On the Kac model for the Landau equation
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Abstract
We introduce a N-particle system which approaches, in the mean-field
limit, the solutions of the Landau equation with Coulomb singularity.
This model plays the same role as the Kac’s model for the homogeneous
Boltzmann equation. We use compactness arguments following [11].

1 Introduction

In 1954 M. Kac [6], in the attempt of clarifying some aspects of the transition
from particle systems to the Boltzmann equation, introduced a toy model which
has been succesively investigated. See for instance [9] and references quoted
therein.

Roughly speaking the Kac’s model consists in a N-particle system. The
particles have no position but only velocities denoted by Vy = (vy,...,vn) €
R3N . The dynamics is the following stochastic process. At a random time, pick
a pair of particles, say i and j, and perform the transition

!/ !/
Vi, Uj — Ui7vj

preserving total momentum and energy.

More precisely, if WY = W (Vy,t) is a symmetric probability distribution
describing a statistical state of the system, the time evolution is given by the
following master equation

owN = cywn (1)
where

1
N 2 2 2
LyWS = N Z/ dv; dvi; K (vi, vj|v, v})0(vi +vj — vj — v5)0(v; +v§ — v — V)
i#j
{WN(vl,...,vg,...,v;»,...,vN) — W (wy,...,un)},

(2)

and K is a suitable kernel.
Introducing the exchanged momentum p = v, — v; = v; — vg in the collision

process and assuming that

’oo
K (vi, v5]vg,v}) = w(p) (3)
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for some smooth and radially symmetric w, we readily arrive to

1
aWN = 503 [ dpwm)s (7 - p- (v - )
i#]
{WN(Ul,...,vi+p,...,vj—p,...,vN)—WN(vl,...,UN)}.

(4)

In [6] it was shown that the first marginal of W converges, in the limit N — oo,
to the solution to the (homogeneous) Boltzmann equation if the initial datum
is chaotic, i. e. if W (0) = f6®N for some probability distribution fy. Moreover,
the j-particle marginals converge to the j-fold product of such solution, i.e.,
propagation of chaos holds (see (15) below).

The main purpose of the present paper is to introduce an analogous model for
the Landau equation with Coulomb interaction. A straightforward way to derive
this model is to perform the so-called grazing collision limit on eq.n (1) as we
shall do in a moment. In fact in 1936 Landau [8], starting from the Boltzmann
collision operator, derived a new kinetic equation for the time evolution of a
dense charged plasma, exploiting the fact that, in this physical context, only
the grazing collisions (p = 0) are relevant. According to such a prescription, we
introduce € > 0 a small parameter and scale the kernel of Ly in eq.n (4) as

w(p) — 5w (?)

g3 €

so that
c 1 P
W =z o (2) 562 )

{WN(vl,...,vi—l—p,...,vj —pyoon) = W, o))
(5)

Note that we inserted another factor 1/e in front of the collision operator, to
take into account the large density of the plasma.

Now, for fixed N, we perform the limit ¢ — 0. By a straightforward formal
computation (change of variables and Taylor expansion), we readily detect the
limiting generator which is the following diffusion operator:

EN = diVVN (B ’ vVN)' (6)
Here
B: ]RSN N R3NX3N
is a matrix defined in the following way. For Vy = (vy,...,vx) € R3V,
a(vi—v;) .. ., .
B, j(Vy) = N if @ # j,

1
BZ,Z(VN) = N Za(vi — ’Uj),
J
where the 3 x 3 matrix a is given by

a(w) = (I - @) = — w

|w]



with P(w) the orthogonal projection on the plane orthogonal to w.

Unfortunately the elliptic operator LY has two main disadvantages. First it
is not uniformly elliptic (see Lemma 2.1 below), second it is not smooth due to
the divergence for |v; — v;| =~ 0.

As a matter of fact, since we want a handier N-particle model to start with,
we slightly modify L" to obtain a smooth and non-degenerate operator. More
precisely, we define

LY = divy, (BN Vy,) (8)
where BY is obtained by making the matrix B smooth and bounded from below:
N
a (v —wvi) ...
BY (V) = =) g
N 1 1 )
BY(Vw) = & Zj:a (vi —v3) + -
Here the 3 x 3 matrix oV is obtained by replacing ﬁ by x
defining

(o) iy in (7).

1
N

1 2
X%EC’OO(]RJF), Xy (r)=1if r<—, xa(r)=0 if r> (10)

N
and Yy = (1 — xn). Now the evolution equation assumes the form
WY = divy, (BN Vy, W) (11)

and the well-known theory of linear parabolic equations assures the existence of
a unique classical solution for L' initial data.
To simplify the notations we define

1 1

— =y (|lw)—
ol In( I)le

so that a® (w) L_p(w).

