UNIQUENESS FOR THE VORTEX-WAVE SYSTEM WHEN
THE VORTICITY IS CONSTANT NEAR THE POINT
VORTEX

CHRISTOPHE LACAVE & EVELYNE MIOT

ABSTRACT. We prove uniqueness for the vortex-wave system with a
single point vortex introduced by Marchioro and Pulvirenti [7] in the
case where the vorticity is initially constant near the point vortex. Our
method relies on the Eulerian approach for this problem and in partic-
ular on the formulation in terms of the velocity.

1. INTRODUCTION

In this paper, we study a system occurring in two dimensional fluid dy-
namics. The motion of an ideal incompressible fluid in R? with divergence-
free velocity field v = (vi,v2) : Rt x R? — R? and vorticity w = curlv =
01v9 — Oovy : RT x R? — R is given by the Euler equations

{&tw—kv-Vu}:O, (1.1)

w = curlwv, dive =0,
where div v = 91v1+09v9. For this system, Yudovich’s Theorem states global
existence and uniqueness in L (R*, L'n LOO(RQ)) for an initial vorticity
wo € L' N L*®(R?). Equation (1.1) is a transport equation with field v,
therefore one may solve it with the method of characteristics. When v is
smooth, it gives rise to a flow defined by

{gtqﬁt(:c) =0 (t, qﬁt(:(:))

$o(r) = z € R2. (12)

In view of (1.1), we then have

%w(t,qbt(x)) =0, (1.3)

which means that w is constant along the characteristics. In the general case
of a vorticity w € L™ (RT, L' N L>°(R?)), these computations may be rig-
orously justified, so that the Eulerian formulation (1.1) and the Lagrangian
one (1.2), (1.3) turn out to be equivalent.

Since equation (1.1) governs the evolution of the vorticity w, it is natural
to express the velocity v in terms of w. This can be done by taking the
orthogonal gradient in both terms in the relation w = curlv and using that
v is divergence free. This yields V+*w = Av, so that under the additional
constraint that v vanishes at infinity, we have

v=K *uw. (1.4)
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Here * denotes the convolution product and K : R?\ {0} — R? stands for
the Biot-Savart Kernel defined by

K(x)

1 zt

" 2w faf?

x # 0, (1.5)

where (21, 22)" = (—x2,21). When the vorticity tends to be concentrated
at points, one may modify equation (1.1) according to formulas (1.4) and
(1.5) into a system of ordinary differential equations, called point vortex
system, which governs the motion of these points. A rigorous justification
for this system has been carried out in [9]. It is proved there that if the
initial vorticity wp is close to the weighted sum of Dirac masses Y d;J,, in
a certain sense, then w(t) remains close to ) d;d,(; for all time, where the
vortices z;(t) evolve according to the point vortex system.

In the early 90s, Marchioro and Pulvirenti [7, 8] investigated the mixed
problem in which the vorticity is composed of an L*° part and a sum of Dirac
masses. They obtained the so-called vortex-wave system, which couples the
usual point vortex system and the classical Lagrangian formulation for the
two-dimensional fluid dynamics. In the case of a single point vortex (which
will be the case studied here), these authors obtained the global existence
of solutions of the vortex-wave system in Lagrangian formulation.

Definition 1.1 (Lagrangian solutions). Let wp € L' NL>®(R?) and 2y € R2.
We say that the triple (w, z, @) is a global Lagrangian solution to the vortex-
wave system with initial condition (wo,z0) if w € L™ (R, L' N L>(R?)),
v=KxweCRT xR?) and

z:RT = R? ¢ :RT x R%\ {2} — R?
are such that z € C1(RT,R?), ¢(-,z) € CY(RT,R?) for all z # z and satisfy

(

v(-, 1) = (K *w)(-, 1),
2(t) = v(t, 2(t)),
Z(O) = 20,

(LF)

where ¢y = ¢(t,-). In addition, for all t, ¢y is an homeomorphism from
R2\ {z0} into R?\ {2(t)} that preserves Lebesgque’s measure.

This system involves two kinds of trajectories. The point vortex z(t)
moves under the velocity field v produced by the regular part w of the
vorticity. This regular part and the vortex point give rise to a smooth flow
¢ along which w is constant. The main difference with the classical Euler
dynamics is the presence of the field K(z — 2(t)), which is singular at the
point vortex but smooth elsewhere. Marchioro and Pulvirenti [7] proved
global existence for (LF). The proof mainly relies on estimates involving
the distance between ¢;(z) and z(t) and uses almost-Lipschitz regularity for
v = K % w and the explicit form of K. It is shown in particular that a
characteristic starting far apart from the point vortex cannot collide with
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z(t) in finite time. Consequently, the singular term K (¢¢(x) — 2(¢)) in (LF)
remains well-defined for all time.

The notion of Lagrangian solutions is rather strong. One can define a
weaker notion of solutions: solutions in the sense of distributions of the
PDE (without involving the flow ¢). We call these Eulerian solutions and
we define them here below.

Definition 1.2 (Eulerian solutions). Let wy € L' N L*°(R?) and zo € R
We say that (w, z) is a global Eulerian solution of the vorter-wave equation
with initial condition (wo, zo) if

w € L™ (RY, L' N L™(R?)), z € C(RT,R?)
and if we have in the sense of distributions

Oww +div (v + H)w) =0,
w(0) = wyp, (EF)
#(t) =v(t, 2(1)), 2(0) = zo,
where v and H are given by
v(t, ) = K x, w(t), H(t,-) = K(-— 2(t)).

In other words, we have ! for any test function ¢ € D(RT x R?)
- [ or@u.0)de = [ [ w@w+ o+ 1) Vo) dsd,
R2 Rt JR2
and ?
t
z(t) = 2o —|—/ v(s, z(s)) ds
0

for allt € RT.

This kind of Eulerian solutions appears for example in [4]. In that paper,
a solution of the Euler equation with a fixed point vortex is obtained as the
limit of the Euler equations in the exterior of an obstacle that shrinks to a
point. The regularity of the limit solution obtained in [4] is not better than
the one given in Definition 1.2.

In this paper, we are concerned with the problems of uniqueness of Euler-
ian and Lagrangian solutions and with the related question of equivalence
of Definitions 1.1 and 1.2.

We will first prove the following Theorem, clarifying that a Lagrangian
solution is an Eulerian solution.

Theorem 1.3. Let wy € L' N L®(R?) and zy € R%. Let (w, z,¢) be a global
Lagrangian solution of the vortex-wave system with initial condition (wg, o).
Then (w, z) is a global Eulerian solution.

IBy virtue of Lemma 2.2, the field defined by v = K *w belongs to L®(RT x R?). On
the other hand, H belongs to Li,.(R" x R?), so that this definition makes sense.

2We will see in Lemma 2.2 and Proposition 3.8 that v(t) is defined for all time and is
continuous in the space variable.
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We turn next to our main purpose and investigate uniqueness for La-
grangian or Eulerian solutions.

Uniqueness for Lagrangian solutions can be easily achieved when the sup-
port of wy does not meet zp; in that case, the support of w(t) never meets
z(t) and the field z +— K(¢¢(z) — 2(t)) is Lipschitz on supp wy.

Another situation that has been studied is the case where the vorticity
is initially constant near the point vortex. Marchioro and Pulvirenti [7]
suggested with some indications that uniqueness for Lagrangian solutions
should hold in that situation. This was proved by Starovoitov [10] under
the supplementary assumption that wq is Lipschitz. In this paper, we treat
the general case where the initial vorticity is constant near the point vortex
20 and belongs to L' N L>(R?). More precisely, we prove the following

Theorem 1.4. Let wy € L' N L>®(R?) and zp € R? such that there eists
Ry > 0 and o € R such that

wo =« on B(zp, Ro).

Suppose in addition that wy has compact support. Then there exists a unique
Eulerian solution of the vorter-wave system with this initial data.

In order to prove Theorem 1.4, we first show that if (w, z) is an Eulerian
solution, then w is a renormalized solution in the sense of DiPerna-Lions
[2] of its transport equation. This in turn implies that if the vorticity is
initially constant near the point vortex, then this remains true for all time.
We then take advantage of the weak formulation (EF) to derive a partial
differential equation satisfied by the velocity v = K *w. In order to compare
two solutions, one not only has to compare the two regular parts, but also
possibly the diverging trajectories of the two vortices. Given two Eulerian
solutions (w1, z1) and (we, 22), we therefore introduce the quantity

r(t) = |20 + |9(t)]| L2 (g2)

where Z = 21 — 20, ® = w1 —wg and U = v; — vo = K * @. Since @ vanishes
in a neighborhood of the point vortex, the velocity ¥ has to be harmonic
in this neighborhood. This provides in particular a control of its L° norm
(as well as the L> norm for the gradient) by its L? norm, which ultimately
yields a Gronwall-type estimate for (¢) and allows to prove that it vanishes.

Finally, although we have chosen to restrict our attention to Eulerian
solutions, we point out in Section 4 that the renormalization property es-
tablished for the linear transport equation can be used to show the converse
of Theorem 1.3. This implies that Definitions 1.1 and 1.2 are equivalent for
any wg € L' N L>®(R?), even if the vorticity is not initially constant in a
neighborhood of the point vortex.

2. LAGRANGIAN IMPLIES EULERIAN

We first briefly recall some remarkable properties of the convolution by
the Biot-Savart Kernel K. The proofs are standard and may be found in
[5, 8]. We begin with the Calderén-Zygmund inequality.
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Lemma 2.1. Let f € L' N L®(R?) and g = K * f so that curlg = f and
divg = 0. Then for all 2 < p < +00, we have
IVallr®2)y < CpllfllLrm2),

where C' is some universal constant.
The following Lemma will be very useful in our further analysis.
Lemma 2.2. Let f € L' N L®(R?) and g = K * f. Then g satisfies
lgllze < C(Illz> + 1f]1z2). (2.1)

Moreover,

lg(z) — g)| < CUIfllLee 1fll) o(lz = yl), Yo,y € R, (2:2)

where @ is the continuous, concave and non-decreasing function defined by

z(1 —1In(z ) 0<z<«1
@(z):{l( = z‘}c z§1.<

From now on, we will denote by AL the set of almost-Lipschitz functions
from R? into R?, that is those for which

l9(2) =g < Co(le —yl),  z,y R
with some constant C', and by L>(AL) the set of functions v = v(t,z) :
R x R? — R? satisfying
|’U(t,$)—’l}(t,y)‘ SCQO(|ZE—y|), SU,yER2, teR

for some constant C' independent of ¢. Note that the uniform bound (2.1)
holds true provided f belongs to LPN L4 for some p < 2 and ¢ > 2. However,
the almost-Lipschitz estimate requires the assumption f € L.

In our situation, we will always deal with f = w(t) and v = g = K *,w(t),
where w € L™ (]R"", L'n LOO(]RQ)). For this reason, the estimates above will
actually hold uniformly with respect to time.

Finally, we define yo : R2 — R to be a smooth, radial cut-off map such
that

1
X0 =0 on B(0, 5), xo=1on B(0,1)¢, 0<xp<1. (2.3)

For a small and positive §, we set
z
Xs(2) = xo (5) ;
so that as § goes to 0, we have
X5 — 1 a.e., ”VX(S”LI(RQ) — 0. (2.4)
In the sequel, we denote by u the velocity field
u=v+ H.

It is composed of an almost-Lipschitz part v and of a part H which is
singular at the point vortex z(¢) and smooth outside. Clearly, multiplying
any test function by xs (x — z(t)) provides a test function having compact
support away from the singularity. This observation will allow us in the
subsequent proofs to avoid the singularity and to first perform computations



6 C. LACAVE & E. MIOT

with smooth vector fields. In a second step, we will pass to the limit 6 — O.
This will be readily achieved since we have, thanks to the explicit form of
H and the fact that x4 is radial

H(t,x) - Vxs(z —2(t)) =0. (2.5)

Proof of Theorem 1.3. Given (w, z,¢) a solution of (LF), it actually
suffices to show that
Ow +div ((v+ H)w) =0 (2.6)
in the sense of distributions on R* x R2.
We first give a formal proof of (2.6). Let us take a C'! function ¢ (¢, ) and
define

16 = [ttty

We set y = ¢¢(x). Since ¢, preserves Lebesgue’s measure for all time and
since w is constant along the trajectories, we get

ft) = /R2 wo () (t, p(x)) dx.

Differentiating with respect to time and using the ODE solved by ¢;(x), this
leads to

f'(t) = /RQ wo () (O + u - V) (¢, ¢u(2)) da.

Using the change of variables y = ¢(x) once more yields

£ = [ o) @ +u-v6) ) dy

which is (2.6) in the sense of distributions. In order to justify the previous
computation, we need to be able to differentiate inside the integral, and we
proceed as follows.

Let 1» = ¢(t, ) be any test function. For 0 < d < 1, we set

T/Jé(t,x) =Xs (Jj - Z(t)) w(tu l‘),
where xs is the map defined in (2.3). Since we have 15(t) = 0 on the ball

B (z(t), g), we may apply the previous computation to 15, which yields for
all ¢

/ w(t, x)Ys(t, ) dx—/ wo(z)1)s(0, z) dx
k2 k2 (2.7)

t
_// w (Opps + u - Vibs) dx ds.
0 JR?

We first observe that thanks to the pointwise convergence of ¥5(t, -) to (¢, -)
as  — 0, we have

[ wttaisttnde [ wo(@)vn(0,0)da
R2 R2
—>/ w(t,x)l/}(t,x)dx—/ wo(z)(0, x) dz
R2 R2

by Lebesgue’s dominated convergence Theorem. Then, we compute

Ops +u - Vips = xs(z — 2)(0h +u - V)
+Y(—2+v+ H) Vys(x — 2).

(2.8)
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Using (2.5) and that v is uniformly bounded, we obtain

| / wlOihs+u - Vibs — xs(x — 2) () + u - V)] da|
R (2.9)
< Ol oo [|v]| Loe[|w ]| Lo /]R2 IVxs|(z) dx.

We now let § tend to zero. Since H is locally integrable, we observe that

t
// wx(;(&gLZH—u-Vl/J)d:Eds
0 JRr2

H/Ot/RQw(atwu-W)dwds,

so that the conclusion finally follows from (2.4), (2.7), (2.8) and (2.9).

3. UNIQUENESS OF EULERIAN SOLUTIONS

This section is devoted to the proof of Theorem 1.4. A first step in
this direction consists in proving that if the vorticity is initially constant
near the point vortex, this remains true for all time. This is proved in [7]
for any Lagrangian solution by estimating the distance between the flow
and the point vortex. In the present situation where Eulerian solutions are
considered, this is achieved by proving that the vorticity of an Eulerian
solution is a renormalized solution in the sense of DiPerna and Lions [2] of
its transport equation.

