,...,zp, where p = codimY’). The pullback functor ¢} is defined
in Section 8.6.a. The case of left D x-modules is easier to treat, so we will consider
left @X-modules in this section.

Let us make the construction explicit in the case of a closed inclusion. A local
section & of L;lé x (vector field on X, considered at points of Y only; we denote
by LY the sheaf-theoretic pullback) is said to be tangent to Y if, for every local
section g of Jy, &(g) € Jy This defines a subsheaf ®X|y of 1y 19x. Then Oy =
Oy ® = ®X|y = LY@X|Y is a subsheaf of LY®X

leen a left DX module, the action of ¢y, @X on iy I\ restricts to an action of @y
on LYM Oy ®, 15, by M. The criterion of Exercise 8.8 is fulfilled since it is fulfilled
for © x and JV[, defining therefore a left @y—module structure on LYM: this is DLYM.
Without any other assumption, coherence is not preserved by p¢j-. For example,
DL;‘/@ x is not @y—coherent if codimY > 1. A criterion for coherence of the pullback
is given below in terms of the characteristic variety.
The cotangent map to the inclusion defines a natural bundle morphism

w:T" Xy xC, — T*Y xC,,
the kernel of which is by definition the conormal bundle T3 X xC, of Y xC, in X xC,.

8.6.10. Definition (Non-characteristic property). Let M be a holonomic D x-module
with characteristic variety Char M contained in A x C,, where A C T*X is Lagran-
gean (see Section 8.8.f). Let Y C X be a submanifold of X. We say that Y is
non-characteristic with respect to the holonomic D x-module M or that M is non-
characteristic along Y, if one of the following equivalent conditions is satisfied:

« (T3 X x C.)NCharM C T3 X x C,

o w : Char M|yxcz — T*Y x C, is finite, i.e., proper with finite fibers.

8.6.11. Theorem (Coherence of non-characteristic restrictions)

Assume that M is DX coherent and that'Y is non-characteristic with respect to M.
Then DLYM is Dy coherent and CharDLYM C w(Char M‘y)

Sketch of proof. The question is local near a point z € Y. We may therefore assume
that M has a coherent filtration F,M.

(1) Set FkDLYM = image[LyFkM — L§,3\~/[] Then, using Exercise 8.64(2), one
shows that F,DLYJV[ is a coherent filtration with respect to F.DLY'@X

(2) The module gr DLYM is a quotient of Lyng M hence its support is contained
in Char M‘y By Remmert’s Theorem, it is a coherent ng Dy -module.

(3) The filtration F.DLYM is thus a coherent filtration of the Dy module DLYM
By Exercise 8.63(1), DLYM is Dy-coherent. Using the coherent filtration above, it is
clear that CharDLYM C w(Char M‘y) O
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8.6.12. Remark. Assume that we have inclusions of closed submanifolds Y ¢ H C X
with H of codimension one. Let M be a coherent D x-module. Then M is non-char-
acteristic along H only if it is non-characteristic along H in some neighborhood of Y
and DL’{/J\?[ is non-characteristic along Y.

Indeed, assume that M is non-characteristic along Y. Then wy : Char J%IYXQ —
T*Hl|y x C, is also finite finite, hence wgy : CharJ\?[‘HXcz — T*H x C, is finite in
some neighborhood of Y, so that M is non-characteristic along H in this neighborhood.
Furthermore, CharDL*HJT/[ C wp (Char M|H). Therefore, DL;Iva[ is also non-character-
istic along Y.

8.6.13. Definition (Strictly non-characteristic property). In the setting of Definition
8.6.10, we say that M is strictly non-characteristic along Y if M is non-characteris-
tic along Y and, moreover, the complex DL;JV[ is strict, i.e., each of its cohomology
modules are strict.

8.6.14. Proposition. Iff/[ is strictly non-characteristic along Y, then DL{‘,JV[ = DL;(O)JT/E.

Proof. The result is known to hold for D x-modules (where the strictness assumption
is empty), and therefore it holds after tensoring with C[z,271]. As a consequence,
ot* )M is a z-torsion module if j # 0. It is strict if and only if it is zero. O

8.6.15. Definition (Strictly non-characteristic pullback). Let f : X " — X be a morphism
between complex manifolds and let M be a left D y-module. We say that f is non-
characteristic with respect to M if, decomposing f as poty : X' — X' x X — X,
the pullback Dp*JV[ = *(0)3\7[ is non-characteristic along ¢7(X’). We say that f is
strictly non—characterlbtlc with respect to M if, moreover, the complex , f *M is strict.

Due to the chain rule (Exercises 8.37 and 8.39) and to Remark 8.6.7, we note that f
is non-characteristic with respect to M if and only if the pullback Dp*M O)M
is strictly non-characteristic along ¢¢(X’).

8.6.c. External product. We start with the case of D x-modules. Let X, Y be two
complex manifolds and let px, py be the projections from X x Y to X and Y respec-
tively. For any pair of sheaves Fx,Fy of C-vector spaces on X and Y respectively,
let us set Fx X¢ Fy := p;(lﬁ"x Qc p;l.’f"y.

By using an analogue of Theorem 8.8.7(2), one obtains that Ox K¢ Oy and
Dx e Dy are coherent sheaves of rings on X x Y. Moreover, Oxxy is flat
over Ox W¢ Oy (as can be seen by applying [Ser56, Prop.28| to each germ
Ox xv,(z,y) and the localization of Ox . Mc Oy,y), and we also have

Dxxy = Oxxy ®oxRe0y) (Dx Be Dy) = (Dx Mc Dy) @0 xRe0y) Oxxv-
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For an Ox-module Lx (resp.a Dx-module Mx) and an Oy-module Ly (resp. a
Dy-module My ), set

Lx Mo Ly = (Lx B Ly) ®9yReoy Oxxy
resp. Mx Kp My = Mx e My) 0,80y Oxxy
= (Mx Me My) ®@py®epy Dxxy-

Clearly, if £ x, Ly are O-coherent, then £ x K¢ Ly is O x K¢ Oy -coherent. It follows
that £ x Xe Ly is Ox xy-coherent. Similarly, if M x, My are D-coherent, M x Xp My
is D x «y-coherent.

We now consider the case of D x-modules. For any pair of sheaves F X, ny of C-
modules on X and Y respectively, we set ?X Xz Tfy = Py ?X ®F Py Tfy If we
identify C e C with C[z1, 22], then S"X Xc S"y is a C[z1, 22]-module and

ng &@ gjy = COker[?X XC f}y M)i}x &c §Y]

As a consequence, we will obtain a behaviour of Kz similar to that of K¢ only with
a supplementary C[z]-flatness (i.e., strictness) condition for F X Fy.

We have Oy Xz Oy = (Ox X Oy ) ®c C[z], therefore Ox Xz Oy is a coherent sheaf
of rings, and one also checks that D x Xz @y is coherent. Moreover, from the above
flatness result, we find that ) IX xy is flat over © X & 6y

For strict O-modules £ X5 Ly (resp D-modules M X, My) one defines the external
product £ x X Ly (resp. Mx K~ My) as for O-modules (resp. D-modules). In such
a case, we have MX = RrMx for some F,D x-filtration F,M, and similarly for Y,
according to Proposition 5.1.8(1).

8.6.16. Lemma (See [Kas03, §4.3)). If F,\Mx, F,\My are F,D-filtrations, then

Fi(Mx Bp My) : Z EFMx Ko FeMy
kb=

is an F,D-filtration of Mx Mz My for which

grf(Mx Kp My) = gr'Mx By, rp gr' My

Proof. We set M = RpM. Let us start by considering J\N/fX X ﬁ[y as a Clzy, 29]-
module. One checks that multiplication by z1 — 29 is injective on M x X JVEY Its
cokernel is identified with MX Xz My, where the action of z is induced either by
that of z1 X1 or that of 1 X z5. But JV[X Xz My is also C-torsion free, and defining

,(J\/[ x X¢ My) by a formula similar to that of the lemma amounts to setting (due
to torsion-freeness)

Rp(Mx Be My) = Mx Kz My
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We have a commutative diagram of short exact sequences

MX xcﬁy%ﬁ[x gcj\ky Hj\kx @@j\?ﬁy

MX xcﬁy%jﬁx g@j\ky Hj\?[x @@j\?ﬁy

| l |

ngMX &C Jv[y Ci) ngMX X’c JVEY —C

and the term C' is identified with grf’(Myx Kc My ) when considered as the cokernel
of the vertical arrow, while it is identified with grfMyx K¢ grfMy when considered
as the cokernel of the horizontal one.

Once this identification is obtained, the formula of the lemma is simply deduced
by tensoring with Ox«y over Ox K¢ Oy. O

8.6.17. Remark. We will interpret this property in terms of flatness in Exercise 15.4.

8.7. Pushforward of D-modules

Let f : X — Y be a holomorphic map between complex manifolds. The pullback
of a C'* function on Y is easy to define and, by adjunction, the pushforward of a
current of degree 0 is easily defined provided that f is proper. On the other hand, the
pullback of a form of maximal degree on Y is usually not of maximal degree on X,
so the pushforward of a distribution is not defined in an easy way. This example is
an instance of the fact that the pushforward of D x-modules by a proper holomorphic
map should be defined in a simple way for right D x-modules, while for left D x-mod-
ules one should use the side-changing functors.

8.7.1. Remark.

(1) We will distinguish the usual direct image and the direct image with proper
supports for the sake of completeness. However, in the main part of this text, we al-
ways assume properness of the map on the support of the object to which it is applied.
Therefore, this distinction will not be useful.

(2) The pushforward functor by a map f: X — Y applied to a D x-module takes
values in the derived category DT (Dy).

8.7.a. Definition and examples. We aim at defining the derived pushforward of a
right D x-module M by a formula using the transfer module (see Definition 8.6.4(1))
like
Rf* (M ®%X DX—>Y)-
However, the derived tensor product M ®% D X—y is a priori an object of
X

D~ (@ x )88t and we need to argue that f has finite cohomological dimension in order
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to apply Rf, to it. In order to avoid such an argument, we will simply make explicit
a finite resolution of DX%Y as a (@X f~ lDy) bimodule whose terms are DX—locally
free: this is the relative Spencer complex SpX_W(DX) (see Exercise 8.40). Recall
also that the Spencer complex Sp(D x), which was defined in 8.4.3, is a complex
of locally free left D x-modules (hence locally free Ox- -modules) and is a resolution
of O x as a left D x-module. There is an isomorphism of complexes of bi-modules
(see Exercise 8.40)

(8.7.2) Spx_y(Dx) ~Sp(Dx) ®5, Dxy-

On the right-hand term, the left 0 x-structure on each factor is used for the tensor
product, and it is a complex of (5)(, f_liy)—bimodules: the right f‘liy structure
is the trivial one; the left D x-structure is that defined by Exercise 8.12(1). It is a
resolution of

Ox X5, Dxoy = Dxoy
as a left D x-module, in a way compatible with the right f ’1@y—module structure
(see Exercise 8.41).
For a right D y-module M we will use the identification
Spx Ly (M) ~ M QF Spx Ly (Dx)
(see Exercise 8.40).

8.7.3. Definition (Pushforward ofa @-module). ~Setting * = x or x = |, the direct image
o fx is the functor from Mod(D x )8 to DT (Dy )8 defined™) by

(8.7.3%) oM = Rf.(M @5, Spx_y(Dx)) = Rf. Spx_y (M).
For a left @X—module J\~/[, we set
(8.7.3 xx) Df*J\N/[ = (Df*J\N/[right)le&.

The cohomology modules are objects of Mod(iy) (right or left, respectively) and are
denoted by

o fOM = HI, £, M

One can give a ~formu1a for the pushforward of left D x-modules which looks like
that for the right D x-modules.

8.7.4. Lemma. For a left @X -module JV[, we have
Df*j% ~ Rf, (ﬁYeX ®%x ﬁ)

Proof. See Definition 8.6.4(2) for the transfer module. The meaning of ‘JSYHX ®% M
X

is Spy . x (UBX)®,5X JVE, with an obvious notation. For the proof, see Exercise 8.43. O

(URecall that, if Dx = RpDx, then Mod(Dx) := Modgr(RpDx).



248 CHAPTER 8. TRAINING ON D-MODULES

8.7.5. Remarks.

(1) If f is proper, or proper on the support of J\N/L we have an isomorphism in the
category DT (Dy):

Df IJT/[ — Df *JT/[

(2) If F is any sheaf on X, we have BRI f,F =0 and RI f;F = 0 for j ¢ [0,2dim X].
Therefore, taking into account the length dim X of the relative Spencer complex,
we find that Df,.gj)3\~/[ and Df!(j)ﬁ are zero for j ¢ [—dim X,2dim X|: we say that
D f*3\7[, D f13\~/[ have bounded amplitude (see Remark 8.7.13 for a more precise estimate
of the amplitude).

(3) See Exercise 8.52 for a simple expression of the pushforward in terms of differ-
ential forms.

Let us give natural examples of pushforward of D x-modules.

8.7.6. Example (Pushforward of a D-module by a closed embedding)

If + is a closed embedding, it is proper, so the ordmary pushforward and the
pushforward with proper support will be the same. Since D Xy I8 D x-locally free
in this case (Exercise 8.35), we have, for a right D x-module M,

DLiO)va[ = L*(M ®p DXHY) bl BN =0 if k #0,

so that we will simply denote ¢’ © by pt«, and it is a functor Mod(DX) — Mod (Dy)
Similarly, for a left D x-module M we can write

Db*jvv[: - [/*(DY<—X ®@X jvv[)

8.7.7. Example (Pushforward by a graph inclusion (see also Exercise 8.46))

Let g : X — C be a holomorphic function and let ¢4 : X — X x C denote the
graph embedding of g, with coordinate ¢ on the factor C. A special case is when
g = 0, so that the formulas below can be simpliﬁed by replacing every occurrence
of g by zero. We denote M ®g [3,5] by M[@t] In order to simplify notation, we also
denote the pushforward DLQ*M by M

(1) Let Mbea rlght DX module By Exercise 8.35, we have @XHXX(C _Lg*®x[3t]
Then Mg = DLg*M o gy [&] with the right @ch action defined locally be the
following formulas (recall that for a holomorphic function h(z, ¢, z), the bracket [OF, h]
can be written as » ., _; an j(@,, 2)0] = D i<k 5gbh,j(a: t,z)):

(m @ dF) - 8,, = (mdy,) ® OF — ( 889 ) ® OFt1,
(8.7.7%) (M@ )-8, =m® L,
(m® F) - h(z,t, ) Zmahj 2)® 8 + mh(z, g(x), ) ® OF.
<k
If M = RpM, then the filtration of Mg ~ M[d] is simply given by
(Mrlght Z E]Mrlght 8r

q+r=p
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(2) Let M be a left D x-module. Since the coordinate ¢ on C is fixed, a generator dt
of &g is also fixed, and we identify (see Caveat 8.2.3 for the notation dt)

My ~ 1. M[D]) @ dt,

i.e., the remaining right action of 9, is changed to a left action. Note that the term dt
also shifts the grading of the right-hand side. In other words, the left-hand side is
obtained from ﬁtgght by applying the left-to-right functor on X x @, which introduces a
twist (dim X +1), while the right-hand side is obtained from Lg*f/[right [5t] by applying
the right-to-left functor on X, which introduces a twist (dim X) (see Proposition
8.2.4). We will usually omit the term dt” in the notation. For example, if M =
RpM, the right-hand term corresponds to the D x-module ¢4, M[0;] equipped with
the filtration

F(gMMD]) = Y 1[0 0] = Y g FM 07,
q+r=p q+r=p—1

The left D xxc-action is defined locally be the following formulas (by using Exer-
cise 8.17; note the sign at the second line due to (the omitted) dt¥):

Bum @ 3) = @rym) @ 5 — (29 m) @ 3+,

8$i
(8.7.7 %) Oi(m @ 8f) = —m @ OF ™,
hz,t,2)(m @ 0F) = > (~1)F"179by, (w9, 2)m ® 8] + h(z, g, z)m @ Oy .
i<k

(3) In both left and right cases, we can also consider M[d;] as a module over the
ring D x [t](D), i.e., algebraically with respect to the variable ¢, with the action of ¢
given by

(m@oF) t=mgRd +kzm@d ", resp.t-(m®df)=gmedf —kme o'
This corresponds to the third lines in (8.7.7 %) and (8.7.7 xx), according to the equality
[OF 1] = kz0F 1

8.7.8. Remark. Ifz\~/[ is a left D g—module, one can also consider the left D x xc-module
structure on 1. M[0;] 1= 15.M ®z C[0;] defined by setting (without a sign on the
second line)

Or(m @ 3F) = (Brom) @ 3 — (57 m) ® 0},
O(m®8y) =m ot

h(z,t,2)(m @ dF) = — Z b j(x, g,2)m @ & + h(z,g,2)m® oF.

i<k
However, there exists a natural D x yc-linear isomorphism

LgeM[0)] =5 10 M[By] @ AtV (=1), Mm@ — m @ (—0F) @ dt".



250 CHAPTER 8. TRAINING ON D-MODULES

8.7.9. Example (Pushforward by a constant map). If Y = pt we denote by ax the
constant map on X. For a D x-module M we have (recall that, as a graded complex,
DR Mrlght ~ DR Mleft)

bax M= RI(X,"DRM), pax,M = RI.(X,"DRM).

These are bounded complexes of C-modules. If M = RrpM, then for every j € Z,

Da,(k IM is equipped with the filtration

F,(5a?'M) : image[H (X, F,"DRM) — H’(X,"DRM)],
where the filtration F, "DRM is defined in Remark 8.4.9, and
RF(Dagj)M) ~ (Da,(kj)RpM)/z—torsion.

8.7.10. Example (Pushforward by a projection, right case). If X =Y x T and f is the
projection Y x T — Y, denote by éx/y the sheaf of relative tangent vector fields,
i.e., which do not contain 8y in their local expression in coordinates adapted to the
product Y x T'. It leads to the subsheaf of relative differential operators D x/v C Dy.
On the other hand, , f* Dy = OX D15y I~ I'Dy = Dxﬁy can also be regarded as
a subsheaf of Dy (differential operators only contammg 8y in their expressmn)
The relative Spencer complex DX/Y Rp, @X/y. (with @X/Yk = AT @X/y)

defined in the same way as its absolute analogue, and is a resolution of Ox as a
left @X/y -module. As a consequence, DX/Y D5 @X/y. @15, i 1Dy is also a

resolution of OX ® 15y I~ 1Dy = ZDXHY as a bimodule by locally free left DX mod-
ules. By identifying Dy with D Xy ®p1p, I~ 1Dy, we can also write this resolution
as D x ®p, 5) x/v,s- There is moreover a canonical quasi-isomorphism as bimodules
Spx Ly (Dx) = (Dx Rp, Ox/v.) ®s-15, f1(Oy. ®s, Dy)

= (Dx @« Ox/v.) @15y F71(Spy (Dy) ®5, Dy)

=5 (Dx ®p Ox/v.e) 15y, f ' Dyy

=Dx ®g, Ox/v..
Definition 8.7.3 now reads

(8.7.10%) oM =Rf, (M@g_Ox/v.),

WhereNthe right @y structure is naturally induced from that of f*@y cD x on M.
If M = RpM, the p-th term of the filtration F,(M ®oy ©x/y,,) of the complex
M®oy Ox/y, has Fj . txM @0 Ox/y,, in degree —k and for every j € Z,

Df*(j)f/[/z—torsion o~ RF(Dfﬁj)M)
with

Fp(o M) = image[f) F,(M @0y Ox/v..) = P M@0y Ox/v.)].
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8.7.11. Example (Pushforward by a projection, left case). We take up the setting of
Example 8.7.10 and we make explicit the formula in the case of left D x-modules
(See Exercise 8.44). Let us denote by QY /v the sheaf of relative differential forms,

i.e., which do not contain dyj in their local expression in coordinates adapted to the
product Y x T. If M is a left D x-module, we can form the relative de Rham complex
"DRx /Y M by mimicking Definition 8.4.1 and by usmg the relative connection V XY
On the other hand, there remains an action of Vy on M. Due to the integrability
property of V on 3\7[ both connections V x/y and Vy commute, so that the relative
de Rham complex DRX/Y M (the shift is by dx/y := dim X — dimY’) is naturally
equipped with an f~ 1OY connection Vy Then we have (Exercise 8.44), for x = x or

* =1,

Df*JV[ = (R/f. pDRX/Y J\N/[, 6Y)

If M = RpM, the p-th term of the filtration F.(pDRx/Y M) of the complex
pDRX/y M= QB(/Y ®@x M has Q’)“(/Y ®0x Fp+xM in cohomological degree k —dim X
and for every j € Z,

foj)JV[/z—torsion ~ Rpp )M
with
Fyp o fM = image[ /7 F,("DRx;y M) = £ "DRx/y M)).

