LANGLANDS DUALITY FOR REPRESENTATIONS OF QUANTUM
GROUPS

EDWARD FRENKEL' AND DAVID HERNANDEZ?

ABSTRACT. We establish a correspondence (or duality) between the characters and
the crystal bases of finite-dimensional representations of quantum groups associated
to Langlands dual semi-simple Lie algebras. This duality may also be stated purely
in terms of semi-simple Lie algebras. To explain this duality, we introduce an “inter-
polating quantum group” depending on two parameters which interpolates between
a quantum group and its Langlands dual. We construct examples of its represen-
tations, depending on two parameters, which interpolate between representations of
two Langlands dual quantum groups.

2000 Mathematics Subject Classification: 17B37 (17B10, 81R50).

1. INTRODUCTION

Let g be a simple Lie algebra and g its Langlands dual Lie algebra whose Cartan
matrix is the transpose of that of g. In this paper we establish a duality between
finite-dimensional representations of g and g, as well as the corresponding quantum
groups.

Let I be the set of vertices of the Dynkin diagram of g and r;,¢ € I, the corresponding
labels. Denote by r the maximal number among the r;. This is the lacing number of g
which is equal to 1 for the simply-laced g, to 2 for By, Cy and Fy, and to 3 for G.

Let L()) be a finite-dimensional irreducible representation of g whose highest weight
A has the form

(1) A= Z(1+rfri)miwi, m; € Ly,
i€l
where the w; are the fundamental weights of g. In other words, A is a dominant

integral weight which belongs to the sublattice P’ C P, where P is the weight lattice
of g, spanned by (1 + 7 —r;)w;, i € I. The character of L()A) has the form

X(LA) =D d(\v)e",  d(\v) € Zy.
veP

Let
X(LV) =) d(X\v)e”.

veP’
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We first prove that, after replacing each

V= Z(l +7r—r)nw; € P, n; € 7,
i€l
by
V' = Z niWi,
i€l
where the @; are the fundamental weights of g, x'(L(\)) becomes the character of a

virtual finite-dimensional representation of g, whose highest component is L(\), the
irreducible representation of g with the highest weight

(2) N =Y m,

el

where the numbers m; are defined by formula (1). In other words, we have

(3) X (L) = xHEWN) + > mp xM(L(R),  mp € 2.,
<N

Then we prove that the multiplicities of weights in the character x*(L()\)) of L()\') are
less than or equal to those in x/(L())). This positivity result means that x*(L()\)) is
“contained as a subcharacter” in x/'(L(\)).

Since the categories of finite-dimensional representations of g and U,(g) with generic
q are equivalent, we also obtain a duality between finite-dimensional representations of
U,(g) and U,(Lg). Moreover, we establish the duality not only at the level of characters
but at the level of crystal bases as well. This leads, in particular, to the following
surprising fact: one can construct the crystal basis of the irreducible representation
L(X) of Lg from the crystal basis of the irreducible representation L(\) of g. !

In addition, we conjecture that x’(L(\)) is the character of an actual representation
of g (that is, m; > 0 for all 2 in formula (3)), and we prove this conjecture for g = B.>
We observe that the subset of the crystal of L(\) consisting of those elements whose
weights are in P’ does not give us “on the nose” the crystal of this “g-module. But we
conjecture that after applying a certain deformation process (presented in Section 6)
we do get the right crystal structure on this subset. (We also prove this for Bs.) Thus,
conjecturally, we can reconstruct not only the crystal of L(A") but the crystal of the
whole representation of ©'g whose character is equal to x'(L())).

LAfter the first version of this paper appeared on the arXiv, we learned from H. Nakajima that this
result follows from a special case of [18, Theorem 5.1]; see the paragraph before Theorem 2.6 for more
details.

2 After the first version of this paper appeared on the arXiv we were told by Victor Kac that a special
case of our duality, going from type B to type C, may be explained in the context of representation
theory of Lie superalgebras of type B(0,n) as defined in [17]. In fact, the condition on the highest
weight A € P’ appears in this case in [17, Theorem 8] in the form a,, € 2Z. It is not clear to us whether
one can use Lie superalgebras to interpret our duality for other types.

