CHAPTER 12

THE CATEGORY OF TRIPLES OF Dy-MODULES

Summary. The category of triple of filtered D x-modules has been considered
in dimension one as a suitable abelian category containing the category of polar-
izable Hodge modules as a full subcategory (see Section 7.4.a). Our aim in this
chapter is to extend the notion of triples in any dimension. For that purpose,
we are led to extend the notion of (V,V)-flat sesquilinear pairing, used for the
definition of a polarized variation of C-Hodge structure (see Definition 4.1.4), to
the case where the flat bundle is replaced with a D-module. Such a sesquilinear
pairing takes values in the sheaf of distributions or of currents of maximal degree.
We also make precise its behaviour with respect to functors like pushforward,
smooth pullback, nearby and vanishing cycles and localization.

In this chapter, we keep Notation 9.0.1. In the first sections, we will only consider
Ox-modules and D x-modules, as coherent filtrations will not play any role here.
We will use the constructions and results of Chapter 9 in this framework. We come
back to the filtered case in Section 12.7.

12.1. Introduction

One of the ingredients of a polarized variation of Hodge structure is a flat Hermitian
pairing (that we have denoted by S), which is (—1)"~P-definite on H?*~P. In this
chapter, we introduce the notion of sesquilinear pairing between holonomic D x-mod-
ules. It takes values in the sheaf of distributions (in fact a smaller sheaf, but we are
not interested in characterizing the image). This notion will not be used directly as
in classical Hodge theory to furnish the notion of polarization. Instead, we will take
up the definition of a C-Hodge structure as a triple (see Section 5.2) and mimic this
definition in higher dimension. Our aim is therefore to define a category of D-triples
(an object consists of a pair of Dx-modules and a sesquilinear pairing between the
underlying D x-modules) and to extend to this abelian category the various functors
considered in Chapter 9.
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12.2. Distributions and currents on a complex manifold

12.2.a. Distributions and currents. Let X denote the complex manifold conju-
gate to X, i.e., with structure sheaf O+ defined as the sheaf of anti-holomorphic
functions Ox. Correspondingly is defined the sheaf of anti-holomorphic differential
operators D+. The sheaf of C* functions on X is acted on by Dx and D+ on the
left and both actions commute, i.e., C¥ is a left Dx ®c Dy-module. Similarly, the
sheaf of distributions Dby is a left D x ®c Dy-module: by definition, on any open set
U C X, Dbx(U) is dual to the space £2"(U) of C*° 2n-forms with compact support,
equipped with a suitable topology, and the presheaf defined in this way is a sheaf. On
the other hand, the space of €x(U) of currents of degree 0 on X is dual to C°(U)
with suitable topology. Then €x is the right D x ®@c D-module obtained from Db x
by the left-to-right transformation for such objects, i.e.,

Cx = (wx Oc wx) oxeoy) Dbx .
12.2.1. Notation. From now on, the notation ‘AX,Y will mean Ax @cAx (A =0 or D).

De Rham complex. One can easily adapt Exercise 8.22 to prove that the C°°-de Rham
complex EX'* ®ex Dxx = E¥[2n] ®o, Dy %, where the differential is obtained
from the standard differential on C* k-forms and the universal connection Vx + V x
on Dy 5, is a resolution of " = €Y as a right Dy x-module.

We denote by Db’ """ = 577" ®ee Dby or Db p 4 the sheaf of currents of
degree (p, q) (we also say of type (n — p,n — ¢q)), that is, continuous linear forms on
C differential forms of degree p, g.

The distributional de Rham complex yields then a resolution of €x as a right
D x x-module:

(12.2.2) Dby [2n] @0, Dxx — Cx -
Let us make precise that the morphism is induced by

’Db}’"@@xy =Cx®@Dyx —C, u@P+—u-P.

The Poincaré and Dolbeault lemmas for distributions and for L? _ forms. Here, the com-

plex structure of X is not needed. It could be any differentiable manifold. The
Poincaré lemma for distributions, due to de Rham [dR73, dR84], asserts that the
complex (Db%, d) is quasi-isomorphic to its subcomplex (€%, d), which is itself, by the
standard Poincaré lemma, quasi-isomorphic to the constant sheaf Cx. The notion of
current is important in the proof since it involves integration of currents (see Definition
12.2.9 below). The basic regularization procedure is given by the following lemma.

12.2.3. Lemma (Regularization lemma, [dR73, dR84]). Let U be an open subset of R™.
For each e € (0,1) and each integer p, there exist C-linear morphisms R, : Db (U) —
DbP(U) and S- : DbP 1 (U) — D6P(U) such that

(1) R. takes values in EP(U),
(2) R.(u) —u=dS:(u) — Se(du) for any u € DbP(U),
(3) R.(du) = dR.(u) and lim._,o R.(u) = u weakly.



12.2. DISTRIBUTIONS AND CURRENTS ON A COMPLEX MANIFOLD 463

On the other hand, the L? de Rham complex (LE2),X7 d) on X is the subcomplex of

(Db, d) such that L7,  consists of p-forms with coefficients in L?

i . in some (or any)

basis (dz)gr=p and whose differentials are also L12oc' The construction of R, and S,
also gives:

12.2.4. Lemma. If u has L2, coefficients, then so does S (u).

loc
12.2.5. Corollary (Poincaré lemmas). The inclusions of complexes
(Cx,0) —> (€%,d) — (L) x,d) — (Db, d)
are quasi-isomorphisms.

Proof. That the first inclusion is a quasi-isomorphism is the standard Poincaré lemma.
Let us check the second inclusion for example. Let u be a local section of L’(’Q), ¥
which is d closed. Then (for any € € (0,1)) S.(u) has L coefficients, and so does
dS:(u) = u — R(u), so that S.(u) is a local section of 61(72_))1){. It follows that w is
cohomologous to R.(u) in 51(72)7)(7 showing surjectivity HP(€%,d) — HP(LY,) . d),
hence the latter is zero for p > 0, by the standard Poincaré lemma. For p = 0, we use

that a distribution all of whose derivatives are zero is a locally constant function. [J

One defines in a similar way the Dolbeault complexes (£5°,d”), (Ll(’é;)x, d”) and
(Db, d”).

12.2.6. Theorem (Dolbeault lemmas). The inclusion of complexes
(Q%.0) > (E57.d") — (L5 1. d") — (Db%",d")
are quasi-isomorphisms.

We refer e.g. to [GHTS8, p. 382-385] for the Dolbeault-Grothendieck theorem, i.e.,
(DbE",d”) is a resolution of O, and to [H8r66, Th.4.2.2] for the L?-Dolbeault
lemma (the result proved in loc. cit. is stronger).

Distributions and currents depending continuously on a parameter. We wish to define
the notion of distribution depending continuously on the parameter s € S. We will
define such a sheaf on X x § by Dbxs/s-

Let S be a C* real manifold (we will mainly use S = Cy). Let Eg?)xns)/s . the sheaf
of C relative (with respect to the projection X x S — S) (n,n) forms with compact
support. The sheaf on X x S of distributions which are continuous with respect to S

is defined as follows. Given any open set W of X x S, an element of Dby, g/s(W) is

a C°°(S)-linear map 82?’;2./5 (W) = C2(S) which is continuous with respect to the

usual sup norm on C?2(S) and the family of semi-norms on Eg?xng, /s (W) obtained
by taking the sup on some compact set of W of the module of partial derivatives up
to some order with respect to X. Given a compact set in W, the smallest order in 0,

which is needed is called the order of w.
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Currents of maximal degree which are continuous with respect to S are defined sim-
ilarly. A section on W of €xg/s is a continuous C>(S)-linear map €§, g (W) —

Co(8S).

12.2.7. Lemma. Let u € Dbx,g,5(U x V). Then, for every s, € V, its restriction to
s =5, s well-defined as a distribution on U, and similarly for currents.

Proof. Let n, € 8&"*”>(U ) and let x be a C*° function with compact support on V
such that x(s,) = 1. Then u(n,-x) is a continuous function on S that we can evaluate
at s = s,. The correspondence 7, + u(7, - X)|s=s, Obviously defines a distribution
on U, because |[u(n, - X)|s=s,| < supg |[u(n, - x)|. If o(s) is another such function on S
we have, by C*°(S)-linearity,

u(no - ox) = ou(n, - x) = xu(no - o),

hence both take the same value at s,. O

12.2.b. Pushforward of currents. Let 1 be a C* form of maximal degree on X.
If f: X — Y is a proper holomorphic map which is smooth, then the integral of n in
the fibers of f is a C*° form of maximal degree on Y, that one denotes by [ £

If f is not smooth, then [ £ is only defined as a current of degree 0 on Y, and the
definition extends to the case where 7 is itself a current of degree 0 on X (see Section
8.3.4 for the notion of current).

12.2.8. Remark. The definitions and properties below extend to the case when f is
only assumed to be proper on the support of the currents involved, see Exercise 12.4.

12.2.9. Definition (Integration of currents of degree (p,q)). Let f : X — Y be a proper
holomorphic map and let u be a current of degree (p,q) on X. The current [ P u of
degree (p,q) on Y is defined by

(12.2.9 %) </fun> = (u,mo f), Vne&PiY).

This definition extends in a straightforward way if f is only assumed to be proper on
the support of u.

We continue to assume that f is proper. We will now show how the integration
of currents is used to defined a natural Dyy—linear morphism ,5fs €x — €. The
simpler case of a closed embedding is treated in Exercise 12.2.

The integration of currents is a morphism

/ : f* @hXJ,,q — @by7p7q,
f

which is compatible with the d’ and d” differentials of currents on X and Y. In other
words, taking the associated simple complex, it is a morphism of complexes

/ . DO [20] — DO [2m].
f
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Let us notice that the integration of currents is compatible with conjugation. Namely,
given a current u,, € I'(X,Db% """ 7), its conjugate u,, € I'(X,Db ©"77) is
defined by the relation

(Up,g:n"") 1= (up,q, NTP)

for any test form n?P. Then we clearly have

(12.2.10) /W:/up,tr
f f

The notion of pushforward of a D Xy—module is modeled on that of a D x-module
in an obvious way (see Section 8.7.e). Since €x = (Dbx)rshtrisht a5 3 right Dy x-
module, we can apply the D i g-variant of Exercise 8.52(5) (more precisely, (8.52x))
to get, since f is proper,

(12211) pofe€x ~ £.(DX[20] @510, . f7'Dyy) = . Db%[20] o, . Dy v

The integration of currents | f induces then a D, y-linear morphism of complexes

(12.2.12) o fs Ex Lo Dby [2m] @0, - Dyy =~ Cy,

where we recall that the differential on the complex Dby [2m] @0, Dy v uses the

universal connection V¥ + VY on Dyy, and the isomorphism with €y is given by
(12.2.2).

On the left-hand side of (12.2.12), the term of degree zero reads f. €x ®o,yDyy
and, for a current u of degree zero on X and a differential operator P on Y, the
morphism (12.2.12) sends u® P to the current (ff u)-P of degree zero on Y. It descends
to a morphism H%(, 5f. €x) — Cy.

If we start from Dby, considered as a left Dy z-module, we have similarly by the
D y x-variant of Exercise 8.52(5) (more precisely, (8.52 xx)):

Dyﬁf* "DbX >~ j‘(O?’TL(‘){7 OUY,?’ f* Qb..X [277,} ®OY,7 ‘DY,Y)

and the integration of currents induces a Dy, -linear morphism

(12.2.13) p.ofx Dbx i) }(meyy(wY’?, Q:y) = Dby .

12.2.14. Remark (Proper support). One can relax the assumption that f is proper
on X. If f is only proper on a closed analytic subset Z C X, one replaces Cx
resp. Dby in the previous arguments with the sheaves €x 7 resp. Dbx 7 of currents
resp. distributions supported on Z, i.e., vanishing when applied to any test function
resp. form with compact support in X \ Z (see Exercise 12.4).

More generally, considering the functor ,sfi instead of ,5f«, by replacing f.
with fj, enables one to only take into account currents with f-proper support, on
which ff is defined, so that (12.2.12) and (12.2.13) are well defined on , 5fi €x and
pof1Dbx.
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12.2.c. Moderate distributions. We refer to [Mal66, Chap. VII| for the results
in this subsection.

Let D be a reduced divisor in X, let Ox (*D) be the sheaf of meromorphic func-
tions on X with poles along D, and let ®bx p be the subsheaf of Dby consisting of
distributions supported on D.

On the other hand, let j : X \ D — X denote the open inclusion. By definition,
there is an exact sequence of left D x x-modules

0— ;DbX,D —>©bX —>j*©bX\D~

The image of the latter morphism is the sheaf on X of distributions on X ~. D which
are extendable as distributions on X. It can be characterized as the subsheaf of
J« ®bxp consisting of distributions which can be tested along C'*° forms of maximal
degree on X ~\ D having rapid decay along D. It is denoted by @b;OdD (sheaf on X
of distributions having moderate growth along D). It can be characterized more

algebraically. Indeed, we have
Db P = 0x (D) ®o, Dbx = Ox(*D) ®o, Db .

In other words, Dbx p is equal to the subsheaf of ®bx consisting of local sections

annihilated some power of g (or f), and we have a short exact sequence
0 — Dby p — Dbx — DY — 0.

The previous results apply to currents of degree 0 as well, and we keep similar notation.

12.2.15. Example (The case where D is smooth). If D is smooth, so that we denote it by
H, the sheaf ®bx g is identified with the push-forward, in the sense of D x x-modules,
of ®by. If for example X = H x C, then, according to Exercise 12.2, we find exact
sequences

0 — 1. Dby [0, 0] — Dbx — Dbx[1/t] — 0,
0— 1: Cy[0y, 0] — €x — E€x[1/t] — 0.

12.3. Sesquilinear pairings between D x-modules

The naive conjugation functor M ~ M transforms O x-modules (resp. D x-mod-
ules) into Og-modules (resp. Dy-modules): let us regard O as an Ox-module by
setting f-g := fg, and similarly let us regard D+ as a D y-module; for an O x-module
(resp. a D x-module) M we then define M as O ®o M (resp. D ®s, M). In other
words, for a local section m of M, we denote by 7 the same local section, that we act
on by f € O (resp. D) with the formula f-m = fm.

12.3.1. Definition (Left sesquilinear pairing).
(1) A sesquilinear pairing s between left D x-modules M/, M” is a D x x-linear

morphism s : M/ @c M" — Dby. When M’ = M” = M, we speak of a sesquilinear
pairing on M.
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(2) The Hermitian adjoint of a left sesquilinear pairing s is s* : M" @c M/ — Dbx
defined by s*(m”,m’) = s(m’,m”), that is,
(n,s"(m",m/)) := (7, 5(m/, m"))

for any test form of maximal degree 7 (see (8.3.4%)).

12.3.2. Definition (Right sesquilinear pairing).

(1) A sesquilinear pairing s between right D x-modules M',M" is a D , ¢-linear
morphism s : M’ ®c M” — €x. When M’ = M” = M, we speak of a sesquilinear
pairing on M.

(2) The Hermitian adjoint of a right sesquilinear pairing s is §* : M” ®@c M/ — €x
defined by s*(m”,m’) = s(m’,m”), that is,

(s*(m”,m’),n) == (s(m/,m"),n)
for any test function 7 (see (8.3.4x)).
12.3.3. Side-changing. If s = s'°™ : M’ @cM” — Dby is a sesquilinear pairing between

left D x-modules M', M”, then it determines in a canonical way a sesquilinear pairing
(recall Sgn(n) :=e(n + 1)/(2wi)", see Notation (0.2 %))

[ right
1233+  (@x @) e @x W) S— wx 0¥ @ Doy = Cx
(W @m', & @m") —s Sgn(n)(W Aw’) @ s (m’,m7).

Conversely, from a sesquilinear pairing between right D x-modules one recovers one
for left D xy-modules.
The compatibility with Hermitian adjunction is given by the following relation:

(12.3.3 %) (stiEht)* — (gleftxright
since W = Sgn(n)(w’' Aw”). In both left and right cases we have s** = s.

12.3.4. Extension to C*° coefficients. Let us consider the right case for example. Let
us define a right action of D, v+ on M ®p, C¥ by setting

(m®n) : aﬂh = maﬂh N — m®877/8l‘1 and (m®77) 851 = —m®677/8fi.
Then s extends in a unique way as a C5-linear morphism
M ®oy CF) ®ez (M ®oy CF) — Cx
which satisfies, for any local section ¢ of ©x or Ox,
s(p', W")E = s(W'E 1) + 51, 17e),
by setting
s(m' @n',m"@n") = s(m’,m")n'n".

Conversely, given such a pairing, one recovers the original s by restricting to M’'®@cM”.
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12.3.5. Example.

(1) Assume M’ = M” = Ox with dim X = n. We have a standard sesquilinear
pairing s, = 51" defined by

(12.3.5 %) sieft(1,1) = 1.

(2) If M/ = M” = wy, then s,, = s"81 is defined by

(12.3.5 %) steht (! /") = Sgn(n)(w A w"),

: right _ (left\right
in such a way that s[,8"" = (g,o'" )80t

Let us notice the following.

12.3.6. Lemma. If M' and M" are Ox-coherent (hence Ox-locally free of finite rank),
the pairing s takes values in C*° functions (resp. forms of mazimal degree).

Proof. We know (see Example 8.3.2) that M’, M are O x-generated by their flat local
sections. For such local sections m/,m”, the distribution (resp. current) s(m’, m”) is
annihilated by d’ and d”, hence is locally a constant. It follows that, for any local
sections m’, m”, s(m’,m”) is real-analytic, so in particular C*°. More precisely, for
local horizontal sections u/, u” and holomorphic functions h’, h’, we can write

(12.3.7) s @B, " @h") = 'R sV (i, "),

where sV : M’V @ M’V — C is the sesquilinear pairing induced by s on the underlying

local systems. In other words, with respect to the above identification, we have
v

5s=5" -8§,. O

12.3.8. Proposition (Uniqueness across a non-characteristic divisor)

Let M!',M" be coherent Dx-modules and let H be a hypersurface which is non-
characteristic for them. If two sesquilinear pairings s1,52 : M'@cM” — €x (or Dbx )
coincide when restricted to the open set X ~ H, then they coincide.