8.7.12. Remark. Since any morphism can be decomposed as a closed embedding fol-
lowed be a projection, through the graph embedding, we could simply say that the
pushforward by a closed embedding (resp. a projection) of a right D x-module is
obtained by the definition of Example 8.7.6 (resp. Example 8.7.10), and define the
pushforward by any holomorphic map f by composing the pushforward functors in
these simple cases. Nevertheless, in order to check various other properties, it is useful
to have the intrinsic definition 8.7.3 for any holomorphic mapping f.

8.7.13. Remark (Amplitude of the pushforward). Formula (8.7.17) below shows that
Dfij)f/[ = 0 for j ¢ [-n,n]. On the other hand, if f is a closed inclusion, the
amplitude is equal to zero, and if f is a projection, the C*° resolutions for Examples
8.7.10 or 8.7.11 show that , f/)M = 0 for j ¢ [—(n—m), (n—m))].

8.7.b. Explicit constructions with the pushforward functor

There are two natural ways (at least) to make explicit the functor Rf, enter-
ing the definition of , f,: one can use the canonical Godement resolution by flabby
sheaves, which is a very general procedure but with few geometric content, or one can
replace the relative Spencer or de Rham complexes by their C*° counterparts as in
Remark 8.4.13. We will mainly use the latter, but it can be useful to have the former
at hand.



252 CHAPTER 8. TRAINING ON D-MODULES

Godement resolution. Recall that the flabby sheaves are injective with respect to the
functor f, (direct image) in the category of sheaves (of modules over a ring) and, being
c-soft, are injective with respect to the functor fi (direct image with proper support).
The Godement canonical resolution is an explicit functorial flabby resolution for any
sheaf (see Exercise 8.49 for details).

8.7.14. Definition (Godement resolution).

(1) The Godement functor €° (see [God64, p.167]) associates to any sheaf £ the
flabby sheaf @° (Z) of its discontinuous sections and to any morphism the correspond-
ing family of germs of morphisms. Then there is a canonical injection £ < 60(~)

(2) Set inductively (see [God64, p.168]) 2°(L) = £, Z5F1(L) = €*(L)/2F(L),
CHHL(L) = €O(2M+1(L)) and define § : €5(L) — C**+1(L) as the composition €*(£) —
Zk+1(L) — @O(ZF+1(L)). This defines a complex (€*(£), ), that we will denote as
(God® £, ).

(3) Given L any sheaf L (God* L 5) is a resolution of £ by flabby sheaves. For
a complex (£°,d), we regard God® £* as a double complex ordered as written, i.e.,
with differential (8;, (—1)?d;) on God" L7, and therefore also as the associated sunple
complex.

8.7.15. Corollary. We have, by taking the single complex associated to the double com-
plex, and for x =% or x =1,

Dfa(JVE = f« God" SPXHYOVE)' O

C resolution. Recall (see Remark 8.4.13) that Spoo(’bx) is a resolution of Sp(‘JSX)
in the category of left D x-modules by flat O x-modules. Therefore,

Spg(o—w(ix) ~ S$p>®(Dx) 5 . Dxoy

is a resolution of prﬁy(@x) in the category of (@X, f’lﬁy) bi-modules, so that,
for a right D x-module M, (8.7.3 %) becomes

(8.7.16) ol M f(M @5, SpR .y (Dx)) = £ SpF .y (M).

On the other hand, for a left D y-module M, we can use Exercise 8.52(5) to obtain
~ Fnde o 155 yqlef

(8.7.17) oM~ L[EY @ M@, g, f1Dy)]"

This expression clearly shows that , f*JV[ can be realized by a bounded complex
of amplitude n. It can also be used to construct the spectral sequence attached to a
filtered D x-module.

8.7.18. Corollary. Let W.M be a finite increasing filtration ong/E by?x-submodules.
Then there exists a spectral sequence, which is functorial in (M, W ,M):

Er = L (@l M) = eV o £ (W),

where W, (p ,Sk)(ﬂ\~/[)) is the image filtration image[Df* (W.M) f(k)( M)]. O
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8.7.19. The Lefschetz morphism. As a consequence of Exercise 8.52(5), given a (1,1)-
form 77 € T'(X, 8;’1)) which d-closed (equivalently, d” and d”-closed), there is a well-
defined morphism for a left D x-module (x = % or x =)

TA o fiM — o FM]2](1),

induced by 7 A : EB( — E}( [2](1). (Here, [2] means the shift by 2 of the complex,
which occurs since 7 has total degree 2, while (1) is the Tate twist shift, which occurs
since 77 has a degree-one holomorphic part.) It is clearly functorial with respect to 3\7[,
that is, given any morphism ¢ : J\~/[1 — J\~/[2, the following diagram commutes (where x
is either for * or for !):

fG 21

Df*SOJ( N JD]C*SO

Df*j\/V[2 ﬂ) Df*ﬁb [2](1)

8.7.20. Definition (The Lefschetz morphism attached to a closed (1, 1)-form)
For a left Dx-module M, the Lefschetz morphism associated to a (usual) closed
(1,1)-form n on X is the morphism

1 - -
L, = P A fiM — 5 L M[2](1).
It is functorial with respect to M.

8.7.21. The Lefschetz morphism attached to a line bundle. Let f : X — Y be any mor-
phism between complex manifolds and let £ be a line bundle on X, with Chern class
c1(L) € H?(X,Z). We will define a Lefschetz morphism

Le o fiM — o fM[2](1).

We can choose a closed (1, 1)-form 7 on X whose class in H2(X,C) is equal to the
complexified class ¢1(£)c. We regard 7 as a closed relative (1,1)-form with respect
to the projection. As noticed in Remark 8.4.11, namely by using a similar argument,
the action of L, given in Definition 8.7.20 only depends on the class of 7 in H?(X,C).
Notice also that, since n has degree two, wedging (or contracting) with n on the left
or on the right gives the same result.

We thus define L as L. This operator only depends on ¢;(£)c. It is functorial
with respect to M.

8.7.22. Remark (Restriction to z = 1 of the Lefschetz morphism)
It is obvious that the restriction to z = 1 of the morphism L, is the morphism

Ls : o fiM — 5 fLM[2].
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8.7.c. Composition of direct images and the Leray spectral sequence

We compare the result of the pushforward functor by the composition of two
maps with the pushforward by the second map of the pushforward by the first map.
We find an isomorphism at the level of derived categories, that we will translate as
a spectral sequence, which is the D-module analogue of the Leray spectral sequence
(see Section 8.9.c).

8.7.23. Theorem (Composition of direct images). Let
f:X—Y and f:Y —2Z
be two holomorphic maps. There is a functorial canonical isomorphism of functors
p(f o i) =i file)).
If f is proper, we also have
o(f" 0 £)(¢) = filnfe (o))

Proof. We start from the canonical isomorphism of (@ x,(f o f)’lﬁ z)-bimodules
(Exercise 8.37):

(8.7.24) Dx oy ®ap, [ Dyoz — Dxoz.
We deduce an isomorphism of complexes of (@ x,(f' o f)*li 7 )-bimodules
[SP(CNDX) ®5 Dx Ly ® 15, F Dy 7z = Sp(Dx) Rf Dx_z
lifting (8.7.24), that is, a natural isomorphism
Spx_y (Dx) Qp1p, F' Dy oz = Spxoz(Dx).
On the other hand, there exists a natural morphism of complexes
Sy Ly (Dx) ®ap, [ Spy_z(Dy) — Spy_y (Dx) @1, F "Dy Lz,

obtained by tensoring the augmentation morphism Spy %Z(iy) — Dy_z with
Spx_y(Dx), and the left-hand term is a resolution of Dx_,y ® 1, f Dy

(in the category of (@X,(f’ o f)_lﬁz)—bimodules) by locally free D y-modules.

Indeed, remark that, as Spy_, ;(Dy) is Dy locally free, one has
SpX—>Y(®X)®ffl'ﬁYf71 Spy2(Dy) == Dx sy ®sap, [ Spy—z(Dy)
=0x Qr15, F71Spy L 2(Dy)
=0x ®Jf,16y f "Dy Lz
= 6}( ®;-15, f_lﬁy_g (@y_,z is (~9y locally free)
=Dxy O1p, F Dy sz
Altogether, we have found a morphism, lifting (8.7.24),

SpX*)Y({D/X) ®f,1:5Y f_l SpY*)Z(@Y) — SpXﬁZ(@XL
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between two resolutions (in the category of (’.TDX, (f’Of)’lﬁz)—bimodules). This mor-
phism is therefore a quasi-isomorphism. We now have, for an object M of Mod(D x)
or of D*(Dx)
o(f 0 f)(N) = R(f" o f)(M @5, Spx_7(Dx))
~ R(f' o I(M®5, Spxoy(Dx)®; 15, F ' Spy2(Dy))
~ RfIRA(M@5 Spxoy(Dx) @15, ' Spy_z(Dy))
~ Rf) {Rf! (3Vt Qp SPX—>Y(®X)) QF.,, SpY-)Z(@Y)}

= Dfl/(Df!ij[)-

The above arguments also apply if we replace Sp with Sp™ as defined in Remark
8.4.13, according to the Dx-flatness of SpX_,y and the Dy-flatness of SPyY .z
(see Exercise 8.51(1)). All terms of the corresponding complexes are c-soft and we
have

o(f" 0 D) = ("0 ) SpF 7(M)
~ £ [ H(Sp3oy (N0) ©3, Sp¥2(Dy)].

The same result holds with , f, if we only assume that f is proper on the support
of M. On the other hand, if f is proper or proper on the support of M but f’ is
possibly not proper, then the same results are valid for * instead of !: indeed, fi = f.
and fiSpS_,y (M) is flabby, so the last isomorphism in (8.7.25) still holds with f/,
and the same reasoning gives (' o f)« = pfi b fx- O

(8.7.25)

8.7.26. Remark. If f is not proper, we cannot assert in general that ,(f' o f).(s) =
ofi(5f«(s)). However, such an identity still holds when applied to suitable subcate-
gories of D+(‘5 x ), the main examples being:

« the restriction of f to the support of M is proper, as already seen,

« M has D y-coherent cohomology.
In such cases, the natural morphism coming in the projection formula for f, is a
quasi-isomorphism (see [MIN93, §I1.5.4] for the coherent case).

This theorem reduces the computation of the direct image by any morphism
f:X =Y by decomposing it as f = po ¢y, where ¢ty : X — X X Y denotes the
graph inclusion  — (z, f(x)). As ¢y is an embedding, it is proper, so we have
ofx = pP«plf«. The following corollary is a direct consequence of Example 8.7.6.

8.7.27. Corollary (Composition with a closed embedding).

(1) Assume that f is a closed embedding. Then, for each k € Z, we have a functo-
rial isomorphism p(f' o f)l(k) ~ Df{(k) opfi.

(2) Assume that f' is a closed embedding. Then, for each k € 7, we have a
functorial isomorphism (f' o f)!(k) ~flo Dfl(k). O

The Leray spectral sequence exists in this setting.
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8.7.28. Corollary (Leray spectral sequence for the composition of maps)

There exists a bounded spectral sequence with EY? = Df!/(p)(Df!(q)f/[) which con-
verges to (f' o f)f’+q3\~/[. There are corresponding spectral sequences with » f+ and , f.
under the properness assumptions above.

Proof. Let us consider the expression (8.7.25). First, fi Spg(oﬁy(f/[) is a bounded
complex having cohomology f!(q)f/[. The second line of (8.7.25) is a double com-
plex (K*°® d1,02). The single complex attached to (K*°, d1,d2) has cohomology
o(f o f)!(k) (JV[), according to our previous computation. The spectral sequence at-
tached to this double complex has E5 term

By = H& (H:sll (K™%)) = Df!/(p)(Df!(q)j%)-
The spectral sequence degenerates at a finite step. We have a similar result for

o(f o /) (W) if f is proper. 0

We call this spectral sequence the Leray spectral sequence for the composition f’o f.
In such a way, the abutment ,(f"o f )(k)( M) comes equipped with a natural filtration,
that we call the Leray filtration, such that

BRIt =g [o(f o PO (V).

It is clear that the restriction to z = 1 of the Leray spectral sequence is the Leray
spectral sequence for D x-modules.

8.7.29. Behaviour of the Spencer complex by pushforward. In the proof of Theorem
8.7.23, let us set Z = pt, so that Spy_, 5(Dy) = Sp(Dy). By the same argument,
but not applying the functor Rf/, we obtain

Sp(» iM) =~ Rfy Sp(M).

We already have an identification on X as follows: considering the right Dy -structure
on DX_>y, the Spencer complex Spy(DXﬁy) is well defined, and is nothing but

Spy (Dxy) = Ox Qr-15, f71Sp(Dy) ~ 0x @15, [0y = 0x

as a left D x-module. Similarly, regarding M ®F Spx_yv (@ x) as a complex of right

=YDy )-modules, we obtain
Spy (M @5, Spxy (Dx)) = Spy (M ®5_ Sp(Dx)) @5, Dxoy)
~ (M®35, Sp(Dx)) @5, Spy (Dxoy)
~M®35 Sp(Dx) ~ Sp(M).
We also conclude that, for a left or right D x-module, we have

R(pfiM) ~ Rf, "DR(M).
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8.7.d. A morphism of adjunction. There are various adjunction morphisms for
D-modules in the literature (see [Kas03, HTTO08|). We will give here a simple one,
in the case where the source and target of the proper holomorphic map f : X — Y
have the same dimension. In such a case, the cotangent map 7 f induces a morphism

ffy — 0%
for every k, which is compatible with the differential H, and similarly for C*° forms.

8.7.30. Proposition. Under this assumption, sz\N/[ s a left @y-module, there is a func-

torial morphism N N
adj; : M — 5 £ (o fO).

Proof. Set n = dimX = dimY. The left setting makes easier the definition of
5 f*ONM. Nevertheless, we will construct the morphism in the right setting.
Firstly, by using Exercise 8.31(2), we find

risht — 5 ®5, M (Q?j- © Dy) ®5, M s ('g?/Jr. © Dy) ®5, M.
The cotangent map f*fé’f, — E’)C( induces, by using the sheaf-theoretic adjunction
Id — f.f~!, amorphism €% — f,&% compatible with differentials, hence a morphism
(8@4_. (%9 Dy) ®6y M — (f,ﬁ}?" X Dy) ®6y M.
By using the isomorphism of Exercise 8.18(3), we obtain

(f.£% @ Dy) ®p, M FEM @ (M ®5, Dv),
where, for the left-hand side, the left @y-module structure of @y is used for the C°°-
complex (), and the right Dy-module structure of Dy is used in the tensor product
with M in order to obtain the final right Dy-module structure (see Exercise 8.18(2)).

By the sheaf-theoretic projection formula, we have a morphism compatible with
differentials

1.5 @5, (Mo, Dy) — £.(E4" @5, /7 (g, D)),
and we identify the latter complex with the complex
f* (8}4_. ®6x (Df*(O)M ®f—16Y fﬁl‘DY)>7
which, by Exercise 8.52 applied to , f *(O)J\N/[, is also identified with
(Df*(Df*(O)jva))right~

We finally find a morphism between the cohomologies in degree zero:
Mright SN (Dfio)(Df*(O)JT/[))right. ]

8.7.31. Example (Case of a finite morphism). Let us consider the simple case of a finite
morphism f: X — Y. Since X and Y are smooth, it is flat. Let us assume that f,Ox
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is (‘~)y—locally free (hence the same holds for any locally free 0 x-module of finite rank,
as e.g. Q’)“( for each k > 1). The adjunction morphism reads

veright (Q’;ﬁ’ ® @Y) ®6y M
— (L% @ Dy) ®5, M~ £.O%" @ (Mog, Dy)
= (0% @15, £ (g, Dr)).

where the latter isomorphism follows from the local freeness assumption and the fact
that f has cohomological dimension zero. In particular, we obtain that

oV OM) = o O V0y) 05, M,

and the adjunction morphism for M is induced by that for Oy.

Assume that f is locally multi-cyclic, that is, near each point of X and its im-
age by f, there exist coordinates x1,...,x, on X and coordinates yi,...,y, on Y
such that, in these coordinates, f = (f1,..., fn) is the finite morphism defined by
fi(z1,...,xy) = x;* with r; € N*. Then the local freeness property considered above
is easily checked. By Exercise 8.58, there exists a trace morphism

Try : Dfio)(Df*(O)JT/[) M

such that the composition Tryoadj; : M — M is the identity. As a consequence, M is

a direct summand of p, f{” (Df*(O)JV[).

8.7.e. Pushforward of D x x-modules. As we will apply the pushforward functor
by a holomorphic map f : X — Y to the sheaf of distributions on X or to the sheaf of
currents of maximal degree (see Example 8.3.4), we will make precise the adaptation
of the previous properties to the category of D x x-modules, where we recall that
Dy x = Dx ®@c Dx (see (8.3.4xx)). We will denote the corresponding pushforward
functor by p5fi or p5f«. This notation was already used, with that meaning, in
Section 7.3.17, for the pushforward by a closed inclusion.

We define ’ny_ﬂ,y as Dx_y ®c Dx_ 5. This sheaf can also be described
as Oy ¥ ®f-10, ¢ f’lDYy. The Spencer complex Sp(DX,y) is the simple com-
plex associated with the double complex Sp(Dx) ®c Sp(D+). Defining @’;{y =
®i+j=k(@§< ®c @%), the (—k)-th term of the Spencer complex Sp(Dy ) is equal
to D xx® @ﬁ(’y, which is D x x-locally free of finite rank, and the differentials are
expressed in a way similar to that in Definition 8.4.3. It isa D Xy—resolution of O XX
by locally free D x x-modules.

The relative Spencer complex is defined similarly to (8.7.2), by

SpX,Y%Y,?(DX,Y) = SP(QX,Y) Qo % ®X,Y~>Y,?’

and is aresolutionof Dy %,y asa (@Xy, f_lDYy)—bimodule by locally free D y -
modules.
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The pushforward functor , 5fs (x =!,*) is defined, for a right D x x-module N, or
a bounded complex of such, by

p5f«(N) = Rf(Spx 3y y(N)) = R (N@, . Spxx,vv(Dxx))
In a way similar to what is done in Theorem 8.7.23 and Corollary 8.7.28, we obtain

the following result. In the present setting, it is enough to use the Godement flabby
resolution Spy %,y w(N) when a flabby resolution is needed.

8.7.32. Proposition. Let
f:X—Y and f:Y—2Z
be two holomorphic maps. There is a functorial canonical isomorphism of functors

o.5(f 0 f(s) = o5/l (0.5i(+)).
If f is proper, we also have
0.5(f 0 f)(+) = Sl fe(+)):
Furthermore, there exists a bounded spectral sequence with EY? = D,ﬁf[/(p) (D,ﬁf!((I)M)

which converges to p5(f' o f){’Jqu. There are corresponding spectral sequences with
o5/« and p5f. under the properness assumptions above. O]

8.8. Coherent @X-modules and coherent filtrations

Although it would be natural to develop the theory of coherent D x-modules in
a way similar to that of 0) x-modules, some points of the theory are not known to
extend to D x-modules (the lemma on holomorphic matrices). The approach which
is therefore classically used consists in using the 0 x-theory, and the main tools for
that purpose are the coherent filtrations.

8.8.a. Coherence of D x. Let us begin by recalling the definition of coherence.
Let A be a sheaf of rings on a space X.

8.8.1. Definition.
(1) A sheaf of A-modules 7 is said to be A-coherent if it is locally of finite type:

Vze X, 3U,, 3q, ﬂﬁfUm—» Fo.,

and if, for any open set U of X and any A-linear morphism ¢ : fllTU — §"|U, the kernel
of  is locally of finite type.

