KIRILLOV-RESHETIKHIN CONJECTURE : THE GENERAL CASE

DAVID HERNANDEZ

Abstract. We prove the Kirillov-Reshetikhin (KR) conjecture in the general case : for all twisted quantum affine algebras we prove that the characters of KR modules solve the twisted Q-system [HKOTT] and we get explicit formulas for the character of their tensor products (the untwisted case was treated in [N4, N5, H4]). The proof is uniform and provides several new developments for the representation theory of twisted quantum affine algebras, including twisted Frenkel-Reshetikhin q-characters (expected in [FR, FM]). We also prove the twisted T -system [KS1]. As an application we get explicit formulas for the twisted q-characters of fundamental representations for all types, including the conjectural formulas [R] for types D^{(3)}_4 , E^{(2)}_6 . We prove the conjectural formulas [KS1] for KR modules in types A^{(2)}_n (n ≥ 2) and D^{(3)}_4 . Eventually our results imply the conjectural branching rules [HKOTT] to the quantum subalgebra of finite type.

2000 Mathematics Subject Classification: Primary 17B37, Secondary 81R50, 82B23.

Contents

1. Introduction 1 2. Quantum Kac-Moody algebras and their representations 5 3. Twisted q-characters 21 4. Twisted T -systems and main results 36 5. Case of U^τ_q (type A^{(2)}_2 ) 39 6. The Kirillov-Reshetikhin modules are special 46 7. Proof of Theorem 4.2 49 8. The twisted Kirillov-Reshetikhin conjecture and general results 52 9. Branching rules 56 10. Explicit formulas for Kirillov-Reshetikhin modules 58 11. Twisted q-characters of fundamental representations 71 References 78

1. Introduction

Characters and Frenkel-Reshetikhin q-characters of finite dimensional representations of untwisted quantum affine algebras have attracted much attention in recent years (see for example [Cha2, CM1, DK, FL, FM, FR, H4, N1, N4, NN1] and references therein). Twisted quantum affine algebras and their representations have also been intensively 1

studied (see for example [A, BN, CP5, Da, HN, Jin, JM, Kas, NS, KMOY, OSS, S] and references therein), and many conjectures have been formulated for the character of their finite dimensional representations [HKOTT, KS1, R], but many of them are still open.

Let U_q(ĝ) be a (untwisted or twisted) quantum affine algebra of rank n. The Kirillov- Reshetikhin modules form a certain infinite class of simple finite dimensional representations of U_q(ĝ). The main question answered in this paper is the following : what is the character of the Kirillov-Reshetikhin modules and of their tensor products for the quantum group of finite type U_q(g) ⊂ U_q(ĝ) ? This problem goes back to 1931 as Bethe [Bet] solved it for certain modules of type A_1 in another language. The methods to solve physical models involved here are now known as “Bethe Ansatz”. In the 80s, in a series of fundamental and striking papers, Kirillov and Reshetikhin [KR, Ki1, Ki2, Ki3] solved the problem for type A and proposed formulas for all untwisted types by analyzing the Bethe Ansatz. These papers became the starting point of an intense research. The description of these characters is called the Kirillov-Reshetikhin conjecture.

For untwisted cases, there are many results for these conjectures and related problems (see [KNT] for an historic and a guide through the huge literature on this subject; to name a few of very interesting recent ones see [Kl, HKOTY, KN, Cha2]). The Kirillov- Reshetikhin conjecture was proved in [N4, N5] for untwisted simply-laces cases, and in [H4] for general untwisted case with a different uniform algebraic approach.

In this paper we prove the twisted cases and so we get a complete uniform proof of the conjecture for all quantum affine algebras. As the representation theory in twisted cases is far less understood than in the untwisted cases, more work is needed than in [H4], and in this paper we also prove new general results for finite dimensional representations of twisted quantum affine algebras. In particular we develop the theory of twisted Frenkel-Reshetikhin q-characters expected in [FR, FM], and we prove additional results and conjectures :

• the characterization of the image of twisted q-characters, • the special property of Kirillov-Reshetikhin for all twisted types, • explicit formulas for twisted q-characters of fundamental representations for all types, including the Conjectural formulas [R] in types D^{(3)}_4 , E^{(2)}_6 , • the Conjecture [HKOTT] of twisted Q-systems for all types, • the Conjecture [KS1] of twisted T -system for all types, • the Conjecture [KS1] of explicit formulas for twisted q-characters of Kirillov- Reshetikhin modules for types A^{(2)}_n (n ≥ 2), D^{(3)}_4 , • the Conjectural branching rules to the quantum subalgebra of finite type conjectured in [HKOTT] for types A^{(2)}_{2n} , A^{(2)}_{2n−1}, D^{(2)}_n , D^{(3)}_4 , • the Conjecture [KS1, Section 6] that in type D^{(3)}_4 the conjectural explicit formulas satisfy the twisted T -system.

Note that the set of solutions that we get for twisted Q-systems and twisted T - systems are Laurent polynomials with positive coefficients (as characters), and so is an example of the Laurent phenomena for these systems (see [FZ1, FZ2] for a description in another context).

Let us describe the conjectures and recall some previous results on this problem in more details :

The Kirillov-Reshetikhin modules are simple l-highest weight modules (notion analog to the notion of highest weight module adapted to the Drinfeld realization of quantum affine algebras [CP3, CP5]). They are characterized by their Drinfeld polynomials (P_j (u))_{1≤j≤n} (analogs of the highest weight). In types different than A^{(2)}_{2n} , they are of the form :

P_j (u) = { (1 − au)(1 − aq^2_i u) · · · (1 − q^{2k−2}_i u) if j = i, 0 if j ≠ i,

(where q_i = q^di , see section 2). In types A^{(2)}_{2n} , they are of form :

P_j (u) = { (1 − au)(1 − aq^2u) · · · (1 − q^{2k−2}u) if j = i, 0 if j ≠ i.

For k = 1 the Kirillov-Reshetikhin modules are called fundamental representations. The Kirillov-Reshetikhin conjecture predicts the character of these modules and of their tensor products for the subalgebra U_q(g) ⊂ U_q(ĝ) (U_q(g) is a quantum Kac-Moody algebra of finite type) : in [KR] conjectural formulas were given for these characters (they were obtained by observation of the Bethe Ansatz related to solvable lattice models). A conjectural induction rule called Q-system was also given in [KR] (the Qsystem for untwisted exceptional types was given in [Ki3], and twisted Q-systems in [HKOTT] for twisted types). We will denote by F(ν) the formulas for the characters (we use here the version of [Ki1, Ki2, HKOTY, HKOTT, KNT]. The version of [KR] is slightly different because the definition of binomial coefficients is a little changed, see remark 1.3 of [KNT]). The Kirillov-Reshetikhin conjecture can be stated in the following form (see [KNT]), proved in the present paper for all types : the characters of Kirillov-Reshetikhin modules solve the (twisted) Q-system and any of their tensors products are given by the formulas F(ν).

In the proof of the Kirillov-Reshetikhin conjecture for simply-laced cases [N4, N5] and for the general untwisted cases [H4], one crucial tool in the theory of Frenkel-Reshetikhin q-characters. For untwisted quantum affine algebras this theory was introduced in [FR] (see also [Kn]) as analogs of characters for quantum affine algebras adapted to the Drinfeld presentation, and then developed in [FM, N4].

Let us remind some points of the theory for untwisted quantum affine algebras. In [KNS1, KS1] functional relations called T -system were defined (they are motivated by the observation of transfer matrices in solvable lattice models). Transposed in the language of Frenkel-Reshetikhin q-characters, and motivated by the relations between qcharacters and Bethe-Anzatz in [FR], it was naturally conjectured that the q-characters of Kirillov-Reshetikhin modules solve the T -system [KOSY]. As in terms of usual characters the T -system becomes the Q-system, this conjecture implies the Kirillov- Reshetikhin conjecture.

In general no explicit formulas for q-characters of finite dimensional simple modules are known. However Frenkel and Mukhin [FM] defined an algorithm to compute the qcharacter of a class of simple modules (satisfying the “special” property, term defined in

[N4], see below), and Nakajima [N4] defined an algorithm to compute the q-character of arbitrary simple modules in simply-laced cases. Although in general no explicit formula has been obtained from them (they are very complicated), in some cases they give useful informations.

In particular Nakajima [N4, N5] made a remarkable advance by proving the Kirillov- Reshetikhin conjecture and T -systems in simply-laced cases : using the main result of [N4] (the algorithm) he proved that in simply-laced cases the Kirillov-Reshetikhin modules are special and noticed that this property is useful in the study of these modules (the algorithm of [N4] is drastically simplified in this situation). The main result of [N4] is based on the study of quiver varieties [N1] and is not known in non simply-laced cases (see the conjecture of [H1]), and so Nakajima’s proof can not be used for all types. In [H2] we gave a general uniform proof for all untwisted types of these conjectures (Kirillov-Reshetikhin conjecture, special property, T -systems). Our proof is purely algebraic (the results of [N4] are not used; see the introduction of [H2] for the main ideas of the proof) and so extends uniformly to untwisted non simply-laced cases.

Let us go back to general quantum affine algebras. In the present paper we propose a general uniform proof for all twisted types of these conjectures (Kirillov-Reshetikhin conjecture, special property, twisted T -systems of [KS1]) which extends the proof of [H2].

For the proof the main technical tool is the theory of twisted Frenkel-Reshetikhin qcharacters that we develop in the present paper. The existence of an analog theory for the twisted case was expected in [FR, FM]. Many technical non straightforward modifications and new developments are given compared to [H2], in particular because a twisted quantum affine algebras may have "elementary" subalgebras of type A^{(1)}_1 and of type A^{(2)}_2 (see the introduction of [Da] for general comments on this point) : this is one of the crucial technical point for the results of this paper. For example a characterization of the image of the twisted q-character morphism is proved.

After having developed the theory of twisted q-characters, the proof of the main results of the present paper has two steps : the special property and then the use of a twisted analog of the Frenkel-Mukhin algorithm to prove the twisted T -system. In the proof we have to study in details the "elementary" type A^{(2)}_2 as the structure of the corresponding Kirillov-Reshetikhin modules is drastically different than in the untwisted "elementary" A^{(1)}_1 type.

As an application we prove several conjectural explicit formulas listed above. Although we see many important differences between representation theory of untwisted quantum affine algebras and twisted quantum affine algebras, we also prove precise relations between the (q-)characters from both theory : we construct an isomorphism between the Grothendieck rings of finite dimensional representations preserving Kirillov- Reshetikhin modules. As for the untwisted case [FR], the Grothendieck ring of finite dimensional representations is proved to be commutative.

For a geometric side, in analogy with the untwisted simply-laced cases, our result gives an explicit formula of what would be the Euler number of a “quiver variety” in twisted cases. Nakajima told to the author that he knows a geometric approach to the representation theory of twisted quantum affine algebras.

The proof of the twisted T -systems was announced in [H4]. For related results for current algebras see [CM2], and see [H5] for the case of general untwisted quantum affinizations.

After the first version of this paper had been written, the author was asked by Nakajima how he completed the proof of the Drinfeld-Serre relations, sketched in [Dr2, Jin]. At the time he wrote this paper the author could not complete it, but he noticed that these relations are not needed for the results of this paper : in the present paper we start with Drinfeld-Jimbo generators and we give a reference or we prove all relations that are used in the proofs. In particular we adapt the proof of the classification of simple finite dimensional representations of twisted quantum affine algebras in [CP5] without using these relations.

Let us describe the organization of this paper. It can be divided in two parts of different nature, the first one where the general theory of twisted q-character is developed and the general uniform proof of twisted T -systems is given, and the second one where as an application we explain explicit formulas and additional conjectures that follow from our results. Let us explain the structure of the paper in more details :

In Section 2 we give backgrounds on quantum Kac-Moody algebras, Drinfeld realization, finite dimensional representations of (twisted) quantum affine algebras. In Section 3 we develop the theory of twisted Frenkel-Reshetikhin q-characters. We characterize the image and study the restriction to finite quantum subalgebras. In Section 4 we give twisted Q-systems and twisted T -systems. The type A^{(2)}_2 is studied in Section 5. The special property is proved in Section 6. The end of the proof of the main theorem (the twisted T -system) is given in the Section 7. In Section 8 we establish a connection with untwisted types and we give explicit formulas for characters of arbitrary tensor product of Kirillov-Reshetikhin modules (the Kirillov-Reshetikhin conjecture). Then we enter the second part of the paper. The branching rules to finite quantum subalgebra [HKOTT] that follow from our results are given in Section 9. In Section 10 we give the explicit formulas for twisted q-characters of Kirillov-Reshetikhin modules in several types that follow from our results (many of them had been conjectured in other papers). In Section 11 we give explicit formulas for twisted q-characters of fundamental representations for all types.

Acknowledgments : The author would like to thank H. Nakajima for useful comments and references, and M. Okado for interesting questions on this work.

2. Quantum Kac-Moody algebras and their representations

2.1. Cartan matrix and quantized Cartan matrix. We consider a generalized Cartan matrix C = (C_{i,j})_{1≤i,j≤n}, i.e., C_{i,j} ∈ Z, C_{i,i} = 2, C_{i,j} ≤ 0 for i ≠ j and C_{i,j} = 0 if and only if C_{j,i} = 0. We set I = {1, . . . , n} and l = rank(C). In the following we suppose that C is symmetrizable, that is to say that there is a matrix D = diag(r_1, . . . , r_n) (r_i ∈ N^∗) such that B = DC is symmetric. We consider a realization (h, Π, Π^∨) of C (see [Kac]): h is a 2n − l dimensional Q-vector space, Π = {α_1, . . . , α_n} ⊂ h^∗ (set of the simple roots) and Π^∨ = {α^∨_1 , . . . , α^∨_n } ⊂ h (set of simple coroots) are set so that α_j (α^∨_i ) = C_{i,j} for 1 ≤ i, j ≤ n. Let Λ_1, . . . , Λ_n ∈ h^∗ (resp. the Λ^∨_1 , . . . , Λ^∨_n ∈ h) be the fundamental weights (resp. coweights) : Λ_i(α^∨_j ) = α_i(Λ^∨_j ) = δ_{i,j}.

Let P = {λ ∈ h^∗ | λ(α^∨_i ) ∈ Z for all i ∈ I}, P^+ = {λ ∈ P | λ(α^∨_i ) ≥ 0 for all i ∈ I}, be respectively the weight lattice and the semigroup of dominant weights. Let Q = ⨁ i∈I Zα_i ⊂ P (the root lattice) and Q^+ = ∑ i∈I Nα_i ⊂ Q. For λ, μ ∈ h^∗, write λ ≥ μ if λ − μ ∈ Q^+. Δ is the set of roots and Δ^+ is the set of positive roots. Let ν : h^∗ → h linear such that for all i ∈ I we have ν(α_i) = r_iα^∨_i . For λ, μ ∈ h^∗, λ(ν(μ)) = μ(ν(λ)).

The matrix C is said to be of finite type if all its principal minors are positive. The matrix C is said to be of affine type if all its proper principal minors are positive and det(C) = 0. The indecomposable affine Cartan matrices can be divided into two classes, the untwisted affines and the twisted affines (see [Kac] for the definition; the list of twisted affine Cartan matrices will be reminded in Section 2.4). They give rise to algebras and representation theories which are analog but of different nature for many aspects, as for example we will see in the present paper.

In the following we suppose that q ∈ C^∗ is not a root of unity. We choose h ∈ C such that q = exp(h) so that q^r makes sense for r ∈ Q. For l ∈ Z, r ≥ 0, m ≥ m^′ ≥ 0 we define in Z[q^±] :

[l]_q = q^l − q^{−l} q − q^{−1}

, [r]_q! = [r]_q[r − 1]_q...[1]_q , [ m m^′ ] q = [m]_q!

[m − m^′]_q![m^′]_q! . Note that we can also define [l]_q for l ∈ Q (but then [l]_q is no more in Z[q^{±1}]).

2.2. Quantum Kac-Moody algebras. g is a Kac-Moody Lie algebra of Cartan matrix C.

Definition 2.1. The quantum Kac-Moody algebra U_q(g) is the C-algebra with generators k^{±1}_i , x^±_i (i ∈ I) and relations:

k_ik_j = k_j k_i , k_ix^±_j = q^{±riCi,j} x^±_j k_i,

(1) [x^+_i , x^−_j ] = δ_{i,j} k_i − k^{−1}_i q^{ri} − q^{−ri} ,

(2) ∑ r=0...1−C_{i,j}

(−1)^r [ 1 − C_{i,j} r ] q^ri

(x^±_i )^{1−Ci,j −r}x^±_j (x^±_i )^r = 0 (for i ≠ j).

This algebra was introduced independently by Drinfeld [Dr1] and Jimbo [Jim]. The last relations are called quantum Serre relations and can be rewritten in the form ∑ r=0...1−C_{i,j}

(−1)^r(x^±_i )^{(1−Ci,j −r)}x^±_j (x^±_i )^{(r)} = 0 (for i ≠ j),

where we denote (x^±_i )^{(r)} = (x^±_i )^r/[r]_qri ! for r ≥ 0 (we will also use the notation (x^±_i )^{(r)} = 0 for r < 0).

It is remarkable that one can define a Hopf algebra structure on U_q(g) by :

Δ(k_i) = k_i ⊗ k_i,

Δ(x^+_i ) = x^+_i ⊗ 1 + k_i ⊗ x^+_i , Δ(x^−_i ) = x^−_i ⊗ k^{−1}_i + 1 ⊗ x^−_i , S(k_i) = k^{−1}_i , S(x^+_i ) = −x^+_i k^{−1}_i , S(x^−_i ) = −k_ix^−_i , ϵ(k_i) = 1 , ϵ(x^+_i ) = ϵ(x^−_i ) = 0.

The quantum Kac-Moody algebras corresponding to Cartan matrices of finite (resp. of untwisted affine, twisted affine) types are called finite (resp. untwisted affine, twisted affine) quantum algebras.

Let U_q(h) be the commutative subalgebra of U_q(g) generated by the k^{±1}_i (i ∈ I). For V a U_q(h)-module and ω ∈ P we denote by V_ω the weight space of weight ω: V_ω = {v ∈ V |∀i ∈ I, k_i.v = q^{riω(α∨i )}v}.

In particular we have x^±_i .V_ω ⊂ V_{ω±αi} . We say that V is U_q(h)-diagonalizable if V = ⨁ ω∈P V_ω (in particular V is of "type 1").

For V a finite dimensional U_q(h)-diagonalizable module we define the usual character : χ(V ) = ∑ ω∈P dim(V_ω)e^ω ∈ Z[e^ω]_{ω∈P} .

2.3. Untwisted quantum loop algebras. Let be g a simple finite-dimensional Lie algebra of rank n. To g is associated an untwisted affine Kac-Moody algebra ĝ of rank n + 1 and its quotient the loop algebra Lg. The nodes of the Dynkin diagram of ĝ are indexed by {0, 1, · · · , n} where {1, · · · , n} correspond to the Dynkin diagram of g. There is a unique c ∈ ∑ 0≤i≤n Nα ∨ i and δ ∈ Q^+ such that

{h ∈ ∑ 0≤i≤n

Zα^∨_i |∀0 ≤ i ≤ n, α_i(h) = 0} = Zc,

{h ∈ Q|∀0 ≤ i ≤ n, h(α^∨_i ) = 0} = Zδ.

We consider the a^∨_i , a_i ≥ 0 defined uniquely by c = ∑ 0≤i≤n a ∨ i α^∨_i and δ = ∑ 0≤i≤n aiαi.

Then there is p ∈ N such that for any 0 ≤ i ≤ n, pa^∨_i = r_ia_i.

Let us give a quick review on the untwisted quantum loop algebras U_q(Lg). The element ∏ 0≤i≤n k pa^∨_i /r_i i = ∏ 0≤i≤n k a_i

i is central in U_q(ĝ). U_q(Lg) is defined as a quotient of the untwisted quantum affine algebra U_q(ĝ) by the relation ∏ 0≤i≤n

k^{ai}_i = 1.

It is clear that U_q(Lg) inherits a Hopf algebra structure from U_q(ĝ). We use this algebra as all finite dimensional representations of the quantum affine algebra U_q(ĝ) can be factorized through U_q(Lg) (see [CP3]). Let us give the Drinfeld presentation of the quantum loop algebra U_q(Lg) [Dr2, Bec, Jin]:

Theorem 2.2. U_q(Lg) is the algebra with generators x^±_{i,r} (i ∈ I, r ∈ Z), k^{±1}_i (i ∈ I), h_{i,m} (i ∈ I, m ∈ Z − {0}) and the following relations (i, j ∈ I, r, r^′ ∈ Z, m ∈ Z − {0}): [k_i, k_j ] = [k_h, h_{j,m}] = [h_{i,m}, h_{j,m}′ ] = 0, k_ix^±_{j,r} = q^{±riCi,j} x^±_{j,r}k_i,

[h_{i,m}, x^±_{j,r}] = ± 1 m [mB_{i,j} ]_qx^±_{j,m+r},

[x^+_{i,r}, x^−_{j,r′} ] = δ_{i,j} ϕ^+_{i,r+r}′ − ϕ^−_{i,r+r}′ q^{ri} − q^{−ri} , x^±_{i,r+1}x^±_{j,r′} − q^{±Bi,j} x^±_{j,r′} x^±_{i,r+1} = q^{±Bi,j} x^±_{i,r}x^±_{j,r′+1} − x^±_{j,r′+1}x^±_{i,r}, ∑ π∈Σ_s ∑ k=0..s

(−1)^k [ s k ] q^ri

x^±_{i,rπ(1)} ...x^±_{i,rπ(k)} x^±_{j,r′} x^±_{i,rπ(k+1)} ...x^±_{i,rπ(s)} = 0,

where the last relation holds for all i ≠ j, s = 1−C_{i,j}, all sequences of integers r_1, ..., r_s. Σ_s is the symmetric group on s letters. For i ∈ I and m ∈ Z, ϕ^±_{i,m} ∈ U_q(Lg) is determined by the formal power series in U_q(Lg)[[z]] (resp. in U_q(Lg)[[z^{−1}]]): ∑ m≥0 ϕ^±_{i,±m}z^{±m} = k^{±1}_i exp(±(q^{ri} − q^{−ri} ) ∑ m^′≥1

h_{i,±m}′ z^{±m′} )

and ϕ^+_{i,m} = 0 for m < 0, ϕ^−_{i,m} = 0 for m > 0. One has a triangular decomposition U_q(Lg) ≃ U^+_q (Lg) ⊗ U_q(Lh) ⊗ U^−_q (Lg)

where U^±_q (Lg) (resp. U_q(Lh)) is the subalgebra generated by the x^±_{j,r} (resp. the k^{±1}_i and the h_{i,m}).

A U_q(Lg)-module V is said to be of l-highest weight if there is v ∈ V eigenvector of all ϕ^±_{i,m} such that V = U_q(Lg)^−.v and ∀i ∈ I, m ∈ Z, x^+_{i,m}.v = 0. For such a vector, denote by γ = (γ^±_{i,±m})_{i∈I,m≥0} the corresponding eigenvalues of the ϕ^±_{i,±m}. Note that we have necessarily γ^+_{i,0}γ^−_{i,0} = 1. Moreover if this condition is satisfied, there is a unique non trivial simple module L(γ) of l-highest weight γ.

Theorem 2.3. [CP3] The dimension of L(γ) is finite if and only if there exist polynomials (P_i)_{i∈I} , P_i(u) ∈ C[u], such that P_i(0) = 1 and γ satisfies in C[[u]] (resp. in C[[u^{−1}]]) : ∑ m≥0 γ^±_{i,±m}u^{±m} = q^{rideg(Pi)}

P_i(uq^{−ri} ) P_i(uq^{ri} ) . Moreover all (type 1) simple finite dimensional representations of U_q(Lg) are of this form.

For example for i ∈ I, a ∈ C^∗, k ≥ 1 the simple module corresponding to

P_j (u) = { (1 − ua)(1 − uaq^{2ri} ) · · · (1 − uaq^{2(k−1)ri} ) for j = i, 1 for j ≠ i, is called a Kirillov-Reshetikhin module.

Let us define the Frenkel-Reshetikhin q-characters morphism χ_q [FR] (see also [Kn]). Let V be a finite dimensional representation of U_q(Lg^σ) and γ such that V_γ = {v ∈ V |∃p ≥ 0, ∀i ∈ I, ∀m ≥ 0, (ϕ^±_{i,±m} − γ^±_{i,±m})^p = 0} ≠ {0}.

Then there exist [FR] polynomials (P_i)_{i∈I} , (Q_i)_{i∈I} , P_i(u), Q_i(u) ∈ C[u], such that P_i(0) = Q_i(0) = 1 and γ satisfies in C[[u]] (resp. in C[[u^{−1}]]) :

γ^±_i (u) = q^{ri(deg(Pi)−deg(Qi))}

P_i(uq^{−ri} )Q_i(uq^{ri} ) P_i(uq^{ri} )Q_i(uq^{−ri} ) . Let Rep(U_q(Lg)) be the Grothendieck group of finite dimensional representations of U_q(Lg).

Definition 2.4. [FR] The q-character morphism is the group morphism

χ_q : Rep(U_q(Lg)) → Z[Y^±_{i,a}]_{i∈I,a∈C}∗ , χ_q(V ) = ∑ γ dim(V_γ )m_γ ,

where

m_γ = ∏ i∈I,a∈C^∗

Y^{qi,a−ri,a} i,a , P_i(u) = ∏ a∈C^∗

(1 − ua)^{qi,a} , Q_i(u) = ∏ a∈C^∗

(1 − ua)^{ri,a} .

Theorem 2.5. [FR] χ_q is an injective ring morphism. In particular the Grothendieck ring Rep(U_q(Lg)) is commutative.

For i ∈ I, a ∈ C^∗ let

A_{i,a} = Y_{i,aq}ri Y_{i,aq}−r_i × ∏ j|C_{j,i}=−1

Y^{−1}_{j,a} × ∏ j|C_{j,i}=−2

Y^{−1}_{j,aq}Y^{−1}_{j,aq−1} × ∏ j|C_{j,i}=−3

Y^{−1}_{j,aq−2} Y^{−1}_{j,a} Y^{−1}_{j,aq2} .

Theorem 2.6. [FR, FM] We have :

Im(χ_q) = ⋂ i∈I (Z[Y_{i,a}(1 + A^{−1}_{i,aq}r_i )]_{a∈C}∗ × Z[Y_{j,a}]_{j≠i,a∈C}∗ ).

This result was obtained for non-simply quantum affine algebras in [N1] with a different method.

2.4. Twisted quantum loop algebras. g is a simple finite dimensional Lie algebra as above. Consider an automorphism σ of the Dynkin diagram, that is to say a bijection σ : I → I of the set I of nodes of the Dynkin diagram of g such that C_{σ(i),σ(j)} = C_{i,j} for all i, j ∈ I. Let M be the order of σ. We study the twisted cases, that is to say we suppose that M ≥ 2. From the classification of Dynkin diagram of finite type, we have M ∈ {2, 3} and g is simply-laced (in fact g is of type A_n (n ≥ 2), D_n (n ≥ 4), or E_6).

I_σ is the set of orbits of σ. For i ∈ I we denote by i ∈ I_σ the orbit of i. The corresponding twisted affine Lie algebra ĝ^σ is a Kac-Moody algebra with a Cartan matrix (C^σ_{i,j} )_{i,j∈Îσ} of affine type, where Î_σ = I_σ ⊔ {ϵ} and ϵ is an additional node (see [Kac]) : for type not equal to A^{(2)}_{2n} we have ϵ = 0 and I_σ = {1, · · · n}, and for type A^{(2)}_{2n} we have ϵ = n and I_σ = {0, · · · , n − 1}. We denote by g^σ the semi-simple Lie algebra of Cartan matrix (C^σ_{i,j} )_{i,j∈Iσ} (it is of finite type, but not simply-laced except for type A^{(2)}_2 ).

The twisted quantum loop algebra U_q(Lg^σ) is defined as a quotient of the twisted quantum affine algebra U_q(ĝ^σ) by the relation ∏ i∈Î_σ k a_i

i = 1 as for the untwisted quantum loop algebra. It is clear that U_q(Lg^σ) inherits a Hopf algebra structure from U_q(ĝ^σ). In the following we denote by X^±_i , K_i (0 ≤ i ≤ n) the Drinfeld-Jimbo generators of U_q(Lg^σ).

The root vectors of U_q(Lg^σ), and in particular the Drinfeld generators x^±_{i,m} ∈ U_q(Lg^σ) for i ∈ I, m ∈ Z (resp. h_{i,m} ∈ U_q(Lg^σ) for m ∈ Z) corresponding to the roots ±α_i +mδ (resp. mδ) are defined in [Da] by using Drinfeld-Jimbo generators and Lusztig automorphisms.

Let us introduce some notations. We set (d_0, · · · , d_n) equal to: ( 1 2 , 2) for type A^{(2)}_2 , ( 1 2 , 1, · · · , 1, 2) for type A^{(2)}_{2n} (n ≥ 2),

(1, · · · , 1, 2) for type A^{(2)}_{2n−1} (n ≥ 2), (1, 2, · · · , 2, 1) for type D^{(2)}_{n+1} (n ≥ 2), (1, 1, 1, 2, 2) for type E^{(2)}_6 ,

(1, 1, 3) for type D^{(3)}_4 .

Here we use the numbering of [Kac] given in the following diagrams.

Twisted Affine Dynkin diagrams

• A^{(2)}_2 :^0∘=<=^1∘−−−−−−

• A^{(2)}_{2n} (n ≥ 2) : 0 ∘=<=^1∘−−^2∘ · · ·^{n-1}∘=<=^n∘

• A^{(2)}_{2n−1} (n ≥ 3) : 0 ∘−−^2∘−−^3∘ · · ·^{n-1}∘=<=^n∘ | ∘ 1

• D^{(2)}_{n+1} (n ≥ 2) : 0 ∘=<=^1∘−−^2∘ · · ·^{n-1}∘=>=^n∘

• E^{(2)}_6 : 0 ∘−−^1∘−−^2∘=<=^3∘−−^4∘

• D^{(3)}_4 : 0 ∘−−^1∘≡<≡^2∘

We can choose for i ∈ Î^σ, r_i = d_i. Here we have an exception to the convention r_i ∈ N as for type A^{(2)}_{2n} , r_0 = 1/2; this is not a problem as q^12 makes sense.

Remark : for i ∈ I_σ, we have C_{i,σ(i)} = 0 ⇒ d_i = 1, C_{i,σ(i)} = 2 ⇒ d_i = M, C_{i,σ(i)} = −1 ⇒ d_i = 1/2.

Let ω ∈ C be a primitive M^{th}-root of 1. We denote q_i = q^{di} for i ∈ Î_σ. For i, j ∈ I, define d_{i,j} ∈ Q and P^±_{i,j} (u_1, u_2) ∈ Q[u_1, u_2] by :

if C_{i,σ(i)} = 2, then d_{i,j} =^1_2 and P^±_{i,j} (u_1, u_2) = 1, if C_{i,σ(i)} = 0 and σ(j) ≠ j, then d_{i,j} =^1_{4M} and P^±_{i,j} (u_1, u_2) = 1, if C_{i,σ(i)} = 0 and σ(j) = j, then d_{i,j} =^1_2 and P^±_{i,j} (u_1, u_2) =^{uM1 q±2M −uM2}_{u1q±2−u2} , if C_{i,σ(i)} = −1, then d_{i,j} =^1_8 and P^±_{i,j}(u_1, u_2) = u_1q^{±1} + u_2.

Note that U_q(Lg^σ) has a Z-grading defined by deg(X^+_i ) = deg(X^−_i ) = deg(K_i) = 0 for i ∈ I_σ, deg(X^+_ϵ ) = 1, deg(X^−_ϵ ) = −1, deg(K^{±1}_ϵ ) = 0. Then we have deg(x^±_{i,r}) = r , deg(h_{i,m}) = m , deg(k^{±1}_i ) = 0.

Definition 2.7. For m ∈ Z, i ∈ I, ϕ^±_{i,m} ∈ U_q(Lg) is defined by the formal power series in U_q(Lg^σ)[[z]] (resp. in U_q(Lg^σ)[[z^{−1}]]): ∑ m≥0 ϕ^±_{i,±m}z^{±m} = k^{±1}_i exp(±(q_i − q^{−1}_i ) ∑ m^′≥1

h_{i,±m}′ z^{±m′} )

and ϕ^+_{i,m} = 0 for m < 0, ϕ^−_{i,m} = 0 for m > 0.

Let N_+ = ∑ i∈I,m∈Z Uq(Lg

σ)x^+_{i,m}.

Theorem 2.8. For i ∈ I, k ≥ 0, m ∈ Z we have :

Δ(Ψ^±_{i,±k}) = ∑ k^′=0···k

Ψ^±_{i,±k′} ⊗ Ψ^±_{i,±(k−k′)} mod (N_+ ⊗ U_q(Lg^σ) + U_q(Lg^σ) ⊗ N_+),

Δ(x^+_{i,m}) ∈ (N_+ ⊗ U_q(Lg^σ) + U_q(Lg^σ) ⊗ N_+).

For the case of A^{(2)}_2 see [CP5], in general see [Da, Proposition 7.1.2], [Da, Proposition 7.1.5] and [JM, Theorem 2.2].

Example : let U^τ_q = U_q(Lsl^τ_3 ) where τ is the unique non trivial automorphism of the Dynkin diagram of sl_3. As there is only one orbit |I_τ | = 1, we can consider generators : k^{±1}, x^±_m, h_r (in the presentation of U^τ_q in [CP5], we have to replace q by q^12 as we choose the normalization of [Jin]). As we will use it in the next sections, let us describe more explicitly the algebra U^τ_q .

We have C^τ_{1,0} = −1, C^τ_{0,1} = −4, q_1 = q^2, q_0 = q^12 . U^τ_q is the algebra with generators X^+_0 , X^+_1 , X^−_0 , X^−_1 , K^{±1}_0 , K^{±1}_1 and relations : K_1 = K^{−2}_0 , K_0X^+_1 K^{−1}_0 = q^{−2}X^+_1 , K_0X^+_0 K^{−1}_0 = qX^+_0 , K_0X^−_1 K^{−1}_0 = q^2X^−_1 , K_0X^−_0 K^{−1}_0 = q^{−1}X^−_0 ,

[X^+_1 , X^−_0 ] = [X^+_0 , X^−_1 ] = 0 , [X^+_0 , X^−_0 ] =

K_0 − K^{−1}_0 q^12 − q^{− 1}2

, [X^+_1 , X^−_1 ] =

K_1 − K^{−1}_1 q^2 − q^{−2} , X_0(X_1)^{(2)} − X_1X_0X_1 + (X_1)^{(2)}X_0 = 0, X_1(X_0)^{(5)} − X_0X_1X^{(4)}_0 + X^{(2)}_0 X_1X^{(3)}_0 − X^{(3)}_0 X_1X^{(2)}_0 + X^{(4)}_0 X_1X_0 − X^{(5)}_0 X_1 = 0.

where X = X^+ or X = X^−.

Consider the Lusztig automorphisms T_0, T_1 of U^τ_q defined by (j ≠ i) :

T_i(X^+_i ) = −X^−_i K_i , T_i(X^−_i ) = −K^{−1}_i X^+_i , T_i(K_j ) = K^{−Ci,j}_i K_j , T_i(X^+_j ) = ∑ r=0···−C_{i,j}

(−1)^rq^{−r}_i (X^+_i )^{(−Ci,j −r)}X^+_j (X^+_i )^{(r)},

T_i(X^−_j ) = ∑ r=0···−C_{i,j}

(−1)^rq^r_i (X^−_i )^{(r)}X^−_j (X^−_i )^{(−Ci,j −r)}.

We have :

T^{−1}_i (X^+_i ) = −K^{−1}_i X^−_i , T^{−1}_i (X^−_i ) = −X^+_i K_i , T^{−1}_i (K_j ) = K^{−Ci,j}_i K_j , T^{−1}_i (X^+_j ) = ∑ r=0···−C_{i,j}

(−1)^rq^{−r}_i (X^+_i )^{(r)}X^+_j (X^+_i )^{(−Ci,j −r)},

T^{−1}_i (X^−_j ) = ∑ r=0···−C_{i,j}

(−1)^rq^r_i (X^−_i )^{(−Ci,j −r)}X^−_j (X^−_i )^{(r)}.

Let T = T_1 ∘ T_0. Then we have by definition : x^+_n = T^{−n}(X^+_0 ) , x^−_n = T^n(X^−_0 ) , k^{±1} = K^{±1}_0 .

Lemma 2.9. We have K_0 = k , X^+_0 = x^+_0 , X^−_0 = x^−_0 , K_1 = k^{−2} , X^+_1 = [4]^{−1}_{q 12} k^{−2}[x^−_0 , x^−_1 ]_q , X^−_1 = [4]^{−1}_{q 12} q[x^+_{−1}, x^+_0 ]_q−1 k^2.

These relations are stated in [A] (note that the Cartan matrix of type A^{(2)}_2 used in [A] is the transposed of the one in [KN]). An an illustration let us write the proof as it is analog for all types :

Proof: By definition we have x^+_0 = X^+_0 and

x^+_{−1} = T (X^+_0 ) = T_1T_0(X^+_0 ) = T_1(−X^−_0 K_0) = −(X^−_0 X^−_1 − q^2X^−_1 X^−_0 )K_1K_0. Moreover from the relations [X^+_0 , X^−_0 ] = (K_0 − K^{−1}_0 )/(q^{1/2} − q^{−1/2}) = 0 and [X^+_0 , X^−_1 ] = 0 we get that x^+_{−1}x^+_0 − q^{−1}x^+_0 x^+_{−1} is equal to

− (X^−_0 X^−_1 − q^2X^−_1 X^−_0 )K_1K_0X^+_0 + q^{−1}X^+_0 (X^−_0 X^−_1 − q^2X^−_1 X^−_0 )K_1K_0 =q^{−1}[4]_q1/2 X^−_1 K^2_0 .

By definition we have x^−_1 = −K^{−1}_1 K^{−1}_0 (X^+_1 X^+_0 − q^{−2}X^+_0 X^+_1 ) and x^−_0 = X^−_0 .

So by using the relation [X^+_0 , X^−_0 ] = (K_0 − K^{−1}_0 )/(q^{1/2} − q^{−1/2}) and [X^−_0 , X^+_1 ] = 0 we get that x^−_0 x^−_1 − qx^−_1 x^−_0 is equal to

− X^−_0 K^{−1}_1 K^{−1}_0 (X^+_1 X^+_0 − q^{−2}X^+_0 X^+_1 ) + qK^{−1}_1 K^{−1}_0 (X^+_1 X^+_0 − q^{−2}X^+_0 X^+_1 )X^−_0 =K^2_0 X^+_1 q[4]_q1/2 .

□ Let us go back to the general case.

