FINITE DIMENSIONAL REPRESENTATIONS OF QUANTUM AFFINE ALGEBRAS

DAVID HERNANDEZ

1. Introduction

In the case of semi-simple Lie algebras, the structure of the Grothendieck ring of finite dimensional representations of the quantum algebra is well understood : it is analogous to the classic case q=1 and we have a ring homomorphism of characters. For the general case of Kac-Moody algebras the picture is less clear. In the affine case, E. Frenkel and N. Reshetikhin have recently introduced an injective ring homomorphism of q-characters. It gives informations about the decomposition in Jordan subspaces for a class of commutative elements. The homomorphism of q-characters has a nice symmetry property analogous to the classic action of the Weyl group : the image is the intersection of the kernels of screening operators. In the ADE case, H. Nakajima, motivated by the geometry of quiver varieties, introduced tanalogs of q-characters. From representation theory point of view, it gives more informations about Jordan subspaces. We define t-analogs of screening operators and give a symmetry property of q,t-characters. Our construction is purely algebraic and is extended to the non-simply laced case : it could help to extend Nakajima’s theory in this case.

2. Homomorphism of characters in finite case

g : simple Lie algebra of rank n, I = {1, ..., n} h ⊂ g : Cartan subalgebra Λ ⊂ h^∗ : lattice of weights of g ω_i ∈ Λ : fundamental weights Rep(U(g)) : Grothendieck ring of finite dimensional representations (with ⨁ and ⨂ ) We have an injective homomorphism of rings : χ : Rep(U(g)) → Z[y^±_i ]_{i∈I} χ(V ) = ∑ λ= P_{i∈Imiωi∈Λ}^{dim(Vλ)∏}_{i∈I}^{ymii} where V_λ is the weight space of V : V_λ = {x ∈ V/∀h ∈ h, h.x = λ(h)x} We have a symmetry property related to the Weyl groups W : Im(χ) = Z[y^±_i ]^W_{i∈I} ≃ Z[T_1, ..., T_n] The quantum case is analogeous :

Rep(U_q (g)) ≃ Rep(g) ≃ Z[Λ]^W ≃ Z[T_1, ..., T_n] where Rep(U_q (g)) : finite-dimensional representations of type 1. In quantum affine case Rep(U_q(ĝ)), the picture is less clear. 1

3. Quantum affine algebra

g : simple Lie algebra of rank n, I = {1, ..., n} (C_{ij} )_{1≤i,j≤n} = (^{2(αi ,αj )}_{(αi ,αi)} ) : Cartan matrix of g g ⊂ ĝ : affine Lie algebra, (C_{i,j} )_{0≤i,j≤n} generalized Cartan matrix of ĝ r_i =^{(αi,αi)}_2 ∈ Z, B_{i,j} = r_iC_{i,j} symmetric matrix

q ∈ C^∗ not a root of unity, qi = q^{ri}

Definition 1. The quantum affine algebra U_q (ĝ) is the C (q)-algebra generated by E_i, F_i, K_i, K^{−1}_i (0 ≤ i ≤ n) with relations : K_iK^{−1}_i = 1 = K^{−1}_i K_i K_iE_j = q^{Bij} E_j K_i K_iF_j = q^{−Bij} F_j K_i E_iF_j − F_j E_i = δ_{ij} K_i − K^{−1}_i q_i − q^{−1}_i ∑ s=0..1−C_{ij} (−1)^s [ 1 − C_{ij} s ] q_i E^{1−Cij −s} i E_j E^s_i = 0 si i ≠ j ∑ s=0..1−C_{ij} (−1)^s [ 1 − C_{ij} s ] q_i F^{1−Cij −s} i F_j F^s_i = 0 si i ≠ j

An Hopf algebra structure is given by formulas :

Comutiplication :

Δ(E_i) = E_i ⊗ 1 + K_i ⊗ E_i , Δ(F_i) = F_i ⊗ K^{−1}_i + 1 ⊗ F_i , Δ(K_i) = K_i ⊗ K_i Counit :

ϵ(E_i) = ϵ(F_i) = 0 , ϵ(K_i) = 1 Antipode :

S(E_i) = −K^{−1}_i E_i , S(F_i) = −F_iK_i , S(K_i) = K^{−1}_i

4. Drinfeld new realization

Theorem 1. (Drinfeld new realization)

