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Chapter 1

Affine and projective algebraic
varieties

1.1 Affine varieties, Nullstellensatz

In this section we introduce affine algebraic varieties : the base objects of study in
algebraic geometry. The main theorem of this section is the famous Hilbert’s Null-
stellensatz on zero locus of a system of polynomial equations over an algebraically
closed field.

Let k£ be a field. The main cases of interest for this course is k = C, k alge-
braically closed, k = R, k = Q or a finite extension (a number field), k finite.

We identify the affine space A} with the set k".

An affine algebraic variety over k is the subset of k™ defined as zero locus of a
system of polynomials in k[zy, ..., z,):

Definition 1.1.1. For [ an ideal in k[z1, ..., z,] we denote
V() ={x=(z1,...,2,) €k"| f(x) =0Vf eI}

the affine algebraic variety defined by I.

If f1,..., fm € k[z1, ..., x,]is a finite family of polynomials, we write V' (fi,..., fim)
instead of V((f1,..., fm)) for the affine variety defined by the ideal generated by
fla SR fm

Recall that the ring k[xq, ..., x,] is noetherian : any ideal I of this ring is gen-
erated by a finite number of elements, so that any algebraic variety is of the form
V(fi,..., fm) as above.

Example 1.1.2. In the affine plane A? we have V(z,y) = (0,0), V(z — 1,y —2) =
(1,2), V(y*—2*+=) is a curve (we will see that it is an example of an elliptic curve).



Remark 1.1.3. In a more advanced course on algebraic geometry an affine variety
corresponds to an ideal in k[xy,...,z,]; saing that X = V(I) is an affine variety
means that we recall the data of X and I. Speaking about the set of rational points
X (k) C k™ of X means that we consider the set X (k) = V(I) but we «forget»
the data of I. If K/k is an extension of k we denote X(K) = V(Igx) C K" for
Ix C K|xy,...,x,) the idéal generated by I.

Note that if &k is not algebraically closed, the set V(I) could be empty: for
example, for I = (2> +y?> +1) C Rlz,y]. If k = C and I = (f) with f € k|x]
a non constant polynomial, the fundamental theorem of algebra says that V' ([) is
not empty. In the case of polynomials in many variables, we have an analogous
statement:

Theorem 1.1.4. [weak Nullstellensatz| Let k be an algebraically closed field
and let I be an ideal of k[z1,...,x,], I # (1). The set V(I) is nonempty.

Proof. This theorem follows from a theorem on the structure of maximal ideals
in klxy,...,z,|, that we give below, for the proof see the next section. In fact,
the ideal I is contained in a maximal ideal m (Krull’s theorem), and we can write
m = (r; —ay,...,r, —a,) by 1.1.5. As V(m) is nonempty, we see that V(I) is
nonempty as well. m

Theorem 1.1.5. Let k be an algebraically closed field. Any maximal ideal m in
klxyi,...,x,)] is of the form m = (1 — a1, ..., 2, — a,) with ay, ..., a, € k.
Definition 1.1.6. If X is a subset of £™ we denote

I(X) = {f € klz1,...2,), f(z) = 0Vz € X}

the ideal of X.

For example, if X = {0,0} C A, then /(X) is the ideal of polynomials in k[z, y]
with zero constant term.

Note that I(X) is indeed an ideal: if f € I(X) and g € k[z1,...,z,], then the
polynomial fg vanishes at every point of X.
Proposition 1.1.7. 1. Let I, J be the ideals of k1, ..., x,).

(a) ICJ = V(J)CV();
(b) VIDHNV(J)=V({I +J);
(c) V(IDUV(J)=V(I-J)=V(INJ).

2. If X C Y are subsets of k", then 1(Y) C I(X).
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3. If J is an ideal in klxy, ..., x,], then J C I(V(J)).
4. If X C K™ is an algebraic variety, then X = V(I(X)).

Proof. We give a proof for 1(b) et 1(c), the other properties follow immediately
from the definitions.