Proof. We will treat the case of right D x-modules. The question is local, so we can
assume that X = H x A; and we can shrink A; if needed. Set s = s1 — 85 and let
m’,m” be local sections of M', M" defined on some neighbourhood nb(z,) = nbg x A,
of ¥, € H x {0}. Let n € C>°(nb(z,)), and let p be the order of s(m’,m”) on the
compact set Supp7n. We aim at proving that (s(m’,m”),n) = 0.

We consider the current s(m’,m”), on A; defined by

X — (s(m/,m"),, x) = (s(m/,m”),x-n) for x € C:°(As).

It is enough to prove that s(m/,m”), = 0 (by choosing x = 1 on the projection to A;
of Suppn). This current has order < p and is supported at the origin, hence can be
written in a unique way, by using the Dirac current dy at the origin, as

s(m/,m7)y = Y cap(m)6dfDL,  canln) €C.

0<a+b<p
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We will prove that all the coefficients ¢, ;(n) vanish. This is obvious if = t%"n, , with
g+ r > p for some C*° function 7,,. We can thus assume that n = 2p+qu t9% N,
where 7,4, is a test function H, and we are finally reduced to treating the case where 7
is equal to such an 7, ,, i.e., does not depend on t,.

We claim that there exists N large enough such that m' satisfies an equation of
the form

N
b(td;) :=m H t0p + k) =m/ - PN " Pi(t,w,0,)(t0y),

k=1 J
where x is a local coordinate system on H. Indeed, H is also non-characteristic for
the coherent sub-module m/- Dy, and the filtration m’-V,Dx is comparable with the
V-filtration V, (m’-Dx ), so there exists N such that V_n_1(m’-Dx) C m’"-V_,11)Dx.
Since m’'9N € (m’-Dx) =V_i1(m’-Dx), we have m'ONt" € V_n_1(m’-Dx), hence
the assertion.

It follows that s(m’,m”), - b(td;) = 0. Since 60702 - (td; + k) = (a + k)dof 82,

we conclude that for every a, b, we have ¢, (1) - chvzl(a +k)=0,50¢cop(n) =0. O

We also have an analogue of Corollary 9.7.16 for sesquilinear pairings.

12.3.9. Proposition. Let M/, M" be two holonomic D x-modules which are S-decompo-
sable and let (S;)icr be the family of their pure components. Then any sesquilinear
pairing 5 : Mg, ®c ng — Cx resp. Dbx vanishes identically if S; # S;.

This is reminiscent of Example 7.3.9(1). We will first prove a similar result related
to the S-decomposition along a function.

12.3.10. Lemma. Let g : X — C be a holomorphic function and let M',M" be two
coherent D x -modules which are R-specializable along (g). Assume that one of them,
say M, is a middle extension along (g), and the other one, say M", is supported on
g~ %0). Then any sesquilinear pairing s : M @ M” — €x vanishes identically.

Proof. By Kashiwara’s equivalence (Proposition 12.4.7 below and Exercise 12.8),
we can assume that g is the projection Xg x C — C, and we choose a coordinate ¢ on
C. We work locally near z, € Xy. Consider s as a morphism M’ — ﬂ-(om@Y(W, Cx).
Fix local D x-generators m7y, ..., my of M . By Kashiwara’s equivalence 9.6.1, there
exists ¢ > 0 such that m)t? = O for all k =1,...,0. Let m" € M/, and let p be the
maximum of the orders of the currents s(m )(mk) on some neighbourhood of z,. As
tPt1+4 /1% is OP, we have, for every k = 1,...,¥,

() )4 = s ) - o — s () - et =
k - k fq - k Eq -

hence s(m/)tPt1+% = 0. Applying this to generators of M/, shows that all local
sections of 5(M, ) are killed by some power of .

As M’ is a middle extension along (), we know from Proposition 9.7.2(2) that
VeoM!, generates M, over Dx. It is therefore enough to show that s(V oM, ) = 0.
Let us ﬁx a finite set of VoD x-generators m;; of VoM, , and let N be such that
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s(mi)tN =0 for all i. Since t9; -t =tV (td, + N), we conclude that ¢V annihilates
s(V-OM,, ). It follows that s(Ve_yM,, ) =0, since Ve _yM}, = VoM, tV.

Let now o < 0 be such that §(V .M ) = 0, and let m’ be a section of VoM, ;
there exists v, > 0 such that, setting b(s) = (s — a)"~, we have m'b(t0;) € Voo M, ,
hence s(m')b(t0;) = 0; on the other hand, we have seen that there exists N such that
s(m/)tN = 0, hence, putting B(s) = [[;_ (s — ), it also satisfies s(m/)B(t9;) = 0;
notice now that b(s) and B(s) have no common root, so s(m’) = 0. O

Proof of Proposition 12.3.9. The assertion is local on X, so we fix z, € X and we work
with germs at z,. Assume for example that S; is not contained in S; and consider
a germ g of analytic function, such that g = 0 on S; and g # 0 on S;. Then we can
apply Lemma 12.3.10 to Mg, and ng O

12.4. Pushforward of sesquilinear pairings

We have already seen various occurrences of the pushforward of a sesquilinear pair-
ing (Formulas (2.4.8), (4.2.17) and Definition 7.3.22). In this section, we take up the
question in a general setting. The first observation is that considering sequilinear
pairings between right D x-modules makes formulas simpler: this is explained with
details in Section A.5. One reason is that the pushforward functor is simpler when
expressed in the right setting. There is nevertheless a sign (k) that has to be intro-
duced in front of the natural formula for the kth pushforward of a right sesquilinear
pairing. Various reasons lead to this sign. One is to obtain a definition which com-
mutes with taking the Hermitian adjoint. Also, such a sign allows for compatibility
with the Lefschetz morphism (12.4.13 %), in a way analogous to 2.4.13. Another one
is of a cohomological nature and is explained in Section 12.7.d. Lastly, a detailed
analysis for the sign is developed in Section A.5. In the left setting, sign changing as
defined in 12.3.3 leads to formulas obtained in (2.4.8), (4.2.17) and Definition 7.3.22.

12.4.a. General definition. Let M’, M"” be coherent D x-modules and let f: X —Y
be a holomorphic map which is proper when restricted to S := Supp M’ N Supp M”.
Let s : M/ @c M — €x or Dby be a sesquilinear pairing. Note that it takes values
in currents or distributions supported on Z. Our aim is to define, for every k € Z,
sesquilinear pairings:

D.D (kh)g (b fk)M’) Qc (Dfifk)M”) — €y resp. Dby .

Of course, the sesquilinear pairing for left D x-modules is expected to be obtained
from the one for right D x-modules by side-changing at the source and the target and
conversely. We call ,, 5 f,Ek’fk)s the k-th pushforward of the sesquilinear pairing s.

It is easier to start with right Dx-modules. So, let M’',M” be coherent right
D x-modules and let s : M’ @c M" — Cx,s be a sesquilinear pairing between them.
We set (see Section 8.7.e)

(12.4.1) SPx Xovy = SPxoy (Dx) ®c Spx oy (Dx),
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which is a complex of left D  -modules. Therefore, s yields a morphism of complexes

(M@ Spx 4y (Dx)) @c (M” @p, Spx Ly (Dx)) =~ (M @cM”) ®D . xSPx Xy,Y

— Cx,s®D,  SPx Xy Y-

By applying Rf., we thus obtained a morphism in Db(ﬂ)yy):

Rf.(M' @1, Spx_,y(Dx)) ®c Rf.(M” @1, Spy_y(Dx))
— R, ((M' ®c M) ®p, SPX,Y—W,?)
— Rf.(Cx.s ®ny pr,y_,y,y) =p5f+Cx,5 — ! > Cy

(see Exercise 12.1 and (12.2.12)), and thus, for each k € Z, a morphism

_ — J
(12.4.2) oo f s (G fIMY) @ o fTIMY — o5 f P Cx g~ €y

12.4.3. Definition.

(1) The sesquilinear pairing 5 f,gk’_k)s is the k-th pushforward of s. The k-th

pushforward of s in the left setting is obtained by side-changing at the source and
target of f.
(2) The signed right k-th pushforward of s is defined as (see Notation 0.2)

fE s = (k) o s

and the signed left k-th pushforward of s is obtained from the latter by side-changing
at the source and target of f.

12.4.4. Pushforward and Hermitian adjunction. For sections &}, of Ox and Ox
respectively, we have the relation & A &, = (—1)%&, A€/, Tt follows that

(D,B >E—k,k)ﬁ)* _ (_1)kD,B ik,—k) (5*)
The relation e(k) = (—1)* e(—k) enables us to absorb the sign, so it yields
(12.4.4 %) (pfPR gy = | pBmh) (gx),

12.4.5. C* Computation of the pushforward of a sesquilinear pairing. Let us use the
notation of Exercise 8.51, in particular Sp?’k =P,0x,® 8&?”““). We set

K" = fi(M ®0, Spx" ®f—1oyf_1@y) ~ i ®oy SPX") ®oy Dy

and similarly for K"*, both equipped with the differentials (d',d"”) = (f103% v, 1037 y)

obtained by applying fi to 3% y = o5y + d” defined in Exercise 8.28. Furthermore,

we can replace f; with f, if f is assumed to be proper on S = Supp M’ U SuppM".
The sesquilinear pairing s enables us to define termwise a pairing

Sp™(s) : (M’ ®oy SPX™") ®c (M @0, SPY ") — €x.s
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defined on local sections as

(M ® & @ Mgr) ® (M @ @11)
0 if £ £ 7,
— (_1)6( /7//)_7 AN, e if 0=
s(m,m i (fe) 77k+z(fk+z)7 1 J-

We extend in a natural way this pairing as an f _1'DY7—sesquilinear pairing

SpY(s) : (M ®o 4 Sp?’k ®f*1(9yf_1‘DY) ®c (M" ®¢ Sp?’_k ®f-10, " Dy)
— Q:X,S ®ffloy,?f_1DY,7‘

One checks that this defines a morphism of complexes. Applying f (or f), yields a
Dy y-sesquilinear pairing

f+Sp¥(s) : K ®@c K* — f. €x s @0, Dy
Integrating along f we finally obtain
(12.4.5%) pofes = [fSpY(s) : K @c K'* — €y ®o, Dy — &y,

where the second morphism is the right action of Dy 3 on Cy.

12.4.b. Pushforward of a sesquilinear pairing by a closed embedding

Assume that ¢ : X — Y is a closed immersion and let M = M’ M" be right
D x-modules. We then have e, M = e, M = t,(M ®p, Dx_v). Let 1 denote the
canonical section of Dx_,y = Ox ®,-1¢, " 1Dy. Tt is a generator of Dx_y as
a right ¢ 'Dy-module. Any sesquilinear pairing sy : pt, M ® blM” = €y takes
values in €y, x (i.e., has support in X) and, by Dy -linearity, is determined by its
restriction to tx(M' ® 1) ® 1, (M” ® 1). Hence, for local sections m’,m” of M', M",
sy(m’ ® 1,m” ® 1) must be the pushforward of some current on X. Conversely,

given sx, we define the sesquilinear pairing rt.6x = Dﬁb*s()?’o) in such a way that(!)

(12.4.6) resx (M @1, B T) = /5X(m’,W),

L

that is, for any test function 7 on Y,
((rtesx) (M @ 1,m" @1),n) = (sx(m',m"),nx),

and we extend it by Dy -linearity.

12.4.7. Proposition (Kashiwara’s equivalence for sesquilinear pairings)

Let Z < X be the inclusion of a closed submanifold and let M',M" be cohe-
rent D z-modules. There is a one-to-one correspondence between sesquilinear pairings
sy M @M = €5 and sesquilinear pairings s : oM & oo, M’ — C€x. In one

(MSince Dﬁb*s()’;’_k) =0 for k # 0 and £(0) = 1, we do not distinguish between DﬁL*s()?’O) and

0,0
Tb*sg(’ ).



12.4. PUSHFORWARD OF SESQUILINEAR PAIRINGS 473

direction, s = 1145z. In the other direction, sz is the pairing defined from s by the
formula

(sz(m/,m"),nz) = (s((m' ® 1), (m" ®1)),7m)
for any test function n on X such that nz = nz.

Proof. See Exercise 12.8. O
According to (12.2.10), the behaviour by Hermitian adjunction is expressed by

(rtx8x)" = 1ex(s%)-
The pushforward for a left sesquilinear pairing is defined by side-changing:

ol (El)%ft) - (TL*sgi(ght)left.
12.4.8. Example (Pushforward of a left sesquilinear pairing by a closed embedding)

Let us denote by ¢4 : X < X x C the graph embedding attached to a holomorphic
function g : X — C. Let M/, M" be left D x-modules and let s be a sesquilinear pairing
between them. Let us identify M, with 5. M ®¢ C[0;] ® dt” (see Example 8.7.7(2)).
Let m’ € M), and m” € M/, be local sections and let  be a test form of maximal
degree on a neighbourhood of (z,,0) in X x C where m/,m” are defined. Set

n=mA5=(dt—g)Ad(t—g)),

where 7, is a relative form of degree (n,n), and set 1, = ¢;71. Then we have

<777 (Tbg*s)(m/ ® 17m” ® 1)> :<77075(m’7w)>

Indeed, let us write 171 = pdx A dZ in local coordinates, so that 1, = p,dx A dZ, with
o = Y|xx{0}- Then, identifying m’ with m’ ® 1 in 15, M'[0;] and similarly with m”,
it yields

(0, (rtges)(m' @ dtY, m" @ dtv))
= (—1)" 3= (p(dz @ dt) A (dz @ dt), (rLg.8)(m’ @ dtY, m” @ dt¥))
(=" i Segn(n +1)7*
A(rtgss ) ((dz @ dt) @ (m' @ dt”), (dz @ dt) ® (m” @ dt)), ¢))
(—1)" 5= Sgn(n + 1)1 (s"8" (dz @ m/, dz @ m”), ¢,)
(—1)" 5 Sen(n + 1) ™" Sgn(n)(no, s(m’, m")).

The conclusion follows from the identity (—1)" 5= Sgn(n+1) ! Sgn(n) = 1 (see Nota-
tion 0.2).

12.4.c. Pushforward of a sesquilinear pairing with differential forms

Let us now return to the general case of a map f : X — Y which is proper on
S = SuppM’' U SuppM”. We will use the formulas of Exercise 8.52 (i.e., (8.52%)
and (8.52xx)) for computing the direct image, as they happen to be more convenient
at some place. Note that we already used them when expressing the integration
morphism (12.2.12).
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Starting from a left sesquilinear pairing, we aim at giving the formula for its di-
rect images as Tight sesquilinear pairings, that is defined by side-changing at the
source from 5 f " " stiEht and that we denote by (p5f ¥ " gleft)rieht  Similarly,
(r f,.Ek’_k)ﬁleft)right is defined by side-changing at the source from f""~*)gtisht and
in Proposition 12.4.12 we make precise the sign in the formula for (¢ ik’_k)ﬁleft)right.

Starting from a left D x-module M'®f, let us consider the complex of right Dy--mod-
ules (we only indicate the shift of the complex, the sign change in the differential is
understood)

K* =R (M @410, f1Dy).
If Mrieht is the right D x-module associated with M, we thus have
Df* (Mright) ~K* and Df* (Mlcf‘c) ~ ([(O)I(J\ft7

where the isomorphisms are induced termwise by the morphisms in Lemma 8.4.7.
Moreover, it will be convenient to compute the direct image Rf, by using flabby
sheaves more adapted to the computation than the Godement sheaves, so we will use
the formula

~

Rf*Q}+.(Mleft Qf-10y f_LDY) oy Y — f*8§+.(Mleft Qp-10y f_LDY)7

obtained from the Dolbeault resolution Q% — (€(*),d”) and by taking the associ-
ated simple complex. Lastly, we identify each term of this complex with

(12.4.9) KL= fu(€% @0, M) @0, Dy
and, with this identification, the differential is given by the formula

(—1)". ([(d @ Idpgen) @ 1d] + [(1d V) @ Id] + [([d@1d) ® f. f*VY] ),

where VY is the universal connection on Dy .

Let s = s : M/ ®c M” — Dbx be a sesquilinear pairing between left D x-mod-

ules, and let s, denote its C*° extension (that suffices for our purpose, according to
Remark 12.3.4). We first aim at defining a graded sesquilinear pairing whose degree k
term (k € Z) is a pairing

(12.4.10) HY(K'™) @ HE(K'm+*) — Cy .
The C*° extension s, of § induces a morphism
(12.4.11) B (BT @0, M) @eg (E%T @0, M) — DOYLFH
by the formula
("t @m’) @ @ m s " A s (! ),
and by applying f,

(f*ﬁoo)k’é . f*(gr;rk ®0x M/) ®f*€§ f*(gr;;ré R0y M”) N f* @b?§k+£7
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so, by right Dyy—linearity, a morphism

(Fus00) B [fo (T @0 M) @0, Dy| @ess fo(EX @0, M) @0, Dy
— f*(i)b%gng) ®0, v Dyy-
The compatibility of s with the connections on M’', M” implies that this morphism

is compatible with the differentials, so that, with respect to the identifications above
and according to (12.2.11), we get a morphism of complexes of right Dy --modules

(feSoo)™" + (K22 ®0, €F) ®ege (K8 @0y €5°) — pofe x5

Composing with the integration of currents (see Exercise 12.4)
/ ‘o5fxCx.9 — €y
f

we finally get a morphism of complexes of right Dy --modules (where €y is regarded
as a complex having a single term in degree zero) that we denote by the same symbol:

([fe800)"" : (K2H* @0, CF) Qe (KA @0, CF) — €y .

At the cohomology level, we regard H° f f«500 as a graded pairing, the degree k term
being the induced pairing

(FO [fes00) B 7H) o (HMKDT @0, CF) @ (HH(KLT @0y €5F)) — Cy .
The natural morphism H7(K"*) — HI(KZ*) is an isomorphism and H7(K"**) is
thus an Oy-submodule of 77 (KZF*) ®0,. €5°. We can hence restrict (H° [f.500)* )
to obtain a graded sesquilinear pairing whose degree k term is

(f}foff*ﬁoo)(k’_k) . J—Ck(Km"") ® (g{—k(Kun+-)) — &y .