In addition, we have learned from Kevin McGerty that in the meantime he has been able to prove this
conjecture for other types, see [23].
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It is natural to ask: why should this duality of characters and crystal bases take place?
We suggest the following explanation: there exists an algebra U, +(g) depending on two
parameters, ¢ and ¢, whose specialization at t = 1 gives U,(g), and at ¢ = € (wheree = 1
if g is simply-laced and € = exp(7i/r), r being the lacing number of g) gives U_;(“g).
These are the quantum groups without the Serre relations associated to g and “g. We
call Uy ¢(g) the interpolating quantum group. (Example 3 in Section 5 indicates that
it is impossible to include the Serre relations and preserve the interpolating property.)
Moreover, we conjecture that any irreducible finite-dimensional representation Lg(\) of
U,(g) (equivalently, of U,(g)) with the highest weight of the form (1) may be deformed
to a representation L, .(\) of U;+(g). We also conjecture that the specialization of
Lqt(A) at ¢ = € contains the irreducible representation of U_;(Lg) with highest weight
A given by formula (2) as the highest component. These conjectures are confirmed by
various explicit examples presented below as well as our general result on the duality
of characters of finite-dimensional representations.

Now we would like to briefly sketch a possible link between our results and the
geometric Langlands correspondence (see, e.g, [6] for a general introduction).

One of the key results used in the geometric Langlands correspondence is an isomor-
phism between the center Z(g) of the completed enveloping algebra of g at the critical
level and the classical W-algebra W(Lg) (see [4, 5] as well as [12] for details). This
result forms the basis for the local geometric Langlands correspondence (see [8, 7])
as well as for the Beilinson—Drinfeld construction of the global geometric Langlands
correspondence [1] (see also [6]). However, this isomorphism is rather mysterious. We
know that it exists but we do not fully understand why it should exist.

In order to understand this better, we g-deform the picture and consider the center
Z,(g) of the quantum affine algebra U,(g) at the critical level, which was the starting
point of [10]. The center Z,(g) is in turn related to the Grothendieck ring Rep U, (g) of
finite-dimensional representations of U,(g) (this is because for each finite-dimensional
representation V' we can construct a generating series of central elements in Z,(g),
using the transfer-matrix construction). Thus, we hope to gain some insight into the
isomorphism Z(g) ~ W(%g) by analyzing the connections between Z,(g), Rep U,(g)
and the g-deformed classical W-algebra.

The idea of [11] was to further deform this picture and introduce a two-parameter
(non-commutative) deformation Wy +(g). Its specialization W, 1(g) at ¢t = 1is the center
Z4(8), so that W, +(g) is a one-parameter deformation of Z,(g) and a two-parameter
deformation of the original center Z(g). The work [11] was motivated by the hope that
analyzing various dualities and limits of W, ;(g) we may learn something new about
the isomorphism Z(g) ~ W(¥g) and hence about the Langlands correspondence.

In particular, it was suggested in [11] that the specialization W, ;(g) at ¢ = € (with
¢ defined as above) contains as a subalgebra the center Z;(“g) of the quantum affine
algebra U (¥g) at the critical level (here g denotes the Langlands dual of §). The
latter gives rise to the Grothendieck ring of finite-dimensional representations of U (1)
(via the transfer-matrix construction). On the other hand, as we already mentioned
above, the specialization W, 1(g) at t = 1 gives rise to the Grothendieck ring of finite-
dimensional representations of Uy(g). Thus, it appears that the W-algebra W, (g)
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interpolates between the Grothendieck rings of finite-dimensional representations of
quantum affine algebras associated to g and g. In particular, this suggests that these
representations should be related in some way. Examples of such a relation were given
n [11], but this phenomenon has largely remained a mystery until now.

How can we explain this relation from the point of view of representation theory?
This question served as the motivation for this paper. Before answering it, we con-
sidered its finite-dimensional analogue: is there a hidden correspondence, or duality,
between finite-dimensional representations of the quantum groups U,(g) and U,(Lg) —
or the simple Lie algebras g and “g, for that matter?