U_q(ĝ) is generated by x^±_{i,m} (1 ≤ i ≤ n, m ∈ Z), k^±_i (1 ≤ i ≤ n), h_{i,m} (1 ≤ i ≤ n, m ∈ Z^∗), c^{± 1}2 , with relations : k_ik_j = k_j k_i k_ih_{j,m} = h_{j,m}k_i k_ix^±_{j,m}k^{−1}_i = q^{±Bij} x^±_{j,m} [h_{i,m}, x^±_{j,m}′ ] = ± 1 m [mB_{ij} ]_q c^{∓ |m|2} x^±_{j,m+m}′ x^±_{i,m+1}x^±_{j,m}′ − q^{±Bij} x^±_{j,m}′ x^±_{i,m+1} = q^{±Bij} x^±_{i,m}x^±_{j,m}′_{+1} − x^±_{j,m}′_{+1}x^±_{i,m} [h_{i,m}, h_{j,m}′ ] = δ_{m,−m}′ 1 m [mB_{ij} ]_q c^m − c^{−m} q_j − q^{−1}_j [x^+_{i,m}, x^−_{j,m}′ ] = δ_{ij} c^{m−m′2} ϕ^+_{i,m+m}′ − c^{− m−m′2} ϕ^−_{i,m+m}′ q_i − q^{−1}_i

∑ π∈Σ_s ∑ k=0..s (−1)^k [ s k ] q_i x^±_{i,mπ(1)} ...x^±_{i,mπ(k)} x^±_{j,m}′ x^±_{i,mπ(k+1)} ...x^±_{i,mπ(s)} = 0

ϕ^±_{i,m} ∈ U_q (ĝ) are defined by :

Φ^±_i (u) = ∑ m=0..∞ ϕ^±_{i,±m}u^{±m} = k^{±1}_i e^{±(q−q} −1) P_{m′=1..∞hi,±m′ u±m}′_{∈ Uq(ĝ)[[±u]]} Remark: {ϕ^±_{i,±m}, i ∈ I, m ∈ Z} is commutative Every finite dimensional represention is a sum V = ⨁ γ V_γ where V_γ is a simultaneous generalized eigenspace : V_γ = {x ∈ V/∃p ∈ N, ∀i ∈ {1, ..., n}, ∀m ∈ Z, (ϕ^±_{i,m} − γ^±_{i,m})^p.x = 0} 5. Finite dimensional representation of U_q(g) Theorem 2. (Chari-Pressley) Every simple V ∈ Rep(U_q(ĝ)) is a highest weight representation V , that is to say ∃v_0 ∈ V (highest weight vector) :

x^+_{i,r}.v_0 = 0 , V = U_q (ĝ).v_0 , c^{12} .v_0 = v_0 , ϕ^±_{i,m}.v_0 = γ^±_{i,m}v_0 Moreover we have an i-uplet (P_i(u))_{i∈I} of (Drinfeld-)polynomials, P_i(0) = 1, such that : γ^±_i (u) = ∑ m∈N γ^±_{i,±m}u^± = q^{deg(Pi)}_i P_i(uq^{−1}_i ) P_i(uq_i) ∈ C [[u^± ]]

and (P_i)_{i∈I} parametrizes simple modules in Rep(U_q (ĝ)).

Theorem 3. (Frenkel-Reshetikhin) The eigenvalues γ_i(u)^± ∈ C [[u]] of V ∈ Rep(U_q (ĝ)) have the form : γ^±_i (u) = q^{deg(Qi )−deg(Ri )} i Q_i(uq^{−1}_i )R_i(uq_i) Q_i(uq_i)R_i(uq^{−1}_i ) where Q_i(u), R_i(u) ∈ C [u] and Q_i(0) = R_i(0) = 1.

Example: g = sl_2, I = {1}. Explicit calculations with Jimbo’s evaluation homomorphism ev_a : U_q (ŝl_2) → U_q (sl_2).

For P (u) = 1 − ua we have M_a = C v_0 ⨁ C C v1 :

v_0 highest weight vector : ϕ^±(u).v_0 = q^{1−uaq−1}_{1−uaq} v_0, P (u) = 1 − ua v_1 simultaneous eigenvector : ϕ^±(u).v_1 = q^{−1} 1 − uaq^3 1 − uaq v_1 , Q(u) = (1 − ua) , R(u) = (1 − uaq^2)(1 − ua)

6. q-characters Definition 2. (Frenkel-Reshetikhin’s q-characters)

χ_q (V ) = ∑ γ dim(V_{(γ)}) ∏ i∈I ∏ r=1..k_{γi} Y_{i,aγir} ∏ s=1..l_{γi} Y^{−1}_{i,bγir} ∈ Z[Y^±_{i,a}]_{i∈I,a∈}C∗ where Q_{γi}(z) = ∏ r=1..k_{γi} (1 − za_{γir}) , R_{γi}(z) = ∏ r=1..l_{γi} (1 − zb_{γir})

Example:

χ_q(M_a) = Y_a + Y^{−1}_{aq2} Theorem 4. (Frenkel-Reshetikhin) The map χ_q : Rep(U_q(ĝ)) → Z[Y^±_{i,a}]_{i∈I,a∈}C∗ = Y is an injective ring homomorphism and the diagram is commutative : Rep(U_q(ĝ))^{χq}−→ Z[Y^{±1}_{i,a} ]_{i∈I,a∈}C∗ ↓ res ↓ β Rep(U_q(g))^χ−→ Z[y^{±1}_i ]_{i∈I} Corollary 1. The ring Rep(U_q (ĝ)) is isomorphic to Z[X_{i,a}]_{i∈I,a∈}C∗ .