We finally adjust the sign in order to ensure compatibility with (12.4.2) (Recall
Sgn(n, k) = (-=1)"e(n + k)/(27i)", see Notation (0.2x)).

12.4.12. Proposition. The following equality holds between right sesquilinear pairings:

(Tf£k7_k)5left)right — Sgn(n, k)(g'foff*ﬁoo)(k’ik)

For example, if Y is a point, we recover Formula (2.4.8) for the case where M’ =
M” = Ox, and Formula (4.2.17) for the more general case where M’ = M" underlies a
polarized variation of Hodge structure. We also make explicit the case of a projection
in Exercise 12.9.
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Proof. We prove sign-commutativity, up to a precise constant in each bi-degree, of
the following diagram:

(M/right ® prﬁy) (Qr)z(-&-' ® M/lcft ® fley)
® = ®
(M//right ® SpX_>y) (Q}+' ® M eft ® f—lgy)
(M/right ® M//right) ® SpX,YaY,? (Qr)z;’r%n+- ® (M/left ® M//left) ® f—lZDK?
51right lsleft
Cx ®SPx Xy ¥ = AT @Dy @f 1Dy v

Let us consider local sections w’ @ m’ of M8 and w” @m/ of M/" 8" where m/, m”
are local sections of M/ef M and let &, &) be poly-vector fields of respective
degree k, £ > 1. Following the arrows downward for the local sections w’®@m’'®&; @1y
and w” @ m"” ® £/ ® 1y of the upper left terms, we obtain

(Wemegely)e W eom’ e/ @1ly)
— (W W) e mem’) @ (& o)l y
— s (W W) @ (M @m”) @ (§ )91,y
and the image by the lower horizontal isomorphism of the last term above is, by mim-
icking Lemma 8.4.7,
Sgn(n)(w' @ w") @ (m' @ m”) @ (§ © &) @ 1y 5
= Sgn(n)(—1)"((& 1 W) ® (§/ Tw")) ® 1y 7,

where the sign (—1)"* comes from the commutation of &} with w”.
On the other hand, the image of the first term above by the first horizontal iso-
morphism is, according to Lemma 8.4.7,

(€ Jw)om @ly)e (o) em” @ ly)
=((g1w)eam @ly)® (¢ Jw)om’ @1y),

and the image of the latter term by the right vertical morphisms is

(&, 3 YA (&) T W) @8 (m!,m”) @ 1,y

Therefore, in bi-degree k, £, the diagram commutes up to (—1)"* Sgn(n).

The computation of (i}foff*ﬁoo)(k’*k) makes use of the morphism of complexes de-
duced from the right vertical arrows, from the upper right term to the lower right one,
while the computation of (p 5 f{¥" " gleft)rieht yges the morphism obtained by com-
posing the arrows between the same terms in the other path. It follows that

(D,B >Sk,—k)ﬁleft)right _ (_1)nk Sgn(n) (%Off*goo)(k,fk)’
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and the desired equality follows from the relation (—1)"* e(k)e(n) = e(n + k). O

12.4.13. The Lefschetz morphism. The left-to-right pushforward of a sesquilinear pair-
ing is best suited to analyze the action of the Lefschetz morphism, i.e., the action of
the external product by a closed (1,1)-form.

In the previous setting, let  be a closed (1,1)-form on X which is real, i.e., such
that 7 = 7. This condition is satisfied if the cohomology class of 7 is equal to ¢; of
some line bundle on X. The corresponding Lefschetz morphism L,, : , fuM — 1 £, M[2]
with M = M, M" (see Definition 8.7.20) satisfies

/f Fo (b Lyl 2, mich)) = /f Fo(Sh 2R 2 (2 LymlisR)),

according to the definition of 5% in (12.4.11), and therefore, by Proposition 12.4.12,
since Sgn(n, k — 2) = — Sgn(n, k),

(k,—k)

PTG (Lym! ) = —p fETR TR

m’,W),
if m’ (resp. m'") is a local section of , f¥~2M’ (resp. of ,, {7 *M"). In order to eliminate
the sign, we work as in (2.4.12) with
X, = (2mi)L,,
so that

(12.4.13 %) R s (Xm! w7y = o fETE T g (! X m).
12.4.14. Composition with a closed embedding. Let us consider a composition

/
x Ly Ly
where X,Y, Z are complex manifolds. Let M’, M” be right D y-modules such that
f" o f is proper on S = SuppM’' U SuppM” (or S = SuppM' N Supp M" if M, M”
are D x-coherent, see Remark 8.7.26), and let 5 : M/ @ M” — €x g be a sesquilinear
pairing. Let us assume that f or f’ is a closed embedding. We will prove that there
is a natural identification for any k € Z:

o frk=k) (vfes) if fis a closed embedding,

12.4.14 % Flof)khg T
( : i ) ofL(x (o k)s) if f"is a closed embedding.

Using Notation (12.4.1) and arguing as in Theorem 8.7.23 with D, -modules,
we find, for any right D X}y-module N, a natural isomorphism

po(f 0 FHIN) = o 5f{ (66/IN).

We consider the case where and f’ o f is proper on SuppN. For example, let us
assume that f is a closed embedding, the other case being treated in a similar way
(a more general situation will be treated in Section 12.7.d). Then the isomorphism
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reads as follows:
p.5(f 0 [)(N) = R(f' 0 [)s(N®>, o Dy vy @10, [ SPyy_27)
~ Rf.(fo((N ®p, x Dxxvy) ®p, v SPyy27))
= D,Bfi (D,ﬁf*N)~
Taking cohomology in degree zero yields a functorial isomorphism
on(f o DN = 5 5 £ (o £ N).

We apply this to N = M’ @ M” and to N = €x_g. By functoriality, we get a commu-
tative diagram

(o O @ M) — 51O (o5 f (W @ M)
oo 110 [V

on(f 0 HNV(€xs) —— 05/ (b fr Ex.5)

On the one hand, we can complete this commutative diagram from above by adding
the line

o(f o HF ) @ o (f 0 HTFIMY) o o /0 (5 £ (M) @ o R (o £ (M)

with the natural morphisms to the upper line of the diagram. On the other hand,
we claim that the following diagram is commutative:

p(f'o f)*o)(QtX,s) — D,ﬁf;(O) (bofeCx,s)

l O

ff/of D‘Bf;(O)(fo* Q:Y,f(S))
|
(2 ¢z

This follows from the property that [, ([, up,q) = [;, s tp,q for a current w4 such
that f’ o f is proper on Suppu, 4. All together, we obtain the commutativity corre-
sponding to the first line of (12.4.14 x). The second line of (12.4.14 %) is obtained in
a similar way. O

12.4.d. An adjunction formula. We will verify the compatibility of the mor-
phism of adjunction adj; of Section 8.7.d with sesquilinear pairings. We consider
a proper holomorphic map f : X — Y between complex manifolds of the same
dimension m = n. In order to avoid any delicate question concerning the pullback of
a sesquilinear pairing, we will assume that s is a sesquilinear pairing between the left
Dy-modules M', M"” that takes values in €3°. The main example is the case where
M, M are holomorphic bundles with flat connection (Lemma 12.3.6). In such a
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case, since , f*M is the O x-pullback module equipped with the pullback connection,
we have a well-defined pullback sesquilinear pairing , 5f*s which satisfies

vofs(l@m/,1@m”) = f*s(m',m”) :=s(m’,m") o f,
which is a C'*° function on X. We can then consider the pushforward

(0 0)( 5f%8) 1o (0)( £ M’) ®Df(0)( FEM) — Dby .

12.4.15. Proposition. The following diagram is commutative:

S

M @M Dby
adj J{ J{ad'
f s 00),
(0)( M) ® (O)(Df*M”) T Dby

Proof. 1t will be more convenient to work in the right setting. Extending the proof of
Proposition 8.7.30 to the case of right Dy, --modules, we obtain a functorial morphism

adj : M @ M” — 5 5 f 2V (bn.f* (M @ M),
which factorizes as
—> D

M @ M” 0)(Df*M/)®Df»EO)(Df*MH) - * (D sf (M’@M”))

We therefore obtain, by functoriality of adj, a commutative diagram

_ s 7
M @ M7 gnn

adjl ladj
(0)

o f o O @37 2L lEL L 0

We have a natural morphism
o5/ (CY) =0y x ®f-10,+ FHey) — ey,
so that, by side-changing, a natural morphism
pof (Ey") — EXT,

and thus a composed morphism

(12416) o5/ (sl (ER™) —>D,ﬁf£°><s“x’v”)—>D,§f£°>(e:X)Ley.

In order to prove the proposition, it is enough to check that the composition on the
left of (12.4.16) with adj is the natural 1nc1u510n &Y™ «— €y. Let us describe this
morphism. Starting from a local section 7 of £}, we lift it as the section n ® 1 of
ey ®0, Dy y, then we consider its image in (f* ey )®o0,+ Dy, that we integrate
along f. We are thus left with checking that, for such an 7, the integral of u = f*n as
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a current is equal to 7. This follows from the property that, for any test function y
on Y and any (n,n)-form v on X, we have

((f,w),x) = ux<>f>=/X(x0f)u,

x>=/}{f*(xn)=/yxn=<mx>~ O

12.4.17. Example. In the setting of Example 8.7.31, the diagram of Proposition 12.4.15
can be completed as a commutative diagram

so that, if u = f*n,

M @ M” s Dby
adj l J{ad'
f*M/ ® Df*O) M” - QBY
Trj \/ \/ Trf
@ M 5 Dby

The proof of commutativity of the lower diagram is very similar to that for the upper
diagram. We define the trace Try for Dy y-modules and commutativity follows from
identifying Try : D,ﬁf;gO) (b f*(€Y™)) — 3" with the morphism (12.4.16). This
identification follows from that of Exercise 12.7.

12.5. Pullback, specialization and localization of sesquilinear pairings

12.5.a. Pullback by a smooth morphism. The case of left D x-modules is easier
to treat first. Let f : X — Y be a smooth holomorphic map (i.e., everywhere of
maximal rank). Let s : M’ ®c M” — Dby be a sesquilinear pairing between left
Dy -modules. The pullback left D x-modules , f*M', , f*M” (we use the notation o, f*
instead of ,, f*(9) for the sake of simplicity) are defined in Section 8.6.a, and are equal
to the derived pullback modules, since f is smooth (see Remark 8.6.7).

On the other hand, let n be a C*° form of maximal degree and compact support
on X. It can be integrated along the fibers of f, to give rise, since f is smooth, to
a C'*° form f 71 of maximal degree and compact support on Y. This is a particular
case of the pushforward of currents of maximal degree, as seen in Section 12.2.b: if ¢
is a C* function on Y with compact support, we have

</f71,s0>:/x(<p0f)‘n.

Given a distribution u on Y, the pullback , 5f*u is the distribution on X defined by

oowfu=( [ nu). e,
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12.5.1. Definition (Pullback of a sesquilinear pairing by a smooth morphism)
The pullback , 5f*s : p [*M ®¢ p[*M" — Dbx of a sesquilinear pairing between
left D x-modules is defined as the morphism

(OX ®f-10y filM/) ®c (OX fr-10y fﬁlj\/f”) — Dby
(¢ @m) @ (" @m’) — ¢ " p5f*(s(m,m")).

The pullback of right sesquilinear pairings is obtained by the side-changing procedure,
according to Remark 8.6.8:

b5 (57 o= (o p f 75T

One checks that the above formulas define a sesquilinear pairing between p, f*M’
and p f*M”.

12.5.2. Lemma (Pullback and Hermitian adjunction). The pullback by a smooth mor-
phism commutes with Hermitian adjunction:

p.of” (5*> = (D,ﬁf*s)*-

Proof. By definition and according to (12.3.3 %), it is enough to check the lemma for
left sesquilinear pairings. We have

(ol ()1 m" Tam)) = </f s () ) = </f T

- </f7775(m’,m”)> - </f77,s(m',m”)> by (12.2.10)
= <ﬁa bsf*s)(1e@m/, 1® m//)>
=(n, (bsfs)*1@m" Tem)). -

12.5.3. Example (Pullback of s,,, by a smooth morphism).
(1) Assume M’ =M" =0y and 5 =5" (see Example 12.3.5). Then ,f*Oy =0O0x

m
and

’Dﬁf*sﬁft — gleft. ‘

(2) I M =M’ = wy and s = 558" then , f*wy = wx and

* right __ .right
’D,ﬁf smg - 5ng : ‘

12.5.b. Specialization of a sesquilinear pairing. Let ¢ : X — C be a holo-
morphic function on X and let M’', M"” be Dyx-modules which are R-specializable
along (g). Assume that s is a sesquilinear pairing between M’ and M” with values
in €x (right case) or Dbx (left case). We wish to define sesquilinear pairings between
the D x-modules g \M’ and 1), \M’ with values in €x resp. Dbx.

We start with the case where g = ¢ is the projection of a product X = H x Ay,
and M’, M"” are R-specializable D y-modules along H, equipped with a sesquilinear
pairing s. In order to define a sesquilinear pairing on nearby cycles, we will use a
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Mellin transform device by considering the residue of s(m’, m”)|t|?* at various values
of s.

It is important to notice that, while we need to restrict the category of coherent
D x-modules in order to define nearby and vanishing cycles (i.e., to consider R-spe-
cializable coherent D x-modules only), the specialization of a sesquilinear pairing be-
tween them does not need any new restriction: any sesquilinear pairing between such
D x-modules can be specialized.

We assume that M, M” are right D x-modules which are R-specializable along H,
and we denote by V,M',V,M" their V-filtration. Let s : M’ @c M” — Cx be a
sesquilinear pairing. Fix z, € H. For local sections m’,m” of M/, M"” defined in
some open neighbourhood nbx (z,) of =, in X, the current s(m’, m”) of degree 0 has
finite order on any compact subset of nbx(z,). Let us shrink the neighbourhood
nb(X, z,) so that s(m’,m”) has finite order p on nb(X,x,). Let  be a test function
with compact support in nby (x,). For 2Res > p, the function = + [t(z)[** is CP as
well as its s-derivative 2s[t|?* log |t|, so for every such s, the function

s (s(m/,m")[t|**,n) == (s(m’,m"), |t|**n)

is well-defined and holomorphic on the half-plane S, := {2Re s > p}.

We also claim that, if we let 7 depend on s in such a way that n € C°(W) for
some W C nb(X,x,) x Sy, then the correspondence n — (s(m/,m”),|t|*n) defines
a current depending continuously on S, (see Section 12.2.a). This is obvious since
derivatives up to order p of |t|?>*n introduce polynomials of degree at most p in s.

12.5.4. Proposition. Let M/, M" 5 be as above. Let x, € H and let o/, o’ € R. There
exist L > 0 and a finite set of real numbers a satisfying
(12.5.4 %) gro M, gr¥ M #0, and o< min(e/,a”),
such that, for any sections m' € VoM, and m” € VoM defined on nb(X,x,),
and any test function n on nb(X, x,), the function
(12.5.4 %) s — (s(m/,m")[t|**,n),
which is holomorphic on some half-plane 2 Re s > p, extends as a meromorphic func-
tion on C, of the form h(s)[[,T'(s — )L, with h(s) € O(C;).

Moreover, the correspondence n — [[, T'(s —a)~=(s(m’,m”), |t|*n) defines a cur-
rent depending continuously on S = C...

Proof. Let b,/ (E) denote the Bernstein polynomial of m’ (see Definition 9.3.7) and
let R(m’) denote the set of its roots, so that we can write
b (BE) = H (E —oz)l’(o‘),
aER(m’)
with v(a) bounded by the nilpotency index L of E—a. It is enough to prove that
the product J[,cp(mn I'(s — a)~7(@) of T factors can be used to make (12.5.4%%) an
entire function (recall that the T' function has no zeros and has simple poles at the
non-positive integers, and no other poles). Indeed, arguing similarly for m’ and using
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that the set of roots R(m’) of by,~ (E) is real, one obtains that the product of I factors
indexed by R(m’)NR(m") can also be used to make (12.5.4 %) an entire function. It is
then easy to check that Conditions (12.5.4 %) are satisfied by any o € R(m/)NR(m"").

We note first that, for every germ of operator @) € VyDx ,, and any test function n
on nbx (x,), the function @ - (|t|?*n) is C? with compact support if 2Res > p. Ap-
plying this to the Bernstein operator @Q = b, (E) — P for m’ (see Definition 9.3.7),
one gets

0= <5(m/a m”) ' [bm’(E) - P]v |t|2s77>
(12.5.5) = (s(m/,m"), [bm: (E) — P] - (t[**n))
by (8)(s(m',m"), [t[**n) + (s(m',m"), [t|**tn;)

for some 7;, which is a polynomial in s with coefficients being C'>° with compact
support contained in that of 7. As [t|?*t is CP for 2Res + 1 > p, we can argue by
induction to show that, for every n and k£ € N,

(12.5.6) § > by (s+k—1) by (s)(s(m/,m")[t|**,n)
extends as a holomorphic function on {s | 2Res > p — k}, and thus, letting k — oo,

5 H (s —a)™v(). (s(m!,m”)|t|**,n)
aER(m’)
extends as an entire function.

Let ¢ denote the order of Q. Then (12.5.5) also shows that by, (s)(s(m/,m”), [t|**n)
defines a current of order < p+¢ depending continuously on S;,_1, since the derivatives
of order < p of n; can be expressed in terms of derivatives of order < p + g of 7.
By iterating this reasoning, we obtain the last part of the proposition. O

12.5.7. Remark. The previous proof also applies if we only assume that s is D Xy—linear
away from H. Indeed, this implies that s(m/,m”) - [b,(E) — P] is supported on H,
and (12.5.5) only holds for Re s big enough, maybe > p. Then (12.5.6) coincides with
a holomorphic current of degree 0 defined on {s | 2Res > p — k} only for Res > 0.
But, by uniqueness of analytic extension, it coincides with it on Res > p.

