LEVEL 0 MONOMIAL CRYSTALS

DAVID HERNANDEZ AND HIRAKU NAKAJIMA

Dedicated to Professor George Lusztig on his 60th birthday

Introduction

In this paper we study the monomial crystal M defined by the second author [32]. We show that each component of M can be embedded into a crystal B(λ) of an extremal weight module V (λ) introduced by Kashiwara [18] (Theorem 2.2). This result was originally conjectured by Kashiwara, when the second author discussed the result of [32] with him. We prove this result by showing that the monomial crystal is equivalent to the combinatorial crystal appeared in Kashiwara’s embedding theorem [17]. (See Proposition 2.6.) We then study the case of extremal weight modules of level 0. We realize the crystal B(ϖ_ℓ) of a level 0 fundamental representation via the monomial crystal (Theorem 3.2). And we determine all monomials appearing in the corresponding component of the monomial crystal for all fundamental representations except for some fundamental representations for E^{(2)}_6 , E^{(1)}_7 , E^{(1)}_8 . Thus we obtain explicit descriptions of the crystals in these examples. For classical types, we give them in terms of tableaux. For exceptional types, we list up all monomials. Most of them have been calculated already in the literature ([14, 38, 24, 12, 36, 27, 37, 3]), but we have a few new examples in exceptional types. And our method works for arbitrary fundamental representations in principle, though we certainly need to use a computer with huge memory for the triple node of E^{(1)}_8 .

One of motivations of this work comes from the study of q–characters of finite dimensional modules of the quantum affine algebra, introduced by Knight [25], Frenkel-Reshetikhin [7], and have been intensively studied for example in [6, 26, 28, 29, 31, 32, 8, 9, 10, 5] and the references therein. In the combinatorial algorithm to compute q–characters for arbitrary irreducible representations [29, 31], the first step was to compute (t–analogs of) q–characters for level 0 fundamental representations. Therefore it would be nice if we could give their explicit forms. They can be calculated by a computer, but we hope to see a structure by examining their possible relations to the crystal bases.

In simply-laced type examples given in this paper, we construct explicit bijections between monomials in q–characters, counted with multiplicities and the crystal bases. (The existences of abstract bijections are trivial as both have the same cardinality as dimensions of modules.) In fact, the computation of the crystal base has been done with help of explicit knowledge of q–characters. This is opposite to our motivation, and we need a further study to achieve it.

Acknowledgments : The authors would like to thank the anonymous referee for comments. A part of this paper was written when the first author visited the 1

RIMS (Kyoto) in the summer of 2004. He would like to thank the RIMS for his hospitality and the excellent work conditions.

1. Background

In this section we give backgrounds on quantized enveloping algebras, extremal weight modules.

1.1. Cartan matrix. Let C = (C_{i,j} )_{1≤i,j≤n} be a generalized Cartan matrix , i.e., C_{i,j} ∈ Z, C_{i,i} = 2, C_{i,j} ≤ 0 for i ≠ j and C_{i,j} = 0 if and only if C_{j,i} = 0. We set I = {1, . . . , n} and l = rank(C). In the following we suppose that C is symmetrizable, that is to say that there is a matrix D = diag(r_1, . . . , r_n) (r_i ∈ N^∗) such that B = DC is symmetric.

We consider a realization (h, Π, Π^∨) of C (see [13]): h is a 2n − l dimensional Q-vector space, Π = {α_1, . . . , α_n} ⊂ h^∗ (set of the simple roots) and Π^∨ = {α^∨_1 , . . . , α^∨_n } ⊂ h (set of simple coroots) are set so that α_j (α^∨_i ) = C_{i,j} for 1 ≤ i, j ≤ n. Let Λ_1, . . . , Λ_n ∈ h^∗ (resp. the Λ^∨_1 , . . . , Λ^∨_n ∈ h) be the fundamental weights (resp. coweights) : Λ_i(α^∨_j ) = α_i(Λ^∨_j ) = δ_{i,j} .

Let P = {λ ∈ h^∗ | λ(α^∨_i ) ∈ Z for all i ∈ I} be the weight lattice and P^+ = {λ ∈ P | λ(α^∨_i ) ≥ 0 for all i ∈ I} the semigroup of dominant weights. Let Q = � i∈I Zα_i ⊂ P (the root lattice) and Q^+ = � i∈I Nα_i ⊂ Q. For λ, μ ∈ h^∗, write λ ≥ μ if λ − μ ∈ Q^+.

1.2. Quantized enveloping algebras. In the following we suppose that q ∈ C^∗ is not a root of unity.

Let q_i = q^{ri} . For l ∈ Z, r ≥ 0, m ≥ m^′ ≥ 0 we introduce the following monomials in Z[q^±]:

[l]_q = q^l − q^{−l} q − q^{−1}

∈ Z[q^±], [r]_q ! = [r]_q [r − 1]_q . . . [1]_q, � m m^′ � q = [m]_q !

[m − m^′]_q ![m^′]_q ! . Definition 1.1. The quantized enveloping algebra U_q(g) is the C-algebra with generators k_h (h ∈ h), x^±_i (i ∈ I) and relations

k_hk_h′ = k_{h+h}′ , k_0 = 1, k_hx^±_j k_{−h} = q^{±αj (h)}x^±_j ,

[x^+_i , x^−_j ] = δ_{i,j} k_{ri α}∨_i − k_{−riα}∨_i q_i − q^{−1}_i , 1−C_{i,j}�

r=0 (−1)^r � 1 − C_{i,j} r � q_i

(x^±_i )^{1−Ci,j −r}x^±_j (x^±_i )^r = 0 (for i ≠ j).

This algebra was introduced independently by Drinfeld and Jimbo. We use the notation k^±_i = k_{±riα}∨_i and for l ≥ 0 we set (x^±_i )^{(l)} = (x^±_i )^l/[l]_{qi} !. For J ⊂ I we denote by g_J the Kac-Moody algebra of Cartan matrix (C_{i,j} )_{i,j∈J} . Let U_q (h) the commutative subalgebra of U_q (g) generated by the k_h (h ∈ h). For V a U_q (h)-module and ω ∈ P we denote by V_ω the weight space of weight ω defined by V_ω = {v ∈ V | k_hv = q^{ω(h)}v for all h ∈ h}.

In particular for v ∈ V_ω we have k_iv = q^{ω(α∨i )}_i v and for i ∈ I we have x^±_i V_ω ⊂ V_{ω±αi} .

We say that V is U_q (h)-diagonalizable if V = � ω∈P V_ω.

1.3. Extremal weight modules. In this section we recall the definition of extremal weight modules given by Kashiwara [18, 19].

Definition 1.2. A U_q (g)-module V is said to be integrable if V is U_q (h)-diagonalizable, the weight subspace V_ω ⊂ V is finite dimensional for all ω ∈ P , and for μ ∈ P , i ∈ I there is R ≥ 0 such that V_{μ±rαi} = {0} for r ≥ R.

Definition 1.3. For V an integrable U_q (g)-module and λ ∈ P , a vector v ∈ V_λ is called extremal of weight λ if there are vectors {v_w}_{w∈W} such that v_{Id} = v and

x^±_i v_w = 0 if ± w(λ)(α^∨_i ) ≥ 0 and (x^∓_i )^{±(w(λ)(α∨i ))}v_w = v_{si(w)}.

In the same way one can define the notion of extremal elements in a crystal. Note that if v is extremal of weight λ, then for w ∈ W , v_w is extremal of weight w(λ).

Definition 1.4. For λ ∈ P , the extremal weight module V (λ) of extremal weight λ is the U_q (g)-module generated by a vector v_λ with the defining relations that v_λ is extremal of weight λ.

Example. If λ is dominant, V (λ) is the simple highest weight module of highest weight λ.

Theorem 1.5 ([18]). For λ ∈ P , the module V (λ) is integrable and has a crystal basis B(λ).

Note that u_λ ∈ B(λ) (which represents v_λ) is extremal of weight λ in the crystal B(λ).

2. Monomial crystal

In this section we recall the definition of the monomial crystal and show that each connected component can be embedded in the crystal of an extremal weight module (Theorem 2.2).

In this section we suppose that C is without odd cycles, i.e., there is a function s: I → {0, 1} (i → s_i) such that C_{i,j} ≤ −1 implies s_i + s_j = 1. This situation includes all Cartan matrices of finite type and all Cartan matrices of affine type except A^{(1)}_{2l} (l ≥ 1).

2.1. Construction. Consider formal variables Y^±_{i,l} , e^λ (i ∈ I, l ∈ Z, λ ∈ P ) and let A be the set of monomials of the form m = e^{ω(m)} � i∈I,l∈ZY u_{i,l} (m)

i,l where u_{i,l}(m) ∈ Z, ω(m) ∈ P such that

(2.1) � l∈Z u_{i,l}(m) = ω(m)(α^∨_i ).

For m ∈ A and i ∈ I we set u_i(m) = � l∈Zu_{i,l}(m).

For example, Y^±_{i,l} e^{±Λi} ∈ A and A_{i,l} = e^{αi} Y_{i,l−1}Y_{i,l+1} � j≠iY

C_{j,i}

j,l ∈ A.

We call l the grade of the variable Y_{i,l}.

Remark 2.1. (1) If we fix a monomial m and consider only monomials m^′ which are products of m with various A^±_{i,l}’s (as we shall do in this paper), ω(m^′) is uniquely determined by ω(m) and u_{i,l}(m^′). Indeed let z be a formal variable and consider the modified quantized Cartan matrix C(z) = (C_{i,j} (z))_{i,j} defined by C_{i,i}(z) = [2]_z, and for i ≠ j, C_{i,j} (z) = C_{i,j} . For P (z) ∈ Z[z^±], let P (z) = � l∈ZP_lz^l.

C(z) is invertible because (det(C(q)))_n = 1 ≠ 0. Let C̃(z) = (C̃_{i,j} (z))_{i,j} be its inverse. If m^′m^{−1} = e^{ω(m′)−ω(m)} � i∈I,l∈Z A v_{i,l}

i,l (with v_{i,l} ∈ Z) we have v_{i,l} = � j∈I,l^′ ∈Z uj,l^′ (m

′m^{−1})(z^lC̃_{i,j} (z))_l′ . So we can safely omit e^{ω(m′)}.

(2) The group A appears, in an equivalent form, in [31] for q–characters at roots of unity, and also in [9] to study the q–characters of integrable representations of general quantum affinizations. The additional term e^λ (denoted by k_λ there) appears by looking at a part of a “universal R-matrix”.

A monomial m is said to be J-dominant if for all j ∈ J, l ∈ Z we have u_{j,l}(m) ≥ 0. An I-dominant monomials is said to be dominant. Let B_J is the set of J-dominant monomials, B is the set of dominant monomials.

Consider the subgroup M ⊂ A defined by

M = {m ∈ A | u_{i,l}(m) = 0 if l ≡ s_i + 1 mod [2]}.

(For the shortness of notations, we have replaced the condition l ≡ s_i mod [2] of [32] by l ≡ s_i + 1 mod [2]).

Let us define wt : A → P and ε_i, φ_i, p_i, q_i : A → Z ∪ {∞} ∪ {−∞} for i ∈ I by (m ∈ A) wt(m) = ω(m),

φ_{i,L}(m) = � l≤L u_{i,l}(m), φ_i(m) = max{φ_{i,L}(m) | L ∈ Z} ≥ 0,

ε_{i,L}(m) = − � l≥L u_{i,l}(m), ε_i(m) = max{ε_{i,L}(m) | L ∈ Z} ≥ 0,

p_i(m) = max{L ∈ Z | ε_{i,L}(m) = ε_i(m)} = max{L ∈ Z | � l<L u_{i,l}(m) = φ_i(m)},

q_i(m) = min{L ∈ Z | φ_{i,L}(m) = φ_i(m)} = min{L ∈ Z | − � l>L u_{i,l}(m) = ε_i(m)}.

Then we define ẽ_i, f̃_i : A → A ∪ {0} for i ∈ I by

ẽ_i(m) = � 0 if ε_i(m) = 0, mA_{i,pi (m)−1} if ε_i(m) > 0,

f̃_i(m) = � 0 if φ_i(m) = 0, mA^{−1}_{i,qi (m)+1} if φ_i(m) > 0.

By [32, 21] (M, wt, ε_i, φ_i, ẽ_i, f̃_i) is a crystal (called the monomial crystal).

2.2. Connected components of M and monomial realization of highest weight crystals. For m ∈ M we denote by M(m) the subcrystal of M generated by m.

By [32, 21] the crystal M(m) is isomorphic to the crystal B(wt(m)) of the highest weight module of highest weight wt(m), if m is dominant.

The aim of sections 2.3 and 3 is to “generalize” this result for general m ∈ M.

2.3. Embedding of M(m) into B(λ). In this section we prove the following:

Theorem 2.2. For m ∈ M, the crystal M(m) is isomorphic to a connected component of the crystal B(λ) of an extremal weight module for some λ ∈ P .

Note that it is proved in [4, Theorem 4.15] that for quantum affine algebras, all the connected components of B(λ) are isomorphic to each other modulo shift of weight by δ.

The proof is a slight modification of Kashiwara’s proof of the above mentioned result.

Definition 2.3. A shift on I is the data (≤, φ) of a total ordering ≤ on I and of a map φ: I → Z such that

(1) φ(i) ≥ φ(j) for i ≤ j, (2) if C_{i,j} ≤ −1 and i ≤ j, then φ(i) = φ(j) + 1, (3) for i ∈ I, s_i ≡ φ(i) mod [2].

For φ: I → Z, one says that a total ordering ≤ on I is adapted to φ if (≤, φ) is a shift.

Lemma 2.4. Let φ: I → Z such that φ(i) − φ(j) ∈ {±1} if C_{i,j} ≤ −1 and s_i ≡ φ(i) mod [2] for i ∈ I. Then there is at least one total ordering on I adapted to φ.

Proof. For each r ∈ Z choose a total ordering on {j ∈ I | φ(j) = r}, and for each (i, j) ∈ I^2 such that φ(i) < φ(j), put i > j. □

Note that in general there is at least one shift. Put φ(i) = s_i, and Lemma 2.4 gives a shift (φ, ≤).

In the following we fix a shift (≤, φ) in I. We put a numbering I = {i_1, . . . , i_n} so that i_1 < i_2 < · · · < i_n.

For i ∈ I, let B_i be the crystal B_i = {b_i(l) | l ∈ Z} with wt(b_i(l)) = lα_i and (j ≠ i)

ε_i(b_i(l)) = −l, φ_i(b_i(l)) = l, ẽ_i(b_i(l)) = b_i(l + 1), f̃_i(b_i(l)) = b_i(l − 1),

ε_j (b_i(l)) = φ_j (b_i(l)) = −∞, ẽ_j (b_i(l)) = f̃_j (b_i(l)) = 0.

Let B(∞) be the crystal of U^−_q (g) and let T_λ = {t_λ} (λ ∈ P ) be the crystal defined by wt(t_λ) = λ, ε_i(t_λ) = φ_i(t_λ) = −∞ and ẽ_i(t_λ) = f̃_i(t_λ) = 0.

Let C be the crystal consisting of a single element c with wt(c) = 0, ε_i(c) = φ_i(c) = 0, ẽ_i(c) = f̃_i(c) = 0.

For m ∈ A we define the crystal K_m = C ⊗ · · · ⊗ K_2 ⊗ K_1 ⊗ K_0 ⊗ T_α ⊗ K_{−1} ⊗ K_{−2} ⊗ · · · ⊗ C where for l ∈ Z, K_l = B_{i1} ⊗ B_{i2} ⊗ · · · ⊗ B_{in} ⊗ T_{λ(l)} and λ(l) = � i∈I λ_i(l)Λ_i = � i∈I u_{i,2l+φ(i)}(m)Λ_i and α = wt(m) − � i∈I,l∈Zui,l(m)Λi.

We also denote ⟨λ(l), α^∨_i ⟩ by λ_i(l).

Definition 2.5. Let us define Φ^φ_m : M(m) → K_m as follows: for m^′ ∈ M(m) with

m^′ = e^{wt(m′)} � i∈I,k∈Z

Y^{λi (k)}

i,2k+φ(i) � i∈I,k∈Z

A^{zi(k)}_{i,2k+φ(i)+1}

we define Φ^φ_m(m^′) = b by b = c ⊗ · · · ⊗ b_2 ⊗ b_1 ⊗ b_0 ⊗ t_α ⊗ b_{−1} ⊗ b_{−2} ⊗ · · · ⊗ c, where b_l = b_{i1} (z_{i1} (l)) ⊗ · · · ⊗ b_{in} (z_{in} (l)) ⊗ t_{λ(l)}.

The map Φ^φ_m is well-defined as the z_i(k) depend only of m^′ (see Remark 2.1).

Proposition 2.6. Φ^φ_m is a strict embedding of the crystal.

When m is dominant, this result appeared in [30, 8.5] in an equivalent form. More precisely, we parametrize Irr ~Z^⋄ there by monomials as explained in [32, §3]. Then the above is exactly [30, 8.5].

Although the proof is exactly the same, we reproduce it here in our current notation for the sake of the reader.

Proof. The injectivity is obvious. Let m^′ ∈ M(m) and b = Φ^φ_m(m^′). First we have

wt(b) = α + � i∈I,l∈Z

u_{i,l}(m)Λ_i + � i∈I,l∈Z

z_i(l)α_i = wt(m) + wt(m^′m^{−1}) = wt(m^′).

Let us prove the following formulas (i ∈ I, L ∈ Z):

(2.2) ε_i(b_{L−1}) − � l≥L wt(b_l)(α^∨_i ) = − � l≥2L+φ(i)

u_{i,l}(m^′),

(2.3) φ_i(b_L) + � l<L wt(b_l)(α^∨_i ) = � l≤2L+φ(i)

u_{i,l}(m^′).

The equation (2.2) can be checked as − � l≥L {z_i(l) + z_i(l − 1)} − � l≥L,j>i

C_{i,j} z_j (l) − � l≥L−1,j<i

C_{i,j} z_j (l) − � l≥L λ_i(l)

= − z_i(L − 1) − � j<i C_{i,j} z_j (L − 1) + � l≥L (− � j∈I C_{i,j} z_j (l) − λ_i(l))

= ε_i(b_{L−1}) − � l≥L wt(b_l)(α^∨_i ).

The equation (2.3) can be checked exactly in the same way.

The equation (2.2) implies

ε_i(b) = max_{L∈Z} {ε_i(b_{L−1}) − � l≥L wt(b_l)(α^∨_i )} = max_{L∈Z} {− � l≥2L+φ(i)

u_{i,l}(m^′)} = ε_i(m^′).

Similarly the equation (2.3) implies φ_i(b) = φ_i(m^′).

Let us prove the compatibility with the operators ẽ_i, f̃_i.

If ε_i(m^′) = ε_i(b) = 0, then both ẽ_i(m^′) and ẽ_i(b) are 0. Suppose otherwise. Then ẽ_i(b) is given by replacing z_i(L_i) by z_i(L_i) + 1 where L_i = max{L ∈ Z | ε_i(b_L) − � l>L wt(b_l)(α^∨_i ) = ε_i(b)}. Therefore ẽ_i(b) = Φ^φ_m(m^′A_{i,2Li +φ(i)+1}). But it follows from the equation (2.2) that 2L_i + φ(i) + 2 = p_i(m^′), and so ẽ_i(b) = Φ^φ_m(m^′A_{i,pi (m}′_{)−1}) = Φ^φ_m(ẽ_i(m^′)). Similarly f̃_i is compatible. □

Let B = B_{i1} ⊗B_{i2} ⊗· · ·⊗B_{in} , and let P (resp. P^−) be the subcrystal of C⊗· · ·⊗B⊗ B (resp. of B⊗B⊗· · ·⊗C) of elements of the form c⊗· · ·⊗b(0)⊗b(0)⊗b_l⊗b_{l−1}⊗· · ·⊗b_1 (resp. b_1 ⊗ · · · ⊗ b_{l−1} ⊗ b_l ⊗ b(0) ⊗ b(0) ⊗ · · · ⊗ c) where b_l′ ∈ B (1 ≤ l^′ ≤ l) and b(0) = b_{i1} (0) ⊗ · · · ⊗ b_{in} (0).

Proof of Theorem 2.2. By the crystal isomorphism T_λ ⊗ B_i ≃ B_i ⊗ T_{si(λ)} given by t_λ ⊗ b_i(l) → b_i(l + λ(α^∨_i )) ⊗ t_{si (λ)}, our crystal K_m is isomorphic to P ⊗ T_λ′ ⊗ P^− for some λ^′ ∈ P .

It is known that P is isomorphic to � ẽ_i (b)=0 B(∞) ⊗ Twt(b). (See [20, 7.2.4] for

example.) Similarly P^− is

�_~

f_i (b)=0 Twt(b) ⊗ B(−∞). Therefore P ⊗ Tλ^′ ⊗ P

− is a disjoint union of various B(∞) ⊗ T_λ ⊗ B(−∞). The crystal of the modified enveloping algebra Ũ_q(g) is equal to � λ∈P B(∞) ⊗ T_λ ⊗ B(−∞) and its connected components can be embedded into some B(λ) ([18, Corollary 9.3.4]). Therefore our assertion follows. □

3. Monomial realization of the level 0 extremal fundamental weight crystals

In this section we study in more details extremal weight crystals (Proposition 3.1) for quantum affine algebras. We prove that the crystal of a level 0 fundamental extremal weight module can be realized in the monomial crystal (Theorem 3.2).

We omit e^{ω(m′)} hereafter by Remark 2.1(1).

3.1. Extremal monomials. When m is dominant, the component M(m) is isomorphic to B(λ) where λ is the weight of m. But the situation is different in general, as not all m ∈ M are extremal, even if the monomial is dominant or antidominant for each i ∈ I. For example in the case D^{(1)}_4 , m = Y_{2,0}Y^{−2}_{0,3} is not extremal. Indeed suppose that m is extremal. Then we have

m_{s2} = f̃_2(m) = Y^{−1}_{2,2} Y_{0,1}Y^{−2}_{0,3} Y_{1,1}Y_{4,1}Y_{3,1}.

But (wt(m_{s2} ))(α^∨_0 ) = −1 ≤ 0 and f̃_0(m_{s2} ) = Y^{−3}_{0,3} Y_{1,1}Y_{4,1}Y_{3,1} ≠ 0, and so m_{s2} is not extremal, we have a contradiction.

However we have the following consequence of Theorem 2.2.

Proposition 3.1. Let (φ, ≤) be a shift. Then for (l_1, . . . , l_n) ∈ Z^n, the monomial m = � i∈I Y^{li}_{i,φ(i)} ∈ M is extremal and M(m) is isomorphic to the connected component of B(wt(m)) generated by u_{wt(m)}.

Proof. Consider the morphism Φ^φ_m. It follows from Theorem 2.2 that it gives an embedding M(m) ⊂ B(λ) where λ ∈ P . But for this particular m we have Φ^φ_m(m) = c ⊗ · · · ⊗ b(0) ⊗ b(0) ⊗ t_{wt(m)} ⊗ b(0) ⊗ b(0) ⊗ · · · ⊗ c in Proposition 2.6. So m is sent to u_{wt(m)} ∈ B(wt(m)) which is extremal. □

3.2. Monomial realization of the level 0 extremal fundamental weight crystals. We suppose that C is of affine type. Let us number the set of simple roots as I = {0, 1, . . . , n}. We choose the extra vertices 0 so that a_0 = a^∨_0 = 1 (except A^{(2)}_{2n} , a_0 = 2, a^∨_0 = 1), and the index number of the vertices are the notations of [13] (for untwisted cases X^{(1)} we use the enumeration of finite type of [13] for the sub-Dynkin diagram of type X). This choice is unique up to an automorphism of the Dynkin diagram. We set I_0 = I \ {0}.

We also consider a new type A^{(2)†}_{2n} , which is the same as A^{(2)}_{2n} , but we take the opposite numbering convention from [13], i.e., the vertex i in A^{(2)†}_{2n} is the the vertex n − i in A^{(2)}_{2n} . In particular, the extra vertex 0 is the vertex n in A^{(2)}_{2n} , and we have a_0 = 1, a^∨_0 = 2. We need to distinguish these as we consider the restriction of representations to U_q(g_{I0} ). Note also that this convention was taken in [4].

Let Q^∨ = � i∈I Zα^∨_i . There is a unique c ∈ � i∈I Nα^∨_i such that {h ∈ Q^∨ | α_i(h) = 0 for all i ∈ I} = Zc. We write c = � i∈I a^∨_i α^∨_i . In the same way one can define δ = � i∈I a_iα_i ∈ Q. The a_i are given in [13], the a^∨_i are the a_i of the transposed Cartan matrix.

We have {ω ∈ P | ω(α^∨_i ) = 0 for all i ∈ I} = Qδ ∩ P . Put P_{cl} = P/(Qδ ∩ P ).

Let P^0 = {λ ∈ P | λ(c) = 0} be the set of level 0 weights. Let U_q (g)^′ be the subalgebra of U_q (g) generated by x^±_i and k_h (h ∈ � Qα^∨_i ).

This has P_{cl} as a weight lattice. We have the corresponding definition of the crystal. When we want to distinguish crystals of U_q (g) and U_q (g)^′, we call the former a P - crystal, and the latter a P_{cl}-crystal.

For i ∈ I_0, let us define a level 0 fundamental weight ϖ_i by Λ_i − a^∨_i Λ_0 ∈ P^0 when g ≠ A^{(2)†}_{2n} and

ϖ_i = Λ_i − Λ_0 (i ≠ n), ϖ_n = 2Λ_n − Λ_0

when g = A^{(2)†}_{2n} . The corresponding extremal weight module V (ϖ_i) are called a level 0 fundamental extremal weight module. Those representations and their crystal have been intensively studied, see [1, 2, 4, 19, 22, 34, 35].

We identify these with (usual) fundamental weights of the finite dimensional Lie algebra g_{I0} when (g, i) ≠ (A^{(2)†}_{2n} , n). For (g, i) = (A^{(2)†}_{2n} , n), we identify ϖ_n with the twice of the n^{th} fundamental weight. We denote by V_{I0} (ϖ_i) the corresponding irreducible U_q (g_{I0} )-module, and by B_{I0} (ϖ_i) its crystal base, for either case.

As B(ϖ_i) is connected (see [19]), it follows from Proposition 3.1 that

Theorem 3.2. Let (≤, φ) be a shift on I. For i ∈ I_0, let M be the monomial given by Y_{i,φ(i)}Y^{−a∨i}_{0,φ(0)} for g ≠ A^{(2)†}_{2n} , M = Y_{i,φ(i)}Y^{−1}_{0,φ(0)} for g = A^{(2)†}_{2n} , i ≠ n,

and M = Y^2_{n,φ(n)}Y^{−1}_{0,φ(0)} for g = A^{(2)†}_{2n} , i = n. Then M is extremal in M and M(M) ≃ B(ϖ_i).

This result establishes a monomial realization of the level 0 extremal fundamental weight crystals B(ϖ_i). We will give some examples in Sect. 5.

Not all monomials of weight ϖ_i give a crystal isomorphic to B(ϖ_i) (see the example in Sect. 3.1). However there are some other monomials which generate the same crystal as we will see in the next subsection.

3.3. Other monomial realizations. For i ∈ I, let θ_i ≥ 0 be the distance between i and 0, that is to say the minimum p ≥ 0 such that there exists a sequence {0 = j_0, j_1, . . . , j_p = i} of distinct elements of I satisfying C_{jl ,jl+1} ≤ −1.

Suppose g ≠ A^{(2)†}_{2n} for brevity.

Corollary 3.3. Let i ∈ I_0 and l, l^′ ∈ Z such that l − l^′ ∈ {−θ_i, −θ_i + 2, . . . , θ_i} and l^′ ≡ s_0 mod [2]. We have M(Y_{i,l}Y^{−a∨i}_{0,l}′ ) ≃ B(ϖ_i).

Proof. It follows from Theorem 3.2 that it suffices to show that there is a shift (≤, φ) such that φ(i) = l and φ(0) = l^′. Suppose that l − l^′ ≤ 0 (the proof is the same for l − l^′ ≥ 0) and let a = (θ_i + l − l^′)/2. Define φ: I → Z by φ(j) = l^′ + θ_j if θ_j ≤ a and φ(j) = l^′ + 2a − θ_j if θ_j ≥ a. We can conclude with Lemma 2.4. □

For example in all cases we have the following:

(1) if θ_i ∈ 2Z then M(Y_{i,0}Y^{−a∨i}_{0,0} ) ≃ B(ϖ_i), (2) if θ_i ∈ 2Z + 1 then M(Y_{i,0}Y^{−a∨i}_{0,1} ) ≃ B(ϖ_i).

Proposition 3.4. Suppose that C is of type D^{(1)}_n (n ≥ 4) and let i ∈ {2, . . . , n−2}. Then M = Y_{i,0}Y^{−1}_{0,i−1}Y^{−1}_{0,i+1} is extremal and B(M) ≃ B(ϖ_i).

Proof. First suppose that i ≤ n − 3. Consider

m = (f̃_2 · · · f̃_{i−1}f̃_i)(M) = Y^{−1}_{0,i+1}Y_{1,i−1}Y^{−1}_{2,i} Y_{i+1,1}.

Let us define φ: I → Z by φ(0) = i + 1, φ(2) = i, φ(1) = φ(3) = i − 1, φ(4) = i − 2, . . . , φ(n−2) = i−n+4, φ(n) = φ(n−1) = i−n+5. Lemma 2.4 gives a shift (φ, ≤). So it follows from Proposition 3.1 that m is extremal, and so M = m_{si si−1...s2} is extremal.

If i = n − 2, in the same way we consider

m = (f̃_2 · · · f̃_{i−1}f̃_i)(M) = Y^{−1}_{0,n−1}Y_{1,n−3}Y^{−1}_{2,n−2}Y_{n−1,1}Y_{n,1}. □ In the following we will see various examples of realizations of the level 0 extremal fundamental weight crystals.

4. Finite dimensional crystals – start

Kashiwara has shown that there are a U_q(g)^′-automorphism z_ℓ of the level 0 fundamental extremal weight module V (ϖ_ℓ) preserving the global crystal base, and the induced P_{cl}-crystal automorphism, denoted also by z_ℓ, on the crystal B(ϖ_ℓ) [19]. The weight of z_ℓ in the P -crystal is d_ℓδ where d_ℓ = max(1, a^∨_ℓ /a_ℓ) except d_ℓ = 1 for (g, ℓ) = (A^{(2)}_{2n} , n). The quotient B(ϖ_ℓ)/z_ℓ is the crystal of the finite dimensional irreducible U_q (g)^′-module W (ϖ_ℓ) = V (ϖ_ℓ)/(z_ℓ − 1)V (ϖ_ℓ). We denote it by B(W (ϖ_ℓ)). We call W (ϖ_ℓ) the level 0 fundamental representation.

After Theorem 3.2 it is natural to ask the followings. (1) Give an explicit description of monomials appearing in M(M). (2) Give an explicit description of the automorphism z_ℓ.

Note that the automorphism z_ℓ is defined as a composite of operators ẽ_i, f̃_i’s. But we require more explicit description.

We do not answer these questions in general, but we give examples in the next sections. These are motivated by known descriptions of level 0 crystals in terms of tableaux [14, 24, 37] in part, but closer to those of q–characters [32].

Before giving examples, we define P_{cl}-crystal automorphisms on the monomial crystal M. For p ∈ Z, α ∈ Qδ ∩ P let τ_{2p,α} denote the map τ_{2p,α} : M → M defined by τ_{2p,α}(e^λ � Y^{ui,n}_{i,n} ) = e^{λ+α} � Y^{ui,n}_{i,n+2p}. This clearly preserves the compatibility condition (2.1) and is a P_{cl}-crystal automorphism. In the following, we omit α from the notation and denote simply by τ_{2p}.

Suppose that M(M) is a monomial crystal isomorphic to B(ϖ_ℓ) such that M is an extremal vector with ẽ_iM = 0 for all i ∈ I_0. If we have a monomial m ∈ M(M) with wt(m) = wt(M) + Nd_ℓδ for N ∈ Z, then we have m = z^N_ℓ (M). This follows from [19, §5.2]. In particular, if M(M) is isomorphic to B(ϖ_ℓ) and preserved under τ_{2p}, then τ_{2p} is equal to a power of z_ℓ.

In the following examples, we answer the above questions (1),(2) in the following manner:

(1) First show that M(M) is invariant under τ_{2p} for some p. Then M(M)/τ_{2p} ≃ B(ϖ_ℓ)/z^N_ℓ for some N.

(2) We determine all monomials in M(M)/τ_{2p} and give z_ℓ explicitly in these monomials.

We thus obtain explicit descriptions of crystals of some finite dimensional representations of U_q (g)^′ : we treat all fundamental representations except some fundamental representations for E^{(2)}_6 , E^{(1)}_7 , E^{(1)}_8 . However it is natural to hope this procedure works for any fundamental representations with appropriate choices of the initial monomials m.

Note that the uniqueness of the crystal base for W (ϖ_ℓ) is not known so far. But all the examples where we compare the crystal base with those existing in the literature, we can always prove that the crystal base is isomorphic.

4.1. Let us illustrate our description in type A^{(1)}_{2r+1} with n = 2r + 1 (r ≥ 0).

Mimicking the definition in [32, 15], we define

k p = Y^{−1}_{k−1,p+k}Y_{k,p+k−1} for 1 ≤ k ≤ n + 1, p ∈ Z,

where Y_{n+1,p} is understood as Y_{0,p}.

4.1.1. Let us consider the first level 0 fundamental extremal weight module V (ϖ_1). Let M = Y_{1,p}Y^{−1}_{0,p+1}. We have M(M) ≃ B(ϖ_1) by Corollary 3.3.

Then the crystal graph of M(M) is given in Figure 1. Here 0[n + 1] means

1 p 2 p n p n+1 p 1 2 n−1 n

0[n+1]

Figure 1. (Type A^{(1)}_n ) the crystal B(ϖ_1) of the vector representation

f̃_{0 n+1 p} =_{1 p+n+1}, i.e., the suffix is shifted by n + 1. In particular M(M) is

preserved under τ_{n+1}, which has weight −δ. Therefore we have z_1 = τ_{−n−1} and M(M)/τ_{n+1} ≃ B(W (ϖ_1)).

4.1.2. Next consider B(ϖ_ℓ) for ℓ ≤ r + 1. (The description for the remaining case ℓ > r + 1 can be obtained from these cases by applying a diagram automorphism.) Let M_0 = Y_{ℓ,0}Y^{−1}_{0,ℓ} . It follows from Corollary 3.3 that M(M_0) ≃ B(ϖ_ℓ). We set

M_j = Y_{ℓ,2j} Y^{−1}_{0,n−ℓ+1+2j} Y^{−1}_{j,ℓ+j} Y_{j,n−ℓ+1+j} = � 1 n−ℓ+2j 2 n−ℓ+2j−2 · · · j n−ℓ+2 � × � j+1 ℓ−1 j+2 ℓ−3 · · · ℓ_{1−ℓ+2j} �

= j� p=1 p n−ℓ−2p+2j+2 × ℓ� p=j+1 p ℓ+1−2p+2j

with 0 ≤ j ≤ ℓ. Note that M_ℓ = Y_{ℓ,n+1}Y^{−1}_{0,n+1+ℓ} = τ_{n+1}(M_0). Note also that M_1 = τ_2(M_0) for ℓ = r + 1.

For an increasing sequence T = (1 ≤ i_1 < i_2 < · · · < i_ℓ ≤ n + 1) of integers (i.e., a Young tableaux of shape (ℓ)) we assign

m_{T ;j} = j� p=1 i_p n−ℓ−2p+2j+2 × ℓ� p=j+1 i_p ℓ+1−2p+2j for 0 ≤ j ≤ ℓ − 1.

Then one can directly check that

(1) M_{I0} (M_j ) consists of m_{T ;j} for various sequences T (cf. [32, 4.6]), (2) f̃_0(m_{T ;j} ) with T = (2, 3, . . . , ℓ, n + 1) is equal to M_{j+1}, (3) the automorphism σ defined by m_{T ;j} → m_{T ;j+1} (j, j + 1 are understood modulo ℓ) is a P_{cl}-crystal automorphism.

Here, for J ⊂ I and m ∈ M we denote by M_J (m) the set of monomials obtained by applying ẽ_j , f̃_j with j ∈ J to m. It is a crystal for the Lie subalgebra g_J associated with J.

>From (2) all M_j (and hence m_{T ;j} by (1)) are in M(M_0) by induction. Computing the weights, we find that M_j = (z_ℓ)^{−j} (M_0) as explained above. In particular, τ_{n+1} = (z_ℓ)^{−ℓ}. In the case ℓ = r + 1, we have τ_2 = z^{−1}_ℓ . Therefore M(M_0)/τ_2 ≃ B(W (ϖ_{r+1})). By the same reason mentioned above, σ is equal to z_ℓ. Therefore M(M_0)/σ ≃ B(W (ϖ_ℓ)).

Let us describe Kashiwara operators ẽ_i, f̃_i in terms of tableaux. This can be done by transfering the definition of those operators on monomials to tableaux. For i ≠ 0 we have ẽ_im_{T ;j} = m_T ′_{;j} or 0. Here T^′ is obtained from T by replacing i by i − 1. If it is not possible (say, when we have both i − 1 and i in T ), then it is zero. Similarly f̃_i = m_T ′′_{;j} or 0, where T^{′′} is given by replacing i by i + 1. We can also describe the action of ẽ_0, f̃_0 :

ẽ_0(m_{T ;j} ) = � 0 if i_1 ≠ 1 or i_ℓ = n + 1, m_{(i2,··· ,iℓ,n+1);j−1} if i_1 = 1 and i_ℓ ≠ n + 1,

f̃_0(m_{T ;j} ) = � 0 if i_1 = 1 or i_ℓ ≠ n + 1, m_{(1,i1,··· ,iℓ−1 );j+1} if i_1 ≠ 1 and i_ℓ = n + 1.

Here we extend the definition of m_{T ;j} from 0 ≤ j ≤ ℓ − 1 to all j ∈ Z so that m_{T ;j+ℓ} = τ_{n+1}m_{T ;j} .

As a corollary we get a description of B(W (ϖ_ℓ)) in terms of tableaux. This coincides with one in [14]. We also get an isomorphism of I_0-crystals B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ). This is a well-known result.

Comparing the above descriptions with the tableaux sum expressions of q– characters in [32], we see that there is a bijection between M(M_0)/σ ≃ B(W (ϖ_ℓ)) and monomials appearing the q–characters of W (ϖ_ℓ). In fact, the bijection is simply given by putting Y_{0,∗} = 1 in m_{T ;0}.

5. Finite dimensional crystals – classical types

In this section we treat all classical types.

5.1. Type D^{(1)}_n . Let B = {1, . . . , n, n, . . . , 1}. We give the ordering ≺ on the set B by

1 ≺ 2 ≺ · · · ≺ n − 1 ≺ n n ≺ n − 1 ≺ · · · ≺ 2 ≺ 1.

Remark that there is no order between n and n.

For p ∈ Z, mimicking the definition in [32, 15], we define 1 p = Y^{−1}_{0,p+2}Y_{1,p}, 2_p = Y^{−1}_{0,p+2}Y^{−1}_{1,p+2}Y_{2,p+1}, i p = Y^{−1}_{i−1,p+i}Y_{i,p+i−1} (3 ≤ i ≤ n − 2), n−1 p = Y^{−1}_{n−2,p+n−1}Y_{n−1,p+n−2}Y_{n,p+n−2}, n−1_p = Y_{n−2,p+n−1}Y^{−1}_{n−1,p+n}Y^{−1}_{n,p+n}, n p = Y^{−1}_{n−1,p+n}Y_{n,p+n−2}, n_p = Y_{n−1,p+n−2}Y^{−1}_{n,p+n}, i p = Y_{i−1,p+2n−2−i}Y^{−1}_{i,p+2n−1−i} (3 ≤ i ≤ n − 2), 2 p = Y_{0,p+2n−4}Y_{1,p+2n−4}Y^{−1}_{2,p+2n−3}, 1_p = Y_{0,p+2n−4}Y^{−1}_{1,p+2n−2}. We define the i-grade gr_i( ∗_p) as the grade of the variable Y_{i,∗} appearing in ∗ p. If Y_{i,∗} does not appear, it is not defined. As variables appear at most once, it is well-defined. When the suffix is clear from the context, we may omit it and simply write gr_i( ∗ ).

5.1.1. First consider the case ℓ = 1. We take M = Y_{1,p}Y^{−1}_{0,p+2}. It follows from Corollary 3.3 that M(M) ≃ B(ϖ_1). The crystal graph of M(M) is given in Figure 2.

1 p 2 p n−1 p n p

n p n−1 p 2 p 1 p 1 2 n−1 n−2

n n−1 n n−2 2 1

0[2n−4]

0[2n−4]

Figure 2. (Type D^{(1)}_n ) the crystal B(ϖ_1) of the vector representation

We have f̃_0(_{2 p}) = Y_{1,p+2n−4}Y^{−1}_{0,p+2n−2} =_{1 p+2n−4}, f̃_0(_{1 p}) = Y^{−1}_{0,p+2n−2}Y^{−1}_{1,p+2n−2}Y_{2,p+2n−3} =_{2 p+2n−4}.

Therefore M(M) is preserved under τ_{2n−4}. Computing weights as above, we find that z_1 = τ_{4−2n} and so we have M(M)/τ_{2n−4} ≃ B(W (ϖ_1)). We also get an isomorphism of I_0-crystals B(W (ϖ_1)) ≃ B_{I0} (ϖ_1).

5.1.2. Preliminary results for crystals of finite type D. As is illustrated in examples in type A^{(1)}n , we first need to describe the I_0-crystal structure on the monomials. This will be given in this subsection. All the results on the I_0-crystal are independent of the information on Y_{0,∗}, so we set Y_{0,∗} as 1 in this subsection. Note also that results can be modified in an obvious manner so that the suffixes of_∗ can be shifted simultaneously. We will use the results in these modified forms in later subsections.

Theorem 5.1. Let 1 ≤ ℓ ≤ n − 2 and M = 1_{ℓ−1} 2_{ℓ−3} · · · ℓ_{1−ℓ}.

Then M_{I0} (M) is isomorphic to B_{I0} (ϖ_ℓ) and is equal to the set of monomials

m_T = i1_{ℓ−1} i2_{ℓ−3} · · · iℓ_{1−ℓ},

indexed by the set D_{ℓ,0,0} of tableaux T = (i_1, . . . , i_ℓ) satisfying the conditions (1) i_a ∈ B, i_1 � i_2 � · · · � i_ℓ, (2) there is no pair a, b such that 1 ≤ a < b ≤ ℓ and i_a = k, i_b = k and b − a = n − 1 − k.

Moreover the map T → m_T defines a bijection between D_{ℓ,0,0} and M_{I0} (M).

This result follows from [32, 3.4, 5.5]. It was also proved by Kang-Kim-Shin [15] in the present form. We briefly recall their argument for a later purpose. They checked the following statements:

(a) The set of monomials m_T with T satisfying (1), but not necessarily (2), is preserved by ẽ_i, f̃_i.

(b) If a monomial m_T satisfies ẽ_im_T = 0 for all i = 1, . . . , n, then m_T must be equal to M.

(c) For a tableau T satisfying (1), there exists a tableau T^′ satisfying (1),(2) and m_T = m_T ′ .

(d) The tableau T satisfying (1),(2) is uniquely determined from the monomial m_T .

The statement (d) is not explicitly stated in [15], but follows from [15, Prop. 3.2] or the argument below.

Let us give an example for the procedure (c). Suppose n = 7 and T = (2, 3, 4, 3, 2). Using the relation k_p k_{p−2(n−1−k)} = k+1_p k+1_{p−2(n−1−k)} several times, we get

2 4 3 2 4 0 3 −2 2 −4 = 4 4 5 2 6 0 6 −2 5 −4.

Thus T^′ = (4, 5, 6, 6, 5). In general, we replace the pair k_p k_{p−2(n−1−k)} by k+1 p k+1 p−2(n−1−k) repeatedly from k = 1 to n − 2.

As we saw in examples in type A^{(1)}_n , we need to study a tableau whose suffixes may jump. For 1 ≤ ℓ ≤ n − 2, 0 ≤ r ≤ n − ℓ − 1, 0 ≤ h ≤ ℓ let

M_{ℓ,h,r} = Y_{h,ℓ−h}Y^{−1}_{h,ℓ−h−2r}Y_{ℓ,−2r} = � 1 ℓ−1 2 ℓ−3 · · · h ℓ−2h+1 � × � h+1 ℓ−2h−2r−1 h+2 ℓ−2h−2r−3 · · · ℓ 1−ℓ−2r �

= h� p=1 p ℓ−2p+1 × ℓ� p=h+1 p ℓ+1−2p−2r

and consider a monomial

m_T = � i_1 ℓ−1 i_2

ℓ−3 · · · ih_{ℓ−2h+1} � × � i_{h+1} ℓ−2h−2r−1 i_{h+2} ℓ−2h−2r−3 · · · i_ℓ 1−ℓ−2r �

appearing in M_{I0} (M_{ℓ,h,r}). When h = 0 or ℓ, these are obtained from M_{I0} (M) in Theorem 5.1 by the simultaneous shift of grades.

We should consider T as a tableau of shape (h, ℓ − h) (one column with h boxes and one column with ℓ − h boxes), where the second column is shifted below by h + r boxes. But we simply denote it by T = ((i_1, . . . , i_h), (i_{h+1}, . . . , i_ℓ)) or by T = (i_1, . . . , i_ℓ) for the sake of spaces.

>From the proof of Theorem 5.1 in [15], we have

i_1 � i_2 � · · · � i_h, i_{h+1} � i_{h+2} � · · · � i_ℓ.

(D.1)

Let us study the order between i_h and i_{h+1}. The following example shows that i_h � i_{h+1} may not be satisfied in general: Let n = 7, ℓ = 3, r = n − ℓ − 2 = 2. Consider the starting monomial M = 1_2 2_{−4} 3_{−6}. It gives in the crystal M_{I0} (M) the monomial m = 3_2 4_{−4} 4_{−6} = Y^{−1}_{2,5} Y_{3,4}Y^{−1}_{3,0} Y_{4,−1}Y_{3,2}Y^{−1}_{4,3} . If we apply f̃_3, we get the monomial m^′ = Y^{−1}_{3,6} Y_{4,5}Y^{−1}_{3,0} Y_{4,−1}Y_{3,2}Y^{−1}_{4,3} and this monomial can only be written in the form m^′ = 4_2 4_{−4} 4_{−6}.

The condition (2) in Theorem 5.1 also needs to be modified for the pair a, b with a ≤ h, h+1 ≤ b as the suffix jump. A naive guess is to replace n−1−k by n−r−k−1, but this change does not work as indicated by the following example: Consider the case n = 6, ℓ = 4, r = 1 and the starting monomial m = 1_3 2_{−1} 3_{−3} 4_{−5}. Then consider the monomial m^′ = 1_3 2_{−1} 3_{−3} 1_{−5} = Y_{1,3}Y^{−1}_{1,5} Y^{−1}_{1,1} Y_{3,−1}. For b = 4 and a = 1, we have b − a = n − r − k − 1 = 3. Thus this monomial violates the condition (2) of Theorem 5.1. But if we replace the pair (i_1, i_4) = (1, 1) to (2, 2) as before, we get 2_3 2_{−1} 3_{−3} 2_{−5}, which does not satisfies the condition (1) of Theorem 5.1. In the original situation we can further replace the pair (i_2, i_4) = (2, 2) to (3, 3), and then further (i_3, i_4) = (3, 3) to (4, 4) to achieve the condition (1). But we cannot make this replacement as 2_{−1} 2_{−5} ≠ 3_{−1} 3_{−5}.

We modify the condition (2) as follows.

(D.2) There is no pair a, b such that 1 ≤ a < b ≤ h and i_a = k, i_b = k and b − a = n − 1 − k.

(D.3) There is no pair a, b such that h + 1 ≤ a < b ≤ ℓ and i_a = k, i_b = k and b − a = n − 1 − k.

(D.4) There is no pair a, b such that a ≤ h , h + 1 ≤ b , i_a = k, i_b = k and b − a = n − max(r, 1) − k.

The conditions (D.2,3) can be achieved without changing the corresponding monomial by the procedure explained above. For (D.4) (when r ≥ 1), we replace a pair (i_a, i_b) = (k, k) with b − a = n − max(r, 1) − k by (k − 1, k − 1). If there are several such pairs or this procedure yields a new such pair, we replace them repeatedly starting from k = n − 1, then k = n − 2,..., and finally to k = 2. (Note that this is converse to the order of the procedure for (D.2,3).) As r ≤ n − ℓ − 1, the condition (D.4) always holds for k = 1.

Our approach to determine all monomials appearing in M_{I0} (M_{ℓ,h,r}) is to relate them to monomials in M_{I0} (M_{ℓ,h,r−1}). Since we understand the case r = 0, we know a general case inductively.

In order to accomplish this approach, we first remark that the crystal structure on the monomials can be transfered to that on the tableaux satisfying (D.1 ∼ 4).

Lemma 5.2. There exists a unique crystal structure on the set of tableaux T satisfying (D.1 ∼ 4) such that T → m_T is a strict morphism, i.e., it preserves ε_k, φ_k, wt and commutes with f̃_k, ẽ_k.

Proof. We transfer ε_k, φ_k , wt on monomials to those on tableaux via T → m_T .

Let us define f̃_k on tableaux. (ẽ_k can be defined in the same way.) In general, f̃_km_T ≠ 0 can be written as m_{T ′} for a tableau T ′ which is obtained by replacing an entry i_a in T by a new one according to the rule described in Figure 2. To define f̃_k on tableaux, we need to specify the entry i_a to be replaced. There might be ambiguity when we have a pair (i_a, i_b) = (k, k + 1) with gr_k( ia ) = gr_k( ib ). This happens when b − a = n − 1 − k for a, b ≤ h or h + 1 ≤ a, b and b − a = n − 1 − k − r for a ≤ h, h + 1 ≤ b. In the first case (or the second case with r = 0) we replace k by k + 1. In the second case with r ≠ 0 we replace k + 1 by k. Note that we are forced to take these choices by (D.2 ∼ 4). Now the assertion is clear. □

Let us prove the statement (d) after Theorem 5.1 as we promised. From (a),(c) we have a surjective map T → m_T . Since it commutes with ẽ_i and f̃_i, the injectivity follows if we check that ẽ_iT = 0 for all i implies T = (1, . . . , ℓ). But the proof of the statement (b) in [15], in fact, gives this statement.

Let us next define a map σ_{ℓ,h,r} from tableaux satisfying (D.1 ∼ 4) to those where we increase r by 1, i.e., each ic_{ℓ−2r−2c+1} is replaced by ic_{ℓ−2r−2c−1} for c ≥ h+1. Almost all the cases, σ_{ℓ,h,r}(T ) is just T . But the condition (D.4) is violated if there is a pair (i_a, i_b) = (k, k) such that a ≤ h, h + 1 ≤ b and b − a = n − r − k − 1. We replace it by (k + 1, k + 1). If there are several such pairs or this procedure yields a new such pair, we replace them repeatedly starting from k = 1 to n − r − 1. We define T^′ = σ_{ℓ,h,r}(T ) as the final result. As we have

k ℓ−2a+1 k ℓ−2r−2b+1 = k+1 ℓ−2a+1 k+1 ℓ−2r−2b+1,

the procedure keeps the corresponding monomial unchanged if we do not change r for the map T → m_T .

Let us check that σ_{ℓ,h,r} intertwines f̃_k. By definition, σ_{ℓ,h,r}f̃_kT is possibly different from f̃_kσ_{ℓ,h,r}T if there is a pair (i_a, i_b) with a ≤ h, h + 1 ≤ b such that the order of k-grades p = gr_k( ia ), q = gr_k( ib ) are changed by σ_{ℓ,h,r}. If both i_a and i_b contribute to Y_{k,∗} in positive or negative powers, the rule for f̃_kT is changed accordingly. (See the proof of Lemma 5.2 how f̃_kT is defined.) Thus it is enough to study the case when one contributes in positive, and the other in negative. For k = n − 1, n such a change cannot occur. As grades can only be shifted by 2, for k ≤ n − 2 we have a possible change only when p + 2 = q for (i_a, i_b) = (k, k), and p = q for (i_a, i_b) = (k + 1, k + 1). These are equivalent to � b − a = n − r − k − 1 if (i_a, i_b) = (k, k), b − a = n − r − k − 2 if (i_a, i_b) = (k + 1, k + 1).

Therefore if there is no pair (i_a, i_b) = (k, k) with a ≤ h, h + 1 ≤ b and b − a = n − r − k − 1 for any k, then f̃_km_T is unchanged when we increase r by 1. But we have defined σ_{ℓ,h,r} exactly so that this condition is achieved. Thus we have

σ_{ℓ,h,r}f̃_kT = f̃_kσ_{ℓ,h,r}T for all k ∈ I_0.

This equality holds even if f̃_kT = 0.

Similarly we define σ^′_{ℓ,h,r}(T ) as follows. When r = 1, we simply set it T . Assume r > 1 hereafter. Suppose that there is a pair (i_a, i_b) = (k, k) such that a ≤ h, h + 1 ≤ b and b − a = n − r − k + 1. We replace it by (k − 1, k − 1). If there are several such pairs or this procedure yields a new such pair, we replace them repeatedly starting from k = n − r to 3. We define σ^′_{ℓ,h,r}(T ) as the final result. As r ≤ n − ℓ − 1, we have ℓ + k ≥ b − a + k + 1 = n − r + 2 ≥ ℓ + 3. Therefore k ≤ 2 cannot happen, so k − 1 ∈ B.

These maps are somewhat similar to one defined in [15, Prop. 3.2]. Now we introduce new conditions:

(D.5) Suppose that i_{h+1} = k ∈ {1, . . . , n − 1} and i_h ⪰ i_{h+1}. Then i_h = k^′ is also in {1, . . . , n − 1}, and the successive part (k^′, k^′ − 1, . . . , k) appears as (i_b′ , i_b′_{+1}, . . . , i_b) with n − r − k < b − h ≤ n − k − 1.

(D.6) Suppose that i_{h+1} = k ∈ {1, . . . , n − 1} and i_h ⪰ i_{h+1}. Then i_h = k^′ is also in {1, . . . , n − 1}, and the successive part (k^′, k^′ + 1, . . . , k) appears as (i_a′ , i_a′_{+1}, . . . , i_a) with n − r − k ≤ h − a < n − k − 1.

(D.7) If i_{h+1} = n or n, then i_h � i_{h+1}.

Note that (D.1) implies that the successive part in (D.5) occurs in b^′ > h + 1. This together with the second inequality (and b + k = b^′ + k^′) implies k^′ < n − 2. Thus i_h = n − 1, n − 2 cannot happen in (D.5). Similarly i_{h+1} = n − 1, n − 2, cannot happen in (D.6).

Definition 5.3. Let D_{ℓ,h,r} be the set of tableaux T satisfying (D.1 ∼ 7).

Remark 5.4. When r = 0, the conditions (D.1 ∼ 7) are equivalent to (1),(2) in Theorem 5.1.

Proposition 5.5. σ_{ℓ,h,r} defines a crystal isomorphism from D_{ℓ,h,r} to D_{ℓ,h,r+1}. Its inverse is given by σ^′_{ℓ,h,r+1}.

As a corollary we have

Theorem 5.6. The map T → m_T induces a crystal isomorphism between D_{ℓ,h,r} and M_{I0} (M_{ℓ,h,r}).

Proof. We first prove that the image of D_{ℓ,h,r} is contained in M_{I0} (M_{ℓ,h,r}) by the induction on r. This is true for r = 0 by Theorem 5.1. Suppose it is true for r. First note that σ_{ℓ,h,r} maps T = (1, . . . , ℓ) to (1, . . . , ℓ). Take T ∈ D_{ℓ,h,r+1}. By the induction hypothesis m_σ′_{ℓ,h,r+1(T )} can be written as

m_σ′_{ℓ,h,r+1 (T )} = f̃_{i1}f̃_{i2} · · · f̃_{iN} M_{ℓ,h,r}

for N ≥ 0, i_p ∈ I_0. We then have

m_T = f̃_{i1}f̃_{i2} · · · f̃_{iN} M_{ℓ,h,r+1}. This shows m_T ∈ M_{I0} (M_{ℓ,h,r+1}).

As the crystal graph of M_{I0} (M_{ℓ,h,r}) is connected by its definition, the map is surjective.

By the induction on r, it follows that the only tableau T with ẽ_iT = 0 for all i ∈ I_0 is the highest one T = (1, . . . , ℓ). This shows that the strict crystal morphism T → m_T is injective. □

Proof of Proposition 5.5. It is enough to show that σ_{ℓ,h,r} is a set theoretical bijection, as we already observed that it is a strict crystal morphism.

When r = 0, there is no pair (i_a, i_b) = (k, k) to replace by (D.2 ∼ 4). Thus σ_{ℓ,h,0} is just an identity. Also σ^′_{ℓ,h,1} is an identity by definition. On the other hand, the conditions (D.1 ∼ 7) are the same for r = 0 and 1. Therefore the assertion is true for r = 0. We assume r > 0 hereafter.

Suppose T satisfies (D.1 ∼ 7). We show that σ_{ℓ,h,r}(T ) also satisfies (D.1 ∼ 7). The condition (D.1) is clearly satisfied. The condition (D.4) with r replaced by r + 1 is satisfied by the definition of σ_{ℓ,h,r}.

We study the cases i_h ⪰ i_{h+1} and i_h � i_{h+1} separately. Case (1): i_h ⪰ i_{h+1}.

We assume i_{h+1} = k ∈ {1, . . . , n − 1}. By (D.5) i_h = k^′ ∈ {1, . . . , n − 1} and there exists a successive part (k^′, . . . , k) = (i_b′ , . . . , i_b) with h + 1 ≤ b^′, n − r − k < b − h ≤ n − 1 − k. The condition (D.2) automatically holds as i_h ∈ {1, . . . , n − 1}.

Suppose that i_h is replaced during the procedure. Then in the middle of the procedure, we find an entry i^′_B with i^′_B = k, B ≥ h + 1, B − h = n − r − k − 1. As i^′_B is obtained by replacing i_B , we have i^′_B ⪯ i_B. Therefore B ≥ b. But this contradicts with (D.5) as

n − r − k − 1 = B − h ≥ b − h > n − r − k.

Therefore i_h remains unchanged during the procedure. Therefore the procedure is performed for pairs (K, K) with K < k, so all (i_h, i_{h+1}, . . . , i_b) are also unchanged. Thus (D.5) remains true. Suppose (D.3) is violated, i.e., there exists (i_A, i_B ) = (K, K) with B > A ≥ h + 1, B − A = n − 1 − K. As K ≥ k, such a pair can appear only in (i_{h+1}, . . . , i_b). But this part is unchanged, so (D.3) for r implies that this cannot happen. Thus (D.3) is also satisfied.

We can similarly check the assertion when i_{h+1} ∈ {1, . . . , n − 1}. Case (2): i_h � i_{h+1}.

Suppose that we apply the above procedure to a tableau T = ((i_1, · · · , i_h), (i_{h+1}, · · · , i_ℓ)) to get a new tableau T^′ = ((j_1, · · · , j_h), (j_{h+1}, · · · , j_ℓ)). We separate the cases according to the order among j_h and j_{h+1}.

Subcase (2.1): j_h ⪰ j_{h+1} and i_{h+1} ∈ {1, . . . , n}.

As i_{h+1} is unchanged, j_h ⪰ j_{h+1} can happen only when i_h is replaced during the procedure. Suppose that i_h is replaced from k^′ to m with m ≥ k^′ + 1. Then the procedure yields a successive part (j_b, . . . , j_b′′ ) = (m, . . . , k^′ + 1) with b − h = n − r − m. We have m = j_h ⪰ j_{h+1} = i_{h+1} � i_h = k^′ Thus j_{h+1} can appear only in the successive part, so (D.5) is satisfied with r replaced by r + 1.

The condition (D.2) is automatic. Suppose that (D.3) is violated, i.e., there exists (j_A, j_B ) = (K, K) with B > A > h, B − A = n − 1 − K. We have K ≥ j_{h+1} = i_{h+1} � i_h = k^′. Therefore j_B can occur only in B ≤ b^{′′}. If j_B appears outside of the successive part, then j_B = i_B and we have a contradiction with (D.3) for the original tableau. If j_B appears in the successive part, we have

n − 1 − K = B − A < B − h = n − r − K. As r ≥ 1, we have a contradiction.

Similarly we can check the assertion j_h ⪰ j_{h+1} and i_h ∈ {1, . . . , n}. When i_h ∈ {1, . . . , n}, i_{h+1} ∈ {1, . . . , n}, the inequality j_h ⪰ j_{h+1} cannot happen. Thus we checked the assertion when j_h ⪰ j_{h+1}.

Subcase (2.2): j_h � j_{h+1}.

The conditions (D.5 ∼ 7) are satisfied by the assumption. Let (j_a, j_b) = (k + 1, k + 1) with b − a = n − r − k − 1 be the pair obtained by the last replacement in the procedure. We suppose that (D.2) is violated, i.e., we have a pair A < B ≤ h such that j_A = K and j_B = K and B − A = n − 1 − K. As i_c for a < c < b is unchanged by the above procedure, the condition (D.2) for T implies that j_A can appear only in A ≤ a. Then n − 1 − K = B − A = (a − A) + (B − b) + n − r − k − 1, so K + a − A = b − B + r + k > k + 1. This inequality contradicts with (D.1) as

k + 1 = j_a ≥ j_A + (a − A) > k + 1.

Thus (D.2) is satisfied. In the same way (D.3) is satisfied.

Next we show that σ^′_{ℓ,h,r}(T ) also satisfies (D.1 ∼ 7). We may suppose r ≥ 2. The condition (D.1) is clearly satisfied. The condition (D.4) with r replaced by r − 1 is satisfied by the definition of σ^′_{ℓ,h,r}.

Suppose that we apply the above procedure to a tableau T = ((i_1, · · · , i_h), (i_{h+1}, · · · , i_ℓ)) to get a new tableau T^′ = ((j_1, · · · , j_h), (j_{h+1}, · · · , j_ℓ)). Let (i_a, i_b) = (k, k) with a ≤ h, h + 1 ≤ b, b − a = n − r − k + 1 be the first pair replaced in the procedure. Suppose that (D.2) is violated, i.e., we have a pair A < B ≤ h such that j_A = K and j_B = K and B − A = n − 1 − K. As i_c for a < c < b is unchanged by the above procedure, we have A ≤ a. If i_A = j_A, i.e., i_A is not unchanged, we have a contradiction with (D.2) for T . Therefore i_A ≥ j_A + 1. We have n − 1 − K = B − A = (a − A) + (B − b) + n − r − k + 1, so K + a − A = b − B + r + k − 2 > k − 1. This inequality contradicts with (D.1) as

k = i_a ≥ i_A + (a − A) ≥ j_A + 1 + (a − A) > k.

So (D.2) is satisfied by T^′. In the same way (D.3) is satisfied by T^′.

In order to check the remaining conditions, we treat the cases separately according the ordering among i_h, i_{h+1}.

Case (a): i_h � i_{h+1}.

This inequality is preserved during the procedure. Therefore we have j_h � j_{h+1}, so (D.5 ∼ 7) are preserved.

Case (b): i_h ⪰ i_{h+1} and i_{h+1} = k ∈ {1, . . . , n − 1}.

Take the successive part (k^′, k^′ − 1, . . . , k) = (i_b′ , i_b′_{+1}, . . . , i_b) with i_h = k^′ as in (D.5). Suppose that an entry in the successive part is replaced during the procedure, i.e., we replace a pair (i_A, i_B) = (K, K) with A ≤ h, b^′ ≤ B ≤ b with B − A = n − r − K + 1. The inequality in (D.5) implies

n − r − K + 1 ≤ b − h + k − K = B − h ≤ B − A.

So this can happen only when two inequalities are equalities, i.e., n−r−k+1 = b−h and A = h. And in such case, we really replace the pair by the definition of σ^′_{ℓ,h,r}.

Subcase (b.1): i_h is unchanged.

As we observed above, the successive part remains unchanged. By (D.5) we have n − r − k < b − h ≤ n − k − 1. And the case b − h = n − r − k + 1 is excluded as we have just observed. Therefore the left hand side of the inequality can be improved to n − r − k + 1. This shows that (D.5) with r replaced by r − 1 is satisfied.

Subcase (b.2): i_h is changed.

Suppose that i_h is changed, say from k^′ to j_h = m with m ≤ k^′ − 1. Then i_b′ = k^′ is replaced by k − 1, i_b′_{+1} is replaced by k − 2, and so on. This procedure continues at least until we replace i_b by k − 1. Thus m < k. This is equivalent to j_h < j_{h+1}. Thus we have (D.2 ∼ 4).

If i_h � i_{h+1}, we get j_h � j_{h+1} as the procedure preserves this inequality. Thus If i_h ⪰ i_{h+1}, we have a successive part (k^′, k^′ + 1, . . . , k) = (i_a′ , i_a′_{+1}, . . . , i_a) with i_{h+1} = k. Therefore the procedure continues at least until i_{h+1} is replaced by k^′ −1, i.e., m < k^′. Therefore j_h � j_{h+1}.

Case (c): i_h ⪰ i_{h+1} and i_{h+1} ∈ {1, . . . , n}. This case can be proved in the same way as in case (b).

Finally it is clear that σ_{ℓ,h,r} and σ^′_{ℓ,h,r+1} are mutually inverse. All replaced pairs (k + 1, k + 1) are returned back to (k, k). And we do not have extra replacements by (D.4). □

When r = 0, M_{I0} (M_{ℓ,h,0}) is independent of h. Therefore we get a crystal isomorphism between any pair M_{I0} (M_{ℓ,h,r}) and M_{I0} (M_{ℓ,h}′_{,r}′ ) as a composite of various σ_{ℓ,h}′′_{,r}′′ and σ^′_{ℓ,h}′′_{,r}′′ .

For a later purpose we explicitly write down the crystal isomorphism

τ_{ℓ,h,r} : D_{ℓ,h,r} ∼= M_{I0} (M_{ℓ,h,r}) → D_{ℓ,h+1,r} ∼= M_{I0} (M_{ℓ,h+1,r}).

This is the composite σ_{ℓ,h+1,r−1}σ_{ℓ,h+1,r−2} · · · σ_{ℓ,h+1,0}σ^′_{ℓ,h,1}σ^′_{ℓ,h,2} · · · σ^′_{ℓ,h,r}. All replaced pairs (k − 1, k − 1) are returned back to (k, k) except for those i_{h+1} = k − 1. Also we may have extra replacements for i_h = k − 1.

Let T = ((i_1, . . . , i_h), (i_{h+1}, . . . , i_ℓ)). We describe τ_{ℓ,h,r}(T ) in the following three cases separately.

(D.a) i_{h+1} = k ∈ {1, . . . , n − 1} and there is an entry i_b = k with n − r − k < b − h ≤ n − 1 − k.

(D.b) i_{h+1} = k ∈ {1, . . . , n − 1} and there is an entry i_a = k with n − r − k ≤ h − a < n − 1 − k.

(D.c) Neither (D.a) nor (D.b) is not satisfied.

In the case (D.c) we simply have

τ_{ℓ,h,r}(T ) = ((i_1, · · · , i_{h+1}), (i_{h+2}, · · · , i_ℓ)).

Next suppose we are in the case (D.a). As was explained in the paragraph just after (D.7), the inequalities imply b > h + 1 and k < n − 2. Starting from i_b, we go back i_{b−1}, i_{b−2}, ... while entries are successive. Let i_b′′ be the ending entry, so (i_b′′ , i_b′′_{+1}, . . . , i_b) are successive as (k^{′′}, k^{′′} + 1, . . . , k) and i_b′′_{−1} ≠ k^{′′} − 1. Also by the same reasoning as above, we have k^{′′} < n − 2. We then have

τ_{ℓ,h,r}(T ) = ((i_1, · · ·, i_h, k^{′′} +1),

(i_{h+2}, · · · , i_b′′_{−1}, k^{′′} +1, k^{′′}, · · · , k+1, i_{b+1}, · · · , i_ℓ)).

Similarly in the case (D.b), we take i_a′′ so that (i_a′′ , i_a′′_{+1}, . . . , i_a) = (k^{′′}, k^{′′} + 1, . . . , k) and i_a′′_{−1} ≠ k^{′′} − 1. We have k < n − 2. We then have

τ_{ℓ,h,r}(T ) = ((i_1, · · · , i_a′′_{−1}, k^{′′} −1, · · · , k−1, i_{a+1}, · · · , i_h,

k^{′′} −1), (i_{h+2}, · · · , i_ℓ)).

5.1.3. Now we study B(ϖ_ℓ) for 2 ≤ ℓ ≤ n − 2. Let M_{0,0} = Y_{ℓ,0}Y^{−1}_{0,ℓ−1}Y^{−1}_{0,ℓ+1} =

1 ℓ−1 2 ℓ−3 · · · ℓ 1−ℓ. Then M(M0,0) ≃ B(ϖℓ) by Proposition 3.4.

For 0 ≤ j ≤ ℓ, we set

M_{j,0} = � 1 2n−ℓ+2j−5 2 2n−ℓ+2j−7 · · · j 2n−ℓ−3 � × � j+1 ℓ−1 j+2 ℓ−3 · · · ℓ_{1−ℓ+2j} �

= j� a=1 a 2n−ℓ−2a+2j−3 × ℓ� a=j+1 a ℓ−2a+2j+1

= � � � Y_{ℓ,0}Y^{−1}_{0,ℓ−1}Y^{−1}_{0,ℓ+1} if j = 0, Y_{ℓ,2}Y^{−1}_{0,ℓ+1}Y^{−1}_{0,2n−ℓ−1}Y^{−1}_{1,ℓ+1}Y_{1,2n−ℓ−3} if j = 1, Y_{ℓ,2j} Y^{−1}_{0,2n−ℓ+2j−5}Y^{−1}_{0,2n−ℓ+2j−3}Y^{−1}_{j,ℓ+j} Y_{j,2n−ℓ+j−4} otherwise.

Note that M_{ℓ,0} = τ_{2n−4}(M_{0,0}).

For a tableau T = ((i_1, . . . , i_j ), (i_{j+1}, . . . , i_ℓ)) we define m_{T ;j,0} by replacing the a^{th}-entry by i_a.

Claim. We have M_{j,0} ∈ M(M_{0,0}) for 0 ≤ j ≤ ℓ.

In fact, by Theorem 5.6 we have m_{T ;j,0} with T = (3, . . . , ℓ + 1, 2) is contained in M_{I0} (M_{j,0}) as M_{j,0} = m_{(1,··· ,ℓ);j,0}. Then we get f̃_0m_{T ;j,0} = m_T ′_{;j+1,0} with T^′ = (1, 3, 4, . . . , ℓ + 1). Again by Theorem 5.6 this is contained in M_{I0} (M_{j+1,0}) as M_{j+1,0} = m_{(1,··· ,ℓ);j+1,0}. By induction we obtain the claim.

We have wt(M_{j,0}) = ϖ_ℓ − jδ. Thus M_{1,0} = z^{−1}_ℓ (M_{0,0}). As M_{ℓ,0} = τ_{2n−4}(M_{0,0}), B(M_{0,0}) is preserved under τ_{2n−4} and we have (z_ℓ)^{−ℓ} = τ_{2n−4}. As in type A^{(1)}n , it is enough to study M(M_{0,0})/τ_{2n−4}. We extend the definition of M_{j,0} from 0 ≤ j ≤ ℓ to all j ∈ Z so that M_{j+ℓ,0} = τ_{2n−4}M_{j,0}. The same applies to other various other monomials introduced below though we do not mention it hereafter.

If we apply ẽ_0 to M_{j,0}, we get the monomial given by replacing 2_∗ by 1_{4−2n+∗}, that is

ẽ_0(M_{j,0}) = j� a=3 a 2n−ℓ−2a+2j−3 × ℓ� a=max(j+1,3) a ℓ−2a+2j+1

× � � � 1 ℓ−1 1 ℓ−2n+1 if j = 0,

1 2n−ℓ−3 1 ℓ−2n+3 if j = 1,

1 2n−ℓ+2j−5 1 −ℓ+2j−3 if 2 ≤ j ≤ ℓ.

Let N_{j,1} denote 1_∗ 1_∗ in the right hand side. We have

N_{j,1} = � � � Y_{0,ℓ−3}Y^{−1}_{0,ℓ+1} if j = 0, Y_{0,ℓ−1}Y^{−1}_{0,2n−ℓ−1}Y^{−1}_{1,ℓ+1}Y_{1,2n−ℓ−3} if j = 1, Y_{0,2n−ℓ+2j−7}Y^{−1}_{0,2n−ℓ+2j−3} if 2 ≤ j ≤ ℓ.

We define M_{j,1} by replacing a_∗ by a−2_∗ for a ≥ 3 and 2_∗ by 1_{4−2n+∗} in M_{j,0}, that is

M_{j,1} = j−2� a=1 a 2n−ℓ−2a+2j−7 ×

ℓ−2�

a=max(j−1,1) a ℓ−2a+2j−3 × Nj,1.

We have

wt(M_{j,1}) = ϖ_ℓ − jδ + α_0 + ℓ−2� a=1 (α_a + α_{a+1}) = ϖ_ℓ − (j − 1)δ − α_{ℓ−1} − 2α_ℓ − 2α_{ℓ+1} − · · · − 2α_{n−2} − α_{n−1} − α_n = ϖ_{ℓ−2} − (j − 1)δ.

We recursively define M_{j,k} by replacing a_∗ by a−2_∗ for a ≥ 3 and 2_∗ by 1_{4−2n+∗} in M_{j,k−1} until all boxes are either 1_∗ or 1_∗. We have k = 0, . . . , ⌊ℓ/2⌋ where ⌊ℓ/2⌋ is the largest integer which does not exceed ℓ/2 (the integer part of ℓ/2). We define N_{j,k} in the same way. We have wt(M_{j,k}) = ϖ_{ℓ−2k} −(j −k)δ.

Let us give M_{j,k}, N_{j,k} explicitly. (1) k < ⌊j/2⌋:

N_{j,k} = k� a=1 � 1 2n−ℓ−4a+2j−1 1 −ℓ−4a+2j+1 �

= Y_{0,2n−ℓ−4k+2j−3}Y^{−1}_{0,2n−ℓ+2j−3},

M_{j,k} = N_{j,k} ×

j−2k�

a=1 a 2n−ℓ−4k−2a+2j−3 × ℓ−2k�

a=j−2k+1 a ℓ−2(a−j+2k)+1,

= Y_{ℓ−2k,2j−2k} Y^{−1}_{0,2n−ℓ−4k+2j−5}Y^{−1}_{0,2n−ℓ+2j−3}

× Y^{−1}_{j−2k,j+ℓ−2k} Y_{j−2k,2n−ℓ+j−2k−4}

(2) j is odd and k = (j − 1)/2:

N_{j,(j−1)/2} = Y_{0,2n−ℓ−5}Y^{−1}_{0,2n−ℓ+2j−3},

M_{j,(j−1)/2} = N_{j,(j−1)/2} × 1_{2n−ℓ−3} ×

ℓ−j+1�

a=2 a ℓ−2a+3

= Y^{−1}_{0,ℓ+1}Y^{−1}_{0,2n−ℓ+2j−3}Y^{−1}_{1,ℓ+1}Y_{1,2n−ℓ−3}Y_{ℓ−j+1,j+1},

(3) j is even and k ≥ j/2:

N_{j,k} = N_{j,j/2} ×

k−j/2�

a=1 � 1 ℓ−4a+3 1 ℓ−4a−2n+5 �

= Y_{0,ℓ−4k+2j+1}Y^{−1}_{0,ℓ+1}Y_{0,2n−ℓ−3}Y^{−1}_{0,2n−ℓ+2j−3},

M_{j,k} = N_{j,k} ×

ℓ−2k�

a=1 a ℓ−2a−4k+2j+1

= � � � Y_{0,−ℓ+2j+1}Y^{−1}_{0,ℓ+1}Y_{0,2n−ℓ−3}Y^{−1}_{0,2n−ℓ+2j−3} if k = ℓ/2, Y^{−1}_{0,ℓ+1}Y_{0,2n−ℓ−3}Y^{−1}_{0,2n−ℓ+2j−3}Y_{1,−ℓ+2j+1} if k = (ℓ − 1)/2, Y^{−1}_{0,ℓ−4k+2j−1}Y^{−1}_{0,ℓ+1}Y_{0,2n−ℓ−3}Y^{−1}_{0,2n−ℓ+2j−3}Y_{ℓ−2k,2j−2k} otherwise,

(4) j is odd and k ≥ (j + 1)/2:

N_{j,k} = N_{j,(j−1)/2} × 1_{2n−ℓ−3} 1_{ℓ−2n+3} × k−(j+1)/2 � a=1 � 1 ℓ−4a+1 1 ℓ−4a−2n+3 �

= Y_{0,ℓ−4k+2j+1}Y^{−1}_{0,2n−ℓ+2j−3}Y^{−1}_{1,ℓ+1}Y_{1,2n−ℓ−3},

M_{j,k} = N_{j,k} ×

ℓ−2k�

a=1 a ℓ−2a−4k+2j+1

= � � � Y_{0,−ℓ+2j+1}Y^{−1}_{0,2n−ℓ+2j−3}Y^{−1}_{1,ℓ+1}Y_{1,2n−ℓ−3} if k = ℓ/2, Y^{−1}_{0,2n−ℓ+2j−3}Y_{1,−ℓ+2j+1}Y^{−1}_{1,ℓ+1}Y_{1,2n−ℓ−3} if k = (ℓ − 1)/2, Y^{−1}_{0,ℓ−4k+2j−1}Y^{−1}_{0,2n−ℓ+2j−3}Y^{−1}_{1,ℓ+1}Y_{1,2n−ℓ−3}Y_{ℓ−2k,2j−2k} otherwise.

All M_{j,k} satisfy ẽ_iM_{j,k} = 0 for all i ∈ I_0. The monomials appearing in M_{I0} (M_{j,k}) ∼= B_{I0} (ϖ_{ℓ−2k}) can be described as in the previous subsection. Indeed for k ≠ ℓ/2 let us define a monomial m_{T ;j,k} associated with a tableau T = ((i_1, . . . , i_{j−2k}), (i_{j−2k+1}, · · · , i_{ℓ−2k}) ∈ D_{ℓ−2k,j−2k,n−ℓ−2} by

(1) k < ⌊j/2⌋:

m_{T ;j,k} = N_{j,k}

j−2k�

a=1 i_a 2n−ℓ−4k−2a+2j−3 × ℓ−2k�

a=j−2k+1 i_a

ℓ−2(a−j+2k)+1,

(2) j is odd and k = (j − 1)/2:

m_{T ;j,(j−1)/2} = N_{j,k} × i1_{2n−ℓ−3}

ℓ−j+1�

a=2 i_a ℓ−2a+3,

(3) j is even and k ≥ j/2:

m_{T ;j,k} = N_{j,k} ×

ℓ−2k�

a=1 i_a ℓ−2a−4k+2j+1,

(4) j is odd and k ≥ (j + 1)/2:

m_{T ;j,k} = N_{j,k} ×

ℓ−2k�

a=1 i_a ℓ−2a−4k+2j+1.

(For the case (4) the Y^{−1}_{1,ℓ+1}Y_{1,2n−ℓ−3} does not change anything because all other Y^±_{1,r} satisfy r < ℓ + 1.) For k = ℓ/2 we set D_{0,j−ℓ,n−ℓ−2} = {∅} and define m_{∅;j,k} by the same formula as in (3),(4) where the last product is understood as 1. If k > j/2, we set D_{ℓ−2k,j−2k,n−ℓ−2} = D_{ℓ−2k,0,0}, i.e., the set of tableaux whose suffixes do not jump.

As M_{j,0} ∈ M(M_{0,0}), it becomes clear by induction on k that all M_{j,k} are in M(M_{0,0}), and so by using Theorem 5.6 all m_{T ;j,k} are in M(M_{0,0}) (the argument is similar to one for the type A^{(1)}n ).

As wt(M_{j,0}) = ϖ_ℓ − jδ, we have z^{−1}_ℓ (M_{j,0}) = M_{j+1,0} by the reason explained in the beginning of this section. Then from the definition of M_{j,k} we have z^{−1}_ℓ (M_{j,k}) = M_{j+1,k}. Let us consider τ_{ℓ−2k,j−2k,n−ℓ−2}, where we understand it as the identity map when k > j/2. It maps M_{j,k} to M_{j+1,k} and respects the I_0-crystal structure. Since such a map is unique, we have z^{−1}_ℓ = τ_{ℓ−2k,j−2k,n−ℓ−2} : M_{I0} (M_{j,k}) → M_{I0} (M_{j+1,k} ).

We can describe Kashiwara operators ẽ_i, f̃_i in terms of tableaux as in type A^{(1)}n . For i ≠ 0, it is basically explained in the proof of Lemma 5.2. So let us consider the case ẽ_0, f̃_0. We get that ẽ_0(m_{T ;j,k}) is equal to � � � � � m_{(i3 ,··· ,iℓ−2k );j,k+1} if i_2 = 2 and i_{ℓ−2k−1} � 2, m_{(i1 ,··· ,iℓ−2k ,2,1);j−2,k−1} if i_2 � 2, i_{ℓ−2k} � 2 and k > 0, m_{(i2 ,··· ,iℓ,3−i1 );j−1,0} if i_1 ⪯ 2, i_2 � 2, i_ℓ � 2 and k = 0, 0 otherwise,

and that f̃_0(m_{T ;j,k}) is equal to � � � � � m_{(1,2,i1,··· ,iℓ−2k );j,k−1} if i_1 � 2, i_{ℓ−2k−1} � 2 and k > 0, m_{(i1,··· ,iℓ−2k−2 );j+2,k+1} if i_{ℓ−2k−1} = 2 and i_2 � 2, m_{(3−iℓ,i1,··· ,iℓ−1);j+1,0} if i_1 � 2, i_{ℓ−1} � 2, i_ℓ ⪰ 2 and k = 0, 0 otherwise,

where we denote 1 = 1 and 2 = 2, and we extend the definition of m_{T ;j,k} from 0 ≤ j ≤ ℓ − 1 to all j ∈ Z so that m_{T ;j+ℓ} = τ_{2n−4}m_{T ;j} . We understood that the condition ‘i_2 = 2’ is not satisfied when k = ⌊ℓ/2⌋ (and hence there is no entry i_2). Similarly ‘i_2 � 2’ is satisfied when k = ⌊ℓ/2⌋. The same rules apply to other conditions. And we will use the same conventions for other classical types.

As we have checked the stability for operators ẽ_0, f̃_0, all the monomials appearing in M(M_{0,0}) are the τ_{2n−4}-images of the m_{T ;j,k}.

In particular, we can describe the I_0-crystal structure of B(W (ϖ_ℓ)) as B(W (ϖ_ℓ)) ≃ M(M_{0,0})/z_ℓ = M_{I0} (M_{0,0}) ⊔ M_{I0} (M_{0,1}) ⊔ · · · ⊔ M_{I0} (M_{0,⌊ℓ/2⌋})

≃ B_{I0} (ϖ_ℓ) ⊔ B_{I0} (ϖ_{ℓ−2}) ⊔ · · · ⊔ � B_{I0} (ϖ_1) if ℓ is odd, B_{I0} (0) if ℓ is even.

In fact, this last result is well-known.

As an application of the description of what we just obtained, we construct an explicit bijection between two sets of monomials, one is M(M_{0,0})/z_ℓ, the other is those appearing in the q–characters of W (ϖ_ℓ) counted with multiplicities. Recall the conditions (1),(2) in Theorem 5.1. In [32] we proved that the q–character of W (ϖ_ℓ) is given by the sum of monomials corresponding to T = (i_1, . . . , i_ℓ) satisfying (1) alone. We then defined l(T ) as the number of pairs as in (2). Now we define the bijection

{T = (i_1, . . . , i_ℓ) | T satisfies (1), l(T ) = d} ←→ {T^′ = (i_1, . . . , i_{ℓ−2d}) | T^′ satisfies (1),(2)}

by letting T^′ be the tableaux obtained by removing all the pairs violating (2) in T .

This bijection cannot be expressed in terms of monomials in a simple way unlike type A case.

As another application, we get a description of the crystal B(W (ϖ_ℓ)) in terms of tableaux. Namely we identify it with {m_{T ;0,k} | 0 ≤ k ≤ ⌊ℓ/2⌋}. Then we express ẽ_0m_{T ;0,k}, f̃_0m_{T ;0,k} as m_T ′_{;0,k}′ , m_T ′′_{;0,k}′′ by the above formula composed with the crystal automorphism τ_{ℓ,h,r} for suitable h, r. This description is similar to one in [24, 37], probably the same if we use the isomorphism between our D_{ℓ,0,0} and Kashiwara-Nakashima’s tableaux [23] in [15]. Note that the uniqueness of the crystal base of W (ϖ_ℓ) was proved in [24].

5.1.4. Spin representations. Finally we consider the case ℓ = n − 1 or n. Following [32, 15] we define the half size numbered box as

i p =

� � � � � � � �

Y_{1,p−1} if i = 1, Y^{−1}_{1,p+1}Y_{2,p}Y^{−1}_{0,p+1} if i = 2, Y^{−1}_{i−1,p+i−1}Y_{i,p+i−2} if 3 ≤ i ≤ n − 2, Y^{−1}_{n−2,p+n−2} if i = n − 1, Y_{n,p+n−1} if i = n,

i p = � � � � �

Y_{0,p+2n−1} if i = 1, 1 if 2 ≤ i ≤ n − 2, Y^{−1}_{n−1,p+n+1}Y^{−1}_{n,p+n+1} if i = n − 1, Y_{n−1,p+n−1} if i = n.

Let M = Y_{ℓ,0}Y^{−1}_{0,n−2} =

�_{n−1}

a=1 a n+1−2a × n 1−n (ℓ = n) or

�_{n−1}

a=1 a n+1−2a × n 1−n

(ℓ = n − 1). We have M(M) ≃ B(ϖ_ℓ) by Corollary 3.3.

Let B^+_{sp} (resp. B^−_{sp}) be the set of tableaux T = (i_1, . . . , i_n) satisfying (1) i_a ∈ B, i_1 ≺ i_2 ≺ · · · ≺ i_n, (2) i and i do not appear simultaneously, (3) if i_a = n, n − a is even (resp. odd), (4) if i_a = n, n − a is odd (resp. even).

We define m_T by

m_T = n� a=1 i_a n+1−2a.

Then B_{I0} (M) is {m_T | T ∈ B^±_{sp}}, where ± is − if ℓ = n − 1 and + if ℓ = n. Let T = (3, 4, 5, . . . , n−1, n, 2, 1) for ℓ = n or T = (3, 4, 5, . . . , n−1, n, 2, 1) for ℓ = n−1. Then m_T = Y^{−1}_{2,n+1}Y_{ℓ,4}Y_{0,n}. Applying f̃_0 to m_T , we get Y_{ℓ,4}Y^{−1}_{0,n+2} = τ_4(M). As this has weight wt(M)−δ, it follows that τ_4(M) = z^{−1}_ℓ (M) as before. As a consequence, we have z_ℓ = τ_{−4} and B(W (ϖ_ℓ)) ≃ M(M)/τ_4.

We describe the action of ẽ_0, f̃_0. We have

ẽ_0(m_T ) = � τ_{−4}(m_{(i3 ,··· ,in,2,1)}) if i_2 = 2, 0 otherwise,

f̃_0(m_T ) = � τ_4(m_{(1,2,i1,··· ,in−2)}) if i_{n−1} = 2, 0 otherwise.

So the above are all the monomials in M(M)/τ_4. So we recover a well-known result B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ). The map Y_{0,∗} → 1 gives a bijection between {m_T | T ∈ B^±_{sp}} and the monomials appearing in q–characters of W (ϖ_ℓ), where all the multiplicities are 1 in these cases.

5.2. Type B^{(1)}_n . We can describe monomial crystals of other classical types by a similar method. We just state the result without proofs.

Let B = {1, . . . , n, 0, n, . . . , 1}. We give the ordering ≺ on the set B by 1 ≺ 2 ≺ · · · ≺ n ≺ 0 ≺ n ≺ · · · ≺ 2 ≺ 1.

For p ∈ Z, we define

1 p = Y^{−1}_{0,p+2}Y_{1,p}, 2_p = Y^{−1}_{0,p+2}Y^{−1}_{1,p+2}Y_{2,p+1}, i p = Y^{−1}_{i−1,p+i}Y_{i,p+i−1} (3 ≤ i ≤ n − 1), n p = Y^{−1}_{n−1,p+n}Y^2_{n,p+n−1}, 0 p = Y^{−1}_{n,p+n+1}Y_{n,p+n−1}, n p = Y_{n−1,p+n}Y^{−2}_{n,p+n+1}, i p = Y_{i−1,p+2n−i}Y^{−1}_{i,p+2n+1−i} (3 ≤ i ≤ n − 1), 2 p = Y_{0,p+2n−2}Y_{1,p+2n−2}Y^{−1}_{2,p+2n−1}, 1_p = Y_{0,p+2n−2}Y^{−1}_{1,p+2n}.

5.2.1. First consider the case ℓ = 1. Let M = Y_{1,0}Y^{−1}_{0,2} . It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). The crystal graph of M(M) is given in Figure 3. We find τ_{2n−2} = z^{−1}_ℓ and M(M)/τ_{2n−2} = M_{I0} (M).

1 0 2 0 n 0 0 0 n 0 2 0 1 0

1 2 n n−1 n n−1 2 1

0[2n−2]

0[2n−2]

Figure 3. (Type B^{(1)}_n ) the crystal B(ϖ_1)

5.2.2. Preliminary results for crystals of finite type B. Let 1 ≤ ℓ ≤ n − 1, 0 ≤ r ≤ n − ℓ and 0 ≤ h ≤ ℓ. Consider the monomial

M_{ℓ,h,r} = Y_{h,ℓ−h}Y^{−1}_{h,ℓ−h−2r}Y_{ℓ,−2r} = � 1 ℓ−1 2 ℓ−3 · · · h ℓ−2h+1 � × � h+1 ℓ−2h−2r−1 h+2 ℓ−2h−2r−3 · · · ℓ 1−ℓ−2r �

= h� p=1 p ℓ−2p+1 × ℓ� p=h+1 p ℓ+1−2p−2r.

For T = ((i_1, · · · , i_h), (i_{h+1}, · · · , i_ℓ)) such that i_p ∈ B, we define the monomial m_T = i1_{ℓ−1} i2_{ℓ−3} · · · ih_{ℓ−2h+1} ih+1_{ℓ−1−2h−2r} ih+2_{ℓ−2h−3−2r} · · · iℓ_{−ℓ+1−2r}. Let B_{ℓ,h,r} be the set of tableaux T satisfying the following conditions (B.1) i_a ∈ B, i_1 ≺ i_2 ≺ · · · ≺ i_h but 0 can be repeated, and i_{h+1} ≺ i_{h+2} ≺ · · · ≺ i_ℓ but 0 can be repeated.

(B.2) There is no pair a, b such that 1 ≤ a < b ≤ h and i_a = k, i_b = k and b − a = n − k.

(B.3) There is no pair a, b such that h + 1 ≤ a < b ≤ ℓ and i_a = k, i_b = k and b − a = n − k.

(B.4) There is no pair a, b such that a ≤ h , h + 1 ≤ b , i_a = k, i_b = k and b − a = n + 1 − max(r, 1) − k.

(B.5) Suppose that i_{h+1} = k ∈ {1, . . . , n} and i_h ⪰ i_{h+1}. Then i_h = k^′ is also in {1, . . . , n}, and the successive part (k^′, k^′ − 1, . . . , k) appears as (i_b′ , i_b′_{+1}, . . . , i_b) with n − r − k + 1 < b − h ≤ n − k.

(B.6) Suppose that i_{h+1} = k ∈ {1, . . . , n} and i_h ⪰ i_{h+1}. Then i_h = k^′ is also in {1, . . . , n}, and the successive part (k^′, k^′ + 1, . . . , k) appears as (i_a′ , i_a′_{+1}, . . . , i_a) with n − r − k + 1 ≤ h − a < n − k.

(B.7) If i_{h+1} = 0, then i_h ⪯ 0.

Note that the conditions above are the same as the ones in [15] when r = 0. For T = ((i_1, . . . , i_h), (i_{h+1}, . . . , i_ℓ)) ∈ B_{ℓ,h,r} we define the tableau τ_{ℓ,h,r}(T ) in the following three cases separately.

(B.a) i_{h+1} = k ∈ {1, . . . , n} and there is an entry i_b = k with n − r − k + 1 < b − h ≤ n − k.

(B.b) i_{h+1} = k ∈ {1, . . . , n} and there is an entry i_a = k with n − r − k + 1 ≤ h − a < n − k.

(B.c) Neither (B.a) nor (B.b) is not satisfied.

In the case (B.a), let b^{′′} such that (i_b′′ , i_b′′_{+1}, . . . , i_b) are successive as (k^{′′}, k^{′′} + 1, . . . , k) and i_b′′_{−1} ≠ k^{′′} − 1. We have k^{′′} < n − 1. We set

τ_{ℓ,h,r}(T ) = ((i_1, · · ·, i_h, k^{′′} +1),

(i_{h+2}, · · · , i_b′′_{−1}, k^{′′} +1, k^{′′}, · · · , k+1, i_{b+1}, · · · , i_ℓ)).

Similarly in the case (B.b), we take i_a′′ so that (i_a′′ , i_a′′_{+1}, . . . , i_a) = (k^{′′}, k^{′′} + 1, . . . , k) and i_a′′_{−1} ≠ k^{′′} − 1. We have k < n − 1. We then set

τ_{ℓ,h,r}(T ) = ((i_1, · · · , i_a′′_{−1}, k^{′′} −1, · · · , k−1, i_{a+1}, · · · , i_h,

k^{′′} −1), (i_{h+2}, · · · , i_ℓ)).

In the case (B.c) we set

τ_{ℓ,h,r}(T ) = ((i_1, · · · , i_{h+1}), (i_{h+2}, · · · , i_ℓ)).

Theorem 5.7. (1) The map T → m_T induces a crystal isomorphism between B_{ℓ,h,r} and M_{I0} (M_{ℓ,h,r}).

(2) τ_{ℓ,h,r} induces a crystal isomorphism M_{I0} (M_{ℓ,h,r}) to M_{I0} (M_{ℓ,h+1,r}).

5.2.3. Now we study B(ϖ_ℓ) for 2 ≤ ℓ ≤ n − 1. Let M_{0,0} = Y_{ℓ,0}Y^{−1}_{0,ℓ−1}Y^{−1}_{0,ℓ+1} =

1 ℓ−1 2 ℓ−3 · · · ℓ 1−ℓ. For ℓ ≠ n−1 we have f̃2f̃3 · · · f̃ℓM0,0 = Y −1 0,ℓ+1Y1,ℓ−1Y −1 2,ℓ Y_{ℓ+1,1} and for ℓ = n − 1 we have f̃_2f̃_3 · · · f̃_ℓM_{0,0} = Y^{−1}_{0,ℓ+1}Y_{1,ℓ−1}Y^{−1}_{2,ℓ} Y^2_{n,1}. By a method similar to the proof of Proposition 3.4 we have M(M_{0,0}) ≃ B(ϖ_ℓ).

For 0 ≤ j < ℓ, 0 ≤ k < ℓ/2, let us define the monomial m_{T ;j,k} associated with T = ((i_1, . . . , i_{j−2k} ), (i_{j−2k+1}, · · · , i_{ℓ−2k})) ∈ B_{ℓ−2k,j−2k,n−ℓ−1} by

(1) k < ⌊j/2⌋:

m_{T ;j,k} =Y_{0,2n−ℓ−4k+2j−1}Y^{−1}_{0,2n−ℓ+2j−1}

j−2k�

a=1 i_a 2n−ℓ−4k−2a+2j−1 × ℓ−2k�

a=j−2k+1 i_a ℓ−2(a−j+2k)+1,

(2) j is odd and k = (j − 1)/2:

m_{T ;j,(j−1)/2} = Y_{0,2n−ℓ−3}Y^{−1}_{0,2n−ℓ+2j−1} i1_{2n−ℓ−1}

ℓ−j+1�

a=2 i_a

ℓ−2a+3,

(3) j is even and k ≥ j/2:

m_{T ;j,k} = Y_{0,ℓ−4k+2j+1}Y^{−1}_{0,ℓ+1}Y_{0,2n−ℓ−1}Y^{−1}_{0,2n−ℓ+2j−1}

ℓ−2k�

a=1 i_a ℓ−2a−4k+2j+1,

(4) j is odd and k ≥ (j + 1)/2:

m_{T ;j,k} = Y_{0,ℓ−4k+2j+1}Y^{−1}_{0,2n−ℓ+2j−1}Y^{−1}_{1,ℓ+1}Y_{1,2n−ℓ−1}

ℓ−2k�

a=1 i_a ℓ−2a−4k+2j+1.

For ℓ = k/2 we set B_{0,j−ℓ,n−ℓ−1} = {∅} and define m_{∅;j,k} by the same formula as in (3),(4) where the last product is understood as 1. We extend the definition of m_{T ;j,k} for all j ∈ Z so that m_{T ;j+ℓ,k} = τ_{2n−2}m_{T ;j,k}.

We describe the action of ẽ_0, f̃_0. We get that ẽ_0(m_{T ;j,k}) is equal to � � � � � m_{(i3 ,··· ,iℓ−2k );j,k+1} if i_2 = 2 and i_{ℓ−2k−1} � 2, m_{(i1 ,··· ,iℓ−2k ,2,1);j−2,k−1} if i_2 � 2, i_{ℓ−2k} � 2 and k > 0, m_{(i2 ,··· ,iℓ,3−i1 );j−1,0} if i_1 ⪯ 2, i_2 � 2, i_ℓ � 2 and k = 0, 0 otherwise,

and that f̃_0(m_{T ;j,k}) is equal to � � � � � m_{(1,2,i1,··· ,iℓ−2k );j,k−1} if i_1 � 2, i_{ℓ−2k−1} � 2 and k > 0, m_{(i1,··· ,iℓ−2k−2 );j+2,k+1} if i_{ℓ−2k−1} = 2 and i_2 � 2, m_{(3−iℓ,i1,··· ,iℓ−1);j+1,0} if i_1 � 2, i_{ℓ−1} � 2, i_ℓ ⪰ 2 and k = 0, 0 otherwise.

So all monomials of M(M_{0,0}) are connected to either M_{j,k} (0 ≤ j < ℓ, 0 ≤ k ≤ ⌊ℓ/2⌋) or their τ_{2n−2} images in the I_0-crystal, thus

M(M_{0,0})/τ_{2n−2} = � 0≤j<ℓ,0≤k≤⌊ℓ/2⌋

M_{I0} (M_{j,k}).

Moreover for 0 ≤ j ≤ ℓ − 1, 0 ≤ k < ⌊ℓ/2⌋ we have (z_ℓ)^{−1}(m_{T ;j,k}) = m_{τℓ−2k,j−2k,n−ℓ−1 (T );j+1,k}.

We have τ_{2n−2} = (z_ℓ)^{−ℓ}, and all monomials in M(M_{0,0})/τ_{2n−2} are written as m_{T ;j,k}. The crystal automorphism z_ℓ is given by τ^{−1}_{ℓ−2k,j−2k,n−ℓ−1}.

So we get

B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ) ⊔ B_{I0} (ϖ_{ℓ−2}) ⊔ · · · ⊔ � B_{I0} (ϖ_1) if ℓ is odd, B_{I0} (0) if ℓ is even.

Our crystal structure described here is probably the same as one in [24] if we use the isomorphism between our B_{ℓ,0,0} and Kashiwara-Nakashima’s tableaux [23] in [15]. Note that the uniqueness of the crystal base of W (ϖ_ℓ) was proved in [24].

5.2.4. Finally we consider the case ℓ = n. Let M = Y_{n,0}Y^{−1}_{0,n−1}. It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). Let

i p =

� � � � � � � �

Y_{1,p−1} if i = 1, Y^{−1}_{1,p+1}Y_{2,p}Y^{−1}_{0,p+1} if i = 2, Y^{−1}_{i−1,p+i−1}Y_{i,p+i−2} if 3 ≤ i ≤ n − 1, Y^{−1}_{n−1,p+n−1} if i = n, Y_{n,p+n} if i = 0,

i p = � � � Y_{0,p+2n+1} if i = 1, 1 if 2 ≤ i ≤ n − 1, Y^{−2}_{n,p+n+2} if i = n.

Then the monomials appearing in M_{I0} (M) are m_T =

�_{n+1}

a=1 i^a n+2−2a associated

with a tableau T = (i_1, . . . , i_{n+1}) satisfying the conditions

(1) i_a ∈ B, i_1 ≺ i_2 ≺ · · · ≺ i_{n+1}, (2) i and i do not appear simultaneously.

We have z_ℓ = τ_{−4}. We describe the action of ẽ_0, f̃_0 : we have

ẽ_0(m_T ) = � τ_{−4}(m_{(i3 ,··· ,in+1,2,1)}) if i_2 = 2, 0 otherwise,

f̃_0(m_T ) = � τ_4(m_{(1,2,i1,··· ,in−1 )}) if i_n = 2, 0 otherwise.

So all monomials in M(M)/τ_4 are written as m_T . As an application, we recover a known result B(W (ϖ_ℓ)) = B_{I0} (ϖ_ℓ).

By the condition (2) there is always an entry i_a = 0. If we remove this entry, we get the tableaux description in [23].

5.3. Type C^{(1)}_n . Let B = {1, . . . , n, n, . . . , 1}. We give the ordering ≺ on the set B by 1 ≺ 2 ≺ · · · ≺ n ≺ n ≺ · · · ≺ 2 ≺ 1.

For p ∈ Z, we define i p = Y^{−1}_{i−1,p+i}Y_{i,p+i−1} (1 ≤ i ≤ n), i p = Y_{i−1,p+2n−i}Y^{−1}_{i,p+2n+1−i} (1 ≤ i ≤ n).

5.3.1. First consider the case ℓ = 1. Let M = Y^{−1}_{0,1} Y_{1,0}. It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). The crystal graph of M(M) is given in Figure 4. We find τ_{2n} = z^{−1}_ℓ and M(M)/τ_{2n} = M_{I0} (M).

1 0 2 0 n 0 n 0 2 0 1 0

1 2 n n−1 n−1 2 1

0[2n]

Figure 4. (Type C^{(1)}n ) the crystal B(ϖ_1)

5.3.2. Preliminary results for crystals of finite type C. Let 1 ≤ ℓ ≤ n, 0 ≤ r ≤ n−ℓ and 0 ≤ h ≤ ℓ. Consider the monomial

M_{ℓ,h,r} = Y_{h,ℓ−h}Y^{−1}_{h,ℓ−h−2r}Y_{ℓ,−2r} = � 1 ℓ−1 2 ℓ−3 · · · h ℓ−2h+1 � × � h+1 ℓ−2h−2r−1 h+2 ℓ−2h−2r−3 · · · ℓ 1−ℓ−2r �

= h� p=1 p ℓ−2p+1 × ℓ� p=h+1 p ℓ+1−2p−2r.

For T = ((i_1, · · · , i_h), (i_{h+1}, · · · , i_ℓ)) such that i_p ∈ B, we define the monomial

m_T = i1_{ℓ−1} i2_{ℓ−3} · · · ih_{ℓ−2h+1} ih+1_{ℓ−1−2h−2r} ih+2_{ℓ−2h−3−2r} · · · iℓ_{−ℓ+1−2r}.

Let C_{ℓ,h,r} be the set of tableaux T satisfying the following conditions (C.1) i_a ∈ B, i_1 ≺ i_2 ≺ · · · ≺ i_h, and i_{h+1} ≺ i_{h+2} ≺ · · · ≺ i_ℓ.

(C.2) There is no pair a, b such that 1 ≤ a < b ≤ h and i_a = k, i_b = k and b − a = n − k.

(C.3) There is no pair a, b such that h + 1 ≤ a < b ≤ ℓ and i_a = k, i_b = k and b − a = n − k.

(C.4) There is no pair a, b such that a ≤ h , h + 1 ≤ b , i_a = k, i_b = k and b − a = n + 1 − max(r, 1) − k.

(C.5) Suppose that i_{h+1} = k ∈ {1, . . . , n} and i_h ⪰ i_{h+1}. Then i_h = k^′ is also in {1, . . . , n}, and the successive part (k^′, k^′ − 1, . . . , k) appears as (i_b′ , i_b′_{+1}, . . . , i_b) with n − r − k + 1 < b − h ≤ n − k.

(C.6) Suppose that i_{h+1} = k ∈ {1, . . . , n} and i_h ⪰ i_{h+1}. Then i_h = k^′ is also in {1, . . . , n}, and the successive part (k^′, k^′ + 1, . . . , k) appears as (i_a′ , i_a′_{+1}, . . . , i_a) with n − r − k + 1 ≤ h − a < n − k.

Note that the conditions above are the same as the ones in [15] when r = 0. Note also that we only have r = 0 when ℓ = n.

For T = ((i_1, . . . , i_h), (i_{h+1}, . . . , i_ℓ)) ∈ C_{ℓ,h,r} we define the tableau τ_{ℓ,h,r}(T ) in the following three cases separately.

(C.a) i_{h+1} = k ∈ {1, . . . , n} and there is an entry i_b = k with n − r − k + 1 < b − h ≤ n − k.

(C.b) i_{h+1} = k ∈ {1, . . . , n} and there is an entry i_a = k with n − r − k + 1 ≤ h − a < n − k.

(C.c) Neither (C.a) nor (C.b) is not satisfied.

In the case (C.a), let b^{′′} such that (i_b′′ , i_b′′_{+1}, . . . , i_b) are successive as (k^{′′}, k^{′′} + 1, . . . , k) and i_b′′_{−1} ≠ k^{′′} − 1. We have k^{′′} < n − 1. We set

τ_{ℓ,h,r}(T ) = ((i_1, · · ·, i_h, k^{′′} +1), (i_{h+2}, · · · , i_b′′_{−1}, k^{′′} +1, k^{′′}, · · · , k+1, i_{b+1}, · · · , i_ℓ)).

Similarly in the case (C.b), we take i_a′′ so that (i_a′′ , i_a′′_{+1}, . . . , i_a) = (k^{′′}, k^{′′} + 1, . . . , k) and i_a′′_{−1} ≠ k^{′′} − 1. We have k < n − 1. We then set

τ_{ℓ,h,r}(T ) = ((i_1, · · · , i_a′′_{−1}, k^{′′} −1, · · · , k−1, i_{a+1}, · · · , i_h, k^{′′} −1), (i_{h+2}, · · · , i_ℓ)).

In the case (C.c) we set

τ_{ℓ,h,r}(T ) = ((i_1, · · · , i_{h+1}), (i_{h+2}, · · · , i_ℓ)).

Theorem 5.8. (1) The map T → m_T induces a crystal isomorphism between C_{ℓ,h,r} and M_{I0} (M_{ℓ,h,r}).

(2) τ_{ℓ,h,r} induces a crystal isomorphism M_{I0} (M_{ℓ,h,r}) to M_{I0} (M_{ℓ,h+1,r}).

5.3.3. Now we study B(ϖ_ℓ) for 1 ≤ ℓ ≤ n. Let M_0 = Y_{ℓ,0}Y^{−1}_{0,ℓ} = 1_{ℓ−1} 2_{ℓ−3} · · · ℓ_{1−ℓ}. It follows from Corollary 3.3 that M(M_0) ≃ B(ϖ_ℓ).

For 0 ≤ j < ℓ, let us define the monomial m_{T ;j} associated with T = ((i_1, . . . , i_{ℓ−j} ), (i_{ℓ−j+1}, · · · , i_ℓ)) ∈ C_{ℓ,ℓ−j,n−ℓ} by

m_{T ;j} = ℓ−j� a=1 i_a −2j+ℓ+1−2a × ℓ� a=ℓ−j+1 i_a 3ℓ+1−2n−2j−2a.

We extend the definition of m_{T ;j} for all j ∈ Z so that m_{T ;j+ℓ} = τ_{2n}m_{T ;j} .

We describe the action of ẽ_0, f̃_0 by computation on monomials. We get that ẽ_0(m_{T ;j} ) is equal to � m_{(i2 ,··· ,iℓ,1);j+1} if i_1 = 1 and i_ℓ ≠ 1, 0 otherwise,

and that f̃_0(m_{T ;j} ) is equal to � m_{(1,i1,··· ,iℓ−1 );j−1} if i_1 ≠ 1 and i_ℓ = 1, 0 otherwise.

We have τ_{2n} = z^{−ℓ}_ℓ and all monomials in M(M_0)/τ_{2n} are written as m_{T ;j} . The case ℓ = n is exceptional. We have τ_2 = z^{−1}_n , so M(M_0)/τ_2 ≃ B(W (ϖ_n)). The P_{cl}-crystal automorphism z_ℓ is given by τ^{−1}_{ℓ,ℓ−j−1,n−ℓ} .

As an application, we have

B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ).

A conjectural description of the crystal of B(W (ϖ_ℓ)) was proposed in [36]. As their description is given by relating the crystal to an A^{(1)}_{2n+1}-crystal, it is not clear, at least to authors, whether their conjecture is true or not.

5.4. Type A^{(2)}_{2n} (n ≥ 1). Let B = {1, . . . , n, n, . . . , 1}. We give the ordering ≺ on the set B by 1 ≺ 2 ≺ · · · ≺ n ≺ n ≺ · · · ≺ 2 ≺ 1.

For p ∈ Z, we define

1 p = Y_{1,p}Y^{−2}_{0,p+1}, 1_p = Y^2_{0,p+2n−1}Y^{−1}_{1,p+2n},

i p = Y_{i,p+i−1}Y^{−1}_{i−1,p+i} (2 ≤ i ≤ n),

i p = Y_{i−1,p+2n−i}Y^{−1}_{i,p+2n−i+1} (2 ≤ i ≤ n).

5.4.1. First consider the case ℓ = 1. Let M = Y_{1,0}Y^{−2}_{0,1} . It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). Let M^′ = ẽ_0(M) = Y_{0,−1}Y^{−1}_{0,1} . The crystal graph of M(M) is given in Figure 5. We find τ_{2n} = z^{−1}_ℓ and M(M)/τ_{2n} = M_{I0} (M) ⊔ M_{I0} (M^′).

M^{′ 0[2n]} 0

1 0 2 0 n 0 n 0 2 0 1 0

1 2 n n−1 n−1 2 1

Figure 5. (Type A^{(2)}_{2n} ) the crystal B(ϖ_1)

5.4.2. Now we study B(ϖ_ℓ) for 1 ≤ ℓ ≤ n. Let M_{0,0} = Y_{ℓ,0}Y^{−2}_{0,ℓ} = 1_{ℓ−1} 2_{ℓ−3} · · · ℓ_{1−ℓ}. It follows from Corollary 3.3 that M(M_{0,0}) ≃ B(ϖ_ℓ).

For 0 ≤ j < ℓ, 0 ≤ k < ℓ, let us define the monomial m_{T ;j,k} associated with T = ((i_1, . . . , i_{ℓ−j−k}), (i_{j−2k+1}, · · · , i_{ℓ−k})) ∈ C_{ℓ−k,ℓ−j−k,n−ℓ} by

(1) 0 ≤ k ≤ ℓ − j − 1:

m_{T ;j,k} = (Y^{−1}_{0,ℓ−2j} Y_{0,ℓ−2j−2k})

ℓ−j−k�

a=1 i_a −2j+ℓ+1−2a−2k × ℓ−k�

a=ℓ−j−k+1 i_a

3ℓ+1−2n−2j−2a−2k ,

(2) ℓ − j ≤ k ≤ ℓ − 1:

m_{T ;j,k} = (Y^{−1}_{0,ℓ−2j} Y_{0,−ℓ}Y^{−1}_{0,ℓ−2n}Y_{0,−2n+3ℓ−2j−2k}) ℓ−k� a=1 i_a

3ℓ+1−2n−2j−2a−2k.

For k = ℓ we set C_{0,−j,n−ℓ} = {∅} and define m_{∅;j,k} by the same formula as in (1),(2) where the last product is understood as 1. We extend the definition of m_{T ;j,k} for all j ∈ Z so that m_{T ;j+ℓ,k} = τ_{2n}m_{T ;j,k}.

We describe the action of ẽ_0, f̃_0. We get that ẽ_0(m_{T ;j,k}) is equal to � � � m_{(i2 ,··· ,iℓ−k );j,k+1} if i_1 = 1 and i_{ℓ−k} ≠ 1, m_{(i1 ,··· ,iℓ−k ,1);j+1,k−1} if i_1 ≠ 1, i_{ℓ−k} ≠ 1 and k > 0, 0 otherwise,

and that f̃_0(m_{T ;j,k}) is equal to � � � m_{(i1 ,··· ,iℓ−k−1 );j−1,k+1} if i_1 ≠ 1 and i_{ℓ−k} = 1, m_{(1,i1 ,··· ,iℓ−k );j,k−1} if i_1 ≠ 1, i_{ℓ−k} ≠ 1 and k > 0, 0 otherwise.

We have τ_{2n} = (z_ℓ)^{−ℓ} and all the monomials in M(M_{0,0})/τ_{2n} are written as m_{T ;j,k}. The case ℓ = n is exceptional. We have τ_2 = z^{−1}_n , so M(M_0)/τ_2 ≃ B(W (ϖ_n)). For ℓ ≠ n, the crystal automorphism z_ℓ is given by τ^{−1}_{ℓ−k,ℓ−j−k−1,n−ℓ}. As an application, we have B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ) ⊔ B_{I0} (ϖ_{ℓ−1}) ⊔ · · · ⊔ B_{I0} (ϖ_1) ⊔ B_{I0} (0).

A conjectural description of the crystal of B(W (ϖ_ℓ)) was proposed in [36]. As their description is given by relating the crystal to an A^{(1)}_{2n+1}-crystal, it is not clear, at least to authors, whether their conjecture is true or not.

5.5. Type A^{(2)†}_{2n} (n ≥ 1). Let B = {1, . . . , n, 0, n, . . . , 1}. We give the ordering ≺ on the set B by 1 ≺ 2 ≺ · · · ≺ n ≺ 0 ≺ n ≺ · · · ≺ 2 ≺ 1.

For p ∈ Z, we define i p = Y^{−1}_{i−1,p+i}Y_{i,p+i−1} (1 ≤ i ≤ n − 1), n p = Y^{−1}_{n−1,p+n}Y^2_{n,p+n−1}, 0 p = Y^{−1}_{n,p+n+1}Y_{n,p+n−1}, n p = Y_{n−1,p+n}Y^{−2}_{n,p+n+1}, i p = Y_{i−1,p+2n−i}Y^{−1}_{i,p+2n+1−i} (1 ≤ i ≤ n − 1).

5.5.1. First consider the case ℓ = 1. Let M = Y^{−1}_{0,1} Y_{1,0}. It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). The crystal graph of M(M) is given in Figure 6. We find τ_{2n} = z^{−1}_ℓ and M(M)/τ_{2n} = M_{I0} (M).

1 0 2 0 n 0 0 0 n 0 2 0 1 0

1 2 n n−1 n n−1 2 1

0[2n]

Figure 6. (Type A^{(2)†}_{2n} ) the crystal B(ϖ_1)

5.5.2. Now we study B(ϖ_ℓ) for 1 ≤ ℓ ≤ n−1. Let M_0 = Y_{ℓ,0}Y^{−1}_{0,ℓ} = 1_{ℓ−1} 2_{ℓ−3} · · · ℓ_{1−ℓ}. It follows from Corollary 3.3 that M(M_0) ≃ B(ϖ_ℓ).

For 0 ≤ j < ℓ, let us define the monomial m_{T ;j} associated with T = ((i_1, . . . , i_{ℓ−j} ), (i_{ℓ−j+1}, · · · , i_ℓ)) ∈ B_{ℓ,ℓ−j,n−ℓ} by

m_{T ;j} = ℓ−j� a=1 i_a −2j+ℓ+1−2a × ℓ� a=ℓ−j+1 i_a 3ℓ+1−2n−2j−2a.

We extend the definition of m_{T ;j} for all j ∈ Z so that m_{T ;j+ℓ} = τ_{2n}m_{T ;j} . We describe the action of ẽ_0, f̃_0 by computation on monomials. We get that ẽ_0(m_{T ;j} ) is equal to � m_{(i2 ,··· ,iℓ,1);j+1} if i_1 = 1 and i_ℓ ≠ 1, 0 otherwise,

and that f̃_0(m_{T ;j} ) is equal to � m_{(1,i1,··· ,iℓ−1 );j−1} if i_1 ≠ 1 and i_ℓ = 1, 0 otherwise.

We have τ_{2n} = z^{−ℓ}_ℓ and all monomials in M(M_0)/τ_{2n} are written as m_{T ;j} . The P_{cl}-crystal automorphism z_ℓ is given by τ^{−1}_{ℓ,ℓ−j−1,n−ℓ}. As an application, we have

B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ).

A conjectural description of the crystal of B(W (ϖ_ℓ)) was proposed in [36]. As their description is given by relating the crystal to an A^{(1)}_{2n+1}-crystal, it is not clear, at least to authors, whether their conjecture is true or not.

5.5.3. Finally we consider the case ℓ = n. Let M = Y^2_{n,0}Y^{−1}_{0,ℓ} = 1_{n−1} 2_{n−3} · · · n_{1−n}. It follows from Corollary 3.3 that M(M) ≃ B(ϖ_n). Let us define the monomial m_T =

�_n

a=1 i^a n+1−2a associated with T = (i1, · · · , in) satisfying (1) ia ∈ B and

i_1 ≺ i_2 ≺ · · · ≺ i_n but 0 can be repeated, and (2) there is no pair a, b such that i_a = k, i_b = k and b − a = n − k. The above exhausts all monomials in M_{I0} (M) (see [15, Proposition 2.10]). We describe the action of ẽ_0, f̃_0 on these monomials : we have

ẽ_0(m_T ) = � τ_{−2}(m_{(i2 ,··· ,in,1)}) if i_1 = 1 and i_n ≠ 1, 0 otherwise,

f̃_0(m_T ) = � τ_2(m_{(1,i1 ,··· ,in−1)}) if i_n = 1 and i_1 ≠ 1, 0 otherwise.

So the above exhausts all the monomials in M(M)/τ_2. We have τ_2 = z^{−1}_n , so M(M)/τ_2 ≃ B(W (ϖ_n)). As an application, we have B(W (ϖ_n)) ≃ B_{I0} (ϖ_n). Note that ϖ_n is identified with the twice of the n^{th} fundamental weight of g_{I0} .

5.6. Type A^{(2)}_{2n−1} (n ≥ 3). Let B = {1, . . . , n, n, . . . , 1}. We give the ordering ≺ on the set B by 1 ≺ 2 ≺ · · · ≺ n ≺ n ≺ · · · ≺ 2 ≺ 1.

For p ∈ Z, we define

1 p = Y^{−1}_{0,p+2}Y_{1,p}, 2_p = Y^{−1}_{0,p+2}Y^{−1}_{1,p+2}Y_{2,p+1},

i p = Y^{−1}_{i−1,p+i}Y_{i,p+i−1} (3 ≤ i ≤ n),

i p = Y_{i−1,p+2n−i}Y^{−1}_{i,p+2n+1−i} (3 ≤ i ≤ n),

2 p = Y_{0,p+2n−2}Y_{1,p+2n−2}Y^{−1}_{2,p+2n−1}, 1_p = Y_{0,p+2n−2}Y^{−1}_{1,p+2n}.

5.6.1. First consider the case ℓ = 1. Let M = Y_{1,0}Y^{−1}_{0,2} . It follows from Corollary 3.3 that M(M) ≃ B(ϖ_1). The crystal graph of M(M) is given in Figure 7. We find τ_{2n−2} = z^{−1}_ℓ and M(M)/τ_{2n−2} = M_{I0} (M).

1 0 2 0 n 0 n 0 2 0 1 0

1 2 n n−1 n−1 2 1

0[2n−2]

0[2n−2]

Figure 7. (Type A^{(2)}_{2n−1}) the crystal B(ϖ_1)

5.6.2. Now we study B(ϖ_ℓ) for 2 ≤ ℓ ≤ n − 1. Let M_{0,0} = Y_{ℓ,0}Y^{−1}_{0,ℓ−1}Y^{−1}_{0,ℓ+1} =

1 ℓ−1 2 ℓ−3 · · · ℓ 1−ℓ. As f̃2f̃3 · · · f̃ℓ(M0,0) = Y −1 0,ℓ+1Y0,ℓ−1Y −1 1,ℓ Y_{ℓ+1,1}, we see as in Proposition 3.4 that M(M_{0,0}) ≃ B(ϖ_ℓ).

For 0 ≤ j < ℓ, 0 ≤ k < ℓ/2, let us define the monomial m_{T ;j,k} associated with T = ((i_1, . . . , i_{j−2k} ), (i_{j−2k+1}, · · · , i_{ℓ−2k})) ∈ C_{ℓ−2k,j−2k,n−ℓ−1} by

(1) k < ⌊j/2⌋:

m_{T ;j,k} =Y_{0,2n−ℓ−4k+2j−1}Y^{−1}_{0,2n−ℓ+2j−1}

j−2k�

a=1 i_a 2n−ℓ−4k−2a+2j−1 × ℓ−2k�

a=j−2k+1 i_a ℓ−2(a−j+2k)+1,

(2) j is odd and k = (j − 1)/2:

m_{T ;j,(j−1)/2} = Y_{0,2n−ℓ−3}Y^{−1}_{0,2n−ℓ+2j−1} i1_{2n−ℓ−1}

ℓ−j+1�

a=2 i_a

ℓ−2a+3,

(3) j is even and k ≥ j/2:

m_{T ;j,k} = Y_{0,ℓ−4k+2j+1}Y^{−1}_{0,ℓ+1}Y_{0,2n−ℓ−1}Y^{−1}_{0,2n−ℓ+2j−1}

ℓ−2k�

a=1 i_a

ℓ−2a−4k+2j+1,

(4) j is odd and k ≥ (j + 1)/2:

m_{T ;j,k} = Y_{0,ℓ−4k+2j+1}Y^{−1}_{0,2n−ℓ+2j−1}Y^{−1}_{1,ℓ+1}Y_{1,2n−ℓ−1}

ℓ−2k�

a=1 i_a

ℓ−2a−4k+2j+1.

For k = ℓ/2 we set C_{0,j−ℓ,n−ℓ−1} = {∅} and define m_{∅;j,k} by the same formula as in (3),(4) where the last product is understood as 1. We extend the definition of m_{T ;j,k} for all j ∈ Z so that m_{T ;j+ℓ,k} = τ_{2n−2}m_{T ;j,k}.

We describe the action of ẽ_0, f̃_0. We get that ẽ_0(m_{T ;j,k}) is equal to � � � � � m_{(i3 ,··· ,iℓ−2k );j,k+1} if i_2 = 2 and i_{ℓ−2k−1} � 2, m_{(i1 ,··· ,iℓ−2k ,2,1);j−2,k−1} if i_2 � 2, i_{ℓ−2k} � 2 and k > 0, m_{(i2 ,··· ,iℓ,3−i1 );j−1,0} if i_1 ⪯ 2, i_2 � 2, i_ℓ � 2 and k = 0, 0 otherwise,

and that f̃_0(m_{T ;j,k}) is equal to � � � � � m_{(1,2,i1,··· ,iℓ−2k );j,k−1} if i_1 � 2, i_{ℓ−2k−1} � 2 and k > 0, m_{(i1,··· ,iℓ−2k−2 );j+2,k+1} if i_{ℓ−2k−1} = 2 and i_2 � 2, m_{(3−iℓ,i1,··· ,iℓ−1);j+1,0} if i_1 � 2, i_{ℓ−1} � 2, i_ℓ ⪰ 2 and k = 0, 0 otherwise.

We have τ_{2n−2} = (z_ℓ)^{−ℓ}, and all monomials in M(M_{0,0})/τ_{2n−2} are written as m_{T ;j,k}. The crystal automorphism z_ℓ is given by τ^{−1}_{ℓ−2k,j−2k,n−ℓ−1}. As an application, we have

B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ) ⊔ B_{I0} (ϖ_{ℓ−2}) ⊔ · · · ⊔ � B_{I0} (ϖ_1) if ℓ is odd, B_{I0} (0) if ℓ is even.

A crystal base on W (ϖ_ℓ) was constructed in [12]. A key fact used there is that W (ϖ_ℓ) remains irreducible when it is restricted to U_q (g) for the finite dimensional Lie algebra g obtained by removing the vertex n. They showed that the crystal base for the restriction is preserved also by ẽ_n, f̃_n. By the uniqueness of the crystal base for an irreducible U_q(g)-module we conclude that their crystal base is isomorphic to the B(W (ϖ_ℓ)). However their description of the Kashiwara operators was given in terms of g, it is not obvious to compare our description to theirs.

5.6.3. Finally we consider the case ℓ = n. Let M_0 = Y_{n,0}Y^{−2}_{0,n−1} =

�_n

a=1 a n+1−2a.

It follows from Corollary 3.3 that M(M_0) ≃ B(ϖ_ℓ).

For 0 ≤ k ≤ ⌊n/2⌋, let us define the monomial m_{T ;k} associated with T = (i_1, . . . , i_{n−2k}) ∈ C_{n−2k,0,0} by

m_{T ;k} = Y^{−1}_{0,n−1}Y_{0,n+1−4k} ×

n−2k�

a=1 i_a n+1−4k−2a,

where the case n = 2k is understood as before.

We describe the action of ẽ_0, f̃_0. We get that ẽ_0(m_{T ;k}) is equal to � � � � � m_{(i3 ,··· ,in−2k );k+1} if i_2 = 2 and i_{n−2k−1} � 2, τ_{−4}(m_{(i1 ,··· ,in−2k ,2,1);k−1}) if i_2 � 2, i_{n−2k} � 2 and k > 0, τ_{−2}(m_{(i2 ,··· ,in,3−i1 );0}) if i_1 ⪯ 2, i_2 � 2, i_n � 2 and k = 0, 0 otherwise, and that f̃_0(m_{T ;k}) is equal to � � � � � m_{(1,2,i1,··· ,in−2k );k−1} if i_1 � 2, i_{n−2k−1} � 2 and k > 0, τ_4(m_{(i1 ,··· ,in−2k−2 );k+1}) if i_{n−2k−1} = 2 and i_2 � 2, τ_2(m_{(3−iℓ ,i1,··· ,iℓ−1);0}) if i_1 � 2, i_{n−1} � 2, i_n ⪰ 2 and k = 0, 0 otherwise.

We find that z_ℓ = τ_{−2} and the monomials appearing in M(M_0)/τ_2 are written as m_{T ;k}. As an application, we have

B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ) ⊔ B_{I0} (ϖ_{ℓ−2}) ⊔ · · · ⊔ � B_{I0} (ϖ_1) if ℓ is odd, B_{I0} (0) if ℓ is even.

5.7. Type D^{(2)}_{n+1} (n ≥ 2). Let B = {1, . . . , n, 0, n, . . . , 1}. We give the ordering ≺ on the set B by 1 ≺ 2 ≺ · · · ≺ n ≺ 0 ≺ n ≺ · · · ≺ 2 ≺ 1.

For p ∈ Z, we define

1 p = Y_{1,p}Y^{−2}_{0,p+1}, i p = Y_{i,p+i−1}Y^{−1}_{i−1,p+i} (2 ≤ i ≤ n − 1), n p = Y^{−1}_{n−1,p+n}Y^2_{n,p+n−1}, 0 p = Y_{n,p+n−1}Y^{−1}_{n,p+n+1}, n p = Y_{n−1,p+n}Y^{−2}_{n,p+n+1}, i p = Y_{i−1,p+2n−i}Y^{−1}_{i,p+2n−i+1} (2 ≤ i ≤ n − 1), 1 p = Y^2_{0,p+2n−1}Y^{−1}_{1,p+2n}.

5.7.1. First consider the case ℓ = 1. Let M = Y_{1,0}Y^{−2}_{0,1} . It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). Let M^′ = ẽ_0(M) = Y_{0,−1}Y^{−1}_{0,1} . The crystal graph of M(M) is given in Figure 8. We find τ_{2n} = z^{−1}_ℓ and M(M)/τ_{2n} = M_{I0} (M) ⊔ M_{I0} (M^′).

M^{′ 0[2n]} 0

1 0 2 0 n p 0 p n p 2 p 1 p

1 2 n n−1 n n−1 2 1

Figure 8. (Type D^{(2)}_{n+1}) the crystal B(ϖ_1)

5.7.2. Now we study B(ϖ_ℓ) for 1 ≤ ℓ ≤ n−1. Let M_{0,0} = Y_{ℓ,0}Y^{−2}_{0,ℓ} = 1_{ℓ−1} 2_{ℓ−3} · · · ℓ_{1−ℓ}. It follows from Corollary 3.3 that M(M_{0,0}) ≃ B(ϖ_ℓ).

For 0 ≤ j < ℓ, 0 ≤ k < ℓ, let us define the monomial m_{T ;j,k} associated with T = ((i_1, . . . , i_{ℓ−j−k}), (i_{ℓ−j−k+1}, · · · , i_{ℓ−k})) ∈ B_{ℓ−k,ℓ−j−k,n−ℓ} by

(1) 0 ≤ k ≤ ℓ − j − 1:

m_{T ;j,k} = (Y^{−1}_{0,ℓ−2j} Y_{0,ℓ−2j−2k})

ℓ−j−k�

a=1 i_a −2j+ℓ+1−2a−2k × ℓ−k�

a=ℓ−j−k+1 i_a

3ℓ+1−2n−2j−2a−2k ,

(2) ℓ − j ≤ k ≤ ℓ − 1:

m_{T ;j,k} = (Y^{−1}_{0,ℓ−2j} Y_{0,−ℓ}Y^{−1}_{0,ℓ−2n}Y_{0,−2n+3ℓ−2j−2k}) ℓ−k� a=1 i_a 3ℓ+1−2n−2j−2a−2k.

For k = ℓ we set B_{0,−j,n−ℓ} = {∅} and define m_{∅;j,k} by the same formula as in (1),(2) where the last product is understood as 1. We extend the definition of m_{T ;j,k} for all j ∈ Z so that m_{T ;j+ℓ,k} = τ_{2n}m_{T ;j,k}.

We describe the action of ẽ_0, f̃_0. We get that ẽ_0(m_{T ;j,k}) is equal to � � � m_{(i2 ,··· ,iℓ−k );j,k+1} if i_1 = 1 and i_{ℓ−k} ≠ 1, m_{(i1 ,··· ,iℓ−k ,1);j+1,k−1} if i_1 ≠ 1, i_{ℓ−k} ≠ 1 and k > 0, 0 otherwise,

and that f̃_0(m_{T ;j,k}) is equal to � � � m_{(i1 ,··· ,iℓ−k−1 );j−1,k+1} if i_1 ≠ 1 and i_{ℓ−k} = 1, m_{(1,i1 ,··· ,iℓ−k );j,k−1} if i_1 ≠ 1, i_{ℓ−k} ≠ 1 and k > 0, 0 otherwise.

We have τ_{2n} = (z_ℓ)^{−ℓ} and all monomials in M(M_{0,0})/τ_{2n} are written as m_{T ;j,k}. The crystal automorphism z_ℓ is given by τ^{−1}_{ℓ−k,ℓ−j−k−1,n−ℓ}. As an application, we have B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ) ⊔ B_{I0} (ϖ_{ℓ−1}) ⊔ · · · ⊔ B_{I0} (ϖ_1) ⊔ B_{I0} (0).

A conjectural description of the crystal of B(W (ϖ_ℓ)) was proposed in [36]. As their description is given by relating the crystal to an A^{(1)}_{2n+1}-crystal, it is not clear, at least to authors, whether their conjecture is true or not.

5.7.3. Finally we consider the case ℓ = n. Let M = Y_{n,0}Y^{−1}_{0,n} . It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). Let i p = � � � Y^{−1}_{i−1,p+i−1}Y_{i,p+i−2} if 1 ≤ i ≤ n − 1, Y^{−1}_{n−1,p+n−1} if i = n, Y_{n,p+n} if i = 0,

i p = � � � Y_{0,p+2n} if i = 1, 1 if 2 ≤ i ≤ n − 1, Y^{−2}_{n,p+n+2} if i = n.

Then the monomials appearing in M_{I0} (M) are m_T =

�_{n+1}

a=1 i^a n+2−2a associated

with a tableau T = (i_1, . . . , i_{n+1}) satisfying the conditions

(1) i_a ∈ B, i_1 ≺ i_2 ≺ · · · ≺ i_{n+1}, (2) i and i do not appear simultaneously.

We describe the action of ẽ_0, f̃_0 on these monomials. We have

ẽ_0(m_T ) = � τ_{−2}(m_{(i2 ,··· ,in+1,1)}) if i_1 = 1, 0 otherwise,

f̃_0(m_T ) = � τ_2(m_{(1,i1 ,··· ,in)}) if i_{n+1} = 1, 0 otherwise.

We have τ_2 = (z_ℓ)^{−1} and the above monomials are those appearing in M(M)/τ_2. As an application, we have B(W (ϖ_n)) ≃ B_{I0} (ϖ_n).

6. Finite dimensional crystals – exceptional types

In this section we treat all exceptional cases (except some nodes of type E^{(1)}_7 , E^{(1)}_8 , and for one node of type E^{(2)}_6 where we do not get the decomposition in I_0-crystals at this moment). We enumerate the nodes of the Dynkin diagram as explained in section 3.2.

6.1. Type E^{(1)}_n . Recall V_{I0} (λ) denotes the irreducible U_q (g_{I0} )-module with the highest weight λ. To save the space, we write i_p instead of Y_{i,p} in some places.

6.1.1. Let ℓ be a nonzero vertex with a_ℓ = 1, i.e., ℓ = 1 or 5 for E^{(1)}_6 and ℓ = 6 for E^{(1)}_7 . In these cases it is known that the corresponding level 0 fundamental representation W (ϖ_ℓ) is restricted to the irreducible U_q(g_{I0} )-module V_{I0} (ϖ_ℓ). Let us consider M(M) for M = Y_{ℓ,0}Y^{−1}_{0,θℓ} where θ_ℓ is the distance of 0 and ℓ. By Corollary 3.3 we have M(M) ≃ B(ϖ_ℓ). Moreover an explicit calculation shows that Y_{ℓ,p}Y^{−1}_{0,θℓ+p} = τ_p(M) appears in M(M) where p = 6 for E^{(1)}_6 and p = 8 for E^{(1)}_7 . By the weight calculation we have z_ℓ = τ_{−p}. Hence M(M)/τ_p ≃ B(W (ϖ_ℓ)). We can check that all monomials are connected to some τ^N_p (M) in the I_0-crystal. This recovers the above mentioned result that W (ϖ_ℓ) is restricted to V_{I0} (ϖ_ℓ).

Let us explain the E^{(1)}_6 case for an illustration. Let M = Y_{5,0}Y^{−1}_{0,4} . Then a calculation shows that the following 27 monomials appear in B_{I0} (M):

5_00^{−1}_4 , 4_15^{−1}_2 0^{−1}_4 , 3_24^{−1}_3 0^{−1}_4 , 6_32_33^{−1}_4 0^{−1}_4 , 6^{−1}_5 2_3, 1_46_32^{−1}_5 0^{−1}_4 , 1_46^{−1}_5 2^{−1}_5 3_4, 1^{−1}_6 6_30^{−1}_4 , 1^{−1}_6 6^{−1}_5 3_4, 1_43^{−1}_6 4_5, 1^{−1}_6 2_53^{−1}_6 4_5, 1_44^{−1}_7 5_6, 2^{−1}_7 4_5, 1^{−1}_6 2_54^{−1}_7 5_6, 1_45^{−1}_8 , 2^{−1}_7 3_64^{−1}_7 5_6, 1^{−1}_6 2_55^{−1}_8 , 6_73^{−1}_8 5_6, 2^{−1}_7 3_65^{−1}_8 , 6^{−1}_9 5_60_8, 6_73^{−1}_8 4_75^{−1}_8 , 6^{−1}_9 4_75^{−1}_8 0_8, 6_74^{−1}_9 , 6^{−1}_9 3_84^{−1}_9 0_8, 2_93^{−1}_{10} 0_8, 1_{10}2^{−1}_{11} 0_8, 1^{−1}_{12} 0_8.

Applying f̃_0 to 6^{−1}_9 5_60_8, we get 5_60^{−1}_{10} = τ_6(M). It is also clear that all monomials are connected to either M or its τ_6-images in the I_0-crystal.

Remark 6.1. (1) For a level 0 fundamental representation W (ϖ_ℓ) the corresponding quiver varieties are moduli spaces of vector bundles of rank a_ℓ on ALE spaces. In particular, they are moduli spaces of line bundles for the cases studied here. Then each component is a single point, and it is a geometric reason why W (ϖ_ℓ) is restricted to the irreducible representation of U_q (g_{I0} ).

(2) This crystal has been studied in [27].

6.1.2. Let ℓ be the vertex adjacent to the vertex 0, i.e., ℓ = 6 for E^{(1)}_6 , 1 for E^{(1)}_7 and E^{(1)}_8 . We have a_ℓ = 2. It is known that W (ϖ_ℓ) is restricted to the direct sum of the adjoint representation V_{I0} (ϖ_ℓ) and the trivial representation V_{I0} (0) of U_q(g_{I0} ). We can check this, for example, by using the algorithm for the t–analog of q–characters [29]. All the coefficients of monomials are 1 except one, whose coefficient is 1 + t^2. The exceptional monomial is Y_{3,5}Y^{−1}_{3,7} for E^{(1)}_6 , Y_{3,8}Y^{−1}_{3,10} for E^{(1)}_7 and Y_{5,14}Y^{−1}_{5,16} for E^{(1)}_8 , if the l–highest weight monomial is Y_{ℓ,0}.

Let M = Y_{ℓ,0}Y^{−1}_{0,1} Y^{−1}_{0,p} where p = 5 for E^{(1)}_6 , 7 for E^{(1)}_7 and 11 for E^{(1)}_8 . We have

E_6 : f̃_3f̃_6M = Y_{4,2}Y_{2,2}Y^{−1}_{3,3} Y^{−1}_{0,5} ,

E_7 : f̃_3f̃_2f̃_1M = Y_{7,3}Y_{4,3}Y^{−1}_{3,4} Y^{−1}_{0,7} ,

E_8 : f̃_5f̃_4f̃_3f̃_2f̃_1M = Y_{6,5}Y_{8,5}Y^{−1}_{5,6} Y^{−1}_{0,11}.

By the same argument as in the proof of Proposition 3.4, we see that M is extremal. Therefore M(M) ≃ B(ϖ_ℓ). A direct calculation shows that the monomial corresponding to the lowest weight vector in the adjoint representation is m = Y^{−1}_{ℓ,h}∨ Y_{0,h}∨_{−p}Y_{0,h}∨_{−1} where h^∨ is the dual Coxeter number, i.e., h^∨ = 12 for E^{(1)}_6 , 18 for E^{(1)}_7 and 30 for E^{(1)}_8 . Applying f̃_0 to m, we get Y_{0,h}∨_{−p}Y^{−1}_{0,h}∨_{+1}, which corresponds to the trivial representation.

We have f̃_0ẽ_ℓm = Y^{−1}_{0,h}∨_{−p+2}Y_{ℓ,h}∨_{−p+1}Y_{ℓ,h}∨_{−2}Y^{−1}_{i,h}∨_{−1}, where i is the vertex adjacent to ℓ different from 0. A direct calculation shows that

Y^{−1}_{0,(h∨−p+3)/2}Y_{ℓ,(h}∨_{−p+1)/2}Y_{ℓ,(h}∨_{+p−5)/2}Y^{−1}_{i,(h∨+p−3)/2} = τ_{−(h}∨_{−p+1)/2}(f̃_0ẽ_ℓm)

is in M_{I0} (M). (Note that (h^∨ − p + 1)/2 is 4 for E^{(1)}_6 , 6 for E^{(1)}_7 and 10 for E^{(1)}_8 .) Therefore τ_{(h}∨_{−p+1)/2}(M) is contained in M(M). The weight of τ_{(h}∨_{−p+1)/2}(M) is equal to wt(M) − δ. Therefore this is z^{−1}_ℓ (M) and we have τ_{(h}∨_{−p+1)/2} = z^{−1}_ℓ and M(M)/τ_{(h}∨_{−p+1)/2} ≃ B(W (ϖ_ℓ)).

We can also check that M(M)/τ_{(h}∨_{−p+1)/2} ≃ M_{I0} (M) ⊔ {Y_{0,h}∨_{−p}Y^{−1}_{0,h}∨_{+1}}. Therefore we recover that W (ϖ_ℓ) is restricted to V_{I0} (ϖ_ℓ) ⊕ V_{I0} (0).

Let us give E^{(1)}_6 case for an illustration. The following monomials appear in B_{I0} (6_00^{−1}_1 0^{−1}_5 ):

6_00^{−1}_1 0^{−1}_5 , 6^{−1}_2 3_10^{−1}_5 , 2_23^{−1}_3 4_20^{−1}_5 , 1_32^{−1}_4 4_20^{−1}_5 , 2_24^{−1}_4 5_30^{−1}_5 , 1^{−1}_5 4_20^{−1}_5 , 1_32^{−1}_4 3_34^{−1}_4 5_30^{−1}_5 , 2_25^{−1}_5 0^{−1}_5 , 1^{−1}_5 3_34^{−1}_4 5_30^{−1}_5 , 1_36_43^{−1}_5 5_30^{−1}_5 , 1_32^{−1}_4 3_35^{−1}_5 0^{−1}_5 , 1^{−1}_5 6_42_43^{−1}_5 5_30^{−1}_5 , 1^{−1}_5 3_35^{−1}_5 0^{−1}_5 , 1_36^{−1}_6 5_3, 1_36_43^{−1}_5 4_45^{−1}_5 0^{−1}_5 , 1^{−1}_5 6^{−1}_6 2_45_3, 6_42^{−1}_6 5_30^{−1}_5 , 1^{−1}_5 6_42_43^{−1}_5 4_45^{−1}_5 0^{−1}_5 , 1_36^{−1}_6 4_45^{−1}_5 , 1_36_44^{−1}_6 0^{−1}_5 , 6^{−1}_6 2^{−1}_6 3_55_3, 1^{−1}_5 6^{−1}_6 2_44_45^{−1}_5 , 6_42^{−1}_6 4_45^{−1}_5 0^{−1}_5 , 1^{−1}_5 6_42_44^{−1}_6 0^{−1}_5 , 1_36^{−1}_6 3_54^{−1}_6 , 3^{−1}_7 4_65_3, 6^{−1}_6 2^{−1}_6 3_54_45^{−1}_5 , 1^{−1}_5 6^{−1}_6 2_43_54^{−1}_6 , 6_42^{−1}_6 3_54^{−1}_6 0^{−1}_5 , 1_32_63^{−1}_7 , 4^{−1}_8 5_35_7, 3^{−1}_7 4_44_65^{−1}_5 , 6^{−1}_6 2^{−1}_6 3^2_54^{−1}_6 , 1^{−1}_5 2_42_63^{−1}_7 , 6_46_63^{−1}_7 0^{−1}_5 , 1_31_72^{−1}_8 , 5_35^{−1}_9 , 4_44^{−1}_8 5^{−1}_5 5_7, 3_53^{−1}_7 , 1^{−1}_5 1_72_42^{−1}_8 , 6_46^{−1}_8 0^{−1}_5 , 1_31^{−1}_9 , 4_45^{−1}_5 5^{−1}_9 , 3_54^{−1}_6 4^{−1}_8 5_7, 6_62_63^{−2}_7 4_6, 1_72^{−1}_6 2^{−1}_8 3_5, 6^{−1}_6 6^{−1}_8 3_50_7, 1^{−1}_5 1^{−1}_9 2_4, 3_54^{−1}_6 5^{−1}_9 , 6_62_63^{−1}_7 4^{−1}_8 5_7, 6^{−1}_8 2_63^{−1}_7 4_60_7, 1_76_62^{−1}_8 3^{−1}_7 4_6, 1^{−1}_9 2^{−1}_6 3_5, 6_62_63^{−1}_7 5^{−1}_9 , 6^{−1}_8 2_64^{−1}_8 5_70_7, 1_76^{−1}_8 2^{−1}_8 4_60_7, 1_76_62^{−1}_8 4^{−1}_8 5_7, 1^{−1}_9 6_63^{−1}_7 4_6, 6^{−1}_8 2_65^{−1}_9 0_7, 1_76^{−1}_8 2^{−1}_8 3_74^{−1}_8 5_70_7, 1^{−1}_9 6^{−1}_8 4_60_7, 1_76_62^{−1}_8 5^{−1}_9 , 1^{−1}_9 6_64^{−1}_8 5_7, 1_76^{−1}_8 2^{−1}_8 3_75^{−1}_9 0_7, 1^{−1}_9 6^{−1}_8 3_74^{−1}_8 5_70_7, 1_73^{−1}_9 5_70_7, 1^{−1}_9 6_65^{−1}_9 , 1^{−1}_9 6^{−1}_8 3_75^{−1}_9 0_7, 1^{−1}_9 2_83^{−1}_9 5_70_7, 1_73^{−1}_9 4_85^{−1}_9 0_7, 1^{−1}_9 2_83^{−1}_9 4_85^{−1}_9 0_7, 2^{−1}_{10} 5_70_7, 1_74^{−1}_{10} 0_7, 2^{−1}_{10} 4_85^{−1}_9 0_7, 1^{−1}_9 2_84^{−1}_{10} 0_7, 2^{−1}_{10} 3_94^{−1}_{10} 0_7, 6_{10}3^{−1}_{11} 0_7, 6^{−1}_{12} 0_70_{11}.

There is 6_46_63^{−1}_7 0^{−1}_5 as claimed. We can also check that all monomials are connected to either M, 0_70^{−1}_{13} or their τ_4-images in the I_0-crystal.

Remark 6.2. (1) In this example, the corresponding quiver varieties are either a single point or an ALE space of type E_n. The graded quiver varieties, which are fixed point sets of a C^∗-action, are single points or a complex projective line. The latter gives the monomial with coefficient 1 + t^2.

(2) The crystal structure here is isomorphic to one studied recently in [3]. As the crystal graph is connected, we conclude that the crystal base constructed in [3] are isomorphic to B(W (ϖ_ℓ)).

6.1.3. Let g = E^{(1)}_6 and ℓ = 2. The t–analog of q–character of W (ϖ_2) has 351 monomials among which the following 27 monomials have coefficients 1 + t^2 and others have 1:

3_33^{−1}_5 5_3, 3_33^{−1}_5 4_45^{−1}_5 , 3_34^{−1}_6 , 6_42_43^{−1}_5 4_44^{−1}_6 , 6^{−1}_6 2_44_44^{−1}_6 , 1_56_42^{−1}_6 4_44^{−1}_6 , 1_56^{−1}_6 2^{−1}_6 3_54_44^{−1}_6 , 1^{−1}_7 6_44_44^{−1}_6 , 1^{−1}_7 6^{−1}_6 3_54_44^{−1}_6 , 1_53^{−1}_7 4_4, 1^{−1}_7 2_63^{−1}_7 4_4, 1_53_53^{−1}_7 4^{−1}_6 5_5, 2^{−1}_8 4_4, 1^{−1}_7 2_63_53^{−1}_7 4^{−1}_6 5_5, 1_53_53^{−1}_7 5^{−1}_7 , 2^{−1}_8 3_54^{−1}_6 5_5, 1^{−1}_7 2_63_53^{−1}_7 5^{−1}_7 , 2^{−1}_8 3_55^{−1}_7 , 6_62_62^{−1}_8 3^{−1}_7 5_5, 6_62_62^{−1}_8 3^{−1}_7 4_65^{−1}_7 , 6^{−1}_8 2_62^{−1}_8 5_5, 6^{−1}_8 2_62^{−1}_8 4_65^{−1}_7 , 6_62_62^{−1}_8 4^{−1}_8 , 6^{−1}_8 2_62^{−1}_8 3_74^{−1}_8 , 2_63^{−1}_9 , 1_72^{−1}_8 3_73^{−1}_9 , 1^{−1}_9 3_73^{−1}_9 .

>From this (or by other methods) we can see that W (ϖ_2) is restricted to V_{I0} (ϖ_2) ⊕ V_{I0} (ϖ_5).

Let us consider the monomial crystal M(M) with M = 2_00^{−1}_3 0^{−1}_5 . >From f̃_6f̃_3f̃_2M = 1_14_26^{−1}_4 0^{−1}_5 , we see that M is extremal by the argument in the proof of Proposition 3.4. Therefore M(M) ≃ B(ϖ_2).

There is a monomial

m = 1_56^{−1}_6 6^{−1}_8 4_40_7 = f̃_6f̃_6f̃_3f̃_2f̃_3f̃_2f̃_1f̃_4f̃_5f̃_3f̃_4f̃_6f̃_3f̃_2M

in M_{I0} (M). We have ẽ_2ẽ_3ẽ_6f̃_0m = 1^{−1}_3 1_52_20^{−1}_5 0^{−1}_9 . By the weight calculation, we find that this is z^{−1}_ℓ (M). Let us denote this by M_1.

In M_{I0} (M_1) we can find a monomial

m^′ = 1_76^{−2}_{10} 4_80_9 = f̃_6f̃_6f̃_3f̃_2f̃_3f̃_2f̃_1f̃_4f̃_5f̃_3f̃_4f̃_6f̃_3f̃_2M_1.

We have ẽ_2ẽ_3ẽ_6f̃_0m^′ = 2_60^{−1}_9 0^{−1}_{11} = τ_6(M). This is equal to z^{−2}_ℓ (M).

We have

5_30^{−1}_{11} = ẽ_5ẽ_4ẽ_3ẽ_6ẽ_0 · τ_6(M)

in M(M). Write this M_{0;1}. Then M_{I0} (M_{0;1}) consists of the following 27 monomials:

5_30^{−1}_{11} , 4_45^{−1}_5 0^{−1}_{11} , 3_54^{−1}_6 0^{−1}_{11} , 6_62_63^{−1}_7 0^{−1}_{11} , 6^{−1}_8 2_60_70^{−1}_{11} , 1_76_62^{−1}_8 0^{−1}_{11} , 1_76^{−1}_8 2^{−1}_8 3_70_70^{−1}_{11} , 1^{−1}_9 6_60^{−1}_{11} , 1^{−1}_9 6^{−1}_8 3_70_70^{−1}_{11} , 1_73^{−1}_9 4_80_70^{−1}_{11} , 1^{−1}_9 2_83^{−1}_9 4_80_70^{−1}_{11} , 1_74^{−1}_{10} 5_90_70^{−1}_{11} , 2^{−1}_{10} 4_80_70^{−1}_{11} , 1^{−1}_9 2_84^{−1}_{10} 5_90_70^{−1}_{11} , 1_75^{−1}_{11} 0_70^{−1}_{11} , 2^{−1}_{10} 3_94^{−1}_{10} 5_90_70^{−1}_{11} , 1^{−1}_9 2_85^{−1}_{11} 0_70^{−1}_{11} , 2^{−1}_{10} 3_95^{−1}_{11} 0_70^{−1}_{11} , 6_{10}3^{−1}_{11} 5_90_70^{−1}_{11} , 6_{10}3^{−1}_{11} 4_{10}5^{−1}_{11} 0_70^{−1}_{11} , 6^{−1}_{12} 5_90_70^{−1}_{11} , 6^{−1}_{12} 4_{10}5^{−1}_{11} 0_7, 6_{10}4^{−1}_{12} 0_70^{−1}_{11} , 6^{−1}_{12} 3_{11}4^{−1}_{12} 0_7, 2_{12}3^{−1}_{13} 0_7, 1_{13}2^{−1}_{14} 0_7, 1^{−1}_{15} 0_7.

We have ẽ_5ẽ_4ẽ_3ẽ_6ẽ_0·M_1 = 1^{−1}_3 1_55_{−1}0^{−1}_9 . Set this M_{1;1}. Then M_{I0} (M_{1;1}) consists of 1^{−1}_3 1_55_{−1}0^{−1}_9 , 1^{−1}_3 1_54_05^{−1}_1 0^{−1}_9 , 1^{−1}_3 1_53_14^{−1}_2 0^{−1}_9 , 1^{−1}_3 1_52_23^{−1}_3 6_20^{−1}_9 , 1^{−1}_3 1_52_26^{−1}_4 0^{−1}_9 , 1_52^{−1}_4 6_20^{−1}_9 , 1_52^{−1}_4 3_36^{−1}_4 0_30^{−1}_9 , 1^{−1}_7 2^{−1}_4 2_66_20^{−1}_9 , 1^{−1}_7 2^{−1}_4 2_63_36^{−1}_4 0_30^{−1}_9 , 1_53^{−1}_5 4_40_30^{−1}_9 , 1^{−1}_7 2_63^{−1}_5 4_40_30^{−1}_9 , 1_54^{−1}_6 5_50_30^{−1}_9 , 2^{−1}_8 3^{−1}_5 3_74_40_30^{−1}_9 , 1^{−1}_7 2_64^{−1}_6 5_50_30^{−1}_9 , 1_55^{−1}_7 0_30^{−1}_9 , 2^{−1}_8 3_74^{−1}_6 5_50_30^{−1}_9 , 1^{−1}_7 2_65^{−1}_7 0_30^{−1}_9 , 2^{−1}_8 3_75^{−1}_7 0_30^{−1}_9 , 3^{−1}_9 4^{−1}_6 4_85_56_80_30^{−1}_9 , 3^{−1}_9 4_85^{−1}_7 6_80_30^{−1}_9 , 4^{−1}_6 4_85_56^{−1}_{10} 0_3, 4_85^{−1}_7 6^{−1}_{10} 0_3, 4^{−1}_{10} 5^{−1}_7 5_96_80_30^{−1}_9 , 3_94^{−1}_{10} 5^{−1}_7 5_96^{−1}_{10} 0_3, 2_{10}3^{−1}_{11} 5^{−1}_7 5_90_3, 1_{11}2^{−1}_{12} 5^{−1}_7 5_90_3, 1^{−1}_{13} 5^{−1}_7 5_90_3.

These have different weights, so there is only one way to make a bijection to the above polynomials with coefficients 1 + t^2 preserving weights. It is the bijection given in order.

Also it should be possible to make the bijection between M_{I0} (M) and M_{I0} (M_1) explicit, though we do not do here, as both are 351 monomials.

Thus we have

M(M)/τ_6 ≃ M_{I0} (M) ⊔ M_{I0} (M_1) ⊔ M_{I0} (M_{0;1}) ⊔ M_{I0} (M_{1;1}),

and we have a crystal isomorphism τ interchanging M_{I0} (M) ↔ M_{I0} (M_1) and M_{I0} (M_{0;1}) ↔ M_{I0} (M_{1;1}). These follow from the known results, but should be possible to check directly from the above computation.

6.1.4. Let g = E^{(1)}_6 and ℓ = 3. It is known that W (ϖ_3) restricts to V_{I0} (ϖ_3) ⊕ V_{I0} (ϖ_6)^{⊕2} ⊕ V_{I0} (ϖ_1 + ϖ_5) ⊕ V_{I0} (0) as a U_q (g_{I0} )-module.

Let M = 3_00^{−1}_2 0^{−1}_4 0^{−1}_6 . We have

m = f̃_6f̃^2_3 f̃_6f̃_4f̃_2f̃_3M = 1_22_33^{−1}_4 4_35_26^{−1}_5 0^{−1}_6 .

By the same argument as in the proof of Proposition 3.4, we see that M is extremal. Therefore M(M) ≃ B(ϖ_3).

We have

m^′ = ẽ_3f̃^2_6 f̃^3_3 f̃^2_4 f̃^2_2 f̃_5f̃_1m = 1_43_45_46^{−1}_5 6^{−2}_7 0_6

in M_{I0} (M). Then

ẽ_3ẽ_4ẽ_2ẽ_3ẽ_6ẽ_6f̃_0m^′ = 3_20^{−1}_4 0^{−1}_6 0^{−1}_8 = τ_2(M).

By the weight calculation, this is z^{−1}_ℓ (M), so we have z_ℓ = τ_{−2} and M(M)/τ_2 ≃ B(W (ϖ_ℓ)). Let M_1 = ẽ_6ẽ_0τ_2(M) = 6_10^{−1}_6 0^{−1}_8 .

Then M_{I0} (M_1) is the crystal of the adjoint representation of g_{I0} . By 6.1.2 the lowest weight vector is 6^{−1}_{13} 0_80_{12} ×0_20^{−1}_8 = 6^{−1}_{13} 0_20_{12}. Applying τ_{−2}f̃_0, we get M_2 = 0_00^{−1}_{12} . Applying f̃_0 again, we get M_3 = 6_10^{−1}_2 0^{−1}_{12} . Looking at monomials in 6.1.2, we find 1_46^{−1}_7 5_40_60^{−1}_{12} in M_{I0} (M_3). Applying f̃_0, we get M_4 = 1_45_40^{−1}_8 0^{−1}_{12} . This monomial generates the I_0-crystal of V_{I0} (ϖ_1 + ϖ_5).

Thus

M(M)/τ_2 = M_{I0} (M) ⊔ M_{I0} (M_1) ⊔ M_{I0} (M_2) ⊔ M_{I0} (M_3) ⊔ M_{I0} (M_4).

This follows from Res W_0(ϖ_3) ≃ V_{I0} (ϖ_3) ⊕ V_{I0} (ϖ_6)^{⊕2} ⊕ V_{I0} (ϖ_1 + ϖ_5) ⊕ V_{I0} (0), but it is probably possible to check directly from the above computation.

Remark 6.3. The authors do not find the last two examples in the literature. One can probably check their perfectness, though we have not done yet.

6.2. Type G^{(1)}_2 .

6.2.1. First we consider ℓ = 1. Let M = Y_{1,0}Y^{−1}_{0,1} Y^{−1}_{0,3} . As f̃_1(M) = Y^{−1}_{1,2} Y^3_{2,1}Y^{−1}_{0,3} , we see as in Proposition 3.4 that M(M) ≃ B(ϖ_ℓ).

As ẽ_1ẽ^3_2ẽ^2_1ẽ_0f̃_1M = τ_{−2}(M), M(M) is preserved under τ_{−2}. It has weight δ, so z_ℓ = τ_{−2} and hence M(m)/τ_2 ≃ B(W (ϖ_ℓ)).

Let M^′ = ẽ_0(M) = Y_{0,−1}Y^{−1}_{0,3} . We have M_{I0} (M^′) = {M^′}. The following 14 monomials appear in M_{I0} (M):

1_00^{−1}_1 0^{−1}_3 , 2^3_11^{−1}_2 0^{−1}_3 , 2^2_12^{−1}_3 0^{−1}_3 , 2_12^{−2}_3 1_20^{−1}_3 , 2^{−3}_3 1^20^{−1}_3 , 2_12_31^{−1}_4 , 1_21^{−1}_4 , 2_12^{−1}_5 , 1^{−2}_4 2^30_3, 2^{−1}_3 2^{−1}_5 1_2, 2^2_32^{−1}_5 1^{−1}_4 0_3, 2_32^{−2}_5 0_3, 2^{−3}_5 0_31_4, 0_30_51^{−1}_6 .

By direct calculation, we find that these 14 monomials and M^′ are all monomials of M(M)/τ_2. As an application, we get

B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ) ⊔ B_{I0} (0).

This crystal was described in [38, 3]. The crystal base is isomorphic to ours by the same reason as in 6.1.2.

6.2.2. Now we consider the case ℓ = 2. Let M = Y_{2,0}Y^{−1}_{0,2} . It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). The following 7 monomials appear in M_{I0} (M):

M = 2_00^{−1}_2 , m_2 = 1_12^{−1}_2 0^{−1}_2 , m_3 = 1^{−1}_3 2^2, m_4 = 2_22^{−1}_4 , m_5 = 2^{−2}_4 1_3, m_6 = 1^{−1}_5 2_40_4, m_7 = 2^{−1}_6 0_4.

The crystal graph of M(M) is given in Figure 9. We find z_ℓ = τ_{−4} and M(M)/τ_4 = M_{I0} (M).

The authors do not find a description of this crystal structure in the literature (probably because it is not perfect), but one can easily obtain it from the description of its I_0-crystal structure in [16].

M m2 m3 m4 m5 m6 m7

2 1 2 2 1 2

0[4]

0[4]

Figure 9. (Type G^{(1)}_2 ) the crystal B(ϖ_2)

6.3. Type F^{(1)}_4 .

6.3.1. First let ℓ = 1 and M = Y_{1,0}Y^{−1}_{0,1} Y^{−1}_{0,5} . We have f̃_2f̃_1M = Y^{−1}_{0,5} Y^{−1}_{2,3} Y^2_{3,2} and so we see as in Proposition 3.4 that M(M) ≃ B(ϖ_ℓ). As ẽ_1ẽ_2ẽ^2_3ẽ^2_4ẽ_2ẽ_3ẽ_3ẽ_2ẽ_1ẽ_1ẽ_0f̃_1M = τ_{−4}(M), M(M) is preserved under τ_4, which has weight δ. Therefore we have z_ℓ = τ_{−4} and M(m)/τ_4 ≃ B(W (ϖ_ℓ)).

Let M^′ = ẽ_0(M) = Y_{0,−1}Y^{−1}_{0,5} . We have M_{I0} (M^′) = {M^′}. The following 52 monomials appear in M_{I0} (M):

1_00^{−1}_1 0^{−1}_5 , 1^{−1}_2 2_10^{−1}_5 , 2^{−1}_3 3^20^{−1}_5 , 3_23^{−1}_4 4_30^{−1}_5 , 2_33^{−2}_4 4^2_30^{−1}_5 , 3_24^{−1}_5 0^{−1}_5 , 1_42^{−1}_5 4^2_30^{−1}_5 , 2_33^{−1}_4 4_34^{−1}_5 0^{−1}_5 , 1^{−1}_6 4^2_3, 1_42^{−1}_5 4_34^{−1}_5 3_40^{−1}_5 , 2_34^{−2}_5 0^{−1}_5 , 1^{−1}_6 3_44_34^{−1}_5 , 1_42^{−1}_5 4^{−2}_5 3^2_40^{−1}_5 , 1_43^{−1}_6 4_30^{−1}_5 , 1^{−1}_6 2_53^{−1}_6 4_3, 1^{−1}_6 3^2_44^{−2}_5 , 1_43_43^{−1}_6 4^{−1}_5 0^{−1}_5 , 2^{−1}_7 3_64_3, 1^{−1}_6 2_53^{−1}_6 3_44^{−1}_5 , 1_42_53^{−2}_6 0^{−1}_5 , 3^{−1}_8 4_74_3, 2^{−1}_7 3_63_44^{−1}_5 , 1^{−1}_6 2^2_53^{−2}_6 , 1_41_62^{−1}_7 0^{−1}_5 , 4^{−1}_9 4_3, 3^{−1}_8 3_44^{−1}_5 4_7, 2_52^{−1}_7 , 1_41^{−1}_8 0_70^{−1}_5 , 3_44^{−1}_5 4^{−1}_9 , 2_53^{−1}_6 3^{−1}_8 4_7, 1_62^{−2}_7 3^2_6, 1^{−1}_6 1^{−1}_8 2_50_7, 2_53^{−1}_6 4^{−1}_9 , 0_71^{−1}_8 2^{−1}_7 3^2_6, 1_62^{−1}_7 3_63^{−1}_8 4_7,

1_62^{−1}_7 3_64^{−1}_9 , 1^{−1}_8 3_63^{−1}_8 4_70_7, 1_63^{−2}_8 4^2_7, 1^{−1}_8 3_64^{−1}_9 0_7, 1_63^{−1}_8 4_74^{−1}_9 , 1^{−1}_8 2_73^{−2}_8 4^2_70_7, 1^{−1}_8 2_73^{−1}_8 4_74^{−1}_9 0_7, 1_64^{−2}_9 , 2^{−1}_9 4^2_70_7, 2^{−1}_9 3_84_74^{−1}_9 0_7, 1^{−1}_8 2_74^{−2}_9 0_7, 3^{−1}_{10} 4_70_7, 2^{−1}_9 3^2_84^{−2}_9 0_7, 3_83^{−1}_{10} 4^{−1}_9 0_7, 2_93^{−2}_{10} 0_7, 1_{10}2^{−1}_{11} 0_7, 1^{−1}_{12} 0_70_{11}.

These 52 monomials, M^′ and their τ_4-images are all monomials of M(M). As an application we have

B(W (ϖ_1)) ≃ B_{I0} (ϖ_1) ⊔ B_{I0} (0).

The crystal base is isomorphic to one in [3] by the same reason as in 6.1.2.

6.3.2. Let us consider ℓ = 2 and M = Y_{2,0}Y^{−1}_{0,2} Y^{−1}_{0,4} Y^{−1}_{0,6} . We have f̃_1f̃^2_2 f̃^2_3 f̃_1f̃_2M = Y^2_{4,2}Y^2_{3,3}Y^{−1}_{2,4} Y^{−1}_{1,5} Y^{−1}_{0,6} and so we see as in Proposition 3.4 that M(M) ≃ B(ϖ_ℓ). As ẽ_2ẽ^2_3ẽ_2ẽ^2_1ẽ_2ẽ^2_4ẽ^4_3ẽ^3_2ẽ^2_1ẽ_0f̃_1f̃^2_2 f̃^2_3 f̃_1f̃_2M = τ_{−2}(M), M(M) is preserved under τ_2, which has weight δ. Therefore M(M)/τ_2 ≃ B(W (ϖ_ℓ)).

Let M_2 = ẽ_1ẽ_0M = Y^{−1}_{0,4} Y^{−1}_{0,6} Y_{1,−1}. The following 52 monomials appear in M_{I0} (M_2):

1_{−1}0^{−1}_4 0^{−1}_6 , 1^{−1}_1 2_00_00^{−1}_4 0^{−1}_6 , 2^{−1}_2 3^2_10_00^{−1}_4 0^{−1}_6 , 3_13^{−1}_3 4_20_00^{−1}_4 0^{−1}_6 , 2_23^{−2}_3 4^20_00^{−1}_4 0^{−1}_6 , 3_14^{−1}_4 0_00^{−1}_4 0^{−1}_6 , 1_32^{−1}_4 4^20_00^{−1}_4 0^{−1}_6 , 2_23^{−1}_3 4_24^{−1}_4 0_00^{−1}_4 0^{−1}_6 , 1^{−1}_5 4^20_00^{−1}_6 , 1_32^{−1}_4 4_24^{−1}_4 3_30^{−1}_5 0_00^{−1}_4 0^{−1}_6 , 2_24^{−2}_4 0_00^{−1}_4 0^{−1}_6 , 1^{−1}_5 3_34_34^{−1}_4 0_00^{−1}_6 , 1_32^{−1}_4 4^{−2}_4 3^2_30^{−1}_5 0_00^{−1}_4 0^{−1}_6 , 1_33^{−1}_5 4_20^{−1}_5 0_00^{−1}_4 0^{−1}_6 , 1^{−1}_5 2_43^{−1}_5 4_20_00^{−1}_6 , 1^{−1}_5 3^2_34^{−2}_4 0_00^{−1}_6 , 1_33_33^{−1}_5 4^{−1}_4 0_00^{−1}_4 0^{−1}_6 , 2^{−1}_6 3_54_20_00^{−1}_6 , 1^{−1}_5 2_43^{−1}_5 3_34^{−1}_4 0_00^{−1}_6 , 1_32_43^{−2}_5 0^{−1}_5 0_00^{−1}_4 0^{−1}_6 , 3^{−1}_7 4_64_20_00^{−1}_6 , 2^{−1}_6 3_53_34^{−1}_4 0_00^{−1}_6 , 1^{−1}_5 2^2_43^{−2}_5 0_00^{−1}_6 , 1_31_52^{−1}_6 0^{−1}_5 0_00^{−1}_4 0^{−1}_6 , 4^{−1}_8 4_20_00^{−1}_6 , 3^{−1}_7 3_34^{−1}_4 4_60_00^{−1}_6 , 2_42^{−1}_6 0_00^{−1}_6 , 1_31^{−1}_7 0_00^{−1}_6 , 3_34^{−1}_4 4^{−1}_8 0_00^{−1}_6 , 2_43^{−1}_5 3^{−1}_7 4_60_00^{−1}_6 , 1_52^{−2}_6 3^2_50_00^{−1}_6 , 1^{−1}_5 1^{−1}_7 2_40_00^{−1}_6 , 2_43^{−1}_5 4^{−1}_8 0_00^{−1}_6 , 1^{−1}_7 2^{−1}_6 3^2_50_0, 1_52^{−1}_6 3_53^{−1}_7 4_60_00^{−1}_6 , 1_52_6−13_54^{−1}_8 0_00^{−1}_6 , 1^{−1}_7 3_53^{−1}_7 4_60_0, 1_53^{−2}_7 4^2_60_00^{−1}_6 , 1^{−1}_7 3_54^{−1}_8 0_0, 1_53^{−1}_7 4_64^{−1}_8 0_00^{−1}_6 , 1^{−1}_7 2_63^{−2}_7 4^2_60_0, 1^{−1}_7 2_63^{−1}_7 4_64^{−1}_8 0_0, 1_54^{−2}_8 0_00^{−1}_6 , 2^{−1}_8 4^2_60_0, 2^{−1}_8 3_74_74^{−1}_8 0_0, 1^{−1}_7 2_64^{−2}_8 0_0, 3^{−1}_9 4_60_0, 2^{−1}_8 3^2_74^{−2}_8 0_0, 3_73^{−1}_9 4^{−1}_8 0_0, 2_83^{−2}_9 0_0, 1_92^{−1}_{10} 0_0, 1^{−1}_{11} 0_00_{10}.

Let M_3 = ẽ_1ẽ_2ẽ^2_3ẽ_2ẽ^2_4ẽ^2_3ẽ_2ẽ_1ẽ_0M_2 = Y_{1,−5}Y^{−1}_{0,6} Y^{−1}_{0,−4}. The following 52 monomials appear in M_{I0} (M_3):

1_{−5}0^{−1}_6 0^{−1}_{−4}, 1^{−1}_{−3}2_{−4}0^{−1}_6 , 2^{−1}_{−2}3^2_{−3}0^{−1}_6 , 3_{−3}3^{−1}_{−1}4_{−2}0^{−1}_6 , 2_{−2}3^{−2}_{−1}4^2_{−2}0^{−1}_6 , 3_{−3}4^{−1}_0 0^{−1}_6 , 1_{−1}2^{−1}_0 4^2_{−2}0^{−1}_6 , 2_{−2}3^{−1}_{−1}4_{−2}4^{−1}_0 0^{−1}_6 , 1^{−1}_1 4^2_{−2}0_00^{−1}_6 , 1_{−1}2^{−1}_0 4_{−2}4^{−1}_0 3_{−1}0^{−1}_6 , 2_{−2}4^{−2}_0 0^{−1}_6 , 1^{−1}_1 3_{−1}4_{−2}4^{−1}_0 0_00^{−1}_6 , 1_{−1}2^{−1}_0 4^{−2}_0 3^2_{−1}0^{−1}_6 , 1_{−1}3^{−1}_1 4_{−2}0^{−1}_6 , 1^{−1}_1 2_03^{−1}_1 4_{−2}0_00^{−1}_6 , 1^{−1}_1 3^2_{−1}4^{−2}_0 0_00^{−1}_6 , 1_{−1}3_{−1}3^{−1}_1 4^{−1}_0 0^{−1}_6 , 2^{−1}_2 3_14_{−2}0_00^{−1}_6 , 1^{−1}_1 2_03^{−1}_1 3_{−1}4^{−1}_0 0_00^{−1}_6 , 1_{−1}2_03^{−2}_1 0^{−1}_6 , 3^{−1}_3 4_24_{−2}0_00^{−1}_6 , 2^{−1}_2 3_13_{−1}4^{−1}_0 0_00^{−1}_6 , 1^{−1}_1 2^2_03^{−2}_1 0_00^{−1}_6 , 1_{−1}1_12^{−1}_2 0^{−1}_6 , 4^{−1}_4 4_{−2}0_00^{−1}_6 , 3^{−1}_3 3_{−1}4^{−1}_0 4_20_00^{−1}_6 , 2_02^{−1}_2 0_00^{−1}_6 , 1_{−1}1^{−1}_3 0_20^{−1}_6 , 3_{−1}4^{−1}_0 4^{−1}_4 0_00^{−1}_6 , 2_03^{−1}_1 3^{−1}_3 4_20_00^{−1}_6 , 1_12^{−2}_2 3^2_10_00^{−1}_6 , 1^{−1}_1 1^{−1}_3 2_00_20_00^{−1}_6 , 2_03^{−1}_1 4^{−1}_4 0_00^{−1}_6 , 1^{−1}_3 2^{−1}_2 3^2_10_00_20^{−1}_6 , 1_12^{−1}_2 3_13^{−1}_2 4_20_00^{−1}_6 , 1_12^{−1}_2 3_14^{−1}_4 0_00^{−1}_6 , 1^{−1}_3 3_13^{−1}_3 4_20_00_20^{−1}_6 , 1_13^{−2}_3 4^20_00^{−1}_6 , 1^{−1}_3 3_14^{−1}_4 0_20_00^{−1}_6 , 1_13^{−1}_3 4_24^{−1}_4 0_00^{−1}_6 , 1^{−1}_3 2_23^{−2}_3 4^20_20_00^{−1}_6 , 1^{−1}_3 2_23^{−1}_3 4_24^{−1}_4 0_20_00^{−1}_6 , 1_14^{−2}_4 0_00^{−1}_6 , 2^{−1}_4 4^20_20_00^{−1}_6 , 2^{−1}_4 3_34_24^{−1}_4 0_20_00^{−1}_6 , 1^{−1}_3 2_24^{−2}_4 0_20_00^{−1}_6 , 3^{−1}_5 4_20_20_00^{−1}_6 , 2^{−1}_4 3^2_34^{−2}_4 0_20_00^{−1}_6 , 3_33^{−1}_5 4^{−1}_4 0_20_00^{−1}_6 , 2_43^{−2}_5 0_20_00^{−1}_6 , 1_52^{−1}_6 0_20_00^{−1}_6 , 1^{−1}_7 0_20_0.

Let M_4 = ẽ_0M_3 = Y_{0,−6}Y^{−1}_{0,6} and M_5 = ẽ^2_4ẽ^2_3ẽ^2ẽ^2_1ẽ_0f̃_1f̃_2M = Y^2_{4,−2}Y^{−1}_{0,2} Y^{−1}_{0,6} . We have M_{I0} (M_4) = {M_4}. We do not give the list of monomials of M_{I0} (M) and M_{I0} (M_5) (a total of 1598 monomials).

All monomials of M(M)/τ_2 are connected to either M, M_2, M_3, M_4, M_5 in the I_0-crystal (it is possible to check from the above computation; or it also follows from ResW (ϖ_2) = V_{I0} (ϖ_2) ⊕ V_{I0} (ϖ_1)^{⊕2} ⊕ V_{I0} (0) ⊕ V_{I0} (2ϖ_4) ).

6.3.3. Let us consider ℓ = 3 and M = Y_{3,0}Y^{−1}_{0,3} Y^{−1}_{0,5} . We have f̃_1f̃_2f̃_3M = Y_{4,1}Y_{3,2}Y^{−1}_{1,4} Y^{−1}_{0,5} and so we see as in Proposition 3.4 that M(M) ≃ B(ϖ_ℓ). Let M_1 = ẽ_3ẽ_2ẽ_3ẽ^2_4ẽ_1ẽ_2ẽ^3ẽ^2ẽ^2_1ẽ_0f̃_1f̃_2f̃_3M = (Y_{4,−1}Y^{−1}_{4,−3})Y_{3,−4}Y^{−1}_{0,3} Y^{−1}_{0,−1}. This has weight wtM + δ and hence z_ℓ(M) = M_1. As

ẽ_3ẽ_2ẽ_3ẽ^2_4ẽ_1ẽ_2ẽ^3ẽ^2ẽ^2_1ẽ_0f̃_1f̃_2f̃_3M_1 = Y_{3,−6}Y^{−1}_{0,−1}Y^{−1}_{0,−3} = τ_{−6}(M),

M(m) is preserved under τ_6 and we have (z_ℓ)^{−2} = τ_6.

Let us define the monomials M_3 = ẽ_4ẽ_3ẽ_2ẽ_1ẽ_0M = Y^{−1}_{0,5} Y_{4,−3} and M_4 = ẽ_4ẽ_3ẽ_2ẽ_1ẽ_0M_1 = Y_{4,−1}Y^{−1}_{4,−3}Y_{4,−7}Y^{−1}_{0,3} . In particular, as z_ℓ is compatible with the operators ẽ_i, it follows from z_ℓ(M) = M_1 that z_ℓ(M_3) = M_4.

The following 26 monomials appear in M_{I0} (M_3):

4_{−3}0^{−1}_5 , 3_{−2}4^{−1}_{−1}0^{−1}_5 , 2_{−1}3^{−1}_0 0^{−1}_5 , 1_02^{−1}_1 3_00^{−1}_5 , 1_03^{−1}_2 4_10^{−1}_5 , 1^{−1}_2 3_00^{−1}_5 0_1, 1_04^{−1}_3 0^{−1}_5 , 1^{−1}_2 2_13^{−1}_2 4_10^{−1}_5 0_1, 1^{−1}_2 2_14^{−1}_3 0^{−1}_5 0_1, 2^{−1}_3 3_24_10^{−1}_5 0_1, 2^{−1}_3 3^24^{−1}_3 0^{−1}_5 0_1, 3^{−1}_4 4_14_30^{−1}_5 0_1, 3_23^{−1}_4 0^{−1}_5 0_1, 4_14^{−1}_5 0^{−1}_5 0_1, 2_33^{−2}_4 4_30^{−1}_5 0_1, 3_24^{−1}_3 4^{−1}_5 0^{−1}_5 0_1, 1_42^{−1}_5 4_30^{−1}_5 0_1, 2_33^{−1}_4 4^{−1}_5 0^{−1}_5 0_1, 1^{−1}_6 4_30_1, 1_42^{−1}_5 3_44^{−1}_5 0^{−1}_5 0_1, 1^{−1}_6 3_44^{−1}_8 0_1, 1_43^{−1}_6 0^{−1}_5 0_1, 1^{−1}_6 2_53^{−1}_6 0_1, 2^{−1}_7 3_60_1, 3^{−1}_8 4_70_1, 4^{−1}_9 0_1.

The following 26 monomials appear in M_{I0} (M_4):

4_{−1}4^{−1}_{−3}4_{−7}0^{−1}_3 , 3_{−6}4^{−1}_{−5}4_{−1}4^{−1}_{−3}0^{−1}_3 , 2_{−5}3^{−1}_{−4}4_{−1}4^{−1}_{−3}0^{−1}_3 , 1_{−4}2^{−1}_{−3}3_{−4}4_{−1}4^{−1}_{−3}0^{−1}_3 , 1_{−4}3^{−1}_{−2}4_{−1}0^{−1}_3 , 1^{−1}_{−2}3_{−4}4_{−1}4^{−1}_{−3}0_{−3}0^{−1}_3 , 1_{−4}3^{−1}_{−2}3_04^{−1}_1 0^{−1}_3 , 1^{−1}_{−2}2_{−3}3^{−1}_{−2}4_{−1}0_{−3}0^{−1}_3 , 1^{−1}_{−2}2_{−3}3^{−1}_{−2}3_04^{−1}_1 0_{−3}0^{−1}_3 , 2^{−1}_{−1}3_{−2}4_{−1}0_{−3}0^{−1}_3 , 2^{−1}_{−1}3_{−2}3_04^{−1}_1 0_{−3}0^{−1}_3 , 3^{−1}_0 4^2_{−1}0_{−3}0^{−1}_3 , 2^{−1}_{−1}2_13_{−2}3^{−1}_2 0_{−3}0^{−1}_3 , 4_{−1}4^{−1}_1 0_{−3}0^{−1}_3 , 2_13^{−1}_0 3^{−1}_2 4_{−1}0_{−3}0^{−1}_3 , 3_04^{−2}_1 0_{−3}0^{−1}_3 , 1_22^{−1}_3 3^{−1}_0 3_24_{−1}0_{−3}0^{−1}_3 , 2_13^{−1}_2 4^{−1}_1 0_{−3}0^{−1}_3 , 1^{−1}_4 3^{−1}_0 3_24_{−1}0_{−3}, 1_22^{−1}_3 3_24^{−1}_1 0_{−3}0^{−1}_3 , 1^{−1}_4 3_24^{−1}_1 0_{−3}, 1_23^{−1}_4 4^{−1}_1 4_30_{−3}0^{−1}_3 , 1^{−1}_4 2_33^{−1}_4 4^{−1}_1 4_30_{−3}, 2^{−1}_5 3_44^{−1}_1 4_30_{−3}, 3^{−1}_6 4_54^{−1}_1 4_30_{−3}, 4^{−1}_7 4^{−1}_1 4_30_{−3}.

The crystal isomorphism z_ℓ is given in order.

It should also be possible to make explicit the bijection between M_{I0} (M) and M_{I0} (M_1) (but to do not write it in the paper as there are 273 monomials).

All monomials of M(M)/τ_6 are connected to either M, M_1, M_3, M_4 in the I_0- crystal (it is possible to check from the above computation; this follows also from ResW_0(ϖ_3) = V_{I0} (ϖ_3) ⊕ V_{I0} (ϖ_4)).

6.3.4. Finally consider ℓ = 4 and M = Y_{4,0}Y^{−1}_{0,4} . It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). As ẽ_4ẽ_3ẽ_2ẽ_1ẽ_3ẽ_2ẽ_4ẽ^2_3ẽ_2ẽ_1ẽ_0M = τ_{−6}(M), M(M) is preserved under τ_6, which is of weight δ. So z_ℓ = τ_{−6} and M(M)/τ_6 ≃ B(W (ϖ_ℓ)).

The following 26 monomials appear in M_{I0} (M):

4_00^{−1}_4 , 3_14^{−1}_2 0^{−1}_4 , 2_23^{−1}_3 0^{−1}_4 , 1_32^{−1}_4 3_30^{−1}_4 , 1_33^{−1}_5 4_40^{−1}_4 , 1^{−1}_5 3_3, 1_34^{−1}_6 0^{−1}_4 , 1^{−1}_5 2_43^{−1}_5 4_4, 1^{−1}_5 2_44^{−1}_6 , 2^{−1}_6 3_54_4, 2^{−1}_6 3^2_54^{−1}_6 , 3^{−1}_7 4_44_6, 3_53^{−1}_7 , 4_44^{−1}_8 , 2_63^{−2}_7 4_6, 3_54^{−1}_6 4^{−1}_8 , 1_72^{−1}_8 4_6, 2_63^{−1}_7 4^{−1}_8 , 1^{−1}_9 4_60_8, 1_72^{−1}_8 3_74^{−1}_8 , 1^{−1}_9 3_74^{−1}_8 0_8, 1_73^{−1}_9 , 1^{−1}_9 2_83^{−1}_9 0_8, 2^{−1}_{10} 3_90_8, 3^{−1}_{11} 4_{10}0_8, 4^{−1}_{12} 0_8.

These are the monomials appearing in M(M)/τ_6. We thus have B(W (ϖ_ℓ)) ≃ B_{I0} (ϖ_ℓ).

Remark 6.4. The authors do not find the last three examples in the literature. One can probably check whether they are perfect or not, though we have not done yet.

6.4. Type E^{(2)}_6 .

6.4.1. First let ℓ = 1 and M = Y_{1,0}Y^{−1}_{0,1} Y^{−1}_{0,5} . We have f̃_2f̃_1M = Y^{−1}_{0,5} Y^{−1}_{2,3} Y_{3,2} and so we see as in Proposition 3.4 that M(M) ≃ B(ϖ_ℓ). As ẽ_1ẽ_2ẽ_3ẽ_4ẽ_2ẽ_3ẽ_2ẽ_1ẽ_1ẽ_0f̃_1M = τ_{−4}(M), M(m) is preserved under τ_4, which is of weight δ. Thus we have z_ℓ = τ_{−4} and M(m)/τ_4 ≃ B(W (ϖ_ℓ)).

Let M^′ = ẽ_0M = Y_{0,−1}Y^{−1}_{0,5} . We have M_{I0} (M^′) = {M^′}.

The following 26 monomials appear in M_{I0} (M):

1_00^{−1}_1 0^{−1}_5 , 2_11^{−1}_2 0^{−1}_5 , 3_22^{−1}_3 0^{−1}_5 , 4_33^{−1}_4 2_30^{−1}_5 , 4_32^{−1}_5 1_40^{−1}_5 , 4^{−1}_5 2_30^{−1}_5 , 4_31^{−1}_6 , 4^{−1}_5 3_42^{−1}_5 1_40^{−1}_5 , 4^{−1}_5 3_41^{−1}_6 , 3^{−1}_6 2_51_40^{−1}_5 , 3^{−1}_6 2^2_51^{−1}_6 , 2^{−1}_7 1_41_60^{−1}_5 , 2_52^{−1}_7 , 1_41^{−1}_8 0^{−1}_5 0_7, 3_62^{−2}_7 1_6, 2_51^{−1}_6 1^{−1}_8 0_7, 4_73^{−1}_8 1_6, 3_62^{−1}_7 1^{−1}_8 0_7, 4^{−1}_9 1_6, 4_73^{−1}_8 2_71^{−1}_8 0_7, 4^{−1}_9 2_71^{−1}_8 0_7, 4_72^{−1}_9 0_7, 4^{−1}_9 3_82^{−1}_9 0_7, 3^{−1}_{10} 2_90_7, 2^{−1}_{11} 1_{10}0_7, 1^{−1}_{12} 0_70_{11}.

These 26 monomials, M^′ are all monomials of M(M)/τ_4. As an application we have B(W (ϖ_1)) ≃ B_{I0} (ϖ_1) ⊔ B_{I0} (0).

The crystal structure here is isomorphic to one studied recently in [3]. As the crystal graph is connected, we conclude that the crystal base constructed in [3] are isomorphic to B(W (ϖ_ℓ)).

6.4.2. Now we consider ℓ = 2 and M = Y_{2,0}Y^{−1}_{0,2} Y^{−1}_{0,4} Y^{−1}_{0,6} . We have f̃_1f̃^2_2 f̃_3f̃_1f̃_2M = Y_{4,2}Y_{3,3}Y^{−1}_{2,4} Y^{−1}_{1,5} Y^{−1}_{0,6} and so we see as in Proposition 3.4 that M(M) ≃ B(ϖ_ℓ). As ẽ_2ẽ_3ẽ_2ẽ^2_1ẽ_2ẽ_4ẽ^2_3ẽ^3_2ẽ^2_1ẽ_0f̃_1f̃^2_2 f̃_3f̃_1f̃_2M = τ_{−2}(M), M(M) is preserved under τ_2, which is of weight δ. Therefore we have z_ℓ = τ_{−2} and M(M)/τ_2 ≃ B(W (ϖ_ℓ)).

Let M_2 = ẽ_1ẽ_0M = Y_{1,−1}Y^{−1}_{0,4} Y^{−1}_{0,6} . The following 26 monomials appear in M_{I0} (M_2):

1_{−1}0^{−1}_4 0^{−1}_6 , 2_01^{−1}_1 0_00^{−1}_4 0^{−1}_6 , 3_12^{−1}_2 0_00^{−1}_4 0^{−1}_6 , 4_23^{−1}_3 2_20_00^{−1}_4 0^{−1}_6 , 4_22^{−1}_4 1_30_00^{−1}_4 0^{−1}_6 , 4^{−1}_4 2_20_00^{−1}_4 0^{−1}_6 , 4_21^{−1}_5 0_00^{−1}_6 , 4^{−1}_4 3_32^{−1}_4 1_30_00^{−1}_4 0^{−1}_6 , 4^{−1}_4 3_31^{−1}_5 0_00^{−1}_6 , 3^{−1}_5 2_41_30_00^{−1}_4 0^{−1}_6 , 3^{−1}_5 2^2_41^{−1}_5 0_00^{−1}_6 , 2^{−1}_6 1_31_50_00^{−1}_4 0^{−1}_6 , 2_42^{−1}_6 0_00^{−1}_6 , 1_31^{−1}_7 0_00^{−1}_4 , 3_52^{−2}_6 1_50_00^{−1}_6 , 2_41^{−1}_5 1^{−1}_7 0_0, 4_63^{−1}_7 1_50_00^{−1}_6 , 3_52^{−1}_6 1^{−1}_7 0_0, 4^{−1}_8 1_50_00^{−1}_6 , 4_63^{−1}_7 2_61^{−1}_7 0_0, 4^{−1}_8 2_61^{−1}_7 0_0, 4_62^{−1}_8 0_0, 4^{−1}_8 3_72^{−1}_8 0_0, 3^{−1}_9 2_80_0, 2^{−1}_{10} 1_90_0, 1^{−1}_{11} 0_00_{10}.