= Twly

In the limit N — oo, the number of variables in the definition of W
diverges, hence we will actually prefer to look at the asymptotic behavior of the
marginal distributions

fJN(Ul,...,Uj,t) Z/de_:,_l...dUNWN(’Ul,...,UN,t), j: 1,...,N.

Note that f¥ = W and the j-th marginal distribution is a function of j
variables. Moreover, using (11) we can express the evolution of each fJN in
terms of fﬁ_l. Straightforward computations lead to the following system of
equations, called the N-particle hierarchy

N—j .
where L§V and CJJ»\EFI are operators defined by:
1 1
LYY =5 22 Vo lal (Vo = VO] + 5 DAY,
k=1

k£l
k=1 (13)

j
N N _ N N N
Craffa =" Vo /dvﬁl ap i1 (Vo fis = Vo fi41) -
k=1



In particular we have LY = LV, _
Since C; = O(1), while LY f¥ = O(4), the formal limit of (12) as N — oo
yields an infinite system of equations called Landau hierarchy

o fj=Ciuafjr1, j=1,...,400, (14)

where the operators C;;; write

J
Cir19 = Zv'l)k : /dvj+1 k,j+1 " (vvkg - vvj+lg) :
k=1

Due to the structure of the collision operator Cj, 1, we realize that special
solutions to eq.n (14) are given by factorized states

Fir vty = T foit) = F(1) (15)

i=1

where the one particle distribution f(¢) solves the Landau equation

Of =Q(f. 1), (16)

with

QUf, )v) = . dwa(v —w) - (f(w)Vf(v) = f(0)Vf(w)). (17)
It should be mentionned that, conversely, if f is a solution to eq.n (16), then
the products f; = f®7 solve the hierarchy (14).

Following the general paradigm of the kinetic theory, we expect that prop-
agation of chaos holds, namely that (15) holds for all time provided that the
initial state is chaotic, i.e. (15) is initially verified.

Actually, we are not able to show propagation of chaos. We will be able to
prove only the (weak) convergence fJN (t) — f;(t) (for suitable subsequences),
being f;(t) a weak solution of the Landau hierarchy (14), without knowing
whether f;(t) factorizes even though it does at time zero. The reason is that we
have a poor control on the limiting hierarchy as well as on the Landau equation
(16). In fact, we will obtain a solution to eq.n (14) by adapting, to the present
N-particle context, a strategy, based on compactness arguments, introduced by
C. Villani [11] for the Landau equation. As a matter of fact we do not have
uniqueness, which is a necessary condition to get propagation of chaos. Indeed,
assume that f(¢) and g(t) are two weak solutions to eq.n (16), with the same
initial datum fy. It follows that

£ =20+ (1 -Xg)®, e (0,1)

solves the Landau hierarchy with the chaotic initial datum f(;@j , but does not
factorize.

Before stating our main result, we make some assumptions on the initial a.c.
measures W (0):

1. WN(0) > 0;



2. WH(0) is symmetric in the variables v1,...,vy;

3. The following uniform bounds hold
/ AV Wh(0) =1,
1
¥ / dVx WY (0) log(WN(0)) < C,

%/dVNWN(O)WNF <C.

These properties still hold true at positive times. Actually

C
/ dVy WY ()| [* = / AV W (0) [V [* + St
expresses the energy dissipation and follows easily by an integration by parts in
eq.n (11). Moreover

/dVN t) log(WN (t) /dVN (0) log(W™(0))

expresses the entropy dissipation and will be discussed in the next section.

We now explain what is the sense we give to eq.n (14). The main difficulty
related to the Landau equation is due to the divergence of the matrix a(w) when
|w| is small. Indeed if f;11 (some weak limit of f},) is only in L*(R3UF), the
integral
1

f‘+1 Viyeo oy V1) 77—
/ J ( ) 1 Y] ) |vi 7 Uj+1|

makes no sense; therefore Cj41fj41 is not defined in general. Thus, as we did
before in (10) to regularize the operator LYV, we introduce a small parameter

0 > 0 and the cut-off function x5 > 0, not increasing and such that
xs € C°(RT), xs(r)=1 if r<d, xs(r)=0 if 7> 26. (18)

Then we define C?,, replacing a(w) in definition (13) by a(w)(1 — xs(|w]),
thus removing the singularity. Clearly, if ¢ € C? then [ @Cf _1fj+1 makes sense
for any fj+1 € M(j+ 1), where M(k),k > 0, denotes the space of probability
measures on R3* equipped with the topology given by the weak convergence of
probability measures.