It is known that the Drinfeld generators generate the algebra U_q(ĝ^σ). The proof is word by word the same as for the untwisted case which is given in [Bec] in the last remark in the proof of [Bec, Theorem 4.7]. Let W be the Weyl group of ĝ^σ and W_0 ⊂ W the Weyl group of g^σ. The Lusztig automorphisms are defined for any element of W . For i ∈ I_σ, we have X^±_i ∈ C^∗x^±_{i,0}, and so it suffices to check that X^±_ϵ can be expressed in terms of Drinfeld generators. Let θ = δ − α_ϵ. Let i ≠ ϵ and s_{θi} ∈ W_0 such that s_{θi} (α_i) = θ in the weight lattice of g^σ. Then we have X^+_ϵ ∈ C[K^{±1}_j ]_{j≠ϵ}T_{θi} (x^−_i (1)) (see the proof of [Bec, Theorem 4.7]; this is analog for X^−_ϵ ). We get explicit formulas for X^±_ϵ , see the formulas in [Dr2, JM]. For illustration of this result see Lemma 2.9 for type A^{(2)}_2 , and for other types :

Type A^{(2)}_{2n} (n ≥ 2) : g^σ is of type B_n and

θ = 2(α_{n−1} + α_{n−2} + · · · + α_0) = (s_{n−1}s_{n−2} · · · s_1s_0s_1 · · · s_{n−2})(α_{n−1}), Type A^{(2)}_{2n−1} (n ≥ 3) : g^σ is of type C_n and

θ = α_1 + 2(α_2 + · · · + α_{n−1}) + α_n = (s_2s_3 · · · s_{n−1}s_ns_{n−1} · · · s_2)(α_1), Type D^{(2)}_{n+1} (n ≥ 2) : g^σ is of type B_n and θ = α_1 + α_2 + · · · + α_n = (s_1s_2 · · · s_{n−1})(α_n), Type E^{(2)}_6 : g^σ is of type F_4 and θ = 2α_1 + 3α_2 + 2α_3 + α_4 = (s_1s_2s_3s_2s_4s_3s_2)(α_1), Type D^{(3)}_4 : g^σ is of type G_2 and θ = 2α_1 + α_2 = (s_1s_2)(α_1).

(Note that for type A^{(2)}_{2n} the convention α_0 = Λ_0 − Λ_1 is used).

The following is proved in [Da] (see Section 3, 4, Lemma 5.1 and Theorem 5.3.2 in [Da]) :

Theorem 2.10. [Da] We have the relations (i, j ∈ I, r, r^′ ∈ Z, m ∈ Z − {0}) : (3) x^±_{σ(i),r} = ω^rx^±_{i,r} , h_{σ(i),m} = ω^mh_{i,m} , k^{±1}_{σ(i)} = k^{±1}_i ,

(4) [k_i, k_j ] = [k_i, h_{j,m}] = [h_{i,m}, h_{j,m}′ ] = 0,

(5) k_ix^±_{j,r} = q^± P k=1,··· ,M Ci,σk(j) x±

j,rk_i,

(6) [h_{i,m}, x^±_{j,r}] = ± 1 m ( ∑ k=1···M

[mC_{i,σ}k_{(j)}/d_i]_{qi} ω^{mk})x^±_{j,m+r},

(7) [x^+_{i,r}, x^−_{j,r′} ] = ∑ k=1···M

δ_σk_{(i),j} ω^{kr′} ϕ^+_{i,r+r′} − ϕ^−_{i,r+r′} q_i − q^{−1}_i , where the ϕ^±_{i,r} are given in Definition 2.7.

As a consequence we have a surjective map : U^+_q (Lg^σ) ⊗ U_q(Lh^σ) ⊗ U^−_q (Lg^σ) → U_q(Lg^σ), where U^±_q (Lg^σ) (resp. U_q(Lh^σ)) is the subalgebra generated by the x^±_{i,m} (resp. the h_{i,r} and the k^{±1}_i ).

The following Drinfeld-Serre relations are stated in [Dr2, Jin] : (8) ( ∏ k=1···M

(u_1 − ω^kq^{±Ci,σk(j)} u_2))x^±_i (u_1)x^±_j (u_2) = ( ∏ k=1···M

(u_1q^{±Ci,σk(j)} − ω^ku_2))x^±_j (u_2)x^±_i (u_1),

if C_{i,j} = −1 and σ(i) ≠ j then (Sym denotes the symmetrization over u_1, u_2) : (9) Sym{P^±_{ij} (u_1, u_2)(x^±_j (v)x^±_i (u_1)x^±_i (u_2)

−(q^{2mdij} + q^{−2mdij} )x^±_i (u_1)x^±_j (v)x^±_i (u_2) + x^±_i (u_1)x^±_i (u_2)x^±_j (v))} = 0, if C_{i,σ(i)} = −1 then (Sym denotes the symmetrization over u_1, u_2, u_3) : (10) Sym{(q^{32} u^{∓1}_1 − (q^{12} + q^{− 12} )u^{∓1}_2 + q^{− 32} u^{∓1}_3 )x^±_i (u_1)x^±_i (u_2)x^±_i (u_3)} = 0,

(11) Sym{(q^{− 32} u^{±1}_1 − (q^{12} + q^{− 12} )u^{±1}_2 + q^{32} u^{±1}_3 )x^±_i (u_1)x^±_i (u_2)x^±_i (u_3)} = 0, where for i ∈ I, x^±_i (u) = ∑ l∈Z x^±_{i,l}u^{−l}. At the time he wrote the paper, the author could not complete the proof of these relations sketched in [Dr2, Jin], but he noticed that these additional relations are not needed for the results of this paper and so are not used.

In the case of U^τ_q , the following relations between Drinfeld generators k^{±1}, h_r, x^±_m (r ≠ 0, m ∈ Z) are proved in [A, Appendix B] :

(12) kk^{−1} = k^{−1}k = 1 , [k, h_r] = [h_r, h_r′ ] = 0 , kx^±_mk^{−1} = q^{±1}x^±_m,

(13) [x^+_r , x^−_{r′} ] = ϕ^+_{r+r′} − ϕ^−_{r+r′} q^{1/2} − q^{−1/2} ,

(14) [h_r, x^±_m] = ± q^r − q^{−r} r(q^{1/2} − q^{−1/2})

(q^r + q^{−r} + (−1)^{r+1})x^±_{r+m},

(15) x^±_p x^±_{m+2} + (q^{∓1} − q^{±2})x^±_{m+1}x^±_{p+1} − q^{±1}x^±_mx^±_{p+2} = q^{±1}x^±_p x^±_{m+2} + (q^{±2} − q^{∓1})x^±_{p+1}x^±_{m+1} − x^±_{p+2}x^±_m, The following (conjectural) Drinfeld-Serre relations (16), (17) are not used in the present paper :

(16) Sym(q^{3/2}x^±_{k∓1}x^±_l x^±_m − (q^{1/2} + q^{−1/2})x^±_k x^±_{l∓1}x^±_m + q^{−3/2}x^±_k x^±_l x^±_{m∓1}) = 0,

(17) Sym(q^{−3/2}x^±_{k±1}x^±_l x^±_m − (q^{1/2} + q^{−1/2})x^±_k x^±_{l±1}x^±_m + q^{3/2}x^±_k x^±_l x^±_{m±1}) = 0.

2.5. Finite dimensional representations of twisted quantum loop algebras. Denote by Rep(U_q(Lg^σ)) the Grothendieck ring of finite dimensional representations of U_q(Lg^σ) (we work with type 1 representations).

Definition 2.11. A U_q(Lg^σ)-module V is said to be of l-highest weight if there is v ∈ V eigenvector of all ϕ^±_{i,m} such that V = U_q(Lg^σ)^−.v and ∀i ∈ I, m ∈ Z, x^+_{i,m}.v = 0.

For such a vector, denote by γ = (γ^±_{i,±m})_{i∈I,m≥0} the corresponding eigenvalues of the ϕ^±_{i,±m}. Note that we have necessarily γ^±_{σ(i),±m} = ω^{±m}γ^±_{i,±m} and γ^+_{i,0}γ^−_{i,0} = 1.

Moreover if these conditions are satisfied, a unique simple module L(γ) of l-highest weight γ is considered in [CP5].

The following result was first stated in [CP5] :

Theorem 2.12. L(γ) is finite dimensional (and non trivial) if and only if there exist polynomials (P_i)_{i∈I} , P_i(u) ∈ C[u], such that P_i(0) = 1 and γ satisfies in C[[u]] (resp. in C[[u^{−1}]]) : ∑ m≥0 γ^±_{i,±m}u^{±m} = q^{Mdeg(Pi)}

P_i(u^M q^{−M} ) P_i(u^M q^M ) if i = σ(i),

∑ m≥0 γ^±_{i,±m}u^{±m} = q^{deg(Pi)}

P_i(uq^{−1}) P_i(uq) if i ≠ σ(i).

Moreover all (type 1) simple finite dimensional representations of U_q(Lg^σ) are of this form.

Remarks :

We have necessarily σ(i) ≠ i ⇒ P_{σ(i)}(u) = P_i(ωu). Thus γ is determined by a set of polynomials indexed by I_σ.

The case C_{i,σ(i)} = 0 is different than the case C_{i,σ(i)} = −1 in the statement of [CP5]; here we choose the normalization of [Jin] d_i = 1/2 if C_{i,σ(i)} = −1 which allows to unify both cases.

A priori the fact that L(γ) is not trivial is not clear without the triangular decomposition of U_q(Lg^σ) (although this triangular decomposition should follow from the PBW basis of [Da, A, BN]). We partly rewrite the proof of [CP5] with references or proof of the relations between Drinfeld generators that are used (see the introduction).

The following relations were first stated in [CP5] :

Proposition 2.13. We have the following relations in U^τ_q for r ≥ 0:

(18) (x^+_0 )^{(r)}x^+_1 = −q^{−3r/2}[r − 1]_q1/2 x^+_1 (x^+_0 )^{(r)} + q^{(−3r+3)/2}x^+_0 x^+_1 (x^+_0 )^{(r−1)}

[h_1, (x^+_0 )^{(r)}][3]^{−1}_{q1/2} =( q^{3(1−r)/2} + q^{(3−r)/2} − q^{(1−r)/2} − q^{−(r+1)/2} q^{1/2} − q^{−1/2}

)x^+_1 (x^+_0 )^{(r−1)}

+ q^{−r+2}x^+_0 x^+_1 (x^+_0 )^{(r−2)}

(19)

[(x_0)^+, x^−_1 ] =q^{(1−r)/2}kh_1(x^+_0 )^{(r−1)} + q^{−r+1/2} + q^{−r−1/2} − q^{−r+5/2} − q^{−2r+5/2} q^{1/2} − q^{−1/2} kx^+_1 (x^+_0 )^{(r−2)}

− q^{(−3r+5)/2}kx^+_0 x^+_1 (x^+_0 )^{(r−3)}

(20)

[(x^+_0 )^{(r)}, ẽ_0] =q^{(3−r)/2}K_1x^−_1 (x^+_0 )^{(r−1)} + q^{2−r}(q + q^{−1})k^2h_1(x^+_0 )^{(r−2)}

+ q^{(6−3r)/2} q^{−5/2} + q^{−3/2} − q^{−3/2} − q^{−r+3/2} q^{1/2} − q^{−1/2} k^2x^+_1 (x^+_0 )^{(r−3)}

− q^{−2r+4}k^2x^+_0 x^+_1 (x^+_0 )^{(r−4)}

(21)

(22) ẽ_0x^−_1 − q^2x^−_1 ẽ_0 = 0

(23) [h_1, ẽ^{(r)}_0 ] = q^{−2r+5/2}(q^{1/2} − q^{−1/2})[3]_q1/2 [4]_q1/2ẽ^{(r−1)}_0 (x^−_1 )^2

(24) [x^+_0 , ẽ^{(r)}_0 ] = q^{−2r+2}[4]_q1/2ẽ^{(r−1)}_0 x^−_1 k Proof: By definition we have x^+_0 = X^+_1 and

x^+_{−1} = T (X^+_0 ) = T_1T_0(X^+_0 ) = T_1(−X^−_0 K_0) = −(X^−_0 X^−_1 − q^2X^−_1 X^−_0 )K_1K_0. Moreover from the relation [X^+_0 , X^−_0 ] = (K_0 −K^{−1}_0 )/(q^{1/2} −q^{−1/2}) = 0 and [X^+_0 , X^−_1 ] = 0 we get that x^+_{−1}x^+_0 − q^{−1}x^+_0 x^+_{−1} is equal to

− (X^−_0 X^−_1 − q^2X^−_1 X^−_0 )K_1K_0X^+_0 + q^{−1}X^+_0 (X^−_0 X^−_1 − q^2X^−_1 X^−_0 )K_1K_0 =q^{−1}[4]_q1/2 X^−_1 K^2_0 .

From the quantum Serre relation (X^−_1 )^2X^−_0 − (q^2 + q^{−2})X^−_1 X^−_0 X^−_1 + X^−_0 (X^−_1 )^2 = 0 we get X^−_1 (X^−_1 X^−_0 − q^{−2}X^−_0 X^−_1 ) + (X^−_0 X^−_1 − q^2X^−_1 X^−_0 )X^−_1 = 0 −[x^+_{−1}, x^+_0 ]_q−1 K^2_0 q^{−2}x^+_{−1}K_0 + x^+_{−1}K_0[x^+_{−1}, x^+_0 ]_q−1 K^2_0 = 0 −q^{−2}[x^+_{−1}, x^+_0 ]_q−1 x^+_{−1} + x^+_{−1}[x^+_{−1}, x^+_0 ]_q−1 = 0 (x^+_{−1})^2x^+_0 − (q^{−1} + q^{−2})x^+_{−1}x^+_0 x^+_{−1} + q^{−3}x^+_0 (x^+_{−1})^2 = 0 Now by applying the automorphism T^{−1} we get : (x^+_0 )^2x^+_1 − (q^{−1} + q^{−2})x^+_0 x^+_1 x^+_0 + q^{−3}x^+_1 (x^+_0 )^2 = 0 This is the relation (18) with r = 2. Then the relation (18) for general r ≥ 2 follows from the case r = 2 by induction on r as stated in [CP5].

We have [h_1, x^+_0 ] = [2]_q1/2 x^+_1 . This is the relation (19) with r = 1. Then by using the relation (18) this relation (19) is proved by induction for general r ≥ 1 as stated in [CP5].

We have [x^+_0 , x^−_1 ] = kh_1. This is the relation (20) with r = 1. Then by using the relation (18) and [x^+_0 , x^−_1 ] = kh_1, [h_1, x^+_0 ] = [2]_q1/2 x^+_1 this relation (20) is proved by induction for general r ≥ 1 as stated in [CP5].

Consider ẽ_0 = x^−_0 x^−_1 − qx^−_1 x^−_0 . By definition we have x^−_1 = −K^{−1}_1 K^{−1}_0 (X^+_1 X^+_0 − q^{−2}X^+_0 X^+_1 ) and x^−_0 = X^−_0 .

So by using the relation [X^+_0 , X^−_0 ] = (K_0 − K^{−1}_0 )/(q^{1/2} − q^{−1/2}) and [X^−_0 , X^+_1 ] = 0 we get ẽ_0 = −X^−_0 K^{−1}_1 K^{−1}_0 (X^+_1 X^+_0 − q^{−2}X^+_0 X^+_1 ) + qK^{−1}_1 K^{−1}_0 (X^+_1 X^+_0 − q^{−2}X^+_0 X^+_1 )X^−_0

= K^2_0 X^+_1 q[4]_q1/2 .

So we have

x^−_1 = −K^{−1}_1 K^{−1}_0 q^{−1} [4]_q1/2

(K^{−2}_0 ẽ_0X^+_0 − q^{−2}X^+_0 K^{−2}_0 ẽ_0)

and so [x^+_0 , ẽ_0] = q[4]_q1/2 K_0x^−_1 . This is exactly the relation (21) with r = 1. Then by using the relation (18) and [x^+_0 , x^−_1 ] = kh_1 this relation (21) is proved by induction for general r ≥ 1 as stated in [CP5].

From the quantum Serre relation (X^+_1 )^2X^+_0 − (q^2 + q^{−2})X^+_1 X^+_0 X^+_1 + X^+_0 (X^+_1 )^2 = 0, we get

ẽ_0x^−_1 − q^2x^−_1 ẽ_0 =q[4]_q1/2 (−K^2_0 X^+_1 K^{−1}_1 K^{−1}_0 (X^+_1 X^+_0 − q^{−2}X^+_0 X^+_1 )

+ q^2K^{−1}_1 K^{−1}_0 (X^+_1 X^+_0 − q^{−2}X^+_0 X^+_1 )K^2_0 X^+_1 ) = 0.

This is precisely the relation (22).

We have

[h_1, ẽ_0] = [2]_q1/2 (1 + q + q^{−1})(−(x^−_1 )^2 − x_0x^−_2 + qx^−_2 x^−_0 + q(x^−_1 )^2).

So from the relation (15) with p = m = 0, we get

[h_1, ẽ_0] = −q^{1/2}(q^{1/2} − q^{−1/2})[3]_q1/2 [4]_q1/2 (x^−_1 )^2.

This is precisely the relation (23) with r = 1. Then by using the relation (22) this relation (23) is proved by induction for general r ≥ 1 as stated in [CP5].

The relation (21) with r = 1 is the relation (24) with r = 1. Then by using the relation (22) this relation (24) is proved by induction for general r ≥ 1 as stated in [CP5]. □ We can now end the proof of Theorem 2.12 :

Proof: First let us prove the "if" part. A simple finite dimensional representation corresponding to (P_i)_{i∈Iσ} is said to be fundamental if ∑ i∈I_σ deg(Pi) = 1. For each

i ∈ I a fundamental representation such that deg(P_i) = 1 has been constructed in [Kas] from level 0 fundamental extremal modules (see [N6] for the computation of the corresponding Drinfeld polynomials). Then we get all fundamental representations by twisting with the algebra automorphism τ_a : U_q(Lg^σ) → U_q(Lg^σ) defined by τ_a(X^+_i ) = X^+_i , τ_a(X^−_i ) = X^−_i , τ_a(K_i) = K_i for i ∈ I_σ, τ_a(X^+_ϵ ) = aX^+_ϵ , τ_a(X^−_ϵ ) = a^{−1}X^−_ϵ , τ_a(K_ϵ) = K_ϵ, that is to say τ_a(x^±_{i,m}) = a^mx^±_{i,m}, τ_a(h_{i,m}) = a^mh_{i,m} and τ_a(k_i) = k_i. The existence for general n-uplet of polynomials follows from Theorem 2.8.

So it suffices to prove the "only if" part for U^τ_q . We see how to prove it without using relations (16) and (17) (other relations were proved in [A]). We follow the proof of [CP5] without using these relations. The crucial point for this is [CP5, Proposition 4.2]. The result is a consequence of the relations (7 - 16) in the proof of [CP5, Proposition 4.2]. So it suffices to prove that these relations hold. This is a consequence of Proposition 2.13 (the relation (14) of [CP5] is the relation (21) modified by using relations (19) and

(20, the relations (15) and (16) of [CP5] follow from the previous relations as stated in [CP5]). □

2.6. Subalgebras of U_q(Lg^σ). The type of g^σ corresponding to the type of ĝ^σ can be read in the following table (here n ≥ 2) :

ĝ^σ A^{(2)}_2 A^{(2)}_{2n} A^{(2)}_{2n−1} D^{(2)}_{n+1} E^{(2)}_6 D^{(3)}_4 g^σ A_1 B_n C_n B_n F_4 G_2

Let U_q(g^σ) be the subalgebra of U_q(Lg^σ) generated by the x^±_{i,0}, k^{±1}_i where i ∈ I_σ. Let Ũ_q(gσ) be the subalgebra of of U_q(Lgσ) generated by the X^±_i , K^{±1}_i , 1 ≤ i ≤ n.

If ĝ^σ is not of type A^{(2)}_{2n} , we have U_q(g^σ) = Ũ_q(g^σ) ≃ U_q(g^σ).

If ĝ^σ is of type A^{(2)}_{2n} where n ≥ 2, we have U_q(g^σ) ≃ U_q 1_2 (g^σ) ≃ U_q 1_2 (B_n) and Ũ_q(gσ) ≃ U_q(C_n).

If ĝ^σ is of type A^{(2)}_2 , we have U_q(g^σ) ≃ U_q 1_2 (g^σ) = U_q 1_2 (sl_2) and Ũ_q(g^σ) ≃ U_q2 (sl_2). Note that we have a natural grading of U_q(Lg^σ) by the weight lattice of U_q(g^σ) and by the weight lattice of Ũ_q(g^σ).

For i ∈ I, denote by Û_i the subalgebra of U_q(Lg^σ) generated by the x^±_{i,m} (m ∈ Z), h_{i,r} (r ∈ Z − {0}) and k^{±1}_i . We have different cases [Da] :

• C_{i,σ(i)} = 2 : for m ≠ 0[M], we have 0 = (1 − ω^m)x^±_{i,m} = (1 − ω^m)h_{i,m} and so x^±_{i,m} = h_{i,m} = 0. This implies ϕ^±_{i,m} = 0. So U_i is generated by the x^±_{i,Mm}, ϕ_{i,Mm} where m ∈ Z. Moreover we have an algebra isomorphism :

U_qM (Lsl_2) → Û_i

x^+_k → x^+_{i,kM} /M , x^−_k → x^−_{i,kM} , ϕ^±_m → ϕ^±_{i,Mm}. • C_{i,σ(i)} = 0 : we have an algebra isomorphism

U_q(Lsl_2) → Û_i

x^+_k → x^+_{i,k} , x^−_k → x^−_{i,k} , ϕ^±_m → ϕ^±_{i,m}. • C_{i,σ(i)} = −1 : we have an algebra morphism

U^τ_q → Û_i

x^+_k → x^+_{i,k} , x^−_k → x^−_{i,k} , ϕ^±_m → ϕ^±_{i,m}.

In particular the "elementary" subalgebras Û_i may be of type A^{(1)}_1 or of type A^{(2)}_2 . This is an important difference with the theory of untwisted quantum affine algebras where all "elementary" subalgebras are of type A^{(1)}_1 and this is one of the reason why several new technical developments are considered in the present paper.

Remark : the last situation C_{i,σ(i)} = −1 appears only for types A^{(2)}_{2n} .

2.7. Invariant subalgebra of the quantum loop algebra. In [Jin], the following subalgebra U^′_q(Lg^σ) of U_q(Lg) is introduced. U^′_q(Lg^σ) is generated by the :

x^{′±}_{i,r} = 1 [d_i]_qM^12 ∑ s=0···M−1

x̃^±_{σs(i),m}ω^{−ms},

h^′_{i,m} = 1 [d_i]_q ∑ s=0···M−1

h̃_{σs(i),m}ω^{−ms} , k^′_i = ∏ s=0···M−1

k̃_{σs(i)},

where the x̃^±_{i,m}, h̃_{i,m}, k̃^{±1}_i are the generators of U_q(Lg).

In particular U^′_q(Lg^σ) is a subalgebra invariant by the automorphism σ of U_q(Lg) defined by σ(k̃_i) = k̃_{σ(i)} , σ(x̃^±_{i,r}) = ω^{−r}x̃^±_{σ(i),r} , σ(h̃_{i,r}) = ω^{−r}h̃_{σ(i),r}.

But there are invariant elements which are not in this subalgebra as for example ∏ s=0···M−1 h̃σ^s(i),r.

The identification θ(x^±_{i,r}) = x^{′±}_{i,r}, θ(h_{i,m}) = h^′_{i,m}, θ(k_i) = k^′_i considered in [Jin] does not give an isomorphism between U_q(Lg^σ) and U^′_q(Lg^σ). For example for U^τ_q we should have θ(k) = k̃_1k̃_2, θ([x^+_0 , x^−_0 ]) =^{k̃1k̃2−k̃−11 k̃−12}_{q 12 −q− 12} , but also

θ([x^+_0 , x^−_0 ]) = 1 2 ([x̃^+_{1,0}, x̃^−_{1,0}] + [x̃^+_{2,0}, x̃^−_{2,0}]) = 1 2(q^12 − q^{− 1}2 )

(k̃_1 − k̃^{−1}_1 + k̃_2 − k̃^{−1}_2 ),

but we do not have 2(k̃_1k̃_2 − k̃^{−1}_1 k̃^{−1}_2 ) = k̃_1 + k̃_2 − k̃^{−1}_1 − k̃^{−1}_2 as k̃_1 and k̃_2 are algebraically independent in U_q(Lsl_3). Remark 2.14. Note that in the particular situations where we specialize k̃_1 = 1 or k̃_2 = 1 or k̃_1 = k̃^{−1}_2 , the above relation is satisfied (but is does not imply that the morphism is well-defined under this condition). This situation will appear in the next sections.

A priori it seems difficult to get direct information from the representation theory in the untwisted case to the twisted case as in general :

Proposition 2.15. There is no algebra morphism θ : U^τ_q → U_q(Lsl_3) satisfying one of the following properties :

1) θ(x^±_0 ) = α^±(x̃^±_{1,0} + β^±x̃^±_{2,0}), where α^+, α^−, β^+, β^− ∈ C^∗, 2) θ(k) = k̃_1k̃_2 and θ(x^±_0 ) ∈ U^±_q (Lsl_3).

Proof:

1) We have :

θ([x^+_0 , x^−_0 ]) = α^+α^−([x̃^+_{1,0}, x̃^−_{1,0}] + β^+β^−[x̃^+_{2,0}, x̃^−_{2,0}]) = α^+α^− (q − q^{−1})

(k̃_1 − k̃^{−1}_1 + β^+β^−(k̃_2 − k̃^{−1}_2 )).

So θ(k − k^{−1}) = α^+α^− k̃_1 − k̃^{−1}_1 + β+β−(k̃_2 − k̃^{−1}_2 ) [^1_2 ]_q . We have the relation (k − k^{−1})x^+_0 = x^+_0 (qk − q^{−1}k). But θ((k − k^{−1})x^+_0 ) is equal to :

α^+α^− k̃_1 − k̃^{−1}_1 + β+β−(k̃_2 − k̃^{−1}_2 ) [^1_2 ]_q α^+(x̃^+_1 + β^+x̃^+_2 ) = (α^+)^2α^−

[^1_2 ]_q

(x̃^+_1 (q^2k̃_1 − q^{−2}k̃^{−1}_1 + β^+β^−(q^{−1}k̃_2 − qk̃^{−1}_2 ))

+ β^+x̃^+_{2,r}(q^{−1}k̃_1 − qk̃^{−1}_1 + β^+β^−(q^2k̃_2 − q^{−2}k̃^{−1}_2 ))), and θ(x^+_0 (qk − q^{−1}k^{−1})) = α^+(x̃^+_1 + β^+x̃^+_2 )(qθ(k) − q^{−1}θ(k)^{−1}).

So :

q^2k̃_1 − q^{−2}k̃^{−1}_1 + β^+β^−(q^{−1}k̃_2 − qk̃^{−1}_2 )

= q^{−1}k̃_1 − qk̃^{−1}_1 + β^+β^−(q^2k̃_2 − q^{−2}k̃^{−1}_2 ), contradiction.

2) As kx^+_0 = q^{±1}x^+_0 k, θ(x^+_0 ) is a sum of elements with weight of form r_1α_1 + r_2α_2 where r_1 + r_2 = 1. By hypothesis r_1, r_2 ≥ 0. We get θ(x^+_0 ) = ax̃^+_1 + bx̃^+_2 with a, b ∈ C. In the same way θ(x^−_0 ) = cx̃^−_1 + dx̃^−_2 . Contradiction as

[θ(x^+_0 ), θ(x^−_0 )] = k̃_1k̃_2 − k̃^{−1}_2 k̃^{−1}_1 q^12 − q^{− 1}2 . □ So a priori it is not clear if U^′_q(Lg^σ) has a Hopf algebra structure or if its representation theory is related to the one of U_q(Lg^σ). As the main subject of this paper is to study twisted quantum affine algebras, we will not discuss U^′_q(Lg^σ) outside this section.

First from the triangular decomposition of U_q(Lg) we get a triangular decomposition of U^′_q(Lg^σ) :

U^{′+}_q (Lg^σ) ⊗ U^′_q(Lh^σ) ⊗ U^{′−}_q (Lg^σ) ≃ U^′_q(Lg^σ), where U^{′±}_q (Lg^σ) (resp. U^′_q(Lh^σ)) is the subalgebra generated by the x^{′±}_{i,m} (resp. the h^′_{i,r} and the k^{′±1}_i ).

So we can define the simple U^′_q(Lg^σ)-modules L̃(γ) as for U_q(Lg^σ). Proposition 2.16. Suppose that the conditions of Theorem 2.12 are satisfied by γ. Then L̃(γ) is finite dimensional.

Proof: As U^′_q(Lg^σ) is a subalgebra of U_q(Lg) the result is a direct consequence of Theorem 2.3. □

3. Twisted q-characters

In this section we develop the theory of twisted Frenkel-Reshetikhin q-characters which is a crucial tool in the proofs of the conjectures in this paper. It is a generalization of the theory for untwisted quantum affine algebras developed in [FR, FM]. For many points the generalization is not straightforward, as for example the characterization of the image. The existence of such a theory for twisted cases was expected in [FR, FM].

3.1. Definition. First let us explain the construction of twisted q-characters.

3.1.1. l-weight spaces. From the relation (4), the subalgebra U_q(Lh^σ ) ⊂ U_q(Lg^σ) is commutative. So for V a finite dimensional U_q(Lg^γ )-module we have : V = ⨁ γ=(γ^±_{i,±m} )_{i∈I,m≥0}

V_γ ,

where :

V_γ = {v ∈ V |∃p ≥ 0, ∀i ∈ I, m ≥ 0, (ϕ^±_{i,±m} − γ^±_{i,±m})^p.v = 0}.

The V_γ are called the l-weight spaces of V . We prove in the following that the γ satisfying V_γ ≠ {0} have a particular form. For an l-weight γ we consider the generating series

γ^+_i (z) = ∑ m≥0 γ^+_{i,m}z^m ∈ C[[z]] , γ^−_i (z) = ∑ m≤0 γ^−_{i,−m}z^{−m} ∈ C[[z^{−1}]].

3.1.2. Example : case of U^τ_q . We study U^τ_q .

For a ∈ C^∗, the simple finite dimensional representation corresponding to P (u) = 1 − aq^{−1}u is of dimension 3 and was explicitly constructed in [CP5] with Drinfeld generators. Let us give this construction in terms of the Drinfeld-Jimbo generators.

Let V = Cv_0 ⊕ Cv_1 ⊕ Cv_2. The action of U^τ_q is defined as follows

v_0 v_1 v_2 X^+_0 0 [2]_q 1_2 v_0 [2]_q 1_2 v_1 X^−_0 v_1 v_2 0 K_0 qv_0 v_1 q^{−1}v_2 X^+_1 [4]^{−1}_{q 12} q(a(1 + q^2))v_2 0 0

X^−_1 0 0 [4]^{−1}_{q 12} q^{−1}[2]^2_{q 12} a^{−1}(1 + q^{−2})v_0

K_1 q^{−2}v_0 v_1 q^2v_2 We check directly that the relations and in particular the quantum Serre relations are satisfied. Proof:

The quantum Serre relations with i = 0 and j = 1 are trivial as (X^+_0 )^3 = (X^−_0 )^3 = 0 on the representation.

The quantum Serre relations with i = 1 and j = 0 are also clear as (X^+_1 )^2 = (X^−_1 )^2 = 0 on the representation, and Im(X^+_0 X^+_1 ) = Cv_1 ⊂ Ker(X^+_1 ) so X^+_1 X^+_0 X^+_1 = 0 on the representation, and Im(X^−_0 X^−_1 ) = Cv_1 ⊂ Ker(X^−_1 ) so X^−_1 X^−_0 X^−_1 = 0 on the representation.

The relations between the E, F and the K are clear by construction.

We have [X^+_0 , X^−_1 ] = 0 as Im(X^−_1 ) = Cv_0 ⊂ Ker(X^+_0 ), and Im(X^+_0 ) = Cv_0 ⊕ Cv_1 ⊂ Ker(X^−_1 ) and so X^−_1 X^+_0 = X^+_0 X^−_1 = 0 on the representation. In the same way we have [X^+_1 , X^−_0 ] = 0.

The action of [X^+_0 , X^−_0 ] is diagonal with eigenvectors (v_0, v_1, v_2) with respective eigenvalues ([2]_q 1_2 , 0, −[2]_q 1_2 ) and so is equal to the action of^{K0−K−10}_{q 12 −q− 12} .

The action of [X^+_1 , X^−_1 ] is diagonal with eigenvectors (v_0, v_1, v_2) with respective eigen-

values (−

[2]_{q 12} (1+q^2)(1+q^{−2} )

[4]_{q 12} , 0,

[2]_{q 12} (1+q^2)(1+q^{−2})

[4]_{q 12} ) = (−1, 0, 1) and so is equal to the action

of^{K1−K−11}

q^2−q^{−2} . □

We can compute the action in terms of the Drinfeld generators and we recover the formulas of [CP5] (m ∈ Z, r ∈ Z − {0}) :

v_0 v_1 v_2 x^+_m 0 a^m[2]_q 1_2 v_0 [2]_q 1_2 (−aq)^mv_1 x^−_m a^mv_1 (−aq)^mv_2 0 k qv_0 v_1 q^{−1}v_2

rh_r [2r]_{q 12} (aq

−1)^rv_0 ((−a)^r − (aq)^r)v_1 −(−aq^2)^rv_2

In particular for m > 0 :

ϕ^±_m.v_0 = ±a^±(q − q^{−1})v_0 ϕ^±_m.v_1 = ±(q − q^{−1})((−aq)^{±m} − a^{±m})v_1, ϕ^±_m.v_2 = ∓(q − q^{−1})(−aq)^{±m}v_2.

Remark : we are in the situation of remark 2.14.

It is checked in [CP5] that the relations between Drinfeld generators are satisfied. We have the l-weight spaces C.v_0 = V_{γ0} , C.v_1 = V_{γ1} , C.v_2 = V_{γ2} where γ_0, γ_1, γ_2 are given by the above formulas. Let us compute the corresponding generating series. First in C[[z]] (and in C[[z^{−1}]] for the second identity):

γ^+_0 (z) = q + ∑ m≥1 a^m(q − q^{−1})z^m = q + (q − q^{−1}) az 1 − az = q 1 − q^{−2}az 1 − az ,

γ^−_0 (z) = q^{−1} − ∑ m≥1 a^{−m}(q − q^{−1})z^{−m} = q^{−1} + (−q + q^{−1})

(az)^{−1} 1 − (az)^{−1} = q 1 − aq^{−2}z 1 − az .

In fact γ^+_0 (z), γ^−_0 (z) where already computed in [CP5] and correspond to the l-highest weight. In the present paper we are also interested in the lower l-weights.

γ^+_1 (z) = 1 + ∑ m≥1 (q − q^{−1})((−aq)^m − a^m)z^m

= 1 + (q − q^{−1})(

−aqz 1 + aqz − az 1 − az ) = (1 − zaq^2)(1 + zaq^{−1}) (1 + aqz)(1 − az) , γ^−_1 (z) = 1 − ∑ m≥1 (q − q^{−1})((−aq)^{−m} − a^{−m})z^{−m}

= 1 + (−q + q^{−1})(

−(aqz)^{−1} 1 + (aqz)^{−1} − (az)^{−1} 1 − (az)^{−1} ) = (1 − (zaq^2)^{−1})(1 + (zaq^{−1})^{−1}) (1 + (aqz)^{−1})(1 − (az)^{−1}) = (1 − zaq^2)(1 + zaq^{−1}) (1 + aqz)(1 − az) , γ^+_2 (z) = q^{−1} − ∑ m≥1 (−aq)^m(q − q^{−1})z^m = q^{−1} + (−q + q^{−1})

−aqz 1 + aqz

= q^{−1}

1 + q^3az 1 + aqz ,

γ^−_2 (z) = q + ∑ m≥1 (−aq)^{−m}(q − q^{−1})z^{−m} = q + (q − q^{−1})

(−aqz)^{−1} 1 − (−aqz)^{−1}

= q^{−1}

1 + aq^3z 1 + aqz . We have :

γ^±_0 (z) = q^{deg(P0)}

P_0(zq^{−1}) P_0(zq) , γ^±_1 (z) = q^{(deg(P1)−deg(Q1))}

P_1(zq^{−1})Q_1(zq) P_1(zq)Q_1(zq^{−1}) , γ^±_2 (z) = q^{−deg(Q2)}

Q_2(zq) Q_2(zq^{−1}) , where P_0(z) = (1 − azq^{−1}), P_1(z) = (1 + az), Q_1(z) = (1 − azq), Q_2(z) = (1 + zaq^2).

In fact we can deduce from this observation the general statement :

Lemma 3.1. Let V be a finite dimensional representation of U^τ_q and γ be an l-weight of V . Then there are polynomials P, Q ∈ C[z] such that P (0) = Q(0) = 1 and in C[[z^{±1}]] : γ^±(z) = q^{(deg(P )−deg(Q))}

P (zq^{−1})Q(zq) P (zq)Q(zq^{−1}) . Proof: From the above computation and Theorem 2.8, Theorem 2.12, the result is true for simple finite dimensional representations, and so for any finite dimensional representations. □

3.1.3. Definition of twisted q-characters.

Theorem 3.2. Let V be a finite dimensional representation of U_q(Lg^σ) and γ an lweight of V . Then there exists polynomials (P_i)_{i∈I} , (Q_i)_{i∈I} , P_i(u), Q_i(u) ∈ C[u], such that P_i(0) = Q_i(0) = 1 and γ satisfies in C[[u]] (resp. in C[[u^{−1}]]) :

γ^±_i (u) = q^{M(deg(Pi)−deg(Qi))}

P_i(u^M q^{−M} )Q_i(u^M q^M ) P_i(u^M q^M )Q_i(u^M q^{−M} ) if i = σ(i),

γ^±_i (u) = q^{deg(Pi)−deg(Qi)}

P_i(uq^{−1})Q_i(uq) P_i(uq)Q_i(uq^{−1}) if i ≠ σ(i).

Proof: It suffices to look at the subalgebras Û_i considered in section 2.6, and then the result follows from Lemma 3.1 and Section 2.3. □ Remark : we have necessarily σ(i) ≠ i ⇒ P_{σ(i)}(u) = P_i(ωu), Q_{σ(i)}(u) = Q_i(ωu). First we can define the twisted version of the Frenkel-Reshetikhin q-characters morphism χ_q [FR] (see also [Kn]) considered in section 2.3.

Let Rep(U_q(Lg^σ)) be the Grothendieck group of (type 1) finite dimensional representations of U_q(Lg^σ).

Definition 3.3. The twisted q-character morphism is the group morphism χ^σ_q : Rep(U_q(Lg^σ)) → Z[Y^±_{i,a}]_{i∈I,a∈C}∗ , χ^σ_q (V ) = ∑ γ dim(V_γ )m_γ

where

m_γ = ∏ i∈I,a∈C^∗

Y^{qi,a−ri,a} i,a , P_i(u) = ∏ a∈C^∗

(1 − ua)^{qi,a} , Q_i(u) = ∏ a∈C^∗

(1 − ua)^{ri,a} ,

where P_i, Q_i are the polynomials considered in Theorem 3.2.