12.5.8. Corollary. With the assumptions of Proposition 12.5.4, assume moreover that
o =o' = a. Let [m'] (resp. [m"]) be a germ of section of gr¥ M (resp. gr¥ M")
at ,. Fiz local liftings of m’,m” of [m’], [m”] defined on nb(X,z,). Then every polar
coefficient at s = o of the meromorphic function s — (s(m',m"), |t|**n) is the value
of a well-defined current on HNnb(X,x,) applied to the restriction ng. This current
only depends on [m/],[m"]. It defines a sesquilinear pairing

gty M @c grY M — €y .
Proof. Any other local lifting of m’ can be written as m’ + p/, where i/ is a germ

of section of Voo, M’. By the previous proposition, (s(u/, m”), |[t|*n) is holomorphic
at s = . If 7 vanishes on H, we have n = tn; + tne for some test functions 1,79,
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and we conclude similarly. The last part of Proposition 12.5.4, together with Lemma
12.2.7, shows each polar coefficient is a current on nb(X, z,).

For the D, z-linearity, recall that gr¥ M’, gr¥ M are D y[E]-modules (see Remark
9.2.9). We can choose 7 of the form 7, - x(t), where 7, is a test function on H and x
is a cut-off function on A;. Then the D g - linearity of the pairing given by a polar
coefficient is clear. O

12.5.9. Remark (The left case). Assume that M, M" are R-specializable left D x-mod-
ules equipped with a sesquilinear pairing s : M/ @ M” — Dby between them. Up to
replacing X with a neighbourhood of H such that ¢ has no critical point on X \ H,
any test form 7 on X, we can write n = n; A #(dt A dt) for some relative differential
form n; on X. In particular, 7; restricts to a test form 7, on H. We consider the
meromorphic function
s — ([t[**n,s(m’,m")),

and we link 7 to n; by the previous relation. Then (left analogue of Corollary 12.5.8)
the coefficients of the polar parts at a are the value of a distribution on H applied
to 7,.

12.5.10. Definition (V -grading of a sesquilinear pairing).
(1) (Left case) For every 8 € (—1,0], the sesquilinear pairing

grl s gt M @ grg M/ — Dby

is well-defined by the formula

(12.5.10 %) (o, grgs([m'], [m"])) := Ress——g—1 {[t|**n, s(m’, m")),

where m/, m’ are local liftings of [m/], [m”] and 7 is any test form of maximal degree
such that n =11 A 5= (dt A dZ) with 9z = 7,.
(2) (Right case) For a € [—1,0), the sesquilinear pairing

gry(s) : gry M/ @c gry M/ — €g

is well-defined by the formula

(12.5.10 *x) ([m'], [m"]) — |10 — Ress:a<s(m’,W)7 \t|2s77>],
where m’, m/ are local liftings of [m/], [m”] and 7 is a test function such that n|g = 7,.
12.5.11. Lemma (Side-changing). With the previous definition, we have
grxsright _ (gr,?/sleft)right (a — _B _ 1).
Proof. Let 1 be a test function. We have

<5right(w' @m',w” @m'"), |t\25n> = Sgn(n)<|t|25nw’ AW, ﬁldt(m’,W»,
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hence, setting w’ = w, A dt and w” = w/) A dt, since Sgn(n — 1) = (—1)"~' Sgn(n) 2%,
Res,—q (88" (0" @ m/, w” @ m”), [t|**n)
= Sgn(n) Ress——g_1(|t|* nw’ Aw”, s (m',m”))
= (—1)""Sgn(n) Ress—_g_1 {[t|**nw, Awl A (dt A dE), s (m’,m”))
= Sgu(n — 1)(no w) A&l grys ([m'], [m"]))

_ <(gr€51eft)right([wl ® m/]7 [w” ® m”]), 770>- O

12.5.12. Lemma (N is self-adjoint). The nilpotent operator N := —(E —f3) is self-adjoint
with respect to the pairing (12.5.10%), in the sense that

(12.5.12 ) gry () (N[m'], [m”]) = gry, (s) ([m'], N[m"]).

Proof. The question is local, so we can assume X = H x A, and n=1, Ax(t) 7= (dtAdt)
with x(t) = 1 near ¢ = 0. Then the statement is a consequence of the following
properties (recall that [[t[**x(t) 2= (dt A dt)] - (—t8y) = Opt([t|*x(t)) 5= (dt A di)):

o [ 1is real,

« B> = 1L,

o tOrx(t) and tdyx(t) are zero in a neighbourhood of ¢ = 0. O

12.5.13. Lemma (Adjunction and V -grading). We have

gro (s7) = (gros)".

Proof. Since « is real, we have [m] = [m] in gr/ M and we can compute the residue
by assuming that s varies in R. We compute using Definition 12.3.2(2):

(gra (s7)([m"], [m]), 110) = Ress—a (8™ (m”,m/), [t[**n)

= Ress—q <5(m’7m), |t|25ﬁ>

= ReSs:a<5(m’, m”), |t\23ﬁ> _ <gr55([m’], [m//]),ﬁo>
= ((gre s)"([m"], [m']), m0)- O

12.5.14. Remark (Properties for left sesquilinear pairings). Due to Lemma 12.5.11, the
previous properties also hold for right sesquilinear pairings.

We now consider the general case of nearby cycles along any holomorphic func-
tion g, for which the functor v, is needed.

12.5.15. Definition (Sesquilinear pairing on nearby cycles). Let g : X — C be any
holomorphic function. Assume that M’',M” are R-specializable along (g). For a
sesquilinear pairing s : M/ @M — €x resp. Dby and for every A € S! and a € [~1,0)
such that A = exp(27i ), we define

(12.5.15 %) Vg5 = Y (p1ge8) : Vg M @ Py \ M — Cx
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resp. for every 8 € (—1,0] such that A = exp(— 2wi 3),

(12.5.15 xx) Pg.AS 1= gr‘ﬁ,(TLg*s) : wgyﬂ\/[/ @ Pg A M — Dby.

12.5.16. Properties of 14 »s. The following properties are obviously obtained from sim-
ilar properties for gr¥ (;1.5).

(1) wg’)\S(Nm/,W) = ’(/Jg’/\s(m/,W) (m’ S ’(/}gJ\M/zO’ m' € ’(/}g,)\M/zlo)-
(2) We have induced pairings
gy g a5 1 grp g M @ grMppy M7 — €x  resp. Dby,
and, for every ¢ > 0,

Pg?ﬁg,ks : Pﬂﬁg’,\j\/[/ ® Pg¢g7)\M// — Cx resp. Db x

is induced by griipy s(s, NCe).

(3) Yg.a(s*) = (g,28)", according to Section 12.4.b and Lemma 12.5.13.

(4) Recall that M, ~ M ®c C[0;]. Assume that m’®1 is a local section of Vo, (M)
and m” ® 1 is a local section of V,(M{) (1 < a < 0). In such a case, ¥y \s([m' @
1], [m” ® 1]) is given by a formula similar to (12.5.10 xx), for any test function 7 on
an open set of X where m’, m” are defined:

(125.16%)  (byas(m’ © 1,07 @ 1),n) = Res._a(s(m’, 77, g]2"n).
Indeed, the left-hand term is equal to

Res.—a(rtges(im’ & 1, T & 1]), [t2m:)
if my (x, t) satisfies ny(x,0) = n. This is also written as

Ress:a <5(m/7 W)v |g|28771 (I, g(l‘))>

and by developing 1; with respect to powers of ¢, #, one checks by the same argument
as that of Proposition 12.5.4 that only 7 (x,0) = n(z) contributes to the residue.

12.5.17. Remark (Independence of the embedding). We now take up the setting of
Proposition 9.6.6. Let ¢ : X < X; be a closed inclusion of complex manifolds, and
let g1 be a holomorphic function on X;. Let us set g = g1 o ¢.

Let N, N be coherent right D x-modules which are R-specializable along (¢) and
let 5 : N'@N” — €x be a sesquilinear pairing between them. We deduce a sesquilinear
pairing 1.5 between M’ = L0, N’ and M" = L1, N”. We will prove the equality, for
all A € S1,

(12.5.17 %) Vgi A (r645) = 1La(Pg,2(8)).

Recall that (Section 12.4.b), if 1 is any test function on X; and n’,n” are local
sections of N’ N, so that n’ ® 1,n” ® 1 are local sections of M’, M", then

<Tl’*5(n/ ® 177?‘// ® 1)a77> = <5(n,7W)77]|X>'
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For n/,n” in V,N', Vo,N”  n a test function on X; as above, we thus have, due to
Formula (12.5.16 %) (arguing for Re s > 0 first and then using analytic continuation),

(gra (rexs)(In' ® 1),[n" @ 1]), 1) = Ress—a(rus(n’ @ 1,0 @1), g1 **n)
= Res,—a(s(n/,n”),|g/**nx) by definition (12.4.6)

= (gra s([n), [n"]), nlm)
= {(ztgras) ([’ @ 1, [n” @ 1), mym,)- N

12.5.c. Non-characteristic restrictions

12.5.18. Pullback in the case of smooth D x-modules. Assume that the left Dy-mod-
ules M/, M" are Oy-locally free of finite rank, and let s : M’ ®c M” — Dby be a
sesquilinear pairing. Recall (Lemma 12.3.6) that s takes values in the sheaf of C*°
functions. If f: X — Y is any holomorphic map between complex manifolds, the
pullback D x-modules , f*M’, , f*M" are equal to the Ox-pullbacks equipped with
their natural pullback flat connection, hence are also Ox-locally free of finite rank,
and there is a natural pullback of s as taking values in €%, that we denote by , 5f*s,
defined such that
vofs(l@m/,1@m") =s(m’',m")o f.
For example, if M = M” = Oy, then
b5 6m = Sn.

This definition is compatible with the general one when f is a smooth morphism
(Section 12.5.1). We will check that it coincides with that of 12.5.19 when f is the
inclusion ¢ : H < X of a smooth hypersurface, and M', M" are O x-locally free of
finite rank.

Assume that X = H x A;. Then M = VoM, gr‘ﬁ/VM =0 for B €N, and gr)y M =
M/tM. Denoting by h. etc. the restriction to H, we obtain from Exercise 6.13,
by choosing x(t) = X(|t|?), the expected formula analogous to (12.3.7):

(grvs) (up © by, ) @ hYJ) = (s (i, 1) - BB |,
that is, gr(‘), (sV -5,) =5V |g - s5,_1. Indeed, let i be a test form of maximal degree

written as 7 = n; A x(t) 5= (dt A dt) (see Remark 12.5.9). Then
Ress——1(n: A X(8) 55 (At A dE),s(B' @ o', " @ B7)[E]*°)

= Res,oa sV [ WA e Ax(t) (@t

ZSV(M/,W)\H/ h.R7 7,  (Exercise 6.13).
H

12.5.19. Non-characteristic restriction of a sesquilinear pairing along a smooth divisor

Let H be a smooth hypersurface of X and let M’, M” be coherent left D y-modules
such that H is non-characteristic for them (see Section 8.6.b). Then gr*‘B,M are zero
except for B € N, and E acts by zero on gr{, M = M/tM, so that gr), M is naturally a
Dy-module. Let s : M’ @c M” — Dby be a sesquilinear pairing and let g be a local
smooth function defining H.
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We note that, if m’,m” are local sections of M/, M" and 1 = ny A 5-dg A dg
is a test form on an open set on which both sections are defined, the meromorphic

|21, 5(m’, m"”)) has poles at most at —1,—2,..., and the pole at

function s — (|g
—1 is simple. Indeed, this is a local question and we can assume that g = ¢ is part
of a local coordinate system (t,z). Since m’,m’ are sections of V°, the poles of
(|t|?*n,s(tm’,m")) are at most integers < —2, and similarly for (|t|?*n,s(m’, tm”)n),
so that, if 7, is a local C*° form in the variable x only whose restriction to H is equal
to 1, := 1y|ar, it is enough to prove the assertion for (|t[**n, A 5= dt A dE,s(m’,m”)).
Let us check that (s+ 1)(|¢t|**n, A 5= dt A dE,s(m/,m”)) is holomorphic at s = —1.
We have, since 7, is independent of ¢,

(5 + D)/t ne A 5= dt A dE s(m/,m7)) = —((|t2*0, A 5= dt A dB)y, s(m/, m7))
= —([t1* e A 5= dt A dE, 5(Bym!, m7)),

and since 9;m’ also belongs to V_1M’, the poles of this function are at most for
s+1=—-1,-2,..., hence the assertion.
We claim that the formula

No — Ress——_1(|g|**n,5(m/,m")), 16 = ng|n,

similar to (12.5.10 ) with 8 = 0, is independent of the function g. Indeed, assume
that ¢’ = hg, where h is an invertible holomorphic function. Then modulo ¢,g we
have dg’ A dg’ = |h|*dg A dg and thus 7}, := 1y g = |h|g|~?n. The distributions

1o +— Ress—_1(|g[**n,s(m’,m”)) and 1o — Ress——1(|g|**|1[*n, s(m’,m"))

coincide, as claimed. The formula above thus defines globally a sesquilinear pairing
between gr{, M’ = ,.*M’ and gr), M"” = ,.*M". We set

(12.5.19 *) oot s = gtls: LM ®c pt*M — Dby,
12.5.20. Non-characteristic restriction of a sesquilinear pairing along a submanifold

Let Y be a closed submanifold of X of any codimension and let U be an open chart
in X. Let u € ©b(U) be a distribution on U. We say that u can be restricted to UNY
if there exists v € Db(U NY') such that, for any sequence ¢; € €2°(U) which tends
to u in ®b(U), the sequence ¢,ly € CX(UNY) tends to v in D6(UNY’). We then
set v = p 5Lyu.

Let M’,M” be coherent left D x-modules which are non-characteristic along Y
(see Section 8.6.b) and let 5 : M/ @c M” — Dbx be a sesquilinear pairing.

Claim. For any sections m’' € M'(U) and m"” € M"(U), the distribution s(m',m’) €
Db(U) can be restricted to UNY. If codimY = 1, its restriction pst*s(m’,m’)
coincides with that defined by (12.5.19x).

Proof. The question is local as the restriction is unique if it exists. We can thus assume
that U = Y x A" with coordinates t1, .. .,t,. on A”. We argue by induction on r. Let us
assume that the claim holds if » = 1. Set H = {t; = 0}. According to Remark 8.6.12,
H is non-characteristic for M’,M", and Y is non-characteristic for pej;M’, pe5;M”.
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By the case r = 1, s(m’,m”) can be restricted to H in some neighborhood of Y, and
by induction p, 5ef;s(m’, m’”) can be restricted to Y. It follows that s(m',m”) can be
restricted to Y and ,, 5e5-s(m/,m”) = p 513 (DwﬁL}t{5(m/, m”)).

It is thus enough to prove the last assertion of the claim. Let ¢; € C°(U) be
a sequence that converges to s(m’,m”) in ©Db(U). By the computation of Section
12.5.18, we have for each test form 7 of maximal degree on U the equality

Resa—1 (|t17, 05) = (1o 0;l) = /H (@;12)70-

Let A be a disc of radius < 1/2 centered at —1. For any j, the correspondences
n = (s + D{(|t|>sn, ;) and n — (s + 1){|t|*sn,s(m’,m")) define distributions on
U x Ay depending continuously on s € A, and the latter is the limit of the family
defined by the formers. Arguing as in Lemma 12.2.7, one checks that the same result

holds after restricting to s = —1. In other words, lim; Ress—_1(|t|**n, ;) exists

and is equal to Ress—_1(|t|**n,s(m’,m”)). We conclude that the limit ¢,|g exists in

Db(UNY) and is equal to p 5¢;8(m', m'”) as defined by (12.5.19 %). In particular, this
limit is independent of the choice of the sequence (¢;) converging to s(m’,m”). O

12.5.d. Examples
12.5.21. Specialization along a non-characteristic divisor with normal crossings

We take up the setting of Section 9.9.b and analyze how the isomorphisms (9.9.3 x)
are compatible with sesquilinear pairings. Assume thus that the right D y-modules
M, M” are non-characteristic along D1, D, Dis and let s : M/ @ M” — €x be a
sesquilinear pairing between them. We work in the local setting of Proposition 9.9.3.

Complementing Lemma 9.9.2, we note that, if n, is a C'°° function on X,

(a) the two-variable Mellin transform (s, sa) ~ (s(m/,m”), |x1|?%1|z2|**29,) has
only simple poles along the lines s;1 = —1 — k1, s = —1 — ko, with k1, k2 € N, and no
other poles,

(b) gr‘ji”gr‘f?s = gr‘_/f)gr‘_/(ll)s.

We will prove that, under the isomorphisms (9.9.3 ),

(12.5.21 %) Potog 16 = 810 Y915 = Y, 16 B Pa, 15,
(12'5'21 **) Pl"/}g,ls = wxl,l"/}m,lﬁ = ¢x2,1¢11,15~
Let m’ be a local section of M, let m’ ® 1 its image in 15, M'[0;] = V_1(M[) and
let [m’ ® 1] its class in gr¥, (M}). Similar notation for m”. We have
((gr¥yriges)(fm' @ 1], [m” @ 1]),m6)
= Resy——1{rLg5(m @ 1, m" @ 1), [t[**nox(t))
=Ress—_1(s(m’,m”), |z122**15x(9)) (by (12.5.16 %)).

Let us consider the morphism ¢ : Ny = DLl*ngiUM — grylery (M) as described
in (9.9.11). Tt sends m® 1 to mazo ® 1 (m = m/,m"), so that

{(gr'grY 1 riges) (pr[m’ @ 1], o1[m” @ 1]),10) = Ress——1(s(m’za, m"x3), [z122|*n, ).
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On the other hand, we have

) — s
(oS 8) (1], 7)), mo) = Resee 1 (s(m/, 7Y, 21 [25730)
© Resoe 1 (s(m/, m7), |21 2|22 [2+2,)

= Reso—_1(s(m/zo, m"xs), |122]*n,).

The equality (%) is obtained by using that the two-variable Mellin transform

(s(m/,m"),|z1]?1|x2]**2+21,) has no pole along sy = —1. We argue similarly by
changing the roles of 21 and x5, and we obtain (12.5.21 %) in this way, according to
(12.5.15 %).