(2) The sheaf A is a coherent sheaf of rings if it is coherent as a (left and right)
module over itself.

8.8.2. Lemma. Assume A coherent. Let F be a sheaf of A-module. Then T is A-
coherent if and only zfg’ 1s locally of finite presentation: Vx € X, 3U,, dp,q and an
exact sequence

flf’Uz — flfUz — §"|Uz — 0.
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Classical theorems of Cartan and Oka claim the coherence of 0 x, and a theorem
of Frisch asserts that, if K is a compact polycylinder, 0 x(K) is a Noetherian ring.
It follows that grDy (K) is a Noetherian ring, and one deduces that Dy (K) is left
and right Noetherian. From this one concludes that the sheaf of rings Dy is coherent
(see [GM93, Kas03]| for details).

8.8.3. Remark (Noetherianity). It follows from these properties that D x is a Noetherian
sheaf of rings, in the sense of [Kas03, Def. A.7], that is, together with the coherence
property, each germ Dy .« 15 Noetherian and for any open subset U C X and any
family J; of coherent (left or right) ideals of Dy, the ideal > J; is a coherent Dy-mod-
ule.

8.8.b. Coherent D-modules and filtrations
Let M be a D x-module. From the preliminary reminder on coherence, we know

that M is @X—coherent if it is locally finitely presented, i.e., if for any z € X there
exists an open neighbourhood U, of x an an exact sequence @g(le — ®§(le - My, -

8.8.4. Definition (Coherent filtrations). Let F,M be a filtration of M (see Section 5.1).
We say that the filtration is coherent if the Rees module RpM is coherent over the
coherent sheaf RpDx (i.e., locally finitely presented).

It is useful to have various criteria for a filtration to be coherent.

8.8.5. Proposition (Existence of coherent filtrations).

(1) IfM is Dx - coherent, then it admits locally on X a coherent filtration.

(2) If Dx = RpDx and sz is D x -coherent and strict, it admits globally on X
a coherent filtration.

Proof. For (1), see Exercise 8.63. Let us prove (2). By Proposition 5.1.8(1), we have
M = RpM for some filtered D x-module M and since M is D x-coherent, F,M is a
coherent F,D-filtration. Then one can apply Exercise 8.66. O

The notion of a coherent filtration is the main tool to obtain results on coherent
D x-modules from theorems on coherent O x-modules, and the main results concern-
ing coherent D yx-modules are obtained from the theorems of Cartan and Oka for
O x-modules.

8.8.6. Theorem (Theorems of Cartan-Oka for D x -modules)
Let M be a left @X-module and let K be a compact polycylinder contained in an
open subset U of X, such that M has a coherent filtration on U. Then,
(1) T(K, M) generates 3\7[|K as an O g -module,
(2) For everyi > 1, H(K,M) =0

Proof. This is easily obtained from the theorems A and B for ) x-modules, by using
inductive limits (for A it is obvious and, for B, see [God64, Th.4.12.1]). O
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8.8.7. Theorem (Characterization of coherence for D x-modules, see [GM93])
(1) Let M be a left @X—module. Then, for any small enough compact polycylin-
der K, we have the following properties:
(a) M(K) is a finite type D(K)-module,
(b) For every x € K, O, ®5 (k) M(K) — M, is an isomorphism.
(2) Conversely, if there exists a covering {Kq} by polycylinders K, such that X

is the union of the interiors of the K, and that on any K, the properties (la) and
(1b) are fulfilled, then M is D x -coherent. O

A first application of Theorem 8.8.7 is a variant of the classical Artin-Rees lemma:

8.8.8. Corollary. Let M be a DX module with a coherent ﬁltmtzon F, M and let N be
a coherent CDX -submodule ofM Then the filtration F, N:=Nn F, M is coherent.

Proof. Let K be a small compact polycylinder for RFM. Then I'(K, RFM) is finitely
generated, hence so is I'(K, RpN), as I'(K, RpDx) is Noetherian. It remains to be
proved that, for any x € K and any k, the natural morphism

0, @55y (FRM(K) NN(K)) — FM, NN,
is an isomorphism. This follows from the flatness of O, over O(K) (see [Fri67]). O

8.8.9. Structure of coherent D x-modules. Let M be a coherent D x-module. Its z-tor-
sion submodule is the submodule M’ := Uit Ker[z* : M — M]. Since each submod-
ule Ker[z¥ : M — M] is coherent (see Exercise 8.60) the union is locally finite and M/
has a locally finite filtration such that each successive quotient is a coherent D x-mod-
ule annihilated by z. Such a module is thus a coherent (graded) (ﬁx/zﬁx) =grF Dx-
module, on which the z-action is zero.

On the other hand, the quotient module M = JV[/ M is strict by definition.

8.8.c. Support and characteristic variety. Let M be a coherent @X—module.
Being a sheaf on X, M has a support Supp M, which is the closed subset complement
to the set of x € X in the neighbourhood of which M is zero.

8.8.10. Lemma. The support of a coherent 6X—module is a closed analytic subset of X.

Proof. This is staridard if 6}( = Ox. On the other hand, if 6X = RrOx, let 7 be
a graded ideal of O, locally generated by functions f;z7 with f; € Ox. Then the
support of Ox /7 is that of Ox /(f;);- O

Such a property extends to coherent D x-modules:

8.8.11. Proposition. The support Supp3\~/[ of a coherent @X -module M is a closed an-
alytic subset of X.

Proof. The property of being an analytlc subset belng local, we may assume that M
is generated over Dx by a coherent O x-submodule F (sce Exercise 8.63(4)). Then
the support of M is equal to the support of F. O
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Let M be a coherent D x-module and let Z be a closed analytic subset of X. It
follows from Exercise 8.67 that the subsheaf I' ZJ\~/[ consisting of local sections of M
annihilated by some power of the ideal J is D x-coherent. In particular, let us denote
by U Z; the decomposition of SuppM into its irreducible components. Then I'z, M
is a coherent sub 'DX module of M and M/FZ].M is supported on Uk# Zy. The
following lemma is then obvious.

8.8.12. Lemma. The kernel and cokernel of the natural morphism

@szﬁ —)ﬁ[
J

have support everywhere of codimension > 1 in SuppM O

The support is usually not the right geometric object attached to a D x-module 3\7[,
as it does not provide enough information on M. A finer object is the characteristic
variety. Using the convention 8.1.11, we set 7" X =T*X or T* X =T*X x C,.

8.8.13. Definition (Characterlstlc variety). Let M be a coherent D D x- -module. The char-
acteristic variety Char M is the subset of the cotangent space T*X defined locally as
the support of gr M for some (or any) local coherent filtration of M.

8.8.14. Structure of the characteristic variety. The characteristic variety is additive
(see Exercise 8.68), so by using the notation of Remark 8.8.9 and after Exercise 8.66,
we have a decomposition

Char M = Char M’ U (Char M” x C,),

where Char M’ is contained in T*X = T*X x {0} C T*X

It is known that Char M” is involutive in T*X: the first proof has been given
by Sato, Kawai, Kashiwara [SKK73|. Next, Malgrange gave a very simple proof in
a seminar Bourbaki talk ([Mal78], see also [GM93, p.165]). And finally, Gabber
gave the proof of a general algebraic version of this theorem (see [Gab81], see also
[Bj693, p.473]). A consequence is that any irreducible component of Char M has a
dimension > dim X.

On the other hand, there is no restriction on Char M’, which is nothing but the
support of Char M’ when M’ is considered as a grf' D x-module.

8.8.d. Coherence of the pushforward and strictness

8.8.15. Theorem (Coherence of the pushforward). Let f : X — Y be a holomorphic
map between complex manifolds and let M be a coherent @X module. Assume that M
admits a coherent filtration F,M. Then, if f is proper on the support of M, the
pushforward complex Df*3\~/[ has @y-coherent cohomology.

Proof. Assume first that M is an induced right D x-module L Rp, D x where L is

a coherent O x-module such that f is proper on its support. Due to the formula
of Exercise 8.53(3), the result follows from Grauert’s direct image theorem. As a
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consequence, the same result holds for any bounded complex of such induced right
D x-modules.

For M arbitrary, it is enough by Remark 8.7.5(2) to prove the coherence of f,Ej M
for j € [—dim X,2dim X]. Since the @y—coherence is a local property on Y, it is
enough to prove the coherence property in the neighbourhood of any y € Y, and
therefore it is enough to show the existence, in the nelghbourhood of the compact set
f~1(y), of a resolution of M_n_1— - — Mg — M — 0 of sufficiently large length
N +2, such that 3\/[ is a coherent induced D x-module for j = —N,...,0 and f proper
on SuppM

Since f~1(y) N SuppJV[ is compact, there exists p such that F), M ®O @X is onto
in some neighbourhood of f~! ( ) (i.e., the coherent O x- module F, M generates M
as a Dx-module). Set F, u(Fp M ®5 DX) = F, M ®5 DX This is a cohe-

rent filtration of F, M ®O D x, which therefore 1nduces a coherent filtration on
Ker[F, M@z Oy Dy — M] Continuing this way N + 2 times, we obtained a resolution

of length N + 2 of M by coherent 1~nduced right D x-modules on some neighbourhood
of f=1(y), all supported on Supp M. O

Let us assume that M is strict, that is, M is the Rees module RrM of a cohe-
rent filtration F,M on a coherent D x-module M (see the proof of Proposition 8.8.5).
In general, for f : X — Y proper (or proper on Supp J\N/[), there is no reason that the
pushforward complex f*JV[ is strict, i.e., each of its cohomology modules is strict.
However, we will see that this property is satisfies when M underlies a polarizable
Hodge module (Theorem 14.3.2(1)). We make explicit the meaning of this property
in terms of filtered complex. For that purpose, we make use of Formulas (8.52 %) and
(8.52#x) for the pushforward.

Let M = RrM be a strict coherent left D x-module. We can write

M®f71(5y f'Dy = Re(M @10, f'Dy),
with

Fy(M®p10, f'Dy) = > (M) @10, (f'F;Dy),
i+j=p
and therefore

O o (M@, 5, [7Dy) = Rr(Q% © M ®p-10, [T Dy))
with
F (% @ M @10, f1Dy)) = Q5 @ Fp k(M ®f-10, f Dy).
There exists a spectral sequence
(8:8.16) EP? = RV L (g, (O3 @ (M@p10, f7'Dy)))
- gI‘ Rerqf (Qn+. ® (M Qf-10y fﬁlj)y)).
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8.8.17. Proposition (Degeneration at E). If M is D x -coherent and strict and if f is
proper on Supp M, then the complex  f. M is strict if and only if the spectral sequence
(8.8.16) degenerates at En, that is, for each k,p € Z, the natural morphism

R* 1L (B (@57 © (M @10, f71Dy))) — REL(QF @ (M @p10, /7' Dy))
18 1njective.
For example, if Y is reduced to a point, the strictness of f*3\~/[ is equivalent to the
degeneration at F of the Hodge-to-de Rham spectral sequence
HA (X, gt (% o M) = orf H (X, (% @ M)).
Sketch of proof of Proposition 8.8.17. The image of the morphism in the proposition is

by definition F, RF f, (QT;{*' QM®f-10, f‘lDy)). Therefore, injectivity is equivalent
to the equality

R f, (RF Q%" © M @510, f‘lDy))) =RpR" . (% @ M ®p-10, [ Dy)),
which in turn is equivalent to the left-hand side being C[z]-flat. O

8.8.18. Laumon’s formula. We give another consequence of strictness of , f, M. Let
(M, F,M) be a coherently F-filtered D x-module. The behaviour of grading with
respect to pushforward is treated in Exercises 8.55 and 8.56. For example, for right
D x-modules, Laumon’s formula is that, if f : X — Y is a holomorphic map and if
o f+M is a strict complez, then for every i,

(8.8.18 %) ngfoi)M ~ H'Rf, (ngJ\/[ ®£‘ym oy / SymOy).

8.8.e. Kiinneth formula. Assume that X,Y are compact complex manifolds. Let
Mx , My be strict coherent D-modules. The Kiinneth formula compares the de Rham
cohomology of the external product My Mz My with that of the factors.

8.8.19. Theorem (Kiinneth formula). Let JT/EXN,JT/[Y be coherent D-modules having a
coherent filtration. Assume that RU(Y,"DRMy) is strict, i.e., has strict cohomolo-
gies. Then for each k we have
(8.8.19%) H"(XxY,"DR(Mx KzMy))~ @ H'(X,"DRMy)®z H? (Y,"DR My ).
itj=k
Note that, if D= RpD, the existence of a cohfrent ﬁltrNation for M is ensured by
Proposition 8.8.5(2). Note also that the roles of Mx and My can be exchanged.

Proof. We deriote by~p X X 15 - X 8{1(21 q: 2( xY —>~Y the projections. Let us
assume that My = Lx ®5, Dx and My = Ly s, Dy are induced D-modules
such that L£x is an inductive limit of coherent O x-modules and Ly is strict. One
computes that
J\~/[X &@ JV[Y ~ (ZX &6 Zy) ®6X><Y @XXY,
and thus
pDR(JT/EX X3 J\~/[y) ~ ZJX X fly = p*zx ®y-16, q_lzy.
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By the projection formula (see e.g. [KS90, Prop.2.6.6]) and using the strictness
of £y, we obtain

Rq."DR(Mx Mz My) ~ (Rg.p"Lx) ®5, Ly,
and by Exercise 8.73 the latter term is isomorphic to
(8.8.20) (0y ®z RI(X,Lx)) ®5, Ly ~ RI(X,Lx) @ Ly
Applying once more the projection formula we finally obtain in Db((E):
RT("DR(Mx Kz My)) ~ RI(Y, Rg. "DR(Mx Kz My))
~ RT(Y,RT(X,Lx) ®z Ly)

~ L ~
~ RI'(X,Lx) &z RU(Y, Ly)
~ L ~
(8.8.21) ~ RT'(X,"DRMx) @z RT(Y,"DR My ).

Let now M x and J\~/[y be as in the theorem. Each term of their canonical resolu-
tion (Proposition 8.5.2) satisfies the corresponding assumptlons on £ X5 Ly and thus
(8.8.21) holds for each term of the correspondlng resolution of Mx X3 My. As a con-
sequence, (8.8.21) holds for My X3 My Strictness of RI(Y,"DR My) then implies
Kiinneth formula (8.8.19 %) (see e.g. [God64, Th.5.5.2]). O

8.8.f. Holonomic @X—modules and duality

8.8.22. Deﬁniti(in (Smooth D x-modules). A coherent D x-module M is said to be
smooth if it is O x-locally free.

In particular, a smooth D x-module is strict, and its characteristic variety is equal
o (T%X) x C,. (See Exercise 8.69 for the converse.)

8.8.23. Definition (I-{olonomic D x-modules). A coherent D x-module M is said to be
holonomic if Char M C A x C,, where A is a Lagrangian closed subvariety of 7% X

8.8.24. Remark. By Remarks 8.8.9 and 8.8.14, this is equivalent to asking that M" is
holonomic and that the support of M’ is Lagrangian in T*X. In particular, if M is
strict, holonomicity of M is equivalent to that of the underlying D x-module M.

Such a Lagrangian subvariety is the union of its irreducible components, each of
which is usually written as T X, where Z is a closed irreducible subvariety of X and
T7 X means the closure, in the cotangent space 7" X of the conormal bundle 7%, X of
the smooth part Z° of Z. It is also known that, due to the existence of stratifications
satisfying Whitney condition (a), there exist a locally finite family (Z?);cs of locally
closed sub-manifolds Z? of Z, with analytic closure and one of them being Z°, such
that T; X C | |; T7. X

For example, a smooth D x-module, or a coherent D x-module as in Exercise 8.69
or 8.70, is holonomic. Holonomicity is related w1th the vanishing of the D x-modules

&Et% (M, Dx). If M is a right D x-module, &ct (M D) is equipped with the left
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action coming from the left structure of D x and the corresponding right D x-module
is &:t%x (M, wx ® Dx) by playing with the two right structures (triv and tens) on

wx @®Dx.

8.8.25. Lemma. For a coherent Dy -module M, we have &t%X(J\N/[,@X) =0 fori>
2n + 1.

Proof. One can argue as in [Bj693, §1.7]. O

The case of D x-modules is the most useful. We will recall some fundamental
results.

8.8.26. Proposition. Let M be a coherent D x-module. We have
Ext%DX(M,DX):O fori>=n+1. O

8.8.27. Theorem (see [Kas76]). Let M be a coherent Dx-module and x € Supp M.
Then

2n — dim, Char M = inf{i € N | &t (M,, Dx.,) # 0}. O
8.8.28. Corollary. Let M be a coherent D x-module. Then M is holonomic if and only
if &ty (M,Dx) = 0 for i # dimX. The Dx-module Extp™ X (M, Dx) (see Sec-

tion 8.3.5), after having applied the suitable side changing functor to it, is called the
dual of M, and denoted by DM.

8.8.29. Theorem (Bi-duality, see [Kas76]). Let M be a holonomic D x-module. Then
its dual module DM is holonomic and the natural functorial morphism from M to its
bi-dual module DDM is an isomorphism. O

Let us now consider holonomicity and duality for strict coherent D x-modules.
Recall that, for any coherent D x-module M, Ext%x (M, Dx) is also coherent for any i.

8.8.30. Definition (Strictly holonomic D x-modules). Let M be a holonomic D x-mod-
ule. We say that M is strictly holonomic if M is strict and ((‘:.Tt%x (M, Dx) is a strict

D x-module for every i.

If M is strictly holonomic, then oty (M, Dx) takes the form RpM" for some
holonomic D x-module MY and a unique coherent filtration on it. We denote by
DM = &ty (M, Dx)
the D y-module obtained after side-changing from Ewt%x (M, Dx). Then there exists

a unique coherent filtration F, DM such that DM = RpDM.
We obtain the following results from Exercise 5.2.

8.8.31. Proposition (Cohen-Macaulay property of the graded module)
Assume that M is strictly holonomic. Then the following properties hold.
(1) &tfbx(if[,’bx) =0 fori#n=dimX;
(2) MY is nothing but Exty, (M, Dx);
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(3) if M is written as RpM, then
gr &ty (M, Dx) ~ Extyrp  (gr" M, gr’ Dx) =: (gr" M),
(4) and (Cohen-Macaulay property) Ext;rpf_DX (grfM, grf'Dx) =0 fori #n;

(5) if for example Misa right @X—module, then after side-changing we obtain the
following isomorphism of right gr™ D x -module (see Caveat 8.2.6)

gr’ (DM) ~ wx ® inv* (grf M)¥ (—n).

Proof. Let us check Properties (3) and (4). Property (2) is obtained by a similar
argument, and the other ones are easy to check. There exists a natural morphism
(see e.g. [Kas03, (A.10)])
Rf}'(bmﬁx(M, Dx) ®%X (Dx/2Dx)

— R¥omgz (M, Dx ®%X (Dx/2Dx)) = RHomgz (M, gr" Dx),
which is an isomogphis;vn since M is D x-coherent, where z acts by zero on grDx

(check this with M = Dx). On the other hand, the “associativity law” of [Kas03,
p. 241] provides an isomorphism in the derived category D (grfDx)

R}(bmix/zﬁx (M@%X (Dx/2Dx), ngDx)

= Rg'(()mngDX (M ®%X ngDX,ngDx)
~ RHomsz, (JV[, Rf}{omngrDX(ngDX,ngDX))
= Rf}(omf)x (M, gl”F'Dx).

Since M is assume to be strict (by its strict holonomicity), it follows that

JT/(@%X (Dx/2Dx) = gr’ M,
and we finally obtain an isomorphism in D¥ (grf"Dx):
Rf}(om@X (j\;[, @X) ®%X ngDX ~ RHomgrop (ngM, ngDX).