We have given an affirmative answer to this question which we have outlined above.
Thus, we have found a hidden duality between objects of the same nature: finite-
dimensional representations of two Langlands dual Lie algebras. Actually, it is rather
surprising to observe the appearance of a Langlands type duality in such an elementary
context: that of finite-dimensional representations of simple Lie algebras! We hope
that this duality and its affine analogue will give us some clues about the meaning of
the geometric Langlands correspondence.

What about the duality for the quantum affine algebras? In our next paper [9] we will
propose a precise relation between the g-characters of finite-dimensional representations
of dual quantum affine algebras U,(g) and U,(¥g) with is analogous to the duality of
characters of U,(g) and U,(Lg) discussed above. We will prove, by using [14, 15], that
this relation holds for an important class of representations, the Kirillov—Reshetikhin
modules. In the affine case we also expect that the duality may be explained by using
an affine analogue of the interpolating quantum group.

In the context of our results an interesting problem is to compute explicitly all
multiplicities of simple “g-modules in a given simple g-module (the numbers my in
formula (3)), which we call the Langlands duality branching rules. In the course of the
proof we have found them explicitly in some cases.

The paper is organized as follows. In Section 2 we establish the duality of characters
and crystal bases for a pair of Langlands dual simple Lie algebras. In Section 3 we
introduce the interpolating quantum group. We then study its representations which
we expect to interpolate between representations of U,(g) and U_;(Lg). This would
explain the duality that we have found in this paper. In Section 4 we show how
this interpolation works for the finite-dimensional representations of the elementary
interpolating quantum groups (those corresponding to Lie algebras of rank one). In
Section 5 we consider examples of more general interpolating representations. In Section
6 we conjecture a stronger duality for characters and crystals and prove it for all simply-
laced g with » = 2 and for Bs.

Acknowledgments. This work was begun while we were taking part in the Program
on Combinatorial Representation Theory held at MSRI in the Spring of 2008. We
thank the organizers of this Program for their invitations and MSRI for hospitality.
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2. DUALITY OF CHARACTERS AND CRYSTALS FOR SIMPLE LIE ALGEBRAS

In this section we prove the Langlands duality for characters of finite-dimensional
representations of quantum groups associated to simple Lie algebras (or, equivalently,
simple Lie algebras themselves). We also prove the duality of the corresponding crystal
bases, by using the monomial model [24, 19].

Let g be a finite-dimensional simple Lie algebra and U, (g) the corresponding quantum
group (see, e.g., [3]). We denote r = max;ecs(r;), where I is the set of vertices of the
Dynkin diagram of g and the r; are the corresponding labels. This is the lacing number
of g (note that it was denoted by 7 in [11]).

The Cartan matrix of g will be denoted by C = (Cj;)ijer- By definition, the
Langlands dual Lie algebra “g has the Cartan matrix C*, the transpose of the Cartan
matrix C of g.

2.1. Langlands duality for characters. Let
P = Z Zw;
i€l
be the weight lattice of g and PT C P the set of dominant weights. Consider the
sublattice

(4) P'=> (14r—r)Zw CP.
el
Let
pPL = Z 7,
el

be the weight lattice of “g. Consider the map II : P — PL defined by

() =D Ma) (1 +r —ri)'a;
i€l
if A € P’ and II(\) = 0, otherwise. Clearly, II is surjective.

In this section we investigate what II does to characters of irreducible representations
of g. For simply-laced Lie algebras (that is, r = 1) we have P/ = P = P¥ and II is the
identity. Hence we focus on the non-simply laced Lie algebras.

Let Repg be the Grothendieck ring of finite-dimensional representations of g. We
have the character homomorphism

X :Repg — Z[P] = Z[yiﬂ],

where y; = e¥i. It sends an irreducible representation L(\) of g with highest weight
A € PT to its character, which we will denote by x()\).

We will now show that for any representation V of g, II(x(V)) is the character of
a virtual representation of g, as stated in the following proposition. We denote the
character homomorphism for “g by .