Let M_3 = ẽ_1ẽ_2ẽ_3ẽ_2ẽ_4ẽ_3ẽ_2ẽ_1ẽ_0M_2 = Y_{1,−5}Y^{−1}_{0,6} Y^{−1}_{0,−4}. The following 26 monomials appear in M_{I0} (M_3):

1_{−5}0^{−1}_{−4}0^{−1}_6 , 2_{−4}1^{−1}_{−3}0^{−1}_6 , 3_{−3}2^{−1}_{−2}0^{−1}_6 , 4_{−2}3^{−1}_{−1}2_{−2}0^{−1}_6 , 4_{−2}2^{−1}_0 1_{−1}0^{−1}_6 , 4^{−1}_0 2_{−2}0^{−1}_6 , 4_{−2}1^{−1}_1 0_00^{−1}_6 , 4^{−1}_0 3_{−1}2^{−1}_0 1_{−1}0^{−1}_6 , 4^{−1}_0 3_{−1}1^{−1}_1 0_00^{−1}_6 , 3^{−1}_1 2_01_{−1}0^{−1}_6 , 3^{−1}_1 2^2_01^{−1}_1 0_00^{−1}_6 , 2^{−1}_2 1_{−1}1_10^{−1}_6 , 2_02^{−1}_2 0_00^{−1}_6 , 1_{−1}1^{−1}_3 0^{−1}_6 0_2, 3_12^{−2}_2 1_10_00^{−1}_6 , 2_01^{−1}_1 1^{−1}_3 0^{−1}_6 0_00_2, 4_23^{−1}_3 1_10_00^{−1}_6 , 3_12^{−1}_2 1^{−1}_3 0_00^{−1}_6 0_2, 4^{−1}_4 1_10_00^{−1}_6 , 4_23^{−1}_3 2_21^{−1}_3 0_00^{−1}_6 0_2, 4^{−1}_4 2_21^{−1}_3 0_00^{−1}_6 0_2, 4_22^{−1}_4 0_00^{−1}_6 0_2, 4^{−1}_4 3_32^{−1}_4 0_00^{−1}_6 0_2, 3^{−1}_5 2_40_00^{−1}_6 0_2, 2^{−1}_6 1_50_00^{−1}_6 0_2, 1^{−1}_7 0_00_2.

Let M_4 = ẽ_0M_3 = Y_{0,−6}Y^{−1}_{0,6} . We have M_{I0} (M_4) = {M_4}.

Let M_5 = ẽ_4ẽ_3ẽ^2ẽ^2_1ẽ_0f̃_1f̃_2M = Y_{4,−2}Y^{−1}_{0,2} Y^{−1}_{0,6} . The following 52 monomials appear in M_{I0} (M_5):

4_{−2}0^{−1}_2 0^{−1}_6 , 4^{−1}_0 3_{−1}0^{−1}_2 0^{−1}_6 , 3^{−1}_1 2^2_00^{−1}_2 0^{−1}_6 , 2_02^{−1}_2 1_10^{−1}_2 0^{−1}_6 , 3_12^{−2}_2 1^2_10^{−1}_2 0^{−1}_6 , 2_01^{−1}_3 0^{−1}_6 , 4_23^{−1}_3 1^2_10^{−1}_2 0^{−1}_6 , 3_12^{−1}_2 1_11^{−1}_3 0^{−1}_6 , 4^{−1}_4 1^2_10^{−1}_2 0^{−1}_6 , 4_23^{−1}_4 1_11^{−1}_3 2_20^{−1}_6 , 3_11^{−2}_3 0_20^{−1}_6 , 4^{−1}_4 2_21_11^{−1}_3 0^{−1}_6 , 4_23^{−1}_3 1^{−2}_3 2^20_20^{−1}_6 , 4_22^{−1}_4 1_10^{−1}_6 , 4^{−1}_4 3_32^{−1}_4 1_10^{−1}_6 , 4^{−1}_4 2^21^{−2}_3 0_20^{−1}_6 , 4_22_22^{−1}_4 1^{−1}_3 0_20^{−1}_6 , 3^{−1}_5 2_41_10^{−1}_6 , 4^{−1}_4 3_32^{−1}_4 2_21^{−1}_3 0_20^{−1}_6 , 4_23_32^{−2}_4 0_20^{−1}_6 , 2^{−1}_6 1_51_10^{−1}_6 , 3^{−1}_5 2_42_21^{−1}_3 0_20^{−1}_6 , 4^{−1}_4 3^2_32^{−2}_4 0_20^{−1}_6 , 4_24_43^{−1}_5 0_20^{−1}_6 , 1^{−1}_7 1_1, 2^{−1}_6 2_21^{−1}_3 1_50_20^{−1}_6 , 3_33^{−1}_5 0_20^{−1}_6 , 4_24^{−1}_6 0_20^{−1}_6 , 2_21^{−1}_3 1^{−1}_7 0_2, 3_32^{−1}_4 2^{−1}_6 1_50_20^{−1}_6 , 4_43^{−2}_5 2^2_40_20^{−1}_6 , 4^{−1}_4 4^{−1}_6 3_30_20^{−1}_6 , 3_32^{−1}_4 1^{−1}_7 0_2, 4^{−1}_6 3^{−1}_5 2^2_40_20^{−1}_6 , 4_43^{−1}_5 2_42^{−1}_6 1_50_20^{−1}_6 , 4_43^{−1}_5 2_41^{−1}_7 0_2, 4^{−1}_6 2_43^{−1}_6 1_50_20^{−1}_6 , 4_42^{−2}_6 1^2_50_20^{−1}_6 , 4^{−1}_6 2_41^{−1}_7 0_2, 4_42^{−1}_6 1_51^{−1}_7 0_2, 4^{−1}_6 3_52^{−2}_6 1^2_50_20^{−1}_6 , 4^{−1}_6 3_52^{−1}_6 1_51^{−1}_7 0_2, 4_41^{−2}_7 0_20_6, 3^{−1}_7 1^2_50_20^{−1}_6 , 3^{−1}_7 2_61_51^{−1}_7 0_2, 4^{−1}_6 3_51^{−2}_7 0_20_6, 2^{−1}_8 1_50_2, 3^{−1}_7 2^2_61^{−2}_7 0_20_6, 2_62^{−1}_8 1^{−1}_7 0_20_6, 3_72^{−2}_8 0_20_6, 4_83^{−1}_9 0_20_6, 4^{−1}_{10} 0_20_6.

We do not list the 273 monomials of M_{I0} (M), but we can check that all monomials of M(M)/τ_2 are connected to either M, M_2, M_3, M_4, M_5 in the I_0-crystal. As an application we have

B(W (ϖ_2)) ≃ B_{I0} (ϖ_2) ⊔ B_{I0} (ϖ_1) ⊔ B_{I0} (ϖ_1) ⊔ B_{I0} (0) ⊔ B_{I0} (ϖ_4).

6.4.3. We consider ℓ = 3 and M = Y_{3,0}Y^{−2}_{0,3} Y^{−2}_{0,5} . We have f̃^2_1 f̃^2_2 f̃_3M = Y_{4,1}Y_{3,2}Y^{−2}_{1,4} Y^{−2}_{0,5} and so we see as in Proposition 3.4 that M(M) ≃ B(ϖ_ℓ). As ẽ_3ẽ^2ẽ_4ẽ^2_3ẽ^2ẽ^4_1ẽ^2ẽ^2_3ẽ^3_2ẽ^3_4ẽ^3ẽ^4_2ẽ^4_1ẽ^4_0M = τ_{−6}(M), M(M) is preserved under τ_6, which is of weight −4δ = −2d_ℓδ. Therefore we have (z_ℓ)^{−2} = τ_6. Let M_1 = ẽ_3ẽ^2ẽ^2_1ẽ_3ẽ^2ẽ^2_4ẽ^3ẽ^4_2ẽ^4_1ẽ^2_0f̃^2_1 f̃^2_2 f̃_3M = Y^{−2}_{0,3} Y^{−2}_{0,−1}Y_{3,−4}. This has weight wt(M) + d_ℓδ, hence we have z_ℓ(M) = M_1.

We do not determine the I_0-crystal components of M(M)/τ_6 at this moment.

6.4.4. Finally let us consider ℓ = 4. Let M = Y_{4,0}Y^{−2}_{0,4} . It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). As ẽ_4ẽ_3ẽ^2ẽ^2_1ẽ_3ẽ^2ẽ_4ẽ^2_3ẽ^2ẽ^2_1ẽ^2_0M = τ_{−6}(M), M(M) is preserved under τ_6, which is of weight −2δ = −d_ℓδ. Therefore we have z_ℓ = τ_{−6} and M(M)/τ_6 ≃ B(W (ϖ_ℓ)).

The following 52 monomials appear in M_{I0} (M):

4_00^{−2}_4 , 2^{−1}_2 3_10^{−2}_4 , 3^{−1}_3 2^20^{−2}_4 , 2_22^{−1}_4 1_30^{−2}_4 , 3_32^{−2}_4 1^2_30^{−2}_4 , 2_21^{−1}_5 0^{−1}_4 , 4_43^{−1}_5 1^2_30^{−2}_4 , 3_32^{−1}_4 1_31^{−1}_5 0^{−1}_4 , 4^{−1}_6 1^2_30^{−2}_4 , 4_43^{−1}_5 1_31^{−1}_5 2_40^{−1}_4 , 3_31^{−2}_5 , 4^{−1}_6 2_41_31^{−1}_5 0^{−1}_4 , 4_43^{−1}_5 1^{−2}_5 2^2_4, 4_42^{−1}_6 1_30^{−1}_4 , 4^{−1}_6 3_52^{−1}_6 1_30^{−1}_4 , 4^{−1}_6 2^2_41^{−2}_5 , 4_42_42^{−1}_6 1^{−1}_5 , 3^{−1}_7 2_61_30^{−1}_4 , 4^{−1}_6 3_52^{−1}_6 2_41^{−1}_5 , 4_43_52^{−2}_6 , 2^{−1}_8 1_71_30^{−1}_4 , 3^{−1}_7 2_62_41^{−1}_5 , 4^{−1}_6 3^2_52^{−2}_6 , 4_44_63^{−1}_7 , 1^{−1}_9 1_30_80^{−1}_4 , 2^{−1}_8 2_41^{−1}_5 1_7, 3_53^{−1}_7 , 4_44^{−1}_8 , 2_41^{−1}_5 1^{−1}_9 0_8, 3_52^{−1}_6 2^{−1}_8 1_7, 4_63^{−2}_7 2^2_6, 4^{−1}_6 4^{−1}_8 3_5, 3_52^{−1}_6 1^{−1}_9 0_8, 4^{−1}_8 3^{−1}_7 2^2_6, 4_63^{−1}_7 2_62^{−1}_8 1_7, 4_63^{−1}_7 2_61^{−1}_9 0_8, 4^{−1}_8 2_62^{−1}_8 1_7, 4_62^{−2}_8 1^2_7, 4^{−1}_8 2_61^{−1}_9 0_8, 4_62^{−1}_8 1_71^{−1}_9 0_8, 4^{−1}_8 3_72^{−2}_8 1^2_7, 4^{−1}_8 3_72^{−1}_8 1_71^{−1}_9 0_8, 4_61^{−2}_9 0^2_8, 3^{−1}_9 1^2_7, 3^{−1}_9 2_81_71^{−1}_9 0_8, 4^{−1}_8 3_71^{−2}_9 0^2_8, 2^{−1}_{10} 1_70_8, 3^{−1}_9 2^2_81^{−2}_9 0^2_8, 2_82^{−1}_{10} 1^{−1}_9 0^2_8, 3_92^{−2}_{10} 0^2_8, 4_{10}3^{−1}_{11} 0^2_8, 4^{−1}_{12} 0_70^2_8.

Let M^′ = ẽ_1ẽ_2ẽ_3ẽ_2ẽ_1ẽ_0M = Y_{1,−3}Y^{−1}_{0,4} Y^{−1}_{0,−2}. The following 26 monomials appear in M_{I0} (M^′):

1_{−3}0^{−1}_{−2}0^{−1}_4 , 2_{−2}1^{−1}_{−1}0^{−1}_4 , 3_{−1}2^{−1}_0 0^{−1}_4 , 4_03^{−1}_1 2_00^{−1}_4 , 4_02^{−1}_2 1_10^{−1}_4 , 4^{−1}_2 2_00^{−1}_4 , 4_01^{−1}_3 0_20^{−1}_4 , 4^{−1}_2 3_12^{−1}_2 1_10^{−1}_4 , 4^{−1}_2 3_11^{−1}_3 0_20^{−1}_4 , 3^{−1}_3 2_21_10^{−1}_4 , 3^{−1}_3 2^21^{−1}_3 0_20^{−1}_4 , 2^{−1}_4 1_11_30^{−1}_4 , 2_22^{−1}_4 0_20^{−1}_4 , 1_11^{−1}_5 , 3_32^{−2}_4 1_30_20^{−1}_4 , 2_21^{−1}_3 1^{−1}_5 0_2, 4_43^{−1}_5 1_30_20^{−1}_4 , 3_32^{−1}_4 1^{−1}_5 0_2, 4^{−1}_6 1_30_20^{−1}_4 , 4_43^{−1}_5 2_41^{−1}_5 0_2, 4^{−1}_6 2_41^{−1}_5 0_2, 4_42^{−1}_6 0_2, 4^{−1}_6 3_52^{−1}_6 0_2, 3^{−1}_7 2_60_2, 2^{−1}_8 1_70_2, 1^{−1}_9 0_20_8.

Let M^{′′} = ẽ_0M^′ = Y_{0,−4}Y^{−1}_{0,4} . We have M_{I0} (M^{′′}) = {M^{′′}}. The above exhausts all monomials of M(M)/τ_6. As an application we have

B(W (ϖ_4)) ≃ B_{I0} (ϖ_4) ⊔ B_{I0} (ϖ_1) ⊔ B_{I0} (0).

Remark 6.5. The authors do not find the description of the examples ℓ = 2, 3, 4 in the literature.

6.5. Type D^{(3)}_4 .

6.5.1. First we consider ℓ = 1. Let M = Y_{1,0}Y^{−1}_{0,1} Y^{−1}_{0,3} . As f̃_1M = Y^{−2}_{1,2} Y^{−1}_{0,3} Y_{2,1} we see as in Proposition 3.4 that M(M) ≃ B(ϖ_ℓ). The following 7 monomials appear in M_{I0} (M):

M = 1_00^{−1}_1 0^{−1}_3 , m_2 = 1^{−1}_2 0^{−1}_3 2_1, m_3 = 2^{−1}_3 1^20^{−1}_3 , m_4 = 1_21^{−1}_4 , m_5 = 1^{−2}_4 2_30_3, m_6 = 2^{−1}_5 1_40_3, m_7 = 1^{−1}_6 0_30_5.

Let M^′ = τ_2(ẽ_0M) = Y_{0,1}Y^{−1}_{0,5} . We have M_{I0} (M^′) = {M^′}. The crystal graph of M(M) is given in Figure 10. We find that z_l = τ_{−2} and M(M)/τ_2 = M_{I0} (M) ⊔ M_{I0} (M^′).

This crystal was described in [11].

6.5.2. Now we consider ℓ = 2. Let M = Y_{2,0}Y^{−3}_{0,2} . It follows from Corollary 3.3 that M(M) ≃ B(ϖ_ℓ). As ẽ_2ẽ^3_1ẽ^2ẽ^3_1ẽ^3_0M = τ_{−4}(M), M(M) is preserved under τ_4, which is of weight 3δ = d_2δ. Therefore z_ℓ = τ_{−4} and so M(m)/τ_4 ≃ B(W (ϖ_ℓ)).

The following 14 monomials appear in M_{I0} (M):

M m2 m3 m4 m5 m6 m7

M^′

1 2 1 1 2 1

0[2]

0[2]

0[2]

0[2]

Figure 10. (Type D^{(3)}_4 ) the crystal B(ϖ_1)

2_00^{−3}_2 , 2^{−1}_2 1^3_10^{−3}_2 , 1^2_11^{−1}_3 0^{−2}_2 , 2_21_11^{−2}_3 0^{−1}_2 , 1^{−3}_3 1^2, 2^{−1}_4 1_11_30^{−1}_2 , 2_22^{−1}_4 , 1_11^{−1}_5 0^{−1}_2 0_4, 2^{−2}_4 1^3, 1^{−1}_3 1^{−1}_5 2_20_4, 2^{−1}_4 1^2_31^{−1}_5 0_4, 1_31^{−2}_5 0^2_4, 1^{−3}_5 0^3_42_4, 2^{−1}_6 0^3_4.

Let M_2 = ẽ_1ẽ_0M = Y^{−2}_{0,2} Y_{1,−1}. The following 7 monomials appear in M_{I0} (M_2): 0^{−2}_2 1_{−1}, 0_00^{−2}_2 1^{−1}_1 2_0, 0_00^{−2}_2 1^2_12^{−1}_2 , 0_00^{−1}_2 1_11^{−1}_3 , 1^{−2}_3 2_20_0, 2^{−1}_4 1_30_0, 1^{−1}_5 0_00_4. Let M_3 = ẽ_1ẽ_2ẽ_1ẽ_0M_2 = Y_{1,−3}Y^{−1}_{0,−2}Y^{−1}_{0,2} . The following 7 monomials appear in M_{I0} (M_3):

0^{−1}_{−2}0^{−1}_2 1_{−3}, 0^{−1}_2 1^{−1}_{−1}2_{−2}, 0^{−1}_2 1^2_{−1}2^{−1}_0 , 0_00^{−1}_2 1_{−1}1^{−1}_1 , 1^{−2}_1 2_00^2_00^{−1}_2 , 2^{−1}_2 1_10^2_00^{−1}_2 , 1^{−1}_3 0^2_0. Let M_4 = ẽ_0M_3 = Y_{0,−4}Y^{−1}_{0,2} . We have M_{I0} (M_4) = {M_4}.

By direct calculation we can see that all monomials of M(M)/τ_4 are connected to either M or M_2 or M_3 or M_4 in the I_0-crystal. As an application we have

B(W (ϖ_2)) ≃ B_{I0} (ϖ_2) ⊔ B_{I0} (ϖ_1) ⊔ B_{I0} (ϖ_1) ⊔ B_{I0} (0).

The authors do not find the description of this example in the literature.

7. Discussions

(1) As we saw in the simply-laced type examples (except the last one in 6.1.4) in this paper, we can construct explicit bijections between monomial crystals M(m) and the set C(m_0) of monomials in q–characters counted with multiplicities. (Here m_0 is obtained from m by setting Y_{0,∗} as 1.) Their origin is combinatorial and we do not understand their representation theoretical meaning yet. In the example in 6.1.2, the global crystal base element corresponding to the exceptional monomial does not belong to a single l–weight subspace.

Also we can check that the bijection is compatible with the crystal structure in the following sense: Let M_{I0} (m_0) be the component of the monomial crystal for g_{I0} containing m_0. Let p: M(m) → M_{I0} (m_0) be the composition of the above mentioned bijection and the map obtained by forgetting multiplicities. Then p is a morphism of the crystal (but not strict). This is not true in general.

Counterexample: In the q–character of W (ϖ_3) for E_6 we have monomials m_1 = Y_{3,4}Y^{−1}_{3,6} Y_{4,3}Y^{−1}_{2,5} Y_{1,4} and m_2 = Y^2_{3,4}Y^{−1}_{3,6} Y^{−1}_{4,5} Y_{5,4}Y^{−1}_{2,5} Y_{1,4} with coefficients 1+2t^2 +t^4 and 1 + t^2 + t^4. We have f̃_4m_1 = m_2 in the monomial crystal. If we had a crystal morphism which preserves the weight, the 4 vectors corresponding to m_1 would necessarily satisfy φ_4 ≥ 1, and each of them would be sent by f̃_4 to vectors corresponding to m_2. As there are only 3 of them, we have a contradiction.

(2) In [35] Naito-Sagaki proved that the crystal of Lakshmibai-Seshadri paths of shape ϖ_ℓ is isomorphic to B(ϖ_ℓ). This result is better than Theorem 3.2 in the sense that they determine all paths, not in a recursive way as ours. Therefore it would be nice if we could give an explicit map from the path crystal to the monomial crystal.

References

[1] T. Akasaka and M. Kashiwara, Finite dimensional representations of quantum affine algebras, Publ. Res. Inst. Math. Sci. 33, no. 5, 839–867 (1997) [2] J. Beck, Crystal structure of level zero extremal weight modules, Lett. Math. Phys. 61, no.

3, 221–229 (2002) [3] G. Benkart, I. Frenkel, S.J. Kang and H. Lee, Level 1 perfect crystals and path realizations of basic representations at q = 0, preprint, math.RT/0507114 [4] J. Beck and H. Nakajima, Crystal bases and two-sided cells of quantum affine algebras, Duke Math. J. 123, no.2, 335–402 (2004) [5] V. Chari and A. Moura, Characters and blocks for finite-dimensional representations of quantum affine algebras, Int. Math. Res. Not. 2005, no. 5, 257–298 [6] E. Frenkel and E. Mukhin, Combinatorics of q-characters of finite-dimensional representations of quantum affine algebras, Comm. Math. Phy. 216, no. 1, 23-57 (2001) [7] E. Frenkel and N. Reshetikhin, The q-characters of representations of quantum affine algebras and deformations of W -algebras, in Recent Developments in Quantum Affine Algebras and related topics, Cont. Math., vol. 248, pp 163-205 (1999) [8] D. Hernandez, Algebraic approach to q,t-characters, Adv. Math 187, no. 1, 1–52 (2004) [9] D. Hernandez, Representations of quantum affinizations and fusion product, Transfor.

Groups 10, no. 2, 163-200 (2005) [10] D. Hernandez, Monomials of q and q,t-chraracters for non simply-laced quantum affinizations, Math. Z. 250, no. 2, 443–473 (2005) [11] N. Jing and K.C. Misra, Vertex operators for twisted quantum affine algebras, Trans.

Amer. Math. Soc. 351, no. 4, 1663–1690, (1999) [12] N. Jing, K.C. Misra and M. Okado, q-Wedge Modules for Quantized Enveloping Algebras of Classical Type, J. Algebra 230, 518–539, (2000) [13] V. Kac, Infinite dimensional Lie algebras, 3rd Edition, Cambridge University Press (1990) [14] S.J. Kang, M. Kashiwara, K.C. Misra, T. Miwa, T. Nakashima and A. Nakayashiki, Affine crystals and vertex models, International Journal of Modern Physics A 7, Suppl. 1A, 449-484, Proceeding of the RIMS Research Project 1991 “Infinite Analysis” (1992) [15] S.J. Kang, J.A. Kim and D.U. Shin, Crystal bases of quantum classical algebras and Nakajima’s monomials, Publ. RIMS, Kyoto Univ. 40, 757-791 (2004) [16] S.J. Kang and K.C. Misra, Crystal bases and tensor product decompositions of U_q (G_2)- modules, J. Algebra 163, no. 3, 675–691, (1994) [17] M. Kashiwara, The crystal base and Littelmann’s refine Demazure character formula, Duke Math. J. 71, 839–858 (1993).

[18] M. Kashiwara, Crystal bases of modified quantized enveloping algebra, Duke Math. J. 73, no. 2, 383–413 (1994) [19] M. Kashiwara, On level-zero representation of quantized affine algebras, Duke Math. J.

112, no. 1, 117–175 (2002) [20] M. Kashiwara, Bases cristallines des groupes quantiques, noted by C. Cochet, Cours Spécialisés 9. Société Mathématique de France, Paris (2002) [21] M. Kashiwara, Realizations of crystals, in Combinatorial and geometric representation theory (Seoul, 2001), 133–139, Contemp. Math., 325, Amer. Math. Soc., Providence, RI (2003) [22] M. Kashiwara, Level zero fundamental representations over quantized affine algebras and Demazure modules, Publ. Res. Inst. Math. Sci. 41, no. 1, 223–250 (2005) [23] M. Kashiwara and T. Nakashima, Crystal graphs for representations of the q-analogue of classical Lie algebras, J. Algebra 165, 295–345 (1994).

[24] Y. Koga, Level one perfect crystals for B^{(1)}_n , C^{(1)}_n , D^{(1)}_n , J. Alg. 217, 312–334, 1999. [25] H. Knight, Spectra of tensor products of finite-dimensional representations of Yangians, J.

Algebra 174, no. 1, 187–196 (1995).

[26] A. Kuniba, M. Okado, J. Suzuki, and Y. Yamada, Difference L operators related to q-characters, J. Phys. A 35, no. 6, 1415–1435 (2002) [27] P. Magyar, Littelmann paths for the basic representation of an affine Lie algebra, preprint, math.RT/0308156.

[28] H. Nakajima, Quiver varieties and finite-dimensional representations of quantum affine algebras, J. Amer. Math. Soc. 14, no. 1, 145–238 (2001) [29] H. Nakajima, T -analogue of the q-characters of finite dimensional representations of quantum affine algebras in Physics and combinatorics, 2000 (Nagoya), 196–219, World Sci. Publishing, River Edge, NJ, 2001 [30] H. Nakajima, Quiver varieties and tensor products, Invent. Math. 146, 399–449 (2001) [31] H. Nakajima, Quiver varieties and t-analogs of q–characters of quantum affine algebras, Ann. of Math. 160, 1057–1097 (2004) [32] H. Nakajima, t–analogs of q–characters of quantum affine algebras of type A_n, D_n, in Combinatorial and geometric representation theory (Seoul, 2001), 141–160, Contemp. Math., 325, Amer. Math. Soc., Providence, RI (2003) [33] H. Nakajima, Extremal weight modules of quantum affine algebras, Advances Studies in Pure Math., 40, 343–369 (2004) [34] S. Naito and D. Sagaki, Path model for a level-zero extremal weight module over a quantum affine algebra, Int. Math. Res. Not. 2003, no. 32, 1731–1754 (2003) [35] S. Naito and D. Sagaki, Path model for a level-zero extremal weight module over a quantum affine algebra II, Adv. Math. 200, no. 1, 102–124 (2006) [36] M. Okado, A. Schilling and M. Shimozono, Virtual crystals and fermionic formulas of type D^{(2)}_{n+1}, A^{(2)}_{2n} , and C^{(1)}_n , Represent. Theory 7, 101–163, (2003) [37] A. Schilling, A bijection between type D^{(1)}_n crystals and rigged configurations, preprint, math.QA/0406248 [38] S. Yamane, Perfect crystals of U_q (G^{(1)}_2 ), J. Algebra 210, no. 2, 440–486, (1998)

CNRS - UMR 8100 : Laboratoire de Mathématiques de Versailles, 45 avenue des Etats-Unis , Bat. Fermat, 78035 VERSAILLES, FRANCE

E-mail address: hernandez @ math . cnrs . fr URL: http://www.math.uvsq.fr/~hernandez

Department of Mathematics, Kyoto University, KYOTO 606-8502, JAPAN E-mail address: nakajima@math.kyoto-u.ac.jp URL: http://www.math.kyoto-u.ac.jp/~nakajima