We recall from Lemmas 2.1 and 2.2 that if (w, z) is an Eulerian solution
of (EF), then the velocity field defined by v = K * w satisfies

v e L®(RT x R?) N L™ (R*, Wbl (R2)> N L¥(AL).
3.1. Renormalized solutions. In what follows, we consider equation (EF)
as a linear transport equation with given velocity field u = v + H and
trajectory z. Our purpose here is to show that if w solves this linear equation,
then so does (w) for a suitable smooth function 3. When there is no point
vortex, this directly follows from the theory developed in [2] (see also [1]
for more details). The results stated in [2] hold for velocity fields having

enough Sobolev regularity; a typical relevant space is LllOC (R+, WI’I(RQ)).

loc
These results can actually be extended to our present situation, thanks to
the regularity of H away from the point vortex and to its special form.
We define

L ={(tz(), teR"}

and denote by G its complement in Rt x R2.
The starting point in [2] and [1] is to look at mollifiers

We = Pe *z W, Wen = We *¢ 077:

where p. and 0, are standard regularizing kernels on R? and R respectively.
We also set, for f € L (RT xR?), f, = f*; pyp*6,. The following Lemma

loc
is a direct consequence of the Sobolev regularity of v and the regularity of

H in G.
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Lemma 3.1 (Commutators). Let (w,z) be an Eulerian solution of (EF).
Then we have
Otwey + Uy - Vwey = 1e (3.1)
in the sense of distributions, where the remainder rey, is defined by
Tem = Uy - Vwey — (U - Vw)ey

and satisfies

lim <1iH(l) 7"5777) =0 in Li.(G).

e—0 \n—
Proof. Let K be a compact subset of G. Then there exists a > 0 such that
|z — 2(7)| > a, V(r,z) € K.

We set x(t,x) = xo (‘T;gt)), where x( is defined in (2.3). Clearly, we have

for n and ¢ sufficiently small with respect to a and for (z,7) € K

Ten(T,2) = (uX)y - Vwey — ((ux) - Vw)ey.
Firstly, the velocity v, and hence vx belongs to LY. (R*, VVIEC1 (R2)). Sec-
ondly, thanks to the equality

_ [z — 9]
) = B = e =@l =1

loc loc

we infer that Hx € L{° (R*,WI’I(R%). Invoking Lemma II.1 in [2] or
Lemma 1 in [1], we obtain
lim (g% rg,,,> =0 in Li.(K).

The Lemma is proved. O
The second step is to use the explicit form of H.

Lemma 3.2. Let (w, z) be a solution of (EF). Let §: R — R be a smooth
function such that
B@) < CA+[tF),  VteR,

for some p > 0. Then for all test function 1) € D(RT x R?), we have

d

— YB(w)dx = / B(w)(Oph 4 u - V) dx in L (RT).

dt R2 R2
Proof. We consider the mollifier w, ; defined above. Since w, is smooth,
equality (3.1) actually holds almost everywhere in RT x R2. Multiplying
(3.1) by 3'(we ) yields

OB(wey) + Uy - VB(we) = B (we)Tem a. e. in R% (3.2)

We proceed now as in the proof of Theorem 1.3. Let ¢ € D(RT x R?) be
any test function. Let 6 > 0 denote a small parameter and let x5 be the
smooth radial map on R? defined in (2.3).
We next set
Ys(t, @) = x5 (z — 2(1) ¥(t, @),
and

¢5,n(t7 x) = X6 ([IZ - Zn(t)) Q/J(t,ﬁf),
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where 2"(t) is a smooth approximation of z(¢). The functions 5 and 5,
are supported in G. Note that since z is Lipschitz with Lipschitz constant
given by ||v]| Loc(m+xr2), We may choose 2" (t) so that

1 .
sup |z(t) — 2"(t)] < —|lvllpe, sup [2"(¢)] < [Jv]|pee. (3-3)
teR+ n teR+

Multiplying (3.2) by 15, and integrating in space gives for all ¢
d
G [ tan®8en(@)do = [ 5 weretsn do
R2 R2
b [ Bg) @utsn - i) d
R

Given § > 0, we find n sufficiently large so that L ||v|| - is small with respect
to §. We infer from the definition of x5 and (3.3) that t;,, is compactly
supported in G. We may thus invoke Lemma 3.1, the assumption on § and
uniform L bounds for w, ; to deduce that for fixed § and n

lim (lim/ B (Wen)Ten®sn dx) =0 in L (RT). (3.4)

e—0 \n—0 Jp2
Besides,

i (%li’% e, = w”L%oc(RtLl(R?))) =0,

so that using the uniform bounds on 045, +uy, - V)5, with respect to 7, ¢,
we are led to

lim (hm/ B(wen) (Osths n + wy - Vs ) da dT>

e—0

= / B(w)(Opthsn + u - Vips ) dx dr in LIIOC(R+).
R2

Finally, since

(3.5)

in the sense of dlstrlbutlons on RT, we infer from (3.4) and (3.5)

% /]R2 B(w)thspn dx = /R? B(w)(Osthspm +u - Vips,,) dx in D'(RT). (3.6)
On the other hand, we compute
05 +u - Vs = Xs(x — 2") (O +u - Vi)
+ (v — 2"+ H) - Vys(x — 2™).
We first let n go to +00. Since ;s is radially symmetric, we have
H- -Vxs(x—2")— H -Vxs;(x—2)=0 in Li . (RT x R?).

Thanks to the pointwise convergence of 15, as n goes to 400 to ¢5 and to
the uniform L* bounds for the velocity and the vorticity, we deduce

‘/M B(w)(Osths + u - Vips) d — /R2 Blw)xs(x — 2) (e +u - Vi) dz

SC/ |Vxs| dz.
R2
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Letting ¢ go to zero and using (2.4) and (3.6) yields

d

G | st = [ s@)0w +u- v)da

in the sense of distributions on R™. Since the right-hand side in the previous

equality belongs to L (RT), the equality holds in L] (RT) and the Lemma
is proved. U

Remark 3.3. (1) Lemma 3.2 actually still holds when 1) is smooth, bounded
and has bounded first derivatives in time and space. In this case, we have
to consider smooth functions # which in addition satisfy 3(0) = 0, so that
B(w) is integrable. This may be proved by approximating ¢ by smooth and
compactly supported functions ), for which Lemma 3.2 applies, and by
letting then n go to 4o0.

(2) We let 1 < p < +o00. Approximating 5(t) = |¢|? by smooth functions and
choosing 1) = 1 in Lemma 3.2, we deduce that for an Eulerian solution w to
(EF), the maps t — ||w(t)|| z»(r2) are continuous and constant. In particular,
we have

w1 r2) + (W) oo (r2) = llwollL1 g2y + llwoll oo 2y
and we denote by |lwpl| this last quantity.

3.2. Conservation of the vorticity near the point vortex. Specifying
our choice for 4 in Lemma 3.2, we are led to the following

Proposition 3.4. Let (w,z) be an Eulerian solution of (EF) such that
Wy = o on B(zg, Ro)

for some positive Ry. Then there exists a continuous and positive function
t — R(t) depending only on t, Ry and ||wo|| such that R(0) = Ry and

vt e RT, w(t) =« on B (z(t),R(t)).

Proof. We set 3(t) = (t — a)? and use Lemma 3.2 with this choice. Let
® € D(RT x R?). We claim that for all T

/ (T, z)(w — a)*(T, x) dx — / ®(0,z)(w — )0, z) dx
R2

R2
T
= / / (w—)?(0® +u - V) da dt.
0 R2

This is actually an improvement of Lemma 3.2, in which the equality holds

in LL _(RT). Indeed, we have dw = —div(uw) (in the sense of distri-

butions) with w € L*® and v € L®(R*, LL (R?)) for all ¢ < 2, which

loc

implies that dyw is bounded in LL (R* W, (R2)). Hence, w belongs to

loc loc

C(RT, W, PI(R?)) € Cy(RT, L}, (R?)), where C,, (L2,.) stands for the space
of maps f such that for any sequence ¢, — t, the sequence f(¢,) converges
to f(t) weakly in L? . Since on the other hand ¢ — |lw(t)||z2 is continuous
by Remark 3.3, we have w € C'(RT, L?(R?)). Therefore the previous integral
equality holds for all T

Now, we choose a test function ® centered at z(¢). More precisely, we
let ®y be a non-increasing function on R, which is equal to 1 for s < 1/2

and vanishes for s > 1 and we set ®(t,x) = ®o(|z — 2(¢)|/R(t)), with R(t)
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a smooth, positive and decreasing function to be determined later on, such
that R(0) = Ry. We should regularize z as in the proof of Lemma 3.2 to
ensure enough regularity for ®, but we omit the details here for the sake of
clarity. For this choice of ®, we have (wo(z) — «)?®(0,z) = 0.

We compute then

z—z P
Vd = 0
|z — 2| R(t)
and
R'(t) ,  Z-(z—x) <I>6
= —fd) 4 2 0
K=~ AT LT Ry

Since u-V® = (v+ H) - V& = v - V&, we obtain
/ (T, z)(w — a)*(T,z) dx
R2

- /T/RQ(waF%(;;')((v(x) — 3. (é:;) - E|x—z|> dz dt.
’ (3.7)

Without loss of generality, we may assume that Ry < 1, so that R < 1. As
<1>6(|$;iz|) <0 for R/2 < |z — z| < R and vanishes elsewhere and R’ < 0, we
can estimate the right-hand side term of (3.7) by:

lx Zl) . Tr—z /
/ /11@2 ((U(m) —Z)- (|x ‘) - %u‘ — z|> de dt

/ /]R2 W (1: ) (|“(93) —v(z)| + IZ) dx dt.

Using that v € L*°(AL) and recalling that ¢ is non-decreasing (see Lemma
2.2), we deduce from (3 7)

/ (T, z)(w — a)*(T, x) dx
R2

//Rz 2@ (R )(C¢(|x—z|)—|—]§> dz dt
/ /sz_az!@ e Z>< R(l_lnRH};/) ot

where C only depends on ||wgl||. Taking R(t) = exp(1 — (1 —In Rg)e?“?), we
arrive at

/ (T, 2)(w — a)*(T,z)dx <0,

R2

which ends the proof. O
Proposition 3.4 provides the following

Corollary 3.5. Let (w1, 21) and (w2, 22) be two Eulerian solutions to (EF)
starting from (wo, 20). Assume in addition that

Wy = « on B(zo, Rp).
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Let T* > 0 be fired. Then there exists a time To < T* depending only on
T*, ||wo|| and Ry such that

wi(t) = wa(t) =« on B(z(t),—2), vt € [0, T¢],

where z(t) is the middle point of [21(t), z2(t)]. Moreover, we have

21(8), 2a(t) € B(=(8), Rét)).

Proof. Let us define Ry, := min,co 7+ R(t) > 0, where R(t) is given in

Proposition 3.4. Since |21(0) — 22(0)| = 0 and ||v1]|e, ||v2]|Le < Clwol|, we
have

Ry,
[21(8) = z2(8)] < 2C|lwnllt < 7, V€ [0,Tc),

where T = min(R, (8C||wo|) ™1, T*). Hence, we get

R(t)

2t~ (0] < =7, Ve DT,

and this yields

B(=(0). R;t)) C B (a1(t), R(#) N B (2a(t), R(2)).

The conclusion follows from Proposition 3.4. U

Remark 3.6. We assume that wy has compact support. Considering 3(t) = t2
in Lemma 3.2 and adapting the proof of Proposition 3.4, we obtain that w(t)
remains compactly supported and its support grows at most linearly. Indeed,
if we choose ®(t,z) =1 — ®g(|x — 2(t)|/R(t)), with R(t) a smooth, positive
and increasing function such that R(0) = R;, where supp wg C B(zp, R1),
then (3.7) becomes

/ (T, z)w?*(T, x) dx
R

:ATA2W2W((U(x)_z). (@ = 2) —Z|x—z|) da dt

|z = 2|

LG R Y
< 2170 R / _
_/O /ng - (20 Q)dxdt,

where C' depends only on ||wg||. The right-hand side is identically zero for
R(t) = Ry + 4C't, and we conclude that supp (w(t)) € B(0, R(t)).

3.3. Weak formulation for the velocity. We now turn to the equation
satisfied by the velocity v for an Eulerian solution (w,z) of (EF). This
equation is established in [4] in the situation where the point vortex is fixed
at the origin. It can be easily extended to our case, and we obtain the
following
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Proposition 3.7. Let (w, z) be a global solution to (EF) with initial condi-
tion (wo,20). Then we have in the sense of distributions on Rt x R?

dv+v-Vo+divio®@ H+ H®v) —v(2(t)"b,4) = —Vp
dive =0

2(t) = v(t, 2(t))

v(z,0) = K *wp and z(0) = zop,

where 6,y is the Dirac mass centered at 2(t) and H(t,v) = K(x — 2(t)).

In the sequel, we will denote by W(}A(RQ) the set of functions belonging
to W14(R?) and which are divergence-free in the sense of distributions, and
by W;1’4/3(R2) its dual space.

Given two solutions (w1, z1) and (we, 22) of (EF), we define v = K * (w1 —
wg) = v1 — vy. As a consequence of Proposition 3.7, we obtain the following
properties for .

Proposition 3.8. Let wy € L' N L (R?) be compactly supported, 2y € R>
and (w1, 21), (we, 22) be two Eulerian solutions of (EF) with initial condition
(wo,20). Let © =v1 —v9. Then we have

loc

14
ve L}, (RT, WM (R, o€ L} (RtWa 1’?1(1@2)) .
In addition, we have © € C (R, L*(R?)) and for all T € R,

T
”®(T)‘|%2(R2) = 2A <at1~)7 ®>W;1’4/3,W;’4 d87 VT S RJr'

Proof. We define © = wy — wa, so that v = K * @ and we have for all ¢

[ertarde= [w@doe= [ ot

To see this, we may for instance choose 3(t) = ¢t and ¥ = 1 in Lemma
3.2. Therefore, [@(t) = 0. On the other hand, w; and wy are compactly
supported in view of Remark 3.6, so we first infer that #(¢t) € L?(R?) for
all ¢ (see [5] for more details). Using that [|wil|p1(r2)nre(m2) € LP(RT), we
even obtain
v € LS (RT, L*(R?)). (3.8)
We now turn to the first assertion in Proposition 3.8. We apply Propo-
sition 3.7 to (v;, z) for i = 1 and ¢ = 2. First, we infer from Lemmas 2.1
and 2.2 that v; = K * w; belongs to L*(R* x R?) and its gradient Vu; to
L®(R*,L*(R?)). On the other hand, since the vorticity w; is compactly
supported, we have for large |x|

C
)| < o7 [ (el

hence v; belongs to LS (RT, LP(R?)) for all p > 2. It follows in particular
that
Vi € L?(?C(R—’_’ W174(R2))

and also that v; ® v; belongs to Lﬁfc(L4/ 3). Since v; is divergence-free, we
have v;- Vv; = div (v;®v;), and so v;-Vu; € L2 (R*, W‘lv%(Rz)). Moreover,

loc
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v;(t) ® H;(t) belongs to Lfo/f , whereas at infinity, H; and v; are bounded by

C/|z| which belongs to L¥3. This yields

div (v; ® Hy), div (H; ® v;) € L, (RY, W15 (R?)).
Besides, we deduce from the embedding of Wh4(R?) in CQ(R?) that 4,
belongs to L2 _(W~13). Therefore, v;5., € L2 (R+, W13 (R2)).

loc loc

According to Proposition 3.7, we finally obtain
(Opvi, @) = (Opv; — Vp;, @) < C’HCI>||L2(W;,4)
for all divergence-free smooth vector field ®. This implies that
A € L (R, W H3(R?)), i=1,2

and the same holds for 0;9. Now, since ¥ belongs to L120c (RJF,W;A), we
deduce from (3.8) and Lemma 1.2 in Chapter III of [11] that ¢ is almost
everywhere equal to a function continuous from RT into L? and we have in
the sense of distributions on RT:

d ., . o
%HUH%Q(RQ) = 2(3tU,U>WG—1,4/3’W;,4-
We finally conclude by using the fact that ©(0) = 0. O

3.4. Proof of Theorem 1.4. In this paragraph, we provide the proof of
Theorem 1.4 by making use of the equation for the velocity. To that aim,
we let (wj, 2;), i = 1,2 be two Eulerian solutions of (EF), and we follow the
same notations as in the previous paragraph. From Proposition 3.8, we may
introduce

r(8) = Jon(t, ) — valt, )3 gey + 121 () — (D)

Let us fix a positive time T*. We will show that r is identically zero on
[0, T*] by mean of a Gronwall type argument. Since T™* is arbitrary, this will
provide uniqueness on the whole of RT. Let

R,, = min R(t) = R(T*), Ry = max R(t) = R(0

m = uin (t)=R(T"), Rum ha (t) = R(0)
where R(t) is the function defined in Proposition 3.4 and let T¢ be the time
introduced in Corollary 3.5. Since r(0) = 0, there exists 0 < Ty < T¢ such
that
r(t) <1,  Vt<Th.

First of all, we take advantage of the fact that w; is constant around the
point vortex to state harmonic regularity estimates on 9(t) in a neighborhood
of z1(t), z2(t). We recall that z(¢) is the middle point of [z (), z2(t)].

Lemma 3.9. For all t < T, 0(.,t) is harmonic on B(z(t), R(t)/2), with
R(t) > 0 and Tc given in Corollary 3.4. In particular, we have the following
estimates:

(1) ||17(7§, Lo (B=),R(#) /1)) < C||17(7f7 M2,
(2) IVO(t, ) zoo(B(a(t),R(t)/4)) < ClIO(E, )l 12,

where C' only depends on R(t).
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Proof. In this proof we set R = R(t). In view of Corollary 3.5 we have
curlv; = o on B(2(t), R/2), then curlv = divo = 0 which means that ¢ is
harmonic on this ball: Av = 0. Next, we apply the mean-value Theorem to
Vo (see e.g. Chapter 2.1 in [3]) for all z € B = B(z(t), R/4):

1 1

Vi) = m(R/8)? /B(x,R/s) Voly)dy = m(R/8)2 /aB (,R/8) ovds,

therefore 16
Vi(z)| < EHﬁHLW(&B(m,R/S))-

Now, writing again the mean-value formula for © and = € B(z(t),3R/8)
we obtain

- 1 / -
v(x = y)dy
O = [P S )
1 / .
< y)|dy
RIS Sy )
1 .
< WHU”LQ||1||L2(B(x,R/8))
<
< ﬁR L2-
The conclusion follows. O

The Gronwall estimate for r(t) reads as follows.

Proposition 3.10. For all T € [0,Tp], for all p > 2, we have

)< C / )+prt) v dt,
where C' depends only on T* and ||wo||, and with the function ¢ defined in
Lemma 2.2.
Proof. We proceed in several steps. Throughout the proof, C' will stand for

a constant depending only on R,, and Ry, therefore on ||wp|| and 7.

Step 1. We have for the velocities

T
57 <€ [ [0+ Ve /o @) +pr(0 ] (39

Vp > 2, VT <Te.
Indeed, subtracting the two equations given by Proposition 3.7 for (v;, z;),
we find

O +9-Vur+ve-Vo+divo® H +v@ H+H @9+ H®uv)
— (v1(z1)" - 0(21) — v2(z2) " - 6(22)) = — VP,
We then consider smooth and divergence-free functions ®,, € C° (R x R?)

converging to ¢ in L (R*, W!4(R?)) as test functions in (3.10), and let n
goes to +oo. First, we have for all T € R™

T
/ <8t’l) [} > 14/3 14d8—>/ 8751) U 14/3 14d3
0

(3.10)
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and we deduce the limit in the other terms from the several bounds for v;
stated in the proof of Proposition 3.8. This yields

1
ST )G =1+ 7 + K, (3.11)
where
T
I——/ / 0+ (0 Vv + vy - V0)dxdt,
0 R2
T ~ ~
J=/ / (0@ H +v2®@H+H @0+ H®up) : Vodadt,
0 R2
T
K:/ (w1(21)E - B(z1) — valz0) - - 5(20) dt.
0

The next step is to estimate all the terms in the right-hand side. We now
consider times 7' < Tp in (3.11). In order to simplify the notation, we set
B = B(z(t), R(t)/4).

For the first term I in (3.11), we begin by noticing that

1 1
/ (v2-V0)-0dx = / vy - V|o|* do = —/ |5|2div vy dz = 0.
R2 2 R2 2 R2
Moreover, Holder’s inequality gives

< ollz2llollzallVorllze,

/Z(ﬁ-Vvl)-T}dx
R

with % + % = 1. On the one hand, Lemma 2.1 states that |[Vvi|z» <
Cpllwr||z» for p > 2. On the other hand, we write by interpolation ||9]|ze <

||17||‘z2\|17|]}:;“ with % =2+ 1% We have that a = 1 — ]%, so we are led to

T
11<cp [ el at (3.12)
0

We now estimate J. We have

- - - - 1 9
/R2(v ® Hy) : Vodr = /R2 Z’Uz’Hl,jajvi dr = 3 Z/w ZHl,jaj'Ui dx
1,J ? J
1 ~2 .
= —2;A2vidlvH1dx:O,

since H; is divergence-free, and

T T
‘/ /(H1®®):Vf)dxdt’ < )/ /(H1®17):V17dmdt
0 R2 0 B

(3.13)
+‘/OT/C(H1®6):V6dzdt‘.
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We perform an integration by part for the second term in the right-hand
side of (3.13). Arguing that divo = 0, we obtain

‘/ (H, ®7) : Vvdmdt‘ ‘/ /(H1®6):Vf1dxdt‘
R2 0 B
+‘—/ (/ (fJ'VHl)"DdSL‘-i—/ (Hl-ﬁ)(ﬁ-u)ds)dt‘
0 c 0B
T
< /O Vo 16 e () | e 3
T
4 / IV H | e ey [

T
4 /0 1 e (05191 o ) [0 .

According to Lemma 3.9, this gives

T T
‘/ (@ 9): Videdi| < c/ 1512, dt.
0 R2 0

In the same way, we obtain by integration by part

‘/OT/RQ(UQQ@ET):V@dxdt’ < ‘/OT/B(UQ(@I:I):V@dxdt‘
+’_/OT(/C(-F~I‘V02)~17d:c+/aB(vz‘77)(ﬁ-V)d5) dt’.

Therefore,
T . T
‘A /R2(U2 ®H) . Vf)dxdt‘ S /0 ||H||L1(B)||U2||LooHVﬁHLOO(B) dt
T ~
# [ e ol Ve

T
4 / VB e o 18] e o) 2| . |O.B .

Using again Calderén-Zygmund inequality for vo and Lemma 3.9, we get

T T
‘/ /(v2®H):Vf1d$dt‘ < c/ <HH||L1(B)+||HHL90(36)> 15| 2 dt.
0 JR2 0

A very similar computation yields

T
‘/0 RQ<I:I®U2) :Vodzx dt‘

T
= C/o (HHHLl(B) +IVH| 2 (e) + HHHLOO(aB)> 1] 2 dt.

We need here some estimates for H. We recall that H is defined by H =
H1 — HQ, so that

< 8/ Rm)? 222

|21 — 22|
H o0 C —_—
| H || oo (pey = sup 5

sepe 2m|z — 21|z — 2] T
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On the other hand, it follows from potential theory estimates (see e.g. [5])
that

/ |H(z)| dx = C/ |K(x — 2z1) — K(x — z2)|dz < Cp(lz1 — 22]).
B B
Concerning the L? norm, we observe that for « € B,

- C
IVH(z)| < |21 — 22| sup |D’K|< WVH — 2,

[x—z1,2—22]

which implies that |V H]| r2(Be) < Clz1 — 22|. Therefore, we arrive at

T
] < 2C /0 (52 + 121 = 2] + (121 = 2a]) ) 9] 12 d.

Since ¢ is increasing, this implies

T
1< [ [0+ Vo) (3.14)

Finally, we decompose the third term K in (3.11) as follows:
o2t 8(z1) = va(22)t - 5(z) = (v1(20)t = wr(22)) - B(21)
+ (vl(@)l - UQ(ZQ)i) 3(z1)

+va(z2)" - (0(21) — B(22)) -
Applying Lemma 2.2 to v{, we obtain

w1 (21)T - 9(21) — va(22) - 0(22)| <C|5(21)] (|21 — 22]) + |8(22)||5(21))]
+ [lv2ll o VO oo (121,20 |21 — 221,

so that Lemma 3.9 finally yields

K| < c/ )+ V()] a. (3.15)

Estimates (3.12), (3.14) and (3.15) complete the proof of (3.9).

Step 2. We have for the points vortex

T
21(T) — 2(T)] < C /0 () + VrDe(Vr@)| dt, VT < T

Indeed, since z; and 2o are Lipschitz, their derivatives exist for almost
every time t, and we have at these points

d
£|Zl — z2]2 = 2(z1 — 22,v1(21) — v2(22))

=2(21 — 22, v1(21) — v1(22)) + 2(21 — 22,0(22)).
This yields in view of Lemmas 3.9 and 2.2
pri i 2|* < Clz1 = zalp(|z1 — 22]) + |21 — 20/ [8]] 22,

and we conclude by integrating the previous inequality.



UNIQUENESS FOR THE VORTEX-WAVE SYSTEM 19

Finally, we observe that for z < 1, we have

2p(2) < 9(2%), 2 < p(2).
Proposition 3.10 then directly follows from Steps 1 and 2 and the definition
of T(). U

Theorem 1.4 is now an easy consequence of the following
Lemma 3.11. We have for all p > 1
p(t) <pt'r, V>0,
where ¢ is defined in Lemma 2.2.

Let us assume Lemma 3.11 for a moment and finish the proof of Theorem
1.4. We deduce from Proposition 3.10 that for all T' < Tj,

T
r(T) < c/ pr(t)F dt.
0
Using a Gronwall-like argument, this implies
r(T) < (CT)P, Vp > 2.

Letting p tend to infinity, we conclude that r(7") = 0 for all T < min(7p, 1/C).
Finally, we consider the maximal interval of [0, 7] on which = 0, which is
closed by continuity of r. If it is not equal to the whole of [0,7%], we may
repeat the proof above, which leads to a contradiction by maximality. There-
fore uniqueness holds on [0, 7*], and this concludes the proof of Theorem 1.4.

Proof of Lemma 3.11. The result is obvious for ¢t > 1. Let f,(t) =
t%(l—ln t). It suffices to show that f,(¢) < p. Computing f,(t) = t%_l(%(l—
Int) — 1), we observe that f,(t) > 0 if and only if ¢ < e!~P. Then f, is
maximal when ¢ = e! =7 and we infer that

F(8) < fole'™P) =per ' < p

for p > 1. This completes the proof.

4. FINAL REMARKS AND COMMENTS

4.1. An alternative approach to uniqueness. In this subsection, we
present an alternative approach for proving Theorem 1.4, which was indi-
cated to us by one of the referees. In contrast with our proof, which is
uniquely PDE based, it is rather Lagrangian based but still relies on Propo-
sition 3.4. Let 7' > 0, and let w be an Eulerian solution of (EF) on [0, 7]
satisfying the assumptions of Theorem 1.4. Let € such that ¢ < R(T), where
t — R(t) is defined in Proposition 3.4. Then w is also a weak solution of the
regularized equation

dw + div ((v + Ke(z — 2(t))w) = 0, (4.1)

where K. is a smooth, bounded and divergence-free map on R? which co-
incides with the Biot-Savart kernel K on B(0,¢)¢. Indeed, let ¥ be a test
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function, then for all ¢ € [0,T] we have

/ wK(x —2(t)) - Vipdx :/ wK(x —2(t)) - Vipdx
RQ

B(z(t).e)

wK.(x—2z(t)) - Vydr

R R OB

:a/ [K(z — 2(t)) — Ko(z — 2(t))] - Vi da
B(z(t)e)

+ /R2 wK(x — 2(t)) - Vi du,

where the last equality is due to the fact that w(t) = a on B(z(t),e) for
t € [0,T] by Proposition 3.4. Using the fact that K and K. are divergence-
free and integrating by part yields

/ (K (2 — 2(8) — Ke(w — 2(8))] - Vo da = 0.
B(0)2)

Clearly, v(t) + K:(- — 2(t)) is almost Lipschitz for all time, and it can be
shown that it is moreover continuous in time. This means that w is constant
along C! trajectories t — X_(x,t) satisfying

%Xa(t,x) =v(t, Xe(t,x)) + Ko(Xc(t,z) — 2(t)), Xo(0,2) =x # 2.

Therefore, proving uniqueness for the Eulerian formulation on [0,7] when
the vorticity is constant near the point vortex amounts to proving uniqueness
for this Lagrangian formulation. Since the singular part H is replaced by a
bounded and Lipschitz field H, this can be achieved by means of Lagrangian
methods.

4.2. Equivalence of Lagrangian and Eulerian formulations. In Sec-
tion 2 of this work, we have proved that Lagrangian solutions are always
Eulerian solutions. Given the global existence of Lagrangian solutions proved
by Marchioro and Pulvirenti [7], we obtain as a byproduct of Theorem 1.4
that an Eulerian solution is also a Lagrangian solution. Therefore Defini-
tions 1.1 and 1.2 are equivalent if the initial vorticity belongs to L'NL>(R?),
is compactly supported and constant near zg.

As a matter of fact, the renormalization Lemma 3.2 and Theorem 1.3
enable to establish the equivalence of Lagrangian and Eulerian formulations
in the general case, without assuming that wg is constant near the point
vortex. More precisely, we have

Proposition 4.1. Let (w,z) be an Eulerian solution of (EF) with initial
datum (wo, z0). Then
(1) v=K*we CRY xR?)NL®R", AL) N L>®(RT x R?),
(2) The trajectory t +— z(t) belongs to C1(RT) and satisfies 3(t) =
v(t, z(t)) for allt,
(3) For all x € R?/{z}, there exists a unique and global flow ¢¢(x)
which is C1 in time, and such that (w,v, z, @) is a global solution to
(LF).
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Proof. We start by proving (1), which clearly implies (2). By Lemma 2.2
we only have to show the time continuity. First, we claim that

w€CRT,LP), 1<p< +oo. (4.2)
Indeed, we already know by the proof of Proposition 3.4 that it holds for
p = 2, and we conclude by interpolation since w € L®(R*, L' N L>=(R?)).
Next, for all ¢,s € RT, we have
‘w(t7 y) — W(S, y)’ d
lz—y|<1 ‘x - y‘
t —
vof  ltw-wGal,
lz—y|>1 |.CE - y|

lv(t,z) —v(s,x)| < C

We choose 2 < ¢ < +o0 and 1 < p < 2 and apply Hélder’s inequality to
each term in the r.h.s. to get

sup |v(t, ) —v(s,2)| < Cllw(t) = w(s)lze + Cllw(t) = wls)| L.

z€eR
Since on the other hand v € L*°(AL), we infer from (4.2) that v is continuous
in space and time.

Therefore, since on the other hand K is bounded and Lipschitz away from
zero, we may apply the extension of the Cauchy-Lipschitz Theorem to the
class of functions satisfying (1) (see Lemma 3.2 in [8]): for all z € R?/{z},
there exist T'(z) > 0 and a unique C* trajectory ¢;(x) on [0, T'(z)) such that

D ou(w) = vt 0u(@) + K (6u(2) — 2(0)).

On the other hand, using the fact that K(X)-X = 0 for all X # 0 it can
be shown (see [7]) that for all ¢ € [0,T(z)) we have

[pe(x) = 2(8)] = A(t)|z — 20| P, (4.3)

where A(t) and B(t) are positive functions depending only on ||wg||. This
implies that T'(z) = +o0.

The fact that ¢; is an homeomorphism is standard when there is no point
vortex. It can be extended to our case to show that ¢, is an homeomorphism:
R2\ {z} — R2\ {2(¢)} by using (4.3).

Finally, in order to show the conservation of the Lebesgue’s measure, we
approximate v by a sequence of smooth, divergence-free fields (v:)o<e<1,
and we denote by ¢. and z. the flows associated to v. + K.(- — z.) and
ve respectively, where K. is the smooth divergence-free map defined in the
previous subsection. Thanks to (4.3), we readily check that, up to a subse-
quence, z. converges to z on compact sets of RT and ¢. to ¢ on compact
sets of RT x R%\ {z}. Now, as v.(t) + K.(- — 2-(t)) is divergence-free, Li-
ouville’s Theorem (see e.g. Appendix 1.1 in [8]) ensures that ¢.(t) preserves
Lebesgue’s measure for all £ > 0. Letting e tend to zero, we thus obtain that
it also holds for ¢y.

It only remains to check that w is transported by the flow. For that
purpose, we define T(t, z) = wo(¢; ' (x)), so that T(0,x) = wo(z). It follows
from Theorem 1.3 that @ € L>®(R*, L' N L>®(R?)) is a weak solution to the
linear transport equation

0w +u - Vw = 0.
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Now, according to Remark 3.3 (2) applied to w — @,
lw(t) =w(®)ll2 =0, t=0,

and we infer that w(t,z) = @(t,z) for a.e. x € R2.
This concludes the proof of Proposition 4.1. O

4.3. The case of several point vortices. In this paper, we have only
considered the vortex-wave system with one single point vortex. In the case
of a finite number N of vortices z; with real intensities d;, ¢ = 1,..., N, the
vortex-wave system (LF) modifies as follows:

v(,t) = (K xw)(-, t)

Zi(t)—vtzz +ZdKZz _ZJ( ))

J#Z
zi(0) = zip, (LFN)

$i(w) = olt, ¢ +ZdK ¢e(x) — zj(t))

7j=1
¢o(z) =z, x # zj0,
(w(pt(x),t) = wo(z), teR.

In this situation, every vortex trajectory z;(t) is submitted to the fields
generated by the other vortices and to the regular field v, and the regular
part moves under the action of the field created by itself and by the N
vortices. The velocity fields appearing in (LFN) are well-defined as long as
the flow and the vortices remain separated. If the intensities d; all have the
same sign, it has been established in [7] that no collision among the vortices
and the flow can occur in finite time, and global existence for (LFN) has been
proved for an arbitrary initial vorticity wg € L' N L°°(R?) and N distinct
vortices z; (.

In particular, given any time 7" > 0, there exists a positive a such that
up to time T, we have |z;(t) — zj(t)| > a. So, the field created by a vortex
near the other vortices is Lipschitz and bounded. Localizing then the test
functions used throughout the proofs in Sections 2 and 3 near each vortex,
we may extend Theorems 1.3 and 1.4 to the case of many vortices and ob-
tain uniqueness for the corresponding Eulerian formulation to (LFN) when
the vorticity is initially constant near each point vortex. This gives more
precisely

Theorem 4.2. Let wy € L' NL*(R?) and 21,0,---,2N,0 be N distinct points
in R? with positive intensities d;. Assume that there exist a positive Ry,
which is smaller than the minimal distance between the initial vortices, and
a; € R such that for all i,

wo = a; on B(zio, Ro).

Suppose in addition that wy has compact support. Then there exists a unique
Eulerian solution of the vorter-wave system with this initial data.
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It follows in particular from Theorem 4.2 that equivalence between Euler-
ian and Lagrangian formulations also holds in the case of several point vor-
tices.

4.4. Uniqueness when the vortex point is fixed. In this subsection,
we address the problem of uniqueness to a slightly different equation from
(EF). The main difference is that the point vortex is fixed (for instance at
the origin) instead of moving under the action of the velocity. It reads
{&w—i—u-Vw—O, (4.4)

u(t,x) = v(t,z) + vK(x), v=Kxw,

where v € R. This system is obtained by Iftimie, Lopes Filho and Nussen-
zveig Lopes in [4] as an asymptotical equation for the classical Euler equa-
tions on exterior domains. More precisely, they consider a family of obstacles
Q. = € contracting to a point as € — 0, where €0 is a smooth, bounded,
open, connected, simply connected subset of the plane. Throughout [4], the
authors assume that the initial vorticity wqg is independent of €, smooth,
compactly supported outside the obstacles 2. and that the circulation v of
the initial velocity on the boundary is independent of €. The authors prove
that as € goes to 0, the flow converges to a a global solution of equation
(4.4). Of course, this system reduces to the classical Euler equations when
v = 0, for which uniqueness is known in the class L (RT, L' N L>(R?))
[12].

Equations (4.4) have also been considered in the Lagrangian formulation
by Marchioro [6] in the case where the support of wy does not intersect the
origin and in a smooth setting. In this paper, it is proved that for a C?
vorticity, a trajectory starting away from the origin never reaches it. This
provides in particular uniqueness in the Lagrangian formulation in this case.

According to Section 3.1 of this work, it is actually possible to adapt the
key idea used in [6] to equations (4.4) without relying on the trajectories.
In particular, we first prove that if the initial vorticity wg vanishes in a
neighborhood of the origin, then this holds for all time.

Proposition 4.3. Let w be a global Eulerian solution of (4.4) such that
supp wo C B(0, Ry") \ B(0, Ry)

for some 0 < Ry < 1. Then there exist positive constants C1 and Co de-
pending only on Ry and ||wol|| such that

w(t)=0 on B0, Clecht) , vt > 0.

Proof. We may assume that v = 1. As already mentioned, Section 3.1 of
this work applies equally well to equations (4.4) by replacing the moving
point vortex by the origin. In particular, we infer that w? is also a weak
solution of the linear transport equation corresponding to (4.4). According
to Remark 3.6, we have

supp w(t) C B(0,K(1+1t)), Vit >0, (4.5)
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where K only depends on the initial conditions Ry and ||wp||. We aim to
apply Lemma 3.2 with the choice 8(t) = t? and we set

_ —Inl|z| — [In]z — ylw(t,y) dy + C(t)
(I)(t,{L') = X0 ( 27TR(t) ) 5

where xo is a smooth function : R — RT which is identically zero for
|z| < 1/2 and identically one for |z|] > 1 and increasing on RT, R(t) is
an increasing continuous function and C(¢) is a continuous function to be
determined later on. We set

1
g(lt,fv)zf2 / In|z — ylw(t,y) dy,
v R2

it follows from (4.5) that 27|g(¢,z)| < Cp (1 + In(1 +¢)) for some constant
Cp. Increasing possibly Cp we also have for z € supp w(t) —In|z| >
—2mCh(1 4 In(1 + t)). Therefore, setting C(t) = 2Cy (1 + In(1 +¢)) and

In |z C(t
y(ho) == 2’7r| - 2(71')

we see that for all ¢ and x € supp w(t) the term y(¢, z) is positive.
Next, it is proved by Marchioro in [6] that if w is a smooth solution of
(1.4),

g(t,z) +

gltoa) = = [ K-y =) (000) + K@) o(t.9)
Marchioro’s paper also states that
|0l L < Ch, (4.6)

where C; only depends on |lwp| and Rg. This can be extended to weak
Eulerian solutions of (4.4) by replacing In by In. in the definition of g,
where In, |z| coincides with In|z| on B(0,¢)¢ and is identically equal to Ine
in B(0,e). Letting ¢ then go to zero, we deduce that for all z, g(z,-) is
Lipschitz and has a time derivative for almost every time; moreover the
bound (4.6) holds at those times. We omit the details here and may consider
that ® is CL.
On the other hand, we have

vmg(tam) = - R? Kl(:‘v - y)w(tvy) dy = —’UL(t,l‘),

therefore

o~

X

(v+K)-vq>=(u+K).(UL+KL)E50.

Besides,

v(t,a) = (= gt ) + g -dtt)+ G ().

In view of Lemma 3.2, this yields

/@(T,x)uﬂ(T,m)dx—/ (0, z)wi () da
R

]RQ

2
(t2)
T
- S0 N A (L 2 dzdt.
/O/sz R < RrY at9+27r> v
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Since y > 0 the term x{(4%) is non negative and non zero provided 3 < %<
1, so we obtain

T X/ / C’
/ (T, z)w?(T, x) dr — / ®(0, )wi (z) dr < / / w20 <— — 09 + >
R2 R2 0 R2 R 2 27
Using (4.6) and the explicit from of C(t) leads to

T / /
/ (T, 2)w*(T, x) dx — / (0, z)wi (x) dx < / / W20 (—R + Cg) dx dt
R2 R2 0 R2 R 2

for some constant C5. We now choose
R(t) = C3 + 2C5t,
with C5 to be determined later on, so that
/ (T, 2)w*(T, z) dz §/ ®(0, z)wi (z) da.
R2 R2
Since |g(0,z)| < Cj for all z and since wy vanishes on B(0, Ry), we have for
all x € supp wo

In |z| C(0) In Ry
— _ < — = Cy.
y(0,x) o 9(0,2) + oy = oy + 3Cy Cy
We finally choose C5 so that
Cy 1
C3 — 2

For this choice, we have

®(0, z)wi () = X

[e=]

(y(g;)> wi(z) = 0.

We deduce that for all T', ®(T, z)w?(T,x) = 0. We consider x such that
—Injz| >27R(T)+ Co(1+1In(1+ 1)),

then
y > —Injz|—g >,
R 2TR
therefore w(T,z) = 0. So finally
(U(T) =0 on B(O, e—Co(l—&-ln(l-f—T))—Z?TR(T))’
and the conclusion follows. O

Using Proposition 4.3, it is then straightforward to adapt the proof of
Theorem 1.4 with a fixed vortex point instead of a moving vortex point and
finally conclude that uniqueness holds for (4.4).

Theorem 4.4. Let wg € L' N L®(R?) be compactly supported such that
supp (wo) N {0} = 0.

Then there ezists a unique Eulerian solution of equation (4.4) with this ini-
tial data.

Acknowledgements. The authors warmly thank one of the Referees for his
very judicious indications concerning the proof of uniqueness via Lagrangian
methods. They are also indebted to H.J. Nussenzveig Lopes for having
initiated a collaboration between them.



26

1]
2]
3]

[4]

[6

7

8]
[9]
(10]
(1]

(12]

C. LACAVE & E. MIOT

REFERENCES

Desjardins B., A few remarks on ordinary differential equations, Commun. in Part.
Diff. Eq. , 21:11, 1667-1703, 1996.

DiPerna R. J. and Lions P. L., Ordinary differential equations, transport theory and
Sobolev spaces, Invent. Math. 98, 511-547, 1989.

Gilbarg D. and Trudinger N. S., Elliptic Partial Differential Equations of Second
Order, Springer, Berlin 1998.

Iftimie D., Lopes Filho M. C. and Nussenzveig Lopes H. J., Two Dimensional Incom-
pressible Ideal Flow Around a Small Obstacle, Comm. Partial Diff. Eqns. 28 (2003),
no. 1&2, 349-379.

Majda A. J. and Bertozzi A.L., Vorticity and Incompressible flow, Cambridge Texts
in Applied Mathematics, 2002.

Marchioro C., On the Fuler equations with a singular external velocity field, Rend.
Sem. Mat. Univ. Padova, Vol. 84, 61-69, 1990.

Marchioro C. and Pulvirenti M., On the vorter-wave system, Mechanics, analysis,
and geometry: 200 years after Lagrange, M. Francaviglia (ed), Elsevier Science, Am-
sterdam, 1991.

Marchioro C. and Pulvirenti M., Mathematical Theory of Incompressible Nonviscous
Fluids, Springer-Verlag, 1991.

Marchioro C. and Pulvirenti M., Vortices and Localization in Euler Flows, Commun.
Math. Phy. 154,49-61, 1993.

Starovoitov V.N., Uniqueness of a solution to the problem of evolution of a point
vortex, Siberian Mathematical Journal, Vol. 35, no. 3, 1994.

Temam R., Navier-Stokes Equations, Theory and Numerical Analysis, North-Holland,
Amsterdam, 1979.

Yudovich V.I.;, Non-stationary flows of an ideal incompressible fluid, Zh Vych Mat,
3:1032-1066, 1963.

(C. Lacave) UNIVERSITE DE LyoN, UNIVERSITE Lyon1l, INSA pE Lyon, F-69621,
EcoLE CENTRALE DE Lyon, CNRS, UMR 5208 INSTITUT CAMILLE JORDAN, BATI-
MENT DU DOYEN JEAN BRACONNIER, 43, BLVD DU 11 NOVEMBRE 1918, F - 69622
VILLEURBANNE CEDEX, FRANCE

E-mail address: lacave@math.univ-lyonl.fr

(E. Miot) LABORATOIRE J.-L. LioNns UMR 7598, UNIVERSITE PIERRE ET MARIE
CURIE, 175 RUE DU CHEVALERET, 75013 PARIS, FRANCE
E-mail address: miot@ann. jussieu.fr