Strict holonomicity of M also implies that R Homg, (J%, D x ) has nonzero cohomology
in degree n at most, and this cohomology is strict. Since the left-hand side also reads
R3omgz (M, Dx) ®c[z (C[z]/2Cl2]), it has thus cohomology in degree n at most,
which reads grf” &rt?, (M, Dx). Therefore the right-hand side also has cohomology
in degree n at most, that is, E.rt;rppx(ngM, grfDx) = 0 for i # n, and we obtain
the isomorphism

g &t (M, Dx) =~ &tngDX(ngM, grf'Dy). O

8.8.32. Proposition. Assume that M is strictly holonomic with Char M = A. Then

&ct%x(J\Nf[,@X) is also strictly holonomic, with characteristic variety equal to that

of M, and biduality holds. O
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8.8.33. Proposition (Indpendence of strict holonomicity with respect to embeddings)

Let v: Z — X be the closed inclusion of a smooth submanifold Z of X and let M
be a holonomic @Z—module. Then M is strictly holonomic if and only if the holonomic
@X—module DL*JV[ 8 SO.

Proof. The question is local and we can assume that X = Z x C” with coordinates
Z1,...,2, on C", and that ¢ is the inclusion induced by {0} — C”. Using the notation
of external product as in Section 8.6.c, we can write DL*va[ =M X5 @[5961, ceey 5%]
The proof of the following lemma is the subject of Exercise 8.74.

8.8.34. Lemma (Duality and external product). For i = 1,2, let J\~/[i be a coherent
@X,i—@odule on the complex manifold X;. Then there exists a natural isomorphism in
Dsoh(‘Dxl X X)) _ _ _ _

D(M; Xz Mz) ~ (DM;) Xz (DMy).

It is thus enough to prove that
(8.8.35) D(C[0,,,...,8,.]) ~ ClOy,,...,5.].

Indeed, this implies that, in this local setting, DL*DJVE Y D(DL*ﬁ), and one concludes
by observing that M is strict if and only if DL*J\~/[ is strict.

For the proof of (8.8.35), one can use Lemma 8.8.34 once more to reduce to the
case where 7 = 1. Then we have a simple two-term free resolution of C[d,] which
immediately gives the result. O

8.8.g. Duality, filtration and de Rham. If M is a holonomic D x-module, a cel-
ebrated theorem of Kashiwara [Kas75| asserts that the de Rham complex "DRM is
a complex with constructible cohomology. Furthermore, the de Rham functors trans-
forms duality of holonomic D x-modules to Poincaré-Verdier duality of constructible
complexes: this is the local duality theorem (see [Nar04| for an account of various
proofs of this theorem). Although there is no reasonable notion of a constructible com-
plex with filtration (for example, one does not expect that "DRM is a constructible
complex of C[z]-modules; see however [MFS13, MFS19] for such a notion), one
can regard, for a filtered Dx-module (M, F,M), the filtered de Rham complex as
a filtered differential complex and one has a “local duality theorem” in this context
(see [Sai88, §2.4]). Furthermore, the notion of perversity is meaningful in this context
(see [BSY98|).

In this section, we focus on the graded object grf’ M attached to a coherently filtered
right D x-module M. Recall (see Section 8.4.9) that the Spencer complex Sp(M) is
naturally filtered, so that we can consider the graded complex gr’” Sp(M). We will
prove a coherent version of the local duality theorem for gr’” Sp(M), that makes use
of the Grothendieck-Serre duality functor. We start with the following observation:

8.8.36. Lemma. For a filtered right D x -module (M, F,M), the filtered Spencer complex
satisfies
grf” Sp(M) ~ grf'M ®§rF®x Ox.
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In other words, one can interpret the graded complex gr” Sp(M) as the O-module
pullback by the inclusion X < T*X (zero section) of grf’ M. In particular, if M is
coherently filtered, grf” Sp(M) has O x-coherent cohomology (check this for M = D).

Proof. Let us set M = RpM. By Exercise 8.24 we have a natural isomorphism
M®g5, Sp(Dx) = Sp(M). Since all involved C[z]-modules are flat, we obtain, by ten-
soring with C[z]/2C[z], the isomorphism

ngM ®ng’Dx ng Sp(DX) = ng Sp(M)

Recall (see Exercise 8.21) that grf’ Sp(Dx) is a resolution of Ox by locally free
grf’D x-modules. The conclusion follows. O

If (M, F,M) is a coherently filtered right D x-module, we define the dual grf'D y-
module of gr’M as the object of D (gr”Dx):

coh

Dgr"M := RHomgrp (g7 M, gr" (wx ®o, Dx))
~ inv* RHomg,ro (ngM, grf(wx) Qg ng(DX)) (see Caveat 8.2.6),
where we recall that grOx = Ox is graded of degree zero and grfwyx = wx is graded
of degree —n. Therefore, if M is strictly holonomic we have, according to Proposition

8.8.31(5),

DgrM ~ gr DM.

We regard grf” Sp(M) as an object of D, (Ox) (Lemma 8.8.36) and its Grothen-

coh

dieck-Serre dual object in DP | (Ox) is defined as

coh

D(gr” SpM) := RHomo, (gr" Sp(M), gr” (wx)).

8.8.37. Proposition. If M is strigtly holonomic, we have an isomorphism in D'goh((i)x)

which depends functorially on M:
D(gr” SpM) ~ gr’ Sp(DM).

Proof. We will use an argument similar to that of the proof of Proposition 8.8.31,
by justifying the following sequence of isomorphisms:

D(gr" SpM) = RHom (ng Sp(M),ng(wX))

(a)
~ RHomgrop (ngM,ng(wX ® DX)) ®gLTFDX grfOx

(b) - 5 51

~ RHomz (M,0x ®5 Dx) ®%X (Dx/2Dx) ®é}F@X grfOx
() > _ A @

~ RMomg (M, 0x ©5, Dx) @ (0x/20x)

@ oo 5o

~ (DM ®%X Ox) ®15X (Ox/20x)

©) o o =

~ Sp(DM) ®¢ (0x/20x)

0 gr’’ Sp(DM).
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For (a), we argue with [Kas03, (A.10)] and the “associativity law” to obtain

RHomgrop, (gr' M, gr’ (wx ® Dx)) @Fry  grf Ox
~ RHomg,reo, (gr Mk arF Dy 8T Fox,grf(wxy @ Dx) ® rF‘Dx gr (‘)X)
and by Lemma 8.8.36, the latter term is identified with
RHomg,ro, (gr" SpM, gr’ Sp(wx ® Dx)) ~ RHomo  (gr” Sp(M), gr’ (wx)).

For (b), the argument is the same as in the proof of Proposition 8.8.31 and similar

to the above. The isomorphism (c) is then clear, and (d) is obtained by identi-

fying « ®% (0x/20x) with (s ®L Ox) ®L (0x/20x). Then (e) follows from
X

Lemma 8.8.36 and (f) from the fact that each term of Sp(DM) is strict, due to the
strictness of DM. O

8.8.38. Pushforward of a holonomic D x-module. Assume that the coherent D x-mod-
ule M has a coherent filtration. For example, assume that D x = RpDx and M
is strict (Proposition 8.8.5(2)). Then, the pushforward of M by a proper holomor-
phic map f : X — Y has coherent cohomology. Moreover, a theorem of Kashiwara
[Kas76] complements Theorem 8.8.15 with an estimate of the characteristic variety
of the pushforward cohomology Dy-modules in terms of the characteristic variety
of the source D x-module. This estimate shows that holonomicity is preserved by
proper pushforward. (The theorem of Kashiwara is proved for holonomic D x-mod-
ules, but it extends in a straightforward way to holonomic D x-modules.) Therefore,
the pushforward by a proper holomorphic map of a strict coherent D x-module which
is holonomic has holonomic cohomologies when D x = RrDx.

Notice also that a holonomic D y-module M has a coherent filtration, by a theorem
of Malgrange [Mal04].

8.9. Appendix: Differential complexes and the Gauss-Manin connection

In this section we switch to the case of D x-modules as in Section 8.1 (see Remark
8.9.9). Let M be a left Dx-module and let f : X — Y be a holomorphic mapping.
On the one hand, we have defined the direct images , f, M or , fiM of M viewed as
D x-modules. These are objects in DT (Dy ). On the other hand, when f is a smooth
holomorphic mapping, a flat connection called the Gauss-Manin connection is defined
on the relative de Rham cohomology of M. We will compare both constructions,
when f is smooth. Such a comparison has essentially already been done when f is
the projection of a product X =Y x T — Y (see Examples 8.7.10 and 8.7.11).

In this section we also introduce the derived category of differential complexes on
a complex manifold X, that is, complexes of O y-modules with differential morphisms
as differential. This derived category is shown to be equivalent to that of D x-modules
(Theorem 8.9.15). It is sometimes useful to work in this category (see e.g. the proof
of Theorem 8.9.21).
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8.9.a. Differential complexes. Given an Ox-module £, there is a natural Ox-
linear morphism (with the right structure on the right-hand term)

L—L®o, Dx, (— L1
There is also a (only) C-linear morphism
(8.9.1) L®oy Dx — L

defined at the level of local sections by ¢ ® P +— P(1)¢, where P(1) is the result of the
action of the differential operator P on 1, which is equal to the degree 0 coefficient
of P if P is locally written as ) an(2)0S. In an intrinsic way, consider the natural
augmentation morphism Dx — Ox, which is left D x-linear, hence left O x-linear;
then apply L®@+ to it. Notice however that (8.9.1) is an Ox-linear morphism by
using the left Ox-module structure on £ ®¢, Dx.

Let £, L’ be two Ox-modules. A (right) D x-linear morphism

(8.9.2) v:L®oy Dx — L' ®oyx Dx
is uniquely determined by the O x-linear morphism
(893) w: L — L RO« Dx

that it induces (where the right O x-module structure is chosen on £’ ®¢, Dx). In
other words, the natural morphism

HOmoX (L,L/ Koy Dx) — HOInfDX(L ®ox Dx,L/ Koy 'Dx)
is an isomorphism. We also have, at the sheaf level,
(894) %Omox (L7L/ R0« Dx) = fHomDX (L ®ox Dx,Ll ®ox ®X)

Notice that Homg, (£,L' ®o, Dx) is naturally equipped with an O x-module struc-
ture by using the left Ox-module structure on £’ ®¢, Dx (see Remark 8.5.1), and
similarly Home, (£, 4’ ®0, Dx) is a I'(X, Ox)-module.

Now, w induces a C-linear morphism

(8.9.5) w: L — L,

by composition with (8.9.1): L' ®¢, Dx — L£’. By Exercise 8.75, u is nothing but
the morphism

H°(*DR(v)) : H("DR(£ ®0y Dx)) — H°("DR(L’' ®o, Dx)).

8.9.6. Definition (Differential operators between two O x-modules)
The C-vector space Homp;g (£, L") of differential operators from L to L' is the
image of the morphism Homp , (£ ®o, Dx, L’ ®9, Dx) — Home (L, L).
Similarly we define the sheaf of C-vector spaces Hompig(L,L).

8.9.7. Definition (The category Mod(Ox, Diff x)). We denote by Mod(Ox, Diff x) the
category whose objects are Ox-modules and morphisms are differential operators
between Ox-modules (this is justified by Exercise 8.76(4)).
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In particular, Mod(Ox) is a subcategory of Mod(Ox, Diff x), since any O x-linear
morphism is a differential operator (of degree zero).

We will now show that the correspondence L — £ ®¢, Dx induces a functor
Mod(Ox, Diff x) — Mod;(Dx). In order to do so, one first needs to show that to any
differential morphism w corresponds at most one v.

8.9.8. Lemma. The morphism
Homp, (L ®oy, Dx, L @0, Dx) — Home(L, L")
v —u
18 1njective.
Proof. Recall that, for any multi-index 3, we have 9% (z%) = 0 if 3; < «; for some 1,

and 9%(x®) = al. Assume that u = 0. Let £ be a local section of £ and, using local
coordinates (z1,...,2,), write in a unique way w({) = > w({)o ® 03, where the

x
sum is taken on multi-indices a and w is as in (8.9.3). If w(¢) # 0, let 8 be minimal
(with respect to the usual partial ordering on N™) among the multi-indices a such

that w(f), # 0. Then,
0=u(z0) = 02" )w(l)a = lw(l)s,

a contradiction. O

8.9.9. Remark. A similar lemma would not hold in the category of induced graded
RpDx-modules because of possible z-torsion: one would only get that zFu(z¢) =0
for some k.

According to Lemma 8.9.8, the following definition is meaningful.

8.9.10. Definition (The inverse de Rham functor). The functor
diffDR_l : MOd(Ox,Diﬂx) — MOdi(Dx)
is defined by “*DR*(£) = £ ®v, Dx and ¥ DR (u) = v.

8.9.11. Remarks.

(1) The notation is justified by the fact that "DR(L ®o, Dx) =~ £ (see Exercise
8.29(5)).

(2) By the isomorphism of Exercise 8.79, Homp;g (£, £’) is equipped with the struc-
ture of a I'(X, Ox)-module. Similarly,

Homp (L @0y Dx, L @0y Dx) — Home(L,L")

is injective, and and this equips the image sheaf Hompg (L, L") with the structure of
an O x-module.

(3) When considered as taking values in Mod(Dx), the functor “*DR™ is not,
however, an equivalence of categories, i.e., is not essentially surjective. The reason is
that, first, not all D x-modules are isomorphic to some L&, Dx and, next, its natural
quasi-inverse would be the de Rham functor "DR which takes values in a category
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of complexes. Nevertheless, if one extends suitably these functors to categories of
complexes, they become equivalences (see below Theorem 8.9.15).

8.9.b. The de Rham complex as a differential complex. Given an induced D-
module, its de Rham complex gives enough information to recover it, according to Re-
mark 8.9.11(1). On the other hand, given a bounded complex of induced D-modules,
its de Rham complex does not give enough information to recover its differentials.
We will refine the functor "DR to a functor “*DR, which takes values in differential
complexes, and has quasi-inverse induced by “*DR™.

According to Exercise 8.78, one may consider the category C*(Ox,Diff x) of
*-bounded complexes of objects of Mod(Ox,Diffx) (with x = @,4,—,b), and
the category K*(Ox,Diffx) of x-bounded complexes up to homotopy (see [KS90,
Def. 1.3.4]). These are called x-bounded differential complezes.

There is a natural forgetful functor Forget from Mod(Ox, Diff x) to Mod(Cx), and
by extension a functor Forget at the level of C* and K*. Exercise 8.80 shows that we
can decompose the "DR functor as

"DR

Mod(Dx) ———— CP(Ox, Diff y) ———— CP(C
od(Dx) PR, (Ox, Diffx) Forget (Cx)

and
DR

K*(Dx) DR K*(Ox, Diff x) Tget> K*(Cx)

In order to define the “derived category” of the additive category Mod(Ox, Diff x),
one needs to define the notion of null system in K*(Ox, Diff x) and localize the cat-
egory with respect to the associated multiplicative system. A possible choice would
be to say that an object belongs to the null system if it belongs to the null system
of C*(Cx) when forgetting the Diff structure, i.e., which has zero cohomology when
considered as a complex of sheaves of C-vector spaces. This is not the choice made
below. One says that a differential morphism » : £ — £’ as in (8.9.5) is a Diff-
quasi-isomorphism if the corresponding v as in (8.9.2) is a quasi-isomorphism of right
D x-modules.

The functor “*DR™ of Definition 8.9.10 extends as a functor C*(Ox, Diffx) —
Cr(Dx) and K*(Ox, Diff x) — K (Dx) in a natural way, and is a functor of triangu-
lated categories on K. Moreover, according to the last part of Exercise 8.79, it is an
equivalence of triangulated categories.

We wish now to define acyclic objects in the triangulated category K*(Ox, Diff x),
and show that they form a null system in the sense of [KS90, Def. 1.6.6].

8.9.12. Definition. We say that a object L£L* of K*(Ox,Diffx) is Diff-acyclic if
HTPRT (L) is acyclic in Kf(Dx) (equivalently, in K*(Dx)).
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Define, as in [KS90, (1.6.4)], the family S(N) as the family of morphisms which
can be embedded in a distinguished triangle of K*(Ox, Diff x), with the third term
being an object of N. We call such morphisms Diff -quasi-isomorphisms. Clearly, they
correspond exactly via “*DR™ to quasi-isomorphisms in K*(Dx).

We now may localize the category K*(Ox, Diff x ) with respect to the null system N
and get a category denoted by D*(Ox, Diff x). By construction, we still get a functor

(8.9.13) @ DR : D*(Ox, Diff x) — D} (Dx) — D*(Dy).

We note that the first component is an equivalence by definition of the null system
(since we have an equivalence at the level of the categories K*). The second component
is also an equivalence, according to Corollary 8.5.3. We will show below (Theorem
8.9.15) that “*DR is a quasi-inverse functor.

8.9.14. Remark. The category Mod(Ox, Diff x) is also naturally a subcategory of the
category Mod(Cyx) of sheaves of C-vector spaces because Hompg (£, £') is a subset of
Homg (£, £"). We therefore have a natural functor Forget : K*(Ox, Diff x) — K*(Cx),
forgetting that the differentials of a complex are differential operators, and forgetting
also that the homotopies should be differential operators too. As a consequence of
Theorem 8.9.15, we will see in Exercise 8.85 that any object in the null system N
defined above is sent to an object in the usual null system of K*(Cy), i.e., objects
with zero cohomology. In other words, a Diff-quasi-isomorphism is sent into a usual
quasi-isomorphism. But there may exist morphisms in K*(0 x, Diff x ) which are quasi-
isomorphisms when viewed in K*(Cx), but are not Diff-quasi-isomorphisms.

8.9.15. Theorem. The functors “*DR and “*DR™" induce quasi-inverse and induce
equivalences of categories

diffDR

D*(Dx) D*(Ox, Diff x).

\_/

diffDR*l

8.9.16. Lemma. There is an isomorphism of functors “"DR™ o “"DR = Id from
D*(Dx) (right Dx-modules) to itself.

This lemma enables one to attach to each object of D*(Dx) a canonical resolution
by induced D x-modules since “*DR™ takes values in D¥(Dx).

Proof. Let us recall that there exists an explicit side-changing isomorphism of com-
plexes "DRM'*®* ~ "DRM"8" which is given by termwise Ox-linear morphisms.
If we regard these complexes as objects of C°(Ox,Diff), we deduce that the side-
changing isomorphism is an isomorphism in this category. In other words, we have
diffDR(Mleft) ~ diffDR(Mright)_

For the proof of the lemma, start with a left Dy-module M. By definition,
aHDRIEFDR M = (QFT @ M) ® Dy with differential “*DR™(V). This is



8.9. DIFFERENTIAL COMPLEXES AND THE GAUSS-MANIN CONNECTION 275

nothing but the complex Q%" @ (M'®* @ Dy ) where the differential is the connection
on the left Dx-module (M ® Dx)iens. Furthermore, this identification is right
D x-linear with respect to the (right)iy structure on both terms.

We note that [(M" @¢, Dx )]~ (MM @o  Dx)iens, ie., both with the
tensor structure, respectively left and right, and this isomorphism is compatible with
the right D x-structure (right)iv on both terms. By side-changing we find

[pDR(Mleft R0y DX)tens] ~ [DDR(Mright ®0x ®X)tens}

triv triv’

and by using the involution of Exercise 8.19,
[ L)]:):R(J\/tright ®OX ®X)tens] =~ [ pDR(Mright ®OX DX)triv}
Lastly, we have

pDR(Mright ®Ox ®X)triv — Mright ®Ox Sp-(,DX) ~ Mright ®Ox OX _ Mright’

triv tens”

and the remaining right D y-structure is deduced from the tens one, which is the nat-
ural right structure on M"8"*. We conclude that, functorially, “*DR™* “*DR Meft ~
Mright - Since DR Meft ~ 4fDR Mrieht  the lemma follows. O

Proof of Theorem 8.9.15. From the previous lemma, it is now enough to show that,
if £* is a complex in C*(Ox,Diffx), there exists a a Diff-quasi-isomorphism
GPRUCDR™ L* — £°, and, by definition, this is equivalent to showing the existence
of a quasi-isomorphism “*DR™ 4*DR4*DR™" £* — 4*DR™" £°*, that we know from
the previous result applied to M = “*DR™ £°. O

8.9.17. Remark. The functor “*DR™ “"DR, regarded as a functor D*(Dx) — D} (Dx),
is nothing but that of Corollary 8.5.3.

8.9.18. Remark (The Godement resolution of a differential complex)

Let £* be an object of CT(Ox,Diff x). Then God® £* is maybe not a differen-
tial complex (see Exercise 8.49(2)). However, God® “*DR DR £* is a differential
complex, being equal to “*DR God® “*DR™ £*. Therefore, the composite functor
God® 4 DR “*DR™" plays the role of Godement resolutions in the category of differ-
ential complexes.

