CHAPTER 6

VARIATIONS OF HODGE STRUCTURE ON CURVES
PART 1: METRIC PROPERTIES NEAR PUNCTURES

Summary. We consider polarizable variations of C-Hodge structure on a punc-
tured smooth projective curve. This is the first occurrence of polarizable vari-
ations of C-Hodge structure with singularities. It is essential to understand
their local behaviour in the neighbourhood of a singular point. In this part
of Chapter 6, we state the main results and, as an application, we prove the
semi-simplicity theorem analogue to that proved in Chapter 4.

6.1. Introduction

A Hodge structure, as explained in Section 2.5, can be considered as a Hodge
structure on a vector bundle supported by a point, that is, a vector space. The
case where the underlying space is a complex manifold is called a variation of Hodge
structure. It has been explained in Section 4.1 from a local point of view. The global
properties have been considered in Section 4.2.

The question we address in this chapter is the definition and properties of Hodge
structures on a vector bundle on a punctured complex projective curve (punctured
compact Riemann surface) in the neighbourhood of the punctures (also called the sin-
gularities of the variation). The notion of a polarized variation of Hodge structure on
a non-compact curve is analytic in nature, and a control near the punctures is needed
in order to obtain interesting global results. Let us emphasize that, nevertheless,
the approach is local, and we will mainly restrict the study to a local setting, where
the base manifold is a disc A centered at the origin in C of radius 1 for convenience
(or simply the germ of A at the origin), and we will denote by ¢ its coordinate.

This chapter is divided in three parts, due to the length of the arguments. In this
part, we state the fundamental properties of the variation near a puncture. We first
focus on metric properties without paying much attention to the Hodge filtration itself.
Our interest lies in the relations between two possible extensions of the holomorphic
bundle with connection and Hermitian metric underlying a variation of C-Hodge
structure from the punctured Riemann surface X* to the compact one X. We then
explain how to extend the Hodge filtration at the punctures and provide the main
statement for the limiting Hodge-Lefschetz structure. As an application of the metric
properties, we prove the semi-simplicity theorem analogue of Theorem 4.3.3.
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6.2. Variations of Hodge structure on a punctured disc

We consider the behaviour of a variation of C-Hodge structure near a singular point.
From now on, we will work on a disc A of radius 1 with coordinate ¢, as indicated in the
introduction of this chapter and we will denote by A* the punctured disc A \ {0}.
Assume that H is a variation of Hodge structure on A* (Definitions 4.1.4, 4.1.5
and 5.4.3). Our goal is to define a suitable restriction of these data to the origin.
As for the case of a point in A*, the underlying vector space of the restricted object
should have a dimension equal to the rank of the bundle on A*.

6.2.a. Reminder on holomorphic vector bundles with connection. We recall
in this section the equivalence between the category of holomorphic vector bundle
with connection (V,V) on A* and the category of finite dimensional vector spaces
equipped with an automorphism. We shall first construct a functor from the first one
to the second one.

If we are given a holomorphic vector bundle with connection (V,V) on A*, there
exists a canonical meromorphic extension, called the Deligne meromorphic exten-
sion, of the bundle V to a meromorphic bundle V, (that is, a free sheaf of Oa[l/t]-
modules) equipped with a connection V. It consists of all local sections of j,V (where
j: A* — A is the inclusion) whose coefficients in some (or any) basis of multivalued
V-horizontal sections have moderate growth in any sector with bounded arguments.
Equivalently, it is characterized by the property that the coefficients of any multival-
ued horizontal section expressed in some basis of V, are multivalued functions on A*
with moderate growth in any sector with bounded arguments.

Similarly, there exists a canonical free Oa-submodule VY of V., called the Deligne
canonical lattice, consisting of all local sections of j,V whose coefficients in any basis
of horizontal sections on any bounded sector are holomorphic functions on this sector
with at most logarithmic growth. On this bundle V?, the connection V has a pole of
order 1. The residue R of the connection on V? is an endomorphism of the vector space
VY /tV9. The real parts of its eigenvalues belong to [0,1). The latter two properties
also characterize V0 among all lattices of V, (i.e., free Oa-submodules of V, which
generate V, as a Oa[t~!]-module).

The existence of a free Oa-submodule VY of V, such that OA[fl] ®V? =7V, and
on which V has a pole of order 1 is by definition the condition ensuring that (V., V)
has a regular singularity at the origin of A.

A classical result (see e.g. [Mal91, (2.6) p.24]) asserts that V9 has an Oa-basis
with respect to which the matrix of V is constant. More precisely, any C-basis of
VO /tV? can be lifted to an Oa-basis of VY, and the matrix of V is then equal to the
matrix of the residue R in the given basis of VY /tV). These results can be reformulated
as follows.

6.2.1. Theorem. The construction (V,V) — (V., V) induces an equivalence between the
category of vector bundles with connection on the punctured disc A* and that of free
Oa[1/t]-modules with a connection ¥V having a regular singularity at the origin. [
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Of course, an inverse functor is the restriction of (V., V) to A*. Notice also that this
result implies that any morphism ¢ : (V1,V) — (V3, V) can be extended in a unique
way as a morphism (V1., V) = (Vas, V). The proof is obtained by interpreting ¢ as a
horizontal section of Homg .. (V1,V2) and by using the property that, for a connection
with regular singularity (as V on Homg ,[1/4(V1x, V2«)), any horizontal section on A*
extends in a unique way as a V-horizontal section on A (see Exercise 6.1(4)).

We can then more generally consider a whole family of Deligne canonical lattices:
for every 8 € R, we denote by V? the lattice defined by the property that the eigen-
values of the residue of the connection have their real part in [5,58 + 1). If we set
VP = U 5r>8 Vi /7 then V2% is the Deligne canonical lattice for which the eigenvalues
of the residue of the connection have real part in (8,5 + 1]. We use the notation

(6.2.2) gr?V, =V /v2h,

See Exercise 6.2 for the properties of the canonical lattices.

If we denote by V7! the lattice on which Res V has eigenvalues with real part in
(—1,0], and if B € (—1,0], then gr®V, is identified with the generalized eigenspace of
ResV on V7 ~1/tV2>~1 corresponding to the eigenvalues 3 +i3” (8" € R) with real
part 3. We set N = —(Res V)"!P (nilpotent part). This is the endomorphism induced
by @4 [~ (t0; —B—i5")] on gr?V,. [This choice is suggested by the property that the
unipotent part of the monodromy operator on the locally constant sheaf VV := Ker V
can be identified with exp 27i N

6.2.3. Remark (Behaviour with respect to operations). Let (V,V) be a holomorphic
bundle with connection on A*.

(1) Let V; be a holomorphic subbundle of V which is preserved by the connection.
Then, by construction, the Deligne canonical lattice V9, of (V1,V) is nothing but
4«V1 NV, and similarly, for any S, Vf,* =45V N Ve,

(2) Let (VY, V) be the dual bundle with the dual connection. Using that the residue
of the connection on (V7)Y is minus the transposed of that on V2, one deduces that

(V)P = (V2 =A-1yY,
As a consequence, the natural pairing
(V)P @V 77t — 0all/t]
induces, by composing with the residue at ¢ = 0, a perfect pairing
gV @ gr?1v, — C.
Equivalently, after multiplication by ¢, the natural pairing
(o0) 1 (V)P @V — 04
induces, by composing with restriction at ¢t = 0, a perfect pairing
gV @ gr v, — C.

In particular, for any section v of V. P whose class in gr=AV, is nonzero, there exists
a section vV of (VY)? (whose class in gr®VY is nonzero) such that (v¥,v) = 1.
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(3) Let det(V, V) be the determinant bundle (maximal exterior power) with con-
nection. Given a frame e of V, the matrix of the connection on detV in the frame
e1 N\ --+ Ae,. is the trace of that of V on V in the frame e. Let v > 0 be the sum of
the real parts of the eigenvalues of the residue at the origin of V on V2. We thus find

(det V)Y = det(V?) and dimgr?(detV), = 1.
6.2.4. Theorem. The correspondence

Ve, V) — (O, T) = @ (grPV,,e” 2Ty .2 N)
BE(=1,0]
with Tg semi-simple with positive eigenvalues, is an equivalence between the category
of free Oa[1/t]-modules with a connection V having a reqular singularity at the origin
and the category of finite dimensional vector spaces with an automorphism.

Here is a quasi-inverse functor. Given (H°,T), we group the generalized eigen-
spaces corresponding to the eigenvalues p of T which share the same value A = p/|pl,
and denote this space H$. On such a subspace, the action of T reads ATy e?™ N with
N nilpotent and Ty semi-simple with positive eigenvalue commuting with N. We thus
obtain a decomposition (H°, T) = @)=, (H, ATre*™ ). Furthermore, we write
each \ as exp — 27i 8 with 8 € (—1,0]. We then associate to (H$, AT\e*™N) the free
Oa[1/t]-module HS®cO A [1/t] with connection V = Id @d+(81d + 5= log Ty—N)d¢/t.

The canonical decomposition of the right-hand side of the correspondence of The-
orem 6.2.4 corresponds to a canonical decomposition of the left-hand side:

6.2.5. Corollary. There exists a canonical decomposition
(6.2.5 %) V. V)~ @ (V.5,V)

BE(—1,0]

for which V.5 has a frame vg in which V has matriz (31d+ 5= Dg — N)dt/t with N
nilpotent and Dg diagonal with positive eigenvalues.

Proof. We denote by Vg the subsheaf of V consisting of Oa--linear combinations of
local sections of V annihilated by some power of t0; — (8+ib") for all possible b” € R.
We then have a canonical decomposition

(6.2.5 #x) V,.V)~ @ (Vs V).
BE(—1,0]

The correspondence of Theorem 6.2.1 induces a canonical decomposition (V,, V)
Dse(-1,0 (Vs V) and we set V.5 = V..

O R

It follows from this decomposition that the space of multi-valued horizontal sections
of (V,V) on A* decomposes correspondingly with respect to the eigenvalues A of the
monodromy, which take the form A = exp(— 27i(8+i0")) for any (8+ib") occurring
in (6.2.5 x). In particular, the absolute value of the eigenvalues of the monodromy are
all equal to one if and only if Dg = 0 for any 3.
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6.2.b. Reminder on Hermitian bundles on the punctured disc. Let V be a
holomorphic vector bundle on A* and let h be a Hermitian metric on the associated
C*°-bundle H := CX. ®o,. V. We denote by Vyoq the subsheaf of j,V consisting
of local sections whose h-norms have moderate growth in the neighbourhood of the
origin, i.e., bounded by some (negative) power of |¢|. This is an Oa[l/t]-module,
which coincides with V when restricted to A*.

The parabolic filtration V; 4 is the decreasing filtration, indexed by R, defined as
follows. For any 8 € R, we define Vﬁo q as consisting of local sections v of 5.V such
that, for any ¢ > 0, there exists C.(v) > 0 such that ||v|}, < C-(v)[t|’~¢. For 8’ > B,
we have Vﬁ:od C anod and we set V;gd =Us>s Vlﬁn/od.

Clearly, each anod is an Oa-submodule of V,,0q, which coincides with V when
restricted to A*, and we have

Vinod = Lﬁjviod, and  VkeZ, thV 4=Vik
A jump (or, more correctly, jumping index) of the parabolic filtration is a real num-
ber B such that the quotient gr®(Vieq) 1= Vﬁo a/ \7;’5 4 is nonzero. Clearly, if 5 is a

jump, then 8+ k is a jump for every k € Z. We denote by J(8) the set of jumping
indices which belong to [, 8 + 1). We have J(5 + k) = J(B) + k for every k € Z.

6.2.6. Definition. We say that the metric is moderate if each V'fnod (8 € (-1,0]) is
Oa-locally free.

If the metric is moderate, Vfiod is Oa-locally free for any 8 € R and Vioq =
Oa[1/t]®0, V2 | (any B) is Oa[1/t]-locally free. Furthermore, the induced decreasing

mod
ﬁlt/ration Ve a(V2 VP s finite, so that J(B) is finite. It follows that V27 =
Vﬁmd for some 3’ > 3. We also have

Vﬁlod/tviod = @ grﬁ Vmod-
BeJ(B)
6.2.7. Remark (Behaviour with respect to operations). Let (V,h) be a holomorphic bun-
dle with a moderate Hermitian metric.
(1) Let V; be a holomorphic subbundle of V and let h; be the Hermitian metric
induced by h on V;. Then, by construction, Vi mod = 7+V1 N Vmoa and, for any g,
%A =5V1iN V8 . However, we cannot claim that (V1,h1) is moderate, i.e., that

1,mod mod*
Vf,mod is locally free for any 8 (see Exercise 6.3).

(2) Let v be a frame of V0

mod

induced by V? The diagonal entries of the matrix A of h in this frame have thus

mod*

lifting a basis of VO . /tVY . adapted to the filtration
a controlled behaviour. The determinant bundle detV is naturally equipped with
a metric, and using this frame, one finds that it is moderate. Furthermore, setting
Y =2 geo) B one has (det V) = det VO g

(3) We do not have much information on the other entries of the matrix A. Simi-
larly, we do not have much information on the matrix *A~" of the metric on the dual

bundle VV in the dual frame v".
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We will make use in Part 2 of a criterion of moderateness in terms of the cur-
vature, which goes back to [CG75] and [Sim88|, and that we will not prove here
(see [Sim88, §10] and [Sim90, Prop.3.1]). For a Hermitian holomorphic bundle
(V,h), the curvature operator Ry, of the Chern connection of the metric is a linear
morphism H — 4. ® H, where 3 is the C°° bundle associated with V. By fixing a
constant norm on the trivial bundle 2. (e.g. dt A df has norm one), we can consider
the norm of Ry, considered as a section of &nd (V) ® €%., that we denote by || Ry||n-

6.2.8. Notation (for L(t)). We consider on A* the function
L(t) = —log|t|* = —log L.
The main properties we use are given as an exercise (see Exercise 6.5).

6.2.9. Theorem (Criterion of moderateness). Assume that the curvature Ry satisfies
|Rulln < C/|t|?L(t)? for some constant C > 0. Then the Hermitian holomorphic
bundle (V,h) is moderate. O

6.3. Metric properties near a puncture

6.3.a. The Deligne and parabolic filtrations for a polarized variation of
Hodge structure. Let us consider a polarized variation of C-Hodge structure (H, 8)
of weight w on the punctured disc A* (see Definitions 4.1.4 and 4.1.5). We set
H = (H,D, F'*H, F"*H). We thus have a positive definite Hermitian metric h on K.
On the other hand, we set V = Ker D, on which the filtration F’*H induces a
filtration F*V by holomorphic sub-bundles. We aim at comparing the canonical fil-
tration V; and the filtration V; ;4 relative to the Hodge metric h, and more precisely
at showing that they coincide. In particular, this implies that the Hodge metric is
moderate.

6.3.1. Example (The unitary case). In the simple case where the connection is compat-
ible with the Hermitian metric h, we claim that the metric is moderate.

The assumption corresponds to a variation of Hodge structure of pure type (0,0).
Then the norm of any horizontal section of V is constant, hence bounded. The mon-
odromy matrix being unitary, its eigenvalues have absolute value equal to 1, and the
matrices T considered in Corollary 6.2.5 are the identity matrices, so that log Tg = 0.

The decomposition (6.2.5 %) is compatible with the metric, and we are reduced to
proving the claim on each term. We can then assume for simplicity that § = 0 by
multiplying by [¢[?”. It is then enough to identify VO and VO, _,.

Given any section v of V, we express it on a unitary frame of multivalued horizontal
sections, and v is a section of V?nod if and only if its multivalued coefficients are
bounded by |¢|7¢ in any bounded angular sector of sufficiently small radius. Similarly,
by definition, a section of V is a section of V? if and only if its mutlivalued coefficients
have logarithmic growth, and equivalently satisfy the same growth condition as for

VY 4, hence the claim.
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The properties of the previous example hold true for any polarized variation of
C-Hodge structure: this is the main results in this part of Chapter 6.

6.3.2. Theorem. Let (V,V, h) be a Hermitian holomorphic bundle with connection un-
derlying a polarized variation of C-Hodge structure on A*. Then,

(1) the metric h on H is moderate and the parabolic filtration V. 4 on V. induced
by the metric h is equal to the filtration V3 ;
(2) furthermore, the eigenvalues of the monodromy have absolute value equal to 1.

6.3.3. Remark. This result justifies the need of refining the filtration V; indexed by Z
and its graded spaces with a filtration indexed by R and the corresponding graded
spaces (6.2.2).

Theorem 6.3.2 characterizes sections of V2 in terms of growth of their norm with
respect to real powers of [t|. In order to analyze the L? behaviour of the norm, we will
need to refine this result by using a logarithmic scale.

6.3.4. Definition (Lift of the monodromy filtration). For each 8 € R, we denote by
M.gr?V, the monodromy filtration relative to the nilpotent endomorphism N of gr®V,
(see Theorem 6.2.4). The lift M, V? of M,gr?V, is the pullback by the projection
Vf — grﬁ\?* of M,grﬁ\?*. This is a locally free extension of V to A.

6.3.5. Theorem (Finer norm estimates). A section of V on A* extends as a section of
M(gi and not as a section of Mg_1Vf (i.e., with non-zero image in gr%grﬁ\?*) if and
only if its h-norm has the same order of growth as |t|PL(t)*/?.

Theorems 6.3.2 and 6.3.5, while depending on the Hodge structure in their as-
sumptions, do not involve Hodge properties in their conclusions. As a matter of fact,
the statements hold for harmonic flat bundles (Definition 4.2.5) on the punctured
disc whose Higgs field is nilpotent. We will prove them in that setting. We thus
forget the Hodge filtration for a while and consider a vector bundle (V, V) equipped
with a harmonic metric h. We now assume that (3, h, D) is a harmonic flat bundle
on A* and we consider the associated metric connection Dy, = Dj + D; and Higgs
field 6 = 0’ 4+ 0”. We recall that the Hermitian holomorphic Higgs bundle (€,h, 0) is
defined by €& = Ker D}/ and 0 is induced by 6’ (see Definition 4.2.8). In other words,
for a polarized variation of Hodge structure, we also pay attention to the graded bun-
dle & = gr;V equipped with its Higgs field induced by 6 := gr;lv, as in (4.2.12).
However, we forget the grading of this bundle and only remember that 0 is nilpotent.