The m_γ are called monomials or l-weight (they are analogs of weight) and we denote V_γ = V_{mγ} . Note that χ^σ_q also makes sense for finite dimensional representations of U_q(Lh^σ) which are a sub U_q(Lh^σ) of a finite dimensional representation of U_q(Lg^σ).

3.2. First properties. For each i ∈ I_σ choose a representative i ∈ I_σ. We can make this choice such that (C_{i,j}, C_{i,σ(j)}, · · · , C_{i,σ}M−1_{(j)}) ≠ (0, · · · , 0) ⇒ C_{i,j} = −1.

This choice is fixed in the following. Moreover we identify i and i.

Let i ∈ I such that i ≠ σ(i). As above for any a ∈ C^∗, r ∈ Z, q_σr_{(i),a} = q_{i,aω}r and r_σr_{(i),a} = r_{i,aω}r . For a ∈ C^∗, we put Z_{i,a} = ∏ k=1···M Yσ^k(i),aω^k .

Let i ∈ I such that i = σ(i). For a ∈ C^∗, we put Z_{i,a} = Y_{i,a}.

As a conclusion, we have Im(χ^σ_q ) ⊂ Z[Z^{±1}_{i,a} ]_{a∈C}∗_{,i∈Iσ} . In the following we will consider the twisted q-character morphism : χ^σ_q : Rep(U_q(Lg^σ)) → Z[Z^±_{i,a}]_{i∈Iσ ,a∈C}∗ .

Theorem 3.4. χ^σ_q is an injective ring morphism.

Proof: The additivity is clear. As the {χ^σ_q (L)| L is simple} are linearly independent, the map is injective. The multiplicity follows from Theorem 2.8. □ As in the untwisted case, we have the following consequence :

Corollary 3.5. The Grothendieck ring Rep(U_q(Lg^σ)) is commutative.

For J ⊂ I_σ, a monomial m = ∏ i∈I_σ,a∈C^∗

Z^{zi,a(m)} i,a is said to be J-dominant if for all

j ∈ J, a ∈ C^∗ we have z_{j,a}(m) ≥ 0. An I_σ-dominant monomials is said to be dominant. In the following for M a finite dimensional U_q(Lg^σ)-module, we denote by M(M) the set of monomials occurring in χ^σ_q (M).

3.3. Restriction maps. The compatibility with the restriction functors requires additional work.

Let χ^σ : Rep(Ũ_q(g^σ)) → Z[z^{±1}_i ]_{1≤i≤n} be the usual character map (here we denote z_i = e^{Λi} ). Let β : Z[Z^{±1}_{i,a} ]_{a∈C}∗_{,i∈Iσ} → Z[z^{±1}_i ]_{1≤i≤n}, be the ring morphism such that for any i ∈ I_σ, a ∈ C^∗ :

β(Z_{i,a}) = { z_i if ĝ^σ ≠ A^{(2)}_{2n} , z_{n−i} if ĝ^σ = A^{(2)}_{2n} .

Eventually let res^σ be the restriction map from Rep(U_q(ĝ^σ)) to Rep(Ũ_q(g^σ)). Proposition 3.6. The following diagram is commutative :

Rep(U_q(ĝ^σ))^χ σ q −−−−→ Z[Z^{±1}_{i,a} ]_{i∈Iσ,a∈C}∗

res^σ β Rep(U_q(g^σ))^{χσ}−−−−→ Z[z^{±1}_i ]_{1≤i≤n} .

The analog result for untwisted quantum affine algebras was proved in [FR]. In general the proof is modified, as for example for type A^{(2)}_{2n} , U_q(g^σ) and Ũ_q(g^σ) are not isomorphic.

Proof: Let m be a monomial corresponding to ((P_i, Q_i))_{i∈Iσ} and let i ∈ I_σ.

If i = σ(i) : the multiplicity z_i(m) of z_i in β(m) is the sum of the multiplicities of the Z_{i,a} in m for a ∈ C^∗, that is to say z_i(m) = deg(P_i) − deg(Q_i).

The corresponding eigenvalue of k_i is q^{M(deg(Pi)−deg(Qi))} = q^{dizi(m)}.

If i ≠ σ(i) : the multiplicity z_i(m) of z_i in β(m) is the sum of the multiplicities of the Z_{j,a} in m for a ∈ C^∗, j ∈ i, that is to say z_i(m) = M(deg(P_i) − deg(Q_i))/M = deg(P_i) − deg(Q_i).

The corresponding eigenvalue of k_i is q^{(deg(Pi)−deg(Qi))} = q^{dizi(m)}.

If ĝ^σ is not of type A^{(2)}_{2n} , for i ∈ I_σ, q^{dizi(m)} is the eigenvalue of k_i = K_i ∈ U_q(ĝ^σ) corresponding to z^{zi(m)}_i . So the result is clear.

For ĝ^σ of type A^{(2)}_{2n} and 0 ≤ i ≤ n − 1 the eigenvalue of k_i is q^{zi(m)}. For 0 ≤ i ≤ n, we have by definition :

K_i = { k_i if 0 ≤ i ≤ n − 1, (k_0k_1 · · · k_{n−1})^{−2} if i = n.

So the eigenvalue of K_n corresponding to m is q^{−2(z0(m)+···+zn−2(m)+zn−1 (m))}. Let V be a representation of U_q(Lg^σ) in Rep(U_q(Lg^σ)). For m a monomial in the z^{±1}_i , let n_m be the multiplicity of m in β(χ^σ_q (V )). We have :

χ^σ(res^σ(V )) = ∑ m n_mz^{z1(m)}_1 z^{z2(m)}_2 · · · z^{zn−1(m)}_{n−1} z^{−z0(m)−···−zn−2(m)−zn−1 (m)} n . By the usual invariance of characters by the Weyl group, we get that χ^σ(res^σ(V )) is equal to : ∑ m n_mz^{z1(m)}_1 z^{z2(m)}_2 · · · z^{zn−2(m)+zn−1 (m)} n−2 z^{−zn−1(m)} n−1 z^{−z1(m)−···−zn−2(m)} n = ∑ m n_mz^{z1(m)}_1 z^{z2(m)}_2 · · · z^{zn−3(m)+zn−2 (m)+zn−3 (m)} n−3 z^{−zn−1(m)}_{n−2} z^{−zn−2(m)}_{n−1} z^{−z1(m)−···−zn−3(m)} n = · · · = ∑ m n_mz^{−zn−1(m)}

1 z^{−zn−2(m)}

2 · · · z^{−z1(m)}_{n−1} z^{−z0(m)}_n .

As the Dynkin diagram of type C has no non trivial Dynkin automorphism, the character of a U_q(g^σ)-module is invariant by the transformation satisfying for any 1 ≤ i ≤ n, z_i → z^{−1}_i . We can conclude that β(χ^σ_q (V )) = χ^σ(res^σ(V )). □ Let χ^σ : Rep(U_q(g^σ)) → Z[z^{±1}_i ]_{i∈Iσ} and β : Z[Z^{±1}_{i,a} ]_{a∈C}∗_{,i∈Iσ} → Z[z^{±1}_i ]_{i∈Iσ} , be the ring morphism such that for any a ∈ C^∗, i ∈ I_σ :

β(Z_{i,a}) = { z_i if (ĝ^σ, i) ≠ (A^{(2)}_{2n} , 0), z^2_0 if (ĝ^σ, i) = (A^{(2)}_{2n} , 0).

It is somewhat analog to a such a morphism considered in [HKOTT]. Eventually let res^σ be the restriction map from Rep(U_q(ĝ^σ)) to Rep(U_q(g^σ)). Proposition 3.7. The following diagram is commutative :

Rep(U_q(ĝ^σ))^χ σ q −−−−→ Z[Z^{±1}_{i,a} ]_{i∈Iσ ,a∈C}∗ res^σ β Rep(U_q(g^σ))^{χσ}−−−−→ Z[z^{±1}_i ]_{i∈Iσ} .

Proof: We follows the proof of Proposition 3.6. In the case A^{(2)}_{2n} , the eigenvalue of K_0 is q^{z0(m)} = (q^12 )^{2z0(m)}, that is why z_0 has to be replaced by z^2_0 in the definition of β. □

3.4. Examples. Let us look at two examples which will be crucial for the following.

For U_q(Lsl_2), we have χ_q(V_a) = Y_a +Y^{−1}_{aq2} , where V_a is a two dimensional fundamental representation of U_q(Lsl_2). We have (in fact it is a particular case of Theorem 2.6) :

Proposition 3.8. [FR] We have Im(χ_q) = Z[(Y_a + Y^{−1}_{aq2} )]_{a∈C}∗ .

For U^τ_q , we have

χ^τ_q (V_a) = Y_{1,a}Y_{2,−a} + Y_{1,−aq}2 Y^{−1}_{1,aq4} Y_{2,aq}2 Y^{−1}_{2,−aq4} + Y^{−1}_{1,−aq6} Y^{−1}_{2,aq6} = Z_a + Z_{−aq}2 Z^{−1}_{aq4} + Z^{−1}_{−aq6} where V_a is the representation described in section 3.1.2. In particular Proposition 3.9. We have Im(χ^τ_q ) = Z[Z_a + Z_{−aq}2 Z^{−1}_{aq4} + Z^{−1}_{aq6} ]_{a∈C}∗ .

Remark : consider the fundamental representations V_1(a), V_2(a) of the untwisted algebra quantum affine algebra U_q2 (Lsl_3). We have : χ_q(V_1(a)) = Y_{1,a} + Y^{−1}_{1,aq4} Y_{2,aq}2 + Y^{−1}_{2,aq6} , χ_q(V_2(a)) = Y_{2,a} + Y^{−1}_{2,aq4} Y_{1,aq}2 + Y^{−1}_{1,aq6} .

Consider the ring morphism π : Z[Y^±_{1,a}, Y^±_{2,a}]_{a∈C}∗ → Z[Z^±_a ]_{a∈C}∗ defined by π(Y_{1,a}) = Z_a and π(Y_{2,a}) = Z_{−a}. Then :

π(χ_q(V_1(a))) = χ^τ_q (V_a) , π(χ_q(V_2(a))) = χ^τ_q (V_{−a}).

So Im(χ^τ_q ) = π(Im(χ_q)). This a particular case of a more general relation between twisted and untwisted case that we will study below (in section 8).

Let us look at another example : consider the type A^{(2)}_4 and the fundamental representation V_1(a). We have :

χ^σ_q (V_1(a)) = Z_{1,a} + Z^{−1}_{1,aq2} Z_{0,aq} + Z^{−1}_{0,aq3} Z_{0,−aq}2 + Z^{−1}_{0,−aq4} Z_{1,−aq}3 + Z^{−1}_{1,−aq5} . In particular we have

χ^σ(res^σ(V_1(a))) = (z_1 + z_2z^{−1}_1 + z_1z^{−1}_2 + z^{−1}_1 ) + 1 = χ^σ(V (Λ_1) ⊕ V (0)), χ^σ(res^σ(V_1(a))) = z_1 + z^{−1}_1 z^2_0 + 1 + z_1z^{−2}_0 + z^{−1}_1 = χ^σ(V (Λ_1)), where the V (λ) (resp. V (λ)) are the simple representations of U_q(g^σ) (resp. U_q(g^σ)). In particular res^σ(V_1(a)) is not simple, but res^σ(V_1(a)) is simple. These branching rules were known as V_1(a) is a fundamental representation, but more general branching rules will be proved in Section 9.

This representation V_1(a) has a also crystal basis [Kas] and the crystal graph can be computed (see [KKMMNN]) :

v_5 0 0 v_3 v_4 v_1 v_2

1 2 1

Figure 1. (Type A^{(2)}_4 ) the crystal of V_1(a)

By erasing the 0-arrows we get the Ũ_q(g^σ)-crystal graph which is not connected.

In fact we can have the identification (see the discussion in the last section of [HN]) :

(V_1(a))_{Z1,a} = C.v_1 , (V_1(a))_Z−1_{1,aq2 Z2,aq} = C.v_2 , (V_1(a))_Z−1_{2,aq3 Z2,−aq2} = C.v_5,

(V_1(a))_Z−1_{2,−aq4 Z1,−aq3} = C.v_3 , (V_1(a))_Z−1_{1,−aq5} = C.v_4.

To get the graph associated with twisted q-characters as in [FR], we should add a 2- arrow from v_2 to v_5 and from v_5 to v_2 (see section 11.2 for the general definition of such a graph).

Note that by renumbering the nodes (0, 1, 2) ↔ (2, 1, 0) we get the crystal graph of V_1(a) viewed as a representation of type A^{(2)†}_4 (see [HN] for example). By erasing the 0-arrows we get the U_q(g^σ)-crystal graph which is connected.

v_1 v_2 v_5 v_3 v_4

1 2 2 1

0 Figure 2. (Type A^{(2)†}_4 ) the crystal of V_1(a)

3.5. Combinatorics of twisted q-characters. The aim of this section is to compute Im(χ^σ_q ), and so to prove an analog of Theorem 2.6 for twisted q-characters (Theorem 3.13).

Let ϵ_i defined by ϵ_i = M if i = σ(i), and ϵ_i = 1 if i ≠ σ(i). For i, j ∈ I and m ≠ 0 denote

F_{i,j} (m) = ∑ k=1···M

[ϵ_imC_{i,σ}k_{(j)}/d_i]_{qi} ω^{ϵimk}.

In fact this definition is set such that :

[h_{i,ϵim}, x^±_{j,r}] = ± 1 ϵ_im

F_{i,j} (m)x^±_{j,ϵim+r}.

We remind that this is the relation (6) proved in [Da, Theorem 5.3.2].

As we choose a class of representative of I_σ, it makes sense to consider the matrix F (m) = (F_{i,j} (m))_{i,j∈Iσ} .

Lemma 3.10. For a generic parameter q, for any m ∈ Z − {0} the matrix F (m) is invertible and the diagonal coefficients of the inverse matrix F̃ (m) of F (m) are non zero.

Here q generic means that there is a finite set of algebraic equations such that for any m ∈ Z, q^m is not a solution of one of these equations. Proof: Let D_m(q) be the determinant of

F^′(m) = ( ∏ i∈I_σ

(q_i − q^{−1}_i ))F (m) and for i ∈ I_σ, let D_{i,m}(q) be the determinant of ( ∏ j∈I_σ,j≠i

(q_j − q^{−1}_j ))(F_{j,k}(m))_{j,k∈Iσ,j≠i,k≠i}.

Then there are D(z) ∈ C[z^{±1}] and D_i(z) ∈ C[z^{±1}] such that for any m ∈ Z : D_m(q) = D(q^m) and D_{i,m}(q) = D_i(q^m).

So it suffices to prove that D(z) ≠ 0 and D_i(z) ≠ 0. By looking at the degree in q of the coefficients of F^′(m), we notice that for each row i the maximal degree is on the diagonal where q^{ϵi2m} appears. The coefficient of q^{ϵi2m} is 1 if i ≠ σ(i) and M if i = σ(i). So the maximal degree in P (z) is 2 ∑ i∈I_σ ϵi and the coefficient of z 2 P i∈Iσ ϵi in P (z) is ∏ i∈I_σ ϵi, so P (z) ≠ 0.

A similar argument gives the result for D_i(z). □ In the untwisted case, it suffices to suppose that q is not a root of unity to have a similar result (see [FR, FM]). For the untwisted case it is not true in general : indeed for type D^{(3)}_4 we have

D_m(q) = 3(q^m − q^{−m})(q^{3m} − q^{−3m})(q^{4m} + q^{−4m} + q^{2m} + q^{−2m} − 1 − j^m − j^{2m}) and so for m ∈ Z, we have D_{3m}(q) = 0 if Q = q^{6m} + q^{−6m} satisfies the equation Q^2 + Q − 5 = 0. We get for example q = (2(21)^12 − 6)^12 /2 which is obviously not a root of one.

Lemma 3.11. For types A^{(2)}_{2n} , the statement of Lemma 3.10 it satisfied if q is not a root of unity.

Proof: Let us denote D^{(n)}_m (q) = D_m(q) and D^{(n)}_{i,m}(q) = D_{i,m}(q) for type A^{(2)}_{2n} . From classical result we have D^{(n)}_{n,m}(q) = q^{mn} − q^{−mn} q^m − q^{−m} . Moreover by developing the determinant we have :

D^{(n)}_m (q) = (q^m + q^{−m} − (−1)^m)D^{(n)}_{n,m}(q) − D^{(n−1)}_{n−1,m}(q) = (1 + (−q^{−2n−1})^m)((q^{n+1})^m − (−q^n)^m) q^m − q^{−m} , whose roots are roots of unity. We can conclude as

D^{(n)}_{i,m}(q) = D^{(i)}_{i,m}(q)D^{(n−i)}_m (q). □ Note that ϵ_i is crucial in the definition of F (m) : indeed if σ(i) = i and m ≠ 0 mod M, then the determinant of the matrix defined with 1 instead of ϵ_i is 0. In fact this follows from the fact that in this case h_{i,m} = 0. In particular we do not loose information by using the ϵ_i.

In the following we suppose that q is generic, that is to say that the conditions of Lemma 3.10 are satisfied.

F̃ (m) = (F̃_{i,j} (m))_{i,j∈Iσ} is the inverse matrix of F (m). For m ≠ 0 and i ∈ I_σ let us define h̃_{i,m} = ∑ j∈I_σ

F̃_{i,j}(m)h_{j,ϵj m}.

Remark : as for i, j ∈ I, F_{σ(i),j} (m) = ω^{ϵim}F_{i,j} (m), we have F̃_{i,σ(j)}(m) = ω^{−ϵj m}F̃_{i,j} (m). Moreover we have h̃_{σ(j),ϵj m} = ω^{ϵj m}h̃_{j,ϵj m}, so F̃_{i,j}(m)h_{j,ϵj m} does not depend of the choice of the representative j. Moreover C.h̃_{i,m} does not depend of the choice of the representatives of I_σ.

Let i ∈ I_σ and U_q(h^σ )^⊥_i = {K ∈ C[k^±_i ]_{i∈I} |[Û_i, K] = 0}.

Let U_q(Lh^σ )^⊥_i be the subalgebra of U_q(Lh) generated by U_q(h^σ )^⊥_i and the h̃_{j,m}, j ∈ I_σ, j ≠ i, m ≠ 0.

For γ an l-weight, we denote by τ_i(γ) the couple (γ_i(z), γ^′_i) where γ^′_i : U_q(Lh^σ)^⊥_i → C is the algebra morphism induced by γ. τ_i can be extended to a map : τ_i : Z[Z_{j,a}]_{j∈Iσ,a∈C}∗ → Z[Z_{i,a}]_{a∈C}∗ ⊗ (U_q(Lh^σ)^⊥_i )^∗.

Note that τ_i is clearly injective. We set u_i(τ_i(m)) = z_i(m), so u_i is well-defined on Im(τ_i).

Lemma 3.12. Let V ∈ Rep(U_q(Lg)) and consider a decomposition :

τ_i(χ^σ_q (V )) = ∑ r P_r ⊗ Q_r,

where all monomials Q_r ∈ (U_q(Lh^σ)^⊥_i )^∗ are distinct. Then the Û_i-module V is isomorphic to a direct sum V = ⨁ r V_r where the twisted q-character of the Û_i-module V_r is P_r.

There are previous analog results for untwisted cases ([FM, Lemma 3.4]) and untwisted general quantum affinizations ([H2, Lemma 5.10]). Proof: For i ∈ I, we have h_{i,ϵim} = ∑ j∈I_σ

F_{i,j}(m)h̃_{j,m}.

As moreover for i ∈ I_σ, F̃_{i,i}(m) ≠ 0, we have : ⨁ j∈I_σ

Ch_{i,ϵim} = ⨁ j∈I_σ

Ch̃_{j,m} = Ch_{i,ϵim} ⊕ ⨁ j∈I_σ,j≠i

Ch̃_{j,m}.

From the relation (6) proved in [Da, Theorem 5.3.2], for j ≠ i we have [Û_i, h̃_{j,m}] = 0. We have [Û_i, U_q(Lh^σ )^⊥_i ] = 0 and U_q(Lh) is generated by U_q(Lh^σ)^⊥_i and the k^{±1}_i , h_{i,r}, r ≠ 0. As U_q(Lh^σ)^⊥_i is commutative, it suffices to decompose V in common eigensubspaces for all elements of U_q(Lh^σ )^⊥_i . □ For i ∈ I_σ, we denote j ∼ i if j ∈ I_σ and C_{i,j} = −1.

For i ∈ I_σ, a ∈ C^∗, let us define elements A_{i,a} ∈ Z[Z_{j,b}]_{j∈Iσ,b∈C}∗ analogs of simple root for monomials. In [FR] the definition of the A_{i,a} in the untwisted case was given. For the twisted case we have a new definition with modifications. Indeed for a ∈ C^∗, i ∈ I_σ we set :

If C_{i,σ(i)} = 2 :

A_{i,a} = Z_{i,aq}M Z_{i,aq}−M × ∏ j∼i|j=σ(j)

Z^{−1}_{j,a} × ∏ j∼i|j≠σ(j) ( ∏ a^′∈C^∗|(a^′)^M =a

Z^{−1}_{j,a′} ).

If C_{i,σ(i)} = 0 :

A_{i,a} = Z_{i,aq}Z_{i,aq}−1 × ∏ j∼i|j=σ(j)

Z^{−1}_{j,aM} × ∏ j∼i|j≠σ(j)

Z^{−1}_{j,a} .

If C_{i,σ(i)} = −1 :

A_{i,a} = Z_{i,aq}Z_{i,aq}−1 Z^{−1}_{i,−a} × ∏ j∼i Z^{−1}_{j,a} .

The motivation for the definition of the A_{i,a} will appear in the proof of Theorem 3.13. For i ∈ I_σ such that C_{i,σ(i)} = 2 define K_i = Z[Z_{i,a}(1 + A^{−1}_{i,aqM} )]_{a∈C}∗ × Z[Z^{±1}_{j,a} ]_{j∈Iσ,j≠i,a∈C}∗ .

For i ∈ I_σ such that C_{i,σ(i)} = 0 define K_i = Z[Z_{i,a}(1 + A^{−1}_{i,aq})]_{a∈C}∗ × Z[Z^{±1}_{j,a} ]_{j∈Iσ,j≠i,a∈C}∗ .

For i ∈ I_σ such that C_{i,σ(i)} = −1 define

K_i = Z[Z_{i,a}(1 + A^{−1}_{i,aq} + A^{−1}_{i,aq}A^{−1}_{i,−aq2} )]_{a∈C}∗ × Z[Z^{±1}_{j,a} ]_{j∈Iσ,j≠i,a∈C}∗ . Let us state and prove the analog of Theorem 2.6 for the twisted cases, which is the main result of this section : Theorem 3.13. We have Im(χ^σ_q ) = ⋂ i∈I_σ Ki.

Proof: First let us prove that Im(χ^σ_q ) ⊂ ⋂ i∈I_σ Ki.

We start with the decomposition of Lemma 3.12. On each component V_r, γ^′_i is constant. For γ an l-weight satisfying γ^′_i = 0, we have for l ∈ I_σ and m ≠ 0, F_{i,i}(m)γ(h_{l,ϵlm}) = F_{l,i}(m)γ(h_{i,ϵim}).

So if we have a given γ_i(z) we can determine uniquely and explicitly a corresponding γ(z). So it suffices to prove that the monomials A_{i,a} defined above are the monomials corresponding by this process to the A_{i,a} for the subalgebra Û_i. Let us check it case by case.

Let i, j ∈ i_σ such that i ≠ j and C_{i,j} = −1.

Remark : we can not have simultaneously C_{i,σ(i)} = 2 and C_{j,σ(j)} = −1. We study the different cases corresponding to the values of C_{i,σ(i)} in {−1, 0, 2}. • C_{i,σ(i)} = 2. We have F_{i,i}(m) = M^{q2mM −q−2mM}_{qi−q−1i} . From the sl_2-case we set for m ∈ Z − {0} :

γ(h_{i,mM} ) = q^{mM} − q^{−mM} m(q^M − q^{−M} )

(−(aq^{−M} )^m − (aq^M )^m).

If C_{j,σ(j)} = 2 : we have in this situation d_i = d_j , and :

F_{j,i}(m) = M q^{−mM} − q^mM q_j − q^{−1}_j . So γ(h_{j,mM} ) is equal to :

q_i − q^{−1}_i M(q^{2mM} − q^{−2mM} ) M q^{−mM} − q^{mM} q_j − q^{−1}_j × q^{mM} − q^{−mM} m(q^M − q^{−M} )

(−(aq^{−M} )^m − (aq^M )^m)

= q^{−mM} − q^{mM} q^{2mM} − q^{−2mM} q^{mM} − q^{−mM} m(q^M − q^{−M} ) a^m(−q^{−mM} − q^{mM} ) = q^{mM} − q^{−mM} m(q^M − q^{−M} ) a^m.

This corresponds to Z_{j,a}.

If C_{j,σ(j)} = 0 : we have in this situation d_i = M and d_j = 1. We denote δ^{[M]}_m equal to 1 if m = 0 mod[M] and equal to 0 otherwise. We have :

F_{j,i}(m) = M q^{−m} − q^m q − q^{−1} δ^{[M]}_m .

Let a^′ ∈ C^∗ such that (a^′)^M = a. We have

γ(h_{j,m}) = q^M − q^{−M} M(q^{2m} − q^{−2m}) M q^{−m} − q^m q − q^{−1} × M(q^m − q^{−m}) m(q^M − q^{−M} )

(a^′)^m(−q^m − q^m)δ^{[M]}_m = (q^m − q^{−m}) m(q − q^{−1})

M(a^′)^mδ^{[M]}_m =

(q^m − q^{−m}) m(q − q^{−1}) ∑ b∈C^∗|b^M =a

b^m.

This corresponds to ∏ {b∈C^∗|b^M =a} Zj,b.

The case C_{j,σ(j)} = −1 can not occur.

• C_{i,σ(i)} = 0 : We have F_{i,i}(m) =^{q2m−q−2m}_{qi−q−1i} . From the sl_2-cases we set for m ∈ Z−{0} : γ(h_{i,m}) = q^m − q^{−m} m(q − q^{−1})

(−(aq^{−1})^m − (aq)^m).

If C_{j,σ(j)} = 2 : we have in this situation d_i = 1 and d_j = M. So we have

F_{j,i}(m) = q^{−mM} − q^{mM} q^M − q^{−M} M, γ(h_{j,mM} ) = M q^{−mM} − q^{mM} q^M − q^{−M} q − q^{−1} q^{2mM} − q^{−2mM} × q^{mM} − q^{−mM} mM(q − q^{−1})

(−(aq^{−1})^{mM} − (aq)^{mM} ) = q^{mM} − q^{−mM} m(q^M − q^{−M} )

(a^M )^m.

This corresponds to Z_{j,a}M .

If C_{j,σ(j)} = 0 : we have in this situation d_i = d_j = 1. We have :

F_{j,i}(m) = q^{−m} − q^m q − q^{−1} . γ(h_{i,m}) = q^{−m} − q^m q − q^{−1} q^m − q^{−m} m(q − q^{−1})

(−(aq^{−1})^m − (aq)^m) q − q^{−1} q^{2m} − q^{−2m}

= a^m q^m − q^{−m} m(q − q^{−1}) . This corresponds to Z_{j,a}.

If C_{j,σ(j)} = −1 : we have in this situation d_j =^1_2 and d_i = 1. So we have

F_{j,i}(m) = q^{−m} − q^m q^12 − q^{− 1}2 . γ(h_{i,m}) = q^{−m} − q^m q^12 − q^{− 1}2 q^m − q^{−m} m(q − q^{−1})

(−(aq^{−1})^m − (aq)^m) q − q^{−1} q^{2m} − q^{−2m}

= a^m

(q^12 )^m − (q^12 )^{−m} m(q^12 − q^{− 1}2 ) . This corresponds to Z_{j,a}.

• C_{i,σ(i)} = −1. The cases C_{j,σ(j)} = 2 and C_{j,σ(j)} = −1 do not occur. So C_{j,σ(j)} = 0. We have d_i =^1_2 and d_j = 1. We have F_{i,i}(m) = [4m]_q 1_2 + (−1)^m[−2m]_q 1_2 = q^{2m} − q^{−2m} + (−1)^mq^{−m} − (−1)^mq^m q^12 − q^{− 1}2 = (q^m − q^{−m})(q^m + q^{−m} − (−1)^m) q^12 − q^{− 1}2 . From the case of U^τ_q , we set

γ(h_{i,m}) =

(q^12 )^{2m} − (q^12 )^{−2m} m(q^12 − q^{− 1}2 )

(−(aq)^m − (aq^{−1})^m + (−a)^m) = q^m − q^{−m} m(q^12 − q^{− 1}2 ) a^m(−q^m − q^{−m} + (−1)^m).

So F_{j,i}(m) =^{q−m−qm}_{q−q−1} and

γ(h_{j,m}) = q^m − q^{−m} m(q^12 − q^{− 1}2 ) a^m(−q^m − q^{−m} + (−1)^m)

× q^{−m} − q^m q − q^{−1} q^12 − q^{− 1}2 (q^m − q^{−m})(q^m + q^{−m} − (−1)^m) = q^m − q^{−m} m(q − q^{−1}) a^m.

This corresponds to Z_{j,a}.

Now we prove the other inclusion. Here we consider the usual order on the integral weight lattice of g^σ. For χ ∈ ⋂ i∈I_σ Ki non equal to 0, an highest weight element is

clearly dominant in the sense of monomials. So a non zero element of ⋂ i∈I_σ Ki has

at least one dominant monomial. As the twisted q-characters of simple modules give elements in Im(χ^σ_q ) of the form m + elements of lower weight, it suffices to prove that there is a finite number of possible weights corresponding to dominant monomials lower than m. For such an m^′, we have

β(m) = β(m^′) + ∑ i∈I_σ

a_iα_i where for any i ∈ I_σ, a_i ≥ 0.

As the Cartan matrix of g^σ is of finite type and so invertible, there are b_i ∈ Q such that β(m) = ∑ i∈I_σ biαi. So we have

β(m^′) = ∑ i∈I_σ

(b_i − a_i)α_i.

From [Kac, Theorem 4.3], we have b_i − a_i ≥ 0 for any i, and so 0 ≤ a_i ≤ b_i. As the b_i are fixed, there is only a finite number of possible a_i ∈ Z. □ It is possible to define corresponding twisted screening operators such that K_i = Ker(S_i) (see [FR] for the untwisted case).

As explained in the proof of Theorem 3.13, we have :

Corollary 3.14. A non-zero element of Im(χ^σ_q ) has at least one dominant monomial.

In particular an element of Im(χ^σ_q ) with a unique dominant monomial is uniquely determined by this monomial. For j ∈ I_σ and m ∈ A denote m^{(j)} = ∏ a∈C^∗

Z^{zj,a(m)} j,a . For a ∈ C^∗ consider A^{j,±}_{j,a} = (A^±_{j,a})^{(j)}.

Define μ^I_j : Z[A^{J,±}_{j,a} ]_{a∈C}∗ → Z[A^±_{j,a}]_{a∈C}∗ as the ring morphism such that μ^I_j (A^{j,±}_{j,a} ) = A^±_{j,a}. For m ∈ B_j, denote L^j (m^{(j)}) the (twisted) q-characters defined for the sub (twisted) quantum affine algebra Û_j . Define :

L_j (m) = mμ^I_j ((m^{(j)})^{−1}L_j (m^{(j)})). We have :

Proposition 3.15. For a module V ∈ Rep(U_q(Lg^σ)) and j ∈ I_σ, there is unique decomposition in a finite sum :

χ^σ_q (V ) = ∑ m^′∈B_j

λ_j(m^′)L_j(m^′).

Moreover for all m^′, λ_j (m^′) ≥ 0.

See [H3, Proposition 3.9] for the analog result in the untwisted case. The proof in the twisted case is analog by using Theorem 3.12 and Lemma 3.13.

3.6. Additional definitions. As the A^{−1}_{i,a} are algebraically independent (as the matrices F (m) are invertible), for M a product of A^{−1}_{i,a} we can define v_{i,a}(M) ≥ 0 by M = ∏ i∈I_σ,a∈C^∗

A^{−vi,a(m)} i,a . We put v(M) = ∑ i∈I_σ,a∈C^∗

v_{i,a}(m).

We denote m ≤ m^′ if m^′m^{−1} is a product of A_{i,a} (i ∈ I, a ∈ C^∗). This partial ordering is called the partial ordering in the sense of monomials.

We remind the maps β, β defined in Section 3.3. For m a monomial, we can consider β(m) (resp. β(m)) as an element of the weight lattice of U_q(g^σ) (resp. U_q(g^σ). For λ in the weight lattice of U_q(g^σ), we set v(λ) = −λ(Λ^∨_1 + ... + Λ^∨_n ).

For a product P of A^{−1}_{i,a} , we have v(P) = v(β(P)). So the map v can be extended to any monomial.

For the untwisted case, the notion of right-negative monomial was introduced in [FM]. The definition in the untwisted case is modified :

Definition 3.16. Suppose that ĝ^σ is not of type A^{(2)}_{2n} . A monomial m ≠ 1 is said to be right-negative if for all a ∈ C^∗, for L = max{l ∈ Z|∃i ∈ I_σ, ∃r ∈ Z, z_{i,(aω}r_qL_)d_i (m) ≠ 0}, we have ∀j ∈ I_σ, ∀r ∈ Z, z_{j,(aω}r_qL_)d_i (m) ≤ 0.

Suppose that ĝ^σ is of type A^{(2)}_{2n} . A monomial m ≠ 1 is said to be right-negative if for all a ∈ C^∗, for L = max{l ∈ Z|∃i ∈ I_σ, z_{i,aq}L (m) ≠ 0 or z_{i,−aq}L (m) ≠ 0}, we have ∀j ∈ I_σ, z_{j,aq}L (m) ≤ 0 and z_{j,−aq}L (m) ≤ 0.

Note that a right-negative monomial is not dominant. As in [FM], we have : Lemma 3.17. 1) For i ∈ I_σ, a ∈ C^∗, A^{−1}_{i,a} is right-negative.

2) A product of right-negative monomials is right-negative. 3) If m is right-negative, then m^′ ≤ m implies that m^′ is right-negative. Let k ≥ 0, a ∈ C^∗, i ∈ I_σ. We set

m^{(i)}_{k,a} = ∏ s=1···k

Z_{i,aq}2s−2_i for ĝ^σ not of type A^{(2)}_{2n} , ∏ s=1···k

Z_{i,aq}2s−2 for ĝ^σ of type A^{(2)}_{2n} .

Definition 3.18. For k ≥ 0, a ∈ C^∗, i ∈ I_σ, the Kirillov-Reshetikhin module W^{(i)}_{k,a} is the simple module corresponding to the monomial m^{(i)}_{k,a}.

For the untwisted case, the definition of Kirillov-Reshetikhin modules is analog where the highest monomials ∏ s=1···k

Y_{i,aq}r_i(2s−2) are used.

For i ∈ I_σ and a ∈ C^∗, W^{(i)}_{1,a} = V_{i,a} is called a fundamental representation (this coincides with the definition of Section 2.5).

Two dominant monomials m_1 = m^{(i)}_{k1,a1} , m_2 = m^{(i)}_{k2,a2} are said to be in special position if the monomial m_3 = ∏ a∈C^∗

Z^{max(zi,a(m1),zi,a(m2 ))} i,a is of the form m_3 = m^{(i)}_{k3,a3} and m_3 ≠ m_1, m_3 ≠ m_2.

A normal writing of a dominant monomial m is a product decomposition m = ∏ i=1,...,L

m^{(il)}_{kl,al}

such that for l ≠ l^′, if i_l = i_l′ then m^{(il)}_{kl,al} , m^{(il′ )}_{kl′ ,al′} are not in special position. Any dominant monomial has a unique normal writing up to permuting the monomials (see [CP3]).

It follows from the study of the representations of U_q(Lsl_2) in [CP1, CP2, FR] that : Proposition 3.19. Suppose that g = sl_2.

(1) W_{k,a} is of dimension k + 1 and :

χ_q(W_{k,a}) = m_{k,a}(1 + A^{−1}_{aq2k−1} (1 + A^{−1}_{aq2(k−1)−1} (1 + ...(1 + A^{−1}_{aq2−1} ))...). (2) For m a dominant monomial and m = m_{k1,a1} ...m_{kl,al} a normal writing we have : L(m) ≃ W_{k1,a1} ⊗ ... ⊗ W_{kl,al} .

We extend the notion of special modules [N4] to the twisted case : Definition 3.20. A U_q(Lg^σ)-module is said to be special if his twisted q-character has a unique dominant monomial.

Note that a special module is a simple l-highest weight module. But in general all simple l-highest weight module are not special.

For example the following result was proved in [FR] for the sl_2-case, [FM] for fundamental representation in the untwisted cases, [N4, N5] in the simply-laced untwisted case and in [H4] in the general untwisted case :

Theorem 3.21. The Kirillov-Reshetikhin modules of an untwisted quantum affine algebra are special.

In the present paper we will prove that this statement also holds for twisted quantum affine algebras. This is a crucial point for the results of this paper. 4. Twisted T -systems and main results In this section we state the main results about twisted Q-systems and twisted T - systems.

4.1. Twisted Q-systems. For i ∈ I_σ, k ≥ 1 consider the Kirillov-Reshetikhin module restricted to U_q(g^σ) : Q^{(i)}_k = Res(W^{(i)}_{k,a}) (it is independent of a ∈ C^∗). For i ∈ I_σ, k ≥ 1 define the U_q(g^σ)-module R^{(i)}_k by : If C_{i,σ(i)} = 2 :

R^{(i)}_k = ( ⨂ {j∈I_σ |C_{i,j} =−1,σ(j)=j}

Q^{(j)}_k ) ⊗ ( ⨂ {j∈I_σ |C_{i,j} =−1,σ(j)≠j}

(Q^{(j)}_k )^{⊗m}).

If C_{i,σ(i)} = 0 :

R^{(i)}_k = ( ⨂ {j∈I_σ|C_{i,j} =−1,σ(j)=j}

Q^{(j)}_k ) ⊗ ( ⨂ {j∈I_σ|C_{i,j} =−1,σ(j)≠j}

Q^{(j)}_k ).

If C_{i,σ(i)} = −1 : R^{(i)}_k = Q^{(i)}_k ⊗ ( ⨂ {j∈I_σ |C_{i,j} =−1}

Q^{(j)}_k ).

Note that ⊗ is commutative in the category of finite dimensional representations of U_q(g^σ) which is semi-simple.

Theorem 4.1 (The twisted Q-system). Let a ∈ C^∗, k ≥ 1, i ∈ I_σ. We have : Q^{(i)}_k ⊗ Q^{(i)}_k = Q^{(i)}_{k+1} ⊗ Q^{(i)}_{k−1} ⊕ R^{(i)}_k .

Moreover in type A^{(2)}_{2n} , the same relations hold between the restrictions res^σ(W^{(i)}_{k,a}) to the subalgebra U_q(g^σ).

This Q-system appeared in [HKOTY]. As a consequence we prove the conjecture of [HKOTY] that there is a solution which is the character of a representation (it is a purely combinatorial statement). Note that this is a particular case of the general Laurent phenomena described in another context in [FZ1, FZ2] : a priori the solutions could be rational fractions in the variables z_i = e^{Λi} , but in fact they are Laurent polynomials (with positive coefficients) as they correspond to characters of representations. We will prove a stronger version of Theorem 4.1 called twisted T -system (Theorem 4.2). 4.2. Twisted T -system. For untwisted types, the T -system was introduced in [KNS1] as a system of functional relations associated with solvable lattice models. Motivated by results of [FR], it was conjectured in [KOSY] that the q-characters of Kirillov- Reshetikhin modules solve the T -system. This was proved in [N4, N5] for simply-laced types and in [H4] for untwisted non simply-laced types.

For twisted types, the twisted T -system were defined in [KS1]. For i ∈ I_σ, k ≥ 1, a ∈ C^∗ define the U_q(Lg^σ)-module S^{(i)}_{k,a} by :

If C_{i,σ(i)} = 2 :

S^{(i)}_{k,a} = ( ⨂ {j∈I_σ|C_{i,j} =−1,σ(j)=j}

W^{(j)}_{k,aqi} ) ⊗ ( ⨂ {j∈I_σ,a^′∈C|C_{i,j} =−1,σ(j)≠j,(a^′)^M =aq_i}

W^{(j)}_{k,a}′ ).

If C_{i,σ(i)} = 0 :

S^{(i)}_{k,a} = ( ⨂ {j∈I_σ |C_{i,j} =−1,σ(j)=j}

W^{(j)}_{k,(aq)m} ) ⊗ ( ⨂ {j∈I_σ|C_{i,j} =−1,σ(j)≠j}

W^{(j)}_{k,aq}).

If C_{i,σ(i)} = −1 : S^{(i)}_{k,a} = W^{(i)}_{k,−aq} ⊗ ( ⨂ {j∈I_σ|C_{i,j} =−1}

W^{(j)}_{k,aq}).

Remark : we will see later, in view of Lemma 7.1 and Proposition 7.3, that in all cases the tensor products of the modules involved in the definition of S^{(i)}_{k,a} commute for ⊗, and so S^{(i)}_{k,a} is well-defined. However we only consider χ^σ_q (S^{(i)}_{k,a}) which is clearly well-defined.

Theorem 4.2 (The twisted T -system). Let a ∈ C^∗, k ≥ 1, i ∈ I_σ. We have : χ^σ_q (W^{(i)}_{k,a})χ^σ_q (W^{(i)}_{k,aq2i} ) = χ^σ_q (W^{(i)}_{k+1,a})χ^σ_q (W^{(i)}_{k−1,aq2i} ) + χ^σ_q (S^{(i)}_{k,a}).

By Proposition 3.6, Theorem 4.2 implies Theorem 4.1 because res^σ(W^{(i)}_{k,a}) = Q^{(i)}_k , res^σ(S^{(i)}_{k,a}) = R^{(i)}_k and the category of finite dimensional representations of U_q(g^σ) is semi-simple. By Proposition 3.7, this is the same for the restrictions to U_q(g^σ). Note that as the category of finite dimensional representations of U_q(Lg^σ) is not semisimple, the twisted T -system can not a priori be directly translated in the category, as we did for the twisted Q-system.

Theorem 4.2 will follow from the following result proved in section 6 : Theorem 4.3. The Kirillov-Reshetikhin modules of a twisted quantum affine algebra are special.

4.3. Formulas for the twisted T -systems. In this section we give explicit formulas for the twisted T -system of the theorem 4.2 (these formulas appeared in [KS1]).

We denote by X^{(i)}_{k,a} the representative of W^{(i)}_{k,a} in the Grothendieck ring. Type A^{(2)}_2 :

X_{k,a}X_{k,aq}2 = X_{k+1,a}X_{k−1,aq}2 + X_{k,−aq}. Type A^{(2)}_{2n} (n ≥ 2) : for 1 ≤ i ≤ n − 1 : X^{(i)}_{k,a}X^{(i)}_{k,aq2} = X^{(i)}_{k+1,a}X^{(i)}_{k−1,aq2} + X^{(i−1)}_{k,aq} X^{(i+1)}_{k,aq} , X^{(n−1)} k,a X^{(n−1)}_{k,aq2} = X^{(n−1)}_{k+1,a} X^{(n−1)}_{k−1,aq2} + X^{(n−2)}_{k,aq} , X^{(0)}_{k,a}X^{(0)}_{k,aq2} = X^{(0)}_{k+1,a}X^{(0)}_{k−1,aq2} + X^{(1)}_{k,aq}X^{(0)}_{k,−aq}.

Type A^{(2)}_{2n−1} (n ≥ 3) : for 2 ≤ i ≤ n − 2 : X^{(i)}_{k,a}X^{(i)}_{k,aq2} = X^{(i)}_{k+1,a}X^{(i)}_{k−1,aq2} + X^{(i−1)}_{k,aq} X^{(i+1)}_{k,aq} , X^{(1)}_{k,a}X^{(1)}_{k,aq2} = X^{(1)}_{k+1,a}X^{(1)}_{k−1,aq2} + X^{(2)}_{k,aq}, X^{(n−1)} k,a X^{(n−1)}_{k,aq2} = X^{(n−1)}_{k+1,a} X^{(n−1)}_{k−1,aq2} + X^{(n−2)}_{k,aq} X^{(n)}_{k,a2q2} , X^{(n)}_{k,a} X^{(n)}_{k,aq4} = X^{(n)}_{k+1,a}X^{(n)}_{k−1,aq4} + X^{(n−1)}_{k,a′q} X^{(n−1)}_{k,−a′q}.

where a^′ satisfies (a^′)^2 = a.

Type D^{(2)}_{n+1} (n ≥ 2) : for 2 ≤ i ≤ n − 2 : X^{(i)}_{k,a}X^{(i)}_{k,aq4} = X^{(i)}_{k+1,a}X^{(i)}_{k−1,aq4} + X^{(i−1)}_{k,aq2} X^{(i+1)}_{k,aq2} , X^{(1)}_{k,a}X^{(1)}_{k,aq4} = X^{(1)}_{k+1,a}X^{(1)}_{k−1,aq4} + X^{(2)}_{k,aq2} , X^{(n−1)} k,a X^{(n−1)}_{k,aq4} = X^{(n−1)}_{k+1,a} X^{(n−1)}_{k−1,aq4} + X^{(n−2)}_{k,aq2} X^{(n)}_{k,a′q}X^{(n)}_{k,a′q}, X^{(n)}_{k,a} X^{(n)}_{k,aq2} = X^{(n)}_{k+1,a}X^{(n)}_{k−1,aq2} + X^{(n−1)}_{k,a2q2} , where a^′ satisfies (a^′)^2 = a. Type E^{(2)}_6 :

X^{(1)}_{k,a}X^{(1)}_{k,aq2} = X^{(1)}_{k+1,a}X^{(1)}_{k−1,aq2} + X^{(2)}_{k,aq},

X^{(2)}_{k,a}X^{(2)}_{k,aq2} = X^{(2)}_{k+1,a}X^{(2)}_{k−1,aq2} + X^{(1)}_{k,aq}X^{(3)}_{k,a2q2} ,

X^{(3)}_{k,a}X^{(3)}_{k,aq4} = X^{(3)}_{k+1,a}X^{(3)}_{k−1,aq4} + X^{(2)}_{k,a′q}X^{(2)}_{k,−a′q}X^{(4)}_{k,aq2} ,

X^{(4)}_{k,a}X^{(4)}_{k,aq4} = X^{(4)}_{k+1,a}X^{(4)}_{k−1,aq4} + X^{(3)}_{k,aq2} , where a^′ satisfies (a^′)^2 = a. Type D^{(3)}_4 :

X^{(1)}_{k,a}X^{(1)}_{k,aq2} = X^{(1)}_{k+1,a}X^{(1)}_{k−1,aq2} + X^{(2)}_{k,a3q3} ,

X^{(2)}_{k,a}X^{(2)}_{k,aq6} = X^{(2)}_{k+1,a}X^{(2)}_{k−1,aq6} + X^{(1)}_{k,a′′q}X^{(1)}_{k,a′′jq}X^{(1)}_{k,a′′j2q}, where a^{′′} satisfies (a^{′′})^3 = a and j = exp(2iπ/3).

The specializations of these T -systems give the Q-systems of Theorem 4.1.

5. Case of U^τ_q (type A^{(2)}_2 ) First we have to study the case of U^τ_q which is crucial for the proof in the twisted cases. Indeed twisted quantum affine algebras may have "elementary" subalgebras Û_i not only of type A^{(1)}_1 , but also of type A^{(2)}_2 (see Section 2.6). So we have to treat partly the type A^{(2)}_2 "by hand".

5.1. The representation W_{2,a} of U^τ_q . The crucial result for our purposes is to describe the Kirillov-Reshetikhin modules W_{k,a} of U^τ_q for k = 2 as they will provide important informations for the following.

Proposition 5.1. The simple representation V = L(Z_aZ_{aq}2 ) of U^τ_q has dimension 6 and twisted q-character

χ^τ_q (V ) =Z_aZ_{aq}2 + Z_aZ_{−aq}3 Z^{−1}_{aq4} + Z_aZ^{−1}_{−aq5} + Z_{−aq}Z^{−1}_{aq2} Z_{−aq}3 Z^{−1}_{aq4} + Z_{−aq}Z^{−1}_{aq2} Z^{−1}_{−aq5} + Z^{−1}_{−aq3} Z^{−1}_{−aq5} .

Proof: The above formula is first conjecturally given in the following way : V is a subquotient of W_{1,a} ⊗W_{1,aq}2 , and χ^τ_q (W_{1,a})χ^τ_q (W_{1,aq}2 ) has only two dominant monomials Z_aZ_{aq}2 and Z_{−aq}. So χ^τ_q (V ) may have one dominant monomial Z_aZ_{aq}2 and V is of dimension 6, or two dominant monomials Z_aZ_{aq}2 , Z_{−aq} and V is of dimension 9. A priori it is not clear if the dimension of V is equal to 9 or 6. If it is 6 then χ^τ_q (V ) is equal to χ^τ_q (W_{1,a})χ^τ_q (W_{1,aq}2 ) − χ^τ_q (W_{1,−aq}) which is equal to the above formula.

By the above discussion it suffices to construct a representation of highest monomial Z_1Z_q2 of dimension 6. To prove this result we prove that V_{aq}2 ⊗ V_a has a proper submodule isomorphic to V_{−aq}. Let (v_0, v_1, v_2) be a basis of V_{aq}2 and (v^′_0, v^′_1, v^′_2) be a basis of V_a as in the definition of these fundamental representations. Let ṽ_0 = v_0 ⊗ v^′_1 − qv_1 ⊗ v^′_0, ṽ_1 = X^−_0 .ṽ_0 = (1 − q)v_1 ⊗ v^′_1 + v_0 ⊗ v^′_2 − v_2 ⊗ v^′_0 and ṽ_2 = X^−_0 .ṽ_1 = v_1 ⊗ v^′_2 − qv_2 ⊗ v^′_1.

Then C.ṽ_0 ⊕ C.ṽ_1 ⊕ C.ṽ_2 is isomorphic to V_{−aq} by identifying with the corresponding vector of the definition. It suffices to check that the action of the Drinfeld-Jimbo generators satisfy the correct relations. By construction it is clear for K_0 and K_1. For X^−_0 we only have to check that

X^−_0 ṽ_2 = v_2 ⊗ qv^′_2 − qv_2 ⊗ v^′_2 = 0.

As [X^+_0 , X^−_0 ] = (K_0 − K^{−1}_0 )/(q^12 − q^{− 1}2 ), for X^+_0 we only have to check that

X^+_0 .ṽ_0 = q(v_0 ⊗ [2]_q 1_2 v^′_0) − q[2]_q 1_2 (v_0 ⊗ v^′_0) = 0.

As [X^+_1 , X^−_0 ] = 0, for X^+_0 we only have to check

X^+_1 .ṽ_0 = aq^2q(1 + q^2)[4]^{−1}_{q 12} v_2 ⊗ v^′_1 − q(v_1 ⊗ v^′_2)[4]^{−1}_{q 12} (1 + q^2)aq

= (−aq)[4]^{−1}_{q 12} q(1 + q^2)ṽ_2.

As [X^+_1 , X^−_1 ] = (K_1 − K^{−1}_1 )/(q^2 − q^{−2}), for X^−_1 we only have to check X^−_1 ṽ_0 = 0 as X^−_1 v_0 = X^−_1 v_1 = X^−_1 ṽ_0 = X^−_1 ṽ_1 = 0, and X^−_1 ṽ_1 = [4]^{−1}_{q 12} q^{−1}[2]^2_q 1_2 a^{−1}(1 + q^{−2})(v_0 ⊗ v^′_0)(1 − q^{−2}q^2) = 0. □ Remark : V_a ⊗ V_{aq}2 has no proper submodule isomorphic to V_{−aq}. Indeed ṽ_0 would be represented by a vector of respective eigenvalues (q, q^{−2}) for (K_0, K_1) and so would be of the form α = λ(v^′_1 ⊗ v_0) + μ(v^′_0 ⊕ v_1). The condition X^+_0 α = 0 gives μ = −qλ. We can compute the vector corresponding to ṽ_2 which is β = (X^−_0 )^2α = λ(v^′_1 ⊗ v_2 − qv^′_2 ⊗ v_1).

But then X^+_1 .α should be equal to (−aq)[4]^{−1}_{q 12} q(1 + q^2)β, contradiction. In particular V_{aq2} ⊗ V_a is not semi-simple, and although V_{aq}2 ⊗ V_a and V_a ⊗ V_{aq}2 have the terms in their Jordan-Hölder decomposition, they are not isomorphic.

We can describe explicitly the representation. Let V be a 6-dimensional vector space with a basis (v_0, v_1, v_2, v_3, v_4, v_5). The action of Drinfeld-Jimbo generators is given in the following tables :

X^+_0 X^−_0 K_0 K_1 v_0 0 [4]_q 1_2 v_1 q^2v_0 q^{−4}v_0 v_1 v_0 v_2 + v_3 qv_1 q^{−2}v_1 v_2 νv_1 νv_4 v_2 v_2 v_3 μv_1 μv_4 v_3 v_3 v_4 v_3 + v_2 v_5 q^{−1}v_4 q^2v_4 v_5 [4]_q 1_2 v_4 0 q^{−2}v_5 q^4v_5

X^+_1 X^−_1 v_0 [4]^{−1}_q q^{−1}((q^3 + q^5)v_2 + (q^3 − q^2)v_3) 0 v_1 v_4 0 v_2 ν[4]^{−1}_{q 12} q^3(q^3 + q^{−1})v_5 [4]^{−1}_{q 12} q^5ν(q^{−3} + q^{−5})v_0 v_3 μ[4]^{−1}_{q 12} q^3(q^3 − q^4)v_5 μ[4]_q 1_2 q^5(q^{−3} − q^{−2})v_0 v_4 0 [4]^{−1}_{q 12} q^{−2}(μ1 − νq^{−3} + μq^{−4} − νq^{−1})v_1 v_5 0 q^{−3}((q^{−1} + q^{−2})v_2 + (q^{−2} − q^{−4})v_3) where :

ν = q^{−3/2}

(1 + q)(1 − q + q^2 − q^3 + q^4)

1 − q + q^2

, μ = q^{− 12}

(1 + q^2)(1 + q) 1 − q + q^2 . Note that we have ν and μ are invariant by q → q^{−1}.

So we can give the action of the Drinfeld generators : the action of the operators x^±_r , k is given in the following table : x^+_r x^−_r k v_0 0 q^{3r}[4]_q 1_2 v_1 q^2v_0 v_1 q^{3r}v_0 (−q^4)^rv_2 + q^rv_3 qv_1 v_2 (−q^4)^rνv_1 νq^rv_4 v_2 v_3 q^rμv_1 μ(−q^4)^rv_4 v_3 v_4 (−q^4)^rv_3 + q^rv_2 (−q^2)^rv_5 q^{−1}v_4 v_5 [4]_q 1_2 (−q^2)^rv_4 0 q^{−2}v_5

Remark : we are in the situation of remark 2.14.

And so we get the twisted q-character by computing the action of h_r =^{qr−q−r}_{r(q 12 −q− 12 )} H_r for r ≠ 0 :

H_r.v_0 = (1 + q^{2r})v_0, H_r.v_1 = (1 + (−q^3)^r − q^{4r})v_1, H_r.v_2 = (1 − (−q^5)^r)v_2, H_r.v_3 = ((−q)^r − q^{2r} + (−q^3)^r − q^{4r})v_3, H_r.v_4 = ((−q)^r − q^{2r} − (−q^5)^r)v_4, H_r.v_5 = (−(−q^3)^r − (−q^5)^r)v_5.

Here we can prove directly that all relations between Drinfeld generators are satisfied for this representation. We give the complete proof of this point here as this is a new evidence that the Drinfeld relations hold and as this results could be used to prove them.

By the notation v_i -> v_j, we mean the coefficient on v_j of the vector obtained from v_i by the action of the considered element of U^τ_q .

Relation (14) : by symmetry we only check that [H_r, x^−_m] = −(q^r + q^{−r} + (−1)^{r+1})x^−_{r+m}.

v_0 -> v_1 :

q^{3m}(1 + (−q^3)^r − q^{4r}) − q^{3m}(1 + q^{2r}) = −q^{3(r+m)}(q^r + (−1)^{r+1} + q^{−r}), v_1 -> v_2 :

(−q^4)^m(1 − (−q^5)^r) − (−q^4)^m(1 + (−q^3)^r − q^{4r}) = −(−q^4)^{m+r}(q^r + (−1)^{r+1} + q^{−r}) v_1 -> v_3 :

q^m((−q)^r − q^{2r} + (−q^3)^r − q^{4r}) − q^m(1 + (−q^3)^r − q^{4r}) = −q^{m+r}(q^r + (−1)^{r+1} + q^{−r}) v_2 -> v_4 :

q^m((−q)^r − q^{2r} − (−q^5)^r) − q^m(1 − (−q^5)^r) = −q^{m+r}(q^r + (−1)^{r+1} + q^{−r}) v_3 -> v_4 :

(−q^4)^m((−q)^r − q^{2r} − (−q^5)^r) − (−q^4)^m((−q)^r − q^{2r} + (−q^3)^r − q^{4r}) = −(−q^4)^{m+r}(q^r + (−1)^{r+1} + q^{−r})

v_4 -> v_5 :

(−q^2)^m(−(−q^3)^r − (−q^5)^r) − (−q^2)^m((−q)^r − q^{2r} − (−q^5)^r) = −(−q^2)^{m+r}(q^r + (−1)^{r+1} + q^{−r})

Relation (15) : v_0 -> v_2 :

(−q^4)^{m+2}q^{3p} + (q − q^{−2})(−q^4)^{m+1}q^{3(p+1)} − q^{−1}(−q^4)^mq^{3(p+2)} = (−q^4)^mq^{3p}(q^8 − (q − q^{−2})q^7 − q^5) = 0 q^{−1}(−q^4)^pq^{3(m+2)} + (q^{−2} − q)(−q^4)^{p+1}q^{3(m+1)} − (−q^4)^{p+2}q^{3m} = (−q^4)^pq^{3m}(q^5 − (q^{−2} − q)q^7 − q^8) = 0

v_0 -> v_3 :

q^{m+2}q^{3p} + (q − q^{−2})q^{m+1}q^{3(p+1)} − q^{−1}q^mq^{3(p+2)} = q^{m+3p}(q^2 + (q − q^{−2})q^4 − q^5) = 0 q^{−1}q^pq^{3(m+2)} + (q^{−2} − q)q^{p+1}q^{3(m+1)} − q^{p+2}q^{3m} = q^pq^{3m}(q^5 + (q^{−2} − q)q^4 − q^2) = 0 v_1 -> v_4 :

ν(q^{m+2}(−q^4)^p + (q − q^{−2})q^{m+1}(−q^4)^{p+1} − q^{−1}q^m(−q^4)^{p+2}) + μ((−q^4)^{m+2}q^p + (q − q^{−2})(−q^4)^{m+1}q^{p+1} − q^{−1}(−q^4)^mq^{p+2}) = νq^m(−q^4)^p(q^2 − q^6 + q^3 − q^7) + μq^p(−q^4)^m(q^8 − q^6 + q^3 − q) = νq^p(−q^4)^m(q^7 − q^3 + q^6 − q^2) + μ(−q^4)^pq^m(q − q^3 + q^6 − q^8) = ν(q^{−1}q^p(−q^4)^{m+2} + (q^{−2} − q)q^{p+1}(−q^4)^{m+1} − q^{p+2}(−q^4)^m) + μ(q^{−1}(−q^4)^pq^{m+2} + (q^{−2} − q)(−q^4)^{p+1}q^{m+1} − (−q^4)^{p+2}q^m)

v_2 -> v_5 (−q^2)^{m+2}q^p + (q − q^{−2})(−q^2)^{m+1}q^{p+1} − q^{−1}(−q^2)^mq^{p+2} = (−q^2)^mq^p(q^4 − (q − q^{−2})q^3 − q) = 0 q^{−1}(−q^2)^pq^{m+2} + (q^{−2} − q)(−q^2)^{p+1}q^{m+1} − (−q^2)^{p+2}q^m = (−q^2)^pq^m(q − (q^{−2} − q)q^3 − q^4) = 0

v_3 -> v_5 (−q^2)^{m+2}(−q^4)^p + (q − q^{−2})(−q^2)^{m+1}(−q^4)^{p+1} − q^{−1}(−q^2)^m(−q^4)^{p+2} = (−q^2)^m(−q^4)^p(q^4 + (q − q^{−2})q^6 − 7) = 0 q^{−1}(−q^2)^p(−q^4)^{m+2} + (q^{−2} − q)(−q^2)^{p+1}(−q^4)^{m+1} − (−q^2)^{p+2}(−q^4)^m = (−q^2)^p(−q^4)^m(q^7 + (q^{−2} − q)q^6 − q^4) = 0

Relation (16) v_0 -> v_4 : the left member has 6.6 = 36 terms. We associate the terms in 6 sums corresponding to q^{3k}(−q^4)^lq^m (and permutations of k, l, m). We get : q^{3k}(−q^4)^lq^m(ν(q^{3/2}q − (q^12 + q^{− 1}2 )(−q^4) + q^{−3/2}q^3)

+ μ(q^{3/2}(−q^4) − (q^12 + q^{− 1}2 )q + q^{−3/2}q^3)) = q^{3k}(−q^4)^lq^mq^12 (ν(q + q^2 + q^3 + q^4) + μ(−q^5 − 1)) = q^{3k}(−q^4)^lq^mq^12 (q + 1)(νq(1 + q^2) − μ(1 − q + q^2 − q^3 + q^4)) = 0.

v_1 -> v_5 :

q^{3k}(−q^4)^lq^m(ν(q^{3/2}(−q^2) − (q^12 + q^{− 1}2 )q + q^{−3/2}(−q^4)) + μ(q^{3/2}(−q^2) − (q^12 + q^{− 1}2 )(−q^4) + q^{−3/2}q)) = q^{3k}(−q^4)^lq^mq^12 (ν(−q^3 − q − 1 − q^2) + μ(q^4 + q^{−1})) = q^{3k}(−q^4)^lq^mq^12 (q + 1)q^{−1}(−νq(1 + q^2) + μ(1 − q + q^2 − q^3 + q^4)) = 0.

v_4 -> v_0 :

ν(q^{3/2}q^{−3} − (q^12 + q^{− 1}2 )(−q^{−4}) + q^{−3/2}q−1) + μ(q^{3/2}q^{−3} − (q^12 + q^{− 1}2 )q^{−1} + q^{−3/2}(−q^{−4})) = q^{− 1}2 (ν(q^{−1} + q^{−2} + q^{−3} + q^{−4}) + μ(−q^{−5} − 1)) = q^{− 1}2 (q^{−1} + 1)(νq^{−1}(1 + q^{−2}) − μ(1 − q^{−1} + q^{−2} − q^{−3} + q^{−4})) = 0.

v_5 -> v_1 :

ν(q^{3/2}(−q^4)^{−1} − (q^12 + q^{− 1}2 )q^{−1} + q^{−3/2}(−q^{−2})^{−1}) + μ(q^{3/2}q^{−1} − (q^12 + q^{− 1}2 )(−q^{−4}) + q^{−3/2}(−q^2)^{−1}) = q^{− 1}2 (ν(−q^{−3} − q^{−1} − 1 − q^{−2}) + μ(q^{−4} + q)) = q^{− 1}2 (q^{−1} + 1)q(−νq^{−1}(1 + q^{−2}) + μ(1 − q^{−1} + q^{−2} − q^{−3} + q^{−4})) = 0.

Relation (17) v_0 -> v_4 :

q^{3k}(−q^4)^lq^m(ν(q^{−3/2}q^{−1} − (q^12 + q^{− 1}2 )(−q^4)^{−1} + q^{3/2}q^{−3}) + μ(q^{−3/2}(−q^4)^{−1} − (q^12 + q^{− 1}2 )q^{−1} + q^{3/2}q^{−3})) = q^{3k}(−q^4)^lq^mq^{− 1}2 (ν(q^{−1} + q^{−2} + q^{−3} + q^{−4}) + μ(−q^{−5} − 1)) = q^{3k}(−q^4)^lq^mq^{−1 1}2 (q + 1)(νq(1 + q^2) − μ(1 − q + q^2 − q^3 + q^4)) = 0.

v_1 -> v_5 :

q^{3k}(−q^4)^lq^m(ν(q^{−3/2}(−q^2)^{−1} − (q^12 + q^{− 1}2 )q^{−1} + q^{3/2}(−q^4)^{−1}) + μ(q^{−3/2}(−q^2)^{−1} − (q^12 + q^{− 1}2 )(−q^4)^{−1} + q^{3/2}q^{−1})) = q^{3k}(−q^4)^lq^mq^{− 1}2 (ν(−q^{−3} − 1 − q^{−1} − q^{−2}) + μ(q^{−4} + q)) = q^{3k}(−q^4)^lq^mq^{−9/2}(q + 1)(−νq(1 + q^2) + μ(1 − q + q^2 − q^3 + q^4)) = 0.

v_4 -> v_0 :

ν(q^{−3/2}q^3 − (q^12 + q^{− 1}2 )(−q^4) + q^{3/2}q) + μ(q^{−3/2}q^3 − (q^12 + q^{− 1}2 )q + q^{3/2}(−q^4)) = q^12 (ν(q + q^2 + q^3 + q^4) + μ(−q^5 − 1)) = q^{1 1}2 (q^{−1} + 1)(νq^{−1}(1 + q^{−2}) − μ(1 − q^{−1} + q^{−2} − q^{−3} + q^{−4})) = 0.

v_5 -> v_1 :

ν(q^{−3/2}(−q^4) − (q^12 + q^{− 1}2 )q + q^{3/2}(−q^2)) + μ(q^{−3/2}q − (q^12 + q^{− 1}2 )(−q^4) + q^{3/2}(−q^2)) = q^12 (ν(−q^2 − 1 − q − q^3) + μ(q^4 + q^{−1})) = q^{9/2}(q^{−1} + 1)(−νq^{−1}(1 + q^{−2}) + μ(1 − q^{−1} + q^{−2} − q^{−3} + q^{−4})) = 0.

Relation (13) : it suffices to prove for r^′ ∈ Z the two relations : ∑ r≥0 [x^+_{r+r′} , x^−_{r′} ]z^r = ϕ^+(z) − k^{−1} q^12 − q^{− 1}2 , ∑ r≤0 [x^+_{r+r′} , x^−_{r′} ]z^r = k − ϕ^−(z) q^12 − q^{− 1}2 .

v_0 : ∑ r≥0[4]_q 1_2 q^{3(r+r′)}q^{−3r′} z^r =^{q2−q−2}

(q^{12} −q^{− 12} )(1−q^3 z)

=^{q2−qz−q−2+qz}

(q^{12} −q^{− 12} )(1−q^3 z)

=^1_{q 12 −q− 12} (q^{2 (1−q−1z)(1−qz)}

(1−qz)(1−q^3 z) − q

−2). ∑ r≤0[4]_q 1_2 q^{3(r+r′)}q^{−3r′} z^r =^{q2−q−2}

(q^12 −q^{− 1}2 )(1−q^{−3}z^{−1})

=^{−q2+qz+q2−q5z}

(q^12 −q^{− 1}2 )(1−q^3 z)

=^1_{q 12 −q− 12} (−q^{2 (1−q−1z)(1−qz)}

(1−qz)(1−q^3 z) + q 2). v_1 : ∑ r≥0((−q^4)^{r+r′} ν(−q^4)^{−r′} + q^{r+r′} μq^{−r′} − q^{−3r′} [4]_q 1_2 q^{3(r+r′)})z^r

=^ν_{1+q4z} +^μ_{1−qz} +^{q−2−q2}

(q^12 −q^{− 1}2 )(1−q^3 z)

=^{ν(q} 1 2 −q^{− 1}2 )(1−q^3 z)(1−qz)+μ(q^12 −q^{− 1}2 )(1−q^3z)(1+q^4 z)+(q^{−2}−q^2)(1−qz)(1+q^4 z)) (q^{12} −q^{− 12} )(1−q^3z)(1−qz)(1+q^4 z)

=^1_{q 12 −q− 12}^{z2(−q8+q6+q4−q3−q2)+z(q2−q6)+q−q−1}

(1−qz)(1−q^3 z)(1+q^4z)

=^1_{q 12 −q− 12} (q^{(1−q−1z)(1+q2z)(1−q5z)}

(1−qz)(1−q^3 z)(1+q^4z) − q

−1). ∑ r≤0((−q^4)^{r+r′} ν(−q^4)^{−r′} + q^{r+r′} μq^{−r′} − q^{−3r′} [4]_q 1_2 q^{3(r+r′)})z^r

=^ν_{1+q−4z−1} +^μ_{1−q−1z−1} +^{q−2−q2}

(q^{12} −q^{− 12} )(1−q^{−3}z^{−1})

=^1_{q 12 −q− 12}^{z2(−q8+q6+q4−q3−q2)+z(q2−q6)+q−q−1}

(1−qz)(1−q^3 z)(1+q^4z) = 1 q^12 −q^{− 1}2

(q − q^{(1−q−1z)(1+q2z)(1−q5z)}

(1−qz)(1−q^3 z)(1+q^4z) ).

v_2 : v_3 does not appear as (−q^4)^{r+r′} νq^{−r′} − q^{−r′} ν(−q^4)r + r^′ = 0. ∑ r≥0(q^{r+r′} νq^{−r′} − (−q^4)^{r+r′} ν(−q^4)^{−r′} )z^r = ν(^1_{1−qz} −^1_{1+q4z} )

= q^{−3/2 (1+q5)q(1+q3)}

1−q+q^2 z (1−qz)(1+q^4z) = q

−^1_2 (1+q^5)(1+q)(1−q^{−1} ) (1−q^{−1}) z (1−qz)(1+q^4 z)

=^1_{q 12 −q− 12} (^{z(q6−q−1+q−q4)}

(1−qz)(1+q^4 z) ) = 1 q^12 −q^{− 1}2

(^{(1−q−1z)(1+q6z)}

(1−qz)(1+q^4 z) − 1). ∑ r≤0(q^{r+r′} νq^{−r′} − (−q^4)^{r+r′} ν(−q^4)^{−r′} )z^r = ν(^1_{1−q−1z−1} −^1_{1+q−4z−1} )

= −ν(^{(q4+q)z}

(1−qz)(1+q^4 z) ) = 1 q^{12} −q^{− 12}

(−^{(1−q−1z)(1+q6z)}

(1−qz)(1+q^4 z) + 1).

v_3 : v_2 does not appear as q^{r+r′} μ(−q^4)^{−r′} − (−q^4)^{−r′} μqr + r^′ = 0. ∑ r≥0((−q^4)^{r+r′} μ(−q^4)^{−r′} − q^{r+r′} μq^{−r′} )z^r = μ(^1_{1+q4z} −^1_{1−qz} ) = q^{− 1}2 (−q(1 + q^2)(1 + q)^2)^z_{(1−qz)(1+q4 z)}

= q^{− 1}2^{(1+q2)(1−q2 )(1+q))}

(1−q^{−1}) z (1−qz)(1+q^4z)

=^1_{q 12 −q− 12} (^{z(1−q5+q+q4)}

(1−qz)(1+q^4 z) ) = 1 q^12 −q^{− 1}2

(^{(1+z)(1−q5 z)}

(1+q^4z)(1−qz) − 1)

=^1_{q 12 −q− 12} (^{(1+z)(1+q2 z)(1−q3z)(1−q5z)}

(1+q^2z)(1+q^4z)(1−qz)(1−q^3 z) − 1). ∑ r≤0((−q^4)^{r+r′} μ(−q^4)^{−r′} −q^{r+r′} μq^{−r′} )z^r = μ(^1_{1+q−4z−1} −^1_{1−q−1z−1} ) = −μ(^{z(−q−q4)}_{(1+q4z)(1−qz)} )

=^1_{q 12 −q− 12} (−^{(1+z)(1+q2 z)(1−q3z)(1−q5z)}

(1+q^2z)(1+q^4z)(1−qz)(1−q^3 z) + 1). □

5.2. The special property and the twisted T -system.

Lemma 5.2. For a ∈ C^∗, k ≥ 1, the simple representation W_{k,a} of U^τ_q is special.

Proof: Let us prove by induction on k ≥ 1 that a monomial m ∈ M(W_{k,a})−{m_{k,a}} satisfies m ≤ m_{k,a}A^{−1}_{aq2k} . For k = 1 this follows from section 3.4 and for k = 2 from Proposition 5.1. Let k ≥ 3 and m ∈ M(W_{k,a}). Then m is a monomial of χ^τ_q (W_{1,a})χ^τ_q (W_{k−1,aq}2 ). From the induction hypothesis we can suppose that m = m^′m_{k−1,aq}2 where m^′ ∈ M(W_{1,a}). In particular v_{aq}5 (m(m_{k,a})^{−1}) = 0. But m occurs in χ^τ_q (W_{2,a})χ^τ_q (W_{k−2,aq}4 ). So m = m^{′′}m_{k−2,aq}4 where m^{′′} ∈ M(W_{2,a}). As v_{aq}5 (m(m_{k,a})^{−1}) = 0 it follows from the case k = 2 that m^{′′} = m_{2,a}. So m = m_{k,a}. □ In particular :

Proposition 5.3. For k ≥ 1, a ∈ C^∗ we have the explicit formula :

χ^τ_q (W_{k,a}) = m_{k,a} ∑ 0≤R^′≤R≤k ( ∏ r=1···R

A^{−1}_{aq2k+1−2r} )( ∏ r^′=1···R^′

A^{−1}_{−aq2k+2−2r′} ).

They satisfy the twisted T -system :

χ^τ_q (W_{k,a})χ^τ_q (W_{k,aq}2 ) = χ^τ_q (W_{k+1,a})χ^τ_q (W_{k−1,aq}2 ) + χ^τ_q (W_{k,−aq}).

These formulas were considered in [KS1] as combinatorial solutions of the twisted T -systems. Here we prove that they correspond to characters of Kirillov-Reshetikhin modules.

Proof: It is clear that the twisted T -system is combinatorially satisfied by the explicit formula (in [KS1] it is proved in a more general situation). It also clear that the formula contains a unique dominant monomials.

From Section 3.1.2 and Proposition 5.1, χ^τ_q (W_{k,a}) is equal to the formula for k ≥ 2. Let k ≥ 2. In the proof of Lemma 5.2, we get that the monomials of χ^τ_q (W_{k,aq}2 ) − m_{k,aq}2 are lower than m_{k,aq}2 A^{−1}_{aq2k+2} in the sense of monomials. So the dominant monomials appearing in χ^τ_q (W_{1,a})χ^τ_q (W_{k,aq}2 ) are m_{k+1,a} and Z_{−aq}m_{k−1,aq}4 . The dominant monomials appearing in χ^τ_q (W_{1,−aq})χ^τ_q (W_{k−1,aq}4 ) are Z_{−aq}m_{k−1,aq}4 and m_{k−2,aq}6 . So :

χ^τ_q (W_{k+1,a}) = χ^τ_q (W_{1,a})χ^τ_q (W_{k,aq}2 ) − χ^τ_q (W_{1,−aq})χ^τ_q (W_{k−1,aq}4 ) + χ^τ_q (W_{k−2,aq}6 ).

It is clear that this relation is also satisfied by the explicit relation. So by induction on k, the formula is equal to χ^τ_q (W_{k,a}). □ Formulas for general types A^{(2)}_n will be proved section 10.

5.3. Weyl modules. For m a dominant monomials, the Weyl module W (m) corresponding to m is by definition the maximal finite dimensional representations of lhighest weight m.

Kashiwara proved a cyclicity property of some tensor products of fundamental representations :

Theorem 5.4. [Kas] For m a dominant monomial, there is a tensor product of fundamental representations which is of l-highest weight m.

As a consequence, dim(W (m)) is larger that the product p(m) of the dimensions of the corresponding fundamental representations.

The following result is a direct consequence of [BN] where important general results are obtained (see also [A] for type A^{(2)}_2 ). Although we only need this result for A^{(2)}_2 , we state the result in general :

Theorem 5.5. For twisted quantum affine algebras, Weyl modules are tensor product of fundamental representations.

By Theorem 5.4, it suffices to prove that dim(W (m)) ≤ p(m). All arguments are contained in [BN, Section 4]. As this is explained in [CM1, Section 6.4] for untwisted case, we only sketch the proof :

Let V (λ) be the extremal weight module of extremal weight λ and extremal vector u_λ, and let Ṽ (λ) be the corresponding tensor product of level 0 extremal fundamental representations with ũ(λ) the tensor product of the extremal vectors. There is an injective morphism of U_q(Lg^σ)-modules from V (λ) to Ṽ (λ) such that u_λ → ũ_λ. The action of certain elements of U_q(Lh^σ) in V (λ) corresponds to symmetric functions of the Kashiwara automorphisms of Ṽ (λ). As the quotient of Ṽ (λ) for the Kashiwara automorphisms is a tensor product of finite dimensional fundamental representations of dimension p(m), it is possible to conclude. All details are contained in [BN].

In particular :

Corollary 5.6. Let P (u) ∈ C[u] such that P (0) = 1 and m be the corresponding monomial. The Weyl module W (m) corresponding to m is of dimension 3^{deg(P )} and the monomial appearing in his q-character are lower than m in the sense of monomials.

Proof: As this result is known for fundamental representations from section 3.1.2, the corollary is a consequence of Theorem 5.5 and Theorem 2.8. □

6. The Kirillov-Reshetikhin modules are special

In this section we prove the special property of the Kirillov-Reshetikhin modules of twisted quantum affine algebras. This is the crucial point for the proof of the twisted T -systems and other results in this paper.

6.1. Preliminary results. We can prove as [H3, Lemma 3.3] :

Lemma 6.1. Let V be a finite dimensional U_q(Lg^σ)-module. For W ⊂ V a U_q(Lh^σ )- submodule of V and i ∈ I_σ, W^′_i = ∑ r∈Z x^−_{i,r}.W is a U_q(Lh^σ )-submodule of V .

Lemma 6.2. [H3, Lemma 3.4] Let V be a finite dimensional U_q(Lsl_2)-module. For p ∈ Z, let L_{≥p} = ∑ q≥p L_{qΛ} and L^′_{≥p} = ∑ r∈Z x^−_r .L_{≥p}.

Then L_{≥p}, L^′_{≥p} are U_q(Lh)-submodule of L and we have

((L^′_{≥p})_m ≠ 0) ⇒ (∃m^′ , (L_{≥p})_m′ ≠ {0} and m ≤ m^′).

As a consequence of Corollary 5.6, we have an analog result for U^τ_q which can be proved exactly as [H3, Lemma 3.4] :

Lemma 6.3. Let V be a finite dimensional U^τ_q -module. For p ∈ Z let L_{≥p} = ∑ M|β(M)=z^q ,q≥p

L_M and L^′_{≥p} = ∑ r∈Z x^−_r .L_{≥p}.

Then L_{≥p}, L^′_{≥p} are U_q(Lh^τ )-submodule of L and we have ((L^′_{≥p})_m ≠ 0) ⇒ (∃m^′ , (L_{≥p})_m′ ≠ {0} and m ≤ m^′).

6.2. Proof of Theorem 4.3. First we can prove as [H6, Lemma 5.3] that : Proposition 6.4. Let m be a dominant monomial and M_i be the sub Û_i-module of L(m) generated by an l-highest weight vector of L(m). Then M_i is simple.

The theorem 4.3 is a direct consequence of Lemma 3.17 and the following result : Lemma 6.5. Let m ∈ M(W^{(i)}_{k,a}) − {m^{(i)}_{k,a}}. We have m ≤ m^{(i)}_{k,a}A^{−1}_{i,aq2k−1i} if ĝ^σ is not of type A^{(2n)}_{2n} , m^{(i)}_{k,a}A^{−1}_{i,aq2k−1} if ĝ^σ is of type A^{(2)}_{2n} .

In particular m is right-negative and not dominant.

The proof of the analog result for untwisted cases [H4, Lemma 4.4] is modified : Proof: For m ≤ m^{(i)}_{k,a} we denote w(m) = v(m(m^{(i)}_{k,a})^{−1}) (the extended definition of v for general monomials was given in Section 3.6).

From Proposition 6.4, the Û_i-submodule M_i of W^{(i)}_{k,a} generated by v is simple. As ∑ {m≤m^{(i)}_{k,a}|w(m)=1}M

m ⊂ M_{kΛ}∨_{i −αi} ⊂ Û_i.v,

we have ∑ {m≤m^{(i)}_{k,a}|w(m)=1}(W (i) k,a)_m ⊂ M_i. So it follows from Proposition 6.4, and from the (1) of Proposition 3.19 (resp. from Proposition 5.3) if C_{i,σ(i)} ≥ 0 (resp. if C_{i,σ(i)} = −1) that : ∑ m≤m^{(i)}_{k,a}/w(m)=1

(W^{(i)}_{k,a})_m =

(W^{(i)}_{k,a})_m(i)_{k,aA−1i,aq2k−1} i if ĝ^σ is not of type A^{(2)}_{2n} , (W^{(i)}_{k,a})_m(i)_{k,aA−1i,aq2k−1} if ĝ^σ is of type A^{(2)}_{2n} , and that this space is of dimension 1.

Now consider m ∈ M(W^{(i)}_{k,a}) such that m ≠ m^{(i)}_{k,a}, and let us prove by induction on w(m) ≥ 1 that m ≤ m^{(i)}_{k,a}A^{−1}_{i,aq2k−1i} if ĝ^σ is not of type A^{(2)}_{2n} , m^{(i)}_{k,a}A^{−1}_{i,aq2k−1} if ĝ^σ is of type A^{(2)}_{2n} .

For w(m) = 1 we have proved that m = m^{(i)}_{k,a}A^{−1}_{i,aq2k−1i} . In general suppose that w(m) = p + 1 (p ≥ 1). It follows from the structure of M_i (which is also a U_q(Lh^σ)-module) that we can suppose that (M_i)_m = {0}. Consider : W = ⨁ {m^′≤m^{(i)}_{k,a}|w(m^′)≤p}(W (i) k,a)_m′ .

Here λ − kΛ_i is Note that W is a U_q(Lh^σ)-submodule of W^{(i)}_{k,a}. As W^{(i)}_{k,a} is a l-highest weight module, we have : ⨁ {m^′≤m^{(i)}_{k,a}|w(m^′)=p+1}

(W^{(i)}_{k,a})_m′ ⊂ ∑ j∈I W_j

where W_j = ∑ r∈Z x^−_{j,r}.W.

For j ∈ I, W_j is a U_q(Lh^σ)-submodule of W^{(i)}_{k,a} (Lemma 6.1). So ∃j ∈ I, (W_j )_m ≠ {0}. Consider the decomposition τ_j(χ^σ_q (W^{(i)}_{k,a})) = ∑ rP_r ⊗ Q_r of Lemma 3.12 and the corresponding decomposition of W^{(i)}_{k,a} as a Û_j-module: W^{(i)}_{k,a} = ⨁ r V_r. For a given r, consider M_r ∈ M(W^{(i)}_{k,a}) such that τ_j(M_r) appears in P_r ⊗ Q_r. For another such M, we have

v(MM^{−1}_r ) = { u_j (τ_j (MM^{−1}_r ))/2 if (j, ĝ^σ ) ≠ (0, A^{(2)}_{2n} ), u_j (τ_j (MM^{−1}_r )) if (j, ĝ^σ ) = (0, A^{(2)}_{2n} ), and so :

u_j (τ_j(M)) = { u_j (τ_j(M_r)) − 2w(M) + 2w(M_r ) if (j, ĝ^σ ) ≠ (0, A^{(2)}_{2n} ), u_j (τ_j(M_r)) − w(M) + w(M_r) if (j, ĝ^σ ) = (0, A^{(2)}_{2n} ).

This can be rewritten :

u_j (τ_j(M)) = { 2(p − w(M)) + p_r if (j, ĝ^σ ) ≠ (0, A^{(2)}_{2n} ), (p − w(M)) + p_r if (j, ĝ^σ ) = (0, A^{(2)}_{2n} ), where

p_r = { −2p + 2w(M_r) + u_j(τ_j (M_r)) if (j, ĝ^σ ) ≠ (0, A^{(2)}_{2n} ), −p + w(M_r) + u_j(τ_j (M_r)) if (j, ĝ^σ ) = (0, A^{(2)}_{2n} ).

Note that p_r does not depend of M. So we have w(M) ≤ p ⇔ u_j (τ_j(M)) ≥ p_r. So W = ⨁ r ((V_r)_{≥pr} ) = ⨁ r (V_r ∩ W ).

As the V_r are sub Û_j -modules of W^{(i)}_{k,a}, we have W_j = ⨁ r (V_r ∩ W_j). Let R such that τ_j(m) is a monomial of P_R ⊗ Q_R. We can apply Lemma 6.2 if C_{j,σ(j)} ≥ 0 and Lemma 6.3 if C_{j,σ(j)} = −1 to the Û_j-module V_R with p_R for Q^{−1}_R τ_j(m) : we get a monomial M^′ of (χ^σ_q )^j (W ) (twisted q-character as Û_j -module) such that Q^{−1}_R τ_i(m) ∈ M^′Z[τ_j(A^{−1}_{j,a} )]_{a∈C}∗ .

Consider m^′ = τ^{−1}_j (Q_R ⊗ M^′) (it is a monomial of χ^σ_q (W )).

First suppose that m^′ ≠ m^{(i)}_{k,a}. So m < m^′ and m ∈ m^′Z[A^{−1}_{j,b} ]_{b∈C}∗ . As m^′ ≠ m^{(i)}_{k,a} we have w(m^′) ≥ 1 and the induction hypothesis gives the result.

If m^′ = m^{(i)}_{k,a}, consider Z = Û_j .(W^{(i)}_{k,a})_m(i)_{k,a} . Then Z is equal to (W^{(i)}_{k,a})_m(i)_{k,a} or M_i. As Z is a sub Û_j-module of V_R and Q^{−1}_R τ_j (m) is not a monomial of (χ^σ_q )^j (Z), we can use the same arguments as above with V_R/Z instead of V_R. □ 7. Proof of Theorem 4.2 The following proof of Theorem 4.2 relies on Theorem 4.3.

7.1. Preliminary results. First we get exactly as [H4, Lemma 5.1] : Lemma 7.1. Let V be a special module. Suppose that V ≃ V_1 ⊗· · ·⊗V_r where V_1, · · · , V_r are l-highest weight modules. Then V_1, · · · , V_r are special and for all σ permutation of {1, · · · , r}, we have V ≃ V_{σ(1)} ⊗ · · · ⊗ V_{σ(r)}.

Indeed it is easy to produce a dominant non highest weight monomial of V from such a monomial in one the V_i. Besides as for any σ the tensor product is special, it is simple.

Let i ∈ I, k ≥ 1, a ∈ C^∗. Let M = m^{(i)}_{k,a}m^{(i)}_{k,aq2i} = m^{(i)}_{k+1,a}m^{(i)}_{k−1,aq2i} if ĝ^σ is not of type A^{(2)}_{2n} , m^{(i)}_{k,a}m^{(i)}_{k,aq2} = m^{(i)}_{k+1,a}m^{(i)}_{k−1,aq2} if ĝ^σ is of type A^{(2)}_{2n} , and M^′ =

MA^{−1}_{i,aq2k−1i} ...A^{−1}_{i,aqi} if ĝ^σ is not of type A^{(2)}_{2n} , MA^{−1}_{i,aq2k−1} ...A^{−1}_{i,aq} if ĝ^σ is of type A^{(2)}_{2n} .

Note that M^′ is the highest weight monomial of S^{(i)}_{k,a}. Let us write the dominant monomial M^′ in a normal way : (25) M^′ = ∏ l=1...L

m^{(il)}_{kl,al} .

Consider the sets of monomials for ĝ^σ not of type A^{(2)}_{2n} :

B = {m^{(i)}_{k,a}A^{−1}_{i,aq2k−1i} ...A^{−1}_{i,aq2(k−k′ )−1i} A^{−1}_{il,alq2kl−1i} l |0 ≤ k^′ ≤ k − 1 , 1 ≤ l ≤ L},

B^′ = {m^{(i)}_{k,a}, m^{(i)}_{k,a}A^{−1}_{i,aq2k−1i} , m^{(i)}_{k,a}A^{−1}_{i,aq2k−1i} A^{−1}_{i,aq2k−3i} , ..., m^{(i)}_{k,a}A^{−1}_{i,aq2k−1i} ...A^{−1}_{i,aqi} }, and for ĝ^σ of type A^{(2)}_{2n} :

B = {m^{(i)}_{k,a}A^{−1}_{i,aq2k−1} ...A^{−1}_{i,aq2(k−k′ )−1} A^{−1}_{il,alq2kl−1} |0 ≤ k^′ ≤ k − 1 , 1 ≤ l ≤ L}, B^′ = {m^{(i)}_{k,a}, m^{(i)}_{k,a}A^{−1}_{i,aq2k−1} , m^{(i)}_{k,a}A^{−1}_{i,aq2k−1} A^{−1}_{i,aq2k−3} , ..., m^{(i)}_{k,a}A^{−1}_{i,aq2k−1} ...A^{−1}_{i,aq}}.

Lemma 7.2. The monomials of m^{(i)}_{k,aq2i} .B are right negative.

Proof: First we suppose that ĝ^σ is not of type A^{(2)}_{2n} .

For b ∈ C^∗ and m a monomial, let us define μ_b(m) = Max{l ∈ Z|∃i ∈ I_σ, r ∈ Z, z_{i,(bq}l_ωr_)d_i (m) ≠ 0}.

Let α = MA^{−1}_{i,aq2k−1i} ...A^{−1}_{i,aq2(k−k′)−1i} , and αA^{−1}_{il,aq2kl−1i} l ∈ m^{(i)}_{k,aq2i} B. It suffices to check that μ_a′ (α) < μ_a′ (A^{−1}_{il,alq2kl−1i} l ) where a^′ satisfies (a^′)^{di} = a.

Case 1: d_i = 1 : μ_a(α) ≤ 2k − 1. If d_{il} = 1 : a_lq^{2kl−2}_{il} = aq^{2k−1}, μ_a(A^{−1}_{il,alq2kl−1i} l ) = 2k + 1.

If d_{il} ≥ 2 : a_lq^{2kl−2}_{il} = (aq^{2k−1})^M , μ_a(A^{−1}_{il,alq2kl−1i} l ) = 2k + 1.

Case 2 : d_i = 2 : μ_a(α) ≤ 2k − 1.

If d_{il} = 1 : a_lq^{2kl−2}_{iL} = a^′q^{2k−1} or −a^′q^{2k−1}, μ_a(A^{−1}_{il,alq2kl−1i} l ) = 2k + 1.

If d_{il} = 2 : a_lq^{2kl−2}_{iL} = aq^{4k−2}_i , μ_a(A^{−1}_{il,alq2kl−1i} l ) = 2k + 1.

Case 3 : d_i = 3 : μ_a(α) ≤ 2k − 1.

If d_{il} = 1 : a_lq^{2kl−2}_{iL} = a^′q^{2k−1} or ja^′q^{2k−1} or j^2a^′q^{2k−1}, μ_a(A^{−1}_{il,alq2kl−1i} l ) = 2k + 1.

Now we suppose that ĝ^σ is of type A^{(2)}_{2n} . For b ∈ C^∗ and m a monomial, let us define μ_b(m) = Max{l ∈ Z|∃i ∈ I_σ, z_{i,bq}l (m) ≠ 0 or z_{i,−bq}l (m) ≠ 0}.

Let α = MA^{−1}_{i,aq2k−1} ...A^{−1}_{i,aq2(k−k′)−1} , and αA^{−1}_{il,aq2kl−1} ∈ m^{(i)}_{k,aq2} B. It suffices to check that μ_a(α) < μ_a(A^{−1}_{il,alq2kl−1} ).

Case 1 : d_i = 1 : μ_a(α) ≤ 2k − 1. If d_{il} = 1 : a_lq^{2kl−2} = aq^{2k−1}, μ_a(A^{−1}_{il,alq2kl−1i} l ) = 2k + 1.

If d_{il} =^1_2 : a_lq^{2kl−2}_{iL} = aq^{2k−1}, μ_a(A^{−1}_{il,alq2kl−1i} l ) = 2k + 1.

Case 2 : d_i =^1_2 : μ_a(α) ≤ 2k − 1. If d_{il} = 1 : a_lq^{2kl−2}_{iL} = aq^{2k−1}, μ_a(A^{−1}_{il,alq2kl−1i} l ) = 2k + 1.

If d_{il} =^1_2 : a_lq^{2kl−2}_{iL} = −aq^{2k−1}, μ_a(A^{−1}_{il,alq2kl−1i} l ) = 2k + 1. □ As a consequence of Lemma 7.2, we get as in [H4, Proposition 5.3] :

Proposition 7.3. For i ∈ I, k ≥ 1, a ∈ C^∗, the module S^{(i)}_{k,a} is special. In particular M^′ is the unique dominant monomial of χ^σ_q (S^{(i)}_{k,a}).

7.2. Proof of the theorem 4.2. The two terms of the equality of the theorem 4.2 are in Im(χ^σ_q ) and so are characterized by the coefficient of their dominant monomials. So it suffices to determine the dominant monomials of each product. First let us prove the following lemma about the monomials of χ^σ_q (W^{(i)}_{k,a}) : Lemma 7.4. The monomials χ^σ_q (W^{(i)}_{k,a}) are lower than a monomial of B or are in B^′.

An analog result is proved in [N5] for the untwisted simply-laced cases. The general untwisted case is proved in [H4, Lemma 5.5]. We use this proof with some modification : Proof: For m ∈ M(W^{(i)}_{k,a}) we prove the statement by induction on

w(m) = v(m(m^{(i)}_{k,a})^{−1}) ≥ 0.

For w(m) = 0 we have m = m^{(i)}_{k,a} ∈ B^′. For w(m) ≥ 1 it follows from Theorem 4.3 that there is j ∈ I such that m /∈ B_j . So we get from Proposition 3.15 a monomial m^′ ∈ M(χ^σ_q (W^{(i)}_{k,a})) such that w(m^′) < w(m), m is a monomial of L_j(m^′), and L_j (m^′) appears in the decomposition of χ^σ_q (W^{(i)}_{k,a}). In particular m ≤ m^′, and if m^′ is lower than a monomial in B, so is m.

So we can suppose that m^′ ∈ B^′.

If m^′ = m^{(i)}_{k,a}, we have j = i. If moreover (ĝ^σ, i) ≠ (A^{(2)}_{2n} , 0), the monomials of L_i(m) are the monomials of B^′ from Proposition 6.4 and Proposition 3.19 (1). Otherwise it follows from Proposition 6.4 and Proposition 5.3 that the monomials of L_n(m) are in B^′ or are lower than a monomial in B (with i_l = n and a_l ∈ −aq^Z).

Suppose that m^′ ≠ m^{(i)}_{k,a}.

If (ĝ^σ, j) ≠ (A^{(2)}_{2n} , 0), L_j(m) corresponds to the q-character of a tensor product of Kirillov-Reshetikhin modules of type sl_2 ((2) of Proposition 3.19). Let m_{kl′ ,al′} be the corresponding monomials (that it to say a normal form). For each l^′, the complex number a_l′ q^{2(kl′ −1)} j is equal to one a_lq^{2(kl−1)}_{il} with i_l = j (see the decomposition (25) of the section 7.1). We can conclude with (1) of Proposition 3.19.

If (ĝ^σ, j) = (A^{(2)}_{2n} , 0), L_n(m) corresponds to a quotient of a tensor product of Kirillov- Reshetikhin modules of type A^{(2)}_2 . Let m_{kl′ ,al′} be the corresponding monomials. For each l^′, a_l′ q^{2(kl′ −1)} is equal to one a_lq^{2(kl−1)} with i_l = n (see the decomposition (25) of the section 7.1). We can conclude with Proposition 5.3. □ Consider

χ_1 = χ^σ_q (W^{(i)}_{k,a})χ^σ_q (W^{(i)}_{k,aq2i} ) if ĝ^σ is not of type A^{(2)}_{2n} , χ^σ_q (W^{(i)}_{k,a})χ^σ_q (W^{(i)}_{k,aq2} ) if ĝ^σ is of type A^{(2)}_{2n} , and χ_2 = χ^σ_q (W^{(i)}_{k+1,a})χ^σ_q (W^{(i)}_{k−1,aq2i} ) if ĝ^σ is not of type A^{(2)}_{2n} , χ^σ_q (W^{(i)}_{k+1,a})χ^σ_q (W^{(i)}_{k−1,aq2} ) if ĝ^σ is of type A^{(2)}_{2n} .

As a consequence of Theorem 4.3 (more precisely of Lemma 6.5) :

Lemma 7.5. 1) The dominant monomials of χ_1 are

M, MA^{−1}_{i,aq2k−1i} , MA^{−1}_{i,aq2k−1i} A^{−1}_{i,aq2k−3i} , ..., MA^{−1}_{i,aq2k−1i} ...A^{−1}_{i,aqi} for ĝ^σ ≠ A^{(2)}_{2n} ,

M, MA^{−1}_{i,aq2k−1} , MA^{−1}_{i,aq2k−1} A^{−1}_{i,aq2k−3} , ..., MA^{−1}_{i,aq2k−1} ...A^{−1}_{i,aq} for ĝ^σ = A^{(2)}_{2n} .

2) The dominant monomials of χ_2 are

M, MA^{−1}_{i,aq2k−1i} , MA^{−1}_{i,aq2k−1i} A^{−1}_{i,aq2k−3i} , ..., MA^{−1}_{i,aq2k−1i} ...A^{−1}_{i,aq3i} for ĝ^σ ≠ A^{(2)}_{2n} ,

M, MA^{−1}_{i,aq2k−1i} , MA^{−1}_{i,aq2k−1} A^{−1}_{i,aq2k−3} , ..., MA^{−1}_{i,aq2k−1} ...A^{−1}_{i,aq3} for ĝ^σ = A^{(2)}_{2n} .

In each case the dominant monomials appear with multiplicity 1.

End of the proof of the theorem 4.2 :

The unique dominant monomial that appears in χ_1 − χ_2 is M^′, and it has a multiplicity 1. We can conclude with Theorem 3.13 because M^′ is the unique dominant monomial of χ^σ_q (S^{(i)}_{k,a}) (Proposition 7.3). □ Remark : Theorem 4.2 also follows from Theorem 4.3, from results proved below (Theorem 8.1) and from the analog result for untwisted cases (but Theorem 4.3 has to be directly proved as in the present paper). However we gave the proof of (Theorem 4.3 ⇒ Theorem 4.2) in this subsection 7.2 to get all intermediate results, and also for the uniformity of the proof with the untwisted cases.

7.3. Complement : asymptotic property. It is certainly possible to get as for the untwisted case an asymptotic property of characters and twisted q-characters of Kirillov-Reshetikhin modules of twisted quantum affine algebras, that is to say :

(1) The normalized character Q^{(i)}_k = e^{−kΛi} χ^σ(Q^{(i)}_k ) considered as a polynomial in e^{−αj} has a limit as a formal power series :

∃ lim_{k→∞}Q^{(i)}_k ∈ Z[[e^{−αj} ]]_{j∈Iσ} .

(2) The normalized q-character of W^{(i)}_{k,a} considered as a polynomial in A^{−1}_{j,b} has a limit as a formal power series :

∃ lim_{k→∞} χ^σ_q (W^{(i)}_{k,aq−2ki} )

m^{(i)}_{k,aq−2ki}

∈ Z[[A^{−1}_{j,aq}m ]]_{j∈Iσ,m∈Z}.

Note that (1) is a consequence of (2). Moreover it is certainly possible to get also the convergence in the analytic sense as in [H4].

8. The twisted Kirillov-Reshetikhin conjecture and general results

In this section by using the results of previous sections we prove a close relation between the twisted types and the untwisted types (we construct an isomorphism between the Grothendieck rings of finite dimensional representations preserving Kirillov- Reshetikhin modules). We get explicit formulas for the character of an arbitrary tensor product of Kirillov-Reshetikhin modules for all types, and we so we prove the Kirillov- Reshetikhin conjecture.

8.1. Relation between twisted and untwisted types. Let us define π : Z[Y^{±1}_{i,a} ]_{i∈I,a∈C}∗ → Z[Z^{±1}_{i,a} ]_{i∈Iσ ,a∈C}∗ , as the ring morphism such that for i ∈ I_σ, p ∈ Z, a ∈ C^∗ :

π(Y_σp_{(i),a}) = { Z_{i,(ω}p_{a)}d_i if ĝ^σ is not of type A^{(2)}_{2n} , Z_{i,a(−1)}p if ĝ^σ is of type A^{(2)}_{2n} .

To avoid confusion, the Kirillov-Reshetikhin modules of the untwisted quantum affine algebra U_q(Lg) are denoted by W̃^{(i)}_{k,a} for a ∈ C^∗, k ≥ 0, i ∈ I.

We denote by π(W̃^{(i)}_{k,a}) the Kirillov-Reshetikhin module of U_q(Lg^σ) of highest monomial π(M) where M is the highest monomial of W̃^{(i)}_{k,a}. For i ∈ I_σ, p ∈ Z, k ≥ 0 and a ∈ C^∗, we have :

π(W̃^{(σp (i))} k,a ) = { W^{(i)}_{k,(aωp)di} if ĝ^σ is not of type A^{(2)}_{2n} , W^{(i)}_{k,a(−1)p} if ĝ^σ is of type A^{(2)}_{2n} .

Here there is an abuse of notation as we use π twice, but this does not lead to confusion thanks to the following :

Theorem 8.1. π can be uniquely extended to a well-defined ring isomorphism π : Rep(U_q(Lg)) → Rep(U_q(Lg^σ)), and the following diagram is commutative : Rep(U_q(Lg))^{χq}−−−−→ Z[Y^{±1}_{i,a} ]_{i∈I,a∈C}∗ π π Rep(U_q(Lg^σ))^χ σ q −−−−→ Z[Z^{±1}_{i,a} ]_{i∈Iσ ,a∈C}∗ .

In particular for i ∈ I_σ, k ≥ 0, p ∈ Z, a ∈ C^∗, we have :

π(χ_q(W̃^{(σp(i))}_{k,a} )) = { χ^σ_q (W^{(i)}_{k,(aωp)di} ) if ĝ^σ is not of type A^{(2)}_{2n} , χ^σ_q (W^{(i)}_{k,(−1)pa}) if ĝ^σ is of type A^{(2)}_{2n} .

Remark : although this works for Kirillov-Reshetikhin modules, the result does not mean that in general we can compute the twisted q-character of an arbitrary simple U_q(Lg^σ)-module from the q-character of a simple U_q(Lg). Proof: First let us prove the last identity of the Theorem.

For i ∈ I_σ, p ∈ Z, a ∈ C^∗ we have from the explicit defining formulas

π(A_σp_{(i),a}) = { A_{i,(ω}p_{a)}d_i if ĝ^σ is not of type A^{(2)}_{2n} , A_{i,(−1)}p_a if ĝ^σ is of type A^{(2)}_{2n} .

From Theorem 2.6, we have π(Im(χ_q)) ⊂ K_i for any i ∈ I^σ : it is obvious if C_{i,σ(i)} ≠ −1. For C_{i,σ(i)} = −1 we have :

Im(χ_q) ⊂ K_i ∩ K_{σ(i)}

= Z[Y_{i,b}(1 + A^{−1}_{i,bq} + A^{−1}_{i,bq}A^{−1}_{σ(i),bq2} ), Y_{σ(i),b}(1 + A^{−1}_{σ(i),bq} + A^{−1}_{σ(i),bq} A^{−1}_{i,bq2} )]_{b∈C}∗ × Z[Y^{±1}_{j,d} ]_{j /∈{i,σ(i)},d∈C}∗ , from Theorem 2.6 for the untwisted quantum affine algebra U_q(Lsl_3). And so we also have the result as for r ∈ Z : Z_{i,aq}r (1 + A^{−1}_{i,aqr+1} + A^{−1}_{i,aqr+1} A^{−1}_{i,−aqr+2} ) =π(Y_{i,aq}r (1 + A^{−1}_{i,aqr+1} + A^{−1}_{i,aqr+1} A^{−1}_{σ(i),aqr+2} )), Z_{i,−aq}r (1 + A^{−1}_{i,−aqr+1} + A^{−1}_{i,−aqr+1} A^{−1}_{i,aqr+2} ) =π(Y_{σ(i),aq}r (1 + A^{−1}_{σ(i),aqr+1} + A^{−1}_{σ(i),aqr+1} A^{−1}_{i,aqr+2} )).

In particular π(χ_q(W̃^{(σp(i))}_{k,a} )) is in Im(χ^σ_q ). Moreover for a monomial m ∈ Z[Y_{j,b}]_{j∈I,b∈C}∗ we have : (m is dominant) ⇐⇒ (π(m) is dominant).

In particular as the U_q(Lg)-module W̃^{(σp(i))}_{k,a} is special, π(χ_q(W̃^{(σp(i))}_{k,a} )) has a unique dominant monomial. For ĝ^σ not of type A^{(2)}_{2n} (resp. of type A^{(2)}_{2n} ), the U_q(Lg^σ)-module W^{(i)}_{k,(aωp)di} (resp. W^{(i)}_{k,(−1)pa}) is special, so χ^σ_q (W^{(i)}_{k,(ωpa)di} ) (resp. χ^σ_q (W^{(i)}_{k,(−1)pa})) has a unique dominant monomial equal to π(M) where M is the unique dominant monomial of χ_q(W̃^{(σp(i))}_{k,a} ). This implies the result.

As χ_q and χ^σ_q are injective ring morphisms, this result implies that π is well-defined. Then the diagram is clearly commutative. As the fundamental representations generate the ring Rep(U_q(Lg^σ)), π is surjective. The injectivity follows from the injectivity of π ∘ χ_q. □ Let us define π : Z[y^{±1}_i ]_{i∈I} → Z[z^{±1}_i ]_{1≤i≤n} as the ring morphism such that for i ∈ I,

π(y_i) = { z_i if ĝ^σ ≠ A^{(2)}_{2n} , z_{n−i} if ĝ^σ = A^{(2)}_{2n} .

There is an abuse of notation as we used π for different maps, but this does not lead to confusion as from Proposition 3.6, we have : Corollary 8.2. The following diagram is commutative : Rep(U_q(Lg))^{χ∘res}−−−−→ Z[y^{±1}_i ]_{i∈I} π π Rep(U_q(Lg^σ))^{χσ ∘resσ}−−−−−→ Z[z^{±1}_i ]_{1≤i≤n} .

In particular, for i ∈ I_σ, k ≥ 0, a ∈ C^∗, p ∈ Z, we have :

π(χ(res^σ(W̃^{(σp(i))}_{k,a} ))) = { χ^σ(res^σ(W^{(i)}_{k,(aωp)di} )) if ĝ^σ is not of type A^{(2)}_{2n} , χ^σ(res^σ(W^{(i)}_{k,(−1)pa})) if ĝ^σ is of type A^{(2)}_{2n} .

Let us define π : Z[y^{±1}_i ]_{i∈I} → Z[z^{±1}_i ]_{i∈Iσ} as the ring morphism such that for i ∈ I,

π(y_i) = { z_i if (ĝ^σ, i) ≠ (A^{(2)}_{2n} , 0), z^2_0 if (ĝ^σ, i) = (A^{(2)}_{2n} , 0).

From Proposition 3.7, we have :

Corollary 8.3. The following diagram is commutative : Rep(U_q(Lg))^{χ∘res}−−−−→ Z[y^{±1}_i ]_{i∈I} π^{R,a} π Rep(U_q(Lg^σ))^{χσ ∘resσ}

−−−−−→ Z[z^{±1}_i ]_{i∈Iσ} .

In particular, for i ∈ I_σ, k ≥ 0, a ∈ C^∗, p ∈ Z, we have :

π(χ(res^σ(W̃^{(σp(i))}_{k,a} ))) = { χ^σ(res^σ(W^{(i)}_{k,(aωp)di} )) if ĝ^σ is not of type A^{(2)}_{2n} , χ^σ(res^σ(W^{(i)}_{k,(−1)pa})) if ĝ^σ is of type A^{(2)}_{2n} .

Note that π (resp. π) makes sense as a map from P to the intergral weight lattice of U_q(g^σ) (resp. U_q(g^σ)). By abuse of notation, we also denote this map by π (resp. π). 8.2. The twisted Kirillov-Reshetikhin conjecture. As we have explicit formulas [N5, H4] for the character of tensor product of the Kirillov-Reshetikhin modules of U_q(Lg), we also get formulas for the Kirillov-Reshetikhin modules of U_q(Lg^σ) (in fact here we use the simply-laced cases so we only need the results of [N5]).

Let Q^{(i)}_k = e^{−kΛi} χ^σ(Q^{(i)}_k ) and Q^{(i)}_k = e^{−kπ(Λi)}χ^σ(res^σ(W^{(i)}_{k,a})).

Definition 8.4. For a sequence ν = (ν^{(i)}_k )_{i∈Iσ ,k>0} such that for all but finitely many ν^{(i)}_k are non zero let us define :

F(ν) = ∑ N=(N^{(i)}_k ) ∏ i∈I,k>0 ( P^{(i)}_k (ν, N) + N^{(i)}_k N^{(i)}_k ) e^{−kN (i)k π(αi)},

F(ν) = ∑ N=(N^{(i)}_k ) ∏ i∈I,k>0 ( P^{(i)}_k (ν, N) + N^{(i)}_k N^{(i)}_k ) e^{−kN (i)k π(αi)},

where

P^{(i)}_k (ν, N) = ∑ l=1...∞

ν^{(i)}_l min(k, l) − ∑ j∈I,l>0

N^{(j)}_l r_iC_{i,j}min(k/r_j , l/r_i), ( a b ) = Γ(a + 1) Γ(a − b + 1)Γ(b + 1) .

The above formulas are obtained via π from the non-deformed fermionic formulas (we use here the version of [Ki1, Ki2, HKOTY, KNT]; the version of [KR] is slightly different because the definition of binomial coefficients is a little changed, see [KNT]).

Theorem 8.5 (The twisted Kirillov-Reshetikhin conjecture). For a sequence ν = (ν^{(i)}_k )_{i∈Iσ ,k>0} such that for all but finitely many ν^{(i)}_k are zero. Then we have :

Q_ν ∏ α∈Δ_+

(1 − e^{−π(α)}) = F(ν) , Q_ν ∏ α∈Δ_+

(1 − e^{−π(α)}) = F(ν)

where Q_ν = ∏ i∈I_σ,k≥1

(Q^{(i)}_k )^{ν(i)k} , Q_ν = ∏ i∈I_σ,k≥1

(Q^{(i)}_k )^{ν(i)k} .

Proof: This result follows from Corollary 8.2 and the analog result for simply-laced untwisted case [N5] (see [H4] for non-simply laced untwisted case). □ In particular the formula obtained for Q_ν = ∏ i∈I_σ ,k≥1

(χ^σ(Q^{(i)}_k ))^{ν(i)}k is the character of a

U_q(g^σ)-module (which is a purely combinatorial statement and is not clear a priori). Note that for type A^{(2)}_{2n} , some formulas were known [OSS] when ν^{(a)}_k = 0 for k ≥ 2, a ∈ C^∗.

9. Branching rules

Now we enter the second part of the present paper : from the general results of the first part we get as an application explicit formulas (several of them had been conjectured by different authors).

First we get the proof of the branching rules conjectured in [HKOTT] for the subalgebras of finite type Ũ_q(g^σ), U_q(g^σ) ⊂ U_q(Lg^σ).

We use the notations of Section 2 for Ũ_q(g^σ), U_q(g^σ), and for λ ∈ P^+, we denote by V (λ) (resp. V (λ)) the simple Ũ_q(g^σ)-module (resp. U_q(g^σ)-module) of highest weight λ. See Section 2.6 for the type of Ũ_q(g^σ) and U_q(g^σ). For type ĝ^σ ≠ A^{(2)}_{2n} , as U_q(g^σ) ≃ U_q(g^σ), we do not write the branching rules twice. The branching rules correspond to the decomposition obtained in [NS] for conjectural crystals of Kirillov- Reshetikhin modules.

9.1. Fundamental representations. Let us start with fundamental representations. For these representations, the branching rules were obtained in [HN] (in several cases it was already known, see the references in [HN]), except for the node 3 of E^{(2)}_6 . These branching rules will also be obtained from explicit formulas of twisted q-characters in section 11. The two methods are very different (and the result match).

Let us give these branching rules as this is the starting point for the proof of Theorem 9.2 (we also give the dimension D_i of the fundamental representation V_i(a)) :

Theorem 9.1. We have the following branching rules for fundamental representations :

Type A^{(2)}_{2n} and 0 ≤ i ≤ n − 1 :

res^σ(V_i(a)) = V (Λ_{n−i}) ⊕ V (Λ_{n−i−1}) ⊕ · · · ⊕ V (Λ_1) ⊕ V (0) , D_i = ( 2n + 1 n − i ) . res^σ(V_i(a)) = V (Λ_i) , D_i = ( 2n + 1 n − i ) . Type A^{(2)}_{2n−1} and 1 ≤ i ≤ n :

res^σ(V_i(a)) = V (Λ_i) ⊕ V (Λ_{i−2}) ⊕ · · · ⊕ V (δ_{i,0[2]}Λ_0) , D_i = ( 2n i ) . Type D^{(2)}_{n+1} and 1 ≤ i ≤ n − 1 :

res^σ(V_i(a)) = V (Λ_i) ⊕ V (Λ_{i−1}) ⊕ · · · ⊕ V (Λ_1) ⊕ V (0),

D_i = ( 2n + 1 i ) + ∑ k≥1 ( 2n + 2 i − 2k + 1 ) , res^σ(V_n(a)) = V (Λ_n) , D_n = 2^n.

Type D^{(3)}_4 :

res^σ(V_1(a)) = V (Λ_1) ⊕ V (0) , D_1 = 8, res^σ(V_2(a)) = V (λ_2) ⊕ V (λ_1)^{⊕2} ⊕ V (0) , D_2 = 29, Type E^{(2)}_6 :

res^σ(V_1(a)) = V (Λ_1) ⊕ V (0) , D_1 = 27, res^σ(V_2(a)) = V (Λ_2) ⊕ V (Λ_4) ⊕ V (Λ_1)^{⊕2} ⊕ V (0) , D_2 = 378, res^σ(V_4(a)) = V (Λ_4) ⊕ V (Λ_1) ⊕ V (0) , D_4 = 79.

For the remaining fundamental representation in type E^{(2)}_6 , we have D_3 = 3732 (see section 11) and it should be possible to check with a computer from the result of Section 11 that the following conjectural formula of [HKOTT] is satisfied : res^σ(V_3(a)) = V (Λ_3) ⊕ V (Λ_1 + Λ_4) ⊕ V (2Λ_1) ⊕ V (Λ_2)^{⊕3} ⊕ V (Λ_4)^{⊕3} ⊕ V (Λ_1)^{⊕4} ⊕ V (0)^{⊕2}. 9.2. Kirillov-Reshetikhin modules. For Kirillov-Reshetikhin modules, conjectural branching rules are given in [HKOTT]. It is proved [HKOTT, Theorem 6.2] that these formulas satisfy the twisted Q-system. As we have proved the twisted Q-system and that the formulas match for k = 0 (trivial) and k = 1 (Theorem 9.1), we get by induction on k ≥ 0 the following :

Theorem 9.2. For a ∈ C^∗, k ≥ 0, we have the following branching rules : Type A^{(2)}_{2n} . For 0 ≤ i ≤ n − 1 :

res^σ(W^{(i)}_{k,a}) = ⨁ m_1≥0,··· ,m_{n−i}≥0 and m_1+···+m_{n−i}≤k

V (m_1Λ_1 + m_2Λ_2 + · · · + m_{n−i}Λ_{n−i}).

Type A^{(2)}_{2n} . For 1 ≤ i ≤ n − 1 : res^σ(W^{(i)}_{k,a}) = ⨁ m_{n−1} ≥0,··· ,m_i≥0 and m_{n−1}+···+m_i≤k and m_j =kδ_{i,j} [2]

V (m_{n−1}Λ_{n−1} + · · · + m_iΛ_i), and res^σ(W^{(0)}_{k,a} ) is equal to ⨁ m_0≥0,··· ,m_{n−1}≥0 and m_0+···+m_{n−1}≤k and m_j =kδ_{i,0}[2]

V (m_1Λ_1 + · · · + m_{n−1}Λ_{n−1} + 2m_0Λ_0).

Type A^{(2)}_{2n−1}. For 1 ≤ i ≤ n and j ∈ {0, 1} such that i = j mod [2] :

res^σ(W^{(i)}_{k,a}) = ⨁ m_j ≥0,··· ,m_i≥0 and m_j +···+m_i=k

V (m_j Λ_j + m_{j+2}Λ_{j+2} + · · · + m_iΛ_i).