8.9.c. The Gauss-Manin connexion. We assume in this section that f : X — Y is
a smooth holomorphic map. The cotangent map T* f : f*Q}, — QX is then injective,
and we will identify f*Q3 with its image. We set n = dim X, m = dimY and
d =n —m (we assume that X and Y are pure dimensional, otherwise one works on
each connected component of X and Y).

Consider the Leray filtration Ler® on the complex (2%, d), defined by

Ler’Q% = Im(f Q) @0, Q5 ” — Q).
[With this notation, Ler’Q% can be nonzero only when i € [0,n] and p €
[0, min(, m)].]
Then, as f is smooth, we have (by computing with local coordinates adapted to f),

griergg( = f*fo ®OX Qé(_/pY7
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where Qé“(/y is the sheaf of relative differential forms: Q’)“(/Y = /\’“Qﬁ(/y and Qﬁ(/y =
Q% / Q). Notice that Q’)“(/Y is O x-locally free.

Let M be a left Dx-module or an object of DT (Dx)'®*. As f is smooth, the
sheaf D x/y of relative differential operators is well-defined and by composing the flat
connection V : M — QL ®¢, M with the projection Q% — Qﬁ(/y we get a relative
flat connection Vx,y on M, and thus the structure of a left Dy y-module on M. In
particular, the relative de Rham complex is defined as

‘DRx/y M = (Q,y ®ox M, Vx/v).

We have "DRM = (Q% ®o, M, V) (see Definition 8.4.1) and the Leray filtration
Ler’Q% ®o, M is preserved by the differential V. We can therefore induce the
filtration Ler® on the complex "DR M. We then have an equality of complexes

gri e, DRM = f*Q} ®0, "DRx/y M[—p].

Notice that the differential of these complexes are f~*Oy-linear.

The complex f, God® "DRM (resp. the complex f; God® "DR M) is filtered by sub-
complexes f. God® Ler” "DRM (resp. fy God® Ler” "DRM). We therefore get a spec-
tral sequence (the Leray spectral sequence in the category of sheaves of C-vector
spaces, see, e.g. [God64]). Using the projection formula for fi and the fact that QF.
is Oy-locally free, one obtains that the E; term for the complex fi God® "DRM is
given by
(8.9.19) E{)”!q = Q%a/ ®o, RLf DDRX/Y M,
and the spectral sequence converges to (a suitable graded object associated with)
Rrtafi "DRM. If f is proper on SuppM or if M has D x-coherent cohomology, one
can also apply the projection formula to f, (see [MN93, §I1.5.4]).

By definition of the spectral sequence, the differential d; : E™¢ — EPT19 is the
connecting morphism (see Exercise 8.88 below) in the long exact sequence associated
to the short exact sequence of complexes

0 — g7 'DRM — Ler? "DRM/Ler? ™ "DRM — grf . "DRM — 0
after applying fi God® (or f. God® if one of the previous properties is satisfied).
8.9.20. Lemma (The Gauss-Manin connection). The morphism

VM= d; : R1fi"DRx/y M = E}"" — E["" = Q} @0, Rfi"DRx/y M

s a flat connection on RYf I')DRX/Y M, called the Gauss-Manin connection and the
complex (E7?,dy) is equal to the de Rham complex ““"DRy (R4 f, pDRX/Y M, VEM)

Sketch of proof of Lemma 8.9.20. Instead of using the Godement resolution, one can
use the C*> deRham complex €% ®p, M, with the differential D defined by

D(n@m) =dnp®@m+ (—1)"n A Vm,

if n is C> differential k-form, that is, a local section of &% (k < 0). By a stan-
dard argument (Dolbeault resolution) analogous to that of Exercise 8.52(5), this C*°
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de Rham complex is quasi-isomorphic to the holomorphic one, and is equipped with
the Leray filtration. The quasi-isomorphism is strict with respect to Ler’. One can
therefore compute with the C*° de Rham complex. Moreover, the assertion is local
with respect to Y.

Assume first that, in the neighbourhood of f~1(y), X is diffeomorphic to a product
X ~ Z xY. This occurs for example if f is proper (Ehresmann’s theorem). Then
we identify €5 with € ® &% sy and the differential D decomposes accordingly as
Dy + Dx;y. The flatness of D implies the flatness of Dx,y and Dy. Given a
section p of fi(&) @ (Eg(/y ® M)) which is closed with respect to Dy,y, we can
identify it with its lift 1z (see Exercise 8.88), and d; i is thus the class of Dy u, so the
C> Gauss-Manin connection DM in degree zero induces d; in any degree.

In general, choose a partition of unity () such that for every a, when restricted
to some open neighbourhood of Supp x, f is locally the projection from a product
to one of its factors. We set D = > xoD = >, D) and we apply the previous
argument to each D(®), O

8.9.21. Theorem. Let f : X — Y be a smooth holomorphic map and let M be left

D x -module—or more generally an object of DT (Dx ). Then there is a functorial

isomorphism of left Dy -modules
R*f"DRx/y M —  f¥M

when one endows the left-hand term with the Gauss-Manin connection VM. The
same result holds for o f. instead of p fi if f is proper on Supp M or M is D x -coherent
(or has coherent cohomology).

Proof. Recall (Exercise 8.26) that, for a left D x-module M, we have
M @ Sp Ly (Dx) = Q% (M ®;-10, [ Dy)[n],
so that the direct image of M, regarded as a right Dy-module, is
(8.9.22) (oM = RfI"DRx (M @10, f~ Dy )[m],
by Exercise 8.52(3). We conclude that
DRy pfiM =~ “DRy (Rfi"DRx M ®;-10, f~'Dy)).

There is a Leray filtration Ler® "DRx (M ®-10, f~'Dy). Notice that the graded
complex grf . "DRx (M ®-10, f~'Dy) is equal to the complex

F7IO) ®p-10, "DRx/y M®f-10, ' Dy[-pl,

with differential induced by Vx/y on M (remark that the part of the differential
involving T*f is killed by taking grf ). The differential is now f~!Oy-linear.

The filtered complex RfiLer" "DRx (M ®@;-10, f~'Dy) gives rise to a spectral
sequence in the category of right Dy-modules. By the previous computation, the EY?
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term of this spectral sequence is the right Dy-module

RPYf(FIO) @4-10, "DRx/y M ®f-10, [ Dy[-p])
~ Q) ®o, R1fi"DRx/y M ®o, Dy,

which is an induced Dy -module, whose “*DRy is equal to the corresponding Gauss-
Manin term (8.9.19). We claim, as will show below, that the differential d; becomes
the Gauss-Manin d; after applying “*DRy . This will prove that the Gauss-Manin E
complex is equal to “*DRy of the E; complex of right Dy-modules.

Notice now that Lemma 8.9.20 shows in particular that the E; complex considered
there is a complex in CT(Oy, Diffy ), and

DRy (BT, dr) ~ (Rfi "DRy/y M, VEM)reht ],
since, for a left Dy-module N, we have, according to Theorem 8.9.15,
diffDR;/l diffDRY (N) _ diffDR;/l diffDRY (Nright)[—m] ~ :Nright[—m].

The claim above, together with Lemma 8.9.16, implies that the FE; complex
of the Dy-Leray spectral sequence has cohomology in degree m only, hence
this spectral sequence degenerates at Fs, this cohomology being isomorphic to
(R, I)DRX/Y M, VEM)risht[_m] - But the spectral sequences converges (the Leray
filtration is finite) and its limit is P, gr? (o f!(q_m)ll\/[)“ght for the induced filtration
on (p AME@=™)riEht according to (8.9.22). We conclude that this implicit filtration
is trivial and that (Df!(q)J\/[)“g]“t = (R?f,"DRx,y M, VEM)rieht "a5 wanted, after side
changing.

Let us now compare the d; of both spectral sequences. As the construction is
clearly functorial with respect to M, we can replace M by the flabby sheaf God*M
for every £. We then have

Rfi(Q%®0y God" M @10, f'Dy)
= Rfi(God"(Q% ®oyx M) @10, f'Dy) (Exercise 8.49)
= Rf (GodZ(Q} ®ox M)) ®o, Dy (projection formula)
= fg(Godz(QB( ®ox M)) ®o, Dy (flabbiness of God®)
= fiI(% ®ox God" M) ®o, Dy (Exercise 8.49)
= fiI(% Doy God*M Rf-10y f_lﬂ)y) (projection formula).
It is also enough to make the computation locally on Y, so that we can write

f = (f1,---, fm), using local coordinates (yi,...,ym). If u is a section of Q% ® M
and 1y is the unit of Dy, then (8.6.1) can be written as

V¥ (n@1y) = (Vi) @1y + Y pAdf; @0y,
j=1

Using the definition of d; given by Exercise 8.88 and an argument similar to that of
Exercise 8.86, one gets the desired assertion. O
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8.10. Exercises

8.10.a. Exercises for Section 8.1

Exercise 8.1. Let € be a locally free Ox-module of rank d and let €Y be its dual.
Show that, given any local basis e = (ey, ..., eq) of € with dual basis e¥, the section
2?21 e;®e; of E®p, €Y does not depend on the choice of the local basis e and extends
as a global section of € ®p, €Y. Show that it defines, up to a constant, an O x-linear
section Ox — € ®p, €Y of the natural duality pairing € ®¢, €Y — Ox. Conclude
that we have a natural global section of Q% ®¢, ©x given, in local coordinates, by

Exercise 8.2. Show that a differential operator P of order < 1 satisfying P(1) = 0 is
a derivation of Ox, i.e., a section of Ox.

Exercise 8.3 (Local computations). Let U be an open set of C" with coordinates

Z1y...,Zn. Denote by 0y, ...,0,, the corresponding vector fields.
(1) Show that the following relations are satisfied in D(U):
0
[Ou;, f1= / Vfeol), Vie{l,...,n},

ﬁxi’
[00:,02,] =0 Vi, je{l,...,n}.

with standard notation concerning multi-indices a;, 3.

(2) Show that any element P € D(U) can be written in a unique way as ) aq0%
or Y., 09bawith aq, by € O(U). Conclude that Dy is a locally free module over Ox
with respect to the action on the left and that on the right.

(3) Show that max{|a| ; aq # 0} = max{|a| ; b, # 0}. It is denoted by ord, P.

(4) Show that ord, P does not depend on the coordinate system chosen on U.

(5) Show that PQ =0in D({U) = P=0or Q =0.

(6) Identify FrDx with the subsheaf of local sections of Dx having order < k
(in some or any local coordinate system). Show that it is a locally free O x-module of
finite rank.

(7) Show that the filtration F,Dx is exhaustive (i.e., Dx = |J, FxDx) and that
it satisfies

Fk‘:DX . Fg@X = Fk+€DX'

(The left-hand term consists by definition of all sums of products of a section of Fy,D x
and a section of FyDx.)

(8) Show that the bracket [P, Q] := PQ — QP induces for every k, ¢ a C-bilinear
morphism FyDx ®c FyDx — Frie—1Dx.

(9) Conclude that the graded ring grfDy is commutative.

Exercise 8.4 (The graded sheaf grfDy). We consider the sheaf Dx of holomorphic
differential operators on X with its order filtration F,Dx (Definition 8.1.3). The goal
of this exercise is to show that the sheaf of commutative graded O x-algebras griD x
can be canonically identified with the sheaf of graded Ox-algebra Sym ©x.
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(1) Identify ©x with the sheaf of functions on the cotangent space T*X which
are linear in the fibers, and Sym ©x with the sheaf of functions on 7*X which are
polynomial in the fibers.

(2) Show that grfDx = ©x and that grfDx is a sheaf of commutative graded
Ox-algebras. [Hint: Use Exercise 8.3.]

(3) Deduce the existence of a unique morphism of commutative graded O x-algebras
Sym Ox — grfDx which extends the identity Ox ® Ox — gr{ Dx @ gri Dx.

(4) Show that this morphism is an isomorphism. [Hint: Check this in local coor-
dinates.]

Exercise 8.5 (The universal connection).

(1) Show that the natural left multiplication of ©®x on Dx can be written as a
connection

V:Dx — Q% ®o, Dx,

i.e., as a C-linear morphism satisfying the Leibniz rule V(fP) = df @ P + fVP,
where ¢ is any local section of Ox and P any local section of Dx. [Hint: V(1) is the
global section of Qﬁ( ®o, Ox considered in Exercise 8.1.]

(2) Extend this connection for every k > 1 as a C-linear morphism

B0k @9, Dx — O ®o, Dx
satisfying the Leibniz rule written as
MV(we® P)=due P+ (~1)*w A VP.

(3) Show that **1DV o )V = 0 for every k > 0 (i.e., V is integrable or flat).
(4) Show that the morphisms (*)V are right D x-linear (but not left O x-linear).

Exercise 8.6. More generally, show that a left D y-module M is nothing but an Ox-
module with an integrable connection V : M — QL ®o, M. [Hint: To get the
connection, tensor the left D x-action Dx ®@¢, M — M by Q% on the left and compose
with the universal connection to get Dx ® M — Q% ® M; compose it on the left with
M — Dx ® M given by m — 1 ® m.| Define similarly the iterated connections
W7 Ok @0, M — Q5 @6, M. Show that *+DV o WV = 0.

Exercise 8.7.

(1) Show that Dx has a universal connection V for which V(1) = Do dz;®0,,.

(2) Show the equivalence between graded left D x-modules and graded 0 x-modules
equipped with an integrable connection.

(3) Extend the properties shown in Exercises 8.5 and 8.6 to the present case.

8.10.b. Exercises for Section 8.2
left .

Exercise 8.~8 (Gellerating~ left D x-modules). Let M be an O x-module and let ¢
Ox Qg M — M be a C-linear morphism such that, for any local sections g of Ox,

€,¢ of Ox and m of M, one has

(1) ¢ (g€ @ m) = g™ (£ @ m),
(2) (& @ gm) = g™ (€ @ m) + &(g)m,
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(3) P ([€, &1 ®m) = PM(E® PM(E @m)) — (¢ ® PN (E @ m)).
Show that there exists a unique structure Mt of left D x-module on M such that

&m = @' (¢ @ m) for every &, m.

Exercise 8.9 (Generating right D x-modules). Let M be an O x-module and let @riiht :

M Qg . Ox — M be a C-linear morphism such that, for any local sections g of Ox,
€,¢ of Ox and m of M, one has

(1) ¢"i8M (mg @ €) = s (;m @ g€) ("8 is in fact defined on M ®5 . Ox),

(2) 98" (m @ g€) = ¢ (m @ £)g — mé(g),

(3) P (Mm@ [€,&]) = P (P (M @ §) @ €) — ¢MEM (P (M ® &) ® €).
Show that there exists a unique structure Mrisht of right D x-module on M such that
mé = et (m @ €) for every &, m.

Exercise 8.10 (Ox is a simple left D xy-module). We consider here the setting of Sec-
tion 8.1.

(1) Use the left action of © x on O x to define on O x the structure of a left D x-mod-
ule.

(2) Let g be a nonzero holomorphic function on C™. Show that there exists a
multi-index oo € N” such that (0%gm)(0) # 0.

(3) Conclude that Ox is a simple left D x-module, i.e., does not contain any proper
non trivial D x-submodule. Is it simple as a left O x-module?

(4) Show that RpOx is not a simple graded RpDx-module. [Hint: Consider
zRprOx C RFOX]

Exercise 8.11 (wx is a simple right D x-module). Same setting as in Exercise 8.10.

(1) Use the right action of ©x on wx to define on wx the structure of a right
D x-module.

(2) Show that it is simple as a right D y-module.

(3) Show that Rpwx is not a simple graded right RpD x-module.

Exercise 8.12 (Tensor products over O x)
(1) Let Mt and Nt be two left D x-modules.
(a) Show that the Ox-module Meft ®F Neft has the structure of a left
D x-module when setting, by analogy with the Leibniz rule,
E-(men)=&men+m®en.
(b) If Mt and Nt are regarded as O x-modules with connection (Proposi-
tion 8.1.4 and Exercise 8.7), show that the connection on M'eft Rp, Neft coming

from the left D x-module structure above is equal to Ve Ids + Id5; V.

(c) Notice that, in general, m @ n — (§ém) @ n (or m @ n — m ® ({n)) does
not define a left D x-action on the O x-module M Rp, N.

(d) Let ¢ : M — M and ¥ : N — N’ be D y-linear morphisms. Show that
pRYis D x-linear.
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(e) Show the associativity
(Mleft ®6X Nleft) ®6X j)left — Mleft ®6X (Nleft ®6X :Pleft).

(2) Let Mt be a left D x-module and N*ight be a right D x-module.

(a) Show that Nright Op Mt has the structure of a right D x-module by
setting

(ne@m)-E=nf@m—n®&m,

and prove the analogue of (1d).
Remark: one can define a right D y-module structure on M'eft 5, Nright

by using the natural involution M'eft ®F Nright ', Nright ®F Mt 5o this
brings no new structure.

(b) Show the associativity
(Nright ®6X Mleft) ®6X Tleft — Nright ®6X (Mleft ®6X Tleft).

(3) Assume that Mrisht and Night are right D x-modules. Does there exist a (left
or right) D x-module structure on M 8ht = Nrisht defined with analogous formulas?

Exercise 8.13 (Hom over 0 X)-
(1) Let M, N be left D x-modules. Show that ﬂ-(omax(ff[,ﬁ) has a natural struc-
ture of left D x-module defined by

(& @)m) =& (p(m)) + (& -m),
for any local sections & of (:)X7 m of M and @ of Homg (JVE, ﬁf)
(2) Similarly, if M, N are right D x-modules, then Homg (M,N) has a natural
structure of left D y-module defined by

(§-p)(m) =p(m-§) —p(m)-&.

Exercise 8.14 (Compatibility of side-changing functors). Show that the natural mor-
phisms

Nrleft ~ o~ Nrleft ~ ~  arright ~Nrright
M — Homg (Gx,0x @5, M), Ox @5 Homg (Gx, MTEMN) — M
are isomorphisms of graded D x-modules.

Exercise 8.15 (Side-changing on morphisms). To any left D y-linear morphism ¢'°ft :

Mt 5 MET is associated the O x-linear morphism @" 8 = Idg @'t : M
M;lght.

(1) Show that @8 is right D x-linear.

(2) Define the reverse correspondence ¢ —

(3) Conclude that the left-right correspondence Mod'®(Dx) — Mod" 8" (D) is a
functor, as well as the right-left correspondence Mod™8™ (D x) — Mod™®(D ).

right left
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Exercise 8.16 (Compatlblllty of side- changmg functors with tensor product)

Let Mt and N'® be two left Dy-modules and denote by Mright, Nrisht the
corresponding right D x-modules (see Definition 8.2.2). Show that there is a natu-
ral isomorphism of graded right D x-modules (by using the right structure given in
Exercise 8.12(2)):

~

Nright o Arleft Nrright o Arleft
N R, M —M g, N

(w@n)@mr— (W®m)n

and that this isomorphism is functorial in Mleft and Nleft,

Exercise 8.17 (Local expression of the side-changing functors)
Let U be an open set of C™.

(1) Show that there exists a unique C-linear involution P — P from @(U ) to itself
such that
Vg eO0U),'g=g,
cVie{l,...,n}, 0y, = —0s,,
- VP,Q e D), (PQ)="'Q 'P.
(2) Let M be a left @X—module and let *M be M equipped with the right @X—mod-
ule structure

m- P :="'Pm
Show that z="!M 5 Mri&ht | that is, "M (n) —= M8, [Hint: Use that F,/0x =
Fy_nwx, hence Rp'Ox = Rppjwx, so '0x = Wx(—n), according to Remark 5.1.5(2).]
Argue similarly starting with a right D y-module.

Exercise 8.18 (Tensor product of aleft D x-module with D x)
Let M be a left Dy-module. Notice that M!eft @ 5, Dy has two commuting
structures of O x-module. Similarly Dy ®p Mt has two such structures. The goal

of this exercise is to extend them as D x-structures and examine their relations.