Our result can be stated as follows

Theorem 1.1. There exists a subsequence Ny — oo such that, for all j, there
exists f; € L°([0,T); L*) N C°([0,T]; M(j)), with finite mass, energy and en-
tropy, such that

fJN’“ — f; when k — oo,

where the convergence holds in the sense of weak convergence of probability mea-
sures. For anyt > 0 and for any test function ¢ € C2(R%7), the limit

t
girr(l) ds/dvl... dngo(vl,...,vj)C]‘-SHfjH(vl,...,vj,s), ji=1,...,4
—0Jo



erists, and we have

/‘Pfj(t) —/@fj(o) Z/Otds/sﬂcjﬂfjﬂ(s)a j=1,...,00.

Remark 1. Following [11], as we shall see in the proof of Theorem 1.1 we have
more regularity on f; (see (33)). This allows us to give a direct sense to Cjy1
without using a cut-off function.

We conclude this section with some additional remarks.
Another kind of Landau equations can also be considered replacing the ma-

trix a by
1

~ Jwf

o (W) (I—bew),
with a < 1. In case of a < 0 a unique smooth solution can be constructed (see
[3], [4]). Tt would be interesting to consider a N-particle diffusion process with
generator given by (17), in which a is replaced by a,. Of course now we expect
a much better control on the limit N — oo and, in particular, the propagation
of chaos.

The Landau equation can also be obtained as a grazing collision limit from
the homogeneous Boltzmann equation, for a sufficiently small « (see [1], [5], [3]
and [4]). The case o = 1 has been considered in [11].

In this paper we focus our attention on the Coulomb divergence o = 1, which
we think is the most physically relevant case. Indeed the Landau equation for
a = 1 is believed to hold in the so called weak-coupling limit, for Hamiltonian
particle systems interacting by means of a smooth, short-range potential. See
[2] and [10] for a formal derivation. Unfortunately up to now no rigorous result
is known, even for short times.

Acknowlegments. One of the authors (MP) thanks L. Desvilletes for useful
and illuminating discussions.

2 Proof of Theorem 1.1

2.1 Preliminaries

In this section, we collect some preliminary properties satisfied by the N marginal
distributions fJN,j =1,...,N. In all this section N is fixed. We start by intro-
ducing some

Notations. In the following, we will write

Vj:(’Ul,...,’Uj), ij:(vj+1,...,vN), j:l,...,]\f7

so that
fJN — ij(Vj,t) = /deN WN(Vj,X/jN,t).

Moreover,

aiyj:ai_,j(VN):a(m*Uj)a PiJZP(’Ui*Uj)a i,jil,...,N.



" will denote the usual scalar product on R?, R or R*V. For Vi, ¢ € R3V,
Bi(Vn) - €
B(Vn)-¢ = .
BN(‘}N) -

where By (Vy) € RV is the k-th line of B(Vy).
On the other hand, for 1 < k < N we will denote by

3
Vo €= 0,6,
=1

where € = (&1, &2,&3) and vy = (v, vE, v3).
Finally, for every fixed j such that 1 < j < N, for 1 < k,m < j we denote
by
ij’m = (U1y -+ s k1, U, Uk 1s - - - s Um—15 Uk, Umg 1y - - -, Uj)
the vector obtained by exchanging the components v, and v.,.
We start with an elementary property on the matrix B.

Lemma 2.1. B is positive semi-definite, i. e. for all £

(B-£)-£>0.
More precisely, we have
N
1 1Py - (& = &)
B . . —_ % — . . .
(B-6)-£= ”ZZ:I o where £ = (&)1<i<n

Proof. Fix £ € R3N | setting conventionally a; ; = 0 for all i we get

N
B 5)522 Nzaz,j g] Nzaz,j &i fz

i=1 Ve
N
1 ZPM (& —&) ¢
1
G2 vl

Exchanging ¢ and j in the sum we get, using that P; ; is a projector :

gLy B Pethof) g —¢)

i,j=1

P -
*Z| g §E o,
'_UJ‘

i,j=1



Lemma 2.2. Let W (t) be the solution to eq.n (11). Then for any convex
function ® € C?>(RT;R) , [ dVn ®( (WN) is decreasing in time; more precisely,
we have

C?t dVy ®(WN (1)) = /dV " (WN )V, WN - (BN -V nWN) <0
(19)
Proof. Look at
OWN = LNWN,
Let us consider a convex function ®, then
;Zt W) = /va ' (W) divy, (BY - Vy,, W) o0