Example:

χ_q (M_{aq}2 ⊗ M_a) = (Y_{aq}3 + Y^{−1}_{aq} )(Y_{aq} + Y^{−1}_{aq−1} ) = Y_{aq}3 Y_{aq} + Y_{aq}3 Y^{−1}_{aq−1} + Y^{−1}_{aq} Y^{−1}_{aq−1} + 1 = χ_q (N) + χ_q (trivial module) where N simple module with dim(N) = 3 and P (u) = (1 − aq^3u)(1 − aqu). Note that M_{aq}2 ⊗ M_a ≠ N ⊕ triv. is not semi-simple. In fact we have an exact sequence : 0 → N → M_{aq}2 ⊗ M_a → trivial module → 0 Example:

χ_q (M_a ⊗ M_a) = Y^2_a + 2Y_aY^{−1}_{aq2} + Y^{−1}_{aq2} M_a ⊗ M_a simple module with P (u) = (1 − au)^2.

7. Symmetry property of q-characters

Let be A^±_{i,a} ∈ Y : A_{i,a} = Y_{i,aqi} Y_{i,aq}−1_i ( ∏ j/C_{j,i} =−1 Y^{−1}_{j,a} )( ∏ l/C_{l,i} =−2 Y^{−1}_{l,aq} Y^{−1}_{l,aq−1} )( ∏ m/C_{m,i} =−3 Y^{−1}_{m,aq2} Y^{−1}_{m,a}Y^{−1}_{m,aq−2} ) Definition 3. (Frenkel-Reshetikhin’s screening operators) S_i : Y → ⨁ a∈C^∗ Y.S_{i,a}/ ∑ a∈C^∗ Y.(S_{i,aq}2_i − A_{i,aqi} .S_{i,a}) S_i(Y_{i,a}) = Y_{i,a}.S_{i,a} ∀U, V ∈ Y, S_{i,a}(UV ) = US_{i,a}(V ) + V S_{i,a}(U) Theorem 5. (Frenkel-Reshetikhin-Mukhin) Im(χ_q ) = ⋂ i∈I Ker(S_i) and Ker(S_i) = Z[Y^±_{j,a}]_{j≠i,a∈}C∗ ⊗ Z[Y_{i,b}(1 + A^{−1}_{i,bqi} )]_{b∈}C∗ = K_i

Example:

χ_q (M_a) = Y_a(1 + A^{−1}_{aq} ) χ_q (N) = Y_{aq}3 Y_{aq} (1 + A^{−1}_a + A^{−1}_{aq2} A^{−1}_a ) = Y_{aq}3 Y_{aq} (1 + A^{−1}_a + A^{−1}_{aq2} A^{−1}_a ) = Y_{aq}3 Y_{aq}(1 + A^{−1}_a )(1 + A^{−1}_{aq2} ) − 1 Remark: It is analogeous to the classic symmetry property of χ : Im(χ) = Z[y^±_i ]^W_{i∈I} It gives an algorithm to construct in purely combinatorial way the q-characters.

8. t-analogs of q-characters (ADE case) We assume g is of type ADE. Motivated by the geometry of quiver varieties, Nakajima defines : homomorphisms of additive group : χ̂_{q,t} : Rep(U_q (ĝ)) → Ŷ_t = Z[W_{i,a}, V_{i,a}, t^±]_{i∈I,a∈}C∗ χ_{q,t} : Rep(U_q (ĝ)) → Y_t = Z[Y^±_{i,a}, t^±]_{i∈I,a∈}C∗ a new twisted multiplication ∗ on Ŷ_t m_1 ∗ m_2 = t^{2d(m1,m2)}m_1m_2 t-analogs of K_i : K_{t,i} =⊂ Y_t , K̂_{t,i} ⊂ Ŷ_t Theorem 6. (Nakajima) The maps χ_{q,t}, χ̂_{q,t} are injective, the diagram : Rep(U_q (ĝ))^{χ̂q,t}−→ Ŷ_t ↓ ↓ Π̂_t Rep(U_q (g))^{χq,t}−→ Y_t ↓ ↓ Π_t Rep(U_q (ĝ))^{χq}−→ Y is commutative. We have : Im(χ̂_{q,t}) ⊂ ⋂ i∈I K̂_{t,i} = K̂_t

Im(χ_{q,t}) = ⋂ i∈I K_{t,i} = K_t and χ̂_{q,t} is “almost” a ring homomorphism for the new multiplication ∗.

Remark: Nakajima gives an altenative conjectural definition, for M standard module (tensor product of fumdamental representations) : χ_q (M) = ∑ γ dim(M_γ )m_γ ⇒ χ_{q,t}(M) = ∑ γ,r t^{2r}dim(M^{r+1}_γ /M^r_γ )m_γ where a filtration of generalized eigenspace is used : M^r_{(γ}±_) = {x ∈ V/∀i ∈ {1, ..., n}, ∀m ∈ Z, (ϕ^±_{i,m} − γ^±_{i,m})^r .x = 0} Example:

χ_{q,t}(M_{aq}2 ⊗ M_a) = Y_{aq}3 Y_{aq} + Y_{aq}3 Y^{−1}_{aq−1} + Y^{−1}_{aq} Y^{−1}_{aq−1} + 1 χ_{q,t}(M_a ⊗ M_a) = Y^2_a + (1 + t^2)Y_aY^{−1}_{aq2} + Y^{−1}_{aq2} = Y^2_a (1 + (1 + t^2)A^{−1}_{aq} + A^{−2}_{aq} ) χ̂_{q,t}(M_a ⊗ M_a) = W^2_a (1 + (1 + t^2)V_{aq} + V_{aq} ) = (W_a(1 + V_{aq} )) ∗ (W_a(1 + V_{aq} )) = χ̂_{q,t}(M_a) ∗ χ̂_{q,t}(M_a)

9. t-analogs of screening operators (general case) Goal : Symmetry property for q, t-characters. We define a bimodule structure on ⨁ a∈C^∗ Ŷ_t.S_{i,a} : S_{i,a}.m = t^{2ui,a (m)}.S_{i,a} Then ∑ a∈C^∗ Ŷ(V_{i,aqi} S_{i,aq2i} − t^2S_{i,a}) is a subbimodule and we note the quotient Ŷ_{t,i}. Definition 4. (t-analogs of screening operators) Ŝ_{t,i}(m) = m( ∑ a∈C^∗ (1_{ui,a (m)≥0}(1 + t^2 + ... + t^{2(ui,a (m)−1)}) − 1_{ui,a(m)<0}(t^{−2} + ... + t^{2ui,a (m)}))S_{i,a} Theorem 7. (H.) The diagram : Ŷ_t^{Ŝt,i}−→ Ŷ_{t,i} Π̂_t ↓ ↓ Π̂_{t,i} Y_t^{St,i}−→ Y_{t,i} Π_t ↓ ↓ Π_{t,i} Y^{Si}−→ Y_i is commutative and we have : ⋂ i∈I Ker(S_{i,t}) = K_t ⋂ i∈I Ker(Ŝ_{i,t}) = K̂_t

More over in the ADE case, Ŝ_{t,i} is a derivation for ∗ : ∀X, Y ∈ Ŷ_t, Ŝ_{t,i}(X ∗ Y ) = Ŝ_{t,i}(X) ∗ Y + X ∗ Ŝ_{t,i}(Y ) Remark: The construction is purely algebraic and is extended to the non-simply laced case. Next step : to extend Nakajima’s theory...

We hope to understand these operators as quantum differential operators.

10. References

E. Frenkel and N. Reshetikhin, The q-Characters of Representations of Quantum Affine Algebras and Deformations of W -Algebras

math.QA/9810055 Recent Developments in Quantum Affine Algebras and related topics, Cont. Math., vol 248, pp 163-205 (1999)

E. Frenkel and E. Mukhin, Combinatorics of q-Characters of Finite-Dimensional Representations of Quantum Affine Algebras

math.QA/9911112 Comm. in Math. Phy., vol 216, no. 1, pp 23-57 (2001) D. Hernandez, t-analogues des opérateurs d’écrantage associés aux q-caractères math.QA/0112223

H. Nakajima, t-Analogue of the q-Characters of Finite Dimensional Representations of Quantum Affine Algebras math.QA/0009231 “Physics and Combinatorics”, Proc. Nagoya 2000 International Workshop, World Scientific, pp 181-212 (2001)

H. Nakajima, Quiver Varieties and t-Analogs of q-Characters of Quantum Affine Algebras math.QA/0105173 M. Rosso, Représentations des groupes quantiques Séminaire Bourbaki exp. no. 744, Astérisque 201-203, 443-83, SMF (1992) J.-P. Serre, Algèbres de Lie semi-simples complexes Benjamin (1969) David Hernandez: École Normale Supérieure - DMA, 45, Rue d’Ulm F-75230 PARIS, Cedex 05 FRANCE

E-mail address: David.Hernandez@ens.fr, URL: http://www.dma.ens.fr/¸dhernand