1(b). Let x € V(I)NV(J). We then have f(z) =0 and g(x) =0 for all f €I
and g € J. We deduce h(x) = 0 for all h € I +J. In the other direction, if h(z) =0
for all h € I + J, we have in particular that f(z) = 0 and g(x) =0 for all f € I
and g € J, so that x € V(I) NV (J).

I(c). Let x € V(I) UV(J). We then have either f(z) = 0 for all f € I, or
g(x) =0for all g € J. We deduce h(z) =0forall h € I-J (resp. forall h € INJ).
In the other direction, assume h(z) = 0 for all h € [ - J (resp. for all h € I N J).
If x ¢ V(I), there exists f € V(I) such that f(z) #0. Let g € J. As fge I-J
(resp. in I N J), we deduce g(x) = 0, so that z € V(J). O

The previous properties imply that the sets V() are the closed sets of some
topology, called Zariski topology on k". If X C k™ is an affine algebraic variety,
we call the induced topology on X Zariski topology on X as well.

Note that we do not necessarily have the equality J = I(V(J)). In fact, there
could be two types of problems:

1. for J = (2?) an ideal in k[z], we have I(V(J)) = (z);

2. if k is not algebraically closed : for example, for J = (2? + 3?) an ideal in

Rz, y], we have I[(V(J)) = (x,y).

Hilbert theorem of zeros says that these two problems are essentially the only ones.

Recall the notion of a radical of an ideal:

Definition 1.1.8. If A is a (commutative) ring and I C A is an ideal, the radical
of I is
VI={ae Ala™ eI for some m > 1}.

One checks that /T is also an ideal of A. The ideal I is radical if I =+/I.
Example 1.1.9. For J = (2?) an ideal in k[z], we have V.J = (z).

Theorem 1.1.10. [Nullstellensatz| Let k be an algebraically closed field and let
J be an ideal in k[zy, ..., x,]. Then I(V(J)) =/J.

Proof. We deduce the theorem from its weak version. This argument is due to Artin
and Tate. Let f € I(V(J)), so that f vanishes at all common zeros of elements of
J. Consider the ideal J" of k[xy, ..., Zp41]:

J/ = (xn+1f — 1, J)
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By construction, V(J') = (. Using weak Nullstellensatz, 1 € J', that is, we can
write in the quotient ring A = k[xq, ..., zpi1]/(Xni1 f — 1):

1= Z b;a;
with b; € J,a; € A, so that (writing by degrees of x,,,1)
l=cy+c1Tpp1 + ...+ Cnryy
with ¢; € J. As x,.1f —1=01in A, we deduce
fr=cof™" + e f" T 4+ s

that is, f™ —c = 0 with ¢ = cof™ + 1 f™ ' + ... + ¢, € J. As the natural
map k[xy,...,z,] — A is injective, we deduce f™ — ¢ =0 in k[xq,...,x,], so that
fmreld. O

Remark 1.1.11. Note that if J = I(X), then J = +/J : in fact, if f™ € J, then
(f(x))™=0forall z € X, so that f(z) = 0 for all x € X, which implies that f € J.

For the moment we introduced the objects of the category of affine algebraic
varieties over k. One is then also interested to understand the morphisms between
these objects.

Definition 1.1.12. Let X be an algebraic variety in £”. A polynomial function
on X is the restriction of a function in k[z,...,x,] to X. If Y is another algebraic
variety in k™, the function f : X — Y is polynomial if every coordinate function is.

Note that a polynomial function X — Y is continuous for Zariski topology: if
Z =V({I)NY C Y is closed, where [ is an ideal in k[y1,...,yn| generated by
(hi,...h.), then f~5(Z) =X NV (hyof,...h.o f)is closed in X.

Proposition 1.1.13. The algebra of polynomial functions on X s the algebra
k[X] = k[xq, ..., 2,)/I(X).