- / AV ®" (WM )Wy, WN (BN - vy, W),

Taking into account the convexity of ® and using Lemma 2.1 the r.h.s. of (20)
is non positive and the statement of the Lemma holds. O

In particular, we will use Lemma 2.2 with ®(z) = zlog(z). We denote by
1
SOV () = 5 [ Vi WY () log(W (1) e
the entropy per particle. In view of Lemma 2.2, S(W¥ (#)) is decreasing in time

%S(WN(t)):—— dVy —=Vy WY (BN . vy, W) <0 (22)

N WN

since ®”(z) = 1/x > 0. In what follows we will use the explicit formula for the
entropy production:

P VU whN v, WN] |2
——S(WN Z /dVN| L 5 WA |
k=1 W o, —uly

1 1
+ 7 /dVN WN|VVNWN|2.

Remark 2. Although the entropy S(W?¥(t)) decreases,

Nt»E%/ﬁ®bﬂﬁ@)

is not decreasing in general. However by subadditivity of the entropy we know
(see e.g. [7]) that

S (1) < SWH () (24)
so that
S ) <C (25)
since we have S(W¥(0)) < C.

Remark 3. In case of factorization, i. e. f; = f®7, we have the equality

S(f3) = S5(f) (26)



Eqn. (23) provides a useful estimate given by the following
Corollary 2.3. Let 0 < s1 < s9. Then

N S2 |Pkl'[v whN v WN] |2
ds/dV S - < CNZ2.
Z /51 N WN|Uk—Ul|N

Remark 4. Due to the symmetry of W all terms of the above sum are equal
and hence each term is bounded uniformly in N, namely for all 1 < k, I < N

kl' UWN_V’UWN]|2
ds/dV ! k d <C. 27
/ W v —u|n - 27

2.2 Basic estimates

Proposition 2.4. Let 1 < j < N —1 and ¢ € C?>(R¥ R) be a test function.
Let 0 < s1 < sy. Then

s2
/ ds
s1

/ ds / av; CN.y 14 (V)e(Vy)

where C(p) depends only on ¢ and on the initial data, but not on N.

|51 - 52|1/2

Javi g wemy| < 95

and
< C(p)jls1 — sa|'?,

Proof. We begin by estimating ij\il Recall (13). By integrating by parts, we
have
[ v e i wpevy)

J
- / 4V, AV @ (o — v0y11) - (Vo WY = Vo, W)V V()

1 J
= Z/ AV a (vg — vj41) - (Vo WY = Vo, W) (Viy)-

[\

(Voo o(Vy) = Vo o(V7H),

where
Vk’]—"_Z (vla"')vk—17vj+17vk+17"'7vj)
and we exchanged variables v, and v;j41 in the second line and used the sym-
metry of W,
Therefore

/ ds | / av; Oy 1 (V)e(V)|

1 VWN |V, — Vo (VI
g—/ dsZ/dVN N |V, 0(Vj) 2 o( )l
2 81 WN V ‘Uk _UJ+1|N

|Prj1 - (Vo WY =V, W) (Vi)

Vj+1

Vive = vjti|n ’




(by using the Cauchy-Schwarz inequality)
4 1/2
_1 ! / / N Ve p(V) = Vo (V2
= ds [ dVy W (VN) .
=3 Z ( N w) |Uk —vjt1ln

( o [ [Payr (Y, W (Vi) — vmlWN(vN))P)”z
N WN(Vn)|vk = vjt1ln

By virtue of mean-value Theorem applied to V,, ¢ and (27) we get the bound
on CN

[ s [ eXasevavs < el - saft . (28)

By performing exactly the same computations we are led to

/ ds| [ av; L £ (Ve

CW)i:(/ﬁdi/m@ﬁﬁr[VWWNUW)—VWWNU®HF>U2

<
- N Py VVN"I}]c - Ul|N
kyi=1
C(p)s* 1
< — 59|12,
S —x ls1— sl
The proof is now complete. O

2.3 Convergence

In this subsection, we establish the weak compactness for the fJN by making use
of the uniform estimates established in the previous subsection.

Proposition 2.5. Let fJN satisfy the hierarchy (12). There exists a subse-
quence N — —o00 such that for any fized j, there exists f; = f;(V;,t) €
C([0,T); M(5)), with finite energy and entropy, such that fJN’c converges to f;
weakly in the sense of measures, locally uniformly in time.

Proof. We fix j. For ¢ € C.(R3), we set

0 g2(0) = [ av; £ V000,

We obtain a uniformly bounded sequence of functions on R;. Moreover, when
© € C2(R¥), by virtue of the proof of Proposition 2.4 the function gg is uni-
formly equicontinuous. Hence, by Ascoli’s theorem and density of CZ(R37) in
C.(R37), there exists a subsequence N}, such that for all ¢ € C.(R37), gg k con-
verges locally uniformly in time to some function g,(t). Now, for each fixed ¢,
the map
v 9p(1)

is a positive linear form on C.(R3/). Thus the Riesz representation theorem
ensures the existence of a measure df;(t) such that g,(t) = [ ¢df;(t). On the

10



other hand, ( fJN )(t) has uniformly bounded entropy and energy; therefore it is
weakly relatively compact in L'. This shows that in fact df;(t) = f;(t) dV; is
an absolutely continuous probability measure and has finite entropy and energy.

This concludes the proof of the proposition.
O

2.4 End of the proof

We are now in position to complete the proof of Theorem 1.1. We fix j > 0.
For any g € C2(R3U+1D) we set

J
C;'Sqtlg(‘/j) = Z V . /[(1 - XJ)ai(vk - Uj+1) : (V'ng - vv]‘+1g)(‘/jﬂvj+1) dvj+17
k=1

J
J+1g Z / Xoa)(vk = vjt1) - (Vg = Vi, 1, 9) (Vi vj41) dvjga,

so that
Ci+1(9) = Cg+1( )+CJ+1( )- (29)

The analogous decomposition holds for Cj Y1

Oy = O +C

J

where a replaces a in (29). Note that C’]A_Z_‘i = CJ‘»SH whenever N is sufficiently
large.
We will show that for all ¢ > 0 and for all test function ¢ in Cf we have

t
[ [ascxis

t t (30)
:/O ds/de Cj+1fjﬁ1<p_>/0 ds/de CO Fiang
when N — oo and
]s;[u>p_ / ds/ dv; C']H j+1<p‘ < C(p)8'/2. (31)
>j

First, (30) follows by the convergence established in Proposition 2.5 and by
two integrations by parts.

As regards (31), we need a symmetrized form as in the proof of Proposition
2.4. Mimicking the computations of Proposition 2.4 we find

ds ds

dvj CJ+1 J+1‘P‘
|ij+1 (Vo WY = Vo, WY\ 2
<C / ds/dV . ERS )
Z ( W = vj41|n

/2

t Vo o(Vj) = Vi ip (VI H1 !

</ ds/dVNX§(|vk—Uj+1|)| 2 pV5) = Voo i wh :
0

|k — vj41]

dV Cngl +1(p‘

11



Applying once more inequality (27), the first term in the right-hand side is
bounded. Next, we observe that in view of the support properties of xg, the
mean-value theorem yields

X3 ([ox = 0341 )|V, (V) = Va o(V P < Colug — w41,

Finally we obtain

t
ds/dvjéﬁﬂfﬂga < Csv/2,
0

and (31) follows. Hence the proof of Theorem 1.1 is complete.

We conclude this section with some comments concerning additional regu-
larity for the marginals fJN . In fact, the control on the production of the total

entropy (see Corollary 2.3) yields a uniform control on the gradients of fJN .
More precisely, we have for all 1 < k, [ < j

/ds/dv (Vued* = Vu ) P <C. (32)

fN\Uk _'Ul|N

Indeed, we have

[ [y, Pt (Teudl = V)

levk —uln

d Pei- (Vo WN —v, WN) qv N
/5/ ij|'Uk_'UlN‘/ k,l( k . ) J

2

:/ds/dV-+ /Pk (Vo WY = v, W) LW gy
/ \Uk*vlhv ! b v wN fN J
1wy

PR — N N
/ds/dVN \vk—v |N/‘Pkl V’L)kW Vv,W )| (WN) fJN

UWN_ ’UWN
/ds/dv’” b Vo )|7
W |vk—vl\N

where we have applied Jensen’s inequality in the last inequality. The conclusion
follows from (27).

In particular, (32) implies that

Py N N
Toe —vilw (VoA /£¥ =V /£}Y)

is bounded in L?(R; x R37); hence, following the same arguments as in [11] we
can conclude that

Pra
vy — v

VoV fi = Vo /Ti) € PRy x RY), (33)

12



so that one can use the symmetrized form already used in the proof of Propo-
sition 2.4 to define Cj1 fj41 as in [11]:

/ds/ AV Cjtafjrp

1 4
=73 Z/dS/ dVj a1+ (Vo fis1 — Ve, fie) - (Vvk<P(Vj) - VUk<P(‘/jk’]+l)) .
k=1
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