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ABSTRACT. We describe a correspondence (or duality) between the g-characters of
finite-dimensional representations of a quantum affine algebra and its Langlands dual
in the spirit of [6, 4]. We prove this duality for the Kirillov-Reshetikhin modules. In
the course of the proof we introduce and construct “interpolating (g, t)-characters”
depending on two parameters which interpolate between the g-characters of a quan-
tum affine algebra and its Langlands dual.
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1. INTRODUCTION

Let g be a simple Lie algebra and g the corresponding affine Kac-Moody algebra. In
[6], N. Reshetikhin and one of the authors introduced a two-parameter deformed W-
algebra Wy +(g). In the limit ¢ — 1 this deformed W-algebra becomes commutative and
gives rise to the Grothendieck ring of finite-dimensional representations of the quantum
affine algebra Uy(g). (The precise relation between the two is explained in [6] and [7].)
On the other hand, in the limit when ¢ — €, where ¢ = 1 if g is simply-laced and
e = exp(mi/r), r being the lacing number of g, otherwise, this algebra contains a large
center. It was conjectured in [6] that it gives rise to the Grothendieck ring of U, (*g),
where g is the Langlands dual Lie algebra of §. By definition, the Cartan matrix of
LG is the transpose of the Cartan matrix of g, so that g is a twisted affine algebra if
g is non-simply laced.

Thus, it appears that W, (g) interpolates between the Grothendieck rings of finite-
dimensional representations of quantum affine algebras associated to g and “g. This
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suggests that these representations should be related in some way. Examples of such
a relation were given in [6], but general understanding of this phenomenon has been
lacking. The goal of this paper is to elucidate and provide further evidence for this
duality.

The finite-dimensional analogue of this duality has been studied in our previous paper
[4], in which we have conjectured (and partially proved) the existence of a correspon-
dence, or duality, between finite-dimensional representations of the quantum groups
U,(g) and Uy(¥g).! This duality may in fact be extended uniformly to integrable rep-
resentations of quantized enveloping algebras associated to Kac—Moody algebras. But
quantized enveloping algebras associated to the affine Kac-Moody algebras (quantum
affine algebras for short) have another important class of representations; namely, the
finite-dimensional representations. In this paper we describe a Langlands type duality
for these representations.

In this context the Langlands duality was first observed in [6, 7] using the so-called
“g-characters” of finite-dimensional representations of quantum affine algebras. The
theory of g-characters has been developed for untwisted quantum algebras in [7] and
for twisted quantum affine algebras (which naturally appear in the Langlands dual
situation) in [12].

In this paper we conjecture a precise relation between the g-characters of finite-
dimensional representations of dual quantum affine algebras U, (g) and U,(¥g). Namely,
we conjecture that for any finite-dimensional representation V' of U,(g) there exists an
interpolating (q,t)-character, a polynomial which interpolates between the g-character
of V and the t-character of a certain representation of the Langlands dual algebra
Ui ("g), which we call dual to V (it is not unique). Moreover, we prove this conjecture for
an important class of representations, the Kirillov—Reshetikhin modules. The existence
of interpolating (g, t)-characters is closely related to [6, Conjecture 1], which also states
the existence of interpolating expressions, but of a different kind. They are elements of
a two-parameter non-commutative algebra (in fact, a Heisenberg algebra), whereas the
interpolating characters that we introduce here are elements of a commutative algebra.
It would be interesting to understand a precise relation between the two pictures.

We refer the reader to the Introduction of [4] for a discussion of a possible link
between our results on the duality of finite-dimensional representations of U,(g) and
U;(*g) and the geometric Langlands correspondence. This link was one of the motiva-
tions for the present paper.

Let us note that the technique and methods in the present paper are not general-
izations of [4], but are new as we use the “rigidity” provided by the appearance of
the spectral parameters in the context of quantum affine algebras. This allows us to
construct the interpolating (g, t)-characters (which have a priori no clear analogues in
finite types). Another difference is that instead of a projection from a weight lattice
to the dual weight lattice, we introduce interpolating maps «a(q,t), 5(q,t) in the char-
acters. These maps “kill” some of the terms when we specialize to the Langlands dual

lWe have learned from K. McGerty that in the meantime he has been able to prove some of the
conjectures of [4], see [17].
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situation. Thus we obtain a much finer form of duality in the affine case than in the
finite-dimensional case.

The paper is organized as follows: in Section 2 we recall the Langlands duality for
quantum groups of finite type from [4]. Then we state consequences of the results of
the present paper in terms of the ordinary characters (Theorem 2.3). In Section 3 we
give a general conjecture about the duality at the level of g-characters. We state and
start proving the main result of the present paper (Theorem 3.11) in the double-laced
cases; namely, that the Kirillov—Reshetikhin modules satisfy the Langlands duality.
The end of the proof uses results of Section 4 where interpolating (g, t)-characters are
constructed in a systematic way (Theorem 4.4). The triple-laced is treated in Section
5 (Theorem 5.4 and Theorem 5.5) to complete the picture. In Section 6, we describe a
reverse Langlands duality from twisted quantum affine algebras to untwisted quantum
algebras and we prove analogous results for this duality (Theorem 6.8 and Theorem
6.9).

2. DUALITY FOR THE ORDINARY CHARACTERS

Although most of the results of the present paper involve g-characters, some conse-
quences of our results may be stated purely in terms of the ordinary characters. We
explain these results in this Section as well as some motivations and results from [4].

Let g be a finite-dimensional simple Lie algebra and Uy (g) the corresponding quantum
group (see, e.g., [3]). We denote r = max;er(r;), where I is the set of vertices of the
Dynkin diagram of g and the r; are the corresponding labels. This is the lacing number
of g (note that it was denoted by 7V in [6, 7]). In some particular cases, we will not make
the choice min;er(r;) = 1 (that is we multiply the standard labels by a coefficient).

The Cartan matrix of g will be denoted by C = (Cj;)ijer- By definition, the
Langlands dual Lie algebra “g has the Cartan matrix C*, the transpose of the Cartan
matrix C of g.

Let
P = Z Zwi
1€l
be the weight lattice of g and P™ C P the set of dominant weights. For i € I let
'rZV =1+ r —r; and consider the sublattice
(1) P'=) r/Zw; CP.
i€l
Let
Pl =" 7w,
1€l

be the weight lattice of “g. Consider the map II : P — P! defined by
) =D Aa)(r)) " o
el

if A € P" and II(\) = 0, otherwise. Clearly, II is surjective.
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Let Repg be the Grothendieck ring of finite-dimensional representations of g. We
have the character homomorphism

X : Repg — Z[P] = Z[y;""),
where y; = e¥i. It sends an irreducible representation L(\) of g with highest weight
A € PT to its character, which we will denote by x(\). We denote the character
homomorphism for g by x”. We use the obvious partial ordering < on polynomials.

It was proved in [4] that for any A € P+, TI(x())) is in the image of x”. Moreover, we
have the following:

Theorem 2.1. [4] For any A € P+, TI(x(\)) = x“(II(\)).

Let q,t € C* be such that ¢ NtZ = {1}. Let U,(g) be an untwisted quantum
affine algebra which is not Langlands self-dual. Let V be a simple finite-dimensional
representation of Uy (g) of highest weight A in P’ as a U,(g)-module. We conjecture the
following.

Conjecture 2.2. There exists an irreducible representation V¥ of Uy(g") of highest
weight TI(A\) such that TI(x(V)) = x*(V1).

Note that the Langlands dual representation V'’ is not necessarily unique. As a
consequence of the results of the present paper, we will prove the following.

Theorem 2.3. The statement of Conjecture 2.2 is satisfied for any Kirillov—Reshetikhin
module V' of Uy(g), with the Langlands dual representation VL a Kirillov-Reshetikhin
module of U ().

Note that in contrast to [4], we use ¢t and not —¢ for the quantization parameter of
the Langlands dual quantum algebra. This is just a consequence of a different choice
of normalization made in the present paper.

The following conjecture of [4] has been proved by K. McGerty in [17] : for any
A € Pt TI(x()\)) is the character of an actual (not only virtual) representation of “g.
Therefore it is natural to make the following.

Conjecture 2.4. II(x(L)) is the character of a representation of Uy (*g).

Again, this representation of U;(g) is not unique, but it is unique as a U(Lg)-
module. However it is not necessarily simple as a U;(“g)-module. As an example, for
a b-dimensional fundamental representation of Uq(C’Q(l)), the Langlands dual represen-
tation decomposes into a sum of a 4-dimensional fundamental representation and the
trivial representation of Ut(AgZ)) (see the corresponding g-characters in Section 3.5).

3. DOUBLE-LACED CASES

In this section we suppose that the lacing number r is equal to 2 (the case r = 3 will
be treated in Section 5). We will exclude from consideration the Langlands self-dual

quantum affine Lie algebras (affinizations of simply-laced ones and those Ag)).

We have I = I U Iy where I, = {i € I|r; = k}. For i,j € I, we denote i ~ j
if C;; < 0. We can choose ¢ : I — {1,0} such that i ~ j = ¢(i) + ¢(j) = 1 and
Ci,j =-2= (b(l) =1
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3.1. Reminder on ¢-characters and their twisted analogues. We recall the no-
tion of g-characters first introduced in [7] for untwisted quantum affine algebras (see
[2] for a recent survey) and generalized in [12] to the twisted cases.

The g-character homomorphism [7] is an injective ring morphism

Xq : Rep(Uqu\)) - yq = Z[}/;,i(zl]iel,aEqZ

(without loss of generality, we restrict ourselves to the tensor subcategory of finite-
dimensional representations whose g-characters are in }),;). By removing the spectral
parameter a, that is to say by replacing each Y; , by v;, we recover the usual character
map for the U,(g)-module obtained by restriction of U, (g)-module. In particular, each
monomial has a weight which is an element of P. For ¢ € I, let ¢; = ¢".

Theorem 3.1. [5] We have
Im(Xq) = ﬂ ﬁi,q;

el
where Ri g = LY Y 0(1+ A7 )]s and
4 j,a rL,a i,aq;/1j#i,a€q”
Aig=Y,, Y, x [ Y.x I Y.V
1,4 i,aq; 1,a4q; j,a j,aqil 7,aq°
jGI,C]’,i:—l jGI,C]’,i:—Q

A monomial in Y, is dominant if it is a product of positive powers of the Y;, (for
i € I,a € ¢%). A simple U,(g)-module is characterized by the highest monomial
(in the sense of its weight) of its g-character (this is equivalent to the data of the
Drinfeld polynomials, see [3]). This monomial is dominant. Any element of Im(x,)
is characterized by the list of its dominant monomials. A U,(g)-module is said to be
affine-minuscule if its g-character has a unique dominant monomial.

Definition 3.2. A Kirillov-Reshetikhin module of Uy(g) is a simple module with the
highest monomial of the form Y; o Y; 02 -+ YZ a2 FD-

We have the following result which is due to H. Nakajima [18, 19] in the simply-laced
case and [10] in general (note that for k¥ = 1 this was proved in [5] in the untwisted
case).

Theorem 3.3. The Kirillov-Reshetikhin modules of Uy(g) are affine-minuscule.

Now let us look at the Langlands dual situation, i.e., finite-dimensional representa-
tions of the twisted quantum affine algebra Uy (1g). We set € = ™2 and I) = I, Iy =
I.

The twisted t-character morphism [12] is an injective ring homomorphism (we work
in a subcategory defined as in the untwisted case)

XtL : Rep(LUt(ﬁ)) - ytL = Z[Zii:,«y]aeeztz,iel-
Theorem 3.4. [12] We have

el
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where
+1 —
ﬁzt - Z[Z] u ;/’Zi,a (1 + Bz (at)" )]]#z aceltl
and
_1 o
B — ZZ atQZZ at=2 X H]NZUEIV Z X HJNz\]EIV Ha EeZtZ\(a’)Qza Zj,a’ Zf’L € Ig/’
i,a — _ _ o
ZlatZwt 1 XHJNZUEIV Z]ag XH]N’LUGIVZ Zf’LEIi/

Note that a special definition should be used [12] for the B; , in the case of type Agi),
but this case is not considered here.

We have the notions of dominant monomial, affine-minuscule module and Kirillov—
Reshetikhin module as in the untwisted case. Any element of Im(x}) is again charac-
terized by its dominant monomials and we have

Theorem 3.5. [12] The Kirillov-Reshetikhin modules of Uy(*g) are affine-minuscule.

3.2. The interpolating (¢,t)-character ring. We first treat study the duality from
untwisted quantum affine algebras to twisted quantum affine algebras. The reverse
Langlands duality will be treated later.

We introduce the interpolating (q, t)-characters, which interpolate between g-characters
of an untwisted quantum affine algebra and the twisted t-characters of its Langlands
dual. To do it, we first need to define an interpolating ring for the target rings of g-and
t-character homomorphisms.

We also need the function «(q,t) such that a(g,1) = 1 and a(e,t) = 0 defined in
[6, 7] (see also [4] for an elementary natural way to introduce it in the framework of
current algebras) by the formula

alg.t) = AHa et —g T

q2t _ q_2t_1
Let C = ¢”t”. Consider the ring
yq,t - [Wzialaa}iia ) ]ZEI acc C Z[ ia ]iEI,a€C7
Y; if ¢ € Iy,
where W; , = v 1 2 2
Yiag-1Yiag ifi€ .
For a € C, we will use the following identification for ¢ € I; and j € Io:
(2) Y;,aY;,—a = Z@a?(_l)zﬁ(i) and Yj,a = Zj,a(—1)¢(i)'

We then have surjective specialization maps, respectively, at ¢t =1 and g = e,
Uy : Yo — Z[Y;a ]ZEI,aEqZ = Vg,
i Vou — Z[Zl.;riv]iel,aeeztz = ytL'
We have the ideals
Ker(ﬂq) = ((a—=1), (VVi,a — Wy at)7a( - Y;,at»iel,ae&

Ker(Ht) = <Oé, (Wz aq Wz,ae)>z€[ acC-
Then we have the following:
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Lemma 3.6. The ideal Ker(Il;) N Ker(Il;) is generated by the elements

ala=1), a(Yia = Yiat) , (@ =1)(Wiaqg = Wiae) » Wia = Wiat)(Wing — Wine),
fori,jel,abeC.
Proof: First, the ideal J generated by these elements is clearly included the intersection

Ker(II,) N Ker(Ht) and so we work modulo J. We denote by = the equality modulo J.
Now consider an element x in the intersection. It is of the form

x=(@=x(e.0)+ D (W — Wi gpre)Xitr (g, 1)
iellrez

= (Oé — 1 E t + Z iqltr — qutr+1 )Xz7l7r(€ t)
il,r
If we evaluate at ¢ = ¢, we get
X(e:t) =Y (W, e = Wi ars1) X (€, 1),
il,r
and so

X = Z i,qltr 2 Jqltrtl + (Oé - ]‘)(‘/I/’L',Glﬂ‘ - Wi,elt’“+1))xi,l,T(€7 t)

il,r

AS (Oé — 1)(W elgr — W ltr+1) = (W ltr — Wi,qlt'r+l)7 we get
Z(W lgr — Wi,qlt'r+l - (W ltr - Wi,qlt'r+l))XZ,l,T(€ t) =0.

il,r

This concludes the proof. 0
We will work in the ring

Yt = Yo/ (Ker(Ily) N Ker(IL)).

2 = o in yqi.

By a monomial in ﬁqt we will understand an element m of the form (\ + pa)M,

Note that jiqut has zero divisors as «

where A\, 4 € Z and M is a monomial in the Yil Note that a monomial may be written

in various way as for example aY; , = aYj o and (1-a)Y; gt = (1-)Y; 4. A monomial

is said to be i-dominant if it can be written by using only the «, Y; , and Y]il where
j # 4. Let B; be the set of --dominant monomials and for J C I, let B; = N;c;B;.
Finally, B = By is the set of dominant monomials.

3.3. Subalgebras of )7q,t.

Definition 3.7. Fori € I and a € C we define
A — . -1 -1 -1
Aia =Yia@oYiaae x I Yid < I Vi Y
jEI,Cjﬂ;:—l jEI,Cj’i:—Q

Note that the definition of Avm is not symmetric in q,t. For i € Is,a € C we have
Afl € Vg4, and for i € Iy we have a AT, € Vy; and (A; 44-14;00)! € Yy But the

specialization maps I, II; can be applied to any Ai,a and we have the following:
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Lemma 3.8. We have Hq(ﬁi,a) = Ain, ) fori€l,aeC.
We have Ht((A@aq*lAi,aq)) = Bi,(Ht(a))2(—1)¢(i) fOT‘i € Il,a eC.
We have 11, (4; ) = B,L-77Ht(a)(71)¢(i) forielr),aeC.

Proof: The first point is clear. N N
Let @' = IIy(a). For i € I, the specialization of Amq_lAi ag &t ¢ =€ is

~1y-1.
Vit i) YiadYicw) ¥ [ Moo ™ < T] Y0
J€l,j~i J€l2,j~i
=2 (a)2t-2(—1)00) Zj (a7)242(~1)8() X H g(a 2(=1)6@ = H aa’e 7, a’
jel,jri Jel j~i

Note that if there is j € Iy such that j ~ i, by definition of ¢ we have ¢(j) = 0 and
¢(i) = 1. That is why there is no ¢ in the last factor of the product.
For ¢ € I, the specialization of A; , at ¢ = € is

—1 —1
Vicar-Yicar x [ Yie x I V-weViao

JE€I2,j~i JEI,j~i
= Ziwrrpo Zican-po X 1L 200 o0 < 1L Zye
JEIz,5~1 Jjel,jri
Note that if there is j € I; such that j ~ 4, by definition of ¢ we have ¢(j) = 1 and
¢(i) = 0. That is why there is no ¢ in the last factor of the product. O

For i € I consider the subalgebra of V, ;
ﬁi#}i = Z[Wi70(1 + a‘gz‘,l + A_ A’L at) OéY; a(l + Az aqt) W]:tal7 a}/]ﬂ; ’ ]aec,j#i’

1,aq3t
and for i € I
Rign = LYia(L + A L) WEL oY7L ol e i

Then we have the following:
Lemma 3.9. For i e I, we have I1;(R; 41) = Riq and II(R; 4¢) = R{jt.
Proof: For i € I, we have

Iy (Rigr) = Z[Yia(1 + A aq)’ Ygi:z laeqz, i = Rig:

0 (Rigt) = Z[YiaYi—a(14+(Ai —catAica) ™) (ViaYi—a) ™ YVid laceziz jen iy hen = Rt
as by Lemma 3.8 we have

}/i,a}/i,fa(l + (Ai,featAi,eat)il) = Zi7a2(71)¢(i) (1 + B;’alztz(,l)cﬁ(i))'
For i € Iy, we have

HQ(ﬁi,Q,t) = Z[Y; a(l + A ! )7 ]:Ezl]aEq L ojAi = ﬁi,q?

i,aq>
0y (Rige) = ZYia(L+ A1), (ViaY) o)™ Y Jaccnz jen kena—(iy = Ri
as by Lemma 3.8 we have

Y;ﬂ(l + A;iat) = Zi,a(fl) (1 + BZ al( 1)¢(i)t)'
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O
We use the same notation &;,; for the image of the subalgebras &;,; in J, ;. For

J C I we define R; = ﬂjejﬁj and we set R = &1 C V-

3.4. Main conjecture and main theorem. Let us define an analogue of P’ C P,
+1 +1
yt/] = Z[}/i,a ]iEIQ,aEqZ ® Z[(Y;ﬂqY;,aq—l) ]ie[l,aEqZ - yQ'

We consider 1I : Yy — y; the projection on y; whose kernel is generated by mono-
mials not in y{l.

Conjecture 3.10. Let M € y{] be a dominant monomial and L(M) the corresponding

simple Uq(g)-module. Then there is a dominant monomial M e iq,t \ aj}q,t such that

II,(M) = M and there is xq € &N MZ[;I_I alieraec such that T1y(Xq) = Xq(L(M))

7,00

and T1;(X,) is the twisted t-character of a Uy(Lg)-module.

We will call such x, an interpolating (q,t)-character.

If the statement of this conjecture holds, we will say that L(M) satisfies the Lang-
lands duality and call the Uy(¥g)-module whose twisted ¢-character is I1;(X,) a module
that is Langlands dual to L(M). A given U,(g)-module may have different Langlands
dual modules (for example, obtained by a shift of the spectral parameter by t™).

Conjecture 3.10 implies Conjecture 2.2 as the condition M € yq,t\ozj}q,t implies that
the highest weight of the Langlands dual module is given by the weight of M.

The following is the main result of this paper.

Theorem 3.11. Kirillov—Reshetikhin modules over Uy(g) satisfy the Langlands duality,
and the Langlands dual modules are Kirillov-Reshetikhin modules over Uy ().

To prove this Theorem, we will use the affine-minuscule property of Kirillov-Reshetikhin
modules.

3.5. Examples. Let us give some examples of interpolating (g, t)-characters which will
be useful in the following proofs.
First consider the type A; with r = 1. We choose ¢(1) = 0 and we have the following.

Y111 42 Y111 42 Z11
ll,qg’t ll,qg’
aYy 1Y} YY" 1,62
4T 1,q42 11,4 ;
ll,qt ll,q
1 -1 1y —1 -1
Yl,q2t2 Yl,q“t2 Yl,q2Y1,q4 Zl,t4

Here we use diagrammatic formulas for (interpolating) g-characters as defined in [7].
The left term in the interpolating g-character, and then we have the respective special-
izations at t = 1 and ¢ = e.
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Consider the type A; with r = 2. We choose ¢(1) = 0 and we have the following.

Yi1 Y11 Z11
l17q2t llqu l17t
1 ~1 1
le,q4t2 le,q4 Zl,t2

Next, consider the type As with » = 1. We choose ¢(1) = 0, ¢(2) = 1 and we have the

following.

Y11V 42 Z1,1
1,43t
-1
aY11Y] a2 Yo g8 12
2, 4t2
1,qt \
YLVl LY, s, Y Y.V, L AN/
L2z 11,42 12,65t 1 2,0t AX11Lg 4513 1,44 42,2
2,q*t2
q %
aY, L Ys YL o 44
1,22~ %t~ 2 ¢5¢3 )
2,¢%t2
-1 -1 -1
Y2,q3t3Y2,q5t3 Z2,t6

For the type Ay with r = 2, we choose ¢(1) = 0, ¢(2) = 1 and we have the following.

Y11 Y11 Z11
1,¢%t ll,qQ lu
YL,V YLy Z7 Lz
1,g42 1 2,q%t 1,g4" 2,42 1,242,
2,q%t? lzq4 l2,t2

-1

Yo g0¢3 Yo 46 Zz,t3

The following example was considered in [6] (it is rewritten here in the language of
g-characters and twisted t-characters). The type is Bél) = 02(1) and its Langlands dual
D:(,)Q) = AgQ). We have ¢(1) =0, ¢(2) = 1. 11, gives the g-character of a fundamental 5-
of Uy(C: (1)) from [5] (see also [16]) and II; gives the following

dimensional representation

2
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interpolating (g, t)-character.

Yi1 Yi1 Z11
17q2t 17q2 17t
YL Ys Y Y 1Y, Y- AR/
1,g42 1 2,qt 12,63t 1,¢4 72,44 2,¢3 1,6242,t2
2,q*t? 2,q*
aYs o YL Yo YL 4
2,qt 2,453 2,q 2,45 2t
2,q%t? 2,q*
-1 -1 —1y—1 -1
}/2,q3t3}/Z,q‘r’t?’yvl,q%2 }/2,q3Y2,q5Y1,‘12 2,tGZl,—t2
1,¢%t3 1,¢* 1,—t3
-1 -1 -1
le,q6t4 Yl,q6 1,—t4

By [12] this is the twisted ¢-character of a fundamental 4-dimensional representation of
2
Ui(A5).
Let us give another example for this type.

Y21Y5 2
2,¢%t

1
a¥21Y, a2 Y1 g

1,q°t%
2,qt

-1 -1 -1
Yo Y g Va1, g3t a¥21Y5 go2Y) grys

1,q%t2 lQ o 2,q7t3

2

1,¢3t2

-1 -1 -1 -1
Yl,q3tY1,q5t3 Y2,q2t2 Yo 402 Yl,q7t3 Yiqt O‘Y271Y2,q8t4

542 743
1,g°t T l2,q t %

-1 1
Y5 112 Y5 g642 aY, 2pY Y1t

1 1 —
}/1 q5t3}/1 27q q

; g3

743
2,q't T

—1 —1
ayl’qsﬁ }/2,(]4152}/27(]8154

2,q°t3

—1 31
Y2,q6t4Y27q8t4
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Here we have to check that it is in the K, since a priori it is unclear that
1 —1 —1 —1 —1 —1
05Y2,1YQ,¢16152 Yl,q7t3 + }/27(]2152 YQ,thQ Yl,q7t3Y1,qt + 04Y2,1Y2’q8t4 + aYQ’q%Q Yg’q8t4 Y1t
is in Ro,q. But if we subtract a¥s1(1+ Ay g,)Ya g2 (1 + Ag 7,5) Y] rys € Ro,g0, we get

-1 -1 -1
(1 - O‘)}/ZqztzY2,q6t2Y17q7t3}/1,qt = (1 - a)YLq?thl,qt € ﬁ2,q,t~

II, gives the g-character of a 11-dimensional Kirillov-Reshetikhin module of Uq(Bél))
(it follows from [10] that the formula of [15, 14] is satisfied) and II; gives the following.

Zo, 1

2,—t2

-1
Z2 t4Z1,—etZLet

1,—et

-1 -1
Zl?GtZl,fetB Zl’etBZl,fet
1,et?
1,—et?
-1 -1
Zl,fet?’ Zl et3 Z27—t4
2,—t6
-1
ZZ,ftS

By [12] this is the twisted ¢-character of a fundamental 6-dimensional representation of
Ui(457).

4. INTERPOLATING (q,t)-CHARACTERS

In this section we construct interpolating (g,t)-characters in a systematic way: we
prove the existence and construct sums in K with a unique dominant monomial which
can be seen as interpolating (g, t)-characters of virtual representations (Theorem 4.4).
Their existence implies Conjecture 3.10 in many cases (when a representation and its
Langlands dual are affine-minuscule). We will prove in Section 4.4 that Theorem 4.4
implies Theorem 3.11.

Let us explain the main ideas of the construction of interpolating (g, t)-characters.
In [8, Section 5] a process is given to construct some deformations of g-characters.
Although the notion of “interpolating (g, t)-characters” considered in the present paper
is completely different from that of the “g,t-characters” in [8], we use an analogous
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process (note that the “g,¢-characters” of [8] were first introduced in [18] for simply-

laced affine quantum algebras by a different method). In fact, the process of [8] may be
seen as a general process to produce t-deformations under certain conditions. It is based
on an algorithm which is analogous to the Frenkel-Mukhin algorithm for ¢-characters
[5].

Let us give the main points of the construction. We define a certain property P(n)
depending on the rank n of the Lie algebra which means the existence of interpolating
(g, t)-characters in R. To prove it by induction on n, assuming the existence for the fun-
damental representations, we first construct some elements FE(m) which are analogues
of interpolating (g, t)-characters for standard modules (tensor products of fundamental
representations). Then we have three additional steps:

Step 1: we prove P(1) and P(2) using a more precise property Q(n) such that Q(n)
implies P(n). The property @Q(n) has the following advantage: it can be checked by
computation in elementary cases n =1, 2.

Step 2: we give some consequences of P(n) which will be used in the proof of P(r)
(r>n).

Step 3: we prove P(n) (n > 3) assuming that P(r), r < n are true. We give an
algorithm to construct explicitly the interpolating (g, t)-characters by using ideas of
[8]. As we do not know a priori that the algorithm is well-defined in the general case,
we have to show that it never fails. This is a consequence of P(2) as it suffices to
check the compatibility conditions for pairs of nodes of the Dynkin diagram. Finally,
we prove that the algorithm stops, that is to say it gives a finite sum which makes sense
in R.

4.1. Statement. In this section we prove, for m € B, the existence of an element
F(m) € R such that m is the unique dominant monomial of F(m). This will imply
Theorem 3.11. _

We have a partial ordering on the monomials of ), ;:

m<m' e m@m)! e Z[A;al704]iel,aec~

Lemma 4.1. A non-zero x in R; 4 has at least one i-dominant monomial.

Proof: 'Take a monomial m in y maximal for the partial ordering <. It occurs in a
product of generators of &; ,;, whose product M of highest monomials are greater or
equal to m for the partial ordering, that is Mm~! is a product of v(M) factors g;;
Let N be the maximal v(M). We suppose that we have written x so that N is minimal.
If N =0, one of the products M is equal to m, so m is i--dominant. Otherwise, N > 0.
The products M such that v(M) = N should cancel as m is maximal in x. But the
only case where generators of &; ,; have the same highest monomial is when i € I; as

the dominant monomial aY; ,Y; 442 is the highest monomial of

aY;.(1+ A

—1 —1
i,aqt)OéYvivaq2 (1 + Ai,aq3t)

and of
a}/i,a}/;,aq2(1 + O‘Ai_l 3¢ + A7l AL )

,aq i,aq3t” “i,aqt
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But the difference of the two is aYi,aquzgi_’;qt =« iji Y aq in ja,t. This monomial is
i-dominant in &; 4+ and strictly lower than aY; ,Y; ,42. So we can rewritte the expression
in such a way that the new maximum of the v(M) is stricly lower than N. This is a
contradiction. g

For J C I, let gy be the semi-simple Lie algebra of Cartan Matrix (Cj ;) jes and
U,(g).s the associated quantum affine algebra with coefficient (r;);c.

As above, by considering a maximal monomial for the partial ordering, we get the
following:

Lemma 4.2. A non-zero element of R; has at least one J-dominant monomial.

For a monomial m there is a finite number of monomial m’ € mZ[A; }],ec which are

i-dominant. Let m = [,/ ,ec Yf;’“(m), and let

C(m) = {a € C|Fi € I,u;q(m) # 0}.
Then we set

D(m) = {mA; ' - A7! |N >0, €1a;€C(m)g" "}

11,01 IN,GN

Note that D(m) is countable, any m’ € D(m) satisfies m’ < m and D(m’) C D(m).
Finally, set

D(m) = DpreD(m)Zm'’.
We prove the following result as in [8, Lemma 3.14].
Lemma 4.3. For any monomial m, the set D(m) N B is finite.

Let us state the main result of this section.

Theorem 4.4. For all n > 1 we have the following property P(n): for all semi—sz;mple
Lie algebras g of rank rk(g) = n and for all m € B there is a unique F(m) € RN D(m)
such that m is the unique dominant monomial of F(m).

Remark 4.5. If m is of the form am/, then the existence of F/(m) follows from the anal-
ogous result for the q-characters. Indeed, in [8] an algorithm inspired by the Frenkel-
Mukhin algorithm [5] was proposed (as well as its t-deformation in the sense of [8]):
if it is well-defined, then for a dominant monomial m € Z[Y; qrlicirez it gives F(m)
in the ring of q-character such that m is the unique dominant monomial of F(m) (see
also [9]). As a consequence, it suffices to prove the result when m is a product of the

Wia-

4.2. Proof of Theorem 4.4. First note that for n = 1 we have already proved this
result. For a general n, the uniqueness follows from lemma 4.2.
First, we define a new property Q(n).

Definition 4.6. For n > 1 denote by Q(n) the property “for all semi-simple Lie alge-
bras g of rank n, for all i € I there is a unique F(W;1) € RN D(W;1) such that W; 1
is the unique dominant monomial of F(W;1).”
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4.2.1. Construction of the E(m). We suppose that for ¢ € I, there is F(W;;) €
AN IND(VVH) such that W;; is the unique dominant monomial of F(WW; 1) (that is the
property Q(n) is satisfied).

For a € C consider s, : j}qi — jivqﬂt the algebra morphism such that s4(Yj) = Yj ap-

We can define for m = [];c7 .cc Wm” the element

Em)= [ (sa(FWi)" =€ &n( [[ (DWia))**) c &N D(m).
iel,acC iel,acC

4.2.2. Step 1. First, we prove that QQ(n) implies P(n).
Lemma 4.7. For n > 1, property Q(n) implies property P(n).

Proof:  We suppose that Q(n) is true. In particular, we can construct E(m) € £ND(m)
for m € B as above. Let us prove P(n). Let m € B. The uniqueness of F'(m) follows
from Lemma 4.2. Let my, = m > mp_1 > --- > mj be the dominant monomials of
D(m) with a total ordering compatible with the partial ordering (it follows from Lemma
4.3 that D(m)N B is finite). Let us prove by induction on [ the existence of F(m;). The
unique dominant monomial of D(my) is m1, so F(my) = E(m1) € D(my). In general,
let A\1,--- , \_1 € Z be the coefficient of the dominant monomials mq,--- ,m;_1 in
E(my). We put

F(m))=E(m)— Y A\F(m.).
r=l-1—1
It follows from the construction that F'(m) € D(m) because for m’ € D(m) we have
E(m') € D(m’) C D(m). O
Corollary 4.8. The properties Q(1), Q(2), and hence P(1), P(2), are true.

This allow us to start our induction in the proof of Theorem 4.4.

Proof: For n = 1 we have two cases Ay with » = 1 or r = 2. The explicit formulas
have been given above. For n = 2 we have five cases A1 x A} with r = 1,2, Ay with
r =1,2), By. The cases A; x A; are a direct consequence of the case n = 1. For As,
i = 1,2 are symmetric so it suffices to give the formulas for i = 1 as we did above. We
also gave the formulas for By above. O

4.2.3. Step 2. Let be n > 1. We suppose in this section that P(n) is proved. We give
some consequences of P(n) which will be used in the proof of P(r) (r > n).

From Lemma 4.3, an element of ), ; has a finite number of dominant monomials.

Proposition 4.9. We suppose 7k(g) = n. We have

R= @MGBZF(m).

Proof: Let x € R. Let my,--- ,mp € B the dominant monomials occurring in xy and
AL, , AL € Z their coefficients. It follows from Lemma 4.2 that x = > NF(my).

=1L
O
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Corollary 4.10. We suppose |I| > n and let J C I such that |J| =n. For m € By,
there is a unique Fy(m) € Ky such that m is the unique J-dominant monomial of

Fj(m). Moreover Fj(m) € D(m) and we have

Ry = P ZF;(m).

meBj

Proof: The uniqueness of F'(m) follows from lemma 4.2. Let us write m = mym’ where
my =[] Y;uli’l(m) € By. In particular, Proposition 4.9 with the algebra Uy,(g). of

5

SBRISYA
rank n gives myyx, where x is a polynomial in the variable A;ll for U,(g)s. It suffices

to put Fy(m) = mv;(x), where vy is the ring morphism which sends a variable KZ_;
for U,(g)s to the corresponding variable for U,(g). The last assertion is proved as in
Proposition 4.9. g

4.2.4. Step 3. We explain why properties P(r) (r < n) imply P(n). In particular, we
define an algorithm which constructs explicitly the F'(m) by using ideas of [8].

We prove the property P(n) by induction on n > 1. We have proved P(1) and P(2).
Let n > 3 and suppose that P(r) is proved for r < n.

Let mg € B and mg, m1,ma,--- the countable set D(mg) with indexes such that
m; > mj implies j' > j.

For J ¢ I and m € By, it follows from P(r) and corollary 4.10 that there is a unique
Fj(m) € D(m) N Ky such that m is the unique J-dominant monomial of F(m) and
that K7 = @meBJ ZFj(m). If m ¢ By, we denote F;(m) = 0. For y € jiv%t, X]m € Z
is the coefficient of m/ in .

We consider the following inductive definition of the sequences (s(m;)),>o € Z,
(ss(m))rz0 € ZN (J ¢ 1),

s(mo) =1, s5(mo) =0,

and for r > 1, J C I,

sa(my) =Y (s(mpr) = .5(mu)[Ey (my)]im,

r’'<r

(my) sy(my) if m, ¢ By,
s(m,) =
0 if m, € B.

The definition of s; means that we add the various contributions of the m,. where
r’ < r with coefficient (s(m,) — sj(m,)), so that a contribution is not counted twice.
For the definition of s(m,), there is something to be proved, that it that the various
sj(m;) for m, ¢ B coincide.

We prove that the algorithm defines sequences in a unique way. We see that if
s(my), sj(m,) are defined for r < R, then so are sj(mp41) for J C I. Moreover,
sj(mp) imposes the value of s(mpy1), and by induction the uniqueness is clear. We
say that the algorithm is well-defined to step R if there exist s(m;), sj(m,) such that
the formulas of the algorithm are satisfied for » < R.
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Lemma 4.11. The algorithm is well-defined to step r if and only if
VJl, Jo g I,V?”/ <r, (mr/ ¢ BJl and My §Z BJ2 = SJl(mT/) = SJQ(mT/)).

Proof: If for ' < r the s(m,), sj(m,) are well-defined, so is sj(m,). If m, € B,

s(my) = 0 is well-defined. If m, ¢ B, it is well-defined if and only if {s;(m,)|m, ¢ B}

has a unique element. O
If the algorithm is well-defined to step r, then for J & I we set

:UJ(mr) = S(mr) - SJ(mr) 5 XTJ = Z,UJ(mr’)FJ(mr’) € Ry
r’'<r
We prove as in [8, Lemma 5.21] (except that the coefficients are in Z and not in

Z[t*1]) the following:

Lemma 4.12. If the algorithm is well-defined to step r, for J C I we have
X7 € (Zs(mrl)mr/) + sg(mpgp1)mey1 + Z Ly
r'<r r’'>r41
For J, C Jo © I, we have
X?}Q = XTJl + ZAT/FJl (mr/)
r'>r
where A\ € Z. In particular, if myy1 ¢ By,, we have s, (Myy1) = Sg,(Mpt1).
We prove as in [8, Lemma 5.22] the following.

Lemma 4.13. The algorithm never fails.

Now we aim at proving that the algorithm stops. We will use the following notion
[5):
Definition 4.14. A non-trivial m = HiGI,GGCX n?;’“(m) is said to be right-negative if
for all a € C*,j € I we have (u; ggra (M) # 0 = u; 4ra (M) < 0) where

Lo = max{l € Z|3i € I,u; 4or.(m) # 0}.

D(m) is graded by finite-dimensional subspaces such that the degree of the monomial

m' = mA;l}al e ngl ay 1 D(m) is N. Then we can consider the corresponding graded

completion D(m) of D(m). By an infinite sum in ), ; we mean an element in such a
completion. We have analogous definitions for infinite sums in ), and in ytL

Lemma 4.15. Let S be an infinite sum in Y, (resp. in VF) which is an infinite sum of
elements in R; 4 (resp. in ﬁﬁt) forany i € I. If S contains a finite number of dominant

monomials, then S is a finite sum in Y, (resp. in YL).

Proof:  We prove the result for Y, (the proof is completely analogous for VE by us-
ing results in [12]). Let mq,--- ,m be the dominant monomials occurring in S and
A1, -+, Az their multiplicity. For m a dominant monomial, there is F,(m) € Im(x,)
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with a unique dominant monomial m (see the construction in [8, Section 5.1] by using
g-characters which are finite sums). Then

Sl =5- Z )\qu(ml)

1<Ii<L

has no dominant monomial and for any ¢ € I is an infinite sum of elements in &; 4. So if
S’ # 0, a maximal monomial occurring in S’ is dominant, contradiction. So S’ = 0. [
Now we can prove the following:

Lemma 4.16. The algorithm stops and x = ¥ s(my)m, € R0 D(myg). Moreover, the
r>0

only dominant monomial in x is mg.

Proof: Consider the (a priori, non necessarily finite) sum  in D(mg). We prove as in
[8, Lemma 5.23] that for each i € I, x is an infinite sum of elements in &; 4.

There in N € Z such that mg € Z[}/;’qrtl]ie I,r1<N- By construction with the algo-
rithm, only a finite number of monomials of F(mg) are in mOZ[A;qlT tl]TS N or I<N. Let
us consider another monomials m’ ¢ Z[fl;;r alr<N or 1<y occurring in x. The special-
izations II,(m’) and II;(m') are right-negative. Indeed for any 71,72 > N and j € I,
the specializations of mog;;rltTQ are right-negative. Moreover the specializations of the

/T;; are right-negative, and a product of right-negative monomials is right-negative [5].
Since a right-negative monomial is not dominant, we can conclude that the specializa-
tions of m’ are not dominant. So II;(x) and II;(x) have a finite number of dominant
monomials. So these are finite sums by Lemma 4.15. As 5/%,5 is obtained by a quotient
by Ker(II,;) N Ker(Il;), x is a finite sum. O

This lemma implies the following.
Corollary 4.17. For n > 3, if the P(r) (r <n) are true, then P(n) is true.

In particular, Theorem 4.4 is proved by induction on n.

4.3. Example. We give an example of an interpolating (g, t)-character that we get
for a Lie algebra or rank strictly larger than 2 by the process described in the proof.

Consider Uq(C’:.El)). We have ¢(1) = ¢(3) = 0, ¢(2) = 1. We have the interpolating
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(g, t)-character.

Y31
3,q°t
-1
Yr37q4t2y2,qtyv2,q3t
2,q4t2
-1
ayl,q‘*tQYZ,th27q5t2
1,¢°t3
27q2t2 \
Y3202 Yy L Yo L Y] Y, 2y LY.
3,22 Yo g343 40 4512 11,412 11,4212 ly gsrat2,qt
1,4%t3
3,q4t3 2,q2t2
LYy 40 20 aYa 2,V L LY, a0
3,q6t4 - 1,q*t? T 1,¢°%t 3,q°t% ~ 2 ¢33 7 1,q6¢4 T 1,¢%t
1,q5t3 1,q3t3
3,q4t3
aY L YL Y] 22 Yy s Y322 Yy 5, VL
3,q6t4 7 1,¢6¢4 7 1,¢°t2 ~ 2,¢°t 3,271,644 1,44
1,¢3t3
2,q6t4 3,q4t3
2 -1 -1 -1 1
o Yl,thQYQ,qﬁs4 }%,qst4}/27q3t3}/27q5t3Y1,q6t4Y1,q4t4
1,q3t3
2,q0t4
aYy spY, L VL
2,q°t° T2 75 7 1,q4t4
2,q*t*
—1 —1
YVQ,q5t5YVQ,q7t5Yv3,q4t4
3,q6t5
-1
}/3,q8t6
The specialization at ¢ = 1 gives the g-character of a 14-dimensional fundamental

representation of Uq(C’:.El)) from [5] (see also [16]). The specialization at ¢ = € gives the
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twisted t-character of a 8-dimensional fundamental representation of Ut(D?)) [12].

2t6

1
Z3 —t2 Z1 t8

3,—t3
-1 1
Z37_t4ZQ tle 5

2,t8

-1
Zz,tlo Zy g1

3,t°

-1
Z3,t6

4.4. End of the proof of Theorem 3.11. Let us explain how Theorem 4.4 implies
Theorem 3.11. Indeed, consider the dominant interpolating monomial

m = VVZ'ﬂWi’athzi tee Wi,a(t2q4)’f—1 .

The specializations by II,, II; of m correspond to the highest monomials of the Kirillov—
Reshetikhin modules respectively of U,(g) and U;(Yg). Then by Theorem 3.3 and
Theorem 3.5, it suffices to prove that the specializations of F'(m) are affine-minuscule.
But by construction, the monomials m’ occurring in F'(m) — m are of the form

!/

1 1 1 - -
m (mAzaqf )AZl a AZN ay Where iy, .-+ iy € I and a1, ,an €C.
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As a consequence, II,(m’) and IT;(m') are right-negative. Indeed, the specialization of

m/T_i P and of the EZ_ ; are right-negative, and a product of right-negative monomi-
1,aq; ’

als is right-negative [5]. Since a right-negative monomial is not dominant, this completes
the proof of Theorem 3.11.

4.5. Additional comments. Let us conclude this Section with additional comments
on Theorem 3.11. First we have the following compatibility property with tensor prod-
ucts.

Proposition 4.18. Let Vi and Vs two simple Uy(g)-modules satisfying the statement
of Conjecture 3.10. Then if V1 ® Vo is simple, it satisfies the statement of Conjecture
3.10. Moreover a representation Langlands dual to Vi ® Vo s a tensor product of
representations Langlands dual to Vi and V3.

Proof: For yx; and xo interpolating (g,t)-characters respectively for Vi and Vs, the
product xix2 is clearly an interpolating (g,t)-character for V) ® V5 as R is a subring
of )N)q,t and II; is a ring morphism. We can conclude for the last point as II; is a ring
morphism. O

In particular the Conjecture 3.10 holds for simple tensor products of Kirillov—Reshetikhin
modules.

Nakajima [18] has computed the g-characters of simple modules from those of stan-
dard modules (tensor products of fundamental representations) using quiver varieties.
His results are not available for non-simply laced untwisted quantum affine algebras, but
the second author has conjectured [8] that analoguous result do hold in this case. The
compatibility with tensor product indicates the compatibility of the two conjectures.

Note that it is easy to construct interpolating (g, t)-characters of non-simple rep-
resentations by using tensor products of Kirillov-Reshetikhin modules which are not
simple. More interestingly, to illustrate Conjecture 3.10, let us give an example of a
simple non affine-minuscule module which satisfies the Langlands duality. Consider the
Uq(C’él))-module V= L(Yl271Y27q5Y27q7). Note that L(Y21Y5 2Y] 47) ® L(Y] 47) is sim-
ple as it is affine-minuscule. So by [11, Lemma 4.10], V' ~ L(Y11Y5 45Y5 47) ® L(Y1,1).
Moreover

Na(L(V1.0) © L(Y 5 Ya,07)) = Xg(L(¥ar) © L(Yaz)) + Xg(L(Vi1 Y Yo, 00).
has they have the same multiplicity 1 on the dominant monomials. So
dim(L (Y5 45Y5 47)) = 55 — 16 = 39 and dim (V) = 39 x 5 = 195.
Now consider the Ut(Ag)Q)) simple module V¥ = L(Zilzzﬁ)- In the same way, by [13,
Proposition 4.7, we have V¥ ~ L(Z11Z5 ) ® L(Z1,1), and as
W (L(Z11) © L(Zow)) = X§ (L(Z11Z0,8)) = X{ (L(Z1 _s2)),

we get dim(L(Z1,1Z446)) = 24 — 4 = 20 and dim(VY) = 20 x 4 = 80. As for their
dimension above, it is easy to compute the g-character (resp. twisted ¢-character) of V'
(resp. VF), and so to check that V satisfies the Langlands duality with the Langlands
dual module V*. We do not list the 195 monomial of the interpolating (g, t)-character,
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but the 80 monomials which do not have « in their coefficient. It suffices to multiply
one of the 4 monomials of the sum

Yl,l + Y1Tq14t2y2,qty2,q3t + Y 3t3y ; Y) 22 T Y 6

2 q5t3 4

by one the 20 monomials of the following sum. We use the notation i, = Y; , (analog
notation will also be used in the following).

1125132473 + 11164418442 7t52 o + 11122@2 325032475 + 111 6t41:12t62;1t52 1145
+1:1 10t61 spa+1 4t21 6041 8t42qt2 342 7t52 9t5+111 10t61 112t62 9t52 11541 4t21710t62qt2 stl 844
+1 4t21 6pal 12t62qt2 5,2 7ts2 s+ 1 4121—1%61
+1 q°t? 1q6t4 1q8t42 31,532_51,532 7t52_9t5 + 112_11t72_13t7 +1 2t21 1%)t62_31t32_51t3 1q3t4
+1 2t21 641 12,562 31,532 51,53277,552 s+1 4t22qt2 342 11t72 13t7+1q2t21q10t61q112t62q31t32;51t32q9t52q11t5

— 1 1 41— 1 — -1 o—1 -1
+1 2t22 3t32 5t32 11t72 13t7+1 6t41 101561 8t4+1q6t41q10t61q12t62q9t52q11t6+1q6t42q11t72q13t7'

12t62qt2 3124945241145

5. TRIPLE-LACED CASE

Now we suppose that r = 3, that is to say we consider U, (G(l)) and its Langlands

dual U;(D D )) The results and their proofs are completely analogous to the case r = 2,
except that we have to change some definitions and formulas and we have to check the
existence of interpolating (g, t)-characters in some examples as we did for r = 2.

5.1. Definitions of interpolating structures. We set ¢ = ¢/™/3. For the Dynkin
diagram of G5 we use the convention 71 = 3 and r9 = 1. We have r} = 1 and ry = 3.

For the g-characters of Uq(G(l)) we have

_ — 1 1 _ 1
Ala = Yiag-3Y100 Vg a2 Voo Voo » Asa = Yauq-1Yaug Vi,

Rl,q = Z[}/l7a(1 + Aiiq3)7 Y2%a ]aEqZ » R q Z[Y2 a(l + A2 aq) 1ia1]

acq?-
For the twisted t-characters of Ut(D(3)) we have
Bia = Zy a1 21025 4 » Boas = Zoa315 22,0313 21 0 21 g2 01

1,a1,ae?2“1,ae?’
th - Z[Zl a(l + Z1 at) Zéta]aeeztz ’ Rm - Z[Z2 a(l + A

For a € C let Wl,a = Yl,a, Wg,a = Y2,aq*2Y2,a}/é,aq .
Let us consider an interpolating map [3(q,t) such that 8(q,1) = 1 and (e, t) = 0.

+1
2 at3) Z ]aeeZtZ

We can use, for example, the following map introduced in [1]:
Blg.t) = (@ —a ) gt —q ') (Pt — g t)(g't " — ¢~ ')
T @ Tt D g

Consider

yq,t - Z[‘/Vily ﬂy;%a% ﬁ]iel,aec-
We have the specializations maps II,, II; and the ideal Ker(Il;) N Ker(Il;) is generated
by the elements

BB —=1), BYia—Yiat) , (B—1)Wiag — Wiae) » Wia = Wiat)(Wjng — Wipe),
for i,j € I and a,b € C. We work in the ring Y, ; = Y, ;/(Ker(II,) N Ker(Il;)).
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Definition 5.1. We define for a € C the interpolating root monomials
gl a = Y; a(g3t)~ 1Y; aq3t(Y2,aq—2}/27aY2,aq2)_1 ’ 121/2,(1 = Y2,a(qt)_1Y27aqt}/1Ta1’

)

We will use the identification Z1, = Vi, and Ya,Ys 2Vsctq = Zo_gs. The Aj,

interpolate between the root monomials of Uq(Ggl)) and Ut(Df’)) as we have the fol-
lowing:

Lemma 5.2. We have 11 (A a) = Ain(a foriel,aeC.
We have Ht(A2 aq_zAg aA2 ag?) = Ba (11, ()3 for a € C.
We have Ht(ALa) = By _1,(a) forac C.

Proof: 'The first point is clear. N L
Let o' =TI (a). The specialization of Ag ,,—2A4244; 442 at ¢ = € is

—1
(YZ,fa’t—1}/2,fa/62t—1}/2,7a/64t_1)(}/2,—a'tYZ,faGQtYZ,fa’e‘lt) X (}q,a’e—QYI,a’Yl,a/GQ)
-1
= Z2,(a’)3t3Z2,(a’)3t*3 X (Zl,a’e*2ZLa’Z1,a’62) = B2,(a’)3'
The specialization of Ay, at ¢ = € is

-1 -1
Yl,—a’tflyl,fa’t X (}é,a’e*QYQ,a/Yia’e?) = Zl’_a/t—l Zl,fa’t X Z,

2,(—a’)3 BZ,fa"

Consider the following subalgebras of j)vq,t.
ﬁl,q,t = Z[Yl a(l + 271 ) Wzialy Yzialyﬁ]ae&
Rogt = Z[Y2,0Y2 0g2 Y2 0q0 (1 + ﬁAQ_a 5+ BA

BYa,0(1+ Ay ), Vi Blacc

These are interpolating subalgebras as
Lemma 5.3. For i€ {1,2}, we have I1;(R; g+) = Riq and I (Ri4) = ﬁ{jt.
Proof: We have

Al LAt A2¢11q3tA2_aqt)

2,aq5t" "2,aq3t 2,aq5t

[y (Raq) = Z[Ya,a(1 + A3 aq) lial]aeq = Ra,q,
I (RQ,q,t) = Z[YVQ,GYZ,CLGQYZ,ae‘l(l + Agjl_a@tAle atA 1—ae*2t) le,ial]aeeztz = R%,t?
as by Lemma 5.2 we have
YQ,G}/Z,aGQYZ,ae“(l + Ail A 1fatAQ ! ae*Qt) Z2 fa3(1 + 32 a3t3)

Now we have
(Rl,% ) Z[Yl a(l + A1 (1zq ) Yzial]aEqZ = le
Ht(ﬁ17q7t) = Z[}/l,a(l + A;iat)v (YQ,GYQ,aGQ}/2,a64)i1]a€eZtZ = ﬁih
as by Lemma 5.2 we have

Yia(1+ A7) = Z1.(1+ B,,).
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As for the case r = 2, we define the analogue of P’ C P in Y,
yzlz = Z[}/lil (}/Z,anYQ,a}/Z,aq—Q)il]aEqZ'

7a7

5.2. Examples. Now we have to check the existence of interpolating (g, t)-characters
in some elementary cases. First, consider the following interpolating (g, t)-character.

Yi1
1,q3t

-1
Yl,q6t2 Yog51Y2,431Y2,qt

2,q6t2
BY L .Y, 5, Y
2,73 1 2,¢%t 4 2,q¢

2,q%t?

-1 -1
5Y17q4t2 Y2,q7t3 }/2,q5t3 Yoqt

1,47t3
2,q2t2

-1 -1 -1 -1
}E,q7t3y2,q5t3y2,q3t3Y17q4t2Y17q2t2 5Y17q10t4}/2,q9t3}/2,qt
1,q7t3
1,¢%¢3 2,q10¢4
2,¢°t?
Yy a2 YL Yy 22Y h0u Yo 0 Yo L BY; L, Y
1,gt2 4 ¢844 1,g°t2 11 ¢1044 7 2,¢71° 4 2 4343 2,q11t5 2,qt
2,q10t4
1,473 2,¢%t2
1,q5t3
YL YVt Vs 0imYs 7Y 53 BY; 0 YL Y
1,g8t4 1 1,q1044 12,943 12,¢713 12,45¢ 1,g%t* L9 ¢11¢5 1 2 ¢315

:

2,q10¢4
1,¢5°

-1 -1
ﬁyl,qsﬁ Yg,q11t5 YQ,q7t3 Y2,q5t3

2,q8t4

-1 -1
ﬂY2,q11t5 Y27qe>t5 Y2,q5t3

2,¢0¢4

-1 -1 -1
Y2,q11t5 }/27q9t5 }/2,q7t5 }/1,q6t4

1,¢°t°

Y1Tq112t6
Here we have to check that it is in the K as a priori it is unclear that

-1 -1 -1 -1 -1 -1
BY17q10t4Y2,q9t3Y2,qt + Yl,q2t2Y17q10t4Y2,q9t3Y2,q3t3 + ﬂYQ,quts Y2,qt + BYI,th‘lYQ,qntsYQ’q?)ts
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is in Ro,q. But if we subtract 82,4 (1 + Ay 1) Ya g0 (1 + A7 f1014) Y] jiogs € R2q, We
get

(1-— ﬁ)Yqu{,,ﬁYQ,qgtg1/1;11%41/1,(1%2 =(1- ﬁ)yqulwﬂyl,qm € Rogt
By specializing at ¢ = 1, we get the g-character of the 15-dimensional fundamental
representation of Uy(G2) as computed in [8, Appendix]. By specializing at ¢ = €, we
get the following.

1,t2 )

2,t6

-1
Z27t9ZL€4t2 Z1,62t2

1,—et?
1,—€d¢3

-1 -1
z €2t 1,e4t4Z27t9

2,t12

—1
ZZ,t15 Zl,t4

1,t°

-1
Zl,t6
This is the twisted t-character of the 8-dimensional fundamental representation of
Uy(D{Y) as computed in [12, Section 11.2].
Now we have to consider the case of the monomial Y51Y5 2V 4 = Wy 2. The

dimension of the corresponding Kirillov—Reshetikhin module of Uq(Ggl)) is 133 (this can

be obtained, for example, from the T-system proved in [10]: let 7, él) be the dimension of
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a Kirillov—Reshetikhin of highest weight kw;. Then for the fundamental representations
we have TV =15, T = 7, s0 Ty?) = (T2 =TV = 34 and TS = (112) (1572
(TM)2) = 133).

There is also an interpolating (g, t)-character in this case. We do not list all 133
monomials, but we list the 29 monomials (with multiplicity) which do not have g in
their coefficient :

Y2,1Y2 q2Y2 qt 2_ 242 Y_ g2 Y_ 52 Y; q5tY1 q3tY1 qt>
Y] q3t}/1,th 11t3Y 2t2Y 4t2Y2,q3t2Y2,q10t27 }/17q5tyi 9t3Y17th7 QtQ}/Q 812} Y] q5tY1 q3tY s
Y 9t3 Yy th 11t3 Yﬁ q2t2 Y2 ,q8t2 Y2 8t2Y2 q10¢25 Yi q5tY 9t3Y 7t3Y2 q4t2Y2 q6t2Y2 q8t2
Yl q11t3Y1 q3tY 7t3Y2 q10t2YQ q8t2Y2 4523 Y1 Y q7t3Y 2t2Y2 q8t4Y2 q8t2Y 10t4Y_ 1244
Yy q5tY1 q5t3Y 6t4Y_ st4Y_ 10443 Y) q3tY1 q9t3Y 12t4Y_ 1ot4Y_ 8441
Y 9t3Y 7t3Y 11t3Y2 q4t2Y 6t2Y 8t2Y2 q10t2; Yl th 13t5Y 2t2Y2 q8t2§ Y; q5tY 11t5’

Y) q3tY7 15t5 Y, q14t4Y Bt 2><Y2 ,q4t2 Y, q6t2Y7 10t4Y ql2t4 Y 7t3 Yﬁ q13¢5 Y, ,q4t2 YZ ,q6t2 Y, ,q8t2 >
Y 11t3Y_ 11t5Y2 q10t2Y2 q8t2Y2 45125 Y_ 9t3Y 151&5}/72’(114154}/27(16154Yq4t47

Y_ g6t4 Y_ 8t4Y_ 1044 Y_ ql2¢ Y; q5t3Y1 q7t3Y1 q9t3

Y 6t4Y 1 Y 10,54Y2 q14t4Y1 q5t3Y1 q7t3Y7 15t5’ Y 6t4Y71 Y 10,54Y1 q5t3yi 13t5Y1 @ot3s
Y 8t4Y 10t4Y qi2t4 Yﬁ 11t5 Y; q7t3Y1 o35 Y 6t4 Y2 q12t4Y2 g4t Yl q5t3Y7 13t5Y q1515"

Y_ 11t5Y_ 13t5Y1 q9t3 Y 8t4Y2 q14t4Y 11t5Y1 q7t3Y_ 15t57

Y_ 15 Y_ 13t5Y_ 1545 Y, q14t4Y2 q12t4Y2 q10¢43 Y 16t6Y_ 14t6Y_ 1246+

As the other terms disappear when we spec1ahze at ¢ = €, we can compute the
specialization from the above terms which is given in the figure bellow. We get the

twisted t-character of the 29-dimensional fundamental representation of Ut(D( )) as
computed in [12, Section 11.2].
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24
2,—t3

2 o letl 15

1,et? 1,e5¢2
1,—t2
-1 -1 -1
1et3 —tlesy 16t1_t3165t 16t1*t165t3
1,t2l 1,651><et2 1,65t2><€t2 1,—2
-1 -1 -1 -1 -1 4-1
16t32—t61_t3165t et32*t61*t165t3 1et2—t61_t3165t3

/—t*’ 1,651><—t9 1,t2/et2 2,19

-1 -1 2 —-14-1¢-1 -1
2—t12 Lestless 1—tl—t32_tl2 2% 1€t3 1—t3 1e5t3 2—t12 Tetlegs

1,—t4
1,e5¢* 2,—t9 1,ett
Y
-1 -1 -1 -1
165t165t5 1—t1_t3 2 x 2—t62_t12 1€t16t5
1,e%t2 1,—t2 2,—t9 1,et?
Y
-1 1-1 -1 1-1 -2 -14-1
2_461 531 55 17551752 4o Te32 5101 3l 2_ 46l 51 5
4 1,ett

27t9\\ 27_N65t4 17—t 7 277t9

-1 —1 -1 5—1 —1 -1
1_t32—t12 16t3165t5 1—t52—t12 16t3]‘65t3 ]‘65t32_t12 1€t5 1_t3

1,t4l 1,ett 1,e9t4 1,et? 1,654 | 1,—¢4
-1 -1 —17-1 —14-1
1—t516t3165t5 17t31€t5165t5 €t51—t5165t3

4
1,et L—t ﬁt‘l

-1 -1 1-1
142 el 150k

/

2,—t15

—1
2—t18

5.3. Conclusion. With the existence of the two elementary interpolating (g, t)-characters
in the last subsection, we can conclude the proof of the two main results of this section.
We define R as for the case r = 2 and we have the following;:
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Theorem 5.4. For all dominant m there is a unique F(m) € R such that m is the
unique dominant monomial of F(m).

As in the double-laced case, we have the following consequence:

Theorem 5.5. The Kirillov—Reshetikhin modules satisfy the Langlands duality, that
18, for the highest monomial M € y’ of a Kirillov—Reshetikhin module over U, (G( ))
there is a dominant monomial M € yqt \ ﬁyqt such that 11 (M) M and x4 €

KN MZ[A Hierace such that Ty (XYy) = xq(L(M)) and T14(X,) is the twisted t-character

of a Kmllov Reshetikhin module over Uy (D (3))

6. FROM TWISTED TO UNTWISTED TYPES

In this section we describe the Langlands duality in the opposite direction, from
a twisted quantum algebra Up(*g) to an untwisted quantum affine algebra U,(g).
We prove the existence of interpolating (¢, ¢)-characters and we prove the duality for
Kirillov—Reshetikhin modules (for this duality we have to use a slightly generalized
definition of Kirillov—Reshetikhin modules over twisted quantum affine algebras).

6.1. Double-laced cases. We use the notation of Section 3, in particular for ¢, €
Note that ¢; = ¢" and not ¢"i. We need the function o’ (t, q) such that ol (t,e) = 1
and a’(1,q) = 0 defined by a(t,q) = 1 — a(q,t). Consider the ring

L +1 L il L +1 L
yt,q = Z[XZ ,a y 2, ,a ) «Q ]ZEI,GEC - Z[Zi,a , & ]iEI,aECa

b2 ifiely =T
where X;, =< " o 2v b
Ziaqg-1%iaq 1€ 1Y =1Is.
We then have surjective specialization maps, respectively, at g =€ and t = 1,

HL ytq - Z[Z:t ]zelaeeZtZ - yt ’

L. +1 _
Hq . yt,q - Z[}/;,a ]iGI,anZ - yQ’
where for a € C, i € I, we assign

Xia = Yig and zj4 — Zi7(,1)1+¢(i)(a)’“zv'

Note that for i € I, a € e%t%, IIf'(2;q) = 11} (2, —a) = Z; 42. We have the ideals
Ker(HtL) = <(05L - 1), (Xi,aq - Xi,ae)a aL(Zi,aq - Zi,ae)a (Zj,a - Zj,—a)>iel,jelgv,aeC>
Ker(I1}) = (o, (Xiat — Xi.a))ier acc-
The ideal Ker(IIF) N Ker(HqL) is generated by the elements
a’(ah = 1), a"(ziag = Ziae) » @" (250 — 7j,—a),

(F = D) (Xiat — Xia) s Xia = Xiat) Xrepg — Xnewe) s (Xia — Xiat) (26 — 2j—b),s
fori,k €I, jely, abeC. We will work in the ring

Vi, = Yk, /(Ker(TTF) N Ker(111)).

We use the notion of monomial, dominant monomial as above.
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Definition 6.1. Fori € I and a € C we define

B = . -1 -1 -1
B%a = Zi,a(qit)~1%i,aq:t X H Zja X H Zj7aq—lzj,aq‘
jEI,Cj’izfl jEI,Cj’i=72

Lemma 6.2. We have HtL(EZa) =B, L (TTE (@)Y (—1)56) foriel,aeC.

We have Hg(§i7aq—1§i7aq) = ALH{;(Q) foriel), aeC.
We have Hg(Bm) = Ai7ng(a) foriely, aeC.

Proof: Let o’ = I1¥(a). For i € I, we have

f (Bia) = 212 -at X || Zw
jGI,C]’,i:—
= Z;cypioa Zicpoan < I 2 eww x T 25
Jey,Cji=—1 jery ,Cji=—1
which is equal to Bi7a/(71)¢(i). Indeed if there is j € Iy = I; such that C;; = —1, we
have ¢(j) =1 and so Z; ()2 = 2j4'-
For i € I/, we have

L5 _ —1 —1 —1
Ht (Bi,a) = Zj —ca't—1Zi,ea’t X H Zj,a’ X H Zj,fea/zj,ea/

jEI,Cj’izfl jGI,Cj,iZfZ
Z, : Z, : <~ I z! <~ |1 zLz!
i,(—1)2() (a’)2t=2 %4, (—1)%() (a’)2t2 7,(=1)¢(@) (a7)2 jea'?j,—ea
Jel,Cji=—1 JeL,Cji=—2

which is equal to Bi7(71)¢(i)(a,)z. Indeed if there is j € I such that C;; = —2, we have
#(i) =1 and so (ea')? = —(a')? = (—1)?0) (a')2.
Let a” =1I%(a). For i € I, we have

Hg((Bi,aq—lBi,aq)) = (Zi,a/ 1q=3%5,a! g )(ZZ a"q%i,a ¢3 ) X H ;;//q—lzjj 'q
jel,Cji=—1

—1 —1 -1
Jely ,Cji=—1 Jjely ,Cji=—1
For i € I/, we have

LD —1 —
Hq (Bi,a) = Zij,a''q—1%i,a"q X H ] o X H (Zj,a”q—lzj,a”q)
jEI,Cjﬂ': jGI,C]’,i:—

= 1/;7&// 1}/; a’g X H Yv]_a,, = Ai,a”-
JEI,C;.4<0
O
For i € I)/, consider the subalgebra RZ-LJ,q of ytLq equal to

Efl ) o Zza(l‘i‘B 1 )Xil L il O‘L]aEC,j#iu

i,aqt/’ i,aq%t ga» ¥ Zjan

71X, a(1+aLB 1 —i—ozLBZ aqt+B

i,aq3t
and for i € I,

L +1 L.+1 L
ﬁi’tq:Z[zw(l—i—qut) ia zjﬂ,a]

a€C,j#i-
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Then we have the following.
Lemma 6.3. We have IIf (8], ) = &F, and Y (&Y, ) = Riq forie 1.

Proof: For i€ Iy, TIF(RE

itq) is equal to

1 1 +1
Z[Zz —ea®i, ca(l+ BZ —eat(—1)¢(@) )(1+ BZ seat(—1)(0) )s Zi,a(l + BZ Jat(—1)s()+1 ) Zj,a]aetzez,jyéi

= Z[Zi7a(71)¢(i)+l (1 + Bijal(,l)cp(i)-&-lt) Zi ]aEtZeZ NE ﬁiL,t'
We also have

MR, ) = ZITE (X (1 + Bk Bk ) T (XD e 1

— :I:
= Z[Y (1 + AZ ,aq? ) 7, al]aeq L. j4i = 'ﬁ’iﬂ'
Now for i € I/, we have

Ht (ﬁz t q) Z[zi,a(l + Bl (112,52( 1)¢@)+1 )7 Zgj‘,[;]aetzez,j;éi

= Z[Zi,a2(—1) w1+ Bl_aQtQ( 1)et )+1)7 Z:,tlr]V]aEtZeZ,j;éi = ﬁz‘[:tv

)

ME(RE, ) = Z[Yia(l+ A7) Y ey sse = Rig.

i,aq

We set
(yt ) [Zil]zelv ,a€ (eZtl)? ® Z[(ZZ aZ ) ]zellv,aeeZtZ - ytL

and we define 8% ¢ yw as above.
As in the previous sections, we check the existence of various elements in £ that we
call interpolating (¢, ¢)-characters.

First, we suppose that Ut( 9) is of type A( ), and so that U,(g) is of type Cél), with
rp =ry =2 and ro =7y = 1. We have gf)( ) =0, ¢(2) = 1. We have the following
interpolating (g, t)-character.

22,1 Z21 Yo
2,qt 2,t2 2,q
. z: 7z, .z Y, Ly,
Z2,q2t2 Z1 tZLtqQ 2,4 1,—t41,t 2,(12 1,9
1,¢%t2 1,—t2
1,q%t? 1,t2
L_—1 -1 L -1 -1 -1
« Zl’thGZl,tz27t2q4227t2q2 Q™ zq tq2 Zl g Zl 3 Zl,ft Zl,tZ17,t3 17q2
1,¢3t> 1,82
1,q*t2 1,—t2
-1 -1 -1 1 -1
Z1,43¢471,13¢6 72,42 ¢4 Z17_t3 Zl 43 Zy b4 Y17q5Y2,q4
2,t3¢° 2,t6 2,q°
-1 71 y-1

o tiqb 2,48 2,40
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Hf gives the twisted t-character of a 6-dimensional fundamental representation of

Ut(A:(f)) and HqL the g-character of a 4-dimensional fundamental representation of

U (V).

We also have the following interpolating (¢, g)-character

Zl,tzl,tqQ
1,t2q4
L -1
729 42,421 tR
2,t2q4~1,t 1,t3¢5
1,t2q2
27t3¢15 \
L.—1 —1 —1
(6] Z2,t4q6217tz17t3q4

F2,42q172,42q2 71 134671 13 ¢4

1,6445 lQ’ths
OéLZl,tZ;tl5q8 (1+ O‘L)Z;tl4q62'2,t2q2
1,422 thsqs
O‘LZ2,t2q2 Zl_,t13q4’21_,tl5q3 22_7:4q622_7t14q421,t3q2 21,t3¢*

2,t3q3

]

1,t4¢0
-1
1,t5¢5 %9 14 ¢

ol 21 3q27

q
1,t4q4

—1 _
217t5 e 217t5 P

It is easy to check that it is in the &%, for example

1,t2q2

1,t2q4

L

« Z?,t2q2 Zl7tq2z

aL 1

L
(6% Zl,tq

ol Z9 12442

1,t3q4

2,t3q3

22_,t4q4 21,tq2%1,t3¢2

1,t4q4
-1
2Z1,t5q6

1,t2 q4

1

- -1
1,655 Zl7t3q6

2,t3q5

%

alz 3qAZ

%
1

-1

1,t5¢5 227t4q6

-1 -1 Ly, —1 -1 -1
20,1244 %2,12q2 %1 34671 p3gr T 1+« )Zz,t4qﬁz2,t2q2 F 25 44679 141 F1,13¢2 21, 13¢5

= (1 — aL) + 22, 42¢4%2 4242 %

177513(162;1513(]4(1 + Bg7t3q5)(1 + Bt3q3) S .ﬁé’,q,t.

Note that the coefficients o are imposed by the condition that the interpolating (¢, q)-
character is in &%, in particular the coefficient (1 + o) of zy tl4q6 29 4242

17 gives the twisted t-character of a tensor product of two 4-dimensional fundamen-

tal representation of Ut(A:(f)

) and HqL the g-character of a 5-dimensional fundamental
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representation of Uq(Cél)).

ARRYAY Yig
N
1,t2
—1 —1
Z2,t4ZL_tZLt3 ZQ,t‘lZl,tZL_t3 Lg?
1,—t2
2,t6 2,t6
1,62
Z7kz, .z 72,z Lzt AN ARYA Y LY, oY
94841, —t41,—3 2,t441,4341,—13 2,18 4Lt 413 1,412,421 2,¢*
1,—t2
1,—t* 2,t6 1,t4 2,4°
1,82
-1 -1 -1 -1
Zl,ftZL,ts 2 x Zg7t8Z2,t4 Zl,tZLts Y2,q2}/27q6
1,t4
1,—t2 2,t6 1,t2 2,¢%
1,—t*
-1 -1 -2 -1 -1 —1y—1
Z27t421,7t321,7t5 Zz,tfiZLt?’Zl,—t?’ Z27t4Z1,tSZl,t3 Yl,q?’Yz,q‘leqG
1,t4
2,t6 2,t6
1,—t*
-1 -1 -1 -1 5
Zl,t3Z1,—t5 2,8 Zl,—t3Z1,t5 2,48 Lq
1,t4
1,—t4
1 71 -1
Zl,t5Z1,—t5 Y1,q7

The multiplicity 2 of Zy42, tls in the image by II' is ramified into 1 + o” in the
interpolating (¢, q)-character. That is why we get just a multiplicity 1 for Y2,q2Y2Tq16'
Note that in particular the interpolating (¢, ¢)-character can not be factorized.
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Next, consider C;; = C;; = —1 with r} = ry = 1. We choose ¢(1) =0, ¢(2) = 1,
and we have the following interpolating (¢, ¢)-character.

ZLtZLtq2
/ w
1,t2q4
L. —1 L —1
o Zl,t3q6zlvt227t2q4 o 227t2q221,t3q4zlvtq2
1,t2q2
2,340 . 2,t3¢*
1t7q
L. —1 -1 -1 L —1
Q29 pags?Lit 21,13¢6%1,3¢472,12q*#2,12¢2 Q729 144671 tq?
2,t3q4
1,242 Lt2g*
2,t3q6
L.—1 -1 L_—1 -1
[0 zl,t3q4z27t2q222,t4q8 [0 zl,t3q6z2,t4q6227t2‘14

2,t3q4
2,t3q6
1

- -1
Z27t4q6 Z27t4q8

I1} gives the t-character of a tensor product of two 3-dimensional fundamental represen-
tation of Ut(Agl)) and HqL the g-character of a 3-dimensional fundamental representation

of U,(A).

AREYAR: Yi,4
N
1,t2
-1 -1
17t3Z1,*tZ2,t2 ZQ,ftQZl’_t?:Zl,t 17q3
1,—t2
2,t3 2,—t3
1,t2
Z;\7z Z Lz Ty Z AV YLy
2,14 41—t L3 91,3 92,12 42,2 2,4 <Lt 1,¢5" 2,4°
2,—t3
1,—t2 s 1,t2
-1 -1 -1 -1
Zl,—t3Z2 —t2 49 ¢4 1,t3Z2,—t4Z2t2 2.4°
2,—t3
2,t3
1 71 -1
Z2,t4Z2,—t4 YQ,q7
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Consider C; ; = C;j; = —1 with r{ = ry = 2. We choose ¢(1) = 0, ¢(2) = 1. We have
the following interpolating (t, q)-character.

22,1 Z21 Yo
llqt lZ,tQ llq
-1
%2, q2t2 7 lat Z2 t4Zl t? Y YLq
ll,q2t2 ll,# ll,qQ
-1 1 —-1
Zl,q3t3 Zl ,t6 }/1,q3

ITF gives the t-character of a 3-dimensional fundamental representation of Ut(Agl)) and

Hg the g-character of a 3-dimensional fundamental representation of Uq(A:(gl)).

6.2. Triple-laced case. We use the notations of Section 5. We need the function
BL(t, q) such that B (t,e) = 1 and B%(1,q) = 0 defined by B-(t,q) = 1 — B(q,1).
Consider the ring

L +1 L L
yt#] - [X 7ﬁ za’ ]ZEIaEC C Z[ za’ ]iEI,a€C7
Z ifi =2
where X;, =<¢ " o ’
Zi aq—2%i,a%i,aq? if71=1.
We then have the surjective specialization maps, Hf, H(]]L, where for a € C, we use
Xl,a = Yl,a y Zl,a 77 Zl,fa ) X2,a = Y2,a y 22,0 T ZZ,a3'

Note that the identification is not one to one as Z 43 is identified with 2 4, 23 2, and
Zy e1q- Note also that the identification is not involutive with respect to the identifica-
tion in Section 5 as 21, is identified with Z; _, and note with Z ,.

The ideal Ker(ITf) N Ker(IIY) is generated by the elements

ﬁL(ﬁL - 1) s ﬁL(Zi,aq - Zi,ae) s ﬁL(ZZa - Z2,a62) 5 (ﬁL - 1)(Xi,at - Xi,a)a

(Xia — Xiat)(Xjpg — Xjne) » (Xija — Xiat) (225 — 22pe2),
fori,j €1, a,beC.

Definition 6.4. For a € C we define
B, — -1 B _ -1 1.1
Bia = Zia(te) 1 Ziatg? %2, » Bra = 22,a(gt) 1 22.09t%1 gq-271,0%1 ag2-

Lemma 6.5. Let a € C. We have
I/ (Bra) = B, (11 (a)) I} (Ba.a) = By, (a2
(B, -2 B1a B ag2) = Ay iz (0 11 (B2,a) = Ao iz (a) -

Proof: Let o’ = I1¥(a). We have

—1
Ht (Bl a) =21 —alt— 1271 —a’tZQ ;) = Zl ,a't— 1Zl a’tZQ( ) Bl,a/7

B |
1F(By,) = 29, —e2a't=122,ca't?] g4 %101 71 gl 2
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= Z2,7(a')3t_3Z2,7(a’)3t3zlila Zl ia leia/GQ - 3277(0/)3.
Let a” = 1IZ(a). We have

LR R R — -1 -1 -1
Hq ((Bl,aq*QBl,aBl,an)) = (Zl auq75z1 a”q*3z1 auqfl)(Zl a//qZLa//qSZLG//qB)227a,,q 222 a,,22 aq?
- Yl a// 3}/1 a// 3Y_ a _2}/2 a”}/Q_a” ALaN’
Lip -1
Hq (BZG) ) a//q—122 a//qzl ,, 3/2 ,a' —1}/27(1//}/1@,, = AQ,a”'
g

Consider the subalgebra RlL t.q Of yfq generated by the
Xl a(l + ﬂLBl St)(l + ﬁLBl 3t)(1 + ﬁLél_;t) + (1 - ﬁL)Xl aBl iq‘r’tBl ithBl ;qtv
ﬂ 21 a(l + Bl aq3t) 2,a° ﬁL
for a € C, and the subalgebra
RQ 4q T Z[ZQ a(l + BQ aqt) Xit;? ﬁL 21 ,a’ ﬁL]GGC
Then we have the following.

Lemma 6.6. For i € I, we have HL(ﬁthq

) = ﬁiL’t and 11 (RZLt 2 = Rig-
Proof: TIF(RE +q) 18 equal to

Zlz1e202107102 (14 B o)A+ Bl )+ B L) 21a(1+ Brloy)s 2 glecizen

=Z[Z1,—a(1 + B L), Z;?;]aetzez = &{;.
We also have
WA (RE, ) = 2 (X10(1 4 By, B L B b)) I (X acc
= Z[}/l,a(]- + A17iq3)7 }/Qial]aeq — ﬁl,qu

HL('QZ t q) Z[ZQ a(l + B2 3,53) zf;]aetzez = Z[Z2 a3(1 + B2 3,53) Zi:;]aetzez = ﬁitv

and we have
HL(Q?“I) Z[Y2a(1 +A2 aq) leia]aéqz = 'QQ#I'

We set

(yt ) [ZQi;]ae(eZtZ)?’ ® Z[(Zl aZ a62Z1 ae4) ]aEGZtZ - ytL7

and we define 8% ¢ yuq as above.

As in the previous sections, we check the existence of elements in &7 that we call
interpolating (t, q)-characters. First, we have the following.
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/8 2 6t41 Stl 3¢3

1,q5¢%

L 1
B 1q3t 1q9t5
1,q%¢2

Y

L
1 9t3 9,552(16152

2,q7t3
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1,q%t2
Li-1
B 1q5t3 1qt1q3t

642
1,q4t2 17q t

L
p1 5t32 a2l 7t31q3t
2,¢°t3 1,45¢2

B gt 1g52 4

1,q10t4

Bqutl q7t5

1,q*¢2

/BL]- 7t3 1 7t5 2q4t2

2,q°t3

L -1 1-1
0 15 2q3t4 1q9t5 Lymss

17q10t4 17q8t4

ﬁ 1 5t31_9t51 1345

1,¢8%t%

2
2,qt
2t2 1 71t1qt1q3t

1,q%t2

Y
L —1
BH 1101 el g

1,q%t2 1,¢%t2

ﬁLl 5t32 6t21 t1 ¢ot3

27q7t3 1 q4t2

Y

2 4t22 6t21 5t31 7t31 943

2,q5t3

(1+ 552 0024002

2,q7t3

-1 -1
1q3t3 2q6t4 2q8t4 1q5t3 1q7t3

1,¢6¢4 | 1,410t

Y

ﬁ 1532 8t41 3t31 1315

644 844

1, 1,9

L
B1 9t5 llt51q7t3

17q10t4

Y

-1
1q9t52q10t4 q11t51 1345

2,q11t5

-1
q126

1,¢6¢2

Bqu—ltht1;91t3

242
17q t 1,q4t2

BE1 1426

21 ; 7t3 9t3

242
1,¢7t 2,q7t3

L
05727 8t4 Ly-1¢lg-143

1,¢8t*

ﬂLl —1t1 ¢5t5

1,¢%t2

B 2 4t21 5t31 545

1,¢5t4
2,¢%t3

L -1
p1 11t52 0,541 31531 713

644
1,¢°t 1,104

L -1
B1 11t5 3t31q13t5

1,¢5t4
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Remark 6.7. In the diagram we use the following identities which hold in )7t7q:
312, = B2, and 81, = B"1,4.
It is easy to check that the expression is in the 8. For example,

2 4t22 ‘3t21 ¢5t3 7t31 943 + (1 + ﬁL) 101542 o2 + 1 3t32 6t42q81t41 5t31 73

= (ﬂL —1)+2 4t22 6121 5t31 7t31 9t3(1 + EQ,qf’t?’)(l + EQ,q7t3) € ‘R%’EQ'

The image by Hf is the twisted t-characters of a 29-dimensional fundamental represen-

tation of Uq(Df’)) (see the diagram in Section 5.2).
The image by HqL is the following g-character of a 7-dimensional fundamental represen-

tation of Uq(Ggl)), as computed in [8, Appendix].
21 4 25 1g + 171200208 + 2025 + 205 25 g5 + 1432010 + 25
Now we have to consider the case of the monomial Zy 7 37 ;5. The dimension

3 .
of the corresponding simple module of Ut(D( )) is 8 = 512 (the module is the tensor
product of three fundamental representations of dimension 8).
There is also an interpolating (¢, g)-character in this case. We do not list all 512
monomials, but we list the 15 monomials which do not have 8 in their coefficient :
R R e | } -1
21,1%1,42%1,¢43 %1 512 2 q8L2 2 ,qlog2 29,q3t%2,q5t%2,q7t> #2,¢3t%2,¢5t%9 ,q2t37
2 2 -1 -1 -1
21 q4t2 21 q6t2 21 q8t2 22 q3tZ2 q7t3 Z2 qgtg, Zl q2t2 Zl q4t2 Zl q6t2 Zl q8t2 Z2 q5t3 Z2 q7t3 Z2 q9t3 7
-1 -1 -1 -1 -1 -1 —1
1 q10t421 q12t421 q14t4z2 q3t’22 q11t3 21 q2t221 q4t221 q6t221 q10t421 q12t421 q14t422 q5t3’22 qllt?’
-1 -1 -1 -1
#1,q5t471,q1044 %1 1244 7 1,q*42 21,4512 71,3125 #2,¢31 %9 41345
- - -2 —1 -1 -1 )
Zl q8t4 Zl q10t4 Zl q12t4 Zl q14t42'2 q7t322 q9t322 g3 22 q5t322 q13t5 Zl,q2t2 Zl,q4t2 Zl,thQ N
-1 -1 -1
29,qT3%2,¢9t3 %o, ql3¢5 Z g5th Z q10¢4 Zi 12140 72,713 %9 1145 2y RETLE
-1 -1 -1
29.q9t5 Zy gl Zy 13¢5 71,011 21,g8t4 21,1015 29 g1246 Z ql4¢6 Z 1646
As the other terms disappear when we specialize at t = 1, we can compute the special-
ization from the above terms. We get the g-character of a 15-dimensional fundamental

representation of Uq(Ggl)) (image by II; of the first example in Section 5.2).

6.3. Conclusion. We go back to the general case, that is, r =2 or r = 3.
With the existence of the elementary interpolating (¢, ¢)-characters in the subsec-
tions, we can conclude the proof of the main results of this section.

Theorem 6.8. For all dominant m there is a unique F(m) € 8 such that m is the
unique dominant monomial of F(m).

We state its consequence in terms of Kirillov-Reshetikhin modules.

As for i € I), the only Kirillov-Reshetikhin module of Uy(%g) for the node i with
highest monomial in (Y})’ is trivial, we extend the definition. For i € I), a simple
U (¥g)-module with the highest monomial of the form

(Zi,aZi,atQ e Zz ,at2(k=1) )(Z *aZz —at?2 " Z; atQ(kfl))

2y
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for the double-laced case and of the form
(Zl,azl,at2 e Zl,atQ(k—l) )(Zl,GQaZLeQatQ T ZLg?atQ(’ﬂ—l) )(Z1,64azl,e4at2 T Zl,e4at2(k—1))
for the triple-laced case, will also be called a Kirillov—Reshetikhin module.

Theorem 6.9. The Kirillov—Reshetikhin modules satisfy the Langlands duality, that
is, for the highest monomial M € (yL) of a Kirillov-Reshetikhin module over Uy (*g)

there is a dominant monomial M € ytq \ « ytq (ytq \ B- ytq in the triple-laced case)
such that TIE(M) = M, and Yy € & N MZ[B Yicr.aec such that TIF(Xy) = xu(L(M))
and Hq (Xt) is the q-character of a Kirillov-Reshetikhin module over Uq(9).
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