Proof. Let f,g € k[z1,...,x,] be two polynomials inducing the same polynomial
function on X. We then have f —g = 0 at all points of X, so that f—g € I(X). O

Let f : X — Y be a polynomial map between two affine varieties defined over a
field k. We define the map f* : k[Y] — k[X] by

f{(P)=PoFf

where P (resp. P o f) is the class of P (resp. Po f)in k[Y] (resp. k[X]). This map
is well defined : if P, — P, € I(Y') then for all x € X we have P(f(x)) = P(f(x))
as f(z) €Y.



Proposition 1.1.14. Let X|Y be two affine varieties. Let g : k[Y] — k[X] be a
morphism of algebras. There exists a polynomial map f: X — 'Y such that g = f*.

Proof. We write k[X] = k[xy,...,2z,|/1(X) and k[Y] = Ek[y1,...,ym]/L(Y) by the
previous proposition. Let G be the composition

Klyr, .o ym) = kyn, oyl JIY) S Koy, 2]/ T(X).

Let fi = G(yi). Let P; € k[x1,...,x,] such that f; = P,. Write f = (Py,..., P,).
As f*(y;) = P, = g(y;) by construction, it is enough to see that f has its values in
Y.

Let z = (ay,...,a,) € X and let h € I(Y). We have

h(f(z)) = h(Pi(a1,...,as),..., Pu(ay,...ay,)).

Forall i =1,...,m we see that the value Pi(ay,...,a,) depends only on the values
P, of P, in k[X]. As P, = G(y;) we get

h(f(@)) =G (), .-, Glya))(ar, ..., an) =
= |G is a homomorphism of algebras | = Gh(yi,...ym)(a1,...,a,) =0.

so that f(x) e V(I(Y)) =Y. O

Definition 1.1.15. Let X be an affine algebraic variety. We say that X is irre-
ductible if

X:X1UX2, X17X2 closedin X = X = X; or X = X,.

A variety X is irreductible if and only if I(X) is a prime ideal (see the exercises).
We deduce that the ring k[X] is integral. Then we define the field of functions
of X as the field of fractions k(X) of the ring k[X] : the elements of k(X)) are the

functions f/g with f,g € k[X] and f/g = f1/¢1 if and only if fg; = fig.

1.1.1 Finiteness properties

In this section we recall some properties of rings and modules.

Definition 1.1.16. Let A be a ring and B an A-algebra. We say that B is of fi-
nite type over A if B is generated, as an A-algebra, by a finite number of elements:
B ~ Alxy,...,x,| (where the elements (x;)1<;<, are not necessarily algebraically
independent). We say that B is a finite A-algebra if B is of finite type as A-
module, that is, B is generated by a finite number of elements as an A-module :
B~ Ax+...+ Ax,.



Example 1.1.17. 1. If k is a field and K = k(x) is an algebraic extension of
k generated by z, then K is a k-module of finite type. In fact, if P(z) =
2" + ap_ 2"+ ...+ a1x + ap is a minimal polynomial of z, then K is
generated by 1,z,...2" %

2. Let A be a ring. If B is an A-algebra of finite type (resp. a finite A-algebra
) and C' is a B-algebra of finite type (resp. finite), then C' is an A-algebra of
finite type (resp. finite).

Definition 1.1.18. Let A be a ring and let M be an A-module. We say that M is
noetherien if any increasing sequence M; C My C ... M, C ... of submodules of
M is constant starting from some n = ng. A ring A is noetherian if A is noetherian
as an A-module, that is any increasing sequence Iy C I, C ..., C ... is constant
starting from some n = nyg.

Proposition 1.1.19. An A-module M 1is noetherian iff any submodule of M could
be generated by a finite number of elements. In particular, a ring A is noetherian
if and only if any ideal of A could be generated by a finite number of elements.

Example 1.1.20. 1. Let M be an A-module. If M is noetherian, then any
submodule of M is noetherian, any quotient of M is noetherian and any
module of finite type over M is noetherian.

2. If Ais noetherian, then the ring A[z] is also noetherian, in particuliar, k[zq, . .., x,]
is noetherian. If B is an A-algebra of finite type, then B is a noetherian ring
. in fact, B is a quotient of Alxq,...x,].