Type D^{(2)}_{n+1}. For 1 ≤ i ≤ n − 1 :

res^σ(W^{(i)}_{k,a}) = ⨁ m_1≥0,··· ,m_i≥0 and m_1+···+m_i≤k

V (m_1Λ_1 + m_2Λ_2 + · · · + m_iΛ_i).

res^σ(W^{(i)}_{k,a}) = V (kΛ_n).

Type D^{(3)}_4 .

res^σ(W^{(1)}_{k,a} ) = ⨁ m=0···k

V (mΛ_1),

and res^σ(W^{(2)}_{k,a} ) is equal to : ⨁ m_1+m_2≤k and m_1,m_2≥0

(m_1 + 1)min(1 + m_2, 1 + k − m_1 − m_2)V (m_1Λ_1 + m_2Λ_2).

10. Explicit formulas for Kirillov-Reshetikhin modules In this section we prove explicit formulas for the twisted q-characters of Kirillov- Reshetikhin in types A^{(2)}_{2n} , A^{(2)}_{2n−1}, D^{(3)}_4 , D^{(2)}_4 . Several of them had been conjectured in various papers.

Remark : The formulas are given in terms of tableaux. It should be possible to directly compare them with the solutions of the twisted T -system given in [T] in terms of determinant as this is done in [NN1, NN2] for untwisted cases.

10.1. Twisted q-characters of Kirillov-Reshetikhin modules in type A^{(2)}_n (n ≥ 2). The following formulas appeared as combinatorial solutions of the twisted T -system in [KS1]. Here we prove that they are the twisted q-characters of Kirillov-Reshetikhin modules. In particular we get a new proof of the combinatorial statement that they satisfy the twisted T -system.

As for Kirillov-Reshetikhin modules in the untwisted case A^{(1)} explicit formulas are known (see [Che, FM2, NT]), by using Theorem 8.1 we get the formulas for types A^{(2)}_{2n−1} and types A^{(2)}_{2n} :

10.1.1. Type A^{(2)}_{2n−1} (n ≥ 2). For a ∈ C^∗ and 1 ≤ i ≤ 2n, let

i a =

Z_{1,a} if i = 1, Z^{−1}_{i−1,aqi} Z_{i,aq}i−1 if 2 ≤ i ≤ n − 1, Z^{−1}_{n−1,aq}n Z_{n,a}2_q2n−2 if i = n, Z^{−1}_{n,a2q2n+2} Z_{n−1,−aq}n if i = n + 1, Z^{−1}_{2n−i+1,−aqi} Z_{2n−i,−aq}i−1 if n + 2 ≤ i ≤ 2n − 1, Z^{−1}_{1,−aq2n} if i = 2n.

For 1 ≤ i_0 ≤ n, let Tab(i_0, k) be the set of tableaux (T_{i,j} )_{1≤i≤i0,1≤j≤k} with coefficients in {1, · · · , 2n} satisfying the two conditions :

• T_{i,j} ≤ T_{i,j+1} for any 1 ≤ i ≤ i_0 and 1 ≤ j ≤ k − 1, • T_{i,j} < T_{i+1,j} for any 1 ≤ i ≤ i_0 − 1 and 1 ≤ j ≤ k.

For such a tableaux T ∈ Tab(i_0, k) and a ∈ C^∗ we set

m_{T,a} = ∏ 1≤i≤i_0,1≤j≤k

T_{i,j} aq^{2(j−i)} .

Proposition 10.1. For a ∈ C^∗ and 1 ≤ i_0 ≤ n − 1, we have :

χ^σ_q (W^{(i0)}_{k,a} ) = ∑ T ∈Tab(i_0,k)

m_{T,aq}i_0−1 .

Let b ∈ C^∗ such that b^2 = a. Then we have : χ^σ_q (W^{(n)}_{k,a} ) = ∑ T ∈Tab(i_0,k)

m_{T,bq}n−1 .

10.1.2. Type A^{(2)}_{2n} . For a ∈ C^∗ and 1 ≤ i ≤ 2n + 1, let

i a =

Z_{n−1,a} if i = 1, Z^{−1}_{n−i+1,aqi} Z_{n−i,aq}i−1 if 2 ≤ i ≤ n, Z^{−1}_{0,aqn+1} Z_{0,−aq}n if i = n + 1, Z^{−1}_{i−n−2,−aqi} Z_{i−n−1,−aq}i−1 if n + 2 ≤ i ≤ 2n, Z^{−1}_{n−1,−aq2n+1} if i = 2n + 1.

For 0 ≤ i_0 ≤ n − 1, let Tab^′(i_0, k) be the set of tableaux (T_{i,j})_{1≤i≤n−i0,1≤j≤k} with coefficients in {1, · · · , 2n + 1} satisfying the conditions :

• T_{i,j} ≤ T_{i,j+1} for any 1 ≤ i ≤ n − i_0 and 1 ≤ j ≤ k − 1, • T_{i,j} < T_{i+1,j} for any 1 ≤ i ≤ n − i_0 − 1 and 1 ≤ j ≤ k.

For such a tableaux T ∈ Tab^′(i_0, k) and a ∈ C^∗ we set

m_{T,a} = ∏ 1≤i≤n−i_0,1≤j≤k

T_{i,j} aq^{2(j−i)} .

Proposition 10.2. For a ∈ C^∗, 0 ≤ i_0 ≤ n − 1, we have :

χ^σ_q (W^{(i0)}_{k,a} ) = ∑ T ∈Tab^′(i_0 ,k)

m_{T,aq}n−i_0−1 .

10.2. Twisted q-characters of Kirillov-Reshetikhin modules in type D^{(3)}_4 and conjecture of [KS1].

10.2.1. The formulas. The following formulas appeared in [KS1] as combinatorial conjectural solutions of the twisted T -system. In particular we prove the conjecture that they are solution of the twisted T -system.

For a ∈ C^∗, let 1 a = Z_{1,a}, 2 a = Z^{−1}_{1,aq2} Z_{2,a}3_q3 , 3 a = Z^{−1}_{2,a3q9} Z_{1,aq}2_j Z_{1,aq}2_j2 , 4 a = Z_{1,aq}2_jZ^{−1}_{1,aq4j2} , 4 a = Z_{1,aq}2_j2 Z^{−1}_{1,aq4j}, 3 a = Z^{−1}_{1,aq4j}Z^{−1}_{1,aq4j2} Z_{2,a}3_q9 , 2 a = Z_{1,aq}4 Z^{−1}_{2,a3q15} , 1 a = Z^{−1}_{1,aq6} .

Let B = {1, 2, 3, 4, 4, 3, 2, 1}. We give the ordering ≺ on the set B by

1 ≺ 2 ≺ 3 ≺ 4 4 ≺ 3 ≺ 2 ≺ 1.

Let Tab(1, k) be the set of tableaux (T_j )_{1≤j≤k} with coefficients in B satisfying T_j ⪯ T_{j+1} for any 1 ≤ j ≤ k − 1.

For such a tableaux and a ∈ C^∗ we set m^{(1)}_{T,a} = ∏ 1≤j≤k

T_j aq^{2(j−1)} .

Theorem 10.3. For a ∈ C^∗, k ≥ 1 we have :

χ^σ_q (W^{(1)}_{k,a} ) = ∑ T ∈Tab(1,k)

m^{(1)}_{T,a}.

This result will be proved in section 10.2.3.

Let Tab(2, k) be the set of tableaux (T_{i,j} )_{1≤i≤2,1≤j≤k} with coefficients in B satisfying the following conditions :

• (θ1) (T_{i,1}, · · · , T_{i,k}) ∈ Tab(1, k) for i = 1, 2, • (θ2) T_{1,j} � T_{2,j} for any 1 ≤ j ≤ k, • (θ3) ( T_{1,j} T_{1,j+1} · · · T_{1,j}′ T_{2,j} T_{2,j+1} · · · T_{2,j}′ ) ≠ ( 3 3 · · · 3 4 4 3 · · · 3 3 ) for any 1 ≤ j < j^′ ≤ k,

• (θ4) ( T_{1,j} T_{1,j+1} · · · T_{1,j}′ T_{2,j} T_{2,j+1} · · · T_{2,j}′ ) ≠ ( 3 3 · · · 3 4 4 3 · · · 3 3 ) for any 1 ≤ j < j^′ ≤ k.

The explanation for conditions (θ3) and (θ4) will be given in Section 10.2.4.

Lemma 10.4. Under the conditions (θ1) and (θ2), the conditions (θ3) and (θ4) are respectively equivalent to the conditions :

(θ3’) ( T_{1,j} T_{1,j}′ T_{2,j} T_{2,j}′ ) ≠ ( 3 4 4 3 ) for any 1 ≤ j < j^′ ≤ k,

(θ4’) ( T_{1,j} T_{1,j}′ T_{2,j} T_{2,j}′ ) ≠ ( 3 4 4 3 ) for any 1 ≤ j < j^′ ≤ k.

The conditions (θ3’) and (θ4’) were originally used in [KS1] instead of (θ3) and (θ4).

Proof: It is clear that (θ3’)⇒(θ3) and (θ3’)⇒(θ3). Suppose that (θ3) is satisfied and suppose that there are 1 ≤ j < j^′ ≤ k such that ( T_{1,j} T_{1,j}′ T_{2,j} T_{2,j}′ ) = ( 3 4 4 3 ) . We can suppose that j^′ − j is minimal for this property. By (θ3) we have j^′ − j ≥ 2. We have 3 ⪯ T_{1,j+1} ⪯ 4. If T_{1,j+1} = 4, we have T_{2,j+1} = 3. If T_{1,j+1} = 3 we have T_{2,j+1} ≠ 4 and so T_{2,j+1} = 3. So T_{2,j+1} = · · · = T_{2,j}′ = 3. In the same way T_{1,j}′_{−1} = · · · = T_{1,j} = 3. Contradiction by (θ3).

We get (θ4)⇒(θ4)’ in an analog way. □ For such a tableaux and a ∈ C^∗ we set

m^{(2)}_{T,a} = ∏ 1≤i≤2,1≤j≤k

T_{i,j} aq^{2(j−i)} .

Theorem 10.5. For a ∈ C^∗, k ≥ 1 we have :

χ^σ_q (W^{(2)}_{k,a} ) = ∑ T ∈Tab(2,k)

m^{(2)}_{T,bq},

where b ∈ C^∗ satisfies b^3 = a.

This result will be proved in section 10.2.4.

10.2.2. Notations. For i ∈ B, we denote by succ(i) (resp. prec(i)) the set of minimal (resp. maximal) elements of {j ∈ B|j ≻ i} (resp. {j ∈ B|j ≺ i}).

Definition 10.6. The affine degree of a monomial m is

d(m) = max{z_{i,a}(m)|i ∈ I_σ, a ∈ C^∗, u_{i,a}(m) ≥ 0}.

A monomial is said to be thin if it has affine degree 1.

The affine degree of a U^σ_q (ĝ)-module V is the maximal affine degree of the monomials occurring in χ^σ_q (V ). A U^σ_q (ĝ)-module V is said to be thin if it has affine degree 1.

The notion of affine degree will be used in the following proofs and will be investigated more systematically in another paper in relation to some other problems for representations of quantum affine algebras in the continuation of [H7].

For m a monomial we denote (m)^± = ∏ {(i,a)∈I×C^|±z_{i,a}(m)≥0}

Z^{zi,a(m)} i,a .

For m, m^′ monomials, we say that (m)^+ is partly canceled by (m^′)^− if there is (i, a) such that z_{i,a}(m) > 0 and z_{i,a}(m^′) < 0. 10.2.3. Proof of Theorem 10.3.

Lemma 10.7. Let T ∈ Tab(1, k) and a ∈ C^∗. Let 1 ≤ j ≠ j^′ ≤ k, α = T_j and β = T_j′ . Then ( α_{aq2(j−1)} )^− is not partly canceled by ( β_{aq2(j′ −1)} )^+.

Proof: Indeed we would have β ≺ α or (α, β) ∈ {(3, 3), (2, 2)}. In the first case j^′ < j, contradiction. If (α, β) = (2, 2), then j^′ > j and (aq^{2(j′−1)})q^4 = (aq^{2(j−1)})q^2 ⇒ j^′ + 1 = j, contradiction. If (α, β) = (3, 3), then j^′ > j and (aq^{2(j′−1)})^3q^9 = (aq^{2(j−1)})^3q^9 ⇒ j^′ = j, contradiction. □ Lemma 10.8. For T ∈ Tab(1, k) and a ∈ C^∗, the monomial m^{(1)}_{T,a} is thin. Proof: Indeed let 1 ≤ j < j^′ ≤ k, α = T_j and β = T_j′ . We suppose that ( α_{aq2(j−1)} )^+ = ( β_{aq2(j′ −1)} )^+ ≠ 1.

We have α = β or (α, β) ∈ {(1, 2), (2, 3), (3, 4), (3, 4)}. If α = β, we have j = j^′, contradiction. Otherwise as j < j^′ and α ≺ β, the power r of q for the term with positive exponent Z_{l,aq}r occurring for β is strictly larger than the one for α, contradiction.

( α_{aq2(j}′_{−1)} )^+ is necessarily strictly larger than in ( β_{aq2(j−1)} )^+, contradiction. □ Let us complete the proof of Theorem 10.3 :

Proof: From Lemma 10.7 there is a unique dominant monomial in the formula and it corresponds to (1, 1, · · · , 1) ∈ Tab(1, k). So it suffices to prove that the formula is in Im(χ^σ_q ).

Note that is also follows from Lemma 10.7 that the map T → m^{(i)}_{T,a} is injective. Let 1 ≤ i ≤ 2. We want to give a decomposition as in Proposition 3.15 for J = {i}. From Proposition 3.19 and Lemma 10.8, the L_i(M) that should appear in this decomposition are thin. It suffices to prove that the set Tab(1, k) is in bijection with a disjoint union of sets M(L_i(M)) via T → m^{(1)}_{T,a}.

We define a partial ordering on Tab(1, k) : for T, T^′ ∈ Tab(1, k), we denote T ⪯ T^′ if and only if (T_j ⪯ T^′_j for any 1 ≤ j ≤ k).

Consider the set M_1 = {T ∈ Tab(1, k)|∀1 ≤ j ≤ k, T_j ∈ {1, 3, 2}}.

Then by Lemma 10.7, M_1 is in bijection with the set of 1-dominant monomials occurring in the formula.

Let T ∈ M_1 and T̃ ∈ Tab(1, k) obtained from T by replacing 1 (resp. 3, 2) by 2 (resp. 3, 1). Let M_1(T ) = {T^′ ∈ Tab(1, k)|T ⪯ T^′ ⪯ T̃ }.

Consider the decomposition m_T = m_1m_3m_2 where m_1 (resp. m_3, m_2) is obtained from m_T by using only the boxes of values 1 (resp. 3, 2). From Proposition 3.19 we have L_1(m_T ) = L_1(m_1)L_1(m_3)L_1(m_2), and L_1(m_T ) is thin. So M_1(T ) is in bijection with the set of monomials of L_1(m_T ). In particular if T ≠ T^′ ∈ M_1 then M_1(T ) and M_1(T^′) are disjoint.

Moreover (M_1(T ))_{T ∈M1} is a partition of Tab(1, k). Indeed for T ∈ Tab(1, k) let j_1 minimal such that T_{j1} ⪰ 3 and j_2 minimal such that T_{j2} ⪰ 2. Consider T^′ defined by

T^′_j =

1 if j < j_1, 3 if j_1 ≤ j < j_2, 2 if j ≥ j_2.

Then T^′ ∈ M_1 and T is in M_1(T^′).

Consider the set M_2 = {T ∈ Tab(1, k)|∀1 ≤ j ≤ k, T_j ∈ {1, 2, 4, 4, 3, 1}}.

Then by Lemma 10.7 M_2 is in bijection with the set of 2-dominant monomials occurring in the formula.

Let T ∈ M_2 and T̃ ∈ Tab(1, k) obtained from T by replacing 2 (resp. 3) by 3 (resp. 2). Let M_2(T ) = {T^′ ∈ Tab(1, k)|T ⪯ T^′ ⪯ T̃ }.

Consider the decomposition m_T = m_1m_2m_4m_4m_3m_1 where m_1 (resp. m_2, m_4, m_4, m_3, m_1) is obtained from m_T by using only the boxes of values 1 (resp. 2, 4, 4, 3, 1). From Proposition 3.19 we have L_2(m_T ) = m_1m_4m_4m_1L_2(m_2)L_2(m_3) and L_2(m_T ) is thin. So M_2(T ) is in bijection with the set of monomials of L_2(m_T ). In particular if T ≠ T^′ ∈ M_2 then M_2(T ) and M_2(T^′) are disjoint.

Moreover (M_2(T ))_{T ∈M2} is a partition of Tab(1, k). Indeed let T ∈ Tab(1, k). We suppose that 4 does not occur in T (we can treat in a similar way the case when 4 does not occur in T ). Then we wan construct T^′ ∈ M_2 such that T ∈ M_2(T^′), by analogy to the case of M_1, by using (1, 2, 4, 3, 1) instead of (1, 3, 2). □

10.2.4. Proof of Theorem 10.5.

Lemma 10.9. Let T ∈ Tab(2, k) and a ∈ C^∗. Let 1 ≤ i, i^′ ≤ 2, 1 ≤ j, j^′ ≤ k, α = T_{i,j} and β = T_i′_{,j}′ . If ( α_{aq2(j−i)} )^− is partly canceled by ( β_{aq2(j′−i′)} )^+, then one of the following condition is satisfied :

• i = 2, i^′ = 1, j^′ = j and (α ∈ Succ(β) or (α, β) = (3, 3)). • i = 2, i^′ = 1, j^′ = j + 1 and (α, β) = (2, 2).

• i = 2, i^′ = 1, j^′ = j + 2 and (α, β) = (1, 1). • i = 1, i^′ = 2, j = j^′ and (α, β) = (2, 2). • i = 1, j = 2, j = j^′ − 1 and (α, β) = (3, 3).

Proof: First from Lemma 10.7, we have necessarily i ≠ i^′.

We have α ≠ β. Moreover

(α ≺ β ⇔ (j − i) ≥ (j^′ − i^′)) and (β ≺ α ⇔ (j − i) < (j^′ − i^′)).

Suppose that i = 2 and i^′ = 1.

If j^′ < j, we have β ≺ α. As (j − i) ≥ (j^′ − i^′), contradiction. If j^′ ≥ j, (j^′ − i^′) ≥ (j − i) + 1, so β ≺ α. Suppose that i = 1 and i^′ = 2.

If j < j^′, we have α ≺ β and (j − i) ≤ (j^′ − i^′). So j − i = j^′ − i^′ and (α, β) = (3, 3). In particular j = j^′ − 1.

If j ≥ j^′, we have (j − i) ≥ (j^′ − i^′) + 1. So α ≺ β. □

Lemma 10.10. Let T ∈ Tab(2, k), α = T_{i,j} and β = T_i′_{,j}′ where 1 ≤ i ≤ i^′ ≤ 2 and 1 ≤ j, j^′ ≤ k. Suppose that

( α_{aq2(j−i)} )^+ = ( β_{aq2(j′ −i′)} )^+ ≠ 1,

and denote by M this monomial. Then i = 1 and i^′ = 2 and one of the following conditions is satisfied :

• (j = j^′ and (α, β) = (2, 3)). • (j − j^′ = 1 and (α, β) = (1, 2)). • (j^′ − j = 1 and α = 3 and β ∈ {4, 4}).

In the first case M is 2-dominant, and in the last two cases M is 1-dominant.

Proof: By Lemma 10.8, we have i ≠ i^′. So i = 1 and i^′ = 2. We have α = β or

{α, β} ∈ {{1, 2}, {2, 3}, {3, 4}, {3, 4}}.

If α = β, we have j + 1 = j^′, contradiction as T_{1,j} ≺ T_{2,j+1}. If (α, β) = (1, 2), we have 2(j − 1) = 2(j^′ − 2) + 4 and j^′ = j − 1. If (α, β) = (2, 1), we have 2(j − 1) + 4 = 2(j^′ − 2) and j^′ = j + 3, contradiction, as T_{1,j} ≺ T_{2,j}′ .

If (α, β) = (2, 3), we have 6(j − 1) + 3 = 6(j^′ − 2) + 9 and j = j^′. If (α, β) = (3, 2), we have 6(j − 1) + 9 = 6(j^′ − 2) + j^′ and j^′ = j + 3, contradiction as T_{1,j} ⪯ T_{2,j}′ .

If (α, β) = (3, 4), we have j − 1 = j^′ − 2 and j^′ = j + 1.

If (α, β) = (4, 3), we have j − 1 = j^′ − 2 and j^′ = j + 1, contradiction as T_{1,j} ≺ T_{2,j+1}. The cases (α, β) = (3, 4) and (α, β) = (4, 3) are treated in an analog way. □ We define a partial ordering on Tab(2, k) :

Definition 10.11. For T, T^′ ∈ Tab(2, k), we denote

T ⪯ T^′ if and only if (∀1 ≤ j ≤ k, T_{1,j} ⪯ T^′_{1,j} and T_{2,j} ⪯ T^′_{2,j}).

Lemma 10.12. Consider the elements of Tab(2, k): T = ( 3 3 · · · 3 4 4 · · · 4 ) , T̃ = ( 4 4 · · · 4 3 3 · · · 3 ) , T_r = ( 3 3 · · · 3 3 3 · · · 3 ) . Then we have : ∑ {T^′∈Tab(2,k)|T ⪯T^′⪯T̃ }

m_T ′ = L_1(m_T ) + m_{Tr} = L_1(m_T ) + L_1(m_{Tr} ).

We have the same result with T = ( 3 3 · · · 3 4 4 · · · 4 ) , T̃ = ( 4 4 · · · 4 3 3 · · · 3 ) , T_r = ( 3 3 · · · 3 3 3 · · · 3 ) , and T = ( 1 1 · · · 1 2 2 · · · 2 ) , T̃ = ( 2 2 · · · 2 1 1 · · · 1 ) , T_r = ( 2 2 · · · 2 2 2 · · · 2 ) . Proof: We study the first case (the two other cases are analog). The monomials (m_T )^{(1)} is of the form m^{(1)}_{b,k+1}m^{(1)}_{bq2,k−1} where b ∈ C^∗. From Proposition 3.19 (2), the unique monomial of the form m_T ′ where T ⪯ T^′ ⪯ T̃ that does not occur in L_1(m_T ) is the dominant monomial m_T A^{−1}_{1,bq2k−1} A^{−1}_{1,bq2k−3} · · · A^{−1}_{1,bq3} = m_T ′ . □ Remark : Consider the tableaux t = ( 3 3 · · · 3 4 4 3 · · · 3 3 ) which is not in Tab(2, k) by

condition (θ_3). We have ( 3 3 · · · 3 4 4 · · · 4 ) ⪯ t ⪯ ( 4 4 · · · 4 3 3 · · · 3 ) . Lemma 10.12 gives an explanation for the condition (θ_3) : the tableaux t does not correspond to a monomial in L_1(m_T ) or L_1(m_{Tr} ). We have an analog remark for the condition (θ4). As 3 is the unique element of B satisfying |succ(3)| ≥ 2, this kind of situation can only appear for the first two tableaux T considered in Lemma 10.12. That is why no other condition than (θ_3) and (θ_4) are required in the definition of Tab(2, k).

As for Lemma 10.12, we have (but here 2-dominant monomials are involved instead of 1-dominant monomials) :

Lemma 10.13. Consider the elements of Tab(2, k): T = ( 1 2 · · · 2 2 3 3 · · · 3 1 ) , T̃ = ( 1 3 · · · 3 3 2 2 · · · 2 1 ) , T_r = ( 1 2 · · · 2 2 2 2 · · · 2 1 ) . Then we have : ∑ {T^′∈Tab(2,k)|T ⪯T^′⪯T̃ }

m_T ′ = L_2(m_T ) + m_{Tr} = L_2(m_T ) + L_2(m_{Tr} ).

We have the same result with T = ( 2 2 · · · 2 4 4 3 · · · 3 3 ) , T̃ = ( 3 3 · · · 3 4 4 2 · · · 2 2 ) , T_r = ( 3 3 · · · 3 4 4 3 · · · 3 3 ) , and T = ( 2 2 · · · 2 4 4 3 · · · 3 3 ) , T̃ = ( 3 3 · · · 3 4 4 2 · · · 2 2 ) , T_r = ( 3 3 · · · 3 4 4 3 · · · 3 3 ) . We also have the following result which is a little bit different than Lemma 10.13 because of conditions (θ3) and (θ4) :

Lemma 10.14. Consider the elements of Tab(2, k): T = ( 2 2 · · · 2 4 4 3 · · · 3 3 ) , T̃ = ( 3 3 · · · 3 4 4 2 · · · 2 2 ) . Then we have : ∑

{T^′∈Tab(2,k)|T ⪯T^′⪯T̃ }

m_T ′ = L_2(m_T ).

We have the same result with T = ( 2 2 · · · 2 4 4 3 · · · 3 3 ) , T̃ = ( 3 3 · · · 3 4 4 2 · · · 2 2 ) . Let us complete the proof of Theorem 10.5 :

Proof: Suppose that there is a dominant monomial m^{(2)}_T where

T ≠ ( 1 1 · · · 1 1 1 · · · 1 ) ∈ Tab(2, k).

We have necessarily α = T_{2,k} ≠ 1. Suppose that ( α_{aq2(k−2)} )^− is partly canceled by ( β_{aq2(j′−i′)} )^+ (let n_1 such that the canceled variable is of the form Z_{l,(aω}s_qn_{1 )}d_l ). By Lemma 10.9, j^′ = k, i^′ = 2. Suppose that ( β_{aq2(k−1)} )^− is partly canceled by ( γ_{aq2(j′′ −2)} )^+ (let n_1 such that the canceled variable is of the form Z_{l′,(aωs}′_{qn2 )}d_{l′} ). By Lemma 10.9, j^{′′} ≤ j and β ≺ γ. But we have n_2 > n_1. So Z_{l′,(aωs}′_{qn2 )}d_{l′} appears in ( γ_{aq2(j′′ −2)} ). As γ ⪯ α, we have an element Z_{l′′,(aωs}′′_{qn3 )}d_{l′′} which appears in ( α_{aq2(k−2)} )^− with n_3 > n_1, contradiction.

So there is a unique dominant monomial in the formula.

From Lemma 10.10, the monomials m^{(2)}_T have the maximal affine degree equal to 2 (as one (i, j) can only be involved in one of the relations described in Lemma 10.10).

Let 1 ≤ i ≤ 2. We want to give a decomposition as in Proposition 3.15 for J = {i}. For k = 1 the result is clear from the study of fundamental representations (see section 11.2). We suppose that k ≥ 2. From Proposition 3.19, the L_i(M) that should appear in this decomposition have affine degree at most equal to 2 and several dominant idominant monomials may appear inside.

Consider the set M_1 of tableaux T ∈ Tab(2, k) satisfying

• for any 1 ≤ j ≤ k,

(T_{1,j} , T_{2,j} ) ∈ {(1, 2), (1, 3), (1, 2), (3, 2), (3, 4), (3, 4), (3, 3), (2, 1), (2, 2)}, • (3, 3) and (3, 4) do not appear simultaneously,

• (3, 3) and (3, 4) do not appear simultaneously, • (2, 2) and (1, 2) do not appear simultaneously.

Remark 10.15. Note that the T ∈ M_1 define 1-dominant monomials m_T , but there are other elements of Tab(2, k) with the same property. In fact we can obtain all the others in the following way. Let us start with T ∈ M_1 such that the columns (3, 4) or (3, 4) or (1, 2) appear several times. Then we replace some (3, 4), some (3, 4), some (1, 2) respectively by (3, 3), (3, 3), (2, 2) but in each case not all of them. The T^′ that we get by this process are all elements of Tab(2, k) − M_1 corresponding to 1-dominant monomials.

Let T ∈ M_1 and T̃ ∈ Tab(2, k) obtained from T by replacing (1, 3) (resp. (1, 2), (3, 2), (3, 4), (3, 4), (2, 2)) by (2, 3) (resp. (2, 1), (3, 1), (4, 3), (4, 3), (2, 2)).

Let M_1(T ) be the set of tableaux T^′ ∈ Tab(1, k) satisfying

• T ⪯ T^′ ⪯ T̃ , • if (3, 4) appears in T , then

(T^′_{1,l}, T^′_{2,l}) ≠ (3, 3) where j = Min{1 ≤ l ≤ k|(T_{1,l}, T_{2,l}) = (3, 4)},

• if (3, 4) appears in T , then

(T^′_{1,j} , T^′_{2,j} ) ≠ (3, 3) where j = Min{1 ≤ l ≤ k|(T_{1,l}, T_{2,l}) = (3, 4)},

• if (1, 2) appears in T , then

(T^′_{1,j} , T^′_{2,j} ) ≠ (2, 2) where j = Min{1 ≤ l ≤ k|(T_{1,l}, T_{2,l}) = (1, 2)}.

In particular if T ≠ T^′ ∈ M_1 then M_1(T ) and M_1(T^′) are disjoint. Let T ∈ M_1 and let us prove that

L_1(m_T ) = ∑ T^′∈M_1(T )

m_T ′ .

This can be done as for the proof of Theorem 10.3, except that by Lemma 10.10 m_T might be not thin. By Lemma 10.10 this can happen when one of the columns (3, 4), (3, 4) or (1, 2) appears several times. These situations can be reduced to the cases studied in Lemma 10.12. In each case the monomial m_{Tr} is precisely excluded of M_1(T ) by the definition of M_1(T ), but is in M_1 (the other monomials excluded from M_1 are in M_1(T ), see Remark 10.15).

Moreover (M_1(T ))_{T ∈M1} is a partition of Tab(1, k). Indeed for T ∈ Tab(1, k) by analogy to the proof of Theorem 10.3, it is easy to construct T^′ ∈ M_1 such that T ∈ M_1(T^′). Here we use the partial ordering on B × B instead of the partial ordering on B used in the proof of Theorem 10.3 :

((i, j) ⪯ (i^′, j^′)) ⇔ (i ⪯ i^′ and j ⪯ j^′).

Consider the set M_2 of tableaux T ∈ Tab(2, k) satisfying for any 1 ≤ j ≤ k :

• T_{1,j} ≠ 2, • if T_{2,j} = 3 then T_{1,j} = 2,

• if T_{2,j} = 2 and T_{1,j} ≠ 3, then there are 1 ≤ j_1 ≤ j < j_2 ≤ k such that ( T_{1,j1} T_{1,j1+1} · · · T_{1,j2} T_{2,j1} T_{2,j1+1} · · · T_{2,j2} ) = ( 1 2 · · · 2 2 2 2 · · · 2 1 ) , • if T_{1,j} = 3, then there are 1 ≤ j_1 ≤ j < j_2 ≤ k such that ( T_{1,j1} T_{1,j1+1} · · · T_{1,j2} T_{2,j1} T_{2,j1+1} · · · T_{2,j2} ) = ( 3 3 · · · 3 α β 3 · · · 3 3 ) , where (α, β) = (4, 4) or (α, β) = (4, 4).

Remark 10.16. Note that the T ∈ M_2 define 2-dominant monomials m_T , but there are other elements of Tab(2, k) with the same property. In fact we can obtain all the others in the following way. Let us start with T ∈ M_2 such that the columns (2, 3) and (2, 1) (resp. and (α, 3) where α ∈ {4, 4}) appear simultaneously. Then we replace some (2, 3) by (2, 2) (resp. by (3, 3)) such that the T^′ that we get is in Tab(2, k). By this process we get all elements T^′ ∈ Tab(2, k) − M_2 corresponding to 2-dominant monomials.

Let T ∈ M_2 and T̃ ∈ Tab(2, k) obtained from T by the following process :

• if T_{2,j} = 3 and T_{1,j−1} ≠ 3, we replace this 3 by 2, • if T_{2,j} = 2, we replace this 2 by 3, • if T_{1,j} = 3 and T_{2,j} ≠ 2, we replace this 3 by 2, • if T_{1,j} = 2 and T_{2,j} ≠ 3 and T_{2,j−1} ≠ 2, we replace this 2 by 3.

Let T ∈ M_2. Then we define M_2(T ) as the set of T^′ ∈ Tab(2, k) satisfying :

• T ⪯ T^′ ⪯ T̃ , • if (1, 3) and (2, 3) and (2, 1) appear simultaneously in T , for j such that ( T_{1,j} T_{1,j+1} T_{2,j} T_{2,j+1} ) = ( 1 2 3 3 ) , we have (T^′_{1,j+1} = 2 ⇒ T^′_{2,j} ≠ 2),

• if (2, α) and (2, 3) and (β, 3) appear simultaneously in T where α, β ∈ {4, 4},

for j such that ( T_{1,j} T_{1,j+1} T_{2,j} T_{2,j+1} ) = ( 2 2 α 3 ) , we have (T^′_{2,j+1} = 3 ⇒ T^′_{1,j} ≠ 3).

Note that by (θ3) and (θ4), the last condition is automatic in the cases α = β. Then we can prove as above by using Lemma 10.10, Lemma 10.13, Lemma 10.14 and Remark 10.16 that for T ∈ M_2 we have

L_2(m_T ) = ∑ T^′∈M_2(T )

m_T ′ ,

and that (M_2(T ))_{T ∈M2} is a partition of Tab(2, k). □ For recent results on conjectural crystals (pseudo basis) for i = 1 in type D^{(3)}_4 see [KMOY].

Corollary 10.17. W^{(1)}_{k,a} is thin and W^{(2)}_{k,a} has affine degree 2.

Proof: From the study of fundamental representations, the affine degree of W^{(2)}_{k,a} is at least equal to 2. As the monomials m^{(2)}_T have the maximal affine degree equal to 2 (see the proof of Theorem 10.5), the affine degree of W^{(2)}_{k,a} is 2. □

10.3. Relation to untwisted type D^{(1)}_4 . Our result for twisted type D^{(3)}_4 is coherent with explicit formulas conjectured [NN1, NN2] for q-characters of Kirillov-Reshetikhin modules in untwisted types D^{(1)}_4 . As it is proved in [KNS2] that these explicit formulas solve the T -system, these formulas were first proved in [N5] as a direct consequence of the proof of the T -system for simply-laced cases.

Here we explain the connection to the results of the present paper. The strategy of our proof for type D^{(3)}_4 is different as we do not use the T -system but we use directly the special property. Additional formulas conjectured in [NN1, NN2] for type D will be proved in a separate publication by using the results of [H7] and this strategy. For type D^{(1)}_4 the special property of Kirillov-Reshetikhin modules was proved by Nakajima [N4, N5], and so to prove the explicit formulas for D^{(1)}_4 we could also have directly rewritten the proof of Section 10.2 in this context.

Let us consider the untwisted quantum affine algebra of type D^{(1)}_4 . For a ∈ C^∗, let

1 u,a = Y1,a,

2 u,a = Y −11,aq_2 Y2,aq,

3 u,a = Y −12,aq_3 Y4,aq2 Y3,aq2 ,

4 u,a = Y4,aq2 Y −13,aq_4 ,

4 u,a = Y3,aq2 Y −14,aq_4 ,

3 u,a = Y −14,aq_4 Y −13,aq_4 Y2,aq3 ,

2 u,a = Y1,aq4 Y −12,aq_5 ,

1 u,a = Y −11,aq_6 .

We define Tab(1, k) and Tab(2, k) as in the previous section. For T ∈ Tab(1, k) and a ∈ C^∗ we set m^{(1)}_{u,T,a} = ∏ 1≤j≤k

T_j u,aq^{2(j−1)} .

For T ∈ Tab(2, k) and a ∈ C^∗ we set m^{(2)}_{u,T,a} = ∏ 1≤i≤2,1≤j≤k

T_{i,j}

u,aq^{2(j−i)} .

As a consequence of the results in [KNS2, NN1, N5] : Theorem 10.18. For a ∈ C^∗, k ≥ 1 we have : χ_q(W^{(1)}_{k,a} ) = ∑ T ∈Tab(1,k)

m^{(1)}_{u,T,a} and χ_q(W^{(2)}_{k,a} ) = ∑ T ∈Tab(2,k)

m^{(2)}_{u,T,aq}.

Theorem 8.1, Theorem 10.3 and Theorem 10.5 also imply this result. Note that χ_q(W^{(3)}_{k,a} ) and χ_q(W^{(4)}_{k,a} ) are obtained in an analog way by permuting the numbering of the nodes (2, 3, 4).

Corollary 10.19. W^{(1)}_{k,a} , W^{(3)}_{k,a} , W^{(4)}_{k,a} are thin and W^{(2)}_{k,a} has affine degree 2.

To check that we get the explicit formulas of [NN2], we see we have the same condition to define the set of tableaux. Indeed the condition of [NN2] are :

• T_{i,j} ⪯ T_{i,j+1} or {T_{i,j}, T_{i,j+1}} = {4, 4} for 1 ≤ i ≤ 2, 1 ≤ j ≤ k − 1, • T_{1,j} � T_{2,j} for 1 ≤ j ≤ k, • T does not have any odd II-region.

The last condition is interpreted in [NN2] in terms of tableaux :

The one row Example 5.10 of [NN2] gives the result for χ_q(W^{(1)}_{k,a} ) : the extra condition is equivalent to (T_j , T_{j+1}) /∈ {(4, 4), (4, 4)} for 1 ≤ j ≤ k − 1.

The two row Example 5.12 of [NN2] (see also [SS]) gives the result for χ_q(W^{(2)}_{k,a} ) : the extra condition is equivalent to conditions (θ3’), (θ4’).

10.4. Type D^{(2)}_4 . Let us consider the twisted quantum affine algebra of type D^{(2)}_4 .

For a ∈ C^∗, let b ∈ C^∗ such that b^2 = 1 and :

1 t,a = Z1,a, 2 t,a = Z−11,aq_4 Z2,aq2 , 3 t,a = Z−12,aq_6 Z3,bq2 Z3,−bq2 , 4 t,a = Z3,bq2 Z−13,−bq_4 , 4 t,a = Z3,−bq2 Z−13,bq_4 , 3 t,a = Z−13,bq_4 Z−13,−bq_4 Z2,aq6 , 2 t,a = Z1,aq8 Z−12,aq_{10} , 1 t,a = Z−11,aq_{12} .

We define Tab(1, k) and Tab(2, k) as in the previous section. For T ∈ Tab(1, k) and a ∈ C^∗ we set m^{(1)}_{t,T,a} = ∏ 1≤j≤k

T_j t,aq^{2(j−1)} .

For T ∈ Tab(2, k) and a ∈ C^∗ we set m^{(2)}_{t,T,a} = ∏ 1≤i≤2,1≤j≤k

T_{i,j}

t,aq^{2(j−i)} .

As a consequence of Theorem 8.1 and Theorem 10.18 we get : Theorem 10.20. For a ∈ C^∗, k ≥ 1 we have : χ^σ_q (W^{(1)}_{k,a} ) = ∑ T ∈Tab(1,k)

m^{(1)}_{t,T,a} and χ^σ_q (W^{(2)}_{k,a} ) = ∑ T ∈Tab(2,k)

m^{(2)}_{t,T,a}.