(1) Show that Meft ®F Dy has the structure of a left and of a right D x-module
which commute, given by the formulas:

f-(m@P)=(fm)®@P=ma(fP),

Srleft o @ .
(left) (M @5, Dx)tens : {g.(m®P):(£m)®P+m®va

(m@P)-f=me(Pf),

. Nrleft o -
(right) (veett D5 Dx )triv { (m® P)-£ =me (P¢),

for any local vector field € and any local holomorphic function g. Show that a left
D x-linear morphlsm Y J\/Eleft Mleft extends as a bi-D x-linear morphism ¢ ® 1 :
Mlleft ®~ DX N Mleft ®~ ®X~



284 CHAPTER 8. TRAINING ON D-MODULES

(2) Similarly, show that Dx Op . M also has such structures which commute
and are functorial, given by formulas:

f-(P@m)=(fP)@m,

~ _ oarlefty
(left) (Dx @5, M )iy : {g-(P@m)z(éP)@?ma

- 3 ¥ Pem)-f=Pa(fm)=(Pf)am
ht D _ Mleft ons ( )
(right) ( x 95, )t {(P@m)-f:Pf@m—P@fm.
(3) Show that both morphisms
ji/'[left ®6X be SN be ®6X ﬁleft @X ®6X j/{/'[left SN Mleft ®6X @X
mPr— (1®@m)-P Pomr— P-(m®1)

are left and right D x-linear, induce the 1dent1ty Meft el =1® Mleft, and their
composition is the identity of Mle“®~ D x or D x®5 Mleft hence both are reciprocal
isomorphisms. Show that this correspondence is functorlal (i.e., compatible with
morphisms).

(4) Let M be a left D x-module and let £ be an O x-module. Justify the following
isomorphisms of left D x-modules and B) x-modules for the action on the right:

M®6x (®X ®6x L‘;) ~ (M ®6x 'Dx) ®6x L
~ (@X ®6x M) ®6x L~Dyx ®6x (M ®6X L).
Assume moreover that M and £ are O x-locally free. Show that M Rp, (5)( D5, Z)
is D x-locally free.
Exercise 8.19 (Tensor product of a right D x-module with D x)
Let M et be a right D x-module.

(1) Show that Mright Ra, Dx has two structures of right Dy-module denoted
triv and tens (tensor; the latter defined by using the left structure on D x and
Exercise 8.12(2)), given by:

(m®P) 'trivf:m®(Pf)v

. Nrright o Ty -
(rlght) (M g ®Ox ‘DX)trw . { (m ® P) “triv é’ =m® (Pé-),

(m®P)tcnsf:mf®P:m®fP,
(m®P)'tens£:m§®P—m®(§P).

(2) Show that there is a unique involution ¢ : Mrisht ®5 Dy s risht 5, Dx

(I‘lght) (j{}tright ®6X ﬁX)tens : {

which exchanges both structures and is the identity on Mrisht @ 1, given by
(m & P)griv = (M ® 1) +tens P. [Hint: Show first the properties of ¢ by using local
coordinates, and glue the local constructions by umqueness of ]

(3) For every p > 0, consider the p-th term F, DX of the filtration of DX by the
order (see Exercise 8.1.3) with both structures of O x-module (one on the left, one on
the right) and equip similarly Mright O Fp@ x with two structures of 0) x-modules.
Show that, for every p, ¢ preserves Mright Qp Fp@ x and exchanges the two structures

of O x-modules.
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(4) Let Mright he g right D x-module and let £ be an O x-module. By consider-
ing the natural ) x-module structure on Mright Rf L we define an induced right
D y-module [(M“ght ®5, L) ®5 ., @X]mv. Here, the D y-module structure on Mright
is not used.

On the other hand, considering the canonical left D x-module structure on
Dx ®5 » £ and using Exercise 8.12(2), we obtain a right Dy-module structure
[Mright Ox (®X oM L)]t

an essential way.

ens® Here, the D x-module structure on M 8" is used in

Prove that the canonical O x-linear morphism

~ ol ~ < n ~
Mrisht ®6x L — Jvrieht ®6X (®X ®(~9x L)

mel—me (14

extends in a unique way as a D x-linear morphism

(Mright ®6X L) ®6X ‘DX]

_> [Mright ®6X (DX ®6X L)

triv tens

which is an isomorphism. [Hint: Argue as in (2).]

8.10.c. Exercises for Section 8.4

Exercise 8.20. Check that Sp(M) is indeed a complex, i.e., that 4 0 6 = 0.

Exercise 8.21 (Sp(D x ) is a resolution of 0 x as a left D X-module)

The natural surJectlve morphism D x — 0 x of left D x-modules has kernel the
1mage of D x® 5 x — D x. In other words, we have a morphism of complexes of left
D x-modules _ N

Sp(Dx) — Ox
(where 0 x Is regarded as a complex with a nonzero term in degree zero only), which
induces an isomorphism
HO Sp(@x) L> 6)(.

In this exercise, one proves that Hk(Sp(@X)) = 0 for k£ # 0, so that the morphism
above is a quasi-isomorphism.

Let F,Dy be the filtration of Dy by the order of differential operators. Filter the
Spencer complex Sp(Dy) by the subcomplexes Fp(Sp(@X)) defined as

: i> FpookDx ® (:)X,k i> Fppt1Dx ® (:)X,kq L
(1) Show that, locally on X, using coordinates z1,...,z,, the graded com-
Elex ngSp(@X) = @, grt Sp(@x) is equal to the Koszul complex of the ring
Oxl[&1,.-.,&,] with respect to the regular sequence [STRRRIY Y
(2) Conclude that ngSp(ﬂx) is a resolution of OX
(3) Check that Iy, Sp(Dx) =0 for p < 0, Fy Sp(Dx) = grf Sp(Dx) is isomorphic
to O x and deduce that the complex

5 5 5
gry FSp(Dx) = {-- *ﬁgrp k®X®®Xk*_>grp k+1DX®®Xk 1—> -}

is acyclic (i.e., quasi-isomorphic to 0) for p > 0.
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(4) Show that the inclusion Fy Sp(@x) — B, Sp(@x) is a quasi-isomorphism for
every p = 0 and deduce, by passing to the inductive limit, that the Spencer complex
Sp(@ x) is a resolution of ) x as a left D x-module by locally free left D x-modules.

Exercise 8.22 (PDR(@ x ) is a resolution of Uy as a right D x-module)
Show similarly that the natural morphism of right D x-modules
&VJX ®6x @X — &VJX

defined as the right action of Dy on Wy extends as a morphism of complexes of right
D x-modules

"DR(Dx) — x.

Show that H¥(DRDx) = 0 for k # n, so that the shifted complex DR(Dx)[n] is a
resolution of Wx as a right D y-module by locally free right D x-modules.

Exercise 8.23 (Tensor product over D). Let M, N*ft he two left D y-modules. One

can consider the tensor products Mright % Nleft and Nrisht % Mt Both are

bi-functors with values in the category of sheaves of C-vector spaces (a priori they
do not have any other structure). Show that there is a natural C-linear isomorphism

~

j}[right ®@X ﬂlef‘c AN Nright ®5X ﬁleft induced by

(c~u®6m)®:~Dnn—> (@®6n)®:~Dm
[Hint: Show that, for any holomorphic vector field ¢, one has the equality
(@em)@in=(wen)©im]

Exercise 8.24 (The Spencer complex: tensoring over D x with Sp(@ x))
(1) Let M8t be a right D x-module. Show that the natural morphism
Mright®5x (Dx ®5 . Ox k) — Mright®éx@x,k
defined by m ® (P ® £) — mP ® £ induces an isomorphism of complexes
MM @5 Sp(Dx) — "DR(MEM).

[Hint: The point is to check that the differential Id @5,)5 on the left corresponds to
the differential d5; on the right.]
(2) Let M™% be a left D x-module. Similar question for

"DR(Dx) @5, M — "DR(M™).

Exercise 8.25 (The unshifted de Rham complex: ﬂ-(om® (Sp(@ X), JV[))
For left D x-modules M, N, the sheaf Hom.~ By (M N) is a priori only a C-module.
If N is also a right @X module, like DX, fHomD (M N) comes equipped with the

structure of right D x-module inherited from that of N. In partmular for each k,
fHomD (DX ®F 5 @X k,DX) is a right DX module and fHomD (Sp(DX) DX) is a

complex of right DX modules whose term in degree k is fHomD (@X ®5 @X s DX)
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(1) Identify the complex of right D x-modules %m@X(Sp(@X), 5X) (where the
right structure comes from the second term D x ) with the unshifted complex DR D X
up to changing the sign of the differential in the latter complex. [Hint:

(a) Identify first the right Dx-module Homz (Dx ®5, Oxx Dx) with
Homg ((:)X,k, @X), then to Homg (éXJC, GX) ®F @X, hence to 62’)“( ®5 . @X;
(b) In local coordinates, for I,I' C {1,...,n} such that #I,#I' = k, set
Hx, = Hx,-l A A axlk with 47 < -+ < 1ig, and similarly for 511,; consider
the pairing (dz;, 51,[,) = (=1)F*=D/24f T = I’ and = 0 otherwise (see Section
8.1.a); recall that d(dz; ® 1) = 2i¢r dz; A ij ® 5%. in ﬁ’)f(ﬂ ® Dy, and if

J = {ila'-')ik-‘rl}) ~(1 ®5xJ) = Zfill(—l)ﬁgww ®5J\ij in @X ®éX7k; then

show that for any such I, J, one has (dz;®1,5(109,,)) = —(d(dz;®1),1809,,)
and conclude.]

(2) Conclude that, for a left D x-module M, one has

DRM ~ DR(Dx) ®5 M~ Homz_(Sp(Dx),Dx) ®5 M
~ Homsg, _(Sp(Dx), M).
Exercise 8.26 (Side-changing for the de Rham functors).
(1) 1f M is any left D x-module and Meht = Gy ®5 M is the associated right

D x-module, show that ¢ defined in Lemma 8.4.7 induces an isomorphism
M @5 Sp(Dx) - "DR(Dx) @5 M
which is termwise O x-linear. [Hint: Use Exercise 8.23 to identify Mright ®% Sp(@x)
with (@x @5, Sp(Dx)) ®5 M|
(2) Interpret the isomorphism ¢ of Lemma 8.4.7 as the composition of the inverse
of the isomorphism
[(@x ®5 (:)X,k) ®5 5 @X} = [ox ®5 5 (@X ®5 (:)X,k)]

of Exercise 8.19(4), with .
(3) Argue as in Lemma 8.4.7 (with the interpretation above) to show that the

triv tens
0 x-linear isomorphism
wx ®6x JT{ ®6x éka = Wy ®6x éXJC ®6x j\/v[ AN ﬁ?(_k ®(~9x j\/v[
given on wy Qg M ®5 éx,k by
wAMREr— w(As)@m

induces a functorial isomorphism "DR(Mrght) ~5 "DR(M) for any left D x-module M,
which is termwise O x-linear.

Exercise 8.27 (Interior product with a 1-form). Let z1,...,z, belocal coordinates. Fix
k>1andset 8, = Oy, A---ADy, and, fori € {1,...,k}, 8. = Oy A+ Ay, Ae - N0y
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Show the following equalities for i # j € {1,...,k}:

- . - —1)kY, i< g,
815 . dmi = (_1)k_lazm 8ij dmi = ( ) Y

ifi> j.
[Hint: Use (8.4.6xx) and (8.4.6%).]

Exercise 8.%8 (The C*° Spencer complex). Let M be a righﬁ D x-module and let us
denote by 6%/[« the differential of the Spencer complex "DR(M).

(1) Show that, for each j, the formula (for i,j > 0)
§loo
M®g, Ox,i®g, e0g) M ®g, Oxi-1®5, £(0.9)
MOER P 0o(meE)p+meE, 1 dyp

defines the differential of a complex M Ra, éx,. Ra, £, Show that

100 111 15100
52" 4 8% = 0,

and deduce a complex "DR(M) = (M ®3 é\f)?',gg%o + d”) (notation of Sec-
tion 8.4.13).

(2) Show that the natural morphism

"DR(M) — "DR™ (M)

is a quasi-isomorphism.

(3) Argue as in Exercise 8.24(1) to define an isomorphism of complexes

M®s Sp™(Dx) — "DR™(M).
(4) Argue as in Exercise 8.26 to define the side-changing isomorphism

DR (MIEht) = PDR™ (M),
8.10.d. Exercises for Section 8.5
Exercise 8.29. Let £ be an O x-module.

(1) Show that, for every k, we have a (termwise) exact sequence of complexes
0— L ®5, Fr1(Sp(Dx)) = £ ®5, Fie(Sp(Dx)) = £ @5 grf (Sp(Dx)) — 0.

[Hint: Use that the terms of the complexes Fj(Sp(ﬁx)) and grf(Sp(@X)) are Ox-
locally free.|
2) Show that £ ®z grf’Sp(Dx) is a resolution of £ as an O x-module.
Ox
3) Show that £ @+ Sp 5)( is a resolution of £ as an (NDX—module.
Ox
4) Identify the Spencer complex Sp L& 5)( with £ ®+ Sp 2~)X as complexes
Ox OX
of “left” © x-modules. N N N
(5) Conclude that "DR(£ ®5 Dx) ~ L.
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Exercise 8.30 (A local resolution of a right D X-module M) Assume that X = C"
with coordinates zi,...,z,. Let M be a right 'DX module. Equip M R5, DX

with the trivial right DX module structure and, for ¢ = 1,...,n, consider the
D x-linear morphisms temawl, recalling that the right tens structure commutes
with the right triv structure (see Exercise 8.19). Show that the Koszul complex
K((JVE ®F @X)trivy ('tensgxi)izl _n) is a resolution of M with the following steps.
Recall that grf Dy ~ Ox[z,&,. .., &) with & = [0,,] € erf Dx.

(1) Show that the morphism induced by 8%. on M ®5 » ngDX is1®¢.

(2) Deduce that the Koszul complex K(J\N/[ ®5 . ng@X7 (&)i=1,....n) is exact in
negative degrees.

(3) Deduce that the Koszul complex K(M ®g Dx, (0, )i=1,...,n) is exact in neg-
ative degrees, and conclude.

Exercise 8.31 (Canonical resolution of M: tensoring over Ox with Sp(@ x))
This is an intrinsic version of Exercise 8.30.

(1) Let M be a right 5X—mod~ule. Regarding Sp(Dx) as a resolution of Ox as

a left Dx-module, the complex M = Sp(Dx) is regarded as a complex of right
D x-module, by using the tensor right D x-module structure on each term.

(a) Show that M ®F Sp('DX) is a resolution of M. [Hmt use the functori-

ality of the tensor right D x-module structure and the local 0 x-freeness of each
term of Sp(Dx )|

(b) Show that the differential of this complex is expressed as follows, for local
sections m of J\~/[7 & of Ox and P of ZBX, and setting

=N N NGir1 A AN,

and a similar meaning for §; ;:

(10 &3)[(m ® (1 £)) vons P] = [([&5)(m © (1 © )] ons P
k
= {m @ (XD TE 0+ X (-1)1® (6 g A Em-)H “tens P
(¢) Consider the involution

ﬁ@@x (Dx 5, Ox ) = (M ®5 . Ox 1) ®5 Dx

exchanging the tens structure on the left-hand side with the triv structure on
the right hand side. Show that the differential becomes dy,iy, With

gtriv [(m ® €) ® P] == SJtriv [(m ® S) ® 1] “triv P
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and

k
5tr1v[(m®£ Z l 1 m£z®£)

=1

k
)T meg) @&+ > (-0 (me (&G AE ) ®
=1 1<j
k

= [bpm®&)]®1-> (1) (meE) o,

i=1
where gﬁ is the differential occurring in the complex Sp M. [Hint: write
meE®E)=msEie (1) - me(10§) &
(d) Conclude that the complex of induced D x-modules
((J\N/[ Q5 Ox..) @5, @X,gtriv)

is a resolution of M.
(2) Let M be a left D x-module. Show that the complex

"DR(Dx ®g5, M)
is a resolution of Mright = X ®p M by right D x-modules, where the left and right

structures of Dy ®5, M are those of Exercise 8.18(2), and the left one is used to
compute the de Rham complex.

8.10.e. Exercises for Section 8.6
Exercise 8.32 (Definition of the pullback of a left D x-module)

(1) Show that the connection VX on N =0y ® 15, f~1N is integrable.

(2) Shoxiv that, if N also~has a right Dy—module structure cominuting with the left
one, then V¥ is right f~'Dy-linear, and , f*(DN is a right f~!Dy-module.
Exercise 8.33.

(1) Express the previous connection in local coordinates on X and Y.
(2) Show that, if M is any left D y-module and N any left f— 1Dy module, then
M @15, I~ IN may be equipped with a left DX module structure: if £ is a local

z-vector field on X, i.e., a local section of @X, set
£ (m@n) = (Em) @ n + TF(E)(m @ n).
[Hint: Identify M ®;-15, FIN with M ®5 »f*N and use Exercise 8.32]

Exercise 8.34 (Local computation of D Xy

(1) Show that ,f*©@Dy is a locally free Ox-module. [Hint: Use that Dy is a
locally free Oy-module.]
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(2) Choose local coordinates z1,...,z, on X and yi1,...,¥y, on Y. Show that
Dxy = Ox[0y,,...,0y,] and, with this identification, the left D x-structure is
given by

~ ~ Ba m Ofj = \ =4
Doy aa(@)0 = za: (z a(; + ;aa(x)afiayj)ay.

Exercise 8.35 (5 x_y for a closed embedding). Assume that ¢ : X < Y is the closed
immersion of a complex submanifold of Y of codimension d.

(1) Show that the canonical section 1 of @Xﬁy = (‘~)X ®,-15, L_12~Dy is a generator

of Dx_y as a right ¢~1Dy-module.
(2) Assume that X is defined by g; = -+ = g4 = 0, where the g; are holomorphic
functions on Y. Show that

Dx_y = @Y/Zle gi@Y
with its natural right @y structure. In local coordinates (x1,...,%n,y1,---,Yyq) such
that g; = y;, show that Dx_,y = Dx[0y,, ..., 0y,].
Conclude that, if f is an embedding, the sheaves Dx_,y and Dy, x are locally

free over D .

Exercise 8.36 (@ x_sy for a flat morphism). Let 0 — N = N — N” — 0 be an exact
sequence of left Dy -modules.

(1) Show that the sequence L FFON = | ON — L #ON"” 5 0 is exact.

(2) Assume that f: X — Y is flat, ie., Oy is f’léy—ﬂat (for example, a smooth
map, i.e., locally isomorphic to the projection of a product, is flat). Show that the
sequence 0 — Df*(o)if' — Df*(o)if — Df*(o)if” — 0 is exact. Conclude that @Xﬁy
is f_lﬁy—ﬂat.

Exercise 8.37 (The chain rule). Consider holomorphic maps f: X -Y and ' : Y — Z.
(1) Construct a canonical isomorphism @Xﬁy @15y f_liyﬂz = §~DXHZ as
right (f' o f)~*Dz-modules. [Hint: Show that the contraction morphisms
(6X O f-15y fﬁliy) Dp1d, (fﬂ@Y Ofrof)-10, (ffo f)fliZ)
— Ox @15, (f 10y @papy o, (F 0 ) ' Dy)
— Ox @1, (f'0 ) 'Dy

yield such an isomorphism, whose inverse is the morphism p®Q — (p®1)®(1®Q).]
(2) Use the chain rule to show that this isomorphism is left D x-linear.

Exercise 8.38 (Restriction to z = 1). Show that
(Df*(o)ﬁ)/(z - 1)Df*(0)if = Df*(o)(ﬁ/(z - 1)N)

Exercise 8.39.
(1) Show that Definition 8.6.6 coincides with that of Exercise 8.32(1).
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2 Let f: X =Y, f:Y = Zbe holomorphic maps and let N be a left Dz-mod-
ule. Show that (f' o f)*N ~ o f* (5 f"*N).

8.10.f. Exercises for Section 8.7

Exercise 8.40 (The relative Spencer complex Spy v (M)). Let f: X — Y be a holo-
morphic map and let M be a right D x-module. The goal of this exercise is to identify
the complex M ®5, SPx v (Dx) entering in the definition of the pushforward with
the complex

SpX%Y(j\k) = ((3\7t i (:)X»k) Qf-1py fﬁl@%gﬁ,y)’

where &MiY is given by the formula

O3ty (M ® € ® Q) = 55:(m @ &) ®Q+Z ) (m©&) @ Tf(E)Q

i=1

Here, Sﬁ is given by the formula of Definition 8.4.3 and we use the notation of Exercise
8.31. The first part concerns the complex Spx_,y(Dy).

(1) Let L be a locally free (7)X—module‘ Consider on (QNDX ®F E) ®F 5 @X%y the
following (D, f~1Dy) bi-module structures:
(a) (@X ®F Z:)®f Gy f~1Dy also called the tens structure, where the right

- 1®y is the trivial one and the left D x-module structure is the left tensor one
on (Dx ®s L) Bx (Ox ®f 16y S 1Dy) (see Exercise 8.12(1)). In particular,

10y acts on the left on (CDX ®o L)
D x Q= £L® o f Dy also called the triv structure, where we use
(b) Ox f-10y

the trivial f— 1Dy -module structure on the right and the trivial D y-module
structure on the left (on the other hand, the right O x-module structure is used
on D for the tensor product).

Show that there exists a unique isomorphism of (@ x, f _1'53/) bi-modules
Dx ®F, (L ®s15, f1Dy) =5 (Dx R5, L) ® 15, 1Dy

inducing the identity on L = 6X Rp, L @15, f_léy. [Hint: Show that the
morphism P @ ® Q > P “tens (1®£4® Q) is well-defined by using that Dy is locally

free over O x, and is an isomorphism by considering the top degree part of P. ]
(2) Recall that the differential on the complex Sp(@x) ®F Dx_y is 6 ® 1d,

with 0 = g@ (see Exercise 8.12(1d)). Show that gf) y is linear with respect to the

triv (@ x, f ’1®y)—bimodule structure, and that the following diagram commutes, by
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checking first on 1 ® (:)X’, ® fflﬁy:

Dy ®5 (Ox.k ® 15, F1Dy) —— (Dx ®F, Ox.1) @15, 1Dy

S;D’Yl J]g(@ Id

@X X5« (éx,kq @r15, fﬁlﬁy) — (@X @5« (:)X,kq) @r15, f715Y

and conclude that SpXﬁY(ﬁx) —Sp(Dx) ®5 Dx_,y is an isomorphism.
(3) Deduce that the terms of the complex Sp(@ X) Rz Bx D x_y are locally free left

D x-modules. [Hint: Check this for the complex prﬁy('Dx) ]
(4) Conclude that Spy_,y (M) — M®D (Sp(@X)®oX Dx_,y) is an isomorphism.

[Hint: Check that Spy_,y (M) ~ M ®% prﬁy(@x).]

Exercise 8.41 (The relative Spencer complex of D X)-

(1) Let £* be a bounded resolution by left D x-modules of Oy (as a left D x-mod-
ule). Let M be a left D x-module. Show that, if the terms £k are O x-locally free,
L ®g, M (with the tensor product structure of left Dx- -module) is a resolution of M

as a @X-module. N N B
(2) Deduce that Sp(Dx) ®5 x Dx_y is a resolution of Dx_,y as a bimodule.

(3) Let Spy(@Xﬁy) be the Spencer complex of 'Dxﬁy considered as a right
Dy module. Show that Spy(ﬂxﬁy) is a resolution of OX as a left @X module.

(4) Show that grfDy v = RrDx_,y/2RrDx_y is identified with 7* Sym Oy
as a graded (Sym Oy )-module (see Exercise 8.4). For example, if ¥ = pt, so that
Dxy = Ox, grfOx = O is regarded as a (Sym © x )-module: in local coordinates,
we have Sym©x = C{z1,...,z,}[&1, ..., &) and

C{xy,...,znt =C{ay,...;xn &1, .-, &)/ (E1s - En)-

(5) For f =1d : X — X, the complex Sp(Dx) ®5, Dx—x = Sp(Dx) ®5 . Dy
is a resolution of D XX = D x as a left and right D x-module (notice that the left
structure of Dy is used for the tensor product).

(6) For f: X — pt, the complex Sp(Dx) ®5 . DX_mt = Sp(Dy) is a resolution of

CDX—)pt = Ox.

Exercise 8.42. Extend ., f, and , f; as functors from D+ (Dx) (or DP(Dx)) to DT(Dy ).
[Hint: Replace first M* ®5 . SPx_y(Dx) with the associated simple complex.|

As in Remark 8.7.5(2), show that if M" has bounded amplitude, then so has ngJVE

Exercise 8.43. Let M be a left D x-module.
(1) Show that

[Bx ®5, Dxoy] ®F M~ (@x ®F 5 M) ®F, Dx_y
as right f_lf)y—modules. [Hint: Use Exercise 8.16 and show that the corresponding
isomorphism is compatible with the right f~!Dy-action.]
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(2) Same question by replacing Dy with prﬁy(@x).
(3) Conclude that

SPy e x (Dx) @5, M~ Hom, 5 (f Gy, M @5 Spy_,y(Dx))
~ (M @5 Spy v (Dx)) @15, [ Dy
(4) Deduce from the first line, by using that f~! is left adjoint to Rf., that
Rf.(Spyx(Dx) 5, M) = [o Lo (V=]
and deduce from the second line (and justify the identification of the @y—module
structures), by the projection formula for f, that

Rf!(Spw_X(@X) ®5, JV[) ~ [Df!(j\/v[right)]left.

Exercise 8.44. Show that the formula for the pushforward in Example 8.7.11 is ob-
tained by side-changing from that of Example 8.7.10. [Hint: Adapt Exercise 8.26 in
the relative case of a projection.|

Exercise 8.45 (Pushforward by a closed inclusion). Assume that ¢ : X < Y is a closed
inclusion. For a D x-module M show that DL*M is generated by M ® 1 over Dy
[Hint: Use Exercise 8.35.]

Exercise 8.46 (Pushforward by a graph inclusion (see Example 8.7.7))
Let f: X — Y a holomorphic map and let ¢y : X < X xY be the graph inclusion.
In local coordinates yi,...,ym on Y, set f; =y;o f.

(1) Let M be a right Dx-module. Show that DLf*vat o~ Lf*M[gyl, e 75ym] with
right Dx «y structure given locally by
,ugfj . 5% = u55+11,

pdg - On, = (py,) 05 = > 2L 05+

(2) Let M be a left Dx-module. Show that pep.M = 1. M[Dy,, .. -, Dy, ](m) with
left D xxv structure given locally by (omitting dy in the notation)

B,y - 1 = .

3 Do Y Do < af] Na+1;

By, - 102 = (9, 1) — ; %May
[Hint: For the shift (m) of the grading, use Remark (8.2.2 %).|

Exercise 8.47 (Compatibility of Spencer with ¢, (right case))

Let ¢ : X — Y be a closed embedding. The goal of this exercise is to make explicit
the isomorphism Spy- (DuM) ~ 1, Spy M (equivalently, = Spy(DL[j\/V[) ~ Spy M) for
a right D x-module M.
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(1) By using that Dx_y is Dx-locally free (Exercise 8.35), show that
L Spy(DL!j\;[) ~ (JV[ ®5x @X_”/) ®L*1’J~Dy L Spy('ﬁy)
~M®5 (0x @15, ¢ Dy)®, 15, ¢~ Spy(Dy)
~ M@z, (0x @, 15, ¢ Spy (Dy)).
(2) By using the natural 6X—linear injective morphism éX — (‘~)X ®,-15, L_léy,
deduce a natural O x-linear injective morphism for each k > 0:
'5)( ®6x éX,k — 6)( ®L,16y L_l(@y ®6Y éy}k).
(3) In local coordinates (z1,...,Zn,y1,...,Yp) Where X is defined by y1 = --- =

yp = 0, and for multi-indices & € N® and § € NP, we use the notation N for
921 A e A D2

Ty ?

composition of the two natural inclusions

@D Dx®I — @ Dx[dy,-..,9,,]000° C @ Dx[dy,,...,0,](00*N)P)
o=k o=k | +]8|=k

and similarly for 5;\5 . Then express the above morphism as the

(4) Show that the left action of Dy on the right-hand side of the morphism in (2)
comes from the standard left action on Dx [Dy,, ...,y ] @ (IL* A 856).
(5) Show that the following diagram commutes:

@X Q5 éX,k E— 6)( ®,-15, L_l(@y X5, éy’k)

le JId R0y

Dy X5, éX,k—l —— Oy ®,-15, L_l(ﬁy X5, éY,k—l)

[Hint: Use the local expression of (3) for the horizontal morphisms.]
(6) Show similarly that for a right D x-module M, the natural quasi-isomorphism

of complexes Sp (M) — ¢ 71 Spy (pt«M) is locally termwise described as

D MR — B MDy,,...,0,]00°C @ Mdy,,...,0,] @ (@2 A7),
lee|=F la|=Fk || +|Bl=k
Exercise 8.48 (Compatibility of Spencer with~DL* (left casg))
The setting is as in Exercise 8.47. Let M be a left D x-module.

(1) Show that M ~ L*J%[éy] ® dy¥. [Hint: let N be the RHS; prove that
(deAdy) @N ~ (de ® 1. M)[0,] ] B B
(2) Show that the isomorphism "DRx (M) ~ = !"DRy (pt+M) is given termwise,

for any local section 7, of ?2}““ by
Qutt @ M3n,@m— (N, Ady) ® (m®@dy) € Qg M.

[Hint: Apply Exercise 8.47(6) to N considered in (1), and then the side-changing
formula of Lemma 8.4.7.]
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Exercise 8.49 (Compatibility with the Godement functor).

(1) Show by induction on k that, for every k > 0, the functor God"” is exact
(see [God64, p.168]). Given an exact sequence 0 — L' — £ — L” — 0 of sheaves,
show that we have an exact sequence of complexes

0 — God* £ — God* £ — God" £ — 0.
Similarly, show that the functors f, God* are exact (with x = % or = !) and deduce
an exact sequence of complexes
0 — f, God" L' —s f, God" L —» f, God" £" — 0.
Deduce also that, for every k > 0 and a complex Z', we have
Hi(f, God* L*) ~ f, God" H'L".

(2) Show that, if £ and F are Ox-modules and if T is locally free, then we have
a natural inclusion C°(L) ®5, T = eo(L ®5, F), which is an equality if F has
finite rank. More generally, show by induction that we have a natural morphism
ek (L) ®5 F — CH(L ®5 ), which is an equality if F has finite rank.

(3) With the same assumptions, show that both complexes God® (L) ®5,, F and
God® (E D5 5") are resolutions of £ = F. Conclude that the natural morphism of
complexes God" (L) ®5 . F — God* (L ®5 . ) is a quasi-isomorphism, and an equality
if F has finite rank. N

(4) Let M be a right D x-module. Show that the natural morphism of complex

(God* M) ®5, SpDx — God' (M ®5, SpDx)
is a quasi- 1somorphlsm
(5) Let M be a right Dy-module. Show that
Sp(God® M) = God® Sp M.
(6) If f: X =Y x T — Y is the projection, show that, for x = x, !,
Df*j;t = f* GOd. (ﬁt ®6x éx/yy.).
[Hint: Use Example 8.7.10.]

Exercise 8.50 (Restriction to z = 1).

(1) Show that the Godement functor applied to sheaves of C-modules restricts, for
z =1, to the Godement functor applied to sheaves of C-vector spaces.

(2) Show that Spy_,y(Dx) = SpX%Y(@X)/(Z -1) SpX—)Y(ix)'
(3) Conclude that Df*M/(z - 1)p fM = o fe(M/(z — 1)M) and, for every i,

o fIN (2 = Do SN = o 7 (V/ (2 = M) (x = ,1).
Exercise 8.51 (Computation of the pushforward with the C>° Spencer complex)

We take up the notation of Exercise 8.28. Let f : X — Y be a holomorphic map.
For a right Dx-module M, we define on

SPX Ly (M) =M ®g, SpX™" ®5, Dxoy ¥ Mg, SpX" ®, 15, f Dy
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the right f *1‘5y—linear differential
02 (me&)@peQ) = 0% | (meE)@peQ) +(me(E 1 d'p)@Q+met)ed"veq,
where the first term is naturally defined from the formula in Exercise 8.40, and the
second and third terms are as in Exercise 8.28.

El) Show that each term of the complex SpX_,y (Dx) = Dx®g Spx” ®, Dxoy
is D x-flat. N _

(2) Show that (5%13/ is indeed a differential and that Spx_,3 (M) — SpS_,y (M) is
a quasi-isomorphism. N N N

(3) Show that SpX_,y (M) — M @5 SpX_y(Dx) is an isomorphism. [Hint:
Argue as in Exercises 8.24 and 8.28.]

Exercise 8.52 (Computation of the pushforward with differential forms)

Let f: X — Y be a holomorphic map. The formula for the pushforward has a
simpler expression when we regard it as producing, from a left D x-module, a complex
of right f)y—modules. This exercise gives such a formula.

Let M be a left @X—module. As '5X_>y is a left @X—module,

3\7[®5X Dxoy = 3\~/f®f_1ay 1Dy

has a natural structure of left D y-module (by setting &(u ® 1y) =&u®1y +u@Tf(£),
see Exercise 8.12(2)) and of course a compatible structure of right f~!Dy-module.

(1) Show that the de Rham complex
Ut @ (Meg, Dxoy) =03 @ (Mg, f'Dy) =03 & (Mg, f1Dy)

is isomorphic to Mrisht Q% SpXﬁy(f)X), as a complex of right f~Dy-modules, by
using the isomorphism (see Lemma 8.4.7)

WOURED Ly s w(EA) @ u@ly (€€ A*Ox).

[Hint: see Exercise 8.26.]
(2) Check that the connection induced on M @5  f*Dy by the left D x-module
structure is V @ Id + Ids; @V, where VX is obtained from the universal connection

VY on Dy by the formula (8.6.1).
(3) Conclude that, for x = *, !,

(8.52 %) o fe (VM) = RE [T @ (M @, 5. f7'Dy)],

(852 ) o fo (V) = RE[OK™ @ (M @, 5 f7'Dy)]"",

where (8.52 %) is the complex of right C~Dy—modules associated to the double complex
f« God® [ﬁ;}"" ® (M Q15 fﬁlﬁy)]

Show that this complex is quasi-isomorphic to the complex
£ [ @ (God* M ®, 5, f'Dy)].

[Hint: Use Exercise 8.49.]
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(4) Show that the latter complex is the smgle complex associated with the
double complex having terms f*(Q”J” ® God’ M) ®5, Dy and first differential

(=) (V @ Id +Id5; ®V¥) (the second differential is induced by the Godement
differential).

(5) It is often more convenient to replace the Godement resolution by a Dolbeault
resolution. Prove that

(DJC*JV[)right ~ fi [ET)L(—H ® (J% Q16 f_liy)}’
~ e ~ 1= lef
oM f 8 @ (Mo, .g, [T Dy)]" ",

where the differential in the latter complexes is obtained in the usual way from the
holomorphic differential of 8.52(1) and the anti-holomorphic differential d”.

Other properties of the pushforward functor

Exercise 8.53 (Pushforward of induced D-modules) Let £ be an O x-module and let
M=1L Rp, Dy be the associated induced right D x-module. Let f: X =Y bea
holomorphic map.

(1) Sh(lw that~z ®5 « prﬁy(@x) — Z@@X Dx_y is a quasi-isomorphism. [Hint:
Use that Dy is Ox-locally free.]
(2) Deduce that

M ®p pr»y(@x) =M QF Dxsy =L ®s1p, 1Dy

(3) Show that o, fi(£ ®5 . D) is quasi-isomorphic to (Rfi.L) ®3, Dy. [Hint: Use
the projection formula.]

Exercise 8.54 (Pushforward of D-modules and pushforward of 6-modules)
Let f: X — Y be a holomorphic map and let M be a right D D x-module. It is also
an O x-module. The goal of this exercise is to exhibit natural Oy—llnear morphisms

(k=)
REFM — o £9M.
(1) Show that ZBX ® 15, f‘lﬁy has a natural global section 1.

(2) Show that there is a natural f *16y—linear morphism of complexes
M — JV[@,EX prﬁy(@x), m—m® 1,

where M is considered as a complex with M in degree 0 and all other terms equal
to 0, so the differential are all equal to 0. [Hint: Use Exercise 8.18(3) to iden-
tify Sp%_,y (5)() Dx ®5 Dx_y with its twisted left D y-structure (denoted by
@Xﬁy ®5 5X in loc. cit.) with DX ®5 DX_>y, where the tensor product uses the
rlght ) x- structure on D x and the left D x structure is the trivial one, and then with
Dx ® F-10y I 10y with trivial left D y-structure and tensor product using the right
(‘)X structure of DX. Identify then M®®X (DX ®5 Dxﬁy) with M®ffloy f- I'Dy.]
(3) Conclude with the existence of the desired morphisms.
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Exercise 8.55 (Grading and pushforward, right case). Let (M, F,M) be a filtered right
Dx-module. Set M = RpM, so that grf’M = M/2M.

(1) Show that
(M ®rppy SP RrDxy) ®cpz Cl2]/2C[2] ~ gr'M @8, 0, f* Sym Oy

[Hint: Use the associativity of ® and Exercise 8.41(4).]

(2) Assume that ,f,M is strict (i.e., the complex of Corollary 8.7.15 is strict in
the sense of Definition 5.1.6 or 10.2.2). Show that, for every 4, we have, as graded
modules

ngDf*i)M ~ H'Rf, (ngM ®§‘ym oy / Sym ®y).

Exercise 8.56 (Grading and pushforward, left case). With the assumptions as in Exer-
cise 8.55(2), but assuming that M is a left D x-module, show that

ngDfii)M = HzRf* (wX/Y ®Ox ngJrnme ®§ym Ox f* Sym ®Y)7

where wy )y = wx ®oy f*wy, and we have set n = dim X, m = dimY. (Notice
the shift of the filtration, which comes from wx/y = 2" "wx/y.) For example, if
Y = pt, deduce that

gr H'(X,"DRM) ~ H' (X,wx ® (grf’ , M @& mox 0x)).

Exercise 8.57 (Trace for a finite map, preliminaries). We take up the notation of Ex-
ample 8.7.31, so that f : X = C" — Y = C" is defined by f;(z1,...,2,) =z, with
r; € N*andr; > 2ifand only if i =1,...,¢. Weset D = {Hf:1 x; = 0} and we have
(D) = {ITiz s = 0}

(1) Define Try : f*6X — (5)/ as an 6y—linear morphism such that, composed
with adj; : Oy — f*éx, it yields the identity Oy — Oy. [Hint: Set Try(g)(y) =
(1/#97 (W) Xses-1(y) 9(@) ]

(2) Show that for any holomorphic function g on X, there exists a holomorphic
function ¢’ on Y such that ag/g = f*(ag’/g’) (where f* means T™*f).

(3) Show that there exists an Oy-linear morphism

Try : f.Q% (log D) — Q3 (log f(D))

satisfying the following properties:
(a) ’Hf(ami/xi) = (1/r;)dy;/y; for i = 1,...,¢ and Trf(axj) = ij for j >
041,
(b) Trf(ag/g) =dg' /g, with ¢ as above,
(c) Try(h-dg/g) = Trs(h)-dg'/g".
(4) Deduce that there exists an Oy-linear morphism Try : f,€% — QL such that
the composition

(T Ty .
ap S0 poy T gy

is the identity, and satisfies d Tr ilg) = Try (dg) for any holomorphic function g on X.
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(5) Extend Try as a morphism of complexes (f*(§~23(), fol(d)) — (();,75) such that
the composition

@0 T @, n@) s @4

is the identity.

Exercise 8.58 (Trace for a finite map). Let f: X — Y be as in Exercise 8.57 and let M
be a left Dy-module. Show that

(ofe (o /" ON)E o~ (1,05 05 Dy) @5, M.

[Hint: Use that R'f.(«) = 0 for i > 0 and argue as in the proof of Proposition 8.7.30.|
Deduce that there exist morphisms whose composition is the identity:

J%right ad‘]f (D EO) (Df*(o)j,t))right Trf Mright,
and conclude that M is a direct summand in (p £ (5 £*(©QM))risht,

8.10.g. Exercises for Section 8.8
Exercise 8.59.

(1) Prove the coherence of the sheaf of rings ng@X in a way similar to that of Dy.