6.3.6. Definition (Nilpotent harmonic bundle). We say that the harmonic bundle is
nilpotent if the coefficient of dt in 6’ is a nilpotent endomorphism of K.
6.3.7. Remarks.

(1) By Hermitian adjunction, the coefficient of dt in 6’ is nilpotent if and only if
the coefficient of dt in 6" is nilpotent.
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(2) The harmonic bundle associated with a polarized variation of Hodge struc-
ture on A* is nilpotent. Indeed, ' has bidegree (—1,1) with respect to the Hodge
decomposition.

In this part, we give a proof of these theorems and we give some important conse-
quences, in particular concerning semi-simplicity.

6.3.8. Remarks.

(1) In Section 6.2.a, when extending the vector bundle V with holomorphic con-
nection V from A* to A, we have chosen Deligne’s meromorphic extension, that is,
we have chosen the (unique) meromorphic extension on which the extended connection
is meromorphic and has regular singularities. Such a choice, while being canonical
and, in some sense, as simple as possible, was not the only possible one. We could
have chosen other kinds of meromorphic extensions, on which the extended meromor-
phic connection has irregular singularities. A posteriori, when considering variations
of polarized Hodge structures, Theorem 6.3.2 strongly justify the previous choice.

(2) One may wonder why we have considered the filtration V; decreasing and the
filtration M,gr?V, increasing. The answer is that this reflects the scale of growth of
the family of functions |t|°L(t)*/? (8 € (—1,0] and £ € Z): the function |t|°L(t)%/?
grows faster (or decreases slower) than |t|°'L(t)?/2 when t — 0 if and only if either
B<B orfB=p0 and > /.

6.3.b. Sketch of the proof of Theorems 6.3.2 and 6.3.5 for nilpotent har-
monic bundles. Let (V, V,h) be a nilpotent harmonic flat bundle.

Step 1. The first objective is to show that the eigenvalues of the monodromy have
absolute value one (Theorem 6.3.2(2)). This point relies on the estimate of the h-norm
of a multi-valued horizontal section of V which is an eigenvector for the monodromy
operator. Due to Exercise 4.6, the h-norm of any multi-valued horizontal section v
satisfies
e|lvlly = —2h(04v,0),  Ogllvli = —2h(bv, D),

where we have set 6’ = §)dt and 0" = 6]dt. Making use of the norm of the Higgs
field computed with the metric on the bundle of endomorphisms of €, we deduce

1/2 1/2 1/2
|0cllolln] < 200llnl€5 112, |0sllvln] < 20olnlggl* = 20lvlnlghll >,

where the latter equality follows from the fact that 6 is the h-adjoint of 6;. The
main tool for the proof is then an estimate for the norm of the Higgs field, proved in
Section 6.3.d.

6.3.9. Theorem (Simpson’s estimate). If (3{, D, h) is a nilpotent harmonic bundle, the
Higgs field 0’ = 6(dt satisfies ||0p|ln < C/[t|L(t) on A*, for some C > 0.

6.3.10. Remark. By choosing a volume form vol on A*, giving rise to a norm on
differential forms, one can consider the norm ||6’||1 vo1. In the Poincaré metric that
we will consider in Section 6.12.c, the norm of dt/¢ and dt/t is L(¢). The theorem
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thus asserts that the norm ||0’||n vor (and that of ||6”||h vor since 0" is the h-adjoint
of #') is bounded.

This estimate leads to the following:
[t0,Tog [vlln] < C'/L(E),  [f050g [[o]ln] < C'/L(#).

If v is an eigenvector of the monodromy operator T corresponding to the eigenvalue A,
then log || Tv||n — log [|v|ln = log|A|. Expressing this difference by an integral formula
in the universal covering of A* involving the above partial derivatives of log ||v||s one
finds

[log |A]| < € /L(1)

for a suitable constant C”” > 0. Since the right-hand side tends to zero when ¢ tends
to 0, this implies log |A| = 0, that is, |A| = 1.

Step 2. The next step (Section 6.3.c) is, starting with the only data of (V, V) without
any other assumption, to construct a model harmonic metric, that we call the Deligne
harmonic model, and to show that, if we moreover assume that the eigenvalues of the
monodromy have absolute value equal to one, this model satisfies the conclusions of
Theorems 6.3.2(1) and 6.3.5 (the conclusion of Theorem 6.3.2(2) being part of the
assumption).

Step 3. 1f (V, V) satisfying 6.3.2(2) is equipped with two comparable harmonic metrics,
and if it satisfies the conclusions of Theorems 6.3.2(1) and 6.3.5 for one of both, it
does so for the other one. These theorems are thus a consequence of the following.

6.3.11. Theorem. Let (V,V,h) be a nilpotent harmonic flat bundle. Then the metrics h

and hP' are mutually bounded, that is, there exist constants Cy,Cy > 0 such that,

on A*,

C1[hPel(«,9)] < [h(s,3)] < Co P (,9).

Proof. The filtration V? is the parabolic filtration both for h and hP®'. The iden-
tity morphism (3, D,h) — (3, D,hP¢!) or vice versa, regarded as a flat section of
Hom (FH, H) satisfies thus the metric assumption of Lemma 6.3.12 below. Recall that
Hom (H,H), equipped with its natural metric and flat connection, is harmonic (Ex-
ercise 4.8). By Lemma 6.3.12 below, the identity morphism, in both directions, is
bounded, which is equivalent to the mutual boundedness of h and hP¢!. O

6.3.12. Lemma. Let (H,D,h) be a flat bundle with metric on A*. Assume that
(3, D,h) is harmonic. Let u € T'(A*,H) be a D-flat section of H such that, for
any € > 0, there exists Cc > 0 satisfying ||u(t)||n < Cclt|™¢ on A*. Then ||u(t)||n is
bounded near the origin.

A proof of this lemma is given in Section 6.3.d. This concludes the proof of Theo-
rems 6.3.2 and 6.3.5 for nilpotent harmonic bundles. [
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6.3.c. The Deligne harmonic model. We will now construct a model of such a
vector bundle, starting from an sly-representation with a positive definite Hermitian
form, and we will check whether Theorem 6.3.2 holds on such a model. We will link
Property 6.3.2(2) with the nilpotency of the Higgs field of the model. This model
only relies on the datum of the flat vector bundle (V, V) on A* and is built so that
the Deligne canonical filtration V; is equal to the parabolic filtration of the harmonic
metric. This is why we call it the Deligne harmonic model.

Let H° be a C-vector space of dimension d equipped with an sls-representation,
hence of endomorphisms X, Y, H (see Section 3.1.a). Since we do not deal with Hodge
filtrations for the moment, we do not introduce a polarization S and only consider the
resulting positive definite Hermitian form h°. In order to prepare compatibility with
the notion of polarization, we impose that

(6.3.13) h?(Xe,s) = ho(’a?)a h?(Ye,?) = ho(”y)’ h(H.,?) = ho('vﬁ)v

as suggested by Remark 3.2.8(2). Let us fix an h°-orthonormal basis v° = (v{,...,v9)
consisting of eigenvectors for H. If we denote by A the matrix of the endomorphism
A in a given basis, this identification leads to the notation

(Xog,...,Xvg) = (v1,...,v9) - X.

Similarly, for a Hermitian form s on 3, we also denote by s° the matrix (sf;) defined

by Sfj = 50(1}?’ @)

6.3.14. Simple example. We suggest the reader to follow the next computations on

the simple example where Y consists of a single Jordan block of size ¢ + 1, so that
dimP; =1 and Py = 0 if #/ £ 0. Then each vy ; consists of a single element v ;.

It will be convenient to assume that the basis v° is obtained as follows: for each
£ >0, let us fix an h?-orthonormal basis v{ , of the /-th primitive part P,H° C Ker X
made with eigenvectors of H (with eigenvalue ¢); for any j > 0, consider the basis of
Y/P,H?

(6.3.15) V] =% 070 Y,

where %, ; is some constant. In such a way, vg ; is a basis of the Lefschetz component
YIP,, the basis v° := (’Uzj)g)j is h°-orthogonal, and one can (and will) choose *¢
(with x¢9 = 1) such that this basis is h°-orthonormal. The formula of Exercise
3.1(2) shows that these constants are positive. Then the matrix H of H in this basis is
diagonal with integral entries, while X (resp. Y) is block upper (resp. lower) triangular
whose entries are positive or zero, X being the transpose of Y.

6.3.16. Definition (The model bundle with connection). Let H = CX. ®c H° be the
trivial C*°-bundle on A* and let v be the basis v = 1®@v°. Let b be a complex number,
that we write b="0"+ib"” (V/,b” € R) and a real number 8 € (—1,0]. We endow H
with the connection D such that

dt

(6.3.16 %) D"v=0, Dv=wv-(bld —Y)?
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so that V := Ker D" is the holomorphic trivial bundle Oa~ - v and the connection V
on V induced by D’ has matrix (bId —Y)d¢/t.

Let & be the basis obtained from v by the change of basis of having inverse matrix

(6.3.17) Pa(t) = X[t|PL(t)"/2 = [t|°L(t)" /26X /L®)  (see Exercise 6.5),

that is,

(6.3.18) v=c¢-Pg(t).

The bases € and v are decomposed as € = (g/,;)¢,; and v = (vy;)e,;, 0 that (6.3.18)
reads

(6:3.19)  vey = [t]" > cojrergrrl N = [HPLOT2 7Y kL) Fertn,

k>0 k>0

for some nonnegative numbers ¢y j 1, with ¢ ;0 = 1.

6.3.20. Definition (The model metric on the model bundle with connection)
We equip H with the Hermitian metric h such that € is an orthonormal basis.

We now group the terms vy ;, e, ; corresponding to the same w=~¢—2j and we set

(6.3.21) e=(ey)wez, V= (Vy)wez withvev, < |v| Kodt |t|PL(t)w/2,
—

Moreover, the basis v is asymptotically h-orthogonal, with logarithmic decay.
The metric h and the connection D on H enable us to define operators D}, Dy, ¢’
and 0" (see Lemma 4.2.2).

6.3.22. Proposition. With the previous assumptions, the metric h on (H, D) is har-
monic.

Proof. Let us write
de¢ dt
D/€:€'M/ 7, D/IEZE'MN ?
Applying the base change formula for connections, we find

M =bId—PsY(Ps) ' +Pstd(Ps)~! and M =Pgzto:(Ps)~" .

According to the identities of Exercise 6.5 we obtain

(6.3.23) M/:(b_g)ld_yz(?)m
- "_ B H/2-X
M = —Z 1d+ 70
/71 / 1% dti (b*ﬂ) 7L ﬁ
(6:521) e
- yo Lo ondl (b= 5) X\ df
0= MM T = (P ) T
and ~ .
" _ (P " b H/2\ dt
Dl'e = (D" — 8 )efs~<f§Id+m)?.
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We need to prove that the matrix of ¢’ is holomorphic when expressed in a Dj{/-holo-
morphic basis of H. We note that, for any complex number ¢, the diagonal matrix

(6.3.25) Al(t) = [t L(t)"/?
satisfies, according to Exercise 6.5,
_ c H/2
10, Ac(t) = 107 Ac(1) = (5 Ta-772).

Therefore, after the base change with matrix
(6.3.26) Ag(t) == [t L(t)R /2,
the basis e = € - Ag(t) is Dy/-holomorphic: indeed, the coefficient of d¢/¢ in the matrix
of D;/ with respect to the basis e is

H/2—-bld
A~ -1
hence the assertion. Let us notice that e decomposes as (e )wez according to the
decomposition &€ = (&4 )wez analogous to (6.3.21), and each element of e,, has norm
|t|*"L(t)*/2. Moreover, e is h-orthogonal.

The coefficient of d¢/t in the matrix of 6’ in the basis e is therefore

(6.3.27) (Ay) " ( (b-5) Y ) (b—B)

Id——=)A; = Id-Y,
according to Exercise 6.5. O

Ag+(Ag) 10 Ay = 0,

2 L(t) 2

Proof of Theorem 6.3.2 for the model. The norm of a holomorphic section of V is easily
computed with its coefficients in the orthonormal basis €. Since the entries of the ma-
trices Pz and (Pg) ™! defined by (6.3.17) have moderate growth, this norm is moderate
if and only if the coefficients of the section in the holomorphic basis v have moderate
growth on A*  i.e., if and only if they are meromorphic functions. Therefore, V, is
determined by the moderate growth condition on the norm of holomorphic sections.

In order to determine the parabolic filtration, we need to compute the norm of the
elements v of v. This norm is computed by (6.3.21). The parabolic filtration V; 4 is
thus given by Viﬁg =t*Oa - v (the jumps occur only at 3+ Z).

On the other hand, the filtration by Deligne canonical lattices V; is given by
VO'+k — tkO A - v (the jumps occur only at b + Z).

If o = B, then both filtrations coincide, and (6.3.21) also shows that M,V is
determined by the norm condition of Theorem 6.3.5.

We notice that the model is a nilpotent harmonic bundle if and only if b = .
The nilpotency condition thus implies both properties in Theorem 6.3.2 as well as the
conclusion of Theorem 6.3.5. O

Let (V, V) be a holomorphic bundle with connection. Tensoring the decomposition

of (6.2.5%x) with CX. leads to a decomposition

(6.3.28) (H,D)~ @ (Hg,D),
Be(=1,0]
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and vy is a holomorphic frame of (g, D) on A*. Besides, the C* bundle g is in fact
defined all over A, since the frame vy is so, and its fiber 3 at the origin is isomorphic
to gr’V, via an identification of bases. For every b” € R such that exp(27b”) is an
eigenvalue of T in Theorem 6.2.4, we associate a model metric hP®! as in Section 6.3.c
with b = +ib” and the nilpotent endomorphism N given by that theorem. Summing
over all such possible b’ € R, we obtain a model metric hBDEI on each (Hg, D), and
summing over all 3 € (—1,0], we obtain a model metric hP¢! in such a way that the
decomposition (6.3.28) is hP°-orthogonal and that the restriction of hP®! to each Hz
is the model metric hﬁDd. Since b = J3, the parabolic filtration of (V,hP¢) is the
canonical filtration V.. If we consider the Higgs bundle (P! hPel @Pel) the parabolic
filtration is such that the frame (eg)ge(—1,0) forms an adapted basis of EP.

6.3.29. Definition. We call (V,hP¢! V) the Deligne harmonic model for (V,V).

6.3.30. Remark. For the Deligne harmonic model, the statement of Theorem 6.3.2(2)
is equivalent to the property that it is nilpotent.

6.3.d. Proof of Theorem 6.3.9 and Lemma 6.3.12. We continue assuming that
(V,V,h) is a harmonic flat bundle on A*. Let us start with a corollary of Theorem
6.3.9 that will be used when proving semi-simplicity in Section 6.4.

6.3.31. Corollary (Curvature properties). The curvature Ry of (V,h) and the curvature
Re of (€,h) satisfy an inequality

(6.3.31 %) |R||n < C/|t|PL(t)?  for some C > 0,

i particular they are LllOC on A.

6.3.32. Remark. This corollary follows from Simpson’s estimate (Theorem 6.3.9) and
can be combined with the criterion of moderateness provided by Theorem 6.2.9 to
yield moderateness of the metric h. However, we do not make use of this criterion
here, as moderateness follows from the identification of the parabolic filtration V; 4

with the Deligne canonical filtration V;, as follows from Theorem 6.3.11 and the
properties of the Deligne harmonic model.

Proof. Let us emphasize that Ry is the curvature of the Chern connection of h on H
with the holomorphic structure D", while R¢ is that of h on H with the holomorphic
structure Df/. The formula of Exercise 4.4(5) and the identities following (4.2.6) give

Ry=-20"N0"+0" NO') =2Re.
Since 6" has the same h-norm as @', it follows that both Ry and Rg satisfy (6.3.31 x),

hence are L{ . on A, according to Exercise 6.6. O

Proof of Theorem 6.3.9. We start with a variant of Ahlfors Lemma, whose proof is
given as an exercise (Exercise 6.8). We denote by A; the Euclidean Laplacian on the
disc, that is, Ay = 40,0;.
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6.3.33. Lemma. Let f be a C? function with nonnegative real values on the unit punc-
tured disc A*. Let us assume that the following inequality holds:

(6.3.33 %) Ailog f(t) = 4f(¢).
Then

1 *
(6.3.33 *x) f) < TEL(2 on A*.

We thus aim at proving that f = c||¢’||? (for some ¢ > 0) satisfies the assumption
of the lemma. Let us set 8’ = 6(dt and 8" = §/dt. Regarding 6, as generating a line
subbundle of &nd(€) with induced metric h, so that [|0'||? = 2|6} ||n, the inequality
for the curvature of a subbundle (see [GHT78, p.79]) implies

165115 - d"d"log [16]17 < h(ad(Re)(65). 07)

in the sense that the coefficients of dt A dt satisfy the corresponding inequality. The
above expression of Rg amounts to Re = —[6}, 8;]d¢ A d¢ and the previous inequality
reads L
h([%. %], %], 05)

16113

~0y0;log |05 |7 < —

We write
—h([[65, 651, 85], 85) = h(ad(65)([65, 05 1), 05)

e 2
= h([65, 651, ad(65)(65)) = |16, 06111,
and the previous inequality reads
2
(66, 9511,

Aylog 1615 > 4
16115

Here comes the assumption that () is nilpotent. We claim that there exists a constant
¢ > 0 only depending on the rank of & such that ||[6f, 67]||, > cl|653. Indeed, because
we look for a universal constant c, it is enough to solve the question independently
on each fiber, and we are reduced to a question on vector spaces, which is treated in
see Exercise 6.12. As a consequence,

Ay log [|65][5 > 4c?(|65]15.-

We conclude the proof of Theorem 6.3.9 by applying Lemma 6.3.33 to f(t) = ¢?[|6)]|3.
O

Proof of Lemma 6.3.12. This lemma is a direct consequence of the following lemma,
together with Exercise 6.7.