3. The ring A = k[x;];en is not noetherian. The field of fractions K of A, being
a field, is noethérien. This shows that a subring of a noetherian ring is not
necessarily noetherian.

1.2 The structure of maximal ideals

Lemma 1.2.1. Let A C B C C be the inclusions of rings such that
(i) A is a noetherian ring,
(i) C is an A-algebra of finite type,

(1) C is a B-module of finite type.

Then B is an A-algebra of finite type.

Proof. Let x1,...,x, be the elements of C' generating C' as an A-algebra. Let
Y1,---,Ym € C generating C' as a B-module :

C =By, + ...+ Byn.
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We can then write, for all 1 <i,j < n:

T = Z bty
t=1
with b € B and
Yi Y = Z CijtYt-
t=1

Let B’ C B be a subring generated over A by families (b;;) and (c;j¢). As B’ is
of finite type over A and A is a noetherian ring, we have that B’ is noetherian. By
construction, C' is generated by y1,...y, as a B-module. We then have that C,
viewed as a B’-module, is noetherien. As B is a submodule of C', we deduce that B
is generated by a finite number of elements as a B’-module: B = B'd; + ...+ B'd,.
We get that B is an A-algebra of finite type, generated by families (b;;) and (c;;)
and (d;). O

Proof of theorem 1.1.5. Let K = k[zy,...,z,]/m. The statement of the theo-
rem is equivalent to
K =k[zy,...,z,)/m ~ k.

In fact, it is enough to take a; the image of z; by the isomorphism above.
Next, as k is algebraically closed, it is enough to show that K is algebraic
over k. Up to renumbering, we may assume that xy,...x, € K are algebraically

independent over k and that x,,1,...x, are algebraic over k(z1,...,x,), that is K
is a k(z1,...,x,)-module of finite type. If r = 0, there is nothing to prove. Assume
that » > 0.

We apply proposition 1.2.1, to B = k(xy,...x,), C = K and A =k, B is a
k-algebra of finite type. We write

B=Fk[z,...,z

with
Pi(zy,...z,)
2i = —"7——=
Qi(l‘h e .%'T)
Let f € k[zy,...,z,] be an irreducible polynomial. We have % € B. As B =
k[z1,...zs], we can write 1/f as a polynomial in z;, in particular, this implies that
f divides at least one ();. But there is only a finite number of polynomials verifying

this property. As k is algebraically closed, it is in particular infinite. We then have
an infinite family (x — a)qe of irreducible polynomials over k, contradiction.  [J

P, Qi € k[xq, ...z,



1.3 Additional exercises 1

1. Show that the polynomial f(x,y) = y*—ax(x—1)(z+1) € k[x,y] is irreducible
over any field. Deduce that X = V(f) is an irreducible variety. Draw a picture
in the case £k = R.

2. (a) Let X = V(y—2?). Show that k[X] is isomorphic to the polynomial ring
in one variable.

(b) Let X = V(xy —1). Show that k[X] is not isomorphic to the polynomial
ring in one variable.

3. Let k be a non algebraically closed field.

(a) Show that there exists a polynomial f € k[z,y] such that V(f) = (0,0).
Deduce that for any n > 0 there exists a polynomial F' € k[zy,...,x,]
such that V(F) = (0,...,0).

(b) If X is an affine variety over k, show that X could be defined by a single
equation.

4. Let k be an algebraically closed field.

(a) Let f,g € k[z,y] with f an irreducible polynomial and ¢ not divisible
by f.
i. Show that there exists u,v € k[z,y] and h € k[z] \ {0} such that
uf +vg = h.
ii. Deduce that the curves V(f) and V(g) intersect only in a finite
number of points.

(b) Let I ne a prime ideal in k[z,y]. Show that either I = (f) with f an
irreducible polynomial, or [ is maximal.

5. (Algebraic groups) Let k be a field.
mial in n? variables.
(b) Show that GL,(k) is open in M, (k) ~ k™ for the Zariski topology.

(c) Show that for all 0 < r < n the set M, od matrices of rank at most r is
irreducible closed subset of M.