(2) Let D C X be a hypersurface and let 6X(*D) be the sheaf of meromorphic
functions on X with poles on D at most (with arbitrary order). Prove similarly that
(5X(*D) is a coherent sheaf of rings.

(3) Prove that D (xD) := Ox (D) ®5 « Dy is a coherent sheaf of rings.

(4) Let ¢ : Y — X denote the inclusion of a smooth submanifold. Show that
i*@x = 6y Ra, @X is a coherent sheaf of rings on Y.

(5) Let Y C X be a smooth hypersurface of X. Show that VoDx (see Section 9.2)
is a coherent sheaf of rings.

Exercise 8.60.

(1) Let M C N be a D x-submodule of a coherent D x-module N. Show that, if M
is locally finitely generated, then it is coherent.

(2) Let ¢ : M — N be a morphism between coherent D x-modules. Show that
Ker ¢ and Coker ¢ are coherent.

Exercise 8.61 (Non-validity of Cartan Theorem B for D-modules)

(1) Let X be an open disc with coordinate x, of radius r (possibly co) in C, and let
(7:)ien be a sequence of points in X such that lim;(r — |z;]) = 0. Let ¢ : O — O%
be the diagonal morphism equal to (z — z;) on the i-th component. Let C,, denote
the skyscraper sheaf supported on x;. Show that

(a) Cokerp = @, C,, and H°(X, Coker ) = [[, H°(X, C,, );
(b) Coker[H % : HO(X,0%) — H°(X,0%)] = @, H*(X,Cy,,).
(2) Deduce that H*(X, 0%) # 0.
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(3) Let Ox(x0) be the sheaf of meromorphic functions on X with poles at = 0
at most. Show that H'(X,Ox(x0)) # 0. |Hint: Use Cartan Theorem B for Ox and
apply the previous result to Ox (x0)/Ox.]

Exercise 8.62 (Characterization of coherent filtrations).
(1) Show that the following properties are equivalent:

(a) F.M is a coherent filtration;

(b) for every k € Z, F;;M is O x-coherent, and, for every = € 3(, there e}jists a
neighbourhood U of x and k¢ € Z such that, for every k > 0, FiyD x|y FrxoM iy =
Fk+k03\~/[|U; N _

(c) the graded module grfM is gr’D x-coherent.

(2) Conclude that, if F,M, G.M are two coherent filtrations of M, then, locally
on X, there exists kg such that, for every k, we have

kalcoj/{[ C ijA\;[ C Fk+k0ﬁ.

Exercise 8.63 (Local existence of coherent filtrations). Let F,M be a filtration of M.

(1) Write ReM = D, ijﬁgk, where ¢ is a new variable, and show that, if M
has a coherent filtration, then it is D x-coherent. [Hint: Use that the tensor product
C[¢]/(€ = 1) ®cyc) » is right exact.|

(2) Conversely, show that any coherent D ) x- -module admits locally a coherent fil-
tration. [Hint: Choose a local presentatlon D1 XU BN DX|U — M‘U — 0, and show
that the filtration induced on M|U by F, P x|U is coherent by usmg Exercise 8.62: Set
X =Im ¢ and reduce the assertion to showing that F D xN Kis O x-coherent; prove
that, up to shrinking U, there exists k, € N such that @(FkDX‘U) C Fk+koDx|U
for every k; deduce that @(FkD X\U) being locally of finite type and contained in
a coherent O x- -module, is O x-coherent for every k; conclude by using the fact that
an increasing sequence of coherent ) x-modules in a coherent 0 x-module is locally
stationary.|

(3) Show that a coherent filtration F.M satisfies FPJV[ = 0 for p < 0 locally [Hint:
Use that this holds for the filtration constructed in (2) and apply Exercise 8.62(2).]

(4) Show that, locally, any coherent D x-module is generated over D x by a coherent
6X—submodule

(5) Let M be a coherent D x-module and let F be an O x-submodule which is
locally ﬁmtely generated. Show that Fis O X- -coherent. [Hint: Choose a coherent
filtration F, M and show that, locally, Fc FkJ\/[ for some k; apply then the analogue
of Exercise 8.60(1) for O x-modules.]

Exercise 8.64.

(1) Show statements similar to those of Theorem 8.8.7 for RpD y-modules, gr™D x-
modules, O x (*D)-modules, D ) x (*D)-modules and i*D x-modules (see Exercise 8.59).
(2) Let M be a coherent Dy-module. Show that DX(*D) ®F M is DX(*D)

coherent and that *M is i*D x-coherent.
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Exercise 8.65. Slmllarly to Corollary 8.8.8, prove that if o M= Nisa surjective
morphism of coherent D x-modules and if F,M is coherent, then F,N := o(F,M) is
coherent as well.

Exercise 8.66.
(1) Show that RpDx is naturally filtered by locally free graded O x [z]-modules of
finite rank by setting (locally)
Fy(RrDx) = Z Ox|[z
la| <k
(2) Show that grf(RrDx) = C[z] ®c grfDx with the tensor product grading.
(3) For a filtered D x-module (M, F,M), show that, if one defines the filtration

Fp(ReM) = > FM@c 2/C[2],
J<k
then F,(RpM) is an F,(RrDx)-filtration and grf(RFM) can be identified with
Clz] ®c grM, equipped with the tensor product grading.

Exercise 8.67. Recall (see e.g. [ST71, Prop.1.9]) that, for a coherent sheaf F of
O x-modules and a closed analytic subset Z C X, the sheaf I'zJF consisting of local
sections which vanish away from Z is also the sheaf of local sections annihilated by
some power of Jz, and is a coherent sheaf of 0 x-modules. Deduce a similar property
for coherent D x-modules. [Hint: Prove that the assertion is local and apply the
result for O x-modules for a large step of a coherent filtration of JV[]

Exercise 8.68. Let 0 — M’ — M — M” — 0 be an exact sequence of D y-modules.
Show that Char M = Char M/ U Char M”. [Hint: Take a coherent filtration on M and
induce it on M/ and M”]

Exercise 8.69 (Coherent D x-modules with characteristic variety 7’5 X)
Assume that M is coherent with characteristic variety contained in T3y X x C,.

(1) Show that, for any local coherent filtration F.J\~/[7 the graded module gr” M is
locally of finite type, hence coherent (see Exercise 8.63(5)) over Ox.

(2) Deduce that, locally on X, there exists p, such that grgj\N/[ =0 for p > p,.

(3) For a D x-module M, deduce that M is locally free of finite rank.

Exercise 8.70 (Coherent D x-modules with characteristic variety contained in 75> X)

In this exercise, we switch to the case of Dx-modules. Let ¢ : Y < X be the
inclusion of a smooth codimension p closed submanifold. Define the p-th algebraic
local cohomology with support in Y by RPT'[y)0x = h_r)nk &xt? (0x /9%, Ox), where Jy
is the ideal defining Y. RPTy10x has a natural structure of D x-module. In local
coordinates (z1,...,%,) where Y is defined by 21 = --- = x, = 0, we have

Ox =~ Ocn[l/zq -+~ xp)]
© 21 Ocn(@i/zy @)
Denote this D x-module by By X.

R’T[y}
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(1) Show that By X has support contained in Y and characteristic variety equal
to T3 X.

(2) Identify By X with e, Oy.

(3) Let M be a coherent D y-module with characteristic variety equal to T3 X.
Show that M is locally isomorphic to (By X )¢ for some d.

Exercise 8.71. Let M be a coherent D x-module equipped with a coherent filtration
FM. Set M = RpM.

(1) Show that Char(RpM) = (Char M) x C,, so that M is holonomic (in the sense
of Definition 8.8.23) if and only if M is holonomic. (In other words, for a strict coherent
D x-module M, M/(z — 1)M is holonomic if and only if M itself is holonomic.)

(2) In such a case, show that Eth}'%F:DX (RFM, RFDx) consists of z-torsion if i #
dim X.

Exercise 8.72 (Characteristic variety of the external product, see [Kas03, §4.3])

Consider the setting of Lemma 8.6.16. Assume moreover that the filtrations
F My, F,My are coherent. Show that F,(Mx Xy My ) is coherent. Conclude that
Char(Mx Xp My ) = Char Mx x Char My.

Exercise 8.73 (Projection formula for (~9-m0dules). Let X,Y be complex manifolds,
X being compact, let £x be an Ox-module and let us denote by p: X xY — X and
q: X xY —Y the projections.

(1) Show that there exists a natural morphism Oy ®g RF(X,ZX) — Rq.p*Lx.
[Hint: Justify the following composition of morphisms
Oy R RF(X,ZX) 4 0y O Rg.p 'Lx ~ Rq*(qflg)y R pilzx) — Rq.p* L
and conclude.]

The goal of the remaining part is to prove (8.8.20), that is, if Z)X is the inductive
limit of its coherent O x-submodules this morphism is an isomorphism.

(2) Reduce the statement to the case where Lx is Ox-coherent. [Hint: Proper
pushforward commutes with inductive limits.]

(3) Consider first the case of O x-modules. Use Grauert’s theorem (see e.g. [BS76,
Th. 4.12]) to prove the result.

(4) For B x-modules, apply the previous result to each graded piece and conclude.

Exercise 8.74 (Proof of Lemma 8.8.34). Let M; (i = 1,2) be left D y-modules (consider
right modules as left modules on DY).

(1) Show that
R%mﬁxl xafBXQ (Ml @@ Mg, DXl &@ DX2)
~ Rg{om@xl (j\/v[l, @Xl) IZ((NZ R}me5X2 (jVVI:Q, @Xz)
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[Hint: let I? (resp. I*) be a Dy, ® @g? (resp. (Dx, Xz Dx,) ® (Dx, Xz Dy, )°P)-
injective resolution of Dy, (resp. I Xz I5). Show the existence of a (Dx, Nz Dy, )°P-
linear morphism

f}(om,bxl (Ml, II) &@ %m@xz (M% IQ.) = %mﬁxlxaﬁxz (Ml &@ Mo, Il. &@ .[2.)

— g‘(om,ﬁxl gﬁf’xz (Ml &@ Mo, I')
That it is an isomorphism is a local question, and as each J%i is coherent, by taking a
local free resolution of M;, it is enough to check this for Dy, , for which the assertion

is easy.|
(2) Show that there exists a natural morphism (in D* (DY | x,)):

R%mﬁxl &65;(2 (M1 @@ Mo, DXI &@ DX2) ®5x1g@95x2 DX1><X2
e R%mixl&ﬁixz (Ml &@ Mg, DXl ><X2)7

where @Xl x X, is regarded as a @Xl XS 5X2—m0dule and as a @%’1 « x,-module. [Hint:
consider an injective resolution J*° of @Xl @@@Xz asa (SNDX1 @@@Xz )®(@X1 &@@Xz Yo~
module. Deduce a natural morphism of Dgfl « x,-modules:
}(Om{’bxl @E,bxz (Ml @@ M27 J') ®5X1 ‘X@@XZ DXl x Xo

— Homz g5, MKz Mo, J" @5, 5, Dxixxs).

Then choose an injective resolution K* of J'®5X1 M.Dx, Dx,xx, asa (Dy, Xz Dx,)®
DY« x,-module, and obtegn the ilesired morphism. |

Show moreover that, if M; are D x,-coherent, then this morphism is an isomorphism
iil DP(DY . x,) |Hint: the asEertioE is local, so by taking a local free resolution of
M;, reduce to the case where M; = D x,and conclude.]

(3) Lastly, show that there exists a natural morphism

R%mfbxlgﬁﬁxz (Ml &@ M27 DXlxXz) — Rj’(om,ﬁxlxe (Ml @5 Mg, DXlxX2)~

[Hint: as @Xl % Xy 18 @Xl Xz 5)(2 -flat, an injective ‘5)(1 x X,-module is also an injective
Dx, Mz Dx,-module. Take an injective resolution I* of Dx,xx, as a Dx,xx, ®
Dg?l « x,-module, show the existence of a morphism of ZDC)’(I’I « x,-complexes
Homs g 5, (Vo Bz Mz, I') — Homg (M1 BMy, I,
and obtain the desired morphism.| _ N
Moreover, show as in (2) that it is an isomorphism if M; are D x,-coherent.

By using the usual shifts, deduce
DM; Kz DM, ~ D(M; Kz My).

[Hint: the left-hand term is that considered in (2), after (1), and the right-hand term
is the second one in (3).]
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8.10.h. Exercises for Section 8.9

Exercise 8.75. Let £ be an O x-module. Recall (Exercise 8.29) that Sp(£L®p, Dx) is a
resolution of £ as an O x-module. Show that the morphism (8.9.1) is the augmentation
morphism Sp° (£ ®o, Dx) — L.

Exercise 8.76.

(1) Show that any O x-linear morphism u : £ — £’ is a differential operator from £
to £’ and that a corresponding v is u ® 1.

(2) Assume that £, L are right D x-modules. Let u : £ — £’ be Dx-linear. Show
that the corresponding v is D x-linear for both structures (right)iyiy and (right)tens
(see Exercise 8.19) on L) ®¢, Dx.

(3) Show that f}ComDiﬁ:((‘)X, Ox) = DX~

(4) Show that the morphism in Definition 8.9.6 is compatible with composition.
Conclude that the composition of differential operators is a differential operator and
that it is associative.

Exercise 8.77 (Integrable connections are differential operators)
Let M be an O x-module and let V : M — Qﬁ( ®ox M be an integrable connection
on M.

(1) Show that V is a differential morphism, by considering the right D x-linear
morphism
vim® P):=V(m)®P+meV(P),
for any local section m of M and P of Dx, and where VP is defined in Exercise 8.5.
Extend this result to connections *)V.
(2) Let M/, M be Ox-submodules of M such that *)V induces a C-linear mor-
phism F)V" Ok R, M — Q];rl@oxj\/[”. Show that *)V is a differential morphism.

Exercise 8.78. Show that Mod(Ox, Diff x) is an additive category, i.e.,
« Homp;g (£, L) is a C-vector space and the composition is C-bilinear,
« the 0 O x-module satisfies Homp;g(0,0) = 0,
« Hompig (L1 @ Lo, L") = Homp;g(L1,L") & Homp;g(La, L) and similarly with
1y L.

Exercise 8.79 (De Rham and inverse de Rham on induced D-modules)

(1) Let £ be an Ox-module. Show that H*("DR(£ ®¢, Dx)) = 0 for k # 0 and
H°("DR(L ®o, Dx)) = £. [Hint: Use Exercise 8.29.]

(2) Show that H°("DR) defines a functor Mod;(Dx) — Mod(Ox, Diff x), which
will be denoted by “*DR.

(3) Show that “*DR™ : Mod(Ox,Diffx) — Mod;(Dx) is an equivalence of cate-
gories, a quasi-inverse functor being “*DR : L Q¢ Dx — L, **DR(v) = u.

(4) Show that the composed functor Mod(Ox, Diffx) — Mod;(Dx) +— Mod(Dx),
still denoted by “*DR™, is fully faithful, i.e., it induces a bijective morphism

HOmDiH(L,L/) ; HOmDX(L Koy Dx,[/ ®ox Dx)
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(One may think that we “embed” the additive (non abelian) category Mod(Ox, Diff x)
in the abelian category Mod(Dx); we will use this “embedding” to define below acyclic
objects).

Exercise 8.80 (The de Rham functor “*DR).

(1) Show that the deRham complex of a left Dyx-module M is a complex in
CP(Ox, Diff x). [Hint: Use Exercise 8.76(1).|

(2) By using Exercise 8.26(1), show that the de Rham complex of a right D x-mod-
ule M is a complex in CP(Ox, Diff x)

(3) Show that the de Rham complex of a x-bounded complex of right D x-modules
has its associated single complex in C*(Ox, Diff x). [Hint: Use Exercise 8.24.|

(4) Conclude that "DR induces a functor “*DR : C*(Dx) — C*(Ox, Diff x).

(5) Extend this functor as a functor of triangulated categories K*(Dx) —
K*(Ox, Diff ).

Exercise 8.81. Let M be a Dx-module. Show that God® **DRM is a differential
complex. [Hint: Identify this complex with “*DR God® M.]

Exercise 8.82. Show that the family N of Diff-acyclic objects forms a null system in
K*(OX7 Dlﬂx), i.e.,

« the object 0 belongs to N,

« an object £° belongs to N iff £*[1] does so,

o if £L° — L' — L — L°[1] is a distinguished triangle of K*(Ox, Diff x), and if
L*,L'* are objects in N, then so is £"'°.
[Hint: Use that the extension of “*DR™ to the categories K* is a functor of triangu-
lated categories.|

Exercise 8.83 (The functor D* (O x) — D*(Ox, Diff x)). Using Exercise 8.76(1), define
a functor C*(Ox) — C*(Ox, Diff x) and K*(Ox) — K*(Ox, Diff x). By using that Dy
is O x-flat, show that if £* is acyclic in K*(Ox), then £°®¢, Dx is acyclic in K*(Dx).
Conclude that the previous functor extends as a functor D*(Ox) — D*(Ox, Diff x).

Exercise 8.84. Show that the following diagram commutes:

"DR

D*(Dx) ———— D*(Ox,Diff y) ——— D*(C
(Dx) 4HPDR (Ox, Diffx) Forget (Cx)

Exercise 8.85. Assume that £° is Diff-acyclic. Show that Forget £* is acyclic. [Hint:
By definition, “*DR*(£*) is acyclic; then "DR “*DR™*(£") is also acyclic and quasi-
isomorphic to Forget £°.]

Conclude that Forget induces a functor D*(Ox,Diff x) +— D*(Cx), and that we
have an isomorphism of functors

DR DR = Forget : D*(Ox, Diffx) — D*(Cx).

Compare with Exercise 8.29.



8.11. COMMENTS 307

Exercise 8.86. Let £, L' be two Ox-modules and
v M=LR®o, Dx — M =L"®0, Dx
a D x-linear morphism. It defines a f~!Dy-linear morphism
1®1:Mp, Dxy — M @p, Dx_y,
where 1 is the section introduced in Exercise 8.54(1). This is therefore a morphism
U:L @10y [ 1Dy — L' ®@p-10, [ Dy.

Show that “*DRy (v) = “*DRx (v).
[Hint: Since the problem is local, argue with coordinates on X and Y and write

f=(f1,..., fm). Let £ be a local section of £, and let 1x be the unit of Dx. Set

v(l@1lx)=wl)=> wl)e®02 and V({ ®1x) =v({ ® 1x) ® 1x_,y. Show that,

if (67 7é 0,

af;

o © O

O @ Lxoy =03 Y
J
Deduce that the image of ¥(¢ ® 1x) by the map £ ®;-10, f~'Dy — £ is equal to
the image of w(f)o, which is nothing but u(¢) by definition of u := H° DRx (v).]

Exercise 8.87.

(1) Show that the Leray filtration is a decreasing finite filtration and that it is
compatible with the differential.

(2) Show that, locally, being in Ler” means having at least p factors dy; in any
summand.

Exercise 8.88 (The connecting morphism). Let 0 — C] — C5 — C5; — 0 be an exact
sequence of complexes. Let [u] € H*Cj and choose a representative in C§¥ with
dp = 0. Lift pas 1 € C¥.

(1) Show that dfi € CF! and that its differential is zero, so that the class [dfi] €
H*1C3 is well-defined.

(2) Show that 6 : [u] ~ [dp] is a well-defined morphism H*C§ — H*+1C75.

(3) Deduce the existence of the cohomology long exact sequence, having § as its
connecting morphism.

8.11. Comments

Most of the results in this chapter are now classical and explained in various refer-
ence books (e.g. [MS93a, MS93b|, [Bj693], [MNO04|, [Kas03], [HTTO08]). We have
emphasized their adaptation to the case of filtered D-modules, or more precisely to the
case of @—modules, in a way similar to what is done in [Sab05| with the analytifica-
tion R with respect to the variable z of the sheaf @, and [Moc07, Moclla, Moc15].

The notion of induced D-module and the idea of inverting the de Rham func-
tor is due to M. Saito [Sai89a]. The comparison of the notion of pushforward of a
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D-module with the Katz-Oda construction of the Gauss-Manin connection is taken
from [DMSSO00].

The pushforward of a holonomic D-module M by a finite morphism (or finite on
the support of M) is worth considering in detail. This is done in [K&l18] in the
algebraic setting. In particular, the decomposition theorem holds without any Hodge
assumption for such morphisms.