6.3.34. Lemma. For u as in Lemma 6.3.12, the function log ||ul|? is subharmonic in A*,
that s, we have the inequality

Aylog [[ulli; > 0.
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Proof. Let us start by computing A;|u[|2. On the one hand, we have
(A¢llull}) dt A dE = 4d'd"” |ul|7.
On the other hand, w satisfies D'u = 0 and D"v = 0, that is, Dju = —6'u and
Djlu = —0"u (recall the notation of Section 4.2.b). Moreover, since D;/(8') = 0
(see (4.2.6)), we find
Dl0'u= —0"Djlu=00"u,
and similarly Dj6"v = 0"”6"u. We thus obtain, since 6” is the h-adjoint of §’ (we use
the convention of Remark 4.2.3),
d'd"|ullf = —d'[h(0"u, ) + h(u,0'u)] = —2d"h(u, 0'u)
= 2[h(0'u, 0’u) — h(u, 00"u)]
= 2[h(0'u, 0'u) — h(0"u, 6"u)].

Since ||d¢|| = ||d¢|| = 2 with the metric induced by the Euclidean volume form, we find
h(0'u, 0'u) = i [0"ul|? dt AdE and  h(0"u,0"u) = —% 16" w||? dt A dE,
we finally obtain
(6.:3.35) Allully = 2(l6"ullf + 116" ull7).
Now,
A toglufp il Al ol

ulli lully el
and O ||u|? - B¢ ||u|? is the coefficient of dt A df in d'h(u, %) A d”h(u,w). The previous
arguments give
d'h(u, @) A d"h(u, @) = 4h(0 v, @) A h(u, )
= 4h(0'u, @) A h(0u,w) = ||h(0'u,T)||* dt A dE.
Therefore, noticing that |h(6'u,@)|| = ||h(0"u, )]l
_ 1 _ _
Qellully - Ogllully = In(0"w, w)* = 5 (IIR(O"w, W) + (6", w)|*)

1
<5 lullf - C(N0"ullf + 116" wl),
and the desired inequality follows. O

6.3.36. Remarks.

(a) Together with the conclusion of Lemma 6.3.12, (6.3.35) also implies that
Adljull2 and [0°ul}2 + [0”ul]? ave L,
(b) On a Riemann surface X equipped with a Kéhler metric, the Laplacian A
satisfies A = 2A"” = —2iAd’d”. In the setting of Lemma 6.3.12 with a punctured X*

instead of A*, then an argument similar to that leading to (6.3.35) gives
Allulli = =4 (10 ull} + 16" ull).

Moreover, (a) implies that the right-hand side—hence the left-hand side also—is L _
on X.

at the origin (see Exercise 6.9).
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6.4. Semi-simplicity

As an application of the metric properties of Section 6.3, we extend in this section
the results of Section 4.3 to the case of a punctured projective curve. Let X be a
smooth projective curve and let X* be a Zariski dense open subset of X (i.e., the
complement of a finite set of points).

6.4.1. Theorem. Let (H,h, D) be a nilpotent harmonic bundle on X* and let H be the
associated local system Ker D. Then the complex local system H is semi-simple.

6.4.2. Corollary (of Theorem 6.4.1 and Remark 6.3.7(2)). Let
H = (3, F"H, F"H,D,S)

be a polarized variation of C-Hodge structure of weight w on X* (see Definition 4.1.4),
and let H = Ker V be the associated complex local system. Then H is semi-simple. [

6.4.3. Remark. After having proved the Hodge-Zucker theorem 6.11.1, we will comple-
ment this corollary in a way analogous to that of Theorem 4.3.13, by showing (The-
orem 6.14.17) that each irreducible component of H underlies an essentially unique
polarized variation of Hodge structure and we will show how to recover the polarized
variation of Hodge structure H from its irreducible components. In other words, the
underlying local system of a simple object in the category of polarized variations of
Hodge structure on X* is irreducible.

Before starting the proof of the semi-simplicity theorem, we notice useful conse-
quences of Property (1) of Theorem 6.3.2.

6.4.4. Proposition. Assume that (V,h,V) satisfies 6.3.2(1). Then

(1) any flat holomorphic subbundle with induced metric and connection (V1,h, V)
also satisfies 6.3.2(1);
(2) the determinant det(V,h, V) also satisfies 6.3.2(1).

Proof.

(1) In view of Remark 6.2.7(1), the question reduces to the O a-coherence of j.ViN
Viod. But the latter is equal to 7,V1 N Vf, which Oa-locally free, being equal to Vf’*
(see Remark 6.2.3(1)).

(2) This point follows from Remarks 6.2.3(3) and 6.2.7(2). O

Let (V,V,h) be a Hermitian holomorphic bundle with connection on a punctured
compact Riemann surface X*. Let Ry denote the curvature of (V,h): it is a section
of £3L ®&nd(V). The determinant bundle det(V,h, V) has curvature tr(Ry,). Assume
that the curvature tr(Ry) of det(V,h) is L], on X, i.e., in local coordinates near a
puncture, it can be written as kdt A df with & being L . We then set

loc*

deg™(V,h) = QL/Xtr(Rh).

™
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6.4.5. Proposition (Vanishing of the analytic degree). Assume that (V,h,V) is a Hermi-
tian holomorphic bundle with connection on a punctured compact Riemann surface X*
that satisfies 6.3.2(1) as well as its dual (V¥,h, V). Assume that the curvature tr(Ry,)
of det(V,h) is LL . on X. Then for any flat holomorphic subbundle (V1,V) of (V,V)

loc
equipped with the induced Hermitian metric, the curvature of det(V1,h) is L . on X

loc
and we have

deg®(V1,h) =0.

6.4.6. Lemma. If (V,h,V) and its dual (V¥,h,V) satisfy 6.3.2(1) on A*, then the
h-norm of any local section v of VY whose image in grV, is nonzero satisfies the
inequalities

(6.4.6 %) Ve>0, [t <lolln <|tP° (|t| < R.).

Proof. The right inequality is by assumption. Let v" be a local section of (VY)™# such
that (v¥,v) = 1 (see Remark 6.2.3(1)). Then |[v" |, < [t|7?~¢ for all ¢ > 0 and [t| cor-
respondingly small enough, by assumption. By computing in an orthonormal frame,
Schwartz inequality implies |[v¥||n|[v[ln = |(vY,v)| = 1. Therefore, |Jv|l, > [t|°*2,
hence the assertion. O

Proof of Proposition 6.4.5. Let x € X be a puncture and let 7, € [0,1) be the unique
jumping index of the canonical filtration of £, := detV; ,. For a local frame v at x
of the Deligne canonical extension £? obtained from a frame adapted to the filtration
of V1., we deduce that ||v||, satisfies the inequalities of the lemma with v, instead
of B (this is justified by Proposition 6.4.4(2)).

Let us prove the statement on the curvature of (Vq,h). This is a local statement
near each puncture, so that we assume that X* = A*. Let v be a frame of V inducing
a frame of V9 /tV? adapted to the filtration induced by V3 and to Vi ., so that part
of v, denoted vy, is a frame of V9, /tV}  adapted to the filtration induced by Vi .
Then the curvature matrix of (V1,h) in the frame v; is smaller than that of (V,h) in
the frame v, in the sense of [GH78, p.79]. Taking traces, the same property holds
for det V; with its frame v; = det v, and detV with its frame v = det v. This reads

—8y0;log |lua [l < —8:8;1og ||v]|7,
that is, with the Laplacian A; = 40,0y,
Aglog vy [f = Ay log [|v]fi-

We have A, log |[v1]|Z = A fi on A* with f; = log ||v1]|Z — log|¢|?"*, where 71 is the
exponent of (6.4.6 x) for v1, and similarly f and  for v. By assumption, f is L{. . on A.
On the other hand, (6.4.6 *) for v implies that for all ¢ > 0, [ f1(¢)| < eL(¢) on A% ()
for R. > 0 small enough. Therefore, lim; o |f1(¢)|/L(¢{) = 0. The assumptions in
Exercise 6.10 are thus fulfilled and we can conclude that A, f; = A log|jv]|? is Li
on A, as wanted.

By the residue theorem we have deg(£?)" = —deg£? = Y 7,. Let us fix an

arbitrary C'°° metric on (£{)Y. We thus obtain a metric, that we still denote by h,
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on the trivial bundle O = (£%)¥ ® £Y, such that the norm of the unit section 1
satisfies (6.4.6 x) (up to constants). We aim at proving that deg® (0, h) is well-defined
and is equal to >~ 7vz.

Let us consider a model metric h® on O, such that [|1]|pe is C*° on X*, equal to h
on the complement of discs centered at the punctures, and equal to |t|” for some
local coordinate ¢ at each puncture z. The curvature of h® is d”d’log ||1||3,, and is
meaningful as a (1,1)-current on X. In the neighbourhood of a puncture, we have

i d"d log ||1]|2, = 77' d"d log |t| = —u0s,

so that, on X, we have ;- d”d’log||1||2, = 7 — Y., 720z, where n € E11(X*). Fur-
thermore, deg™(0,h°) = [, 1. We then find

. - | /Y] 2 _ an
0 = deg0 = 5-(1,d"dlog 1) = deg™(0.1%) = 33

and thus deg™(0,h%) =3 ~,.

Let us set f = log||1||n — log||1||ne. It is supported on the union of discs A% (x),
where z is a puncture. Then, as above, (6.4.6*) implies that for each puncture z,
limy o | f(t)|/L(t) = 0. On the other hand, we have seen that d”d’fix~ is L{,, on X,
so that deg™(0,h) is well-defined. The assumptions of Exercise 6.9 are thus fulfilled
and we conclude that the current d”d’f is L{ . on X. Furthermore,

i i
L log |1y =0+ —d"d' f =S b,
o og [[1ln = n + 5 —d"d'f ;7

as currents on X, where the first two terms of the right-hand side are L on X.
Since

/ d/ld/f — / dl/d/f — <1’ d/ld/f> — 07
- X
we find deg™ (0, h) = deg™ (0,h°) = >~ 7., as wanted. O

Proof of the semi-simplicity theorem 6.4.1. We argue by induction on the rank of J, the
case of rank 1 being clear. We first emphasize that we can apply Proposition 6.4.5
to (H,h, D): indeed, the dual Hermitian bundle with connection (H,h, D)" is also
harmonic, so that Theorem 6.3.2(1) applies to both (H,h, D) and its dual.

Let (Hy, D) be a flat subbundle of (H, D), that we equip with the Hermitian metric
h; induced by h. Proving that (H;,hy, D) is a direct summand amounts to proving
that the h-orthogonal projection 7 : H — JH; is compatible with D. However, in
order to apply Theorem 6.4.1 by induction on the rank, we also need to prove that
(31, hy, D) is a nilpotent harmonic bundle. Considering 7 as a section of the nilpotent
harmonic bundle (&nd H, h, D) (see Exercise 6.11), we are thus left with proving

(1) D(x) =0,

(2) 6(m) =0.
We first claim that the second property is a consequence of the first one. By (1),

L]
mod?

and satisfies thus the hypotheses in Lemma 6.3.12. It follows that ||«||? is bounded.

7 is a flat section of &ndV which preserves the metric, hence the filtration V
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Furthermore, according to Remark 6.3.36(b), the function ||¢/ (r)||Z + /6" (=) ||? is Li

loc
on X with integral equal to zero, since X is compact and (1, Al|x||2) = 0. Therefore,

60" (m)||2 + [|0” (m)||2 = 0, as claimed.

Let us prove (1), that is, D(7) = 0. We set (V1, V) = Ker D”. Let us denote by hy
the metric on V; to avoid confusion, and let Ry, denote the corresponding curvature.
6.4.7. Lemma. With the previous notation we have, denoting by ||||}g the Hilbert-

Schmidt norm,

i
tr Ry, = 3 | D(7)||3g vol.

By Corollary 6.3.31 and Proposition 6.4.5, we have deg™(V;,h;) = 0. On the
other hand, the above lemma yields

an 1
deg (Vi) = =3 [ 1D vl

hence D(w) = 0, and this concludes the proof of the theorem. O

Proof of Lemma 6.4.7. We will use the formulas in Exercises 4.4-4.11 to compute the
curvature of det(Vq,hy). For any Hermitian holomorphic bundle with flat connection
(H,h, D), since dim X* = 1, we have

« DI(§)+ Dy (8")=—(0' NO0" + 0" N§),

« (D)2 =DJ(0)+ D} (0")— (0 NO" + 0" NO") = =2(0' NO" + 0" NO),

« 4D? = DD° + DD —2(0' N 0" + 0" NG,
and the formula of Exercise 4.4(5) becomes

Ry =—3(DD°+DD)— (0’ A0 + 60" NO').
Taking trace, we obtain, since the trace of (6’ A 0" 4+ 0" A0') is zero,
tr Ry = —% tr(DD® + D°D).

Then Exercise 4.11(4) implies

tr Ry, = —3 tr(D(m)D(7)) = 5 tr(D°(m) D(n)),

and this yields
tr Ry, = (Atr Ry,) vol = § Atr(D°(m)D(n)) vol.

Since A commutes with 7 and acts by 0 except on (1,1)-forms with values in I,
we can write, according to Exercise 4.10(4),

ADS(m)D(7) = [[A, D], 7| D(7) = —i D*(w)D(7).
But 7 being obviously self-adjoint with respect to h, and recalling that f* = f* for a
C.-linear morphism between Hermitian bundles, we deduce

D*(m) = [D*,n] = =[D,n]* = —[D,n|* = —D(n)".
If || D(7)||}g denotes the square of the Hilbert-Schmidt norm of the €%.-linear mor-

phism D(r) : H — €% @ K, ie., [|D(n)|%g = tr(D(m)*D(r)), we finally obtain the
desired formula. O
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6.5. Exercises

Exercise 6.1 (The structure of (V,,V)). Assume that (V., V) has a regular singularity
at the origin of A and no other singularity.

(1) Show that (V., V) is a successive extension of rank 1 meromorphic connections.
[Hint: Use a Jordan basis for R of V9/tV |

(2) Assume that V has rank 1. Let v, be an Oa-basis of V¢ in which the matrix
of tVp, is constant. Show that tVg,v, = yv, with Re~y € [0,1). Identify VV with the
subsheaf of p,Ox. consisting of multiples of some (or any) branch of the multivalued
function ¢~7, by sending ct™7 to ct™Vv,.

(3) ForRey € [0,1) and p = 0, set J, , = (Oa[1/¢]PT1, V), where the matrix of V5,
in the canonical basis v+, = (Uy,0,...,0y,p) is given by tVs,vy k. = Y0y 1 — Uy k-1 (50
that v, is a generating section with respect to tVy,). Show that (V,,V) has a
decomposition

(65.1) VeV)= @ (B0 V)]

vep,1) - p

[Hint: Use a Jordan decomposition for R.|

(4) Compute Ker V on 'V, in terms of this decomposition.

(5) Show that there is no nonzero morphism d., , — d+,,4 if 71 # 72 € [0,1), and
conclude that the decomposition indexed by v above is unique.

Exercise 6.2. Show the following properties.

(1) VIR = V5 for every k € Z.

(2) grPV, can be identified with the generalized S-eigenspace of the residue of V
on Viﬁ]/t\??].

(3) The map induced by Vj, sends gr®V, to gr®~!V, and, if 3 # 0, it is an
isomorphism. [Hint: Use that the composition tVy, : grﬁ\?* — grﬁ\?* is identified
with the restriction of the residue of V on VLﬂ] / tVL’B Vo its generalized S-eigenspace.]

(4) The map Vy, : V2 — V27! is onto (equivalently, tVy, : V2 — V2 is onto)
provided that 8 > 0. [Hint: Reduce to the case where V, has rank 1 by using
Exercise 6.1 and has a basis v, which satisfies tVy,v, = yv, for some v € [0, 1), and
show that VI** = t*O a0, for k € Z.]

(5) With respect to a decomposition of (V,, V) as in Exercise 6.1(3), show that,
for v € [0,1), we have, for k € Z,

V;H_k = @ tkoA "V p D EB tk+1oA *Vyi,pi-
(PRl e’ 4,7 <y
(6) The subsheaf ZDO(V@)J'VE of V, is an Oa-module equipped with a connec-
tion V, and

« does not depend on > —1, or on g < —1,
« in the latter case, it is equal to V,,



6.5. EXERCISES 141

« in the former case, we call it the middle extension of (V,V) and denote
it by Vimia; then Vo, : Vimia = Vmia is onto and has kernel equal to the sheaf
j (V9.

Exercise 6.3 (Local freeness and subbundles). Let I’ be a rank two free bundle on A,
with basis fi, fo. Let E C j*F be the subbundle on A* with basis e = exp(1/t) f1+ fa.
Show that j.FE N F is not locally free. [Hint: Show that the germ (j,F N F), consists
of sections a(t)e, with a(t) holomorphic on some punctured neighbourhood of 0 in A,
such that both a(t) and exp(1/t)a(t) belong to C{t}; conclude that (j.E N F)g = 0.]

Exercise 6.4. Prove the result of Theorem 6.3.2 in the unitary case of Example 6.3.1.

Exercise 6.5. Show the following identities on A* for the function L(t) = —log [t|> =
—log tt:
L2 YL)T2 = L)™'y, L2 XLH)T2 =L)* X
6.5
( *) L(t):tH/2 eY L(t):FH/2 _ eL(t)zFlY’ L(t):l:H/Q eX L(t):FH/Q _ eL(t)ilX
[Hint: Use Exercise 3.1(1)] and

—tOL(t)* k! = =t L(t)F /K = L)/ (k = 1) (k> 0),

(6.55) d _0 H/2
L2 ¢ = (L) 0/2) = L()"/2 7 = (L(t)"/?) = —L=.
Exercise 6.6. Let R € (0,1), let 8 € R and ¢ € Z. Show that the integral
R
d
/ 7"2’6L(r)Z il
0 T
is finite iff 5 > 0 or B = 0 and ¢ < —2 (recall that L(r) := 2|logr| = —2logr).

Conclude that the function ¢ — [¢|72L(¢) "2 is L], near the origin. [Hint: Recall that

the volume form in polar coordinates is a multiple of rdrd6.]

Exercise 6.7 (Subharmonic functions). Let R € (0,1) and let A} be the punctured
open disc of radius R. Let f be a continuous subharmonic function on A%.