For a ∈ C^∗, let :

1 s,a = Z3,a, 2 s,a = Z−13,aq_2 Z2,a2q2 , 3 s,a = Z−12,a_2q_6 Z1,a2q4 Z3,−aq2 , 4 s,a = Z1,a2q4 Z−13,−aq_4 , 4 s,a = Z3,−aq2 Z−11,a_2q_8 , 3 s,a = Z−13,−aq_4 Z−11,a_2q_8 Z2,a2q6 , 2 s,a = Z3,aq4 Z−12,a_2q_{10} , 1 s,a = Z−13,aq_6 .

For T ∈ Tab(1, k) and a ∈ C^∗ we set m^{(3)}_{s,T,a} = ∏ 1≤j≤k

T_j s,aq^{2(j−1)} .

As a consequence of Theorem 8.1 and Theorem 10.18 we get : Theorem 10.21. For a ∈ C^∗, k ≥ 1 we have : χ^σ_q (W^{(3)}_{k,a} ) = ∑ T ∈Tab(1,k)

m^{(1)}_{t,T,a}.

Corollary 10.22. W^{(1)}_{k,a} , W^{(3)}_{k,a} are thin and W^{(2)}_{k,a} has affine degree 2.

11. Twisted q-characters of fundamental representations In this section we get explicit formulas for the twisted q-character of fundamental representations of twisted quantum affine algebras (that it to say the first term in the inductive twisted T -system).

For type A^{(2)}_{2n} (n ≥ 1) and type A^{(2)}_{2n−1} (n ≥ 3) : see section 10.1.

11.1. Type D^{(2)}_{n+1} (n ≥ 2). The q-characters of fundamental representations for untwisted quantum affine algebras of type D are known (see the formulas in [KS2]).

First suppose that i_0 ≤ n − 1.

Let B = {1, . . . , n + 1, n + 1, . . . , 1}. We give the ordering ≺ on the set B by 1 ≺ 2 ≺ · · · ≺ n ≺ n + 1 n + 1 ≺ n ≺ · · · ≺ 2 ≺ 1.

For a ∈ C^∗ and b ∈ C^∗ such that b^2 = a. Let

i a =

Z_{1,a} if i = 1, Z^{−1}_{i−1,aq2i} Z_{i,aq}2(i−1) if 2 ≤ i ≤ n − 1, Z^{−1}_{n−1,aq2n} Z_{n,bq}n−1 Z_{n,−bq}n−1 if i = n, Z^{−1}_{n,bqn+1} Z_{n,−bq}n−1 if i = n + 1, Z^{−1}_{n,−bqn+1} Z_{n,bq}n−1 if i = n + 1, Z_{n−1,aq}2n Z^{−1}_{n,bqn+1} Z^{−1}_{n,−bqn+1} if i = n, Z_{j−1,aq}4n−2j Z^{−1}_{j,aq4n+2−2j} if i = j and 2 ≤ j ≤ n − 1, Z^{−1}_{1,aq4n} if i = 1.

For 1 ≤ i_0 ≤ n−1, let Tab_D(i_0) be the set of tableaux T = (T_i)_{1≤i≤i0} with coefficients in B such that for 1 ≤ i ≤ i_0 − 1, T_i � T_{i+1}.

For such a tableaux T ∈ Tab_D(i_0) and a ∈ C^∗ we set

m_{T,a} = ∏ 1≤i≤i_0

T_i aq^{2−2i} .

Proposition 11.1. For 1 ≤ i_0 ≤ n − 1 and a ∈ C^∗ we have :

χ^σ_q (V_{i0,a}) = ∑ T ∈Tab^′(i_0,k)

m_{T,aq}i_0−1 .

Following [N3, KKS] we define for a ∈ C^∗ the half size box as

i a =

Z_{1,a}2_q−2 if i = 1, Z^{−1}_{i−1,a2q2i−2} Z_{i,a}2_q2i−4 if 2 ≤ i ≤ n − 1, Z^{−1}_{n−1,a2q2n−4} if i = n, Z_{n,aq}n if i = n + 1,

i a =

1 if 1 ≤ i ≤ n − 1, Z^{−1}_{n,−aqn+2} Z^{−1}_{n,aqn+2} if i = n, Z_{n,−aq}n if i = n + 1.

Let B_{sp} be the set of tableaux T = (i_1, . . . , i_{n+1}) satisfying

• i_a ∈ B, i_1 ≺ i_2 ≺ · · · ≺ i_{n+1}, • i and i do not appear simultaneously, • if i_p = n, then n + 1 − p is even, • if i_p = n + 1, then n − p is odd.

For such a tableaux T ∈ B_{sp}, we define the monomial m_T by

m_T = n+1∏ p=1 i_p aq^{n+2−2p} .

Proposition 11.2. For a ∈ C^∗ we have

χ^σ_q (V_{n,a}) = ∑ T ∈B_{sp}

m_{T,a}.

11.2. Type D^{(3)}_4 . In the following we will use the notation i^p_a = Z^p_{i,a} for i ∈ I_σ, a ∈ C^∗, p ∈ Z.

We give χ^σ_q (V_{1,a}) and χ^σ_q (V_{2,a}) by drawing a graph as in [FR] : there is an arrow m_1 →_i m_2 is m_1 and m_2 satisfy m_1 = A_{i,b}m_2 for one b ∈ C^∗, and τ_i(m_1), τ_i(m_2) are in the q-character of a certain simple Û_i-module. Note for untwisted type D^{(1)}_4 a similar graph is given [N2].

The result corresponds to the conjectural formulas in [R].

Z_{1,a} 1 � Z^{−1}_{1,aq2} Z_{2,a}3_q3 2 � Z^{−1}_{2,a3q9} Z_{1,aq}2_jZ_{1,aq}2_j2 1 � � � �_1 � � � �

Z_{1,aq}2_jZ^{−1}_{1,aq4j2} 1 � � � � Z^{−1}_{1,aq4j} Z_{1,aq}2_j2 1 � � � �

Z^{−1}_{1,aq4j} Z^{−1}_{1,aq4j2} Z_{2,a}3_q9 2 � Z_{1,aq}4 Z^{−1}_{2,a3q15} 1 � Z^{−1}_{1,aq6}

Figure 3. Type D^{(3)}_4 : the graph of χ^σ_q (V_{1,a})

Let b ∈ C^∗ such that b^3 = a. Let c = bj and d = bj^2. The graph of χ^σ_q (V_{1,a}) is given in Figure 11.2 (see also the construction in [KMOY]). The graph of χ^σ_q (V_{2,a}) is given in Figure 11.2.

2_a

2^{−1}_{aq6} 1_{bq}1_{cq}1_{dq}

1_{bq}1^{−1}_{dq3} 1_{cq} 1^{−1}_{bq3} 1_{dq}1_{cq} 1_{bq}1_{dq}1^{−1}_{cq3}

1^{−1}_{bq3} 2_{aq}6 1^{−1}_{dq3} 1_{cq} 1_{bq}2_{aq}6 1^{−1}_{dq3} 1^{−1}_{cq3} 1^{−1}_{bq3} 2_{aq}6 1_{dq}1^{−1}_{cq3}

2^{−1}_{aq12} 1_{cq}1_{cq}3 1_{bq}1_{bq}3 2^{−1}_{aq12} 1^{−1}_{bq3} 2^2_{aq}6 1^{−1}_{dq3} 1^{−1}_{cq3} 2^{−1}_{aq12} 1_{dq}1_{dq}3

1_{cq}1^{−1}_{cq5} 1_{bq}1^{−1}_{bq5} 2 × 2_{aq}6 2^{−1}_{aq12} 1_{dq}1^{−1}_{dq5}

2_{aq}12 1^{−1}_{cq3} 1^{−1}_{cq5} 1^{−1}_{bq3} 1^{−1}_{bq5} 2_q6 1_{bq}3 2^{−2}_{aq12} 1_{dq}3 1_{cq}3 2_{aq}6 1^{−1}_{dq3} 1^{−1}_{dq5}

1_{bq}3 2^{−1}_{aq12} 1_{dq}3 1^{−1}_{cq5} 1^{−1}_{bq5} 2^{−1}_{aq12} 1_{dq}3 1_{cq}3 1_{bq}3 2^{−1}_{aq12} 1^{−1}_{dq5} 1_{cq}3

1^{−1}_{bq5} 1_{dq}3 1^{−1}_{cq5} 1_{bq}3 1^{−1}_{dq5} 1^{−1}_{cq5} 1^{−1}_{bq5} 1^{−1}_{dq5} 1_{cq}3

1^{−1}_{bq5} 2_{aq}12 1^{−1}_{dq5} 1^{−1}_{cq5}

2^{−1}_{aq18}

�^2 � � � � 1 �^1 � � � 1

�^1 � � � 1 � � � �^1 � � � 1 � � � �^1 �^1 � � � �^2 � � � 1 � � � �^2 �^1 � � � �^1 �^2

�^1 � 1 �^2 �^1

�^1 �^1 �^2 �^1 � � � 2 � � � 2 � � � �^1 � 1 � � � 1 �^2

�^1 � � � 1 � � � �^1 � � � 1 � � � �^1 �^1 � � � 1 �^1 � � � �^1

�^2

Figure 4. Type D^{(3)}_4 : χ^σ_q (V_{2,a})

11.3. Type E^{(2)}_6 . Explicit formulas for fundamental representations of untwisted quantum affine algebras of type E^{(1)}_6 were obtained with a computer program by Nakajima, and by Hernandez-Schedler. For recent results in this direction see [N7]. Nakajima’s program is available online :

http://www.math.kyoto-u.ac.jp/~nakajima/Qchar/Qchar.html The result for type E^{(1)}_6 from Hernandez-Schedler’s program is available online :

http://www.math.uvsq.fr/~hernandez/e6.pdf With the results of this file and by using Theorem 8.1, we get the twisted q-characters of fundamental representations in type E^{(2)}_6 . The result corresponds to the conjectural formulas in [R].

In the present paper we list the result for the twisted q-character of V_{1,a}, V_{2,a} and V_{4,a}. V_{3,a} is of dimension 3732 and χ^σ_q (V_{3,a}) has 2925 distinct monomials. So by lack of space, χ^σ_q (V_{3,a}) is given online on the webpage :

http://www.math.uvsq.fr/~hernandez/e6twisted.pdf. Let us give χ^σ_q (V_{1,a}), χ^σ_q (V_{2,a}) and χ^σ_q (V_{4,a}) :

χ^σ_q (V_{1,a}) : there are 27 distinct monomials and the dimension of V_{1,a} is 27 (all monomials have multiplicity 1):

1a + 2aq 1^{−1}_{aq2} + 3_a2_q4 2^{−1}_{aq3} + 3^{−1}_{a2q8} 4_a2_q6 2_{−aq}3 + 4^{−1}_{a2q10} 2_{−aq}3 + 4_a2_q6 2^{−1}_{−aq5} 1_{−aq}4 + 3_a2_q8 4^{−1}_{a2 q10} 2^{−1}_{−aq5} 1_{−aq}4 + 4_a2_q6 1^{−1}_{−aq6} + 3^{−1}_{a2q12} 2_{aq}5 1_{−aq}4 + 3_a2_q9 4^{−1}_{a2 q10} 1^{−1}_{−aq6} + 2^{−1}_{aq7} 1_{aq}6 1_{−aq}4 + 3^{−1}_{a2q12} 2_{aq}5 2_{−aq}5 1^{−1}_{−aq6} + 1^{−1}_{aq8} 1_{−aq}4 + 2^{−1}_{aq7} 2_{−aq}5 1_{aq}6 1^{−1}_{−aq6} + 2_{aq}5 2^{−1}_{−aq7} + 2_{−aq}5 1^{−1}_{aq8} 1^{−1}_{−aq6} + 3_a2_q12 2^{−1}_{aq7} 2^{−1}_{−aq7} 1_{aq}6 + 3_a2_q12 2^{−1}_{−aq7} 1^{−1}_{aq8} + 3^{−1}_{a2q16} 4_a2_q14 1_{aq}6 + 3^{−1}_{a2 q16} 4_a2_q14 2_{aq}7 1^{−1}_{aq8} + 4^{−1}_{a2q18} 1_{aq}6 + 4^{−1}_{a2 q18} 2_{aq}7 1^{−1}_{aq8} + 4_a2_q14 2^{−1}_{aq9} + 3_a2_q16 4^{−1}_{a2 q18} 2^{−1}_{aq9} + 3^{−1}_{a2q20} 2_{−aq}9 + 2^{−1}_{−aq11} 1_{−aq}10 + 1^{−1}_{−aq12} .

χ^σ_q (V_{4,a}) : there are 78 distinct monomials and the dimension of V_{4,a} is 79 (only one monomial has multiplicity 2 : 3_{aq}10 3^{−1}_{aq14} ) :

4a + 3_{aq}2 4^{−1}_{aq4} + 3^{−1}_{aq6} 2_{bq}2 2_{−bq}2 + 2^{−1}_{bq4} 2_{−bq}2 1_{bq}3 + 2_{bq}2 2^{−1}_{−bq4} 1_{−bq}3 + 3_{aq}6 2^{−1}_{bq4} 2^{−1}_{−bq4} 1_{bq}3 1_{−bq}3 + 2_{−bq}2 1^{−1}_{bq5} + 2_{bq}2 1^{−1}_{−bq5} + 3^{−1}_{aq10} 4_{aq}8 1_{bq}3 1_{−bq}3 + 3_{aq}6 2^{−1}_{−bq4} 1^{−1}_{bq5} 1_{−bq}3 + 3_{aq}6 2^{−1}_{bq4} 1_{bq}3 1^{−1}_{−bq5} + 4^{−1}_{aq12} 1_{bq}3 1_{−bq}3 + 3^{−1}_{aq10} 4_{aq}8 2_{bq}4 1^{−1}_{bq5} 1_{−bq}3 + 3^{−1}_{aq10} 4_{aq}8 2_{−bq}4 1_{bq}3 1^{−1}_{−bq5} + 3_{aq}6 1^{−1}_{bq5} 1^{−1}_{−bq5} + 4^{−1}_{aq12} 2_{bq}4 1^{−1}_{bq5} 1_{−bq}3 + 4^{−1}_{aq12} 2_{−bq}4 1_{bq}3 1^{−1}_{−bq5} + 4_{aq}8 2^{−1}_{bq6} 1_{−bq}3 + 3^{−1}_{aq10} 4_{aq}8 2_{bq}4 2_{−bq}4 1^{−1}_{bq5} 1^{−1}_{−bq5} + 4_{aq}8 2^{−1}_{−bq6} 1_{bq}3 + 3_{aq}10 4^{−1}_{aq12} 2^{−1}_{bq6} 1_{−bq}3 + 4^{−1}_{aq12} 2_{bq}4 2_{−bq}4 1^{−1}_{bq5} 1^{−1}_{−bq5} + 3_{aq}10 4^{−1}_{aq12} 2^{−1}_{−bq6} 1_{bq}3 + 4_{aq}8 2^{−1}_{bq6} 2_{−bq}4 1^{−1}_{−bq5} + 4_{aq}8 2_{bq}4 2^{−1}_{−bq6} 1^{−1}_{bq5} + 3^{−1}_{aq14} 2_{−bq}6 1_{−bq}3 + 3_{aq}10 4^{−1}_{aq12} 2^{−1}_{bq6} 2_{−bq}4 1^{−1}_{−bq5} + 3_{aq}10 4^{−1}_{aq12} 2_{bq}4 2^{−1}_{−bq6} 1^{−1}_{bq5} + 3^{−1}_{aq14} 2_{bq}6 1_{bq}3 + 3_{aq}10 4_{aq}8 2^{−1}_{bq6} 2^{−1}_{−bq6} + 2^{−1}_{−bq8} 1_{−bq}3 1_{−bq}7 + 3^{−1}_{aq14} 2_{−bq}4 2_{−bq}6 1^{−1}_{−bq5} + 3^2aq^{10}4^{−1}_{aq12} 2^{−1}_{bq6} 2^{−1}_{−bq6} + 3^{−1}_{aq14} 2_{bq}4 2_{bq}6 1^{−1}_{bq5} + 2^{−1}_{bq8} 1_{bq}3 1_{bq}7 + 3^{−1}_{aq14} 4_{aq}8 4_{aq}12 + 1_{−bq}3 1^{−1}_{−bq9} + 2_{−bq}4 2^{−1}_{−bq8} 1^{−1}_{−bq5} 1_{−bq}7 + 23_{aq}10 3^{−1}_{aq14} +2_{bq}4 2^{−1}_{bq8} 1^{−1}_{bq5} 1_{bq}7 +1_{bq}3 1^{−1}_{bq9} +4_{aq}8 4^{−1}_{aq16} +2_{−bq}4 1^{−1}_{−bq5} 1^{−1}_{−bq9} +3_{aq}10 2^{−1}_{−bq6} 2^{−1}_{−bq8} 1_{−bq}7 +3^{−2}_{aq14} 4_{aq}12 2_{bq}6 2_{−bq}6 + 3_{aq}10 2^{−1}_{bq6} 2^{−1}_{bq8} 1_{bq}7 + 2_{bq}4 1^{−1}_{bq5} 1^{−1}_{bq9} + 3_{aq}10 4^{−1}_{aq12} 4^{−1}_{aq16} + 3_{aq}10 2^{−1}_{−bq6} 1^{−1}_{−bq9} + 3^{−1}_{aq14} 4_{aq}12 2_{bq}6 2^{−1}_{−bq8} 1_{−bq}7 + 3^{−1}_{aq14} 4^{−1}_{aq16} 2_{bq}6 2_{−bq}6 + 3^{−1}_{aq14} 4_{aq}12 2^{−1}_{bq8} 2_{−bq}6 1_{bq}7 + 3_{aq}10 2^{−1}_{bq6} 1^{−1}_{bq9} + 3^{−1}_{aq14} 4_{aq}12 2_{bq}6 1^{−1}_{−bq9} + 4^{−1}_{aq16} 2_{bq}6 2^{−1}_{−bq8} 1_{−bq}7 + 4_{aq}12 2^{−1}_{bq8} 2^{−1}_{−bq8} 1_{bq}7 1_{−bq}7 + 4^{−1}_{aq16} 2^{−1}_{bq8} 2_{−bq}6 1_{bq}7 + 3^{−1}_{aq14} 4_{aq}12 2_{−bq}6 1^{−1}_{bq9} + 4^{−1}_{aq16} 2_{bq}6 1^{−1}_{−bq9} + 4_{aq}12 2^{−1}_{bq8} 1_{bq}7 1^{−1}_{−bq9} + 3_{aq}14 4^{−1}_{aq16} 2^{−1}_{bq8} 2^{−1}_{−bq8} 1_{bq}7 1_{−bq}7 + 4_{aq}12 2^{−1}_{−bq8} 1^{−1}_{bq9} 1_{−bq}7 + 4^{−1}_{aq16} 2_{−bq}6 1^{−1}_{bq9} + 3_{aq}14 4^{−1}_{aq16} 2^{−1}_{bq8} 1_{bq}7 1^{−1}_{−bq9} + 4_{aq}12 1^{−1}_{bq9} 1^{−1}_{−bq9} + 3^{−1}_{aq18} 1_{bq}7 1_{−bq}7 + 3_{aq}14 4^{−1}_{aq16} 2^{−1}_{−bq8} 1^{−1}_{bq9} 1_{−bq}7 +3^{−1}_{aq18} 2_{−bq}8 1_{bq}7 1^{−1}_{−bq9} +3_{aq}14 4^{−1}_{aq16} 1^{−1}_{bq9} 1^{−1}_{−bq9} +3^{−1}_{aq18} 2_{bq}8 1^{−1}_{bq9} 1_{−bq}7 +2^{−1}_{−bq10} 1_{bq}7 +3^{−1}_{aq18} 2_{bq}8 2_{−bq}8 1^{−1}_{bq9} 1^{−1}_{−bq9} + 2^{−1}_{bq10} 1_{−bq}7 + 2_{bq}8 2^{−1}_{−bq10} 1^{−1}_{bq9} + 2^{−1}_{bq10} 2_{−bq}8 1^{−1}_{−bq9} + 3_{aq}18 2^{−1}_{bq10} 2^{−1}_{−bq10} + 3^{−1}_{aq22} 4_{aq}20 + 4^{−1}_{aq24}

χ^σ_q (V_{2,a}) : there are 351 distinct monomials and the dimension of V_{2,a} is 378 :

2a + 3_a2_q2 2^{−1}_{aq2} 1aq + 3^{−1}_{a2 q6} 4_a2_q4 2_{−aq}2 1aq + 3_a2_q2 1^{−1}_{aq3} + 4^{−1}_{a2 q8} 2_{−aq}2 1aq + 4_a2_q4 2^{−1}_{−aq4} 1aq 1_{−aq}3 + 3^{−1}_{a2 q6} 4_a2_q4 2_{aq}2 2_{−aq}2 1^{−1}_{aq3} + 3_a2_q6 4^{−1}_{a2 q8} 2^{−1}_{−aq4} 1aq 1_{−aq}3 + 4^{−1}_{a2 q8} 2_{aq}2 2_{−aq}2 1^{−1}_{aq3} + 4_a2_q4 2_{aq}2 2^{−1}_{−aq4} 1^{−1}_{aq3} 1_{−aq}3 + 4_a2_q4 1aq 1^{−1}_{−aq5} + 4_a2_q4 2^{−1}_{aq4} 2_{−aq}2 + 3^{−1}_{a2q10} 2_{aq}4 1aq 1_{−aq}3 + 3_a2_q6 4^{−1}_{a2 q8} 2_{aq}2 2^{−1}_{−aq4} 1^{−1}_{aq3} 1_{−aq}3 + 3_a2_q6 4^{−1}_{a2 q8} 1aq 1^{−1}_{−aq5} + 3_a2_q6 4^{−1}_{a2q8} 2^{−1}_{aq4} 2_{−aq}2 + 3_a2_q6 4_a2_q4 2^{−1}_{aq4} 2^{−1}_{−aq4} 1_{−aq}3 + 4_a2_q4 2_{aq}2 1^{−1}_{aq3} 1^{−1}_{−aq5} + 2^{−1}_{aq6} 1aq 1_{aq}5 1_{−aq}3 + 3^{−1}_{a2q10} 2_{aq}2 2_{aq}4 1^{−1}_{aq3} 1_{−aq}3 + 3^{−1}_{a2q10} 2_{aq}4 2_{−aq}4 1aq 1^{−1}_{−aq5} + 3^2_a2_q6 4^{−1}_{a2 q8} 2^{−1}_{aq4} 2^{−1}_{−aq4} 1_{−aq}3 + 3_a2_q6 4^{−1}_{a2 q8} 2_{aq}2 1^{−1}_{aq3} 1^{−1}_{−aq5} + 3^{−1}_{a2q10} 2_{−aq}2 2_{−aq}4 + 3^{−1}_{a2 q10} 4_a2_q4 4_a2_q8 1_{−aq}3 + 3_a2_q6 4_a2_q4 2^{−1}_{aq4} 1^{−1}_{−aq5} + 1aq 1^{−1}_{aq7} 1_{−aq}3 + 2_{aq}2 2^{−1}_{aq6} 1^{−1}_{aq3} 1_{aq}5 1_{−aq}3 + 2^{−1}_{aq6} 2_{−aq}4 1aq 1_{aq}5 1^{−1}_{−aq5} + 23_a2_q6 3^{−1}_{a2 q10} 1_{−aq}3 + 3^{−1}_{a2q10} 2_{aq}2 2_{aq}4 2_{−aq}4 1^{−1}_{aq3} 1^{−1}_{−aq5} + 2_{aq}4 2^{−1}_{−aq6} 1aq + 3^2_a2_q6 4^{−1}_{a2 q8} 2^{−1}_{aq4} 1^{−1}_{−aq5} + 2_{−aq}2 2^{−1}_{−aq6} 1_{−aq}5 + 4_a2_q4 4^{−1}_{a2 q12} 1_{−aq}3 + 3^{−1}_{a2 q10} 4_a2_q4 4_a2_q8 2_{−aq}4 1^{−1}_{−aq5} + 2_{aq}2 1^{−1}_{aq3} 1^{−1}_{aq7} 1_{−aq}3 + 3_a2_q6 2^{−1}_{aq4} 2^{−1}_{aq6} 1_{aq}5 1_{−aq}3 +3^{−2}_{a2 q10} 4_a2_q8 2_{aq}4 2_{−aq}4 1_{−aq}3 +3_a2_q6 2^{−1}_{−aq4} 2^{−1}_{−aq6} 1_{−aq}3 1_{−aq}5 +3_a2_q6 4^{−1}_{a2q8} 4^{−1}_{a2q12} 1_{−aq}3 +2_{−aq}4 1aq 1^{−1}_{aq7} 1^{−1}_{−aq5} + 2_{aq}2 2^{−1}_{aq6} 2_{−aq}4 1^{−1}_{aq3} 1_{aq}5 1^{−1}_{−aq5} + 3_a2_q10 2^{−1}_{aq6} 2^{−1}_{−aq6} 1aq 1_{aq}5 + 23_a2_q6 3^{−1}_{a2q10} 2_{−aq}4 1^{−1}_{−aq5} + 2_{aq}2 2_{aq}4 2^{−1}_{−aq6} 1^{−1}_{aq3} + 2_{−aq}2 1^{−1}_{−aq7} + 4_a2_q4 4^{−1}_{a2q12} 2_{−aq}4 1^{−1}_{−aq5} + 4_a2_q4 4_a2_q8 2^{−1}_{−aq6} + 2_{aq}2 2_{−aq}4 1^{−1}_{aq3} 1^{−1}_{aq7} 1^{−1}_{−aq5} + 3_a2_q6 2^{−1}_{aq4} 2^{−1}_{aq6} 2_{−aq}4 1_{aq}5 1^{−1}_{−aq5} + 3^{−2}_{a2q10} 4_a2_q8 2_{aq}4 2^2_{−aq}4 1^{−1}_{−aq5} + 3_a2_q6 4^{−1}_{a2q8} 4^{−1}_{a2q12} 2_{−aq}4 1^{−1}_{−aq5} + 3_a2_q6 2^{−1}_{aq4} 1^{−1}_{aq7} 1_{−aq}3 + 3^{−1}_{a2 q10} 4_a2_q8 2^{−1}_{aq6} 2_{−aq}4 1_{aq}5 1_{−aq}3 + 3^{−1}_{a2q10} 4^{−1}_{a2 q12} 2_{aq}4 2_{−aq}4 1_{−aq}3 + 23_a2_q6 2^{−1}_{−aq6} + 3^{−1}_{a2q10} 4_a2_q8 2_{aq}4 2^{−1}_{−aq6} 1_{−aq}3 1_{−aq}5 + 3_a2_q6 2^{−1}_{−aq4} 1_{−aq}3 1^{−1}_{−aq7} + 3_a2_q10 2^{−1}_{−aq6} 1aq 1^{−1}_{aq7} + 3_a2_q10 2_{aq}2 2^{−1}_{aq6} 2^{−1}_{−aq6} 1^{−1}_{aq3} 1_{aq}5 + 3^{−1}_{a2 q14} 4_a2_q12 1aq 1_{aq}5 + 3_a2_q10 4_a2_q4 4^{−1}_{a2q12} 2^{−1}_{−aq6} + 3_a2_q6 1^{−1}_{−aq5} 1^{−1}_{−aq7} + 3_a2_q10 2_{aq}2 2^{−1}_{−aq6} 1^{−1}_{aq3} 1^{−1}_{aq7} + 3_a2_q6 3_a2_q10 2^{−1}_{aq4} 2^{−1}_{aq6} 2^{−1}_{−aq6} 1_{aq}5 + 3_a2_q6 3_a2_q10 4^{−1}_{a2q8} 4^{−1}_{a2q12} 2^{−1}_{−aq6} + 3_a2_q6 2^{−1}_{aq4} 2_{−aq}4 1^{−1}_{aq7} 1^{−1}_{−aq5} + 3^{−1}_{a2 q10} 4_a2_q8 2^{−1}_{aq6} 2^2_{−aq}4 1_{aq}5 1^{−1}_{−aq5} + 3^{−1}_{a2q10} 4^{−1}_{a2 q12} 2_{aq}4 2^2_{−aq}4 1^{−1}_{−aq5} + 23^{−1}_{a2 q10} 4_a2_q8 2_{aq}4 2_{−aq}4 2^{−1}_{−aq6} + 3^{−1}_{a2 q10} 4_a2_q8 2_{−aq}4 1^{−1}_{aq7} 1_{−aq}3 + 4^{−1}_{a2q12} 2^{−1}_{aq6} 2_{−aq}4 1_{aq}5 1_{−aq}3 + 4_a2_q8 2^{−1}_{aq6} 2^{−1}_{−aq6} 1_{aq}5 1_{−aq}3 1_{−aq}5 + 4^{−1}_{a2q12} 2_{aq}4 2^{−1}_{−aq6} 1_{−aq}3 1_{−aq}5 + 3^{−1}_{a2 q10} 4_a2_q8 2_{aq}4 1_{−aq}3 1^{−1}_{−aq7} + 3^{−1}_{a2q14} 4_a2_q12 2_{aq}6 1aq 1^{−1}_{aq7} + 3^{−1}_{a2q14} 4_a2_q12 2_{aq}2 1^{−1}_{aq3} 1_{aq}5 + 4^{−1}_{a2q16} 1aq 1_{aq}5 + 3^{−1}_{a2 q14} 4_a2_q4 2_{aq}6 + 4_a2_q8 2_{aq}4 2^{−2}_{−aq6} 1_{−aq}5 + 3^{−1}_{a2 q10} 4_a2_q8 2_{aq}4 2_{−aq}4 1^{−1}_{−aq5} 1^{−1}_{−aq7} + 3^{−1}_{a2q14} 4_a2_q12 2_{aq}2 2_{aq}6 1^{−1}_{aq3} 1^{−1}_{aq7} + 3_a2_q6 3_a2_q10 2^{−1}_{aq4} 2^{−1}_{−aq6} 1^{−1}_{aq7} + 3_a2_q6 3^{−1}_{a2q14} 4_a2_q12 2^{−1}_{aq4} 1_{aq}5 + 24_a2_q8 2^{−1}_{aq6} 2_{−aq}4 2^{−1}_{−aq6} 1_{aq}5 +3_a2_q6 3^{−1}_{a2 q14} 4^{−1}_{a2q8} 2_{aq}6 +24^{−1}_{a2 q12} 2_{aq}4 2_{−aq}4 2^{−1}_{−aq6} +3^{−1}_{a2q10} 4_a2_q8 2^2_{−aq}4 1^{−1}_{aq7} 1^{−1}_{−aq5} +4^{−1}_{a2q12} 2^{−1}_{aq6} 2^2_{−aq}4 1_{aq}5 1^{−1}_{−aq5} + 4^{−1}_{a2q12} 2_{−aq}4 1^{−1}_{aq7} 1_{−aq}3 + 4_a2_q8 2^{−1}_{−aq6} 1^{−1}_{aq7} 1_{−aq}3 1_{−aq}5 + 3_a2_q10 4^{−1}_{a2 q12} 2^{−1}_{aq6} 2^{−1}_{−aq6} 1_{aq}5 1_{−aq}3 1_{−aq}5 + 4_a2_q8 2^{−1}_{aq6} 1_{aq}5 1_{−aq}3 1^{−1}_{−aq7} + 4^{−1}_{a2 q12} 2_{aq}4 1_{−aq}3 1^{−1}_{−aq7} + 4^{−1}_{a2q16} 2_{aq}6 1aq 1^{−1}_{aq7} + 4_a2_q12 2^{−1}_{aq8} 1aq + 4^{−1}_{a2q16} 2_{aq}2 1^{−1}_{aq3} 1_{aq}5 + 4_a2_q4 2^{−1}_{aq8} 1_{aq}7 + 3^{−1}_{a2 q10} 3^{−1}_{a2q14} 4_a2_q8 4_a2_q12 2_{−aq}4 1_{aq}5 + 3^{−1}_{a2 q10} 3^{−1}_{a2q14} 2_{aq}4 2_{aq}6 2_{−aq}4 + 3_a2_q10 4_a2_q8 2^{−1}_{aq6} 2^{−2}_{−aq6} 1_{aq}5 1_{−aq}5 + 3_a2_q10 4^{−1}_{a2q12} 2_{aq}4 2^{−2}_{−aq6} 1_{−aq}5 + 4_a2_q8 2^{−1}_{aq6} 2_{−aq}4 1_{aq}5 1^{−1}_{−aq5} 1^{−1}_{−aq7} + 4^{−1}_{a2q12} 2_{aq}4 2_{−aq}4 1^{−1}_{−aq5} 1^{−1}_{−aq7} + 4^{−1}_{a2 q16} 2_{aq}2 2_{aq}6 1^{−1}_{aq3} 1^{−1}_{aq7} + 4_a2_q8 2_{aq}4 2^{−1}_{−aq6} 1^{−1}_{−aq7} + 4_a2_q12 2_{aq}2 2^{−1}_{aq8} 1^{−1}_{aq3} + 3_a2_q6 3^{−1}_{a2 q14} 4_a2_q12 2^{−1}_{aq4} 2_{aq}6 1^{−1}_{aq7} + 24_a2_q8 2_{−aq}4 2^{−1}_{−aq6} 1^{−1}_{aq7} + 3_a2_q6 4^{−1}_{a2 q16} 2^{−1}_{aq4} 1_{aq}5 + 23_a2_q10 4^{−1}_{a2q12} 2^{−1}_{aq6} 2_{−aq}4 2^{−1}_{−aq6} 1_{aq}5 + 3_a2_q6 4^{−1}_{a2 q8} 2^{−1}_{aq8} 1_{aq}7 + 4^{−1}_{a2q12} 2^2_{−aq}4 1^{−1}_{aq7} 1^{−1}_{−aq5} + 3_a2_q10 4^{−1}_{a2 q12} 2^{−1}_{−aq6} 1^{−1}_{aq7} 1_{−aq}3 1_{−aq}5 + 4_a2_q8 1^{−1}_{aq7} 1_{−aq}3 1^{−1}_{−aq7} + 3^{−1}_{a2 q14} 1_{aq}5 1_{−aq}3 1_{−aq}5 + 3_a2_q10 4^{−1}_{a2 q12} 2^{−1}_{aq6} 1_{aq}5 1_{−aq}3 1^{−1}_{−aq7} + 3_a2_q14 4^{−1}_{a2 q16} 2^{−1}_{aq8} 1aq + 4_a2_q4 1^{−1}_{aq9} + 3_a2_q6 4_a2_q12 2^{−1}_{aq4} 2^{−1}_{aq8} + 3^{−1}_{a2q10} 3^{−1}_{a2 q14} 4_a2_q8 4_a2_q12 2_{aq}6 2_{−aq}4 1^{−1}_{aq7} + 3_a2_q10 4_a2_q8 2^{−2}_{−aq6} 1^{−1}_{aq7} 1_{−aq}5 + 3^2_a2_q10 4^{−1}_{a2q12} 2^{−1}_{aq6} 2^{−2}_{−aq6} 1_{aq}5 1_{−aq}5 + 4_a2_q8 2_{−aq}4 1^{−1}_{aq7} 1^{−1}_{−aq5} 1^{−1}_{−aq7} + 3_a2_q10 4^{−1}_{a2q12} 2^{−1}_{aq6} 2_{−aq}4 1_{aq}5 1^{−1}_{−aq5} 1^{−1}_{−aq7} + 3^{−1}_{a2q10} 4_a2_q8 4^{−1}_{a2 q16} 2_{−aq}4 1_{aq}5 + 23^{−1}_{a2 q14} 2_{−aq}4 1_{aq}5 + 3^{−1}_{a2 q14} 4_a2_q8 4_a2_q12 2^{−1}_{−aq6} 1_{aq}5 1_{−aq}5 + 3^{−1}_{a2 q10} 2_{aq}4 2^{−1}_{aq8} 2_{−aq}4 1_{aq}7 + 3^{−1}_{a2q14} 2_{aq}4 2_{aq}6 2^{−1}_{−aq6} 1_{−aq}5 + 3_a2_q10 4_a2_q8 2^{−1}_{aq6} 2^{−1}_{−aq6} 1_{aq}5 1^{−1}_{−aq7} + 3_a2_q10 4^{−1}_{a2 q12} 2_{aq}4 2^{−1}_{−aq6} 1^{−1}_{−aq7} + 3_a2_q14 4^{−1}_{a2 q16} 2_{aq}2 2^{−1}_{aq8} 1^{−1}_{aq3} + 3_a2_q6 4^{−1}_{a2 q16} 2^{−1}_{aq4} 2_{aq}6 1^{−1}_{aq7} + 23_a2_q10 4^{−1}_{a2q12} 2_{−aq}4 2^{−1}_{−aq6} 1^{−1}_{aq7} + 3_a2_q6 4^{−1}_{a2q8} 1^{−1}_{aq9} +3^{−1}_{a2q14} 2_{aq}6 1^{−1}_{aq7} 1_{−aq}3 1_{−aq}5 +3_a2_q10 4^{−1}_{a2q12} 1^{−1}_{aq7} 1_{−aq}3 1^{−1}_{−aq7} +3^{−1}_{a2q14} 2_{−aq}6 1_{aq}5 1_{−aq}3 1^{−1}_{−aq7} +3^{−1}_{a2q18} 2_{−aq}8 1aq + 4^{−1}_{a2q12} 4^{−1}_{a2 q16} 2_{−aq}4 1_{aq}5 + 2^{−1}_{aq6} 2^{−1}_{aq8} 2_{−aq}4 1_{aq}5 1_{aq}7 + 3_a2_q6 3_a2_q14 4^{−1}_{a2q16} 2^{−1}_{aq4} 2^{−1}_{aq8} + 3^2_a2_q10 4^{−1}_{a2 q12} 2^{−2}_{−aq6} 1^{−1}_{aq7} 1_{−aq}5 + 3_a2_q10 4^{−1}_{a2 q12} 2_{−aq}4 1^{−1}_{aq7} 1^{−1}_{−aq5} 1^{−1}_{−aq7} + 3^{−1}_{a2q14} 2_{−aq}4 2_{−aq}6 1_{aq}5 1^{−1}_{−aq5} 1^{−1}_{−aq7} + 3^{−1}_{a2q10} 4_a2_q8 4_a2_q12 2^{−1}_{aq8} 2_{−aq}4 + 3^{−1}_{a2 q10} 4_a2_q8 4^{−1}_{a2 q16} 2_{aq}6 2_{−aq}4 1^{−1}_{aq7} + 23^{−1}_{a2 q14} 2_{aq}6 2_{−aq}4 1^{−1}_{aq7} + 3^{−1}_{a2q14} 4_a2_q8 4_a2_q12 2_{aq}6 2^{−1}_{−aq6} 1^{−1}_{aq7} 1_{−aq}5 + 3_a2_q10 4_a2_q8 2^{−1}_{−aq6} 1^{−1}_{aq7} 1^{−1}_{−aq7} + 23_a2_q10 3^{−1}_{a2q14} 2^{−1}_{−aq6} 1_{aq}5 1_{−aq}5 + 3^2_a2_q10 4^{−1}_{a2 q12} 2^{−1}_{aq6} 2^{−1}_{−aq6} 1_{aq}5 1^{−1}_{−aq7} + 4_a2_q8 4^{−1}_{a2q16} 2^{−1}_{−aq6} 1_{aq}5 1_{−aq}5 + 3^{−1}_{a2q14} 4_a2_q8 4_a2_q12 1_{aq}5 1^{−1}_{−aq7}