For (12.5.21 xx), we wish to compute 1, 15([m’ @ 1], N[m” @ 1]) for
[m' 1] € gritgr¥, (M), [m"®1]e grll\/lgr‘,/l(M'g’).
By using the isomorphisms (9.9.9) and (9.9.8), we find
(&Y srtges) ([ @ 11, NT7 @ 1)), 1) = Resoe_1(s + 1){s(m’, 77), [2123/2°1,),

since N = 9;t. One notices that, for a meromorphic function ¢(sq,s2) on C? as in (a)
above, we have

Ress——1(s + 1)p(s,s) = Resg,——1 Ress,——1 ©(s1, 52)

= Ress,——1 Ress, =—1 (51, $2).

Then (12.5.21 #x) follows.

12.5.22. Nearby cycles along a monomial function of a smooth D-module

We take up the setting of Section 9.9.c. Since the question is local, we set X = C™.
Let us assume that M/, M” are smooth left D x-modules and let s : M’ @ M" —
Dby be a sesquilinear pairing. We know that s takes values in €¥ (Lemma 12.3.6).
In particular, the restriction , 5¢s is a well-defined sesquilinear pairing between ¢3M’
and pfM”. We will show that, under the isomorphism of Proposition 9.9.12(3),
we have

(12.5.22 %) Ppgis= @ annlonlis) (L= JO).
JEJe+1

We will restrict to the case where M/ = M” = Ox and s = s,,, the general case being
similar (see Example 12.5.18). By the D-linearity of the isomorphism in Lemma

9.9.21, it is enough to compute, for J', J"” € Jgy1, Pg¢g715,L(z}f'5, $}/I/N6) and to show
that

o it is zero if J' # J”,

«if J'=J" = J, it is equal to p, 5¢1.57(0.,0,), where 61 = , 5035, is the standard
pairing on Oj.
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By definition, for a test form of maximal degree n(x) and a cutoff function x(t),
(0, Py 15n (@l 6,058 5)) = (1, 00g 180 (211" 6, N1 5))
= Resee 1 (X (O] (5 At A dF), (—t0,) 0o migusn (16,21 5))
= Resee 1 (s + D (nx () [t2 (5o dt A ), b ptgesn (@576, 258" 5)),
where we have used, for the third equality, the property that the expression

(nd:x|t|**--+,--+) is an entire function of s. By a computation already done, the
last term can be expressed as

1 ’ 1 " 1 ’ 1 "
Res,——1(s+1) (nx(9)lgl**, sn (27!’ 278")) =Ress:—1(s+1)Z/An ! wyh x(9)lgl**n,

where A, C C is a disc of radius » > 0 large enough so that A}’ contains the compact
support of . Let us forget x(g), which plays no role, and let us assume that p = n,
since the variables z,41,...,7, do not play any important role here. Due to the
formula (obtained by computing with polar coordinates)

0 if p # ¢,

/ [t25¢PE - dt AdE = S p2(stpt))
r m if p=gq,

we find that, for a monomial 7 q = 2PZ7 [, (5= dz; A dZ;) (pi, ¢ > 0),

T T g
i "s+1+(p+1p)i
A pole at s = —1 can occur only if J' = J”, that we denote by J (hence I' = I")
and py = q;y = 0. It is then of order £ + 1. We conclude that the residue above is

nonzero only if I’ = I, that we denote by I, and if we set n = 7 HjEJ(# dz; AdT;),

- 0 if 34, (p+1p)i # (g + 117)s,
/ A |2577p,q _ 7,,2(s+1+(17+11’)11)
if Vi, (p+1r)i = (g+ 117)i.

we obtain
R 1 Y/ 1,0 1.0 25
ess=_1(8—|— ) T Tn |g| n= Xy
N Al

where X; = {z; = 0| Vj € J}. According to Example 12.4.8, this is nothing but
(1, (o.5t1+51)(07,0.7))-

12.5.e. Sesquilinear pairing on vanishing cycles. If M’', M"” are supported on
g7 1(0), the residue formulas (12.5.10%) or (12.5.10 %) with kernel |g|?* return the
value zero since any local section m of M is annihilated by some power of g and, for
Re(s) > 0, the function (12.5.6) is identically zero (see Exercise 12.10). Therefore,
these formulas do not lead to a definition of an interesting sesquilinear pairing

G156 PeaM @ P M — €x  resp. Dby

for every M’, M"" which are coherent and R-specializable along ¢ = 0.
On the other hand, the Thom-Sebastiani formula for vanishing cycles (Section 11.8)
led us to interpret vanishing cycles in terms of the algebraic microlocalized modules,
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by introducing the operator d; ' as a new variable #. Since, by definition, 6 acts in an
invertible way on the microlocalized module, we could try to apply a residue formula
with kernel 0% in order to define ¢ 15. Interpreting the variable 7 = 6~! as the
Fourier dual of the variable ¢, we will apply a residue formula with the kernel obtained
by inverse Fourier transform from |0|2(*~1) (a similar shift by —1 having been already
observed in Remark 11.8.3). We will use the properties of the functions I(t, s) and

L, (7, s) introduced in Exercises 7.21 and 7.22, in order to extend Definition 7.3.15
and the properties of ¢; 15 in dimension one.

12.5.23. The function s — (s(m’,m”), I3(g, s)n). We take up the setting and notation
of Proposition 12.5.4 with right D x-modules M', M"”. The properties of the functions

I3 i, obtained in Exercise 7.21 enable us to apply arguments similar to those of

Proposition 12.5.4 and Corollary 12.5.8 to obtain that, for z, € X, for local sections
m' € VoM, and m"” € VoM , and for any test function on nb(X, z,), the function

s — (s(m’,m"), Iz(g, 5)n)

extends as a meromorphic function on the plane C with possible poles contained in
Rgp. The correspondence

o — Ress—o(s(m/, m"), Iz(g, 5)n),

for any test function n with n|g = n,, well-defines a current on H, which only depends
on the classes [m'],[m”] in gry M/, gry M”. There is a left analogue, as in Remark
12.5.9.

We can now mimic Definition 12.5.10.

12.5.24. Definition (V -grading of a sesquilinear pairing, continued)
(1) (Left case) The sesquilinear pairing

gryts gy ' M @ gry' M — Dby

is well-defined by the formula

(12.5.24 %) (no, gry, ' s([m'], [m"])) := Ress=o{Iz(g, s)n,5(m/,m")),

where m/, m’ are local liftings of [m/], [m”] and 7 is any test form of maximal degree
such that n =7, A ﬁ(dg A dg) with o5 = 7.
(2) (Right case) The sesquilinear pairing

gry (s) : grg M/ @c gry M/ — €g

is well-defined by the formula

(12.5.24 #x) ([m/], [m"]) —> [770 — Res—o(s(m’,m"), Ix(g, s)nﬂ,

where m/, m'” are local liftings of [m/], [m”] and 7 is a test function such that n|g = n,.
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12.5.25. Some properties of gr;ls and gr)s. The proof of Lemma 12.5.11 extends to
the present case and shows that

V .right __ —1 _left\right
gro 878" = (gry, e 7).

The proofs of Lemmas 12.5.12, 12.5.13 and of (12.5.17 %) also extend to the present
case, due to the properties of I given in Exercise 7.22. We conclude that N is self-
adjoint for gri,'s and gry's, that the functors gri,' and gr§ on sesquilinear forms
commute with Hermitian adjunction and they do not depend on the embedding.

12.5.26. Definition (Vanishing cycles of a sesquilinear pairing)
Let g : X — C be any holomorphic function and let M’, M" be R-specializable.
If 5 is a sesquilinear pairing between them, we set
$g15 = gy (rLgeS) 1ESP. EIY (1lgS),
which is a sesquilinear pairing between ¢4 1M’ and ¢, 1M”.
12.5.27. Remark (Properties of ¢, 15). The properties of Remark 12.5.16 extend to

similar properties for ¢, 15. In particular, 12.5.16(4) reads, for m’ ® 1 € Vy(pt.M')
and m” @1 € Vo(pe.M"),

(12.5.27 %) (pg15([m' @ 1],[m” @ 1]),n) = Ress—o(s(m’,m"), I(g, s)n)-
12.5.28. Proposition (Behaviour with respect to can and var)
The following equalities holds for [m'] in g 1M and [m"] € ¢41 M, resp. [m'] in
Gg 1M and [m"'] € g 1 M":
1) = =(thg.18)([m], var[m])

(¢g,18)(can[m/], [m”
resp. (¢g,15)([m/], can[m”]) = —(¢4,15) (var[m'], [m”]).

Proof. Let us show the first equality in the right setting for example. We choose a test
function 7 on X x C of the form 1 = n,x(t), where 7, is C* with compact support
on X, x is a cut-off function near ¢t = 0. We need to show
(12.5.29)  — Ress—o(s(m’,m"), 0y (Ix(t, s)x(t))no(z))
= Resy——1(s(m’,m"), 1t[**x (1)1, (2)),

where m’ € V_1(M[)(s,,0) and m"” € Vo(M)(s,,0) are respective liftings of [m'] and
[m”'], and we have written s instead of , 5¢4+5. Let us consider the left-hand side. By
Exercise 7.21(6), the function s — (s(m/, m”), It(t, s)9;(x(t))no(z)) is holomorphic.
The left-hand side is thus equal to

—Res,—o(s(m/,m"), 0, (Ix(t, s))x(t)10())
and, using Exercise 7.21(7) and arguing for Re s > 1 first, it is equal to
(12.5.30) Res,—o(s(m/,m”), I _1,0(t, s)x(£)10()).

Let us denote by T the one-variable current with compact support (by definition of x)
C(C) 2 p(t) — (s(m/,m”), o(t)x(t)7o)-
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Its Fourier transform FT := (T,e’”'7) is a C function of 7, which has moderate
growth, as well as all its derivatives, when 7 — oco. The function whose residue is
taken in (12.5.30) is then written as

(12.5.31) / 7| 26D ()T (r) i (dr A 7).

On the other hand, up to replacing x with x? in (12.5.29), which does not change
the residue, as previously remarked, the function in the RHS of (12.5.29) is

(T, t[t1**x (1) = (FT 5 (dr A dT), Tt x (1))

(12.5.32) _ /fXJ’O(T’ s) - FT(1) 5= (dr A d7),

where we have set
= _ -
L ke(7,8) := FH([EP1" x (1)),

and the properties we need for the function fxyl’o(ﬂ s) are made precise in Exercise
7.22. Using the function X(7) as above, we conclude from Exercise 7.22(7) that the
integral

(12.5.33) /srT(T) Tyro(r,8) - (1= X(7)) 5= dr A dT

is holomorphic with respect to s for Res > —3/2. It can thus be neglected when
computing the residue at s = —1. The question reduces therefore to the comparison
between I 1 0(7,s) and 7~ |7| 72D when 7 — oc.

Let us set jx,l,O(T, s)=rT1 |7’|2(S+1) fx,l,o(T, s). Then, by (7.7.0%x), we have

900 5 _ 010 5

o = —Jox/at,2,0, T e = —Joy 0,115

and both functions jBx/@t,Z,() and jax/agJJ can be extended as C*° functions, in-
finitely flat at 7 = co and holomorphic with respect to s € C.

12.5.34. Lemma. For s in the strip Re(s+1)€(—1,—1/4), the function T— j\x7170(7, s)
satisfies
N I'(s+2)
TILII;O JX7170(T, S) = — m
Proof. We can assume that  is a C* function of |¢|?. For simplicity, we assume that
x =1 for |[t| < 1. Then the limit of J, 1 is also equal to the limit of the integral

= Codtdt
J(r,8) = / e~ FTHT g | P L A 2
<1 tot
By a simple change of variables, we have

J(1,8) = / 2 Im g |y |?® 7= du A du.
[ul<|7]
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. . 2% _iwsi ; :
Using the Bessel function Ji1(z) = 5= [ e~ 5nvetWdy, we can write

J(1,8) = 2/ J_1(2p)p*=tVdp
p<|7

B _2_2(S+1)/ Ji(p)p* s dp, as Jy=—J 1.
p<2|7|

For Re(s + 1) € (—1,—1/4), the limit when |7| of the previous integral is equal to
226D (s + 2) /T(—s) (see [Wat22, §13.24, p. 391]). O

Let us set

~

1
K, (7,8) = —/O [Jax/at’l’o(/\T, s) + JBX/QE’O’I(AT, s)}d)\.

Then K y is also C'*°, infinitely flat at 7 = co and holomorphic with respect to s € C.

According to Lemma 12.5.34, we can write, on the strip Re(s + 1) € (—1/2,—1/4),
_o(s r 2

—r7t | 7] 1) L 42)

—— + K, (7,9)

(12.5.35) Iao(r,s) = T(—s)

where K, (7,s) = —7~! ‘T|72(8+1) I?X(T7S) is C* on C x C, infinitely flat at 7 = oo
and holomorphic with respect to s. For any p > 0, let us apply (9;07)F to the
previous equality restricted to 7 # 0 (where both sides are C* in 7 and holomorphic
with respect to s; preferably, multiply both sides by X(7)), to get, for s in the same
strip,

=~ _ —9(s I'(s+p+2
Liio(r,s+p)=—7"1|7| As+p+l) w + (0-07)P K (T, s)

where the last term remains infinitely flat at 7 = co. It follows that (12.5.35) remains
true on any strip Re(s+1) € (p—1/2,p—1/4) with p > 0 and a function K;p) instead
of K.

Choose p such that the two the meromorphic functions considered in (12.5.29) are
holomorphic on the strip Re(s + 1) € (p — 1/2,p — 1/4). The difference between
I'(s+2)/T'(—s) times the function in the LHS and the function in the RHS coincides,
on this strip, with the restriction of a holomorphic function defined on the half-plane
{s | Res > —3/2} (taking into account (12.5.33) and K;p)). It is then equal to it on
this whole half-plane, hence has residue 0 at s = —1. O

12.5.36. Corollary.

(1) Assume that M/, M are middle extensions along g=*(0) (see Definition 9.7.3),
50 that ¢g 1M >~ Im[N : g 1M — g 1M] for M = M, M". Then, for 1] € ¢g 1M’
and (1] € ¢pg 1 M", and [p'] = N[m'], [1”"] = N[m"], we have

Sg5([1], [W]) = —vgas([m'], N[m""]) = —tbg,18(N[m/], [m"]).

(2) Assume that M',M" are supported on g='(0), so that M = ¢, 1M for M =
M, M". Then s = ¢g4.15.
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Proof.

(1) The second equality is due to Remark 12.5.16(1). The identification of ¢4 1M
with Im N implies precisely that [1/] = can[m/] and [u’] = can[m”]. Then, according
to Proposition 12.5.28,

bg15([1], [1]) = ¢g,18(can[m’], can[m"])
— —¢pg15([m'], var can[m’"]) = —t, 15([m'], N[m"]).

(2) We can assume that X = H xC and g is the projection (z,t) — ¢ (« is the vari-
able in H) and we set « : H x {0} — X. We can assume that we are given D y-modules
ML, MZ and a sesquilinear pairing between them. For local sections m,, m/, we have
to identify gr¥; (ve45,)([m)®1], ([m” @ 1]) with s,([m/], ([m”]). Setting n = n,(z)x(t),
we have, since x(0) = 1,

((20250)((m ® 1), ((m @ 1)), moI5(t, 8)X(£)) = (S0 (mi, (M), o) - I3(0, 5).

The assertion follows since Ress—g I5(0,s) =1 (see Exercise 7.21(2)). O

12.5.37. Remark (Kashiwara’s equivalence and gry s). Let H < X be the inclusion of
a smooth hypersurface (not necessarily defined by a global equation). If M = M, M”
are coherent D p-modules, we have V(M) = M ® 1 (notation of Section 12.4.b)
and, for a sesquilinear pairing sg between M’ and M”, we recover sy from p, 5L.55
by Formula (12.5.24 xx) for any local equation of H, which therefore does not depend
on the choice of such a local equation. We then denote sy = gry (+1.5x).

12.5.f. (Dual) localization of a sesquilinear pairing. Let s : M/ @c M — €x
be a sesquilinear pairing between right D x-modules, and let D be an effective divisor
in X. Recall that localization and dual localization are defined for D x-modules which
are R-specializable along D and that we have natural morphisms (see Corollaries
11.3.10(2) and 11.4.9(2))
w(p) ~oC, ¢ 1€ iiwp).
According to the results recalled above, s defines a moderate sesquilinear pairing by
localization:
04D L NU(4D) @ M(#D) — €301 D

Our aim is to refine it as a pairing taking values in €x. We note that s™°d P

naturally
induces sesquilinear pairings
(12.5.38) #7): M(D) ®C7W e
s(D) M/ (ID) @c M7 (¥D) — €504 P,

by setting

sCD) (0 3) = M4 (4 loc” o dloc” (), s'P)(s,7) = ™1 P (loc’ o dloc/ (), ).
Moreover, the second one is obtained by adjunction of the first one, that is,

5(D) — [5*(*0)]*,

since (5*)modD — (5rnodD)*'
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12.5.39. Proposition. Assume that M/, M" are R-specializable along D. Then s*P)
and s'P) take values in €x and are compatible with s, in the sense that the following
diagram commutes:

— 46D
M/ (D) @c M/(ID) —2— s ¢x

IOC/T Jdloe”

(12.5.39 %) M @c M7 s ¢y

dlocﬁ Jloc”

> 4D
M (ID) @c M (*D) ———— €x

that is, for any local sections m’,m"” of M/, M" and m{,m;" of M'(!D),M" (D), the
following equalities hold:

sCP)(loc’ (m'), my) = s(m’, dloc” (m{")), s*P)(mf,loc” (m")) = s(dloc’ (m]), m").

Furthermore, if 51,82 are two such sesquilinear pairings which coincide when re-
*D) _(xD) ('D) _('D)

stricted to X ~ D, then 55 65 0, Tesp. S .85, coincide.
12.5.40. Remark ((Dual) localization for left pairings). The pairings s*P) and s('P) are
defined by side-changing (12.3.3 %) from their right analogues.

Proof of Proposition 12.5.39. The question is local, and we can reduce to the case where
D = H is smooth and X = H x C. The V-filtration is then well-defined for an R-spe-
cializable D x-module. Furthermore, it is enough to construct s**1) and s) such
that the diagram (12.5.39 %) commutes, as these pairings will then coincide with those
defined by (12.5.38). Since the morphisms M(!H) — M and M — M(*H ) have kernels
and cokernels supported in H, they induce isomorphisms between the V.o of these
modules. In particular, since s takes values in €x, so does the restriction of ™o
to VeoM ®@¢ VoM. We will construct s*#)_ the case of s(*) being similar.

An unsuccessful tentative. Since loc : VoM — Voo(M/(xH)) is an isomorphism,
we expect that the restriction of s*/) to Vo(M/(xH)) ®c M”(1H) is given by

sUID (g, mi) = s (loc(m’y), mf') = s(m/_, dloc(my)).

Since any m/ can be written as m,_t~* for some k > 0 and m/,_, € V oM/,
it would be natural to define s/ (m/,m]’) as the result of the division of the current
s(m’,dloc(m]")) by t*. However, this result is not unique, and is determined only

up to a current supported on H, so this method does not lead to a well-defined result.

An successful tentative. We will proceed the other way round, starting by extending s
to M(xH) ®c VoM. For every £ > 1, we extend s as a sesquilinear pairing

Sp: (V<0M/ . t_g) Rc VoM — Cx .

We argue exactly as in the proof of Proposition 12.5.4 by extending, for every test
function 7 on nb(z,) and each local section m’ of VoM’ and m” of VoM", the
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holomorphic function (for Re s > 0)
s (sl ) PO ) = (o, ) PO, )

as a meromorphic function on C. Since m”t¢ is a local section of V_,M”, it has no
pole at s — £ = —/, that is, at s = 0. Taking the value of this function at s = 0 gives
the desired extension of s, since |t|>(5=0%¢ = |t|?>5t=*. Moreover, one checks that s,

restricts to s,y on (VoM - t 1) @¢ VoM”, and thus defines a sesquilinear pairing

sCH) M (xH) @¢ VeoM” — Cx .

This pairing can be extended in at most one way as a pairing
sCH) M/ (xH) @c M/(1H) — Cx,

due to the D-linearity and the equality M"(!H) = VooM” ®y,p, Dx. However,
since Dy is not locally free as a VoD x-module, the existence of such an extension is not
a priori obvious. Such an extension will exist near z, if, for any finite family (m;-’) of el-
ements of VoM , any finite family (P;); of germs of differential operators at z,, and
any m' € M(+H),,, the condition >, m] ® P; = 0 implies > sCH) (m’,mig-’) -P; =0.
This holds by definition if all P; belong to VoD x ;,. Therefore, one can reduce to the
case where j = 0,...,N and P; = 8{.

We argue by induction on N, the case where N = 0 being clear. We thus assume
that >, m7 ® 8! = 0 and we first claim that m% 8, € VooM” (\H). Indeed, M"(H)
has the property that 9, : gr M”(1H) — gr¥ ,;M"(!H) is an isomorphism if o = —1,
and on the other hand it is an isomorphism for any other « (this holds for any R-spe-
cializable coherent D x-module). This implies that

ON - VoM (\H) Ve .\ M (1H) — Vex M (1) [Viey - M (1H)

is an isomorphism. Since
N-1
my @) ==Y m) @0 € Vey_ 1 M"(\H),,,
j=0
we conclude that m%, ® 1 € Vo M"(!1H),,, hence the assertion.
By induction, we thus have

N-1
> s ml) 0] + 50 (!, mF @ 9y) - 0N T =0 € ex.
7=0

It is therefore enough to check that, for m’ € M'(xH )., and m"” € VoM , we have
sCH) (m! ' m"®9;) = s (m/ m”) - 8;.

Notice now that ¢ : VoM} — V._1M] is an isomorphism, hence m” = n't for
some n” € VoM, . We thus have

5(*H)(m/’ m'® at) _ 5(*H)(ml’ "t at) — g(xH) (m/, n ® tat)
_ 5(*H)(m',n”t8t ®1) = G(+H) (m/, 0" 1) - 10;
= s (! 7t @1) - 0; = s (m! m7 @ 1) - 5.
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The relation
s (loc’ (m'), my’) = s(m’, dloc” (m{"))
is not obvious with this method and we will check it. For the sake of simplicity,
we assume that m' = mg € VoM and we write m;’ = >~ m/ ® 0} with m} € VoM”
(any such writing leads to the same result). We have loc’(my) = (myt) ® t~1 and
dloc”(m]") = >-;m/07. Then (the restriction at s = 0 is justified by the fact that
m} € Veo(M"))

(s (oc! (mp), mi),n) = D (s (loc (mg), mf)), &)

J

=D _(s(mit, mf), (12 Viddn)|
J

=" (s(mb, m7), [t2*0n)|,_,
J

= Z<5(m0a ) ‘97 > _5(m6’m)'
J

Let us end with the question of uniqueness. Clearly, it is enough to prove that

if 51,55 coincide on X \ D, then siod P gmod D

coincide. This is tautological, since
for an open subset U of X, @medD (U) is by definition equal to the image of the

restriction morphism ©6(U) — Db(U \ D). O

12.5.41. Corollary. To any sesquilinear pairing s between D x -modules M', M"" which
are R-specializable along D is associated a sesquilinear pairing s*) between M (1xD)
and M"(1xD), which is uniquely determined from s|x p. Furthermore, any sesquilin-
ear pairing between M'(1xD) and M" (1xD) is uniquely determined from its restriction
to X \ D.

Proof. Recall that M(!xD) is the image of the natural morphism locodloc : M(!D) —
M(xD). For the first point, it is enough to check that, for m{’ € Ker(loc” o dloc”) C
M”(ID) and m| € M'(ID), we have s*P)(loc’ o dloc’(m]),m{) = 0. But (12.5.39 %)
shows that the left-hand side is equal to 5(!D)(m{, loc” o dloc” (m}’), which is equal to
zero by assumption on my’.

For the last assertion, we can assume, due to Kashiwara’s equivalence, that X =
H x Ay. Then M('xH) is Dx-generated by VooM(!xD). Let (m;), (m]) be a finite
family of local D x-generators in VoM’ (!«D), VoM (1xD). Assume that a sesquilin-
ear pairing s vanishes on X \ H. Then there exist k£ > 1 such that s(m, rrT;’)t’c =0 for
any ¢,j. It follows that s vanishes on V_,M'(1%xD) @ VoM (D). Since V_ M'(!%D)
also generates M'(1xD) as a D x-module, this implies that s = 0. O

12.5.g. (Dual) localization in the non-characteristic case. We keep the setting
of Section 12.5.f and we moreover assume that D = H is a smooth hypersurface which
is non-characteristic with respect to M’, M”. In such a case, loc is injective and dloc is
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surjective. Due to the commutative diagram of Proposition 12.5.39, we have natural
sesquilinear pairings

s': Cokerloc’ @c Kerdloc” — ¢€x and s” : Kerdloc' ®c Cokerloc” — €x .

Since these D x-modules are supported on H, Kashiwara’s equivalence (Proposition
12.4.7), together with the identification of Propositions 11.2.9 and 11.2.13, yields that
s', 5" are the pushforwards of sesquilinear pairings

sy My @c MYy — €, s My @c MY — €p.

12.5.42. Proposition. The pairings s, 8% are equal and correspond, by side-changing,
to the pairing , 5t*s defined by (12.5.19 x).

Proof. We will treat the case of s’, that of s” being similar. The question is local,
and we can assume that X = H x A;. After the identifications of Remarks 11.2.11
and 11.2.14, the right version of , 5¢*s defined by (12.5.19 %) is nothing but gr", (s) :
gr’¥ (M) ®gr¥, (M) — €y, and we use the isomorphisms gry (M/(xH)) — gr¥, M’
and gry (M"(1H)) = gr¥,M" defined resepctively as gr_llocflot and gr¥,dlocod; .
On the other hand, s/, is nothing but gr} (s'). Since gry M = 0 for M = M', M (non-
characteristicity of H), gry (s') is equal to

gry (011 gry (WU (xH)) @ grlf (M"(1H)) — €y .

Let m/,, be a local section of VoM (xH) and my(, a local sectlon of VoM (1H). We can
write my(, = m” | ® 0y + m’.y ® 1 and we will neglect m/., which does not contribute

to gry (sUH))([mlo], [mip]).- We can also write m/, = loc( " )t~ We have

(o 8 D) = R ). )it o =
:Ress 0 10C 1)t 1 W) ‘t|2s >
= Res,—o(s"H) (loc(m' ,),m” | @ 8y), |t|**t} )

(s”

(
= Resy—o(s(m’_,m",0y), [t|*t"'n)
= Ress= 0<5 (m”_y,m" 0t), |t|2(871)77>

= <gryl(5)([m71]’m)’ 770>7

where the last equality follows from the fact that 9;t = Id + E acts as the identity on
gr¥,M", due to non-characteristicity of H. O

12.5.h. Maximal extension of a sesquilinear pairing. We take up the notation
of Sections 11.6.b—11.6.d, omitting the F-filtration however. The conjugation that we
consider on C[s,s71], A, B, Ay, B is the conjugation of the coefficients. In other
words, we consider s as a real variable. Let g : X — C be a holomorphic function
and let D be the reduced divisor underlying (g). Let M, be a left D x (xg)-module.
In the absence of a filtration, we can directly define M, ) = g°(M. ®c Ay) (with
connection V @ Id +(dg/g) ® s) and M**) = g5(M, @¢ B*).
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Let s : M’ @ M” — Dby be a sesquilinear pairing between left D x-modules.
It induces a sesquilinear pairing s, : M, @ M7 — Db%°4 P where we have set M, =
M(xg). We deduce sesquilinear pairings

Sx(k)

M e MH L, ppged®,

- d _
g*(m' ®@a(s)) ® g*(m"” @ b(s~1)) —— Ress—o (\g|28a(s)b(s_1)§>s* (m/,m”)
and
M/(k) M 5>(kk) @bmodD
® *(k) X )

g*(m' @ b(s~1)) ® g°(m” @ a(s)) —— Ress—o (|g|28b(s*1)a(s)%)s*(m’, ).

Expressing |g|?* as exp(slog|g|?), we note that the residue in the right-hand sides is
equal, up to a constant, to some power of log |g|?, hence is a multiplier on @medD

By means of Proposition 12.5.39, we obtain sesquilinear pairings
! k
sU9 M (1g) @ MIP (xg) — Dby,

sU0) My (xg) @ MYM (1g) — Db

12.5.43. Proposition. The pairings 5((57)) and 5E:EZ§ are compatible, in a natural way,

with the natural morphisms dloc oloc : (lg) — (xg).

« They define on Ker(dloc o loc), resp. Coker(dloc o loc), for k large enough lo-
cally on D, the same pairing, which also coincides with 1415 via the identification of
Proposition 11.6.10(2).

« They define on Ker(s - dloc o loc), resp. Coker(dloc o loc - ), for k large enough
locally on D, the same pairing 245 : 2, M QE M” — Dbx (see Proposition 11.6.12).

Proof. 1t is left as an exercise. O

12.6. Compatibility between functors on sesquilinear pairings

In this section, we consider the following setting. Let f : X — X’ be a holomorphic
map between complex manifolds and let i : X’ — C be a holomorphic function. Set
g="ho f. Let M',M" be right D x-modules which are R-specializable along (g). Let
s: M @M"” — Cx be a sesquilinear pairing. Assume that f is proper on the support
of M/, M”. Recall that Theorem 9.8.8 implies:

. forevery k € Z, RN s R-specializable along (h),

« for every a € R, the natural morphism Dfik)VaM — Dfik)M is injective and its
image is equal to V, (fok)M).

12.6.a. Pushforward and specialization of sesquilinear pairings

12.6.1. Theorem. With respect to the previous natural morphism, we have

T 58 = a5 T8), af T 08 = dna (2 £ M),
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Proof. We start with the case of a map f xId: X x C — X’ x C and we take for the
function h : X’ x C — C the second projection. We assume that M',M” are right
D x «c-modules.

12.6.2. Lemma. With these assumptions, for every a € [—1,0] and k € Z,
5T (gl s) = @l (o (f x 1)),
Proof. Set = —a — 1 and let
mg € DU, o€ @0y e VM),
migt €D(U, £ (X" @0 VIMN)).

The cohomology classes [m/%] and [m”*] can be regarded as sections of the modules

Va (o ,Ek)M’) ®oy C° and V, (fofk)M”) ®oy CF° respectively, according to the result
recalled above. We can then compute with these classes. Let us also denote by [m],,
the class of m € V, modulo V.. Let us assume « € [—1,0) (the case of « = 0 is
similar by using the function I5). We have, for n € €§°(U),

(¥ (> T)E ) (mik]a, [ a), ()
= Resoma{ (o(f x 1)) (], ), nw) 2 x (@)
= Resy—a (s(mtl, mis ), m o f() 12X (0))
= (gl s(m)as (MEF)a) m o f(2))
= (5 Pl s) (I0m)al. [(mEF)a]) n) )

and we obtain the desired equality since, as recalled, [mZF], = [(mZF),] in
(U, gr [o(f x )M = DU, o £ gl M), O
We can now end the proof of Theorem 12.6.1. We have
T ,.Ek’_k)w%)\ﬁ:Tfik’_k)ng(TLg*ﬁ) (see (12.5.15 %))
= gr¥ (o (f ¥ 1) (249,8)  (Lemma 12.6.2)
= gtV (o0, (£ Me))  (after (12.4.14 %))
= Yl /" s). O

12.6.b. Pushforward and localization of sesquilinear pairings

Let D' be an effective divisor in X', locally equal to (h) for some holomorphic
function h, and set D = f*(D’). Assume that M is R-specializable along D. Then
we have natural morphisms (see Corollary 11.7.1(1))

LMD — o fPM(ID)) and o (M(=D)) — (o fFM)(+D").

12.6.3. Proposition. With respect to the previous natural morphism, the sesquilinear
pairings 1 7 (s0P)) and (- f& )P coincide (x = *,1).



12.7. THE CATEGORY D-Tripless AND ITS FUNCTORS 503

Proof. One first considers the naive localization, and recall that ¢5°4? = ¢ (xD).
One then easily checks that Tfik’fk)(s(*D)) = (r ik’fk)s)(*D’) with values in
Cx/(xD’). By definition and from the commutativity above, (r ,Ek’fk)s)(*D/) is the
restriction of the latter to £\ )(M( D)) ® Df,g_k)M(!D)), and the assertion follows
for x = x. The case x =! is similar. O

12.6.c. Pushforward and Beilinson extension of sesquilinear pairings

12.6.4. Corollary. Via the isomorphisms of Corollary 11.7.1, the sesquilinear pairings

ik k)( (k

T Eg5) and Zp(r )5) coincide. O

12.7. The category @-Triples and its functors

We now come bgck to the ﬁlt~ered setting, and considej D X—modllles, with D x =
RrDx. Given a Dx-module M, we denote by M := M/(z — 1)M the associated
D x-module.

12.7.a. The category of @-triples. We extend to arbitrary dimensions the con-
structions of Section 7.4.a. The category @—Triples(X ) is an abelian category, and
possesses the basic functors we need for studying pure Hodge modules. For example,
the pushforward functor will be denoted by - f, etc.

12.7.1. Definition. The category @—Triples(X) has

- objects consisting of triples T = (JV[/,JT/[H,E), where 3?[’,3\7[” are D x-modules
and s is a sesquilinear pairing between M’ and M” (with values in Dbx in the left
case, and in €x in the right case),

. morphlsms x T, — T» consisting of pairs ¢ = (¢, ¢"), where ¢ JVEl — JV[’
and ¢” : MY} — M/ are Dx-linear, such that for all local sections m/ of M/ and m/
of

(12.7.1%) s1(m}, " (mf)) = sa( (m}), m3).

In particular, D-Triples(X ) is an abelian subcategory of Mod(Dx) x Mod(D x)°P.
We say that an object T of D- Trlples( ) is coherent, resp. strictly R-specializable,

resp. smooth, if its components M’ M” are D x-coherent, resp.. strictly R- spec1ahzable

resp. O x-locally free of finite rank. The support of T is Supp T = Supp M’ USupp M.

12.7.2. Complexes in @-Triples(X ). A complex (‘}'7 d) consists of a graded object T* =
D, Tk of @—Triples(X) together with a differential d : 7% — T#+1 such that d2? = 0.
We write T% = (M*, M”~* s;.) and d = (d',d"), so that (M'*,d’) and (M"*,d")
are complexes and sy, : M'* @ M/~%F — Dby (left case) satisfies s,(d'm),_,,m” ) =
s(i_y. ).
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12.7.3. Side-changing in D-Triples(X). Let T = (M/, M”, ) be a left D x-triple. We set

~right . Nrright A r//right . right
Jright . (py/rieht jyp/risht gright)

where 581 is defined by (12.3.3 %). The right-to-left side changing is defined corre-
spondingly, so that the composition of both is the identity.

12.7.4. Hermitian duality. The Hermitian dual of an object T = (J\~/[’ ,J\N/[” ,6) of
@—Triples(X) is the object T* := (JV[“,JT/V,ﬁ*), where s* is the Hermitian adjoint
sesquilinear pairing (see Definitions 12.3.1(2) and 12.3.2(2)). The Hermitian adjoint
of a morphism ¢ = (¢', ¢’) is the morphism ¢* := (¢”, ¢’). We clearly have T =T
and ¢** = .

12.7.5. Side-changing and Hermitian duality in @-Triples(X ). With the previous defi-
nitions, Hermitian duality commutes with side-changing, because of (12.3.3 xx).

12.7.6. Hermitian dual of a graded triple. Let T = D, T¢ be a graded object in
D-Triples(X). We write 7% as (M’*, M"”~* s;.). The Hermitian dual object is then

(T =@T) =PI H).
k k

12.7.7. Tate twist. The definition of the twist follows the general definition 5.2.2(7),
and the Tate twist is as in Notation 5.2.3:

T(0) = (W', M",5)(£) == (M (£), M"(~0), 5).

12.7.8. Pre-polarization and Hermitian pairs. A pre-polarization of weight w of T is
an isomorphism S : T — T*(—w) which is Hermitian. Tate twist acts as (T,S)(¢) =
(g(f), (—1)’S).  Any pre-polarized triple of weight w is isomorphic to a triple
(J\%’,JVU(U}),S) with pre-polarization (Id,Id). Hence, giving a pre-polarized triple
(5’, S) of weight w is equivalent to giving the Hermitian pair (J\N/[’ ,8) and the weight w.
Tate twist acts as
(M, 8, w)(£) = (M'(£), (—1)*8,w — 20).

12.7.9. Two basic examples. Let us keep the notation of Examples 5.4.4 and 12.3.5.

(1) (Left case) The triple ;Ox = (Ox,Ox(n),s,) is the smooth left triple with
s5,(1,1) = 1. It satisfies (,Ox)*(—n) = 4Ox.

(2) (Right case) The triple ywx = (Wx,wx(n),s,) is the smooth right triple with
sp(w',w”) = Sgn(n)(w' Aw”).
In both cases we have s} = s,,.

12.7.10. Smooth triples. We say that T is smooth if its components M/, M are 6~X-10-
cally free of finite rank. Then the corresponding sesquilinear pairing reads sV - s,
(see Lemma 12.3.6).

12.7.11. Lefschetz triples. The notion of Lefschetz structure (i N) in the abelian cat-
egory @—Triples(X)7 or that of sly-structure (5’., X,Y), is obtained, as in Section 5.3.
Using Hermitian duality in @—Triples(X ), we obtain as in Definition 5.3.2 the notion
of Hermitian duality for a Lefschetz @—triple (‘j', N). Therefore, if T = (3\7[’ , M ,5),
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the nilpotent endomorphism N = (N, N”") consists of nilpotent endomorphisms
N M — M and N’ : M’ — M”

such that §(N’s,s) = s(e,N”e) (see also Section 5.3.a). The notion of pre-polarization
of weight w is defined as in Section 5.3.1.

12.7.b. Pullback, specialization and localization in @-’I&'iple

12.7.12. Pullback by a smooth morphism. Let f : X — Y be a smooth holomorphic
map of relative dimension p, as in Definition 12.5.1, and let T = (M', M”s) be a left
D x-triple. We set

T = (M, o f M (D), o 5f*s).
For a right D x-triple, we use side-changing at the source and target to define . f *‘5’,
i.e.,

Tf*(r}fright) — (foﬁaleft)right.

If S is a pre-polarization of weight w of 5’, we regard f*S as a pre-polarization of
weight w + p of + f*T and we set

o5 (T.8) = (of*T, (1) f*S).
12.7.13. Pullback of a smooth triple. Formulas similar to those in 12.7.12 hold if, in-

stead of assuming f smooth and T arbitrary, we assume f arbitrary but T smooth.

12.7.14. Specialization in D-Triples. An object T = (M/, M”,s) of D-Triples(X) is said
to be strictly R-specializable along (g) if M',M"” are so. In a way similar to 7.4.2,
we then define, for A € S!,

d]g,/\;j: = (wg,/\j\\//t/7 Ql)g’)\j;[”(—]_% wg,A5)7
(bg,l‘ﬂj: = (ng,lj\?[/v (rbg,ljvvtﬂv ¢g,15)~

Then 4., ¢4,1 are functors from the full subcategory of strictly R-specializable

(12.7.14 %)

objects of D-Triples(X) to the category of objects supported on g~1(0). From Propo-
sition 9.7.1 and Corollary 12.5.36(2) we deduce:

12.7.15. Proposition. Assume T is D x -coherent and strictly R-specializable along (9).

(1) For every A € St, dim Supp 1/Jg7>\§’ < dim Supp 7.
(2) If Supp T C g~ 1(0), then ¢y \T =0 for any A € S* and T ~ ¢, 7. O

According to Remark 12.5.16(3) and Remark 12.5.27, these functors commute with
Hermitian duality 12.7.4 as follows:

DA (T*) = (g2 T)*(—1),
$g.1(T) = (¢g.17)".

If S is a pre-polarization of T of weight w, then

(12.7.15 %)

* 1425 is a pre-polarization of 1/19)5 of weight w — 1,
» (4,15 is a pre-polarization of ¢, 17T of weight w,
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and we set
g (T.S) = (Yg AT, g 1S),

¢g,1(7> S) = (ng,l{Iv ¢g,ls)~

12.7.16. Properties of N, can and var. The properties analogous to those of a Hodge-
Lefschetz quiver explained in Section 5.3.6 also hold in the present setting, as follows
from Remark 12.5.16(1), Remark 12.5.27 and Proposition 12.5.28. Let us denote by
N’ can’ var’ resp. N, can” var” the morphisms relative to M resp. M”. Then

(12.7.15 #x)

(1) N:= (N’,N”) is a nilpotent morphism

Py AT — Py aT(=1) and ¢y 1T — ¢y 1T(—1),

(2) can = (can’, —var”) is a morphism 1/1971‘} — ¢g71§' commuting with the mor-
phisms ¥41¢, ¢4,1¢ associated with any morphism ¢ between strictly R-specializable
objects of @—Triples(X),

(3) var = (var’, — can”) is a morphism (;5971‘} — ¢g71§'(—1) with the same commu-
tation property as above,

(4) N = varocan on 7,[19,1‘} and canovar on ¢>g,1i that is, on 1/1911‘} for example,
N’ = var’ ocan’ and N = var” o can”,

(5) can(T)* = — var(7*) and var(7)* = — can(T*), so that N(T*) = N(T)* (where
var(T), etc. means var relative to T, etc.),

(6) If S is a morphism T — T*(—w) (e.g. a pre-polarization), then the following
diagram commutes:

~ S ~
¢g,17 %—71> ((ng,lT)*(*IU)

varl l can®

= S .
BonT(=1) =22 (T (—w)

This is seen by interpreting
(60 T) (—w) a5 By (T (—w)),
 (YonT)* () 2 Yy (F(—1)* (—w))

« and can* as — var(T*),
and by applying the commutation relations above to ¢ = S.
In particular, InN = (ImN’, Coim N//75|ImN/®m)' We also define the near-

by /vanishing Lefschetz quiver of T as the diagram:

can

~ /\}
¢g,17
\_/

(=1 var

qbg,l{j:

Notice also that Propositions 9.7.2 and 9.7.5 extend to the present setting, up to
replacing “injective” with “monomorphism” and “onto” with “epimorphism”.
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12.7.17. The sly-triples attached to (1/19,{5', N) and (¢g,1‘}, N)

The monodromy filtration of N exists in the abelian category @—Triples(X ), and
we have, according to Remark 12.5.16(2) (and similarly for ¢4 17T without the twist),

gf%ﬁg,,\ﬁ = (gf%/}g,,\ﬁflagfl\fz%,,\ff%”(—l),gr%ﬂg,AS),
Pihg T = (Pethy aM, Pihy xM" (—1), Peihy as) (£ > 0).

If S : (T,N) — (T,N)*(—w) := (T*,N*)(—w) is a pre-polarization of weight w,
we define for any ¢ > 0, as in Section 3.4.c, the morphisms

Pothg S : Prthg T — (Pethyg 2 T)*(—(w — 1+ £))

Prtrg,18 : Pedg 1T — (PecygaT)* (—(w + 1)),
which are pre-polarizations of respective weights (w — 1+ ¢) and (w + £), and we set
Pty a(T,8) = (Petby T, (=1)Petfy,nS),
P16y (T,S) = (PedygT, (—1)Pecyg,19),

12.7.18. Middle extension of a strictly R-specializable @-triple. Assume that T is strictly
R-specializable along (g). We say that it is a middle extension along (g) if M', M”
are so (see 9.7.3).

(12.7.17 ) (£ >0, see 3.2.11).

If T is a middle extension along (g), then ¢g)1‘} ~ ImN in the abelian category
D-Triples(X).

12.7.19. S-decomposable @-triples. We say that a coherent @—triple T is S-decomposa-
ble along (g) resp. S-decomposable if its components M’, M”" are so.

CIfT s S-decomposable along (g), it has a decomposition T = ‘}1 @ ‘.7'27 where ‘3'1
is a middle extension along (g) and Ty is supported on g~1(0).
« If T is S-decomposable, then T = @, Tz, with T, having pure support the

irreducible closed analytic subset Z; C X (see Proposition 12.3.9).

12.7.20. Proposition (Criterion for S-decomposability along (¢))
Assume that T is strictly R-specializable along (g). Then T is S-decomposable
along (g) if and only if ¢41T = Im can @ Ker var.

Proof. This follows from Proposition 9.7.5 and Lemma 12.3.10. O

12.7.21. Properties along (g"). If T is an object of @—Triples(X ) which is strictly R-spe-
cializable along (g), a middle extension along (g), S-decomposable along (g), then it
satisfies the corresponding properties along (¢g") for any r > 2. This follows from
Proposition 9.9.1 and Exercise 12.12.

12.7.22. Non-characteristic restriction of a @-triple along a closed submanifold
Let T be an object of @—Triples(X) such that the closed submanifold ¢ : ¥ — X

is strictly non-characteristic for its D-module components (see Section 8.6.b). Then
2T = (o OM, e OM”, | 5u*s) (see Section 12.5.19) is a well-defined object of

D-Triples(Y'), called the non-characteristic restriction of T along Y.
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If Y = H has codimension one, then gr?,‘} are zero except for § € N and Tb*ﬁ: =
(gry M, grd M (—1), grlss). We will see another definition in Section 12.7.25.

12.7.23. Specialization along a strictly non-characteristic divisor with normal crossings

We take up the setting of Sections 9.9.b and 12.5.21 with g = z125. As a conse-
quence, we obtain the following property.

Let T be an object of @—Triples(X ) which is holonomic, strictly non-characteristic
with respect to Dp, Do, D12, hence strictly R-specializable along (g). Then T is a
middle extension along (g) and we have 1/Jg7)\:f = 0 for A # 1. Assume that T is
equipped with a pre-polarization S of weight w. Then there are isomorphisms

Potbg1(T,S) ~ ¢, 1(T,S) & ¥y, 1(T, S),
(12.7.23 %) P1g1(T,—S) = ¥y 10,1 (T,9)(—1) = Yy 100, 1(T,S) (1),
Pty 1 (T,8) =0 if£>2.

Because of the pre-polarization, we can reduce the question to the case of a Hermitian
pair (JVE, 8) of weight w. Let us check the middle line for example. For the Hermitian
pair, according to (9.9.3x%) and (12.5.21 xx), we only need to check the sign of the
pre-polarization. On the left-hand side, we introduce a minus sign (which is the sign
that enters in front of P1S in Section 3.2.11), while on the right-hand side, the Tate
twist (—1) introduces a minus sign, as wanted. Let us end by checking the weights.
That of the left-hand side is, since £ = 1, 1 +w — 1 = w, while that of the right-hand
side is 0 + w — 2 + 2 = w, since it is equal to Py, 1Poty,.1(—1)(s), so the weights
also match.

12.7.24. Nearby cycles along a monomial function of a smooth D-module

We take up the setting of Sections 9.9.c and 12.5.22. As a consequence, we obtain
the following property.

Let T be a smooth object of @—Triples(X), where X is an open set in C™ with
coordinates z1,...,T,, and set g = x1---x,. Recall that, for £ < r, we denote by
Je41 the set of subsets J C {1,...,r} with #J = ¢+ 1.

We have seen in Proposition 9.9.12 that T is strictly R-specializable and a mid-
dle extension along (g) and the morphisms N, can, var are strict. Assume that T is
equipped with a pre-polarization S of weight w. Then, for each ¢ > 0 there is an
isomorphism

(12.7.24 %) Py 1 (T, (-1)'S) = @ +ir(3(T,9))(=0) (I =J°).

JEJo+1
The proof is similar to that of the previous example (one can identify oy (vt} (‘5‘, S)
with the result of the iteration of ¢, 1, for j varying in .J, applied to (7T,5)).

12.7.25. Localization, dual localization and middle extension in @-Triples(X ). Let D be
an effective divisor in X and let T=(M’,M"”,s) be an object of D-Triples(X) which is
strictly R-specializable and localizable along D (i.e., its components M’ M" are so).
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We then set
T[+D] := (M[+D], M"[1D],sP)),
T[ID] := (W'[\D], M"[xD)],s"'P)).

These functors satisfy obvious identities with respect to Hermitian duality 12.7.4.
By Proposition 12.5.39, there are natural morphisms

Fp) -dloc, 5 loc, 5. py

The image of loc o dloc is equal to (Im(loc’ o dloc’), J%"[!D]/Ker(loc" odloc”), s),
where s is induced by s*P) (this is well-defined according to (12.5.39%)). The co-
image of locodloc is equal to (M'[!D]/ Ker(loc’ odloc’), Im(loc” o dloc”), s), where s is
induced by s(*) and both coincide according to the same argument. We denote this
object by ‘}[!*D]. As noticed in Section 11.5, it is possibly not strictly R-specializable
along D, and we have given criteria for this property to hold.

In particular, if T is strictly R-specializable and a middle extension along D, then
T = ‘}[!*D], dloc is an epimorphism and loc is a monomorphism.

12.7.26. Beilinson extension of a @-triple. Let g : X — C be a holomorphic func-
tion, set D = (g) and let T be an object of D-Triples(X) as in 12.7.25. We set
(see Propositions 11.6.15 and 12.5.43)

2,T = (Z,M, E,M", Eys).
The exact sequences (11.6.2!) and (11.6.2x) exist at the level of D-triples and the

gluing construction of Theorem 11.6.3 together with the equivalence of Corollary
11.6.5 hold at the level of D-triples.

12.7.27. Non-characteristic restriction of a @-triple (second version). We revisit Section
12.7.22. If D = H is smooth and strictly non-characteristic with respect to J\~/E’, M ,
then, according to Propositions 11.2.9, 11.2.13 and 12.5.42, there are natural iden-
tifications Ker dloc ~ 1ty (pt*T) and 1, (r0*T)(—1) ~ Cokerloc, where v : H < X
denotes the inclusion. In such a way, we have two exact sequences extending (11.2.18)
to D-Triples(X):
0+ T & T H] +— wtn(p0*T) — 0,

(12.7.27 %)

0 — T 29 FuH] — (2" T)(=1) —> 0.

12.7.c. Pushforward in the category @-Triples(X)

12.7.28. Definition (Proper pushforward). Let T be an object of 5—Triples(X )coh SUp-
ported on Z and let f : X — Y be a holomorphic map which is proper on Z. Then
the k-th pushforward f*(k)‘J' is the object

f 0T = W fTIN e f 57 s)
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of 95—Trip|es(Y)Coh. It satisfies (see (12.4.4 %))
(12.7.28 %) (e f BTy = LT,

It is convenient to consider the pushforward as a graded object f,S')"JV' =
D.. Tfik)‘}. Then a pre-polarization S : T %*(—w) of weight w induces a
pre-polarization

IS 0T S (W OT) (),
which is graded, by taking the grading considered in Section 12.7.6 for (r f)‘j‘)*.
More specifically, each Tf,gk)S is an isomorphism Tfik)‘} S (Tfi"")ﬁ)*(fw).

If we represent (‘}, S) by a Hermitian pair (JT/L §) of weight w with S = (Id, Id), then

Tfi.)(§7 S) = (Tf£°)ﬁ, . ,S')S), where Tf,gk)S = Tf*(k’fk)S pairs Df*(k)M and fofk)ﬁ.

12.7.29. Kashiwara’s equivalence. Let + : Z — X denote the inclusion of a closed
submanifold. The functor ¢, from @—Triples(Z ) into itself is fully faithful. Moreover,
if Z = H is smooth of codimension one in X, the functor ¢, induces an equivalence
between the full subcategory of @—Triples(H ) whose objects are strict, and the full
subcategory of @—Triples(X ) whose objects are strictly R-specializable along H and
supported on H. An inverse functor is then T — gr¥ T (see Remark 12.5.37 for grl/s).
Indeed, this follows from Propositions 9.6.2 and 12.4.7.

12.7.30. The Lefschetz morphism for triples. From Definition 8.7.20 and (12.4.13 %)
we can define the Lefschetz morphism attached to a real (1,1)-form 7 by the for-
mula

Xy = (X0, X0 o fOT — L f5 ().
It is functorial with respect to T and satisfies X}, = X;;. Moreover, the graded object
(Tfi')i X,,) is an sly-structure on the category A = @—Triples(X) with X,, corre-
sponding to X, in the sense of Definition 3.3.3 (together with Remark 3.3.4 for the
twist).
12.7.31. Adjunction and trace in the case of a finite morphism. We consider the setting
of Example 8.7.31, with a finite morphism f : X = C* — Y = C" defined by
filzr,...,zn) =2, i=1,...,n,and r; > 2for i =1,...,4, and r;, = 1 for i =
(+1,...,n. Furthermore, we assume that the object T = (M/, M”, s) of D-Triples(Y)
is such that s takes values in é%o We deduce from Examples 8.7.31 and 12.4.17 two
morphisms

adj; = (adjy, Tv}) : T — o SO f*T),  Try = (T}, adif) : ofi2 (o f*T) — 7T,
whose composition is the identity, making T a direct summand of . ,50) (1 f*‘j') in
D-Triples(Y).

12.7.32. Pushforward and specialization of @-triples. Let T be an ob ject of @—Triples(X )
which is coherent and strictly R-specializable along (g) = (¢’ o f), where f : X —» Y
is proper. Let h : Y — C be a holomorphic function and set g = ho f. Let us assume
that, for each k and A, 1 ik)(l/)g,)\‘}) and Tfik)(¢g71‘j') are strict.
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It follow~s from Corollary 9.8.9 and Theorem 12.6.1 that there are natural isomor-
phisms of D-Triples(X)-Lefschetz structures

2 F W n T N) = oy A (o (T, N)),
(D1 T N) = @ (- fF (T, N)),

and of of nearby/vanishing @—Triples(X )-Lefschetz quivers

S (09 1T N), (61T, N), can, var) = (4,1 (< T),N), (6.1 (+ST), N), can, var).

12.7.d. The pushforward functor as a cohomological functor

12.7.33. Complexes and double complexes in @-Triples. Let us start with a general re-
mark which explains the introduction of a sign in Definition 12.4.3(2). Let (I?", d)
and (IN(”', d") be bounded complexes of right 5y-modules andlet s : K" ®@zK"* — Cy
be a Dyy—linear morphism to the right Dyy—module Cy (i.e., a complex with €y as
its only nonzero term, placed in degree zero). We wish to transform this set of data
to a complex in D(D-Triples(Y)).

