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ABsTRACT. We consider an asymptotic regime for two-dimensional ferromagnetic films
that is consistent with the formation of transition layers, called Néel walls. We first
establish compactness of S%-valued magnetizations in the energetic regime of Néel walls
and characterize the set of accumulation points. We then prove that Néel walls are
asymptotically the unique energy minimizing configurations. We finally study the cor-
responding dynamical issues, namely the compactness properties of the magnetizations
under the flow of the Landau-Lifshitz-Gilbert equation.

1. INTRODUCTION AND MAIN RESULTS

The purpose of this paper is to study an asymptotic regime for two-dimensional ferro-
magnetic thin films allowing for the occurrence and persistence of special transition layers
called Néel walls. We will prove compactness, optimality and energy concentration of Néel
walls, together with dynamical properties driven by the Landau-Lifschitz-Gilbert equation.

1.1. A two-dimensional model for thin-film micromagnetics. We will focus on the
following 2D model for thin ferromagnetic films. For that, let

Q=RxT with T=R/Z

be a two-dimensional horizontal section of a magnetic sample that is infinite in x1-direction
and periodic in xo-direction. The admissible magnetizations are vector fields

m=(m',m3): Q — S?, m = (mq, ma),

that are periodic in za-direction (this condition is imposed in order to rule out lateral
surface charges) and connect two macroscopic directions forming an angle, i.e., for a fixed
mi, 0o c [O, 1),

M_oe for z; < —1 M,00

(1) m(z1, ) = T where  mico = [ /1 —m1 02
Mis foraxzp >1, 0

V

We will consider the following micromagnetic energy approximation in a thin-film regime
that is written in the absence of crystalline anisotropy and external magnetic fields (see

e.g. 5], [13]):
1

(2) Es(m) = / <|vm\2 - 12m§>dx + = |h(m)|? dxdz,
Q g 0 Jaxr
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where 6 > 0 and € = £(J) > 0 are two small parameters. The first term in (2)) is called the
exchange energy, while the other two terms stand for the stray field energy created by the
surface charges ms at the top and bottom of the sample and by the volume charges V - m/
in the interior of the sample. More precisely, the stray-field h(m’) : Q x R — R3 generated
only by the volume charges is defined as the unique L?(Q2 x R, R?)—gradient field

that is xo-periodic and is determined by static Maxwell’s equation in the weak seHS(ﬂ For
all ¢ € C°(Q x R),

0 / 0 B /
(3) AXR(V,&)U(m)-(V,&)g dudz = /Qm ¢ da.

Explicitly solving by useﬂ of the Fourier transform F(-), the stray-field energy can be
equivalently expressed in terms of the homogeneous H~/2—norm of V-m/ (see e.g. [10]

"2 1 1 o 2 0 1 1/2 IND)
@ ) Paedz =g [ IR m©F s = 5 [ V1A da,
where
Him') = —V(-A) IV, ie,  FHE))E) = ﬂif  £eRx 272\ {(0,0)},
so that the gradient of the energy Es(m) is given by
(5) VEs(m) = —2Am + (§<—A>1/2H<m'>, 2”“‘”’)

Here and in the following, we denote planar coordinates by x = (x1,22), (21, 22)" =
(—x2, 1), the vertical coordinate by z and furthermore, we write (V, %) = (8%1, 8%2, %)

_ 0 4 9
and A = 907 + 903"

In this model, we expect two types of singular pattern: Néel walls and vortices (so-called
Bloch lines in micromagnetic jargon). These patterns result from the competition between
the different contributions in the total energy E5(m) and the nonconvex constraint [m| = 1.
We explain these structures in the following and compare their respective energies (for more
details, see DeSimone, Kohn, Miiller and Otto [6]).

Néel walls. The Néel wall is a dominant transition layer in thin ferromagnetic films. It is
characterized by a one-dimensional in-plane rotation connecting two directions (|1|) of the
magnetization. More precisely, it is a one-dimensional transition m = (m,msg) : R — St
that minimizes the energy under the boundary constraint :
1/2
m1

2

d
d.@l.

dl’l

R d(L’l 20 R

IIn other words, h(m’) is the Helmholtz projection of the vector measure m/H2.Q x {0} onto the
L?(Q x R)-space of gradient fields.

2Given a function ¢ : © — R which is 1-periodic in z2, we introduce the combination of Fourier
transformation in z; and Fourier series in z2 by F(¢)(§) = \/% Jo e~ ¢ (x) dx where £ € R x 277Z.

30ne computes that F(U(m')(-, z))(€) = —ﬁefm I F(V -m')(€) for € #0 and z € R.
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It follows that the minimizer is a two length scale object: it has a small core with fast
varying rotation and two logarithmically decaying tailsﬁ As § — 0, the scale of the
Néel core is given by |z1]| < weore = O(0) (up to a logarithmic scale in §) while the two
logarithmic decaying tails scale as weore S 21| S wigir = O(1). The energetic cost (by unit
length) of a Néel wall is given by

1—mio)? 1
Fs(Neel wall) = ¢ ;Z]liog>5|+ oM s 50,

(see e.g. [6], [8])-

Micromagnetic vortex. A vortex point corresponds in our model to a topological singu-
larity at the microscopic level where the magnetization points out-of-plane. The prototype
of a vortex configuration is given by a vector field m : B?> — S? defined in a unit disk
Q) = B? of a thin film that satisfies:

V-m'=0in B> and m/(z) =" on 0B

and minimizes the energy ﬂ

1
Es(m) :/32 |Vm]2d:v—|—€2/32 m3 de.

Since the magnetization turns in-plane at the boundary of the disk B? (so, deg(m’, 9Q) =
1), a localized region is created, that is the core of the vortex of size €, where the magneti-
zation becomes indeed perpendicular to the horizontal plane. Remark that the energy Ej
controls the Ginzburg-Landau energy, i.e.,

1
Es(m) > / e.(m')dz, with e.(m') = |Vm/|* + 8—2(1 — |m|?)?
B2

since [V (m',m3)|? > |[Vm/|? and m3 > mi = (1—|m/|?)%. Due to the similarity with vortex
points in Ginzburg-Landau type functionals (see the seminal book of Bethuel, Brezis and
Heélein [3]), the energetic cost of a micromagnetic vortex is given by

Es(Vortex) = 2m|loge| + O(1),
(see e.g. [9]).

Regime. We will focus on an energetic regime allowing for Néel walls, but excluding
vortices. More precisely, we will assume that 6 — 0 and € = £(d) — 0 such that

1
(6) §|logs|

and we will consider families of magnetization {ms}o<5<1/2 satisfying the energy bound

o(|logel)

(7) sup 0| log 0| Es(ms) < +o0.
0—0

In particular, @ implies that the size ¢ of the vortex core is exponentially smaller than

the size of the Néel wall core 6, i.e., e = O(eiﬂlggfﬂ ).