(1) Assume that limsup,_,q f(¢)/L(¢) < 0. Show that f < supya,, f(t) on A,
[Hint: Reduce first to the case where supy, , f(t) = 0 by considering f—supya ., f(t).
Then, prove that, for any ¢ > 0, f(¢t) — eL(¢) < 0 on A%, by showing first that
limsup,_,o(f(t) — eL(¢)) < 0 and by applying the maximum principle on A}, for
subharmonic functions, i.e., if g is subharmonic on A%, and if for any ¢, € {0} U0AR/
it satisfies limsup, ,; g(t) <0, then g <0 on A%, |

(2) Assume that, for any e > 0, there exists C. > 0 satisfying f(¢) < log C. +L(%)
on Af,. Prove that f < supya,, f(1) on Af,. [Hint: Show that f satisfies the
assumptions in (1).]

Exercise 6.8 (Proof of Lemma 6.3.33). In this exercise, A, resp. A*, denotes the
open disc, resp. the punctured open disc, of radius 1 with coordinate 7, resp. ¢, and
p: A — A* is the model of a universal covering defined by p(7)=exp(i(1+7)/(1—7)).
The Poincaré metric on A, resp. A*, has volume form vola = (1 — |7|?)72|dr d7|,
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resp. vola» = ([t|L(¢))"2?|dt df|. Furthermore, p* vola~ = vola. Let A, = 49,0,
resp. Ay = 40,0;, be the corresponding Laplacians. Let f : A* — R, be a C? func-
tion satisfying the assumptions of Lemma 6.3.33. We first transfer the assumption
on A* to an assumption on A.

(1) For R € (0,1], set vg(r) = R*/(R —|7]?)? on the open disc Ag. Show that
A;logvg = 4vg and vija, < Vg.

(2) Express the equality p* vola- = vola as (|p(7)||log p(7)]) ™% = v1 - |p'(7)

(3) Set g(r) = fop(r)-|p(7)]*>. Prove that the nonnegative real function g
satisfies A, log g(7) > 4g(7). |Hint: Show that for a C? function h(t), A,(ho p) =
(Ach) o p- |o/ ()]

(4) Let U(R) C AR be the open set where g(7) > vg(7). Show that log(g/vR) is
subharmonic on U(R). [Hint: Use that U(R) C U(1).]

(5) Show that OU(R) N 0Ar = &. Deduce that U(R) = @. [Hint: Use that
log(g/vRr) = 0 on OU(R) and the maximum principle.]

(6) Conclude that ¢ < vg on Ag and the proof of Lemma 6.3.33. [Hint: Pass to
the limit R — 1.]

2 |—2'

Exercise 6.9. Let R € (0,1) and A% be as in Exercise 6.7. Let f be a C? function
on A% such that lim;q |f(t)]/L(t) = 0 (in particular, f is L{ . on Ag). We consider
the Laplace operator A, = 40,0;. Then A,f is a distribution on Ag and At(fIAE)
is a continuous function on A%. The aim of this exercise is to prove that if n :=
At(fm%) 18 LllOC on Ag, then A¢f = n as distributions on AR, i.e., A¢f does not
have components supported at the origin.

(1) Let ¢ : Ry — [0,1] be decreasing a C*° function such that ¢(r) = 1 for
r €1[0,1/2] and ¢ =0 for r > 1. For any N > 0, set

Un(r) = Np(rel) + L(r) (1 — o(rel)).

Show the following properties of the C*° function ¥y on (0,1):
(a) 0 < Yn(r) < min(N +log2,L(r)) and ¢n(r) = N if L(r) > N + log 2,
(b) ¥n(t) = L(r) and )5 (r)/N — 0 pointwise when N — oo,
(c) setting Aypn (r) = 07N (r) and Bypn (r) = Ophn(r) = 50,¢n (r), show
that the functions Ay, Oy, Oppn are supported on the set

{r |L(r) < N +log2} C {r | L(r) < 2N},
and

/AR |Orn ()| vol, /AR |Osn (1) vol, /AR [N ()| vol

are bounded by a constant independent of N.
(2) Let x € C*(AR) be a test function. Show that

A

fAt[(l — wN/N)X] VOl m} fAtX VOl

* *
R AR
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by showing first
f =N /N)Ayx vol —— fAx vol.
[Hint: Use that |f||Awn|/N < 2(]f|/L(r))|Arn| and similarly with 0,1 n ]
(3) Using that (1 —¢n/N)x is a test function on A%, show that

FA = on /W vol = [ 010 = o /N] vol 5= [ n(x(®) vol

A R Ak

and conclude.

Exercise 6.10. Same setting as in Exercise 6.9. Prove that if there exists n € L], .(AR)

such that At(fmj{) > n|az,, then the distribution Af on Ap is in fact Li., ie.,
Ai(fiaz) is Li,, on Ag and coincide with Aif as distributions.

(1) Prove that A;f > n as distributions on Ag, i.e., for any nonnegative test

function y on Ag,
(Acf,x) 2/ 1 x vol.
AR

[Hint: Keep 6.9(1) and (2) as they are with a nonnegative x, and in (3) replace the
equality with an inequality.|

(2) Deduce that the distribution A;f — 7, hence also A;f, is the sum of a L
function on Ag and a multiple of the Dirac mass at the origin. [Hint: Use [H6r03,
Th.2.1.7] and the theorem of Radon-Nikodym.|

(3) Apply Exercise 6.9 to conclude.

Exercise 6.11. Let (H;, D1,hy) and (Hs, Do, ha) be nilpotent harmonic bundles. Show
that (1 @ Hq, D, h) and Hom(Hy, Hs), D, h) are also nilpotent. [Hint: Use Exercise
48]

Exercise 6.12. Let E be a finite dimensional C-vector space with a Hermitian metric h
and a nilpotent endomorphism 6y,.

(1) Show that there exists a h-orthonormal basis € of F in which the matrix A
of ), is strictly upper triangular.

(2) Let 6] be the h-adjoint of ), with matrix A. Show that there exists a positive
constant ¢ depending only on dim E such that ||[[A4,‘A]|| > ¢||A||?>. [Hint: By homo-
geneity and compactness of the sphere ||A|| = 1, it is enough to show that the function
A — ||[A,A]|| (A strictly upper triangular) does not vanish on the sphere; use then
that the only normal and nilpotent matrix is the zero matrix.|

6.6. Comments

The fundamental work of Griffiths on the period mapping attached to a polarized
variation of Hodge structure (see [Gri70b, Del71c| and the references therein) leads
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to the analysis of degenerations of such variations, which was achieved in the funda-
mental article of Schmid [Sch73] (see also [GS75] and the references therein). The-
orems 6.3.2(1) and 6.3.5, together with Theorems 6.7.3 and 6.8.7 are due to Schmid
in loc. cit., and Theorem 6.3.2(2) is due to Borel (see [Sch73, Lem. 4.5]).

While Schmid’s theory focuses on variations having unipotent local monodromies,
it is well-known that the results can be extended to the case of quasi-unipotent local
monodromies. The more general case treated here of local monodromies whose eigen-
values have absolute value equal to 1 is known to be a consequence of the methods of
Schmid (see [Del87, §1.11]).

The idea of focusing on the harmonic aspect of the theory is due to Simpson
[Sim88, Sim90]. A similar approach is considered in [S-Sch22|, with a more precise
estimate on constants involved, that can prove useful in higher dimensions. The
proof of the semi-simplicity theorem 6.4.1 given here, in the framework of nilpotent
harmonic bundles, is due to Simpson. The idea of considering the analytic degree
deg®" is instrumental in his proof of stability of general harmonic flat bundles.



CHAPTER 6

VARIATIONS OF HODGE STRUCTURE ON CURVES
PART 2: LIMITING HODGE PROPERTIES

Summary. We keep the local setting of Part 1. We state the fundamental
theorems of Schmid concerning the limiting behavior of the Hodge filtration and
give an idea of the proof, together with the example of the Deligne harmonic
model.

6.7. The holomorphic Hodge filtration

We keep the setting of Section 6.3 and we assume (as justified by Theorem 6.3.2(2))
that the eigenvalues of the monodromy have absolute value equal to 1. We wish to
extend the filtration F*V as a filtration F'*V, by sub-bundles satisfying the Griffiths
transversality property with respect to the meromorphic connection V. A first natural
choice would be to set

FPV, = j,FPHNV,,

where j : A* — A denotes the inclusion. This choice can lead to a non-coherent
Oa-module: for example, if p < 0, we have FPV =V and we would get FPV, =V,
which is not Oa-coherent. Since we have at our disposal the locally free O a-modules
V7 for any 3 € R, it may be more clever to consider, for any such g,

(6.7.1) FPV8 .= . FPH N VS,

where the intersection is taken in j,V. The main question to address is whether
these sheaves are Oa-coherent. If so, being torsion free, they would be Oa-locally
free. Furthermore, we may wonder whether the filtration F Vi of V{ which clearly
satisfies FPV? = 0 for p>0and Frv? = VP for p < 0) is a filtration by sub-bundles,
i.e., whether the quotients FPV*B/F”“Vf are locally free for any p € Z.

According to Theorem 6.3.2, we can interpret sections of F' PVP on A as being the
sections of FPV on A* whose h-norm on any punctured closed sub-disc (A’)* (A’ C A)
is bounded by C.|t|*~¢ for any € > 0 and some C. > 0. Let us already notice:
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6.7.2. Lemma.
(1) For k >0 and any § € R, we have

FPypstk — ¢k ppys,
(2) The following properties are equivalent:

(a) there exists 5 € R such that, for any p € Z, Frvd s Ox -coherent,
(b) for any B € R, the filtration F*V of V2 is a filtration by sub-bundles.

Proof. The first point is clear since Vi ¥ =t*V? as well as the implication (2b) = (2a).
Let us show (2a) = (2b). Let 8 be such that F?V? is O x-coherent for any p and
let v in R. By the first point, any Fryftk ig O x-coherent, so we can assume that
v < B. Then FPV] = (Fp\?f) N V] and, since both terms in the right-hand side are
coherent, so is their intersection.(*)

Moreover, by the coherence property and the first point, dim(grf.Vy/ gr%VZH) >
rk gr.V for each p. Since the sum over p of both sides are equal (as V is locally free),
they are equal for each p, hence grf. V7 is locally free.

O

6.7.3. Theorem. For any 3 € R, the filtration Frv? s a filtration ofo by sub-bundles.

Proof. According to Lemma 6.7.2, it is enough to prove that, for any p and any [, the
Ox-module FPV? is coherent. Let us fix p. Since we already know that Vi =v?

mod

(Theorem 6.3.2), it is enough to show that the Hermitian holomorphic bundle
(FPV,h), where h is the metric induced by h on 'V, is moderate. As noticed in Remark
6.2.7(1), some care has to be taken. Exercise 4.4(7) together with Simpson’s estimate
(Theorem 6.3.9) show that (FPV, h) satisfies the criterion of Theorem 6.2.9 for each
p € Z. Therefore, (FPV,h) is moderate. O

6.8. The limiting Hodge-Lefschetz structure

We will now describe the limiting Hodge-Lefschetz structure attached to a polarized
variation of C-Hodge structure (H,S) of weight w on A*.

6.8.1. Convention. We use the simplified setting as in Proposition 5.2.16 and we now
write (H,S) as ((V,V,F*V),8) (see Definition 5.4.3, and 5.4.1 for §).

For every 3 € (—1,0], we define the object gr® H as follows. We set
g (V,V, F*V) = (gr’V,, F*grPV,),
which is equipped with the nilpotent endomorphism N induced by the action of
—(tdy — B):
(gr?V,, F*ar’V,) XN, (grPV,, F[-1]"gr?V,).

It remains to define the sesquilinear pairing gr®$

(DIndeed, the sum (Fp\?f) 4+ V] is clearly locally of finite type in V., hence coherent. Then one
deduces the desired coherence from the isomorphism [(FPVE) +VI/V] ~ (FPV8) /(FPVEy N VY.



6.8. THE LIMITING HODGE-LEFSCHETZ STRUCTURE 147

6.8.a. Behaviour of sesquilinear pairings. We will make explicit the behaviour
of sesquilinear pairings (see Definition 4.1.2) with respect to the functor (V,V) —
(H°, T) of Theorem 6.2.4. We assume in this section that the eigenvalues of the
residue of V are real, that is, each matrix Dg occurring in Corollary 6.2.5 is equal
to zero. This is justified by Theorem 6.3.2(2).

We keep the notation of Exercise 6.1(3), but we choose the indices in (—1, 0] instead
of [0,1). Let 8'," € (—1,0] and let 5 : Jg pja- ® dpr gia= — CX. be a sesquilinear
pairing as in Definition 5.4.1. We denote by v, , (resp. v, ,) the basis considered
in Exercise 6.1. Recall Notation 6.2.8. The compatibility of s with the connection
enables us to simplify its expression.

6.8.2. Lemma. Fori=0,...,p and j =0,...,q, there exist complex numbers cy(i, j)
such that

0 l / //’
6824 s0bs 7)) = § s i Lt e

L1572 k0 7 er(@ 9) LT /RY if B = " =: B.
Proof. Let us first assume that ¢ = j = 0. If we restrict on an open sector cen-
tered at the origin on which %" and t?" are univalued holomorphic functions, then
5(t*5'v/ﬁ,70,t*ﬁ”vg,,_0) is constant since it is annihilated by 9; and ;. Therefore,

5(Vps 0, Vg o) = ®'t?" on such a sector. But s(V 0 Vi o) I8 @ C°° function on
the whole A*, hence 3 — 8” € 7Z unless 5(%’,0’1}/6,”,0) = 0. Since we assume
B',8" € (—1,0], we obtain the assertion in this case.

In general, we argue similarly by using that, if n € C*°(A*) satisfies (t0;)'Tln =
(I0;)71n = 0, then n = 3209 ¢, L(t)* /&), O

We conclude that any sesquilinear pairing s : Jg/ pja+ @ dpr ga= — CXx is zero if
B’ # 3", and we are reduced to considering sesquilinear pairings
5:dppla- @Jpqa- — €A
Let us notice that, due to the explicit expression of s, we have
s5(v', t0") = s(top’,v").
We still denote by v} , (vesp. v ) the basis induced on gr'BH’ﬁ,p = 0avj,/t0av},
(resp. grd} ). We define gr”s by the formula

(6.8.3) (grﬁs)(vg,i, vg ;) = co(i, j).
We conclude from the previous remark that (gr’s)(v/, No”) = (gr’s)(Nv’,v”) (with N
induced by —(t9; — 3)), that is, N is self-adjoint with respect to gr”s.

We can now define the pairing grfs : gr®V, ®c gr#V, — C by using the decompo-
sition (6.5.1) for (V,, V) and by applying (6.8.3) to each pair of terms corresponding
to the same 8 € (—1,0]. This can also be obtained by a residue formula, without

explicitly referring to such a decomposition and showing also the independence with
respect to it (see Exercise 6.13). We can regard gr’s as a morphism of Lefschetz pairs

(6.8.4) grfs : (grV,, 21 N) — (gr?V,, 27 N)*,

as 27i N is skew-adjoint with respect to s.
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We note that the coefficients ¢o(4, j) (for ¢, j varying) determine all the coefficients
ck(i,7) (0 < k < min(i,5)). Indeed, if ¢ > 1 we find, by compatibility of s with V,

min(i,j)

28 L)kt — _(t9, — ro
‘t| Z Ck(7'7.]) (k— 1)| - (t t B)ﬁ(vﬂ,ﬂvﬂ’j)
k=1 . min(i—1,5) L(t)"
= s ) = Y el 1)
k=0

hence ¢ (i,7) = cx—1(i — 1,7) for k > 1. In such a way one reconstructs s from the
sesquilinear pairings grs by means of (6.8.2 ).

6.8.5. Lemma. The pairing gr’s induces a pairing grMgr®V, @cgrM, grfV, — C, which
1s non-degenerate if and only if s is non-degenerate.

Proof. Being a morphism of Lefschetz pairs, gr’s is therefore compatible with the
monodromy filtrations (see Section 3.3.a). For the second assertion, we can assume
that only terms dg , (with the same 8 € (—1,0]) occur in the decomposition (6.5.1).
Note that grMgr”s is an isomorphism if and only if gr’s is so (Exercise 3.8). In order
to conclude, we can now interpret Lemma 6.8.2 as giving an asymptotic expansion of s
when [t| — 0, and (6.8.3) as taking its dominant part. We then clearly obtain that s is
non-degenerate near the origin if and only if gr’s is non-degenerate. The equivalence
with non-degeneracy on the whole disk follows then from Remark 5.4.2. O

6.8.6. Example (A symbolic identity). Let n € C°(A) be any test function. Arguing
as in Exercise 6.13(1), one shows that the function

Fls) = /A [#25=2 n(t) dt A dE

is holomorphic on the half-space Re s > 0 and extends as a meromorphic function on
the s-plane with a simple pole at s = 0. An integration by parts gives

2s _
(6.8.6 %) F@):%2 / 1% 8,0m(t) dt A dE = / |t|87213t3#](t)dt/\df,
A A

[for the first equality, apply Stokes formula first to d(|t|**n(¢t)d#/f) and then to
d(|t|?*0;n(t)dt); for the second one, apply Stokes formula to obtain the vanishing
of [, 0:0m(t)dt A df] and expanding with respect to s (taking into account that
|t|?* = e=*L(®)) gives the residue:
Ress—o F'(s) = —/ L(t) 0;0e(t) dt A dt,
A
and the regular part Fieg(s) := F(s) — L Ress— F(s) of F(s) writes

t]>* -1 -
Freg(s) = S 8,0m(t) dt A di.

Note that, by Exercise 6.13(1) and the residue interpretation, if x is a cut-off function,
we have

/ L(t) 0,9;x(t) dt A dF = 2ri.
A
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|72N LtN
b

Let N be a nilpotent element of some C-algebra. We identify |¢ with e
which is a polynomial in L(t) with coeflicients in this algebra. We are interested in

rewriting the symbolic expression

Fx(s) = /A [t]257 22Ny (t) dt A dE = i(/A % [t|25=2 n(t) dt A dt)N

n=0
(which is in fact a finite sum) in a way that lets us analyze how it behaves near s = 0.
Formula (6.8.6 %) becomes the symbolic identity

Fx(s) */ (|1t\|128— 2;\1 00 m(t) dt A di

|t|28 2N _ _
/ 8:0;n(t) dt A dF.

It should be understood as an 1dent1ty between two families of holomorphic functions
— namely the coefficients at NP on both sides — on the half-space Res > 0. Indeed,
writing for Re s large enough, we can write

d([t)>* =P ndt/t) = (s — N)[t[**72Nndt A dE + [t)>5~2Noyndt A dt /1,
d([t|?5~2Nopmdt) = —|t|*~2Noomdt A dE — (s — N)|t[>*~2Noundt A dE /2.

(6.8.6 %)

Since integration on A of the left-hand terms yields zero as the forms have compact
support, we obtain the desired equality for Res > 0, and it holds as an equality of
meromorphic functions by unique analytic continuation. The (matrix) function Fx(s)
has a pole of higher order at s = 0, with residue equal to that of F(s)Id however,
and the regular part of Fi(s) writes

|t‘25 2N B
FN,reg / &n(t) dt A dt.

In particular, evaluating at s = 0 we ﬁnd

2N p
Fi reg(0 / L@t&n()dt/\dt 3 Nt / L) o, apn(t) dt A dE.

o1 N L

6.8.b. The limiting Hodge-Lefschetz structure. We continue with Convention
6.8.1. In order to obtain a Hodge-Lefschetz structure, we use the sesquilinear pairing
gr8 . gV, ®@c grPV, — C defined by (6.8.3) (see also Exercise 6.13).

6.8.7. Theorem. Let (H,S) be a polarized variation of C-Hodge structure of weight w
on A*. Then for every 8 € (—1,0], the data

(gr’ H,N, gr”9)

form a polarized Hodge-Lefschetz structure with central weight w (Definitions 3.4.3
and 3.4.14).

We will not give a proof of this theorem and refer to [S-Sch22] for a proof of it,
by means of the analysis of the period mapping. We will content ourselves with
illustrating it on the model of Section 6.3.c (from which we keep the notation), that
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we enrich with a Hodge filtration. So we start from a polarized sly-Hodge structure
(H°,N,S°) with central weight w € Z, so that S° and h° are related by (see Defini-
tion 3.2.7(2))
he(u®,v°) = S°(wu®, Cgv°).

Recall that, since X,Y are of type (—1,—1), they anti-commute with C2, while H
commutes with C2. Let us now examine the commutation of w with C¢. Let us
consider the modified Weil operator C2P* on H° obtained by removing in C, the
dependence in ¢ but keeping the dependence in p, that is, by setting

(6.8.8) Cbs — (—1)¥P = (=1)°CY  on (HP)PwHi—r
for any ¢ € Z. Since w sends (HZ)P~“%~P to (H° )PP, we have
COw = wCabs,
We can then express the metric h(z, ) := S(wz, C2y) as (see Exercise 3.1(6))
h(z,7) = S(z, wC3y) = S(z, Cx>*wy).

Let C2** and w be the matrices of C2P* and w in the orthonormal basis v°. Then the
matrix of S° in this basis is

SO = s,
since C*™ is real (its entries are £1 or 0), as well as the matrix w.

We consider the C* bundle 3 on A* with flat connection D as in Definition
6.3.16, that we equip with the metric h and orthonormal frame € as in Definition
6.3.20. It has a holomorphic frame v = 1 ® v°, which is now further decomposed as
(vP)pez, as well as the basis e defined by (6.3.18).

Since, for each p € Z, Y sends FPH° to FP~! H° and X sends it to FP*! H°, while H
preserves FPH°, (6.3.19) now reads

—j — k
(6.8.9) oh; = HPL) 2 (] + Tsy cogul(®) el 1k,

We denote by HP*~P the C°° bundle with basis €? on A*, giving rise to a de-
composition H = @p HP*=P_ and by FPH the C° sub-bundle of H generated by
the sub-basis (sp/)pgp, equivalently (due to (6.8.9)), the sub-basis (vp/)p/>p. This is
clearly a holomorphic sub-bundle, either because D”vP = 0, or because the matrix M”
does not decrease p. Then FPV := Ker DQ;IF,J% is the Oa+-submodule of V = Oa« - v
generated by the elements of vz’:j for p’ > p and ¢, j arbitrary. Since V8 =0, - v,
we have FPV? = 0 A -vZP, and the Oa-coherence is clear. Moreover, by construction,
Griffiths transversality holds for F *V? and the filtration induced on grPV, = He is
equal to FPH®°.

Let us now analyze the polarization. We define the sesquilinear form 8§ on H by
the expected rule

8(+,%) = h(s, (Cp)~te) = h(+, Cpe),

where h is the metric for which € is an orthonormal basis and C, is relative to the
decomposition H = @ HP*~P. By definition, when restricted to any point & of A*,
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the sesquilinear form 8§ is a polarization of the Hodge structure H,. Furthermore, the

abs

matrix of Cy, in the h-orthonormal frame e is equal to C}

, so the matrix of 8§ in the
frame € is Cflbs.

6.8.10. Lemma. The sesquilinear form 8 is a polarization of the variation of Hodge
structure H on A* which satisfies gr®8 = S°.

We thus find that (gr® H, N, gr®8), being identified with (H°, N, S°), is a polarized
Hodge-Lefschetz structure with central weight w.

Proof. In order to prove that 8 is D-horizontal, let us first compute the matrix S of 8
in the holomorphic basis v. According to (6.3.18) and Exercise 6.5, we find

S="PsCi" Py = [t]PL(t)"/? e i X L(t)"/?
_ C;bs |t|2BL(t)H /2 e YeX L(t)H/2
= C |t2PL(t) /2 e X wL(t)H/?
_ C;bs |t|2ﬁefL(t)X L(t)H /2 WL(t)H/2
_ C;bs |t|2,6’efL(t)XW
_ |t|2ﬂeL(t)X Cibsw _ C;bsw |t|2BeL(t)Y'

Recall (see (6.3.16 %)) that v-t~814+Y is a horizontal basis of the connection, and the
matrix of 8§ in this basis is, since the transpose of Y is X and both are real,

tfﬁ Id+X|t|2ﬁeL(t)X Cibs Wifﬂld +Y _ tX eL(t) X C;bs %Y — tX C';bs eL(t) Y EY.
Horizontality of 8 follows thus from the identities:
(%" MX) =0 and  #9:(e*DYTY) = 0.

In order to prove the second part of the lemma, let us show that the matrix of
grf8 is equal to S°. By Exercise 6.13 (items (2) and (1)) the matrix of gr®§ in the
basis v° is given by

Ress=_p_1 / [t1?*S x(t) 5= dt AdE
C , _
= Ress4p=—1 / |28 Cabs \y LMYy (1) s-dt Adt
o
— Resespe s / 2655 €2 w x(t) 5 i A dF
o

=P w=5". o

6.9. Exercises

Exercise 6.13 (A residue formula for gr’s). Let x(¢) be a C™ function with compact
support on A which is = 1 near ¢t = 0 (that we simply call a cut-off function near
t = 0). Assume that x(t) only depends on [t| (e.g. x(t) = X(|t|?) where Y is C>).
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(1) Show that the function
s (s + 1)/ 125X (1) 5= dt A dE
is holomorphic for Res > —1 and extenfls as an entire function. Show that
Reso— 1 /C 125 (t) 5 d A dF = 1.

[Hint: By expressing the integrand with respect to the real variables x,y with
t = x + iy, check the sign of the left-hand side; then compute with polar coordinates
up to sign.]
(2) By differentiating & times for Res > —1, show that
L(t)* ; - ~1)k
/C 2 My 0) 5 at nai = (5: 1;1«“
where F(s) is holomorphic for Re s > —1 and extends as an entire function. Conclude
that, for k > 1,

+ Fk(s),

k!
(3) Let s : VeV - CX. be a sesquilinear pairing. For 8 € (—1, 0] and sections v’
of VI and v of V}/?, with respective classes [v/] and [v”] in gr®V’, and gr®V”, show
the formula

L(t)* , _
RB%:fl/nﬁﬁsgilfxﬁ)fgthdt:(l
C

(gr”s)([v'], V"]) = Ress—_p-1 jc [#[26 (0", 07) X (£) 5= dt A dIF.

[Hint: Argue (in a simpler way) as in Proposition 12.5.4.]

6.10. Comments

The idea of defining the limiting Hodge filtration by a formula like (6.7.1) goes back
to [Sai84]|, where M. Saito was inspired by the work of Steenbrink and Varchenko.
This idea was further developed in his subsequent works, abutting to [Sai88]. The
approach followed for the proof of Theorem 6.7.3 is that of Simpson [Sim88, Sim90],
which was then extended in higher dimension by T.Mochizuki [Moclla, Chap.21]
and revisited more recently by Deng [Den22|. In [S-Sch22]|, the results are obtained
by means of the analysis of the period mapping and its convergence properties, more
in the spirit of the fundamental work of Schmid [Sch73].



CHAPTER 6

VARIATIONS OF HODGE STRUCTURE ON CURVES
PART 3: THE HODGE-ZUCKER THEOREM

Summary. This part provides a proof of the Hodge-Zucker theorem 6.11.1. The
notion of middle extension of a local system appears as the topological analogue
of the L? extension of a Hermitian bundle with flat connection, and the main
results consist in the algebraic computation of the L? de Rham and Dolbeault
complexes.

6.11. Introduction

Our aim in this part is to present the proof of the Hodge-Zucker theorem 6.11.1 on
a punctured compact Riemann surface, which is a Hodge theorem “with singularities”.
We mix the setting of Sections 4.2.c and 4.2.e, that is, we consider a polarized variation
of Hodge structure (H,S) of weight w on a punctured compact Riemann surface

X* <ty X,

6.11.1. Theorem (Hodge-Zucker). In such a case, the cohomology H*(X,j.JH) carries
a natural polarized Hodge structure of weight w+k (k=0,1,2).

The way of using L? cohomology is exactly the same as in Section 4.2.e, provided
that we replace D’ and D" with D’ and D”. Then we are left with the corresponding
L? Poincaré and Dolbeault lemmas.

In any case, it is important to extend in some way the variation to the projective
curve in order to apply algebraic techniques. What kind of an object should we
expect on the projective curve? On the one hand, the theorems of Schmid enable us
to extend each step of the Hodge filtration as an algebraic bundle over the curve. On
the other hand, Zucker selects the interesting extension among all possible extensions
in order to obtain the Hodge-Zucker theorem. This is the middle extension (Vipia, V)
of the polarized variation of Hodge structure. This selection is suggested by the L?
approach to the Hodge theorem. As in the previous parts of this chapter, we mainly
work in a neighbourhood A of a puncture.
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6.12. The holomorphic de Rham complexes

6.12.a. The meromorphic de Rham complex. Let (V,V) be any holomor-
phic bundle with connection on A*. Recall that the holomorphic de Rham com-
plex DR(V, V) is the complex

0—>Vi>QlA*®\7—>0,

whose cohomology is nonzero only in degree zero, with H DR(V,V) = HY := Ker V.

Assume now that (V,, V) is a meromorphic bundle with connection on A, having a
regular singularity at the origin and set V =V, a-. Let us consider the meromorphic
de Rham complex DR(V,, V), defined as the complex

O—>V*LQ1A®V*—>O.

Its restriction to A* coincides with DR(V, V), hence has nonzero cohomology in degree
zero only. In other words, H' DR(V,, V) is a skyscraper sheaf supported at the origin,
and H°DR(V,, V) is some sheaf extension (across the origin) of the locally constant
sheaf VV := Ker V. We will determine these sheaves.

One can filter the de Rham complex, so that each term of the filtration is a complex
whose terms are free Oa-modules of finite rank: for every §, we set

(6.12.1) VADR(V.,, V) = {0 — v 5 0L @ V31 — 0},

Since the action of ¢ is invertible on V,, the latter complex is quasi-isomorphic to the
complex

VADR(V,,V) = {0 — v V5 0l v — 0}

6.12.2. Lemma (The de Rham complex of the canonical meromorphic extension)

The inclusion of complezes VP DR(V.,V) < DR(V., V) is a quasi-isomorphism
provided 8 < 0. Moreover, the germs at the origin of these complexes can be computed
as the complex of finite dimensional vector spaces

00— gro\?* t—at> gro\?* — 0.
As a consequence, the natural morphism (in the derived category)
DR(V,,V) — Rj.j ! DR(V,,V) = Rj,DR(V,V) <+~ Rj, V¥
18 an isomorphism.

Proof. For the first statement, we notice that it is enough to check that for every
B < 0 and any v < 3, the inclusion of complexes V? DR(V,,V) < VY DR(V,, V) is
a quasi-isomorphism. This amounts to showing that the quotient complex
00— VY/V? O, VI /vETt —0
is quasi-isomorphic to zero for such pairs (5,7), and an easy inductive argument
reduces to proving that, for every v < 0, the complex
t
0— gr'V, i> gr’V, — 0

is quasi-isomorphic to zero. The result is now easy since td; —y is nilpotent on gr?V,.
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For the second statement, we are reduced to proving that the germ at the origin

of the complex

0—>\7*>0ﬂ>\7*>0—>0

is quasi-isomorphic to zero.(?)

Arguing as in Exercise 6.1, one can assume that V, has rank 1, and has a basis v,
(v €[0,1)) such that tVa, vy =7 - v,.

(1) If v # 0, then V70 = V) = Oav, and, setting O = Op o, the result follows
from the property that (t0; + ) : O — O is an isomorphism (easily checked on series
expansions).

(2) If v = 0, then V70 = tV? = tOavp, and the result follows from the property
that (t9; + 1) : O = O is an isomorphism, proved as above.

For the last statement, we first note that the morphism is functorial in (V,, V).
We can therefore reduce to the case of rank 1 by the argument of Exercise 6.1. If
~ # 0, the isomorphism is obvious since both complexes are quasi-isomorphic to zero.
If v = 0, the isomorphism property is checked in a straightforward way. O

6.12.b. The de Rham complex of the middle extension. This de Rham com-
plex will be the main object for the Hodge-Zucker theorem 6.11.1. We first intro-
duce the middle extension (Viniq, V). We know that V, is generated by V7! as an
O (*0)-module (with connection). On the other hand, we define V,;q as the Oa-sub-
module of V, generated by V7! through the iterated action of Vs, (and not ¢t=1).
In other words,

(6.12.3) Viia 1= Y _(Va,) V27" C V..
j=0
(See Exercise 6.2(6).) The main properties of V4 are developed in Exercise 6.14.
We now compute the de Rham complex of the middle extension (Viiq,V). For
B € R, let us denote by [8] = —[—/3] the smallest integer bigger than or equal to 3.
We have v := 8 — [(] € (—1,0]. We set, for any 8 € R (inductively if 5 < —1),
v if B> —1,
(6.12.4) V0a =1 (Vo) EVI+V2P ifg<—1,
with k = —[B] = [-8], v =B — [B],

where >4 is the next 8’ such that grﬁ/\?* # 0. For 8 < —1, the formula also reads

k—1
(6.12.5) VI = (Vo) VI 4+ (Vo) VZ7
j=0
For example, V;ild = 9, V% + V>~ We also set gr®V,,q := Vﬁid/\?;?d. We note

that, by Exercise 6.14(4), gr®V,q is naturally included in gr®V, for each 8 and is
preserved by the nilpotent endomorphism N.

(2)This is obviously not true away from the origin.
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6.12.6. Definition (The morphisms can and var). We define can : gr®Viiqa — g™ Vinia
as the homomorphism induced by —8; and var : gr='Vuiq — gr°Vmiq as that induced
by t, so that

varocan = N : gr®Viq — gr%Vmia  and  canovar = N : gr Vg — gr™ " Viid.

By the definition of V,,;q, can is onto and var is injective. In other words, the corres-
ponding quiver (gr°Vyiq, gt~ Viniq, can, var) is a middle extension quiver, in the sense
of Definition 3.3.10.

In a way similar to (6.12.1), the complex DR(Vyiq, V) is filtered by the subcom-
plexes V? DR(Viniq, V) whose terms are thus Oa-free of finite rank.

6.12.7. Lemma (The de Rham complex of the middle extension)

The inclusion of complexes VP DR(Vimia, V) < DR(Vimia, V) is a quasi-iso-
morphism provided 8 < 0. Moreover, the germs at the origin of these complexes can
be computed as the complex of finite dimensional vector spaces

0 — gr®Vimia ji% gr Vg — 0.
As a consequence, H DR(Viid, V) = 0 and the natural morphism
H°DR(Vinia, V) — 5 VY
is an isomorphism.

Proof. For the first statement, we argue as in Lemma 6.12.2, together with Exercise
6.14(5). The second statement is obtained similarly by using Exercise 6.14(6). The
last statement follows then from that of Lemma 6.12.2. O

In particular, since ¢ : V;! — V9 is injective, it induces an isomorphism
@V +VZ7h = (t0,V +VZP)
and we have
(6.12.8) {0 — V° LN (t0V°? + V79 = 0} ~ VODR(Vinig, V) — DR(Vimia, V).

We can refine the presentation (6.12.8) by using the lifted monodromy filtration
M, VY. Indeed, the finite dimensional vector space gr’V, is equipped with the nilpo-
tent endomorphism induced by N = —t0;, hence is equipped with the corresponding
monodromy filtration M,gr’V, (see Lemma 3.3.1). We can then consider the lifted
monodromy filtration M,V (see Definition 6.3.4).

6.12.9. Lemma. The complex DR(Vyia, V) is quasi-isomorphic to
{0 — MOVS t—ﬁt) M_QVS — 0}

Proof. Clearly, the complex in the lemma is a subcomplex of (6.12.8). Let us consider
the quotient complex. This is

(6.12.10) 0 — (gr"V./Mogr®V,) 10, (image td; /M _ogr’V,) — 0.
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Applying Lemma 3.3.7, we find that this complex is quasi-isomorphic to 0 (i.e., the
middle morphism is an isomorphism). O

6.12.c. The holomorphic L? de Rham complex. The Hodge-Zucker theorem
6.11.1 relies on the L? computation of the hypercohomology of a de Rham complex,
since this L? approach naturally furnishes a Hermitian form on the hypercohomology
spaces (see Section 4.2.e). In order to analyze the global L? condition on a Riemann
surface, it is convenient to introduce it in a local way, in the form of an L? de Rham
complex. We will find in Theorem 6.12.15 the justification for focusing on the de Rham
complex of the middle extension.

Hermitian bundle and volume form. Assume that the holomorphic vector bundle V
on A* is equipped with a metric h (equivalently, the C*° bundle H = CX, ®o,. V is
equipped with such a metric). If we fix a metric on the punctured disc, with volume
element vol, we can define the L?-norm of a section v of V on an open set U C A* by
the formula

o2 :/ h(v,7) vol.
U

In order to be able to apply the techniques of Section 4.2.e, we choose a metric
on A* which is complete in the neighbourhood of the puncture. We will assume that,
near the puncture, the volume form is given by
dx? + dy?

[tPL(t)?

Let us be more explicit concerning the Poincaré metric. Working in polar coordi-

nates t = re’’ and volume element df dr/r, vol can also be written as

(6.12.11) vol = with z = Ret, y =Im¢t, L(t) := [log|t|*| = — log tL.

vol = L(r)~2-dfdr/r
and the metric on €X. is given by
[[dr/r|| = [|d60] = L(r).

We thus get a characterization of the L? behaviour of forms near the puncture:

(6.12.12),, f e L*(vol) <= |logr| ™" f € L*(d0 dr/r);
(6.12.12), w=fdr/r+gdf € L*(vol) <= f and g € L*(d0dr/r);
(6.12.12), n = hd@dr/r € L*(vol) <= [logr|h € L*(d0dr/r).

For example, given a section w ® v of Q4. ® V on an open subset of A*, where w is
written in polar coordinates as f dr/r+ gd#, its L?-norm with respect to the metric h
and the volume vol is

2 2 2
(6.12.13) lw®ollz = [[folly + llgvll -

On the other hand, by Exercise 6.6, we have
(6.12.14) r? logr|"? € L*(d6dr/r) < B>0or (8=0and (< —2).
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The holomorphic L? de Rham complex. We will consider the holomorphic L? de Rham
complex v
DR(V., V)2 = {0 = Viz) — (R4 @ V.)(2) — 0},

which is the subcomplex of the meromorphic de Rham complex DR(V,, V) defined in
the following way:

* (3 ®V,)(2) is the subsheaf of Q) ® V, consisting of sections whose restriction
to A* is L? (with respect to the metric h on V and the volume vol on A*),

. \7*(2) is the subsheaf of V, consisting of sections v whose restriction to A* is L?
and such that Vv belongs to (24 ® V.)(2) defined above.

Let us note that, by the very definition, we get a complex. The following theorem is
the first step toward an L? computation of j,VV.

6.12.15. Theorem. If (V,V ., h) underlies a polarized variation of C-Hodge structure,
we have (DR V,(2)) ~ DR V4 = VY.

Proof. We start by identifying the terms in degree one, since the L? condition is
simpler for them.

6.12.16. Lemma. We have (Qh ©V,)(2) = (dt/t) @ M_sV? and V) = MoV?.

Proof. Let v be a section of V, such that (dt/t)®wv is L?. Equivalently, both (dr/r)®uv
and df ® v are L?, that is, v is L?, according to (6.12.12),. If v is a section of M[V{i
its norm behaves like r?L(r)*/? near the origin, and (6.12.14) implies that the L2
condition is achieved iff 5 > 0 or S =0 and ¢ < —2.

Similarly, one checks that the holomorphic sections of V which are L? near the origin
are the sections of MyV?, since one is led to test whether L(r)~! [jv]|,, is L? or not. In
order to conclude that V. (2) = MoV?, it is enough to check that t9;(MoV?) € M_5V?.
This immediately follows from the definition of the monodromy filtration M,. O

This conclude the proof of Theorem 6.12.15, since DRV ,;q is expressed by the
formula of Lemma 6.12.9. L]

6.13. The L? de Rham complex and the L? Poincaré lemma

We take up the definitions of Section 4.2.d. The role of the complex manifold X
is played by A* with its Poincaré metric, which induces a metric on the sheaves of
C* differential forms on A*, and the value of the L?-norm of forms up to a positive
constant is given by the formulas (6.12.12).

Let H be a C* bundle H on A*, equipped with a Hermitian metric h. Correspond-
ingly, the sheaf €. ® H is equipped with a metric, and the L? norm of a section of
this sheaf is given by a formula like (6.12.13). The various L? sheaves are thus defined
on A* and we can use the notion of L2-adapted basis (see Definition 4.2.21).
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6.13.1. Examples (of L?-adapted frames).

(1) The frame (dr/r,df) is an L2-adapted frame of E\.. If v is an L?-adapted
frame of K, then (dr/r ® v,df ® v) is an L%-adapted frame of E4. @ H.

(2) In the setting of the model of Section 6.3.c, the frame v is L?-adapted. Indeed,
the frame e - X is L?-adapted by 4.2.22(4), and v is obtained by a rescaling of the
latter, so 4.2.22(3) gives the assertion.

Let us group (with respect to S € (—1,0]) the model frames of Section 6.3.c to
get a frame v = (vg)s of V77! and let v° denote its restriction to V7 ~!/tV; 1.
It corresponds, via the canonical decomposition V7 ~1/tV>~1 = @[b_lgrﬁ\?*, to
grouping of the bases v° of Section 6.3.c.

Assume that (V.,V) underlies a polarized variation of Hodge structure (H,S)
on A*. By Theorem 6.8.7, V=1 /tV2 =1 underlies a polarized Hodge-Lefschetz struc-
ture, and we can define on it the model basis v° as above.

6.13.2. Proposition (A criterion for L?-adaptedness). With these assumptions, let v’
be any holomorphic frame of V71 such that its restriction to V7~ /tV> 1 is equal
to v°. Then v’ is L?-adapted with respect to the Hodge metric.

Proof. According to Theorem 6.3.11 and Lemma 4.2.22(2), we can replace the Hodge
metric by the model metric, that we still denote by h. Then the model frame v is
expressed as

v=e-e* Pdiag(t),
where now X denotes the diagonal bloc matrix with diagonal S-bloc corresponding to
that of Section 6.3.c, and similarly Pgi.s has diagonal blocs Pg. On the other hand,
we can write v/ = v - (Id+t A(t)) for some holomorphic matrix A(¢). Then

v =€ e Paiag(t)Id +1 A(t)) = € - *(Id +t Ping AP 511, ) Paiag (1)-

An entry of Pgjag A Pgiig is obtained from the corresponding one of A by multiplying
it by a term of the form [t/ ~PL(t)*/2 for some suitable 8,3 € (=1,0] and k € Z.
Since |8' — B| < 1, it follows that Id +t Pgiag A Pgi;g is bounded as well as its inverse
matrix, so that ¢ (Id +t Pgjag A Pd_i;g) is L?-adapted, according to Lemma 4.2.22(4).
Since v’ is obtained from the latter by applying a rescaling, it is also L?-adapted
(Lemma 4.2.22(3)). O

The L? sheaves L) ( % .®3H, h) can be extended as sheaves on A by the assignment
U L>(UNA* €Y. @ H,h). We simply denote them by L’('Q) (F,h).
Assume moreover that H is equipped with a flat connection
D=D+D":H — Ex. @H.

By flatness, the bundle V = Ker D" equipped with the connection V induced by D’ is
a holomorphic bundle with holomorphic connection on A*. Moreover, H := Ker D =
VYV := KerV is a locally constant sheaf on A*. The sheaf L2y (H,h, D) on A*
(see Definition 4.2.26) can similarly be extended as a sheaf on A. If U C A is an open
subset containing the origin, a section u € L?(U,H,h) belongs to I'(U, L2y (H,h, D))
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if its restriction to UNA* belongs to I'(UNA*, £(2)(H, h, D)) and if Du € L?(U, K, h).
One can use the approximation lemma 4.2.24.
The L? de Rham complex (4.2.27) reads

D D
(6.13.3) 0 — L0 (3,h, D) —= L{y(H,h, D) —= L, (¥, h, D) — 0,

where the upper index refers to the degree of forms, as a complex of sheaves on A.
Clearly, L?Q) (H,h,D) = L?Q) (., h) since the latter condition is tautologically satis-
fied. When restricted to A* the L? Poincaré lemma 4.2.28 shows that the complex
(6.13.3) is a resolution of the locally constant sheaf J.

Without further conditions on (3, h, D), one cannot give much information on
(6.13.3) near the origin. The polarized Hodge property provides the formula we

expect.

6.13.4. Theorem (L? Poincaré lemma). If (V, V., h) underlies a polarized variation of
C-Hodge structure, the natural inclusion of complezes (DRV,(3)) — LEQ)(J-C,h, D) is
a quasi-isomorphism. Equivalently (see Theorem 6.12.15),

(1) the L? complex LEQ)(S{,h,D) has nonzero cohomology in degree zero at most,
(2) the inclusion j,H ~ H(DRV,(2)) — HOLEQ)(J'C,h,D) is an isomorphism.

By Lemma 4.2.28, its suffices to prove the theorem for the germ of the L? de Rham
complex at the origin. The assertions amount then to

(1) HO(L3,) (3, b, D)) = (1.0,

(2) H' (L0, (3,h, D)o) and H*(£,

Applying the hypercohomology functor to Theorems 6.13.4 and 6.12.15, we obtain:

(H,h, D)g) are zero.

6.13.5. Theorem. Let j: X* — X be the inclusion of the complement of a finite set in
a compact Riemann surface X. If (V,V,h) underlies a polarized variation of C-Hodge
structure on X*, the cohomology H*(X,j.VV) is equal to the L? cohomology of the
C-bundle with flat connection (H, D) associated with the holomorphic bundle (V,V),
the L? condition being taken with respect to the Hodge metric h on H and a complete
metric on X*, locally equivalent near each puncture to the Poincaré metric. O]

The L? Poincaré pairing. For i,j > 0 with i + j = 2, we have a natural pairing of

sheaves
(6.13.6) {2 (30) @ L, (H) — L3(30),
where L%l)(ﬂ{) denotes the sheaf of L] 2-forms (i.e., (1,1)-forms) on X, which can

thus be integrated. This pairing is compatible with the differential, and induces
therefore a pairing of graded complexes, which in turn produces, by taking global
sections, a pairing on cohomology.
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Proof of Theorem 6.13.4: first reduction. We consider the decomposition (6.2.5 %) and
we work with the corresponding decomposition (6.3.28) of (3, D). According to

hDel

Theorem 6.3.11, we can replace the metric h with the model metric without

changing the L? de Rham complex. We now simply denote by h the model metric on
each Hg. We thus have

(6.13.7) L0y (H.0,D) = @ Ly (Hs b, D).
pe(-10]

The assertions (1) and (2) above can thus be shown for each H g separately. We notice
that, if 5 # 0, (1) is also a vanishing assertion.

Let us fix § € (—1, 0] and let us work with the model frame (v ¢), of Section 6.3.c
(we now do not distinguish the components in the Lefschetz decomposition and set
Vg0 = (Vg0 j)e—2j=¢ 50 that v, is a basis of gr)’gr’V.). We have seen in Example
6.13.1(2) that this frame is L2-adapted. Denoting by Hp¢ the subbundle framed
by (vg,), and setting M,Hs = P, Hp, ¢ that we equip with the induced metric,
L?-adaptedness implies an exact sequence for each i

0 — Loy (Mg—13Hg, h) — Loy (MeHg, h) — Ligy(Hpe,h) — 0.

On the other hand, since MyHg is preserved by the connection, we can equip Hg ¢
with the quotient connection by means of the identification with gryf}fg, that is,
Dvg, = B(dt/t) @ vg . We thus have an exact sequence

0 — Me_1Hg, D) — (MyHg, D) — (Hpe, D) — 0.
Then one checks that the sequence
0 — L{g)(Mg_1Hg, h, D) — Ly (MeHg, h, D) — L{y)(Hpe,h, D) — 0
is exact, leading to an exact sequence of complexes
0 — Loy (M—1Hp, h, D) — Ly (MeHg, h, D) — Lig)(Hp,e,h, D) — 0.

We can thus regard LZQ) (Mg, h, D) as defining an increasing filtration of the com-
plex L7, (Hs,h, D) with associated graded complexes Lty (Hg,¢,h, D). Since this fil-
tration is finite, H* (LZQ) (Hp,h, D)) is the abutment of a spectral sequence with F4
term defined as (taking into account that M, is increasing, that we make decreasing
by setting MP = M_,)

(6.13.8) EPO = BP0, (3s,p b, D)) —> HPYU(Ll, (Hg, b, D)o).
We first aim at computing E¥*?. The main tool will be Hardy’s inequalities.

Proof of Theorem 6.13.4: Hardy’s inequalities and an application. We will make use of
the following type of inequalities, called Hardy’s inequalities.

6.13.9. Theorem (L? Hardy inequalities, see e.g. [0K90, Th. 1.14])
Let R be a real number in (0,1) and let v,w be two functions (weights) on I =
(0, R), which are measurable and almost everywhere positive and finite. Let f be a C*
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function'® on I. Then the following inequality holds between L? norms with respect
to the measure dr:

17 - wlly < ClIF"-oll,,

with
R r
Sup/ w(p)? dp~/ v(p)~2dp if lim f(r) =0,
= rel Jr 0 r—04
T R
Sup/ w(p)de-/ v(p)~*dp i lim f(r)=0.
rel Jo r r—R_

O

6.13.10. Corollary. Let (b,k) € R x Z with (b, k) # (0,1). Given g(r) continuous and
integrable on Ig, let us set

/Og(p)dp ifb<0orif (k>2andb=0),
fr) .
/, @ 7}@/%)9(10)(10 ifb>0orif (k<0andb=0).

(In the second case, we replace e~ */?® with its limit +0c0 when b — 04..) Then there
exists a constant C = C(k,b) > 0 such that the following inequality holds (we consider
L2(Ig;dr/r) norms)

L) L) 2 4, < Cllgr) - r L) 2 L) |y,

= CHg(T) ’ Tb+1L(r)k/2||2,dr/r'

Moreover, for k fized, there exists b, = b,(R) > 0 such that, for |b] > b,, the constant
C(k,b) can be chosen equal to 1.

The case where b = 0 and k = 1 is missing. This leads to the following definition,
where we are only interested in germs at the origin, so that R € (0, 1) can be arbitrary
small.

6.13.11. Definition. The “Hardy bad space” §) is the quotient of the space of measurable
functions g on I for some R € (0, 1) such that ||g(r)-rL(r)*/? ||2 drjr < 09 modulo the
space of such g¢’s which can be realized (maybe with a smaller R) as the weak deriva-

tive f’ of functions f which are L], on I and satisfy || f(r) 'L(r)*1/2||2 drjr < 00

Proof of Corollary 6.13.10. We will choose the following weight functions with respect
to the measure dr:

w(r) = rb_l/QL(r)k/Q_l and v(r) = rb+1/2L(r)k/2.

(3) A weaker property (absolute continuity on every closed subinterval) is sufficient.
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The case b > 0, and the case b = 0 with k < Q.
(1) Ifb>0and R<e */? ie., k/2b < L(R), we set b, = |k|/2L(R) and we have

R
f(r) =—/ g(p)dp

and lim,_,r_ f(r) = 0. We will show the finiteness of

r R
sup (/ p%‘lL(p)k‘zdp-/ p‘Qb‘lL(p)"“dp)
rel0,R] 0 r

After the change of variable y = L(p) and setting « = L(r), we have to estimate

e by, 1 dY Y k
sup </ e My —2/ ey~ dy).
z€(L(R),+o0) \Jx Y L(R)

The function y +— e 2%Yy* is decreasing on (L(R),+o0), hence the first integral is
bounded by e~?#z*~1 and the second one by e?**z%(z — L(R)), so the sup is
bounded by one. Hardy’s inequality holds with C' = 1.
If £ < 0 and b = 0, the same argument applies and gives the same constant C' = 1.
(2) Assume now b > 0 and k/2b > L(R) > 0, so that £ > 1. We have

= d d I =0.
f(r) /wm g(p)dp and lim f(r)
We will show the finiteness of
R r
sup </ P 'L(p)* " dp- / p 2 L(p) 7" dp)-
rel0,R] r 0
We decompose the argument following whether r € (0,e*/2%) or r € (e=*/?*| R).

(a) If r € (0,e7%/2%), we can apply the same argument as in (1) after replacing
L(R) with k/2b, and we can therefore choose C' = 1.
(b) If 7 € (e7*/?*  R), we want show the finiteness of

T d k/Qb
/ e buyt —3 : / vy ~k dy,
L(R) Y x

with x € (k/2b, +oc). The function e~ 2%Yy* is increasing, and the second integral
is bounded by e*(k/2b)~*(k/2b— z), hence by e*(k/2b)~**1. Similarly, the first
one is bounded by e~ ?*2*(1/L(R) — 1/z) = e~ 2%~ 1(2/L(R) — 1) which has
limit zero when = — oo.

The case b < 0 and the case b = 0 with k > 2. If b < 0, we have
f(r)= / g(p)dp and lim f(r)=0.
0 r—04

(1) We assume that e(*=2/2l > R ie. k > 2(1 — |b|L(R)), which is satisfied
in particular whenever k£ > 2. We also set b, = |2 — k|/L(R). Then the func-
2byyk=2 is increasing on (L(R), +00). An upper bound of

T “+o0 d
/ e—2byyk—2 dy - / eQbny—k 732/
L(R) T Y

tion e~
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is given by
(z — L(R))e 2bogh=2 . g2boy=k+2,=1 — (1 _L(R)/2) < 1.

The case when b =0 and k£ > 2 can be treated in a similar way.

(2) If eF=2/201 < R ie., k < 2(1 — |b| L(R)), the function e~2*¥y*~2 is decreas-
ing on (L(R),+00). The first integral is bounded by e?PIMBL(R)*=2(2 — L(r)).
For the second one, we can choose € > 0 small enough such that e*¥y=F is
bounded by C.e 2(*1=2)¥ on [L(R),+00) and we bound the second integral by
C.e=2t1=9)2 /9(|p| —¢).  Hence, the product of both integrals tends to 0 when

T — +0o0. [

Proof of Theorem 6.13.4: computation of of the E-term of the spectral sequence (6.13.8)

We will prove the following precise result as a consequence of Hardy’s inequalities.

6.13.12. Lemma.

(1) If B # 0, the cohomology spaces of Lzz) (Hp,e,D)o all vanish.
(2) If B = 0, the cohomology spaces of LZQ) (Ho,e, D)o are given by the following
formulas.

(6.13.12)y  H(Lly)(Hos D)) = {gcg,e Z i i (1)

Hg , @ db if £ < =2,
(6.13.12), H' (L{5)(Hoe, D)o) = { H@c HG, @ (dr/r) if £=1,

0 otherwise,

0 if 04 —1,

(6.13.12) H?(L35)(Ho.0, D)o) =

? ® H @ Ho® (dr/r) AdE) if €= —1.
Proof. Recall that §) is introduced in Definition 6.13.11. Since D is diagonal with
respect to the frame vg of Hg e, and by L?-adaptedness, we may, and will, assume
during the proof that gz, has rank 1 with frame vg,. We will use the following
lemma.

6.13.13. Lemma.

(1) Let f(r) € L*(Ig,r?°L(r)*dr/r). Then there exists a sequence f,, € C°(Ig)
such that f,, — f in L*(Ig,r*°L(r)kdr/r).

(2) Let f(r) € L?>(Ig,r*SL(r)*dr/r) be such that f'(r) € L?>(Ir,r?SL(r)**2dr/r).
Then there exists a sequence fm, € CY(IR) such that fm, — f in L*(Ig,r*PL(r)*dr/r)
and f'm — f' in L*(Ig,r*PL(r)kT2dr /7).

Computation of HO([’Ez) (Hp,e,D)o). If B € (—1,0), there is no nonzero germ of hori-
zontal section of (j. L1, ®%Hg r)o, a fortiori no nonzero L? section. Let us thus assume
B =0, so that the connection is simply d. Then H?(j.L{ . ® Hge)o = Cug, and the
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question reduces to whether L(t)~! - L(t)%/? € L?(d6dr/r), according to (6.12.12),.
In conclusion, due to (6.12.14),

Cvpe if B=0and ¢<0,

0 ifg#0orif (8=0and?>1).

Computation of H* (L{3)(Hp,e, D)o). As a prelude to the Dolbeault case, we wish to
solve D(f(r,0)(dt/t) ® vge) = n weakly, that is, td;f = —h weakly, or equivalently
1(rd, +i0p)f = —h weakly on A} with R < 1 small enough, with f - (dt/t) ® vg in
D(A L1 (Hae, D).

Let us develop a section n = h(r,0)(dt/t) A (dt/t) of j*EQAE in Fourier series, with
h(r,0) =3, e ha(r)e™. The L? condition (6.12.12), twisted by v, reads

Z ||h’ﬂ(r) : TﬁL(T)1+Z/2||§,dT/T < +oo.

HO(L05)(Hp e, D)o) = {

Solving termwise the above differential equation amounts to solving in the weak sense

(6.13.14) (r~"fu(r)) = =2r"""1h,(r),
with f,(r) € L .(Ir) and
(6.13.15) 1 £2(P)PPL() 2 l,ar e < CllAa(r) - PPL() 2 5 40

for each n and a constant C' independent of n. According to Lemma 6.13.13(1), for n
fixed, we can choose a sequence hy, ., € C°(Ig) such that

P — by in L2(Ig, 7*PL(r)**2dr/r) when m — oo.

In particular, for m large, h, ,, € L?(Ig,7?’L(r)**2dr/r). Assume that we have
solved (6.13.14) for hy, m, with f, ., being C' on Ir and satisfying (6.13.15) for a
constant C' independent of n,m. Then, by arguing with Cauchy sequences, f, =
1ty —s00 fr,m exists in L2(Ig,r?PL(r)*dr/r) and solves (6.13.14) for h,, in the weak
sense.

According to Lemma 6.13.13, we can thus assume that h,, is continuous on Ir. Let
us set b = 4+ n. Due to Corollary 6.13.10 we can solve (6.13.14) with

an(T)TBL(T)ZpHZdT/T < Cth(T) 'TBL(T)l—M/Q”?,dr/T
o for any ¢, if 8 € (—1,0), or if 5 =0 and n # 0,
e for#£ —1,if =0and n=0.

Notice that the constant C' can be chosen independent of n since, for |n| large, i.e.,
|b| large, it can be chosen equal to 1. Therefore, we obtain the first line of (6.13.12),,
as well as the second line by definition of §.

Computation ole(LZQ)(fHﬁ’g, D)g). As in the previous case, we start with w @ vg , =
[fdr/r 4+ gdf] ® vg ¢ with f and g expanded as Fourier series with coefficients f,, gn
satisfying

D M) L) Pl arse + D llgn(r) - L) |2, an0 < o0
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The closedness of D(w ® vg¢) reads (10, + 5)g = (0p + i) f weakly, and we wish to
solve D(h®wg) = w®wg, weakly, that is, (rd, 4+ 8)h = f and (9p +i0)h = g weakly,
with appropriate L? conditions. Written on the Fourier coefficients, the closedness
condition reads

g (r) + Bgn(r) = i(n+ ) fu(r) weakly.
We look for h,, such that

S () - L) 2 a0 < 00

and (rhl, + Bhyp) = fn, i(n+ B)hy, = gn, weakly.
If n+ B # 0, then h,, is given by g,/i(n + 3) and satisfies the left equation above,
by the integrability property. The only point is to bound ||k, (r) - r#L(r)/2~1 ll2,ar /-
We have

1R (r) - PPL() 2 g ar e = 0+ BI M lgn (L) ™ PP L) 3,011

<+ BT LR Hlgn(r) - L) 12,00 s
so there exists C' > 0 such that
D () L) P oy C 30 llga(r) - rPL(r) )

n|n+B#0 n|n+p#0

If B # 0, there is no restriction on n and thus
H' (L{y)(Hpe, D)o) =0 if B #0.

If 8 =0, any class in Hl(LEQ)(J{M,D)O) has a representative fo(r)(dr/r) + go(r)dd,
with go(r) constant. This constant may be nonzero only if L(r)¢/? € L?(Ig,dr/r),
that is, £ < —2 (Exercise 6.6). On the other hand, we look for hg such that hf, = r=1 fo.

By the reasoning done for H?2, this equation has a solution if £ # 1. This concludes
the proof of (6.13.12),. O

2,dr/r-

End of the proof of Theorem 6.13.4: analysis of the spectral sequence. In the decompo-
sition (6.13.7), we immediately conclude by induction on ¢ from Lemma 6.13.12 that
LZz) (Hga, D)o is quasi-isomorphic to 0 if 8 # 0. We are thus left with computing the
cohomology of Lzz)(ﬂ-(o, D)y, a complex which is filtered by LZQ) (Ho,e, D)o. We will
analyze the spectral sequence (6.13.8) when 8 = 0, whose nonzero terms EV'? are
given by Lemma 6.13.12:

EYTP =3,
Ei’d,p =3, ®df for any p > 2,

By =9 ® 53, @ (dr/r),

EPt =9H®@ K _, @ ((dr/r) Ad).

for any p > 0,

The only possible nonzero dy’s are dy : EP"? — EPT7P for p > 0, induced by D.
The only term in D which does not preserve the filtration is —Ndt/¢, and it shifts the
filtration by —2, so d; = 0 and the previous equalities also hold for the correspond-
ing Fs’s.
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Now, for p > 0, do : E§" — EJ**7P~! is induced by —N : g _, — HZ _,_,,
which is surjective (see (1) in the proof of Lemma 3.3.7). On the other hand,
dy: Ey * — Ey' is equivalent to N : 3§, — Hg_,. Since N : grMg®V, —
grM, g1V, is an isomorphism, we conclude that E5'? = 0 except possibly E}~? with
p > 0, and we have

E?)_M ~ Ker [N : gr?ﬁgro\?* — gr%zgro\?*] for £ < 0.
The spectral sequence (6.13.8) degenerates thus at E3, and Hi(LZ2)(fH0, D)) =0 if
i = 1,2. Moreover, the inclusion (j,H)o — HO(LEZ)(HO,D)O) is an isomorphism,
since both spaces have the same dimension

dim Ker [N : gro\?* — gro\?*] = dim Ker [N : Mogro\?* — M,ggro\?*}
= Zdim Ker [N : gr%/[gro\?* — gr%2gr0\7*}.
£<0

This concludes the proof of Theorem 6.13.4. O

6.14. The Hodge filtration

In this section, we assume that (V, V,h) underlies a polarized variation of Hodge
structure. Our aim is to define a Hodge filtration on the cohomology H*(X,j,VV),
and to prove that it endows this cohomology with a polarizable Hodge structure.
We will also make precise the polarization. The method will be of a local nature, in
a way similar to the computation of the L? cohomology.

6.14.a. The Hodge filtration on V,;q. We first define the filtration F*V ,;q from
that on V>~! by the formula

(6.14.1) FPV 4 = Z:(Vat)J‘Fzﬂrjvffl7
Jj=20
in order to obtain Griffiths transversality (recall that V7~ = V=1 see (6.12.4)).

One first checks that this formula defines an Oa-module by using he standard com-
mutation rule. For example, for a local section m of FPHV>—1,

g(t)Va,m = Va,g(t)ym — ¢’ (t)ym € Vo, FPTIV; 1 4 priiy>—1
C Vo, FPHvz—1 4 pry>—1

With this definition, the relation Vy, F?V 4 C F' P=1Y) 4 is clearly satisfied. We now
give more properties of the filtration F*V,,;q. For p € Z and 8 € R, we set Fpriid =
FPVia NV and FPgrbVg = FPVP. JFpey>0
6.14.2. Proposition (Properties of the filtration F'*V ;4).

(1) The filtration F*Vyq is ezhaustive, that is, Up FPVid = Vinid-

(2) For every > —1, we have

FPVP = G FPVOVE L = 5. FPV Ve,
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(3) Moreover,
(a) for every > —1, t(F”Vﬁid) = FryPtl.

mid ’
(b) for every B < 0, O FPgr®Vypsa = FP~LgrP~1V,a;
(¢) The latter property also holds for § = 0.
(4) Conversely, a filtration F*Vimia by Oa-submodules which satisfies (6.7.1), (3b)

and (3c) also satisfies (6.14.1).

The inclusions C in (3a) and (3b) are easy; the remarkable property is the ex-
istence of inclusions D; we will call the conjunction of (3a) and (3b) the property
of strict R-specializability. Property (3c) involves a Hodge-theoretical argument.
we will call the conjunction of (3a)—(3c) the property of filtered middle extension
(see Section 9.3.c).

Proof. The statement (1) is clear by (6.12.3).
For (2), it is enough to prove the assertion with § = > —1 and we start by showing
that for any k > 0,

k
(6.14.3) PPyt =N ol vzt
j=0
which will give the conclusion in case £k = 0. It is enough to prove that, for any

L>k+1,
¢ ‘ . =1 .
(3 arrsvz ) avigtc (3 aErevz ),
j=k-+1 j=k+1
and this reduces to

(OfFPrvz—YnVvzfc oy TPV T for > 1.

Let m € V27! be such that 9fm € V;i_de. Let S be such that 9,m € Vﬁnd with
[0ym] # 0 in gr® Ve If B = —1, Bffl : grPVmia = gr? TV 14 is an isomorphism
and 8! 1(9ym) ¢ V;’?d_gﬂ > V> a contradiction. We must then have § > —1.
Therefore, 9;m € FPH=1V>=1"as wanted.

(3a) follows from (2) since ¢ acts in an invertible way on j, FPV. Let us check (3c),

which amounts to
F”‘lgr—l\?mid C 8,5F”gr0\7mid.

Since ¢ : gr "Winiq = gr%Viia = gr'V, is injective, this is implied by
tFP~tar=1V iy C 0, FPgr'V,.

The left-hand side is included in FP~!gr®V, NIm(td;). By Theorem 6.8.7, N = —t0, :
(gr'V,, F*) — (gr°V,, F*)(—1) is a morphism of Hodge structure, hence is F-strict,
which amounts to FP~1gr®V, N Im(t0;) C t0, FPgr®V,, as wanted.

Let us now check (3b), which amounts to

)+ VIETh i g <.

Fryiel ¢ 9y (FPVD

mid
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For example, let us assume 8 € (—1,0). Then

prl'vﬁfl Fpil’\?mid mv>—2 mvﬁfl

mid — mid mid
= (FP~2=L L 9PV~ n Vol (after (6.14.3))
c VBt L (8, FPVZTH NVl (8> 0).

Since 0y : gr"Vimia — g7 Viniq is an isomorphism for v < 0 (see Exercise 6.14(5)),
we have

(O, FPV>-Y NVl = (9, FPVP) + V2P

mid mid
The general case of 8 > 0 is treated similarly.
Let us end with (4). One first easily checks that (6.7.1) implies (2) and (3a). Then,
by a simple induction on k, (3b) and (3c) imply (6.14.3), hence (6.14.1) by passing to
the limit on k. O

6.14.4. Corollary (of Theorem 6.7.3). The Oa-modules

FPViia, FPVP o= FPY 5 NV FPMVP o= FPY 0 O MVP

mid’ mid

are Oa-locally free, hence free, of finite rank.

Proof. Since these sheaves are contained in V4, it is enough to prove that they are
locally finitely generated. For f > —1, we simply use Schmid’s theorem 6.7.3 and that
Fprﬂid = FPV?. For B = —1, we have F”V:mld = c')tFp“Vglid + FPV>~1 according to
6.14.2(3c), which implies the desired finiteness. The argument for 8 < —1 is similar,
by using 6.14.2(3b) instead. Lastly, the finiteness for FPViq N MgViid is obtained by
induction on ¢, due to the fact that gr%\?ii q s a finite-dimensional vector space. [J

6.14.b. The filtered de Rham complex. The de Rham complex DR V,,;4 has var-
ious presentations (Lemmas 6.12.7 and 6.12.9), the latter being linked with the holo-
morphic L? de Rham complex (Theorem 6.12.15). Each of these complexes can nat-
urally be filtered by the usual procedure as in (2.4.3). For V4, starting from the
filtration F'*Vyiq, we define

6115) FPDR Viia = {0 — FPViq —s OF @ FP V00 — 0}
6.14.5
~ {0 — vamid i> F”_l\?mid — 0}

We also define

FPVODR Vo 1= {0 — FPY? Y3 QL @ FP~1Vp10—1 —s 0}

~ {0 — FPVO O oty 0}.

mid mid

(6.14.6)

Lastly, taking advantage of Theorem 6.12.15, we define

(6.14.7) FPDRYV, () := {0 — FPM,V) N FP=IM_,V0 — 0},
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6.14.8. Proposition. The inclusions of filtered complexes
F*DRV,(2) = F*VODR Vg — F* DR Vipia
are filtered quasi-isomorphisms.

Proof. For the second inclusion, we are reduced to proving that, when § < 0, the
complex

0— F”grﬁ\?mid ji—) F”flgrﬁfl\?mid —0
is quasi-isomorphic to zero. This is precisely 6.14.2(3b), since we know that 0 :
gr®Vnia — gr® V4 is an isomorphism for such A3’s.
For the first inclusion, we first argue as for (6.12.8) (by using 6.14.2(3a)) to identify
FPVODR Vi with the complex

0 — FPV? 10, (t0, FPVO + FP=1v>0) 0.
The cokernel complex of the first inclusion is then isomorphic to the complex

0 — FP (@100, /Mogr®V*) — s (NFPgr®V, /FP~1M_pgr®V*) — 0,
and we wish to prove that the middle arrow is an isomorphism. Surjectivity is clear,
and injectivity amounts to the equality

NFPMogr®V* = FP~IM_ogr?V*.

We know that N : Mogr®V* — M_,gr®V* is surjective, but we need a supplementary
argument for the compatibility with the Hodge filtration. This argument is furnished
by the Hodge-Lefschetz property provided by Theorem 6.8.7. Indeed, we know that

N: (grOV*aF.7Mﬂi+0) — (grO’V*aF.aMUH-O)(_l)

is a morphism of mixed Hodge structures (see Remark 3.2.1), hence it is strictly
compatible with both F* and M,,., (see Proposition 2.6.8), hence N : FPMygr®V* —
FP=IM_,gr?V* is surjective too. O

6.14.9. Remarks.

(1) We do not claim that the filtered complex F'* DR Vy,;q is strict, that is, that
H'FPDR V.34 = 0 for any p.

(2) The graded complex grf, DRV, ~ gr, DR Vg is a complex in the cat-
egory of Oa-modules whose terms are Oa-coherent. Reading this property on
a compact Riemann surface X, this implies that the hypercohomology spaces
H(X,gr, DRV, (5) are finite-dimensional vector spaces.

6.14.c. The L? Dolbeault lemma. One of the important points in order to prove
F-degeneration of the Hodge-to-de Rham spectral sequence in the context of the
Hodge-Zucker theorem 6.11.1 is the Dolbeault lemma, making the bridge between
the holomorphic world and the L? world of harmonic sections. It will ensure finite
dimensionality needed in the proof of the Hodge-Deligne theorem 4.2.33 in the case
of a complex manifold with a complete metric, here a Riemann surface.
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Let us now come back to the Dolbeault lemma in the context of the Hodge-Zucker
theorem 6.11.1, where X is a compact Riemann surface and X* is the same surface
with isolated punctures. Given a polarized variation of Hodge structure (H,S) of
weight w on X*, we consider the associated flat bundle with metric (3, h, D) and the
associated flat holomorphic bundle (H’, V), also denoted (V, V).

The L? Dolbeault complex (4.2.30) reads

"
0 L2(X*,grh3C 0, D) —2y L2(X*, gl (eL. © 3),h, D)

1
D (X g (6% © H), 0, D) — 0.
It will be useful to regard L?(X*, grh. 7, h, D”), as well as its relatives, as the space of
global sections of a flabby sheaf £ 2)(grf.H,h, D”) on X, defined by the assignment

X DU+ LA(UNX* gr?. 3, h, D).

This gives rise to a complex of sheaves £2)(gr(€%. ® H),h, D”) on X with differ-
ential D",

On the holomorphic side, we regard the holomorphic Dolbeault complex (4.2.13)
not only on X* but its extension to X with the L? condition. Namely, gr’. DR(V, V) =
grh. Dol(grpV, 0) on X* is extended to X as grf, DR Vyyiq, that we now can write as
gr'%. (DR V,(2)), a form which will help us to compare with the L? side.

6.14.10. Theorem (L? Dolbeault lemma). With the assumptions of Theorem 6.13.5,
there is a natural inclusion of complexes

gr%(DR V*(g)) — L(Q) (gr%(c‘l}(* ® gf), h, 'D”)
which is a quasi-isomorphism.

Away from the punctures, Lemma 4.2.32 shows that the inclusion is a quasi-
isomorphism. We are thus reduced to analyzing the germ £ o) (gl (€% ® H),h, D”)g
of the sheaf L2 complex at the origin of the disc A.

Proof of Theorem 6.14.10: choice of an L>-adapted basis. As in the proof of the L? Poin-
caré lemma, we can replace the Hodge metric h by an equivalent one, and we can
work with an L2-adapted frame with respect to this metric. However, we cannot use
anymore the decomposition (6.2.5xx), which much simplified the expression of the
connection when analyzing the L? de Rham complex, since it is a priori not compatible
with the Hodge filtration. We will use Proposition 6.13.2 instead, in a way compatible
with the Hodge filtration.

For that purpose, we specify that the basis (v ;)¢ of V71 /tV! ~@pse(_1 grfV,
is compatible with the filtration induced on each gr®V, by the Hodge filtration, which
is the Hodge filtration of the polarized Hodge-Lefschetz structure @ 4(gr” H, N, gr”S)
(Theorem 6.8.7). We thus decompose each v , as vy’ (recall that we now set v3 , =
(V3. j)er—2j=¢ in order to obtain a basis of grMerfV,), so that vElg is a basis of
grhgrMerfy,.
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Let us fix p. Since gr?, V7! is locally free (Theorem 6.7.3), we can lift vB”; as a

family ”g,e in gr%Mgi so that ('UB’Z)@ ¢ is a frame of grf. V> ~!. By Proposition 6.13.2,
(the restriction to A* of) (v} ,)p,¢ is L*-adapted with respect to the metric induced
by the Hodge metric h on HP*~P ~ grf V.

Proof of Theorem 6.14.10: simplification of the L?> complex. We present the L? Dol-
beault complex as the simple complex associated with a double complex, by decou-
pling d” and ¢’. This relies on the following lemma.

6.14.11. Lemma. For q = 0,1, the morphism 0’ : S%q ® grinV — 82q ® gr’;flv has
bounded L?-norm.
Proof. The morphism 6’ is the C° morphism associated with the holomorphic mor-
phism 0 : gr?.V — QL. ® gr’. 'V, which is itself induced by
0:grhV> "t — QL @ gt VL
The restriction of 0 at ¢ = 0 being that of gry 1V, it has matrix —grh N in the bases
v2P v°P~1 The image by 0 of a section u = D50k UBLK ’U;Lk reads thus
dt dt
D ~ p
Z UB,e+2,k Vg g i T +1 Z UpL.k Vg 0k rE
Btk B0,k
where ug ¢, belongs to Zﬁ, ook Oa - ugr o jr. Therefore,

Oull < D (s exp+tts,e.)L(E)0G 4 klla ~ D (s exop+tas,e0) [HPLE) 2|2,
Bk Bk

according to Theorem 6.3.5. On the other hand, by the argument already used in the
proof of Proposition 6.13.2, we have

(g ev2,k + 0,00 [T 10 ~ [lug,ero k¢ L) 2| |n.
Since vP is L?-adapted we have (see Definition 4.2.21), still using Theorem 6.3.5,
[ug ek lt "L T lo ~ ug eroxvh o g ll2 < Collallz:
We conclude that there exists C' > 0 such that ||Qu|ls < Cllul|a. O
This lemma implies that
(6.14.12) Loy (grh(e%. @ 30),h, D)o = Loy (grh (E%. @ 3(),h,d")o k=0,1,2.
Moreover, we claim that
0 [L02) (€% @ g V), h,d")o] C Loy (€T @ grh V), h,d")o.
Indeed, this also follows from the lemma if ¢ = 1 since, in that case,
Loy ((ExE @grh V), h,d")o = Loy ((Ex+ @ grh V), h)o.
We need to prove that, given a germ u € 5(2)((88(* ® grinV),h,d")o, its image 6'u
belongs to £ (o) ((€ 32 @grh V), h,d")o, that is, d” (0'u) € £ 9y ((E+ ® g V), h,d")o.
But we have, in the weak sense, d”(8'u) = —6’(d" ), and since
d"u € L)((E%E @ gl V), h,d")o = Loy (€% ® grhV), h)o

by assumption, the lemma allows us to conclude.
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We can now regard (up to sign) the complex Lo (grf (€. ® H),h,D”) as the
simple complex associated with the double complex

/
£y ((E%0 @ grtV), b, d")p —2 £y (812 @ @ 'V), b, d")g
(6.14.13) dHJ/ ld//
4 _
L) (€% @ grh V), h)g ——— Ly ((Ex: @ grh V), h)g
and the inclusion gr’, (DR V,(2))o < L2y (g7 (E%- @ H),h, D")g is obtained by means

of the inclusions
(8r5Ve2)o C L) ((EX° ® griV),h,d")o
(g (4 ® Varz)))o C L) ((€X° @ grf V), h)o.
Proof of Theorem 6.14.10: analysis of the vertical morphisms d" in (6.14.13). Since these
morphisms are diagonal with respect to the L2-adapted basis vP, the question of the
surjectivity of these morphisms will reduce to checking Hardy’s inequalities. Let

us fix p,3,¢. In polar coordinates, we wish to check the surjectivity (or not) of
10; = 1(r0, +10y):
Loy (r®PL(r)¢=2d0 dr /73 (ro, + i@g))o — L2y (r*L(r)‘de dr/r)o,
L2y (r*PL(r)*d0 dr/r; (ro, + i %)), = L2 (r?L(r)*+2de dr/r),.
The result has already been obtained in the proof of (6.13.12),: the first (resp. the
second) morphism is onto if (8,£) # (0,1) (resp. (5,¢) # (0,—1)). Moreover, if
(B,€) = (0,1) (resp. (B,£) = (0,—1)), the subspace £3) (L(r)dr/r)o, i.e., consisting
of functions only depending on 7, surjects to the cokernel.
Proof of Theorem 6.14.10: vanishing of H>L 2)(grh(E%. ® H),h, D")o. The previous
analysis shows that only combinations of terms u(r)vg _, (dt/t) A(dE/t), where vf _; is
any element of the subfamily vf _; (i.e., = 0 and £ = —1) may not belong to Im d".
However, one then checks that u(r)vg , (dt/t) belongs to L(g)((Egﬁ ® grh.V),h)y and,
by the previous analysis,

0" (u(r)vg 1 (dE/t)) = u(r)vf _ (dt/t) A (dE/E) mod Imd".
This implies the vanishing of H2L ) (g’ (€% ® H),h, D")o. O

t0s

End of the proof of Theorem 6.14.10. The previous step identifies, up to a quasi-
isomorphism, the complex £ o) (gr'y(€%. ® H),h, D)y with its subcomplex

12
0— L(2)(gr§’,(j{),h,@”)o D—) Ker D" — 0,
where

"
Ker D" = Ker[£ o) (g (- © 90, b, D)o —2— Loy (ar(€- © 30),h, D")o].

6.14.14. Lemma. Any local section v’ - (dt/t) + u” - (d¢/t) of Ker D" is equivalent,
modulo Im D", to a local section of L) (gr®(E3° ® H),h, D)o N Ker D”.
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Proof. Since u' - (dt/t) + u” - (dt/t) is assumed to belong to Ker D", it is enough to
show that it belongs to Im D" + L(g)(gr%(ekg ® H),h, D)y, and it is also enough to
show that such is the case for u” - (dt/t).

First, we write u” = u;’é(oyl) + uE/O,l)’ where u;’é(ojl) resp. “2/0,1) is a combination of
basis sections Ug,e with (8,€) # (0,1) resp. (8,¢) = (0,1). Since u;’é(o,l) € Imd” by
the previous analysis, it belongs to Im D’ +L(2)(gr’}(8§£ ®H),h, D")y. We can thus
write our original section (up to changing notation for u’) as u’- (dt/t) +u(g - (dt/?),
and as such it still belongs to Ker D”.

Let us denote by “/(/0 _1y the combination of basis sections vp _; where the coefficient

of vfj _, is that of (o, 1y o0 vg ;. Arguing as in the proof of the vanishing of H?, we find
0" (u(o,1y(dt/1)) = ufy _y)(dt/t) A (dE/T) mod Imd".

On the other hand, by assumption, 6'(u(, , (d¢/t)) = d” (v - (dt/t)), so that
U(p,—q)(dt/t) A (dt/t) € Imd”. But the preliminary analysis of Imd” done above
shows that this is equivalent to (g ,)(d?/t) € Imd”. As a consequence, u(g ) (dt/?)

belongs to Im D" + L(z)(gr%(ﬁﬁﬂ ® H),h, D)o, as wanted. O

We note that, because of (6.14.12) and by considering types,
Loy (g% (€Y @ H),h, D")g N Ker D" = Lg)(gry (€52 ® ), h,d")o N Kerd”.

Then the L? Dolbeault complex £ o) (grh (€. ® H),h, D”)g is now seen to be quasi-
isomorphic to its subcomplex

D
0%5(2) (gr%(f}{), h, d//)o — [Im D" —+ (L(2) (gr%(gk{z ® :H‘)’ h, d//)0 N Ker d”)] 0.

Besides, by considering types, the latter is isomorphic to its subcomplex (up to sign)

!/
(6.14.15) 0 — Kerd” 22 Loy (grh (€52 © 30),h,d")o N Kerd”.

Extending the germs to a small disc A, the restriction of the above complex to A* is
isomorphic to the holomorphic Dolbeault complex

0 — gr?V i) QL. @ gr?V,

as already mentioned. Then, by definition of the L? condition, (6.14.15) is nothing
but grf, DRV, (), and this ends the proof of Theorem 6.14.10. O

6.14.d. Conclusion: proof of the Hodge-Zucker theorem. We are now in posi-
tion to apply Hodge theory on complete non-compact complex manifolds as in Section
4.2.e. Starting from a polarized variation of Hodge structure (H,S) on the punctured
Riemann surface X* equipped with a complete metric locally like the Poincaré metric
near each puncture, we consider the corresponding L? de Rham complex LEZ) (H,h, D).
By Theorem 6.13.5, the cohomology of the complex T'(X, Lzz) (3, h, D)) is isomorphic
to H*(X,j.3), hence is finite dimensional. On the other hand, by the L? Dol-
beault lemma 6.14.10, each cohomology space H* (F(X,Lz2)(grgﬂ-f,h, D”)) is finite-
dimensional, being isomorphic to the cohomology on X of a complex whose terms
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are O x-coherent (see Remark 6.14.9(2)). The finiteness conditions in Theorem 4.2.33
are thus fulfilled, and we obtain the desired Hodge decomposition. It is important to
remark that, according to Theorems 6.13.5 and 6.14.10 read in the reverse direction,
we can express the Hodge structure on H*(X,7.H) only in terms of the algebraic
object (Vmida F.vmida V)

Let us now consider the polarization. The cohomology H' (X, j.J) is primitive,
so the polarization on it can be expressed without referring to an ample line bundle.
The positivity property of the polarization on H? and H' is proved exactly as in
Theorem 4.2.16 in the case of compact Riemann surfaces, by replacing sections of
the C* de Rham complex on X with sections of the L? complex, with respect to the
complete metric fixed on X*, and using the pairing (6.13.6). There is no need here
to argue on primitivity of L? sections.

6.14.16. Remarks.

(1) As in Remark 4.2.18(4), a consequence of the Hodge-Zucker theorem 6.11.1 is
that the maximal constant subsheaf of J has stalk H°(X*,H) = H°(X,j.H), and
thus underlies a constant polarizable variation of Hodge structure of weight w whose
restriction at any point of X is a direct summand in H on which the polarization of H
induces a polarization (see Exercise 2.12). Poincaré duality enables us to transport
this polarized Hodge structure to H%(X, j.J).

(2) (Degeneration at E; of the Hodge-to-de Rham spectral sequence) One checks
that the filtered complex RI' (X, F*(DRVimiq)(2)) is strict, exactly as in Remark
4.2.18(2). This reads here as the injectivity of the natural horizontal morphisms

H"(X, FPVODR Vyniq) —— H*(X, VODR Vpiq)

| b

H*(X, FP DR Vypiq) ——— H"(X, DR Vyniq)

6.14.e. Structure of polarized variations of C-Hodge structure

Let X be a compact Riemann surface, let X* be the complement of a finite set of
point, and let (H, F"*3, F"*3, D,S) be a polarized variation of C-Hodge structure
of weight w on X*. By Corollary 6.4.2, the local system J is semi-simple, that we
write as H = @, . 4 HS, ® H,,, with the same notation as in Section 4.3.c. Moreover,
the polarization decomposes as well.

6.14.17. Theorem. The statements of Lemma 4.3.11 and Theorem 4.3.13 hold in this
setting.

Proof. Indeed, the reference to Theorem 4.3.3 is replaced with a reference to Corol-
lary 6.4.2, so the new argument needed both for Lemma 4.3.11 and for Theorem 4.3.13
only concerns the existence of a pure Hodge structure on

End(30) = H'(X*, €nd(30)) = H(X, j. &nd(30)),

and similarly on Hom(J,, ), which is provided by the Hodge-Zucker theorem 6.11.1,
according to Remark 6.14.16(1). O
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6.15. Exercises

Exercise 6.14. Show the following properties (see (6.12.4) for Viid, B8 € R).

(1) Vﬁlid is an O a-coherent module, which is free of rank equal to rk V, since, being
included in V,, it is torsion-free.

(2) For y € (=1,0] and k > 0, 9F : gr"Vyuiq = gV, — gr’ ¥V 1q is onto.

(3) grPVmia C gr®V.. [Hint: Clear if > —1; for y € (—=1,0) and f =7 —k < —1,
use OF : gr'V, — gr?"FV,; for f = —1, show the inclusion directly; for 8 = —1—k <
—2, use the inclusion for f = —1 and the bijectivity of 9F : gr='V, — gr=17*V, |

(4) Viid = Vmia N V. [Hint: Inclusion C is clear; for D, let m € Vmia N V2 with

[m] # 0 in gr®V,; there exists 3’ < 3 such that m € Ve id N V2 ; then (3) implies

mid>
B =p]
(5) For 8 # 0, & : gr®Viia — gr® '"Viia is bijective. Deduce that gr®Vq =
gr?V, for B # —1,— . |Hint: For the injectivity, use (4) to show that gr®Vq C
gr’ Vv, ]

(6) gr 'Vimia C gr 1V, is identified with the image of 9; : gr®V, — gr=1V,.
Conclude that 9, : gr®Vniq — gr~"Viniq is onto. Using the isomorphism ¢ : gr =V, —
gr’V, identify also gr=!V,,;q with the image of td; : gr%V, — gr’V.,.

Exercise 6.15. The goal of this exercise is to illustrate the degeneration property of
Remark 6.14.16(2) in a case where Hodge theory is not needed. The punctured
Riemann surface is the Riemann sphere X = P! with » > 3 punctures z1,...,z,
and V is a rank 1 bundle with connection on X*. For each i = 1,...,r, the residue «;
of the connection on V9., at x;, is assumed to have its real part in (0,1).

(1) Show that d := ), o; € (0,7) is an integer (hence 1 < d < 7 — 1) and that
VO .4 = Opi(—d). Conclude that H°(P*,VY.,) = 0. [Hint: Use the residue theorem
for connections.|

(2) Show that V! =Vl ~ Op(r —d). Conclude that H1(PL, QL ®V_},) = 0.
[Hint: Compute the residue of the connection on V_;; use that Qp, >~ Op1(—2).]

(3) Show that the long exact sequence

- — H¥P', VDR Vpia) — H¥(P',V0,y) — HFPLOQL @V L) — -

m1d7

reduces to the short exact sequence
0 — H°(PY, O @ V1) — H' (P, V' DR Vpia) — H' (P, V0,4) — 0.

(4) Interpret this result as the degeneration at E; of the spectral sequence associ-
ated with the filtration of V0 DR V,,iq defined by

FYWODR V4 =0,
FOVODR Vpia = O @ V2 1],
FYWODRViqa = VDR V.

(5) If all ;s are real, relate this result with Remark 6.14.16(2). [Hint: The local
system VV is then unitary.]
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Exercise 6.16. Let X be a compact Riemann surface and let (V, V) be any non constant
irreducible bundle with connection on X*. Consider the filtration of VODR V,q
defined by
FYWODR V4 =0,
FOVODR Viia = O @ V21 1],
F7YWODRV,iq = V' DR Vpia.

(1) Show that degeneration at E; of the associated spectral sequence on hyperco-
homology both for V and V" is equivalent to the property that both V? and (V)¢ do
not have nonzero global sections on X. [Hint:

« = Show first that H?(X,j.V) and H?(X,j.V") are zero; show then
that degeneration at E; is equivalent to the properties H!(X, Q4 ® V>~1) =
0 and HO(X, Q% ® V>~1) < H'(X,V'DRV,q) and their dual analogues;
use Serre duality and Remark 6.2.3(2) to get the vanishing of H°(X,V?) and
HO(X, (V)0).

« < The vanishing of H'(X, QY ® V>~!) and its dual analogue is obtained
by Serre duality as above; in order to obtain the inclusion property for H°, use
the exact sequence

e — HY(X,V?) — HO(X, V1) — HY(X, VDR Vypia) ~ HY(X,jVY) — -+
together with the inclusion HO(X,V>-!') ¢ H°(X,V_1,), and the analogous
results for VV.]

(2) Show that for a unitary local system VV with no nonzero constant global
section on X*, the vector bundle V? has no nonzero global section. |Hint: Prove that
the local system is semi-simple with no constant simple component, and that its dual
local system satisfies the same property; show that the Hodge filtration of V° DR V,,iq
is that considered in (1); use the degeneration property of Remark 6.14.16(2) to
conclude.|

6.16. Comments

The Hodge-Zucker theorem [Zuc79] makes use of the fundamental results of
Schmid (Parts 1 and 2 of this chapter), and is the first occurrence of the purity
theorem of the intermediate (or minimal) extension of a polarizable variation of
Hodge structure. The proof given here is taken from loc. cit., with a small difference
in the proof of the L? Dolbeault lemma (Theorem 6.14.10), for which we give a local
result, while that of Zucker is global (on the cohomology).

In the approach of M. Saito [Sai88] to polarizable Hodge modules, the Hodge-
Zucker theorem is the only analytic result that needs to be used. Nevertheless, for
the extension of the theory to the mixed case, Zucker’s theorem in higher dimensions
([CK82, CKS86, CKS87, KK87| and the more recent [Moc22]) are needed.