+ 2_{aq}4 2^{−1}_{aq8} 2^{−1}_{−aq6} 1_{aq}7 1_{−aq}5 + 3^{−1}_{a2q10} 2_{aq}4 2_{−aq}4 1^{−1}_{aq9} + 3^{−1}_{a2 q14} 2_{aq}4 2_{aq}6 1^{−1}_{−aq7} + 3^{−1}_{a2q18} 2_{aq}2 2_{−aq}8 1^{−1}_{aq3} + 2^{−1}_{aq8} 1_{−aq}3 1_{−aq}5 + 3^{−1}_{a2 q14} 2_{aq}6 2_{−aq}6 1^{−1}_{aq7} 1_{−aq}3 1^{−1}_{−aq7} + 2^{−1}_{−aq8} 1_{aq}5 1_{−aq}3 + 2^{−1}_{−aq10} 1aq 1_{−aq}9 + 4^{−1}_{a2q12} 4^{−1}_{a2 q16} 2_{aq}6 2_{−aq}4 1^{−1}_{aq7} + 3^{−2}_{a2q14} 4_a2_q12 2_{aq}6 1_{aq}5 1_{−aq}5 + 3_a2_q10 4^{−1}_{a2q12} 4^{−1}_{a2q16} 2^{−1}_{−aq6} 1_{aq}5 1_{−aq}5 + 3_a2_q10 2^{−1}_{aq6} 2^{−1}_{aq8} 2^{−1}_{−aq6} 1_{aq}5 1_{aq}7 1_{−aq}5 + 3^{−1}_{a2q14} 2_{aq}6 2_{−aq}4 2_{−aq}6 1^{−1}_{aq7} 1^{−1}_{−aq5} 1^{−1}_{−aq7} + 2^{−1}_{aq6} 2_{−aq}4 1_{aq}5 1^{−1}_{aq9} + 22^{−1}_{aq8} 2_{−aq}4 + 3_a2_q6 3^{−1}_{a2q18} 2^{−1}_{aq4} 2_{−aq}8 + 3^{−1}_{a2q10} 3_a2_q14 4_a2_q8 4^{−1}_{a2q16} 2^{−1}_{aq8} 2_{−aq}4 + 23_a2_q10 3^{−1}_{a2q14} 2_{aq}6 2^{−1}_{−aq6} 1^{−1}_{aq7} 1_{−aq}5 + 3^2_a2_q10 4^{−1}_{a2q12} 2^{−1}_{−aq6} 1^{−1}_{aq7} 1^{−1}_{−aq7} + 2_{−aq}4 2^{−1}_{−aq8} 1_{aq}5 1^{−1}_{−aq5} + 23_a2_q10 3^{−1}_{a2q14} 1_{aq}5 1^{−1}_{−aq7} + 4_a2_q8 4_a2_q12 2^{−1}_{aq8} 2^{−1}_{−aq6} 1_{−aq}5 + 4_a2_q8 4^{−1}_{a2q16} 2_{aq}6 2^{−1}_{−aq6} 1^{−1}_{aq7} 1_{−aq}5 + 3^{−1}_{a2q14} 4_a2_q8 4_a2_q12 2_{aq}6 1^{−1}_{aq7} 1^{−1}_{−aq7} + 4_a2_q8 4^{−1}_{a2 q16} 1_{aq}5 1^{−1}_{−aq7} + 2_{aq}4 2^{−1}_{−aq6} 1^{−1}_{aq9} 1_{−aq}5 + 2_{aq}4 2^{−1}_{aq8} 1_{aq}7 1^{−1}_{−aq7} + 2_{aq}2 2^{−1}_{−aq10} 1^{−1}_{aq3} 1_{−aq}9 + 2^{−1}_{aq8} 2_{−aq}6 1_{−aq}3 1^{−1}_{−aq7} + 2_{aq}6 2^{−1}_{−aq8} 1^{−1}_{aq7} 1_{−aq}3 + 1aq 1^{−1}_{−aq11} + 2_{−aq}4 1^{−1}_{aq7} 1^{−1}_{aq9} + 3^{−1}_{a2q10} 3^{−1}_{a2 q18} 4_a2_q8 2_{−aq}4 2_{−aq}8 + 3^{−2}_{a2 q14} 4_a2_q12 2^2_{aq}6 1^{−1}_{aq7} 1_{−aq}5 + 3_a2_q10 2^{−1}_{−aq6} 2^{−1}_{−aq8} 1_{aq}5 +3_a2_q14 4^{−1}_{a2q12} 4^{−1}_{a2 q16} 2^{−1}_{aq8} 2_{−aq}4 +3_a2_q10 4^{−1}_{a2q12} 4^{−1}_{a2 q16} 2_{aq}6 2^{−1}_{−aq6} 1^{−1}_{aq7} 1_{−aq}5 +3^{−2}_{a2q14} 4_a2_q12 2_{aq}6 2_{−aq}6 1_{aq}5 1^{−1}_{−aq7} + 3_a2_q10 4^{−1}_{a2 q12} 4^{−1}_{a2q16} 1_{aq}5 1^{−1}_{−aq7} + 3_a2_q10 2^{−1}_{aq6} 2^{−1}_{aq8} 1_{aq}5 1_{aq}7 1^{−1}_{−aq7} + 2^{−1}_{aq8} 2_{−aq}4 2_{−aq}6 1^{−1}_{−aq5} 1^{−1}_{−aq7} + 3^{−1}_{a2q14} 4^{−1}_{a2 q16} 2_{aq}6 1_{aq}5 1_{−aq}5 + 3^{−1}_{a2q14} 4_a2_q12 2^{−1}_{aq8} 1_{aq}5 1_{aq}7 1_{−aq}5 + 3_a2_q10 2^{−1}_{aq6} 2^{−1}_{−aq6} 1_{aq}5 1^{−1}_{aq9} 1_{−aq}5 + 23_a2_q10 2^{−1}_{aq8} 2^{−1}_{−aq6} 1_{−aq}5 + 2_{aq}6 2_{−aq}4 2^{−1}_{−aq8} 1^{−1}_{aq7} 1^{−1}_{−aq5} + 23_a2_q10 3^{−1}_{a2q14} 2_{aq}6 1^{−1}_{aq7} 1^{−1}_{−aq7} + 3_a2_q6 2^{−1}_{aq4} 2^{−1}_{−aq10} 1_{−aq}9 + 3_a2_q14 4_a2_q8 4^{−1}_{a2 q16} 2^{−1}_{aq8} 2^{−1}_{−aq6} 1_{−aq}5 + 4_a2_q8 4_a2_q12 2^{−1}_{aq8} 1^{−1}_{−aq7} + 4_a2_q8 4^{−1}_{a2 q16} 2_{aq}6 1^{−1}_{aq7} 1^{−1}_{−aq7} + 2_{aq}4 1^{−1}_{aq9} 1^{−1}_{−aq7} + 2_{aq}2 1^{−1}_{aq3} 1^{−1}_{−aq11} + 3_a2_q14 2^{−1}_{aq8} 2^{−1}_{−aq8} 1_{−aq}3 + 3_a2_q10 2^{−1}_{−aq6} 1^{−1}_{aq7} 1^{−1}_{aq9} 1_{−aq}5 + 3_a2_q10 2_{aq}6 2^{−1}_{−aq6} 2^{−1}_{−aq8} 1^{−1}_{aq7} + 3^{−2}_{a2q14} 4_a2_q12 2^2_{aq}6 2_{−aq}6 1^{−1}_{aq7} 1^{−1}_{−aq7} + 3_a2_q10 3_a2_q14 4^{−1}_{a2q12} 4^{−1}_{a2 q16} 2^{−1}_{aq8} 2^{−1}_{−aq6} 1_{−aq}5 + 3_a2_q10 4^{−1}_{a2 q12} 4^{−1}_{a2q16} 2_{aq}6 1^{−1}_{aq7} 1^{−1}_{−aq7} + 3^{−1}_{a2 q18} 4^{−1}_{a2q12} 2_{−aq}4 2_{−aq}8 + 3^{−1}_{a2q10} 4_a2_q8 2_{−aq}4 2^{−1}_{−aq10} 1_{−aq}9 + 3^{−1}_{a2q18} 4_a2_q8 2^{−1}_{−aq6} 2_{−aq}8 1_{−aq}5 + 3^{−1}_{a2q14} 4^{−1}_{a2 q16} 2^2_{aq}6 1^{−1}_{aq7} 1_{−aq}5 + 23^{−1}_{a2 q14} 4_a2_q12 2_{aq}6 2^{−1}_{aq8} 1_{−aq}5 + 3^{−1}_{a2 q14} 4_a2_q12 2_{aq}6 2^{−1}_{−aq8} 1_{aq}5 + 3^{−1}_{a2q14} 4^{−1}_{a2q16} 2_{aq}6 2_{−aq}6 1_{aq}5 1^{−1}_{−aq7} + 3^{−1}_{a2q14} 4_a2_q12 2^{−1}_{aq8} 2_{−aq}6 1_{aq}5 1_{aq}7 1^{−1}_{−aq7} + 3_a2_q10 2^{−1}_{aq6} 1_{aq}5 1^{−1}_{aq9} 1^{−1}_{−aq7} + 23_a2_q10 2^{−1}_{aq8} 1^{−1}_{−aq7} + 3_a2_q14 2^{−1}_{aq8} 2_{−aq}4 2^{−1}_{−aq8} 1^{−1}_{−aq5} + 4^{−1}_{a2q16} 2^{−1}_{aq8} 1_{aq}5 1_{aq}7 1_{−aq}5 + 3^{−1}_{a2q14} 4_a2_q12 1_{aq}5 1^{−1}_{aq9} 1_{−aq}5 + 3_a2_q6 2^{−1}_{aq4} 1^{−1}_{−aq11} + 3_a2_q14 4_a2_q8 4^{−1}_{a2 q16} 2^{−1}_{aq8} 1^{−1}_{−aq7} + 3^{−1}_{a2q18} 4_a2_q16 1_{−aq}3 + 4_a2_q8 2^{−1}_{−aq6} 2^{−1}_{−aq10} 1_{−aq}5 1_{−aq}9 + 4_a2_q12 2^{−2}_{aq8} 1_{aq}7 1_{−aq}5 + 3_a2_q10 1^{−1}_{aq7} 1^{−1}_{aq9} 1^{−1}_{−aq7} + 3_a2_q10 3_a2_q14 2^{−1}_{aq8} 2^{−1}_{−aq6} 2^{−1}_{−aq8} + 3^{−1}_{a2q14} 4_a2_q12 2_{aq}6 1^{−1}_{aq7} 1^{−1}_{aq9} 1_{−aq}5 + 3_a2_q10 3_a2_q14 4^{−1}_{a2q12} 4^{−1}_{a2 q16} 2^{−1}_{aq8} 1^{−1}_{−aq7} + 3^{−1}_{a2 q14} 4_a2_q12 2^2_{aq}6 2^{−1}_{−aq8} 1^{−1}_{aq7} + 3^{−1}_{a2 q14} 4^{−1}_{a2q16} 2^2_{aq}6 2_{−aq}6 1^{−1}_{aq7} 1^{−1}_{−aq7} + 23^{−1}_{a2 q14} 4_a2_q12 2_{aq}6 2^{−1}_{aq8} 2_{−aq}6 1^{−1}_{−aq7} + 3_a2_q10 3^{−1}_{a2q18} 4^{−1}_{a2 q12} 2^{−1}_{−aq6} 2_{−aq}8 1_{−aq}5 + 24^{−1}_{a2q16} 2_{aq}6 2^{−1}_{aq8} 1_{−aq}5 + 4^{−1}_{a2q12} 2_{−aq}4 2^{−1}_{−aq10} 1_{−aq}9 + 3^{−1}_{a2q10} 4_a2_q8 2_{−aq}4 1^{−1}_{−aq11} + 3^{−1}_{a2q18} 4_a2_q8 2_{−aq}8 1^{−1}_{−aq7} + 4^{−1}_{a2q16} 2_{aq}6 2^{−1}_{−aq8} 1_{aq}5 + 4_a2_q12 2^{−1}_{aq8} 2^{−1}_{−aq8} 1_{aq}5 1_{aq}7 + 4^{−1}_{a2 q16} 2^{−1}_{aq8} 2_{−aq}6 1_{aq}5 1_{aq}7 1^{−1}_{−aq7} + 3^{−1}_{a2q14} 4_a2_q12 2_{−aq}6 1_{aq}5 1^{−1}_{aq9} 1^{−1}_{−aq7} + 3^{−1}_{a2q18} 4_a2_q16 2_{−aq}4 1^{−1}_{−aq5} + 4^{−1}_{a2 q16} 1_{aq}5 1^{−1}_{aq9} 1_{−aq}5 + 4^{−1}_{a2q20} 1_{−aq}3 + 4_a2_q12 2^{−2}_{aq8} 2_{−aq}6 1_{aq}7 1^{−1}_{−aq7} + 3^{−1}_{a2q14} 3^{−1}_{a2 q18} 2_{aq}6 2_{−aq}8 1_{−aq}5 + 3_a2_q10 4^{−1}_{a2 q12} 2^{−1}_{−aq6} 2^{−1}_{−aq10} 1_{−aq}5 1_{−aq}9 + 3_a2_q14 4^{−1}_{a2 q16} 2^{−2}_{aq8} 1_{aq}7 1_{−aq}5 + 3^{−1}_{a2q14} 4_a2_q12 2_{aq}6 2_{−aq}6 1^{−1}_{aq7} 1^{−1}_{aq9} 1^{−1}_{−aq7} + 4^{−1}_{a2q16} 2_{aq}6 1^{−1}_{aq7} 1^{−1}_{aq9} 1_{−aq}5 + 4_a2_q8 2^{−1}_{−aq6} 1_{−aq}5 1^{−1}_{−aq11} + 4_a2_q8 2^{−1}_{−aq10} 1^{−1}_{−aq7} 1_{−aq}9 + 4_a2_q12 2^{−1}_{aq8} 1^{−1}_{aq9} 1_{−aq}5 + 3_a2_q10 3^{−1}_{a2q18} 4_a2_q16 2^{−1}_{−aq6} + 24_a2_q12 2_{aq}6 2^{−1}_{aq8} 2^{−1}_{−aq8} + 3_a2_q10 3^{−1}_{a2q18} 4^{−1}_{a2 q12} 2_{−aq}8 1^{−1}_{−aq7} + 24^{−1}_{a2q16} 2_{aq}6 2^{−1}_{aq8} 2_{−aq}6 1^{−1}_{−aq7} + 4^{−1}_{a2q16} 2^2_{aq}6 2^{−1}_{−aq8} 1^{−1}_{aq7} + 4^{−1}_{a2q12} 2_{−aq}4 1^{−1}_{−aq11} + 3_a2_q14 4^{−1}_{a2 q16} 2^{−1}_{aq8} 2^{−1}_{−aq8} 1_{aq}5 1_{aq}7 + 4_a2_q12 2^{−1}_{−aq8} 1_{aq}5 1^{−1}_{aq9} + 4^{−1}_{a2 q16} 2_{−aq}6 1_{aq}5 1^{−1}_{aq9} 1^{−1}_{−aq7} + 4^{−1}_{a2 q20} 2_{−aq}4 1^{−1}_{−aq5} + 4_a2_q8 1^{−1}_{−aq7} 1^{−1}_{−aq11} + 3^{−1}_{a2q14} 3^{−1}_{a2 q18} 4_a2_q12 4_a2_q16 2_{aq}6 + 3^{−1}_{a2 q14} 3^{−1}_{a2q18} 2_{aq}6 2_{−aq}6 2_{−aq}8 1^{−1}_{−aq7} + 3_a2_q14 4_a2_q12 2^{−2}_{aq8} 2^{−1}_{−aq8} 1_{aq}7 + 3_a2_q14 4^{−1}_{a2q16} 2^{−2}_{aq8} 2_{−aq}6 1_{aq}7 1^{−1}_{−aq7} + 4_a2_q12 2_{aq}6 2^{−1}_{−aq8} 1^{−1}_{aq7} 1^{−1}_{aq9} + 4^{−1}_{a2q16} 2_{aq}6 2_{−aq}6 1^{−1}_{aq7} 1^{−1}_{aq9} 1^{−1}_{−aq7} + 4_a2_q12 2^{−1}_{aq8} 2_{−aq}6 1^{−1}_{aq9} 1^{−1}_{−aq7} + 3^{−1}_{a2q18} 2^{−1}_{aq8} 2_{−aq}8 1_{aq}7 1_{−aq}5 + 3^{−1}_{a2q14} 2_{aq}6 2^{−1}_{−aq10} 1_{−aq}5 1_{−aq}9 + 3_a2_q10 4^{−1}_{a2q12} 2^{−1}_{−aq6} 1_{−aq}5 1^{−1}_{−aq11} + 3_a2_q10 4^{−1}_{a2 q12} 2^{−1}_{−aq10} 1^{−1}_{−aq7} 1_{−aq}9 + 3_a2_q14 4^{−1}_{a2 q16} 2^{−1}_{aq8} 1^{−1}_{aq9} 1_{−aq}5 + 3_a2_q10 4^{−1}_{a2q20} 2^{−1}_{−aq6} + 23_a2_q14 4^{−1}_{a2 q16} 2_{aq}6 2^{−1}_{aq8} 2^{−1}_{−aq8} + 3^{−1}_{a2q18} 1_{aq}5 1_{aq}7 + 3_a2_q14 4^{−1}_{a2 q16} 2^{−1}_{−aq8} 1_{aq}5 1^{−1}_{aq9} + 3_a2_q10 4^{−1}_{a2q12} 1^{−1}_{−aq7} 1^{−1}_{−aq11} + 3^2_a2_q14 4^{−1}_{a2q16} 2^{−2}_{aq8} 2^{−1}_{−aq8} 1_{aq}7 + 3_a2_q14 4^{−1}_{a2 q16} 2_{aq}6 2^{−1}_{−aq8} 1^{−1}_{aq7} 1^{−1}_{aq9} + 3^{−1}_{a2q14} 4_a2_q12 4^{−1}_{a2q20} 2_{aq}6 + 23^{−1}_{a2 q18} 2_{aq}6 + 3^{−1}_{a2 q18} 4_a2_q12 4_a2_q16 2^{−1}_{aq8} 1_{aq}7 + 3^{−1}_{a2q18} 2^{−1}_{aq8} 2_{−aq}6 2_{−aq}8 1_{aq}7 1^{−1}_{−aq7} + 3^{−1}_{a2 q14} 2_{aq}6 2_{−aq}6 2^{−1}_{−aq10} 1^{−1}_{−aq7} 1_{−aq}9 + 3_a2_q14 4_a2_q12 2^{−1}_{aq8} 2^{−1}_{−aq8} 1^{−1}_{aq9} + 3_a2_q14 4^{−1}_{a2 q16} 2^{−1}_{aq8} 2_{−aq}6 1^{−1}_{aq9} 1^{−1}_{−aq7} + 2^{−1}_{aq8} 2^{−1}_{−aq10} 1_{aq}7 1_{−aq}5 1_{−aq}9 + 3^{−1}_{a2q18} 2_{−aq}8 1^{−1}_{aq9} 1_{−aq}5 + 3^{−1}_{a2q14} 2_{aq}6 1_{−aq}5 1^{−1}_{−aq11} + 3^{−1}_{a2q18} 2_{aq}8 1_{aq}5 1^{−1}_{aq9} + 4^{−1}_{a2q16} 4^{−1}_{a2q20} 2_{aq}6 + 2_{aq}6 2^{−1}_{−aq8} 2^{−1}_{−aq10} 1_{−aq}9

+ 3^{−1}_{a2q14} 2_{aq}6 2_{−aq}6 1^{−1}_{−aq7} 1^{−1}_{−aq11} + 3^{−1}_{a2q18} 2_{aq}6 2_{aq}8 1^{−1}_{aq7} 1^{−1}_{aq9} + 23_a2_q14 3^{−1}_{a2q18} 2^{−1}_{aq8} 1_{aq}7 + 3^2_a2_q14 4^{−1}_{a2 q16} 2^{−1}_{aq8} 2^{−1}_{−aq8} 1^{−1}_{aq9} + 4_a2_q12 4^{−1}_{a2q20} 2^{−1}_{aq8} 1_{aq}7 + 3^{−1}_{a2 q18} 4_a2_q12 4_a2_q16 1^{−1}_{aq9} + 2^{−1}_{aq8} 2_{−aq}6 2^{−1}_{−aq10} 1_{aq}7 1^{−1}_{−aq7} 1_{−aq}9 + 3^{−1}_{a2q18} 2_{−aq}6 2_{−aq}8 1^{−1}_{aq9} 1^{−1}_{−aq7} + 2^{−1}_{−aq10} 1^{−1}_{aq9} 1_{−aq}5 1_{−aq}9 + 2^{−1}_{aq8} 1_{aq}7 1_{−aq}5 1^{−1}_{−aq11} + 2^{−1}_{aq10} 1_{aq}5 + 3^{−2}_{a2q18} 4_a2_q16 2_{−aq}8 1_{aq}7 + 3_a2_q14 4^{−1}_{a2q16} 4^{−1}_{a2q20} 2^{−1}_{aq8} 1_{aq}7 + 3_a2_q14 2^{−1}_{aq8} 2^{−1}_{−aq8} 2^{−1}_{−aq10} 1_{aq}7 1_{−aq}9 + 2^{−1}_{aq8} 2_{−aq}6 1_{aq}7 1^{−1}_{−aq7} 1^{−1}_{−aq11} + 2_{aq}6 2^{−1}_{−aq8} 1^{−1}_{−aq11} + 2_{aq}6 2^{−1}_{aq10} 1^{−1}_{aq7} +23_a2_q14 3^{−1}_{a2q18} 1^{−1}_{aq9} +4_a2_q12 4^{−1}_{a2q20} 1^{−1}_{aq9} +2_{−aq}6 2^{−1}_{−aq10} 1^{−1}_{aq9} 1^{−1}_{−aq7} 1_{−aq}9 +1^{−1}_{aq9} 1_{−aq}5 1^{−1}_{−aq11} +3_a2_q14 2^{−1}_{aq8} 2^{−1}_{aq10} + 3^{−2}_{a2q18} 4_a2_q16 2_{aq}8 2_{−aq}8 1^{−1}_{aq9} + 3_a2_q14 4^{−1}_{a2q16} 4^{−1}_{a2q20} 1^{−1}_{aq9} + 3_a2_q14 2^{−1}_{−aq8} 2^{−1}_{−aq10} 1^{−1}_{aq9} 1_{−aq}9 + 2_{−aq}6 1^{−1}_{aq9} 1^{−1}_{−aq7} 1^{−1}_{−aq11} + 3^{−1}_{a2 q18} 4^{−1}_{a2q20} 2_{−aq}8 1_{aq}7 + 3^{−1}_{a2 q18} 4_a2_q16 2^{−1}_{−aq10} 1_{aq}7 1_{−aq}9 + 3_a2_q14 2^{−1}_{aq8} 2^{−1}_{−aq8} 1_{aq}7 1^{−1}_{−aq11} + 3^{−1}_{a2q18} 4_a2_q16 2^{−1}_{aq10} 2_{−aq}8 + 3^{−1}_{a2 q18} 4^{−1}_{a2q20} 2_{aq}8 2_{−aq}8 1^{−1}_{aq9} + 3^{−1}_{a2q18} 4_a2_q16 2_{aq}8 2^{−1}_{−aq10} 1^{−1}_{aq9} 1_{−aq}9 + 3_a2_q14 2^{−1}_{−aq8} 1^{−1}_{aq9} 1^{−1}_{−aq11} + 4^{−1}_{a2q20} 2^{−1}_{−aq10} 1_{aq}7 1_{−aq}9 + 3^{−1}_{a2q18} 4_a2_q16 1_{aq}7 1^{−1}_{−aq11} + 4^{−1}_{a2q20} 2^{−1}_{aq10} 2_{−aq}8 + 4_a2_q16 2^{−1}_{aq10} 2^{−1}_{−aq10} 1_{−aq}9 + 4^{−1}_{a2q20} 2_{aq}8 2^{−1}_{−aq10} 1^{−1}_{aq9} 1_{−aq}9 + 3^{−1}_{a2q18} 4_a2_q16 2_{aq}8 1^{−1}_{aq9} 1^{−1}_{−aq11} + 4^{−1}_{a2 q20} 1_{aq}7 1^{−1}_{−aq11} + 3_a2_q18 4^{−1}_{a2q20} 2^{−1}_{aq10} 2^{−1}_{−aq10} 1_{−aq}9 + 4_a2_q16 2^{−1}_{aq10} 1^{−1}_{−aq11} + 4^{−1}_{a2q20} 2_{aq}8 1^{−1}_{aq9} 1^{−1}_{−aq11} + 3^{−1}_{a2q22} 1_{−aq}9 + 3_a2_q18 4^{−1}_{a2 q20} 2^{−1}_{aq10} 1^{−1}_{−aq11} + 3^{−1}_{a2q22} 2_{−aq}10 1^{−1}_{−aq11} + 2^{−1}_{−aq12} .

References

[A] T. Akasaka, An integral PBW basis of the quantum affine algebra of type A^{(2)}_2 Publ. Res. Inst.

Math. Sci. 38, no. 4, 803–894 (2002) [Bec] J. Beck, Braid group action and quantum affine algebras, Comm. Math. Phys. 165, no. 3, 555– 568 (1994) [Bet] H.A. Bethe, Zur Theorie der Metalle. I. Eigenwerte und Eigenfunktionen der linearen Atomkette, Z. Phys. 71, 205-226 (1931) [BN] J. Beck and H. Nakajima, Crystal bases and two-sided cells of quantum affine algebras, Duke Math. J. 123, no. 2, 335–402 (2004) [Cha1] V. Chari, Minimal affinizations of representations of quantum groups: the rank 2 case , Publ.

Res. Inst. Math. Sci. 31, no. 5, 873–911 (1995) [Cha2] V. Chari, On the fermionic formula and the Kirillov-Reshetikhin conjecture, Int. Math. Res.

Not. 2001, no. 12, 629–654 (2001) [Che] I. Cherednik, A new interpretation of Gelfand-Tzetlin bases, Duke Math. J. 54, no. 2, 563–577 (1987) [CM1] V. Chari and A. Moura, Characters and blocks for finite-dimensional representations of quantum affine algebras, Int. Math. Res. Not. 2005, no. 5, 257–298 (2005) [CM2] V. Chari and A. Moura, The restricted Kirillov-Reshetikhin modules for the current and twisted current algebras, Commun. Math. Phys. 266 431-454 (2006) [CP1] V. Chari and A. Pressley, Quantum Affine Algebras, Comm. Math. Phys. 142, 261-283 (1991) [CP2] V. Chari and A. Pressley, Quantum affine algebras and their representations, in Representations of groups (Banff, AB, 1994),59-78, CMS Conf. Proc, 16, Amer. Math. Soc., Providence, RI (1995) [CP3] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge University Press, Cambridge (1994) [CP4] V. Chari and A. Pressley, Integrable and Weyl modules for quantum affine sl2, Quantum groups and Lie theory (Durham, 1999), 48–62, London Math. Soc. Lecture Note Ser., 290, Cambridge Univ. Press, Cambridge, (2001)

[CP5] V. Chari and A. Pressley, Twisted quantum affine algebras, Comm. Math. Phys. 196, no. 2, 461–476 (1998)

[Da] I. Damiani, The R-matrix for (twisted) affine quantum algebras, Representations and quantizations (Shanghai, 1998), 89–144, China High. Educ. Press, Beijing, (2000)

[Dr1] V. G. Drinfel’d, Quantum groups, Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Berkeley, Calif., 1986), 798–820, Amer. Math. Soc., Providence, RI, (1987)

[Dr2] V. G. Drinfel’d, A new realization of Yangians and of quantum affine algebras,Dokl. Akad.

Nauk SSSR 296 (1987), no. 1, 13–17; translation in Soviet Math. Dokl. 36, no. 2, 212–216 (1988)

[DK] J. Ding and S. Khoroshkin, Universal R-matrix for quantum affine algebras Uq (A^{(2)}_2 ) and Uq (ôsp(1|2)) with Drinfeld comultiplication, Adv. Math. 189, no. 2, 413–438 (2004)

[FL] G. Fourier and P. Littelmann, Weyl modules, Demazure modules, KR-modules, crystals, fusion products and limit constructions, to appear in Adv. Math. (Preprint arXiv:math/0509276v4)

[FM] E. Frenkel and E. Mukhin, Combinatorics of q-Characters of Finite-Dimensional Representations of Quantum Affine Algebras, Comm. Math. Phy., vol 216, no. 1, pp 23-57 (2001)

[FM2] E. Frenkel and E. Mukhin, The Hopf algebra RepUqĝl_∞, Selecta Math. (N.S.) 8, no. 4, 537–635 (2002)

[FR] E. Frenkel and N. Reshetikhin, The q-Characters of Representations of Quantum Affine Algebras and Deformations of W -Algebras, Recent Developments in Quantum Affine Algebras and related topics, Cont. Math., vol. 248, pp 163-205 (1999)

[FZ1] S. Fomin and A. Zelevinsky, The Laurent Phenomenon, Adv. in Appl. Math. 28, no. 2, 119–144 (2002)

[FZ2] S. Fomin and A. Zelevinsky, Y -systems and generalized associahedra, Ann. of Math. (2) 158, no. 3, 977–1018 (2003)

[H1] D. Hernandez, Algebraic approach to q,t-characters, Adv. Math 187, no. 1, 1–52 (2004)

[H2] D. Hernandez, Representations of quantum affinizations and fusion product, Transform. Groups 10, no. 2, 163–200 (2005)

[H3] D. Hernandez, Monomials of q and q,t-chraracters for non simply-laced quantum affinizations, Math. Z. 250, no. 2, 443–473 (2005)

[H4] D. Hernandez, The Kirillov-Reshetikhin conjecture and solutions of T-systems, J. Reine Angew.

Math. 596 (2006), 63–87

[H5] D. Hernandez, Drinfeld coproduct, quantum fusion tensor category and applications, To appear in Proc. London Math. Soc. (Preprint arXiv:math/0504269v3)

[H6] D. Hernandez, Smallness problem for quantum affine algebras and quiver varieties, Preprint arXiv:math/0607526v1

[H7] D. Hernandez, On minimal affinizations of representations of quantum groups, To appear in Comm. Math. Phys. (Preprint arXiv:math/0607527v4)

[HKOTT] G. Hatayama, A. Kuniba, M. Okado, T. Takagi and Z. Tsuboi, Paths, crystals and fermionic formulae, MathPhys odyssey, 2001, 205–272, Prog. Math. Phys., 23, Birkhäuser Boston, Boston, MA, 2002

[HKOTY] G. Hatayama, A. Kuniba, M. Okado, T. Takagi and Y. Yamada, Remarks on fermionic formula, in Recent developments in quantum affine algebras and related topics (Raleigh, NC, 1998), 243–291, Contemp. Math., 248, Amer. Math. Soc., Providence, RI (1999)

[HN] D. Hernandez and H. Nakajima, Level 0 monomial crystals, Lusztig’s issue of Nagoya Math.

J. 184, 85–153 (2006)

[Jim] M. Jimbo, A q-difference analogue of U(g) and the Yang-Baxter equation, Lett. Math. Phys.

10, no. 1, 63–69 (1985)

[Jin] N. Jing, On Drinfeld realization of quantum affine algebras, The Monster and Lie algebras (Columbus, OH, 1996), 195–206, Ohio State Univ. Math. Res. Inst. Publ., 7, de Gruyter, Berlin (1998)

[JM] N. Jing and K. Misra, Vertex operators for twisted quantum affine algebras Trans. Amer. Math.

Soc. 351, no. 4, 1663–1690 (1999) [Kac] V. Kac, Infinite dimensional Lie algebras, 3rd Edition, Cambridge University Press (1990) [Kas] M. Kashiwara, On level-zero representations of quantized affine algebras, Duke Math. J. 112, no. 1, 117–175 (2002) [Ki1] A. N. Kirillov, Combinatorial identities and completeness of states of the Heisenberg magnet, Questions in quantum field theory and statistical physics, 4. Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 131 (1983), 88–105 (1983) [Ki2] A. N. Kirillov, Completeness of states of the generalized Heisenberg magnet, Automorphic functions and number theory, II. Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 134169–189 (1984) [Ki3] A. N. Kirillov, Identities for the Rogers dilogarithmic function connected with simple Lie algebras, J. Soviet Math. 47, no. 2, 2450–2459 (1989); translated from Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 164, Differentsialnaya Geom. Gruppy Li i Mekh. IX, 121–133, 198 (1987) [Kl] M. Kleber, Combinatorial structure of finite-dimensional representations of Yangians: the simply-laced case, Internat. Math. Res. Notices 1997, no. 4, 187–201 (1997)

[Kn] H. Knight, Spectra of tensor products of finite-dimensional representations of Yangians, J. Algebra 174, no. 1, 187–196 (1995) [KKS] S.J. Kang, J.A. Kim and D.U. Shin, Crystal bases of quantum classical algebras and Nakajima’s monomials, Publ. RIMS, Kyoto Univ. 40, 757-791 (2004) [KKMMNN] S.J. Kang, M. Kashiwara, K.C. Misra, T. Miwa, T. Nakashima and A. Nakayashiki, Affine crystals and vertex models, International Journal of Modern Physics A 7, Suppl. 1A, 449-484, Proceeding of the RIMS Research Project 1991 “Infinite Analysis” (1992)

[KMOY] M. Kashiwara, K. Misra, M. Okado and D. Yamada, Perfect Crystals for Uq (D^{(3)}_4 ), Preprint arXiv:math/0610873v1

[KN] A. Kuniba and T. Nakanishi, The Bethe equation at q = 0, the Möbius inversion formula, and weight multiplicities. II. The Xn case, J. Algebra 251, no. 2, 577–618 (2002) [KNS1] A. Kuniba, T. Nakanishi and J. Suzuki, Functional relations in solvable lattice models. I.

Functional relations and representation theory, Internat. J. Modern Phys. A 9, no. 30, 5215–5266 (1994) [KNS2] A. Kuniba, S. Nakamura and R. Hirota, Pfaffian and determinant solutions to a discretized Toda equation for Br, Cr and Dr , J. Phys. A 29, no. 8, 1759–1766 (1996) [KNT] A. Kuniba, T. Nakanishi and Z. Tsuboi, The canonical solutions of the Q-systems and the Kirillov-Reshetikhin conjecture, Comm. Math. Phys. 227, no. 1, 155–190 (2002) [KOSY] A. Kuniba, M. Okado, J. Suzuki, and Y. Yamada, Difference L operators related to q-characters, J. Phys. A 35, no. 6, 1415–1435 (2002) [KR] A.N. Kirillov and N. Reshetikhin, Representations of Yangians and multiplicities of the inclusion of the irreducible components of the tensor product of representations of simple Lie algebras, J. Soviet Math. 52, no. 3, 3156–3164 (1990); translated from Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 160, Anal. Teor. Chisel i Teor. Funktsii. 8, 211–221, 301 (1987)

[KS1] A. Kuniba and J. Suzuki, Functional relations and analytic Bethe ansatz for twisted quantum affine algebras, J. Phys. A 28, no. 3, 711–722 (1995) [KS2] A. Kuniba and J. Suzuki, Analytic Bethe ansatz for fundamental representations of Yangians, Comm. Math. Phys. 173, no. 2, 225–264 (1995) [N1] H. Nakajima, Quiver varieties and finite-dimensional representations of quantum affine algebras, J. Amer. Math. Soc. 14, no. 1, 145–238 (2001) [N2] H. Nakajima, T -analogue of the q-characters of finite dimensional representations of quantum affine algebras, Physics and combinatorics, 2000 (Nagoya), 196–219, World Sci. Publ., River Edge, NJ (2001) [N3] H. Nakajima, t–analogs of q–characters of quantum affine algebras of type An, Dn, in Combinatorial and geometric representation theory (Seoul, 2001), 141–160, Contemp. Math., 325, Amer. Math. Soc., Providence, RI (2003) [N4] H. Nakajima, Quiver Varieties and t-Analogs of q-Characters of Quantum Affine Algebras, Ann.

of Math. 160, 1057–1097 (2004) [N5] H. Nakajima, t-analogs of q-characters of Kirillov-Reshetikhin modules of quantum affine algebras, Represent. Theory 7, 259–274 (electronic) (2003) [N6] H. Nakajima, Extremal weight modules of quantum affine algebras, Representation theory of algebraic groups and quantum groups, 343–369, Adv. Stud. Pure Math., 40, Math. Soc. Japan, Tokyo (2004) [N7] H. Nakajima, t–analogs of q–characters of quantum affine algebras of type E6, E7, E8, Preprint arXiv:math/0606637v1 [NN1] W. Nakai and T. Nakanishi, Paths, tableaux and q-characters of quantum affine algebras :

the Cn case, J. Phys. A 39, no. 9, 2083–2115 (2006) [NN2] W. Nakai and T. Nakanishi, Paths, tableaux descriptions of Jacubi-Trudi determinant associated with quantum affine algebra of type Dn, to appear in J. Algebraic Combin. (Preprint arXiv:math/0603160v2) [NS] S. Naito and D. Sagaki, Construction of perfect crystals conjecturally corresponding to Kirillov- Reshetikhin modules over twisted quantum affine algebras, Comm. Math. Phys. 263, no. 3, 749–787 (2006) [NT] M. Nazarov and V. Tarasov, Representations of Yangians with Gelfand-Zetlin bases, J. Reine Angew. Math. 496, 181–212 (1998) [OSS] M. Okado, A. Schilling and M. Shimozono, Virtual crystals and fermionic formulas of type D^{(2)}_{n+1}, A^{(2)}_{2n} , and C^{(1)}_n , Represent. Theory 7, 101-163 (2003) [R] N. Reshetikhin, The spectrum of the transfer matrices connected with Kac-Moody algebras, Lett.

Math. Phys. 14, no. 3, 235–246 (1987) [S] A. Schilling, Combinatorial structure of Kirillov-Reshetikhin crystals of type Dn(1), Bn(1), A2n−1(2), Preprint arXiv:0704.2046v1 [SS] A. Schilling and P. Sternberg, Finite-Dimensional Crystals B^{2,s} for Quantum Affine Algebras of type D^{(1)}_n , J. Algebraic Combin. 23, no. 4, 317–354 (2006) [T] Z. Tsuboi, Difference L operators and a Casorati determinant solution to the T -system for twisted quantum affine algebras, J. Phys. A 35, no. 19, 4363–4373 (2002)

CNRS - UMR 8100 : Laboratoire de Mathématiques de Versailles, 45 avenue des Etats-Unis , Bat. Fermat, 78035 VERSAILLES, FRANCE

E-mail address: hernandez @ math . cnrs . fr URL: http://www.math.uvsq.fr/~hernandez