Compactness of Néel walls. We first show that the energetic regime is indeed
favorable for the formation of Néel walls. We start by proving a compactness result for

n our model, the tails are contained by the system thanks to the confining mechanism of steric
interaction with the sample edges placed at 1 = £1.
5In our model, the parameter € = €(4) > 0 is related to ¢ by the regime @
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S?-magnetizations in the regime @ and that is reminiscent to the compactness results
of Ignat and Otto in [11] and [12].

Theorem 1. Let § > 0 and €(0) > 0 satisfy the regime @ Let ms € H} (9, S?) satisfy
and (7). Then {ms}s_o is relatively compact in L (Q) and any limit m : Q — S?
satisfies the constraints (1) and

m'|=1, m3=0, V-m'=0 in D'(Q).

The proof of compactness is based on an argument of approximating S?>-magnetizations by
S'-valued magnetizations having the same level of energy (see Theorem . Such an ap-
proximation is possible due to our regime @ and that excludes existence of topological
point defects.

Optimality of the Néel wall. Our second result proves the optimality of the Néel wall,
namely that the Néel wall is the unique asymptotic minimizer of Es over S>-magnetizations
within the boundary condition . For every magnetization m :  — S?, we associate the
energy density us(m) as a non-negative xa-periodic measure on 2 x R via

2 1 1 /

for every ¢ = ((x,2) € C.(2 x R). Recall that h(m’') denotes the xo-periodic stray-
field associated to m/ via . We now show that the straight walls are the unique
minimizers of Es as § — 0 in which case the energy density us is concentrated on a straight
line in zo-direction.

Theorem 2. Let § > 0 and €(0) > 0 satisfy the regime @ Let ms € H} (9, S?) satisfy
@) and
9) lim sup d| log §| E5(mys) < E(l — My e0)?

0—0 2 7

2

Then there exists a subsequence 6, — 0 such that ms, — m* in Lj (Q) where m* is a

straight wall given by

m_ or x1 < %
< Y for some % € [-1,1].

(10) m*(z1,z2) = {

Mioo for x> a7,

In this case we have the concentration of the measures defined at on the jump line of
m*:

s, (ms,) = (1 —my00)> H' {2} x T x {0} weakly * in M(Q x R).

The energy bound (9) is relevant for Néel walls (see e.g. [8]). The similar result in
the case of S'-valued magnetizations was previously proved by Ignat and Otto in [11].
Theorem [2| represents the extension of that result to the case of S>-valued magnetizations.
An immediate consequence of Theorem [2] is the following lower bound of the energy FEj
within the boundary conditions .

Corollary 1. Let § > 0 and £(6) > 0 satisfy the regime (6)). Let ms € H .(Q,S?) satisfy
(). Then

2

(11) lim inf 0] log §| E5(ms) > = (1 — m1,00)”.
d—0

o
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1.2. Dynamics. The Landau-Lifshitz-Gilbert equation. The dynamics in ferromag-
netism is governed by a torque balance which gives rise to a damped gyromagnetic pre-
cession of the magnetization around the effective field defined through the micromagnetic
energy. The resulting system is the Landau-Lifshitz-Gilbert (LLG) equations which is
neither a Hamiltonian system nor a gradient flow.

Let us present the setting of LLG equations. As the condition is not preserved by the
LLG flow, we will #mpose the boundary conditions at each time ¢ > 0, and look for
solutions of LLG equations in the space domain

r€w:=(-1,1) x T.

In order to define the micromagnetic energy and its gradient on w, we introduce the func-
tional calculus derived from the Laplace operator on w with Dirichlet boundary conditions.
More precisely, for f € H~!(w), we define g := (—A)~!f as the solution of

“Ag — in w,
(12) g=171 in w
g(z1,22) =0 on Jw, i.e., for |z1|=1,29 € T.

Then (—A)~! is a bounded operator H~!(w) — H}(w) and a compact self-adjoint operator
L?(w) — L?(w). We can therefore construct a functional calculus based on it, and denote

as usual [V[72% := [(=A)7!]" for s = 1/2 and s = 1/4.

The dynamics of the state of the thin ferromagnetic sample is described by the time-
dependent magnetization

m =m(t,x) : [0, +00) x w — S?,
that solves the following equation (see |7} [16]):
(LLGy) oym + am x dym + fm x VEs(m) =0 on [0,00) X w.

Here, x denotes the cross product in R3, while a > 0 is the Gilbert damping factor charac-
terizing the dissipation form of (LLGq|) and 5 > 0 is the gyromagnetic ratio characterizing
the precession. The micromagnetic energy FEj corresponding to the domain w is defined

via, :

~ 1 1
so that the gradient of the energy Es(m) is given as:
- 1 2
(14) VEs(m) = —2Am + (5P(m/)’ :213)’

where we have introducedlﬂ the operator P acting on m’ € H'(w,R?) via (12):
P(m') = V|V|7IV .- m/.

Remark 1. i) We highlight that Theorems and remain valid in the context of the
micromagnetic energy Es on w within the boundary conditions 1), i.e., m(x1,22) =

M4oo for t1 = £1 and every xz9 € T.
ii) Note that for a mapm : w — S2, one has that E5(m) < oo if and only if m € H' (w).

60bserve that our original nonlocal operator appearing in the energy gradient can be written as
(=22 H(m') = V|V|7IV -m.
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In this paper, we consider a more general form of the Landau-Lifshitz-Gilbert equation
including additional drift terms, which has been derived in a related setting in [21], 20] (see
also [14]):

(LLG) 9ym + am x ym + fm x VEs(m) + (v-V)m =m x (v-V)m on [0,400) X w,
where v : [0, +00) x w — R? represents the direction of an applied spin-polarized curremﬂ

Regime. We analyze the dynamics of the magnetization through (LLG]) in the asymptotics
§ — 0,2(6) — 0 in the regime (6]), while

(15) a=ve, =N\,

where v > 0 is kept fixed and

(16) A(6) = o (V/ol10gd])

The dynamics of the magnetization for the equation has been derived by Capella,
Melcher and Otto [4] (see also Melcher [17]) in the asymptotics € — 0 with fized § (see
[4, Theorem 1]). The more general equation (in the absence of the non-local energy
term) was studied by Kurzke, Melcher and Moser in [14] where they derived rigorously
the motion law of point vortices in a different regime, namely ¢ — 0 and § = +o00. We
highlight that in those papers, the parameter 6 > 0 is kept fized or large yielding a uniform
H' bound via the energy; it is far beyond the grasp of @ Therefore, in the analysis
developed below, we will have to deal with the loss of the uniform H' bound; our strategy
relies on the fine qualitative behavior of the magnetization presented in Theorems [I] and
(that remain valid in the context of the micromagnetic energy Es on w within the boundary
conditions (|1)).

In the present paper we consider initial data with finite energy at § > 0 ﬁxedﬁ We first have
to solve the corresponding Cauchy problem for imposing the boundary conditions
at each time £ > 0. Naturally, we understand that here the boundary condition
reads as

m(t,x1,22) = Mioe for m ==+1,29€ T, t>0.
Moreover these solutions have finite energy for all time ¢t > 0. We insist on the fact that
the energy can possibly increase in time, unlike for which is dissipative.

Definition 1. We say that m is a global weak solution to (LLG|) if
(17) m € C([0,+00), H'(w,§%)) N H ([0, +00), L*(w)),
and m solves the equation (LLG]|) in the distributional sense D'((0,+00) X w).

Observe that the regularity assumption of this definition allows to make all terms in
the meaningful in the distributional sense: this gives its relevance to the definition.
Indeed, (I7) first gives (due to Remark (1] ii)) that Es(m(t)) is finite for all t > 0. Also,
VEs(m ) € LIOC([O, +00), H~Y(w)) since for Vm(t) € L?(w) then Am(t) € H (w), while
P(m/(t)) € L*(w). From there, we infer that m x VEs(m) € L([0,+00), H'(w)).
Indeed, by setting

(m(t) X AT(L), ) 11011 () = Z/ ) x Qym(t) - 06 da

"By definition (v - V)m = v101m + v282m.
8Recall that in the regime @ the initial energy blows up in the limit § — 0.
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and by noticing that P(m’) and ms belong to Lf? ([0, 400), L?(w)), we get for 0 < e < §
small (see (37)):
- C -
[m(t) x VEs(m(t)|g-1@) < ;Ea(m(t))1/2-

All the other terms in (LLG) belong to L2 ([0, 4+00) X w).

loc

We construct global weak solutions for (LLG]) in the following theorem.

Theorem 3. Let 6 € (0,1/2) be fired, m* € H'(w,S?) be an initial data and the spin
current v € L([0, +00) x w, R?).

Then there exists a global weak solution m to (in the sense of Definition , which
satisfies the boundary conditions

(18) m(t=0,)=m’ inw,
(19) m(t,z1,x2) = mo(xl,arg) if x1 = £1 and for every xo € T, t > 0.

Furthermore m satisfies the following energy bound: for allt > 0,

@) Exlm(t) + 55 [ 10mayds < Estnexp (5 [ 1o ds).

The proof of Theorem 3| takes its roots in [I] via a space discretization. To the best of our
knowledge however, there is no such result taking into account the non-local term in VEj
(see ([14])). One needs to carry on the computations carefully, specially as it comes together
with the constraint of S?-valued map. For the convenience of the reader we provide a full
proof in Section 5 below.

We next specify our set of assumptions for the dynamics in the asymptotics d,e(d) — 0:
(A1) The initial data m} € H'(w,S?) satisfy (1) and sups_, 3| log 6| Es(mQ) < +oo.
(A2) The regime @ holds as 4 — 0 and the parameters a and [ satisfy and .
(A3) The spin-polarized current satisfies

(21) HvtsH%oo([O,+oo)><w) < CKB.

In particular, we have vs — 0 in L°([0, +00) X w).

Due to the energy estimate , the energetic regime in (A1) holds for all times ¢ > 0
(with no uniformity in ¢ though). In particular, Theorem |1| implies that for all £ > 0, the
magnetization mg(t) admits a subsequence converging in L?(w) to a limiting magnetization
(m’(t),0). Our main result is that the subsequence does not depend on ¢ and that the
limiting configuration is stationary.

Theorem 4. Let {mg}0<5<1/2 be a family of initial data in H'(w,S?). Suppose that the
assumptions (A1), (A2) and (A3) above are satisfied. Let {ms}o<s<1/2 denote any family

of global weak solutions to (LLG|) satisfying , and the energy estimate .

Then there exists a subsequence 6, — 0 such that mg, (t) — m(t) in L*(w) for all t €
[0,4+00) as n — oo where the accumulation point m = (m’,0) € C([0,+o0), L?(w,S?))
satisfies

m'(t) =1, V-m'(t)=0 inD(w), Vte]|0,+00).

Moreover, the limit m is stationary, i.e.,

om' =0 in D'([0,+0) x w).
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In particular, it follows immediately from Theorems [2[ and [4] (and Remark [1]1)) that for
well-prepared initial data the asymptotic magnetization is a static straight wall for all
t>0:

Corollary 2. Under the same assumptions as in Theorem [f], assume moreover that the
imatial data are well-prepared:

lim sup 8] log 8| Es(m3) < I(1 — M1 00)?
0—0 2 ’

Let 6, — 0 and let x5 € [—1,1] be such that mgn — m* in L?(w), where m* is a straight
wall defined by (L0). Then we have mg, (t) — m* in L*(w) for all t > 0.

The paper is organized as follows. In Sections 2 and 3, we focus on the stationary results
and prove Theorem [I] and Theorem [2] respectively. In Section 4, we prove Theorem [
assuming Theorem [3| which is proved in Section 5. Finally, we prove in the Appendix a
uniform estimate in the context of the Ginzburg-Landau energy, which is needed in the
proof of Theorem [I]

In all the following C' will denote an absolute constant (independent of the parameters of
the system) which can possibly change from one line to another.

2. APPROXIMATION AND COMPACTNESS

This section is devoted to the proof of Theorem [I] A similar compactness result to The-
orem [1| has been already established by Ignat and Otto in [II, Theorem 4] for S'-valued
magnetizations. In order to establish compactness for S?-valued magnetizations we will
use an argument consisting in approximating S*-valued maps by S!-valued maps with
quantitative bounds given in terms of the energy, which is stated as follows.

Theorem 5. Let € (0,1). Let § > 0 and €(0) > 0 satisfy the regime (@, i.e.,

—— — 0 0—0
5] log 4| log ¢| @ ’

and let ms = (mf,mss) € HL (Q,S?) satisfy and (7). Then there exists Ms €
HL (Q,SY) that satisfies (1)) such that

(22) / My — mb 2 dz < C2P By(my)  and / IV (Ms — ml) 2 de < CEs(my)
Q Q

and

(23) /Q i |h(Ms) — h(m})|? dedz < CeP Es(ms),
and

(24) Es(Ms) < Es(ms) (1+0(1)),

1_
where o(1) = O <(5|10g51|10g6|) 6 > and %— is any fived positive number less than %. More-

over, for every full square T'(x,7) centered at x of side of length 2r with € /r — 0 as § — 0,
we havd)

2
(25) /T o [TM < (o) /

1
<\Vmg]2 - ng’(;) d.
T(x,r) €

9n ([25), o(1) is the same as in (24).
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Theorem [5| is reminiscent of the argument developed by Ignat and Otto [12] with a major
improvement given by , i.e., the approximating S'-map Mj; has lower energy than the
S%-map ms (up to o(1) error).

Proof. To simplify notation, we will often omit the index § in the following. We introduce

a Ginzburg-Landau type energy density:

(26) ec(m') = [Vl + (1~ [P

The approximation scheme is inspired by [12].

Step 1. Construction of a squared grid. For each shift ¢ € (0,£°), we consider the set
Hy={z = (z1,22) € R x (0,1) : x5 € (e’,1 = £7), 2y =t (mod £°)}

and we repeat it 1-periodically in x5 to obtain a net of horizontal lines at a distance ¢” in
Q. By the mean value theorem, there exists t € (0,e”) such that

/ e.(m')dH' < 15/ e-(m') dx.
Hy e Ja

If one repeats the above argument for the net of vertical lines at distance €7 in Q, we get
a shift s € (0,&%) such that the net

Vi={zeQ:z e(-1+1-¢%), 21 =5 (mod 7}

satisfies

1
/ e.(m')dH' < B/ e-(m’) dz.
e Ja

Set Vi := Vo U {(x1,22) : x1 € {£1},25 € [0,1)} and remark that Jy, e(m’) dH! =
ff/s e.(m')dH' since m satisfies . Therefore, we obtain an xs-periodic squared grid
R=H;U f/s of size more than £? such that

2 2Es(m) C
27 MW</ "dx < < :
( ) /Res(m) =28 Qes(m) T = B _655’10g5‘

Due to periodicity, one may assume that R includes the horizontal line R x {0}.

Step 2. Vanishing degree on the cells of the grid R. In order to approximate m’ in Q by
S'-valued vector fields, it is necessary for m’ to have zero degree on each cell of the grid
R. Let us prove this property. For that, let C be a full squared cell of R having all four
sides of the cell of length € [¢7,4¢”]. We know that holds (in particular, for e. on

C). Set k := =
). Set « 0| log 0|
|m/| > 1/2 on R and deg(m’,dC) = 0 for small € > 0.

o(|logel). By Theorem [6| given in the Appendix, we deduce that

Step 3. Construction of an approzimating S'-valued vector field M of m’. On each full
squared cell C of R of side of length of order ¢?, we define v = us € H L(C,R?) be a

minimizer of
min{/es(u)d:v :u=m' on GC}.
C

Putting together all the cells, u is now defined in the whole hull (R) (which is [—1, 1] X Rpe;)
and satisfies . Extend u by m* for +21 > 1 so that u is defined now in © and is periodic
in xo. Moreover, by construction,

/Qeg(u)dxg/ges(m’)dx.
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By Theorem [6] given in the Appendix, we have

2_1l<C : " !
n.—sngM -1] < <5!10g5||10g5\> et

In particular,
lu?>1-n in Q.
Therefore we define M € H'(€,S') by
M:=" i Q

|ul

So, M satisfies (I). We deduce that |Vu|* > |[u[|[VM|* > (1 — n)|VM|? in Q and

(28) (1—7])/QIVM|2dxS/Q]Vu|2dx§/Qea(u)dacS/ﬂeg(m')dangg(m).

We prove now which a local version of . Using the above constructed grid, we
cover T(x,r — 2¢%) N ([~1,1] x Rye,) by a subgrid UyeC,, with K finite, of full cells of
R such that UgexCr C T'(z,7) N ([—1,1] X Rper). Therefore we have:

(1- n)/ VM2 ds = (1— n)/ VM da
T(x,r—2¢P) T(z,r—2e8)N([—1,1] X Rper)
< _n)/ VM2 de g/ Vuf? de
UrekCk UrerCr

g/ e:(u) d:cg/ eE(m')dxg/ e.(m') dx.
UrekxCr UrerCr T(z,r)

The goal is now to prove that the S'-valued vector field M approximates m’ in L?(£2,R?)
and the H'-seminorm of M is comparable with the one of m'.

Step 4. Estimate |[V(M —m')||12(q)- Indeed, by ([28), we have:

(1- 77)/ IVM|*dx < Es(m) and / |Vm|? dz < Es(m).
Q Q
Thus, the second estimate in holds.

Step 5. Estimate ||[M —m'|[12(q). By Poincaré’s inequality, we have for each full cell C of

(20) /C M- 7£c M
[~ for

Writing m’ = pv’ with p > % on R (by Theorem |§| in Appendix), we have v' = M on R

2
dx < 0525/ VM |? dx
C

2
drx < 0825/ V! |? da.
C

and by Jensen’s inequality, we also compute

Ffaa=mof = [ =m0

(31) < Ceﬁ/ (1—p»)2dHt < 055”/ e.(m') dH .
ac ocC

: dx = 7—[2(6)][ (1—p)2dH?
oc
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Summing up , and over all the cells C of the grid R, by and , we

obtain
/ |M —m/|?dz’ < Ce®PEs(m).
Q

Step 6. Proof of ([23). Let h(m') = VU(m’) and h(M) = VU (M) be the unique minimal
stray fields given by . By uniqueness and linearity of the stray field, we deduce that
h(m') — h(M) is the minimal stray field associated to m’ — M, i.e.,

h(m') — h(M) = h(m’ — M).

Therefore, we have by interpolation:

2

/Q R[h(M)—h(m’)Pdmdz;/Q‘N\l/zv-(M—m’) da
X

2
SC’/‘|V|1/2(M—m/) dx
Q

<C</QM—m’\gd:v>1/2</g]V(M—m’)]2dx)1/2

(22)
2 CePEs(m).

Step 7. End of the proof. It remains to prove . Indeed, by and Step 6, we have:

E(;(M):/Q\VMlzdx—i—l/ﬂ R\h(M)dedz
X

0
1 , 1 INT P 1/2
<— [ e(m)dx+ = |h(m)|? dzdz + C(=) " Es(m)
L=nJa 0 Jaxr 0
< (14 Cn)Es(m)
B
because (6—)1/2 <n by @ O

d

Observe that Theorem [5| remains true in the context of the energy Es on the domain w.

Proof of Theorem[1] It is a direct consequence of the approximation result in Theorem
and of the compactness result in [II] (see Theorem 4 in [11I], and also Theorem 2 in
[12]). O

3. OPTIMALITY OF THE NEEL WALL

We present now the proof of Theorem The similar result in the case of S'-valued
magnetizations was proved by Ignat and Otto in [11] (see Theorem 1 in [I1]). Theorem
represents the extension to the case of S?-valued magnetizations.

Proof of Theorem[4 Let Ms be the approximating S'-map of ms constructed in Theo-
rem . By @ and , we deduce that

lim sup ¢ log §| E5(M;s) < E(1 — M1 0)>.
0—0 2

Then Theorem 1 in [I1] implies the existence of a sequence § = §,, and z] € [—1,1] such

that

Ms—m* =0 in L*Q),
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which by entails ms—m* — 0in L?(Q). Moreover, the xo-periodic uniformly bounded
sequence of measures ps(Ms) has the property that

ps(Ms) — po *-weakly in M(Q x R),
where pg is a non-negative xo-periodic measure in 2 x R. Our first aim is to prove that
(32) po = (1 —miec)? M {a]} x Ryer x {0}.
Indeed, let us define the function x : 2 — R by
1 . .
X::I:§ it £ > £a7.
Then, by Step 3 of the proof of Theorem 1 (and Remark 4) in [11], it follows that

1
—_— dug = V¢ -m*yd 1-— D
¢ duo /QCmX:er( a>/9<| X

4o QxR

for every a € (0,1) and for every smooth test function ¢ : R® — R which is 1—periodic in
o with compact support in 1 and x3. Then we compute

1
/Vc-m*xdx:—ml,oo/ ¢(x7,22,0) dxs
Q 0

1-— mi e
2

| cduo=1a [ ¢an,
QxR {z7}x[0,1)x{0}

Le., o = (1 —mye0)?*HI {27} X Rper x {0}.

so that by setting a := , we conclude that

It remains to show that ps(ms) — po in M(Q x R). Indeed, by (9)), there exists a zo-
periodic nonnegative measure p € M(Q2 x R) such that up to a subsequence,

(33) ps(mg) = p weakly * in M(Q x R).
The aim is to show that
1= po.
Indeed, let r > 0 and = = (27, z2) € Q with x2 € [0,1). We consider an arbitrary smooth
nonnegative test function ¢ : R® — [0, 4+00) that is xo-periodic with compact support in

x1 and z3 such that ¢ =1 on T'(x,r) x (—7,7y) for some fixed v > 0 (recall that T'(z,r)
is the full closed square centered at x of side of length 2r). Within the notation , by

o=

1
Theorem [5, we have for f =1/2 and n = (5|log6||loge)
N 10g5|/ |V M5/
T(x,r—2¢eb)

(125))
® 14 oniltogs [ e.mp)cte.0)da
Q

and

|log 4| \h(Ms)|? dzdz < |1og5\/ |h(M;5)|*¢(x, 2) dedz
T(x,r—2P)x(—7,7) QxR
< |logd]| g R|h(mg)|2¢(x,z)dxdz+|\g|\Lw0(5s/3)1/2|1og5|E5(m5).
X

Therefore, by @, we obtain:

lim inf dus(Ms) < liminf C(x, z) dus(ms) / ((z, 2) du.
=0 J1(z,r—2e8)x (—v,7) =0 Jaxr QxR
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On the other hand, by , one has

27 (1 — my.00)? = po(T(x,7) x {0}) < hmlnf/ dps(Ms),
T(z,r—=2eP)x (=7,7)

6—0

where T'(x,7) is the interior of T'(, 7). Thus, we conclude

2T(1 - ml,oo)2 S ((1"’ Z) d,U'
QxR

Taking infimum over all test functions ¢ and then infimum over v — 0, we deduce

2r(1 —m1,00)” < p(T(w,7) x {0}).
Setting
Line := {27} x T x {0} and pr := po Line,

we deduce that pr(S) > (1 —mq00)?H(S) = po(S) for every (closed) segment S C Line;
therefore, up < prp < p as measures in M(2 x R). In particular,

©
po(Line) < pp(Line) < p(©2 x R) < lim mf/ dus(ms) < po(Line),
QxR

6—0

thus,
p=pr = poin M(Q xR).
Now is straightforward. O

4. ASYMPTOTICS OF THE LANDAU-LIFSCHITZ-GILBERT EQUATION

We start now the study of the dynamics of the magnetization. We assume Theorem [3]
holds and postpone its proof to the next Section; our goal here is to establish Theorem []
Let {mJ}o<s<1/2 be a family of initial data as in Theorem 4] and let

ms = (mg,mg,(g) [0, +00) X w — S?

be any family of global weak solutions to (LLG) satisfying (18], and the energy
estimate (20)). Throughout this section we assume that (A1), (A2) and (A3) are satisfied.

Let us also recall the energy inequality, on which we will crucially rely:

B Eims(t) + 55 [ 10ms(o)ayds < Bxtmexs (5 [ ool yds).
In particular, it follows from and the assumption (A3) on vy that

¢
(1) Bslms) + o / 04m25(5) 122 ds < Es(m) exp (CT), 0 <t T,

0

and therefore it follows from the energy bound (A1) on the initial data that

(35) VT >0, sup 0] log d|Es(ms(T)) < +o0.
0<6<1/2

Also, we infer the following bound on the time derivative in L2 ([0, +00) X w):
O
6| log(d)]

We remark however that no uniform bound is available on A/(d|log(d)|) as § — 0 in the

(36) VT >0, Hatm§||L2([0,TLL2(w)) < Cexp(CT)

regime (16). In the next proposition we establish a uniform bound in L2 (H™!):
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Proposition 1. Under the assumptions of Theorem [f}, we have for all T > 0:

g? A
8 —L(w SCT + °
sl = €1 )<¢6|log<6>| ¢6|log<5>|)

Proof. Let T > 0. By (LLG) we have on [0, +00) X w:
Oimgs = —amg X Oymes — Bmg X VEg(mg) - (v(g . V)m(; + mg X (115 . V)m5.
First, the inequality yields

evVA
loms x Bimisll 2 (o.17.02(0)) < Cexp(CT)m
£2 A
< Cexp(CT * '
< Cexp( )<\/5‘ log(0)] \/6|1og(5)|>

Next, by (A3) we have

[ (vs - V)msll 20,77, 2(0)) T Ims X (s - VIms|| 20,77, 02w
evA

< CVT exp(CT) 0]

c A
< OVTexp(CT) (wuog(a)\ ! wrlog(é)!) |

Finally, recalling , we have
B Hmé(t) X VE&(m(s)(t)H

H=1(w)
Ae m t
(37) <C (Agvaa(t)”m(w) + f”vmé(t)”m(w) +A H35() )
ELA®
A
< Cexp(CT)——w.
0] log(d)|
Combining the previous estimates we obtain the estimate of the Proposition. O

We can now present the

Proof of Theorem [l Let T > 0. By Proposition [I] and the assumptions @ and on
e, 0 and A, the family {8yms}ocs<1/2 is bounded in L*([0,7], H *(w)). On the other
hand, {ms}o<s<1/2 is bounded in L>([0,T], L*(w)). Therefore by Aubin-Lions Lemma
(see e.g. Corollary 1 in [I9]) it is relatively compact in C([0,T], H'(w)). Thus by a
diagonal argument there exists 6, — 0 and m € C([0, +o0), H !(w)) such that mgs, — m
in C([0, 7], H 1 (w)) for all T > 0 as n — oo.

On the other hand, let ¢ € [0, +00). In view of the bound we infer from Theorem
that any subsequence of (mg, (t))nen is relatively compact in L?(w). Since myg, (t) — m(t)
in H~!(w) we infer that the full sequence mg, (t) — m(t) = (m/(t),0) strongly in L?(w)
as n — oo, where |m/(t)| = 1, ms(t) = 0 almost everywhere and V - m/(t) = 0 in the
sense of distributions. In particular, t — [[m(t)||p2) = lw|'/2 € €([0,400),R). Since
m € C([0,+00), L*(w) — w) we infer that m € C([0,+o0), L?(w)). Finally, Proposition
and imply that

Oms, — 0= (0ym',0) in D'([0,+00) X w),

which concludes the proof. ([
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5. THE CAUCHY PROBLEM FOR THE LANDAU-LISCHITZ-GILBERT EQUATION

In this section we handle the Cauchy problem for the Landau-Lifshitz-Gilbert equation in
the energy space.

Proof of Theorem[3 We use an approximation scheme by discretizing in space. We first
introduce some notation.

Notation and discrete calculus:

Let n > 1 be an integer, h = 1/n and wy = hZ? Nw. For a vector field ml: w, — R3, we
will always assume xo-periodicity in the following sense:

Vzy € hZN[-1,1], e € Z, m"(x1,1+ eh) = m" (21, eh).

We then define the differentiation operators as follows: for x = (1, x2) € wp,

1
— (mM(@1 + hyxg) — mM (@1 — hyx2)) if |21] < 1,
h, hey_ ) 2h
oym'(x) = 1
i%(mh(fﬂl,@) —mM(z1 F hz))  ifay = £,

ohml (z) = 21h(mh(x1,x2+h) mh (21,35 — B)).

Observe that 9} is the half sum of the usual operators 07, and 9 vanishing at the
boundary x; = 1 and 1 = —1 respectively. Also we define the discrete gradient and
laplacian: denoting (é1,é2) the canonical base of R?,

2

Z@km ®ép, Ahmh= Z oNotm”

k=1
We introduce the scalar product

(m, ", =12 > mh(x) ()

TEWH

and the L,%—norm and H %—seminorm:
\mh&i = <mh,mh>h, \m |H1 = <thh,vhmh>h.
Then we have the integration by parts formulas:

(OhmM ), = —(m", oMMy, + h Z m"(z)m"(x) — h Z m" (x)m" (z),

TEWH, T1=1 TEWR, T1=—1

<82m m >h <mhaagmh>h7

where we used the above boundary conditions and periodicity.
We now define the sampling and interpolating operators S" and I". We discretize a map
m :w — R3 by defining S"m : w, — R? as follows:

1
— if 1

m(x) if xy1 =1,

where CF = {y € w | xx < yp < 2 +h, k= 1,2}. We will also identify S"m with the
function @ — R? which is constant on each cell C? for x € wy, with value S"m(z). With
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this convention, S”m is the orthogonal projection onto piecewise constant function on each
cell O in L?(w). Also we have \Shm]L% = 15" m||r2(,), and
(38) 1S mls < llmllp2ey,  [V"S"mlgs <|IVml2y,  1S"mlre < lImllpew)-

h

We interpolate a discrete map m” : w, — R3? to I"m” : w — R3 by a quadratic approxi-

mation as follows: if x € C’g with y € wy, we set
2
I"m"(x) = m"(y) + > 0t m" (y) (@ — i) + 07O m" (y) (21 — 1) (w2 — v2).
k=1

Lo 5 h ~

—(m"(y + hér) —m ifk=2or (k=1andy; <1),

where 9 () — (7 (y + hég) (¥)) ( y1 < 1)
0 ifk=1and y; = 1.

One can check that I"m" € H'(w) is continuous (it is linear in each variable z; and 2,
and coincide with m” at every point of wp,), quadratic on each cell C’Z’}, and

(39)  |m"|pz ~ 11" |2y, [V "2 ~ IV M 20y, Im" e = 7'M poo )

(we refer, for example, to [1§]).
We discretize the non-local operator P so as to preserve the structure of a discrete form

of / V|~V - m/|2. For this, notice that |V|~! and |V|~/2 naturally act as compact
operators on L?(w), and hence if m" : w, — R3, |[V|~'m" € L?(w) has a meaning. Also
observe that due to Dirichlet boundary conditions, d/dt commutes with (—A)~!, and hence
with any operator of the functionnal calculus: in particular,

d dm

—|V|T'm = |V =

7V IVIT

h': wp, — R3 the discrete operator:

Therefore we define for m
Pl .= vhsh(|v|71Vh . mh).

Then as ||VhShm||Li < C||Vml|p2(.) we have

(40) 1P mM||z < CIVITV" -y < CIV" -2y < CIVP MM 2.
Step 1: Discretized solution and uniform energy estimate.
Let
1
h h 3 h h 0
v'(t) == S"(t) rwp, = R® and my(z) == 5" (m")(z).
’ |8 (mo) ()]

We consider the solution m”(t) : wj, — R3 solution to the following discrete ODE system:
for x = (z1,x2) € wy, such that |z1] < 1, then

dm" dm" 1 2
Tl x (am + <—2Ahmh + <577h(mh'), EQmé}))

(41)

and at the boundary

(42) m(t, —1,29) = mi(—1,22), m"(t,1,20) = mf(1,29).
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As the operator A(m") : pp — p+ am” x p is (linear and) invertible, this ODE takes the
form
dmh

T A(m")~H(®(m")),

d(m") = mhx <ﬁ <2Ahmh + <(1S73h(mh’), 622m§>> — (" VMYm —m < (" Vh)mh>

is C*°. Hence the Cauchy-Lipschitz theorem applies and guaranties the existence of a
maximal solution. Furthermore, we see that for all x € wy,,

Gt 0P =2 (' (t.a), Gt 0.2))
— <mh(t,x),mh(t,a;) X <ajtmh(t,x) +<I>(mh)(t,x)>> =0.

This shows that for all « € wy,, |m”(t,z)| = 1 remains bounded, and hence m” is defined
for all times t € R.

We now derive an energy inequality for m”. For this we take the L%L scalar product of
h

with m" x d% Recall that if a,b,c € R3, then (a x b) x ¢ = (a - ¢)b — (a - b)c, hence
(exa)-(cxb)=((cxa)xc) b)=(a-b)|c|*—(c-a)(c-b)

so that for any m € R3, and pointwise (¢, z) € [0, +00) X wp,

mh mh
<mh(t,1:) X %(t,x)) - (mh(t, x) x M) = %(f,x) - m.

Hence we have the pointwise equalities for = € wy, with |z1| < 1:

hy dm" hy dm” B dm' |?

e )\ e ) T ae |
dm” d

hoo o 2% ). h T\ _ % h2

<m X~ ) (m x 2(0,0,m3) ) o ms|*.

dmh
If x € wy, is on the boundary, that is |z1| = 1, then — —(0,z) = 0 due to (42), and the
previous identities also hold: we can therefore sum over = € wy. Now consider the term
involving the discrete Laplacian. The discrete integration by parts yield no boundary term

due to dm”/dt; and of course d/dt commutes with V". Therefore

h h h
mh x dm? ,mt x (=2Ahmh) ) = —2 dm? ,Ahmh> =2 <Vhdm ,thh>
dt L dt L dt L
Sl
ot HV ol

‘71/2

For the nonlocal term, |V is a self adjoint operator on L? due to the Dirichlet boundary

conditions: the integration by parts yield no boundary term either. More precisely, as d/dt
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commutes with all space operators, we have

<dmh/,7>hmh/> =— <vhdg;h,, ShVITIV mh/>
h

h

ht ht
= [ Uy = [ ([t ) 9y

dt
1d, _
:—§%|||V’ 1/2Vh'mh/”%2-
Thus we get
o[ 4 5 (a2, + A 2+ L2
dt || Tdt L "5 e
h
d h
= (vh-Vh)mh—i—mh><(fuh-Vh)mh,ﬂ )
dt /2
Denote

1 _ 1
B (m") = [V*m"[3y + o llIVI7AV" - mi)lIze + S ImblIZ,.

Now we have

h
<(vh VMMt 4+ mh x (o vhYymh dm >
L,

Todt
h h, h dm” ho i || dm”
< V2 g IV M| 2 < V2]~ E"(m") e
2 t ol
« dmh 2 4 2 h h
<S5 Zv)2eE
<S{\ G|+ alE=E e
Then we obtained:
a |ldmh 2 d 4
el *Eh h < 2<>th h )
% ) < bl

By Gronwall’s inequality, we deduce

2

t h

W(S)

(07

(43) E'm"(0) + g5 |

is < B0 e (5 [ lids).

2
Lh

Step 2: Continuous limit of the discretized solution
Notice that |[v"||ze < ||v||pe. Also, as mg € H'(w), then m"(0) — mg in H'(w) and

E"(m"(0)) = Es(my).

Fix T > 0. It follows from and that the sequence I"m" is bounded in L>([0,¢], H'(w))
and in H'([0,T], L?(w)) (observe that d;(I"m") = I"(dm.,,/dt)):

T
sup<sup IV (") (1) 32, + / ||at(1hmh)(5)||L2(w)dS> < +o0.
n \te€0,T] 0

As this is valid for all T" > 0, we can extract via a diagonal argument a weak limit
m € L([0, +00), H (w)) N H([0,400), L*(w)) (up to a subsequence that we still denote



A THIN-FILM LIMIT FOR NEEL WALLS IN LLG EQUATION 19

my,) in the following sense

(44) I"m" Zm s -weakly in L>®([0, +00), H'(w))
(45) Ay (I"mh)y — 9ym  weakly in L*(]0, 00), L*(w))
(46) I"m" = m ae.

By compact embedding, it also holds that the strong convergences
I"m" — m  strongly in L% ([0, +00) x R?)
Then it follows that for all ¢ > 0,

Es(m(t)) < lim inf Es(I"m"(t)) = lim inf E"(m"(t))

. h h 4 ! 2
< liminf E"(m™(0)) exp <aﬁ/0 Hv(s)HLoods>

h—0

< Bxtmo)exo (= | t Jo(o)3~s)

This is the energy dissipation inequality.
Observe that if ¢ is a test function, then V?¢ — Vo in L? (strongly). Using , it
follows classically (cf [15, p. 224]) that

m" — m  strongly in L ([0, +00) X w).
Therefore |m| =1 a.e and
Vhmh —~ Vm  weakly in L2([0, +00) x w).
From there, arguing in the same way, it follows that

m" x Ahmh = V. (m" x Vimh) =~ V. (mxVm) = (mxAm) weakly in D’'((0, +00) xw).
d h
Also notice that 8;(I"m") = Ih%. Hence

dym" — 9ym  weakly in L%([0,00) x w).

We can now deduce the convergences of the other nonlinear terms in the distributional

sense:
m" x dymM = m x dym  weakly in D’'((0, +00) X w)
m" x (v-VP)m" = m x (v-V)m weakly in L%([0,00) x w)
and
m" x (m" x (v-V"mh) = =" - V")mh"

— —(-Vim=mx (m x (v-V)m) weakly in D'((0, +00) X w)

It remains to consider the nonlocal term. As V"m" — Vm weakly in L?([0, +00) x w), we
have

V|7V ml — V|72V - m/ weakly in L2(]0, 00), H! (w)).

But from , and noticing that S"¢ — ¢ in H' strongly for any test function ¢ and as
Sh is L2-self adjoint, we infer that

StV m —~ VTV m! weakly in L2([0, 00), H(w)),
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and similarly,
Ph(m") = VIS (|V|TIVE -mM) =~ VIVITIV -m = Pm  weakly in L*(]0,00) x w).

Recalling that m" — m strongly in L ([0,00) xw), we deduce by weak-strong convergence
that
m" x HM(m") = m x H(m) D'([0,00) x w).

This shows that m satisfies (LLG]) in the distributional sense on [0, 00) x w. O

APPENDIX A. A UNIFORM ESTIMATE

For ¢ > 0 small, we consider the full cell C = (0,%)? ¢ R? with v (resp. 7) the unit outer
normal vector (resp. the tangent vector) at C and a boundary data g. € H'(0C,R?) with
|ge] <1 on OC. We recall the definition of the Ginzburg-Landau energy density

1
e.(u) = |Vul® + 5—2(1 — |[u]®)? for we H'(C,R?).

Let u. € H*(C,R?) be a minimizer of the variational problem

min{/eg(u)daz tu=g:. on 8C}.
c

In the spirit of Bethuel, Brezis and Hélein [2], we will show that |u.| is uniformly close to
1 as € — 0 under certain energetic conditionsm

Theorem 6. Let 5 € (0,1). Let k = k(e) > 0 be such that k = o(|loge|) as € — 0.
Assume that there exists Ko > 0 such that

oK

1 K
(47) ‘a’f'gé‘|2 + 7(1 - ’98‘2)2 d! < —— and ea(ua) dz < Kok,
ac e? eP c

for all e € (0,%). Then there exist eo(B8) > 0 and C(Kq) > 0 such that for all 0 < & < &g

we have

o=

sup [lue| 1| sc( i )
c |log ]
1

where g— is any fived positive number less that %. In particular, |g:| > 1/2 on OC and
deg(g-,0C) = 0.

Remark 2. In the setting of the proof of Theorem [1] we take k = 1/(5|log d|).
The proof of Theorem [6] is done by using the following results:

Lemma 1. Under the hypothesis of Theorem [, we have

where C' > 0 is some universal constant. Up to a change of Ko in Theorem [0, we will
always assume that the above C' = 1.

10Theorem |§| is an improvement of the results in [2] in the case where the energy of the boundary data
ge is no longer uniformly bounded.
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Proof. Since u, is a minimizer of e, then u. is a solution of
2 o .
(48) — Au, = E—ng(l — |ue|?) in C.

We use the Pohozaev identity for u.. More precisely, multiplying the equation by (z —x¢) -
Vu, and integrating by parts, we deduce:

% [ue= ) (o= an) - V) d

1 1
(49) = |52 /C(l — |uc?)? dz — pre) C(:c —x0) - v(1 — |ge[>)?dH'| < CKor,
/Aus . ((.7) K Vu5> dx
C
1 5 Oug Ou, 1

— — Z(x—x0) - . e TR
(50) /(9(:( Q(x x0) - v|Vue|* + 5 8(x—:n0)> H
where Oue = Vue-(r—x0). For z € 9C, we have x— g = £’ (v+s7) with s € (—1,1),

d(z — )
ue(x) = gs(m) and we write (as complex numbers) Vu, = Vuy . + iVug, = ‘9“51/ + % 895
on OC. By (48 , and , it follows by Young’s inequality:

CK()FL 1 ‘ Oug (2 ‘ 1 ‘ dge 12 ‘ 8”5 . 9. d,Hl 1 aua ‘ 3 } 09e |2 ‘ dHL.
B ov 0or ac

Therefore, by , we deduce that [, ac ‘%“; 2 aH < % and the conclusion follows. [

In the following, we denote by T'(x,r) the square centered at x of side of length 2r.

Lemma 2. Fiz 1 > $; > 2 > 3 > 0. Under the hypothesis of Theorem [0, there exist
eo = €o(B2,8) > 0 and C = C(Ky) > 0 such that for every xzog € C and all 0 < € < g, we
can find ro = ro(e) € (%,%2) such that

(51) / e.(us)dH! < —°
B(T(IO,TO)HC) TO‘ 10g€|
Moreover, we have
1 Ck
(52) 2/ (1 — |ue|?)?dx <
€ T(a)o,?"o)ﬂc | 10g€|

for some C>0 depending on Kj.

Proof. We distinguish two steps:

Step 1. Proof of (5I). Fix eg € (0, 1) (depending on B — 3) such that 502_’6\ logeg| < 1/2.
Assume by contradiction that for every C' > K| there exist € C and ¢ € (0, g¢) such that
for every r € (¢1,£%2), we have

C
/ ex(us) dH' > — A
B(T(xo,r)ﬁC) r| Og€|

By Lemmal[l] we have

Kok Kok Ck
dH' < < :
/3@ ez (u) — &P T 2eP2loge| T 2r|loge|

vr e (e%1,e%).
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Therefore, we deduce that
Ck

e (ue d%lz/ e. (u. dHl—/ e-(u)dH! > ————
/8T(3co,r)ﬂc (ue) (T (zo,r)NC) (ue) ac (ue) ~ 2r|loge|

Integrating in r € (71, £%2), we obtain

(47)
Kok > /ee(ue)dx >/ e-(ug) dx
T(xo 852)06

/ dr/ e.(u:) dH! > (/31 B2)r
B1 OT (zo,r) ﬁc

which is a contradiction with the fact that C can be arbitrary large.

Step 2. Proof of . Let zg € C. We use the same argument as at Lemma [I| involving a
Pohozaev identity for the solution wu. of in the domain

D :=T(xp,r0)NC

where r( is given at . Multiplying the equation by (z — zg) - Vu. and integrating by
parts, we deduce:

/D CAu <(m — ) v%) dx

— 1o._ 2 Oue  Ou. 1
_/8D<2(:U zg) - v|Vue| % 8(ar—a:g)>dH’

;/Due(l — [uel) - ((JC — o) - V“e) dz

1 242 1 22 191
=33 D(1—|u5|)d:c—éLEQ/(?D(x—xo)-u(l—|ug|)dH.
Since |z — 20| < v/2rg on 9D, by (51)), we deduce that holds true. O

Lemma 3. Under the hypothesis of Theorem@ we have that ||uel| L) < 1 and

r—y T —y 57
|u5<x>—ua<y>\sc<' 2yl ) vryec,
£ 52_
where C' > 1 is a universal constant (independent of Ko) cmd 5— 15 some positive number

less than 1 5-

Remark 3. Unlike [2], the estimate ||Vuc|| oo ¢y < C/e does not hold in general here since
it might already fail for the boundary data g. (due to ) Therefore, the estimate given
by Lemma|[3 is the natural one in our situation.

Proof. Let p = 1 — |u:|?>. Then implies that —Ap + ;%|ug|2p > 0in C and p =
1 —|ge|> > 0 on AC. Thus, the maximal principle implies that p > 0, i.e., |us| < 1 on C.
For the second estimate, we do the rescaling U(z) = uc(¢?x) for z € Qo := (0,1)? and
G(z) = g-(£%z) for x € 99 and get the equation

2
AU = ———U(1—|U]*) in Qg with U = G on 9.
£2(1-8)

Then we write U = V + W with —AV = 2(1 Ul—|U*) in Qpand V =0 on 9%
and AW =0 in Qo with W = G on 9. In partlcular, —A|W|? = =2|[VW ]2 < 0 in Q;
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since |WW| <1 on 09, the maximal principle implies that |[W| <1 in €. Due to |U| < 1,
we deduce that |[V| <2 in Q. Using the Gagliardo-Nirenberg inequality, we have
19V Il < CollV Il ) 1AV
so that we obtain
IV V| oo () < C/e" 7.
In order to have the C%'/2~ estimate for W, we start by noting that

47)
/ 10,2 aH? :eﬂ/ oral2art D Kon.
Qo oc

So, by regularity theory for harmonic functions, we deduceﬂ

IVl 3 ) < CollGlin- o) < C(Kom)'/2.

By Sobolev embedding H2~(€9) € C%2(Qp), it follows:

W () = W(y)| < Cle—yl2 W] .5 <C(Kor)/2lz—yl2~, Y(z,y) e

HZ™(Q0)
Therefore, we obtain
U(z) = Uy)| < [V(z) = V(y)| + [W(z) = W(y)|

1B 15 _

1_
<C (’1’ - y’ + ’Q? - 3/|2 (K0H)1/251_2B_) ’ V(x,y) c Q(Q)
e 2

Scaling back, we obtain the desired estimate for u. in C since (K0H)1/26%7 =o(1). O

Proof of Theorem[6 We will show that

2 _ o < R
el = 1l < € (1)

Let zg € C such that |u.(z9)| < 1. Set 0 < A < 1 such that
(1 — [ue(z0)?)
2

where C'is given by Lemma In particular, Az > A> C1(1—|uc(w0)|?)*+. By Lemma
we obtain for any y € T'(zg, Ae) NC: |y — xg| < 2Ae and

=

2C(2A + (24)77) = > 0,

1 |us(x0)|2
—
Hence, for small e, we have Ae < ¢ < &P <y (with ro given in (5I))) and

Cne?
e | (1 - uc(y)?)? dy
|log €| T(z0,A)C

1 1
> EA252(1 — Jue(z0)?)? = EC%EQO — Jue(z0)[})%F.

Thus, we conclude that

1= Jus(y)? > 1 Jus(wo)[? — 20(24 + (24)37) =

K

(1 — |uc(zo) )¢+ < C O

|logel|

HY et us consider for simplicity the following 2D situation: AW =0 for x2 # 0 and W = G for z2 = 0.
Passing in Fourier transform in 1, we obtain that F(W)(&1,z2) = e~ /€122l F(GQ)(¢1). Therefore, the
Fourier transform in both variables of R? of W is given by W(£) = F(G)(&1) Iz e 22 lallel gy, —
F(G) (&) because F(z1 — —15)(&1) = e~ 1], Therefore, ||W||H§7 ~ Gl -y

€12 14+a? 27 (R2)
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