Let m},, resp. m}/, be a local section of K'*, resp. K"”*. The differential d of the

simple complex associated to K'* @z K”'* satisfies
d(my, ®m72’) =d'm), ®m72’+ (—1)km) ® d"mjy.

Since § is a morphism of complexes, it is compatible with d, and since the differential
of the complex €y is zero, we obtain the relation

5(d’m§c,m72’) = (—1)k*15(m§€,d’/m2’)
for every k, £. Let s : K'* ® K”=* — €y denote the pairing induced by s. The above
relation implies that (recall that (k) = (—1)*(*:=1)/2)
(d,d"): (K* K" " e(k)sy,) — (K™ K751 e(k + 1)spi)

is a morphism in @—Triples(Y). In this way we obtain a differential complex in
DP(D-Triples(Y)):

(K*,d) = @(K*, d), K'=(K"* K'*ek)s), d=(d, d").
k

For double complexes, the argument is similar. Given double complexes
((Kli7j)i,j7 llﬂd/2)7 ((Kuk’e)k’@d/l/vdg)
of Dy-modules and a sesquilinear pairing s with values in €y whose components are

57+ K" @ K'"—%=7 — €y and s is zero from K7 @ K"kl if i+ k #0 or j+ ¢ # 0,
we obtain a double complex in D-Triples(Y) as

(K" dy,do) = @K™, dy, dp), K™ = (K", K" e(i + j)sq ),

4]

dy = (d,,d"), a=1,2.

a’ a
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12.7.34. We interpret the functors ffk) as cohomology functors of a pushforward
functor . f, : DP(D-Triples(X)) — DP(D-Triples(Y)). This will enable us to treat
the Leray spectral sequence for the composition of maps. In order to do so, it is
convenient to work with a flabby resolution of Spy_,y (M) (M = M/, M”). We will
use the resolution Sp HY(JVE) by the relative C*° Spencer complex (Exercise 8.51).
Recall that we set Sp}o’]~C =P, éx,g R Eg?’k+z).

Let T = (3\7[', J\~/E”,5) be an object of @—Triples(X). We represent the pushforward
complex of each component of Tas K* = I?”, K" with

K* = iM@5 SpX" @05, /7 Dy) = i@ SX") @5, Dy, M =M, M,

and the pushforward sesquilinear pairing as given by (12.4.5 ).

12.7.35. Definition. The pushforward triple f*‘} is the complex whose k-th term is
(K™ K" F (k) ([ S () )

; o 1a rogiy Soo Soo
and whose differentials are (d’,d"”) = (f*ég“vf/,y’ f*éﬁ”yy).

The following is then clear.

12.7.36. Lemma. For each k € Z, the cohomology f]-fk(Tf*”Jv') is isomorphic to Tfik)‘}
of Definition 12.7.28. O

In a way similar to that of Corollary 8.7.18, we deduce:

12.7.37. Corollary. The pushforward triple TJ:*‘} can be represented by a complex of
amplitude n. If T has a finite filtration W,T in the abelian category D-Triples(X),
then there exists a spectral sequence, functorial with respect to T:

B = P (el T) = eV ST,
where W, (¢ (k) (T)) is the image filtration image|r ik)(W.‘}) — nggk) (;Jv')] O
We can now extend Corollary 8.7.28 to the case of the categories @—Triples.

12.7.38. Corollary (The Leray spectral sequence for the composition of maps)

Let f: X =Y and f' :' Y — Z be holomorphic maps and let T be an object of
@—Triples(X). We assume that ' o f is proper on S = Supp‘} (hence so is f, and f’
is proper on f(Supp ‘5’)) Then there exists a bounded spectral sequence with EY? =
Tf,i(p) (Tf£Q)§') which converges to +(f' o f)gfﬂrq)‘}.

The Leray filtration Ler'T(f’ © f)ik)§' satisfies
g (o(f o /)PTVT) = B

In particular, since E%? is a subquotient of ES?, grf (T(f "of )gk)‘}) vanishes unless
p € [-dimY,dimY] (see Remark 8.7.13).
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Proof of Corollary 12.7.38. Step 1. Arguing as in the proof of Theorem 8.7.23, we find
a natural quasi-isomorphism
(12.7.39)  Spx % vy (Dx %) @12, + F ' SPyy,22(Dyy)

- SpX,YaZ,?(DX,Y%

leading to a quasi-isomorphism

£ (f* ((’:X,S QD % SPX,Y—WY(DX,Y)) ®Dy 3 SPY,?—>Z,7)
— f; (Q:X’S ®DX,7 SpX,Y—»Z,?(DX,Y))'
The integration morphism (12.2.12)
S5 e (@xs®p, <SPy 5y 7(Dxx)) — v f(s)

can be composed with that for f’ to yield

J}/ o (j} ®Id): f; (f* (Cx,s Ovy % SpX,Y—W,?(DX,Y)) D,y SpY,?—)Z,?) —s .
On the other hand, we have the integration morphism
j;”Of fi(Cxs ®Dy x SpX,Yazz(@XX)) — &z

We claim that, through the above quasi-isomorphism, both integration morphisms
coincide. It is enough to prove that their restrictions to the degree-zero terms of the
complexes coincide, on noting that these complexes have nonzero terms only on non-
positive degrees. In degree zero, the inverse of the isomorphism (12.7.39) is induced
by the natural morphism

Oxx ®(rof)-10,5 (f 0 )7 Dy7
= (Oxx®p-10y5 [ Dyy) @10, o (F10y 5 ®propy-10, 5 (f 0 f) 7Dy 7)

defined by p @ Q — (p® 1) ® (1 ® Q) (see Exercise 8.37).
We are thus led to checking that the following diagram commutes:

(f'of)sCx.s ®OZZDZ»7 filfeCxs ®oy,?®Y,?) ®0, 7 DZ,Z
fm T 1, 1
QtZ ®OZ,E®Z,7
This follows from the obvious commutation (Fubini) [ frof = i P f | on currents. O

Proof of Corollary 12.7.38. Step 2. To compute the iterated pushforward 1 f.(+ f« (‘j'))7
we consider the double complexes

R = [0 @5, $0%y () @5, S0 (D)

K" = fL[£.(0 &5, Sp%.y(Dx)) @5, Sp72(Dy)].
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and the morphism defined from the sesquilinear pairing s with values in the double
complex

f: [f (Cxs®5  SPXxoyvy(Px ) ©5, Spffo,?azz(@yv)]

)

~ f, [f* (€X7S ®95X,7 SpX7§HY,7(®X,Y)) Q5 Spy,?azf(iv)yy)]

Y)Y
with Sp% 5,y 7(Dx ) = SPXy (Dx) ®g SpX_ (D). Composing with the dou-
ble integration morphism in Step 1 yields a morphism s : K" @ K"*¢ — ¢, of
double complexes, which is thus zero if i + k # 0 or j + ¢ # 0. As explained in
Section 12.7.33, we obtain a double complex in D-Triples(Dz). The computation of
Step 1 shows that the associated simple complex in @—Triples(@ 7) is quasi-isomorphic
to the complex computing +(f’ o f)*(‘j') We conclude that the spectral sequence of
the double complex, with E5? = Tfi(p)(Tf,Eq)ﬁ), converges to ,(f’ o f)ipﬂ)‘}. O

12.7.40. The restriction and Gysin morphisms in @-Triples. We take up the setting of
Section 11.2.d, in which H is a smooth hypersurface in the compact manifold X.
We consider an object T = (M/,M"s) of D-Triples(X) and we assume that H is
strictly non-characteristic with respect to M’, M".
We denote by ax the constant map on X. Recall that
)F = (25, DRl ),

By applying Tagsl to the exact sequences (12.7.27 x) and noticing the identification
Tag;lTLH* ~ Tagl following from (12.4.14 %) (a special case of Corollary 12.7.38),
we define

restry : Dag?i‘} — Dagjl)a}f and Gysy : Dag;*kfl)

Tr (1) — palg VT
as the connecting morphisms in the corresponding long exact sequences in (E—Triples.

12.7.41. Proposition. We have a commutative diagram

~ X ~
ral)T : raT(1)
Gysy restry
Gysgy
1= X ~
vy Tr(-1) : rayy, ' Tn

Proof. We notice that the “prime” component of this diagram is the diagram of Propo-
sition 11.2.20, while the “double-prime” component is the similar diagram after chang-
ing the exponents and the Tate twists to their opposite value, taking the arrows in
the other direction and exchanging restry and Gysy, and this is a diagram shifted
from that of Proposition 11.2.20. Commutativity follows then from the commuta-
tivity proved in that proposition (since the sesquilinear pairing is not concerned for
commutativity). O
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12.8. Exercises

Exercise 12.1 (Pushforward of the sheaf of currents as a right D - <--module)
Using the definition of Section 8.7.e, show that
p5/1€x = filEx @,  Spx %,y 7 (Dx %))-

Exercise 12.2. Assume that X is a closed submanifold of Y and denote by ¢ : X — Y
the embedding (which is a proper map). Denote by 1 the canonical section of
DX,Y—W?' Show that the natural map

ot €x = 1 (Cx @, Dy x yvy) — &y, u®lr /“
L

induces an isomorphism of the right Dyy—module p.ol« €x with the submodule of €y
consisting of currents supported on X. [Hint: Use a local computation.]

For example, consider the case ¢ : X = X x {0} — X x C, with coordinate ¢t on C
and identify 5t €x with ¢, €x [0}, O5].

Exercise 12.3. Extend the result of Exercise 8.54 to the case of right D y %-modules
and show that the composed map

f+€x — ppfu €x — &y
is the integration of currents of Definition 12.2.9.
Exercise 12.4. Let f : X — Y be a holomorphic map and let Z C X be a closed subset
on which f is proper.
(1) Define the sub-D X’y-module Cx,z of €x consisting of currents supported on Z.

(2) Show that the integration of currents | s induces a Dy y-linear morphism of
complexes

/ : D,ﬁf* CX,Z — @b;/[%n] ®oy,? DK? ~Cy.
f

[Hint: In Formula (12.2.9x), let K be the compact support of 7; choose a compact
neighbourhood K’ of f~!(K) N Z, and use a partition of the unity relative to the
covering made by the complement of K’ in X and the interior of K'.|

Exercise 12.5. 1f f is a a projection X =Y x T — Y with dim7T = p = n — m, show
that there exists a morphism

(12.5 *) Dwﬁf! Cx — Cy

which does not make use of the integration morphism (more precisely, it only uses
integration of constant functions).

(1) Consider the morphism
Ox/vx/v,e = Ox/v,.e O Ox 7 .-
and, following the same line as for (8.7.10 ), show that

pof1 Ex = RA(Cx ®o, <Ox/vx/v..)-
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(2) By applying an argument similar to that of Exercise 8.26(1), prove that
Cx B0, xOx/vX/v,e = ey ®p-1ep €y Peg Dbx[2p].
(3) Note that a distribution on X annihilated by dx,y is locally a distribution

on Y, and deduce that the complex 83{/1/ ez Dby is a resolution of f 1 Dby.
(4) Deduce an isomorphism

Cx Qo +Ox/yx 7. = [ Ev[2p],
and thus
pofi€x =~ Rff €y [2p].
(5) Since f is smooth of relative real dimension 2p, there exists a natural morphism

Rfif~*¢y[2p| = Rfif' €y ~ Rfif'Cx ®c, €y — Cy,

according to Verdier duality (see e.g. [KS90, Chap.3|). Conclude the existence of
(12.5%).
(6) Compare with the morphism (12.2.12).

Exercise 12.6 (Trace of a C*° function). We consider the setting of Example 8.7.31
with the finite map f: X = C* — Y = C” defined by fi(z1,...,2,) = z]', 1, € N*
and 7; > 2 < 1 <4 < {. The goal of this exercise is to prove that the trace Trs(p) of
a C™ function ¢ on X is a C'> function on Y.()

(1) Use the Malgrange preparation theorem to show that the germ €X o is a module
of finite type over C§, generated by monomials 297 with 0 < a;,b; < 7; — 1 for all
1=1,...,n.

(2) Show that Try(z@") =0 if there exists i such that a;—b; is not a multiple of r;.

(3) Show that, otherwise, Trf(x“fb) is a monomial in y;,7y,, i =1,...,n.

(4) Conclude that, for any C* function ¢ on X, Try(y) is a C'* function on Y.

(5) Show that, for any test function ¢ on X, we have the equality

[ o raynan = [ 100 dyndy.
X Y
[Hint: Use the Fubini theorem.|

Exercise 12.7 (Trace of a C'*° form of maximal degree and integral of currents)

We keep the setting of Exercise 12.6. In analogy with the trace of holomorphic
forms of maximal degree (Exercise 8.57), we define the trace of a form of maximal
degree hdx A dx as

o Try ((IT; |2:*)R)
i IL lvil?
Show that Try(hdeAdZ) is C*° on Y and is equal to the current ff(h deAdZT). [Hint:
Use Exercise 12.6(5).]

Try(hdz AdT) := -dy A dy.

(2)This property is specific to the finite map we consider; it would not be true for a general finite
map; see [Bar83].
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Exercise 12.8 (Kashiwara’s equivalence). We keep notation of Proposition 12.4.7. Let
5 ptxM @ pe M’ — €x be a sesquilinear pairing.

(1) Show that s takes values in €y .

(2) Show that s is determined by its values on t,(M' ® 1) ® t.(M” @ 1).

(3) Show that, for a test function n on X, (s((m’ ® 1), (m” ® 1)),n) only depends
on 1,z. [Hint: Write locally X = Z x C,. with coordinates z1,...,2, on C" and use
that s((m’ ® 1), (m"” ® 1))0, = s((m’ ® 1), (m"” ® 1))0z, = 0.]

(4) Deduce that the correspondence nz — (s((m' ® 1), (m” ® 1)),n), for some
(or any) n with 7z = 7z, defines a current of maximal degree on Z.

(5) Conclude the proof of Proposition 12.4.7.

Exercise 12.9 (Pushforward of a sesquilinear pairing by a projection)

Let s : M/ ® M” — Dby be a sesquilinear pairing between left D x-modules.
Assume that X =Y x T and that the projection f : X =Y x T — Y is proper on
Supp M’ N SuppM”. Set p=dimT =n — m.

(1) Let U be an open set in Y, and let

% € T(U, f(EF) @0, M), nlT* € T(U, f.(E ) @0, M),

Show that f.s ( e k) is a section on U of f*(SX/Y Reg Dbx).
(2) Deduce that the integration of currents produces a section in I'(U, Dby ):

2m ‘ff f* /k ” k /k: // k
EX"(U) 5 1) /f* 0 A s ni ).

(3) Show that the signed pushforward

( )m(ZDJrk) Sgn P, k /f* /k nhs k) S F(U @hy)

corresponds, via side-changing, to the pushforward (; Jﬁsk’_k)sleft)right of Proposition
12.4.12. [Hint: Use Formula (0.2 %x).|

Exercise 12.10. Show that, if M’ or M” is supported on H, the right-hand side of
(12.5.4 %%) is always zero, and the residue formula (12.5.10 %) returns the value zero
for every a € R.
Exercise 12.11 (see Remark 9.4.9). Show that gr¥ (s) induces pairings (¢ € Z):
grytery (s) := grpler! M @c grM,erV M/ — ¢p
and, for £ > 0, Pogr (s) := Pragr’ M @c Ppgrt/ M — €y
by composing with N* on any side.
Exercise 12.12. In the setting of Proposition 9.9.1, show that, with respect to the
corresponding isomorphisms,
Ynas =Yg ars and  @p15 = ¢g,18.

[Hint: Use (12.5.16 ) and (12.5.27 %).]
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12.9. Comments

Complex conjugation of a locally constant sheaf of C-vector spaces can be de-
fined in a straightforward way by considering the conjugate vector space of each fiber.
Complex conjugation of a constructible complex of C-vector spaces can be defined sim-
ilarly, and the complex conjugate of a constructible complex remains a constructible
complex. Assume that this complex takes the form of the de Rham complex of a
holonomic D x-module M. Is it possible to define another holonomic D x-module N
whose de Rham complex is the complex conjugate of that of M? A solution to this
question has been given by M. Kashiwara [Kas86a] when M is a regular holonomic
D x-module, and by T.Mochizuki [Mocllb, §4.4] (see also [Sab00, §11.3.1]) for any
holonomic D x-module. However, the idea of M. Kashiwara is that it is easier to find N
whose de Rham complex is the Verdier dual of the complex conjugate of the de Rham
complex of M. Namely, N is defined as the complex conjugate (in the sense of passing
from D+-modules to D x-modules) of the Dg-module Homp, (M, Dby). In other
words, when working with D y-modules, it is easier to handle the Hermitian dual
D x-module than the conjugate D x-module, since the duality functor is not needed.

This explains why, when considering complex Hodge structures and having in mind
the extension to D x-modules, instead of considering pairs of vector spaces together
with an isomorphism of one space with the complex conjugate of the other one,
we consider pairs of vector spaces together with an isomorphism of one space with
the Hermitian dual of the other one, that is, pairs of vector spaces together with a
non-degenerate sesquilinear pairing between them. Furthermore, the notion of non-
degeneracy is difficult to manipulate under various operations on D x-modules, and
this explains why this property is relaxed in the definition of the category D-Triples.

The idea of considering poles of Mellin transforms with kernel |f|?* for some
holomorphic function f, in order to analyze its nearby cycles and the monodromy
on them, goes back to the work of D.Barlet ([Bar82] and the subsequent works
[Bar84, Bar85, Bar86, BM&87, BM&89]). It has been instrumental in order to define
nearby cycles in the theory of twistor D-modules ([Sab05]), where the idea of taking
a residue of such Mellin transforms has been introduced. Many aspects of this theory
have then been much improved in the works of T. Mochizuki [Moclla, Mocl5] and
we have taken advantage of these improvements in the presentation of this chapter.
Such an approach has recently been used in Representation theory by Davis and Vilo-
nen [DV22], who have emphasized the use of sesquilinear pairings with the Beilinson
functor.