Proposition 2.1. For any simple Lie algebra g and any X\ € Pt TI(x()\)) is in the
image of x.
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This is a direct consequence of the following Lemma. Here we denote by s; (resp.
sF) the simple reflections of g (resp. Lg).

Lemma 2.2. P’ is invariant under the Weyl group action and Il o s; = siL oIl on P'.

Proof: Let p = Hje[ y;lj e Plandiel.

-2 i i 7
If rj = r, we have si(n) = py; " (Ijoip, =1 4" )AL jmir,=r 9i') € P’ Moreover

=24 i
(si(r)) = M(p)y; " (T ") = s§(T(w))-
If r, = 1, we have p; € rZ and s;(u) = ,uyi_%"(l_[jw- y;') € P'. Moreover II(s;(1)) =

T(0)y; (T 2 Ty U5 = SE (I (). O

Remark 2.3. If g is of type By and A € PT NP, then all terms in x(\) correspond to
weights in P, and so TI(x(\)) has the same number of monomials as x(\).

According to Proposition 2.1, we have, for A € P’ N PT,

T(x(N) = > mpx™(i), ma el
pepPL+
It is clear from the definition that the maximal fi for which m; # 0 is the image of
A under II. Moreover, in this case mj; = 1. An interesting problem is to compute
explicitly all other multiplicities m, the Langlands duality branching rules.
One of the main results of this section is the following:

Theorem 2.4. The multiplicities of weights in x*(II(\)) are less than or equal to those
in TI(x(\).

In other words, x*(II()\)) can be seen as a “subcharacter” contained in II(x(\)), that
is, Y (II(X\)) = H(x()\)) where < is the obvious partial ordering on polynomials.

Remark 2.5. In general, the character x(\) is given by the Weyl character formula.
So one could try to prove the above results by using the Weyl formula. However, it is
not clear how to do this: although the Weyl groups of g and “g are isomorphic, there
is mo obvious relation for the half-sums of positive roots p and p.

Before giving the proof, we consider some explicit examples.

Let g = By. Then g = Cs, which is isomorphic to By but with the switch of the
labels of the Dynkin diagram 1 — 1 = 2,2 — 2 = 1. In other words, @; corresponds
not to wj, but to w;.

We have P’ = Zw; + 2Zws. Here are the simplest examples of action of IT on
characters of irreducible representations:

M(x(w1)) = (1 + vy oyt oy h) + 1= xE ().
_ -1 2 -2 —1 —1 —1 —1 Ly~
H(x(2wa)) = (y2+ys ¥i + 14y v2a+ys )+ +yey; +1+ys vty = x"(@2).

O(x(2wi)) = (U +v2 +yr vz +yivs  +2+y v +us yi +u5 + 1)
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Fyr oy e sty oyt = xE(20).

Let us look at some examples for g = Go. In this case g = G5, but again with the
switch of labels of the Dynkin diagram, as in the case of By. We have P’ = Zw; + 3Zws.
Here are a few examples:

M(x(w1)) = (1 + vy +us w3+ 1+ 2 +uo iy + ) + 1= xE(@).

L(3ws) is of dimension 77. We will not write it out explicitly, but only write
(x(w)) = (yo + v 'uf +y1+ 1 w2+ 03y° +ivs !
24y it s o ey )
+2u1 + 207 e + 20iy; + 34 20 e + 201wy + 200 = X (@),

2.2. Langlands duality of crystals of irreducible representations. To prove
Theorem 2.4, we will use the crystal basis theory. It gives us an algorithm to com-
pute character formulas. We will see that the statement of Theorem 2.4 is actually
satisfied at the level of crystal. Before proving this, we state a closely related result
describing a duality of crystals of irreducible representations of U,(g) and U, (’g).

Let A € PN PT and B()\) be the corresponding crystal of L(\), with a highest
element u) and crystal operators e;, f;. We consider the operators
(5) JE= flrn ek = e,

)

Let B'(\) be the connected component of uy in B(A) for the operators fL,el. Note
that the definition of B'(\) depends only on the structure of the g-crystal of B(\).
The weight of the elements of B'(\) are in P’ and so for v € B'(\) we can define
wt?(v) = I(wt(v)). Then for any simple Lie algebra g (including G2) we have the
following theorem.

After the first version of this paper appeared, we learned from H. Nakajima that
this theorem follows from a special case of [18, Theorem 5.1] (namely, we put & = Id;
and m; = 1+ r — r; in the notation of [18]). Note that [18] discussed examples of
embeddings B(\) — B(mA) and foldings obtained from automorphisms of simply-laced
Dynkin diagrams, whereas in the present paper we view this in the context of Langlands
duality.

Theorem 2.6. For A € P' N Pt (B'(\), ek, f£,wtt) is isomorphic to the Lg-crystal
BE(II(N)) of L(II(A)).

Thus, by using only the crystal of the g-module L(A) we have constructed the crystal
of the “g-module L(II())).

Remark 2.7. Let us look at g = Bs. If p is even, to the representation L(mwi + pws)
of g corresponds the representation L(mwy + pwa/2) of Lg = (Cy. But Cy ~ By. So
if in addition m is even, to the representation L(mwi + pwa/2) of Fg corresponds the
representation L(mwi /2+pw2/2) of ¥(*g) = g. Thus, we see that this Langlands duality
here is not an involution.
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Theorem 2.6 implies Theorem 2.4 as we have

> wilm) | = (@),

m!€B/(\)

2.3. Reminder — monomial crystals. Let C' be a Cartan matrix of finite type and
s: I —{0,1} (¢ — s;) a map such that C; ; < —1 implies s; +s; = 1. Introduce formal
variables Y;;, and let A be the set of monomials of the form

m = H Y;uli’l(m), ui(m) € Z.
i€l €T
A monomial m is said to be dominant if Vj € I,l € Z,u;;(m) > 0. We set
Cii
A= E,z-ﬂ?,zHHij’ €A
J#1
Consider the subgroup M C A defined by
M={meA|u(m)=0if | =s; +1 mod 2}.

Let us define wt: A — P and ¢, ¢i,pi, gi: A — ZU{o0}U{—00}, i, fit A — AU{0}
for i € I by the formulas (for m € A)

wt(m) = Z ug (m)wi,

i€llET
in(m) = uii(m),  ¢i(m) =max{0,{¢;r(m)| L € Z}} >0,
I<L
ei(m) == uj(m), e(m)=max{0,{e r(m)|L € Z}} >0,
I>L
pi(m) =max{L € Z | ¢;1,(m) = ¢;(m)} = max{L € Z | Zu”(m) = ¢i(m)},
<L
gi(m) =min{L € Z | ¢; .(m) = ¢;(m)} = min{L € Z | —Zui,l(m) =¢;(m)}.
I>L
() — 0 if ¢;(m) =0, and F(m) = 0 if ¢;(m) =0,
ei(m) = {mAi,pi(m)l it ci(m) > 0. d fi(m) {mAi,qli<m>+1 if ¢i(m) > 0.

By [24, 19] (M, wt, €, ¢4, €;, fi) is a crystal (called the monomial crystal). For m € M
we denote by M (m) the subcrystal of M generated by m.

Theorem 2.8. [24, 19] If m is dominant, then the crystal M(m) is isomorphic to the
crystal B(wt(m)) of L(wt(m)).

In the following we will use the notation ¢; for Y.
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2.4. Examples. We first study examples for Lie algebras of rank 2 and the following
representations:

Definition 2.9. The irreducible representations L((r + 1 —r;)w;) will be called pseudo
fundamental representations, and the corresponding highest weights (r + 1 — r;)w; will
be called pseudo fundamental weights.

Note that the pseudo fundamental weights span P’. By Theorem 2.6, the crys-
tals of the pseudo fundamental representations of g correspond to the crystals of the
fundamental representations of “g.

Let us start with By. We have the crystal M (Y] o) of the 5-dimensional fundamental
representation of U,(Bz) decomposed in ML (Y7 ) of the 4-dimensional fundamental
representation of U_;(Cy) and to ML(1):

1o 51522 22,250 2 1,22 51t 19 5 1502 2 15250 B 12 u {1,

Now we have

23 20
2
-1
2022 14 2 14
\ \
2
2,212 202213 2,112 1512,
1 lQ 1
115! 202, 115" 2 1
1 l2 1
15722 2,12, 1322, 2,113
2 / /
1 1
151202, 2 15!
2
2,2 2.

The left crystal is M(YQ%O) corresponding to the 10-dimensional representation L(2ws)
of U,(Bs). The middle crystal is M (Ya) corresponding to the 5-dimensional funda-
mental representation of U_4(C5). The two right crystal contain the remaining mono-
mials and are respectively isomorphic to M (Y7 1) and ME(1).

Now we suppose that g is of type Ga. M(Y1 ) has 14 terms {1, 12*12;’7 2%2:;1,
2125 %19,25°12, 21251, 1 1011, 29251 1,728 2512011y, 1122200 2522 2051, 151 ).
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The corresponding B(w;) has 8 terms with two connected components described
here. The first component is {1, 12_12‘;’7 253127 12121, 12223, 25314, lgl} isomorphic to
B%(wy) and the second component is {2125 '} isomorphic to BX(0).

M(Y3) corresponds to the 77-dimensional representation of U,(G2). The corre-
sponding B(3ws) has 29 terms with 4-connected components that we describe.

The first connected component is isomorphic to BY (w2) (14 terms): {232,713, 12151,
111522315325, 231015, 232,%, 1,151 15115123, 2,013 1215123 15152, 1,323 253,

The second connected component is isomorphic to B*(w;) (7 terms):

{2025 111, 15120232, 1, 202,113,202, 113151, 1522023, 25 125214, 2325 215 1)

The third connected component is isomorphic to B¥(w;) (7 terms):
(222,215,232415 1, 25225112 202, 11151, 28251152, 202,821 15, 1512025 1)

The fourth connected component is isomorphic to BX(0) (1 term): {202225'25"'}.

Now let us look at the remaining example of Section 2.1 for g is of type Bo

12 12
1 1
1o1,122 11,12
\
1 1
1,224 102125 1,22, ° 1
? 1/////// ’ ;/////
1 1
15123251 1919232 2 1ola25t 1512
2 1 J{l
23252 lol,? 2125 I 2
2 1 J{l
2125215 101,122 2 150,12 25115
\ \
2 2
—4 —1o o—1 —2 —1
25413 1,'2:2; 2513 ) 1,
' / !
2
23 21911 25111t
1 1

1,2 1,2
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The left crystal is M(on) corresponding to the 14-dimensional representation L(2w;)
of Uy(B2). The middle crystal is ML(Yﬁo) corresponding to the 10-dimensional repre-
sentation L(2w) of U_;2(C2). The right crystal contains the remaining monomials and
is isomorphic to M (Y7 ).

2.5. Proof of Theorem 2.6. We consider operators fZ, el on M as defined in formula

(5). Let

? ’L

M ={m' e MViel,le€Ziuy€(r+1—r)Z}
={m' e M|Vie I,l € Z;u;; € rZif r; = 1}.
As wt(M’') C P', we can define wt’ = Il o w on M’

Lemma 2.10. Let i € I such that r; = 1. Let m € M’ such that e;(m) > 0 (resp.
¢i(m) >0). Then for 1 < q <r —1 we have

(1) ei(ef(m)) > 0 (resp. ¢i(f{(m)) >0),

(2) pi(ef(m)) = pi(m) (resp. qi(f{(m)) = aq:;(m)),

(3) el (m) = mzﬁl;pi(m)f1 (resp. fI'(m) = mA;;i(m)+1).

Proof:  We prove the assertions for ¢;(m) > 0 (the assertions for ¢;(m) > 0 are proved
in the same way).

As m € M', we have ¢;(m) € rZ, and so ¢;(m) > r. So ¢;(fI(m)) = ¢;i(m) —q>1
and the statement (1) is proved.

We have f;(m) = mAZ_q (m)+1° We have ¢; . (m)(fi(m)) = ¢i(m) — 1. For I > g;(m)+
2, we have ¢;(fi(m)) = ¢ii(m) — 2 < ