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We present recent results and work in progress on the modular classes and
relative modular classes of Lie algebroids, a report mainly based on joint papers
with Camille-Laurent Gengoux [7], Alan Weinstein [10], Milen Yakimov [11] and
Franco Magri [9].

On a Poisson manifold, given a volume form, the map which associates to a
function the divergence of the corresponding hamiltonian vector field is a deriva-
tion, i.e., a vector field, called a modular vector field. It is a l-cocycle in the
Lichnerowicz-Poisson cohomology, and its class, called the modular class, is inde-
pendent of the volume form [12] [15]. If the manifold is not orientable, densities
must be used instead of volume forms.

Evens, Lu and Weinstein [4] introduced the notion of a modular class of a
Lie algebroid, and they observed that the modular class of a Poisson manifold is
one-half that of its cotangent Lie algebroid.

It is straightforward [6] to extend the notion of modular class from the case
of a Poisson manifold to that of a Lie algebroid A with a Poisson structure, i.e.,
a section 7 of A?A such that [7,7]4 = 0, where [, ]4 is the Schouten-Nijenhuis
bracket on I'(A®A) defining its Gerstenhaber structure. The question that then
arises is how to determine what relation exists in general between the modular
class (A, 7) and the modular class Mod(A*) of the dual A* of A equipped with
the Lie algebroid structure defined by 7.

In order to solve this problem, the notion of relative modular class, which also
appears in [5] under the name of modular class of a morphism, was introduced
in [10. If ® : E — F is a morphism of Lie algebroids over the same base,
then A®*®* is a chain map from the complex T'(A®F*) of the Lie algebroid F to
the complex T'(A®*E*) of the Lie algebroid E . Therefore Mod E — ®*(Mod F) is
a cohomology class in the Poisson cohomology of E. This is the relative class,
denoted Mod®(E, F). Then the relation

O(A, ) = %(Mod(A*) — (7%)*ModA)

is valid in general and, since Mod(T'M) = 0, it reduces to the fact recalled above
in the case of Poisson manifolds. The relative modular classes of general, not
necessarily base-preserving, morphisms are treated in [8].

A twisted Poisson structure, also called Poisson structure with background [14],
on a Lie algebroid A is a pair (m,), where ¢ is a 3-cocycle on A and

1
glmmla= (NP .
A representative of the modular class (A, 7) = %(Mod(A*)— (m#)*ModA) is X +Y,
with ix A = —dair ), where X is a section of AYPA* and Y = ni e [7].
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In the spinor approach to Poisson and Dirac structures [1] [13], the modular field
appears as the obstruction to the existence of a pure spinor defining the graph of
7 which is closed in the Lie algebroid cohomology of A. This fact extends to the
twisted case, replacing d4 by da + €y, where €y is exterior product of forms by ).

In the case of a regular Poisson or twisted Poisson structure, the modular class
can be computed in terms of the characteristic class of a representation of the
image of 7% on the top exterior power of its kernel [11]. This result extends to Lie
algebroid extensions with unimodular kernel [8].

These definitions and properties can be applied to Lie algebras, considered as
Lie algebroids over a point, whence the notion of twisted triangular r-matriz. In
[11], we obtained a formula for the modular class of a Lie algebra equipped with
a twisted triangular r-matrix in terms of the infinitesimal character of the adjoint
representation of p in g/p, where p is the carrier of the r-matrix, i.e., its image in
the Lie algebra. When the carrier of the r-matrix is a Frobenius Lie algebra with
respect to a 1-form &, the modular class is the unique element X in p such that
ad% ¢ is equal to the above character. This method is applied to the computation
of the class defined by the Gerstenhaber-Giaquinto r-matrix on sl(n,R).

Other examples of modular classes appear in the theory of Poisson-Nijenhuis
manifolds [3] [9]. When a Poisson tensor 7 and a Nijenhuis tensor N on a manifold
are compatible, there is a hierarchy of vector fields, NX*~1 — X* k > 1, where X*
is a modular vector field for the k-th Poisson structure N*z, which are cocycles
in the Poisson cohomology defined by N*=, and independent of the choice of a
volume form. Up to a factor of one-half, these modular vector fields coincide
with the well-known hierarchy of commuting hamiltonian vector fields defined
on a Poisson-Nijenhuis manifold. This construction has been generalized to Lie
algebroids with a Poisson-Nijenhuis structure [2].
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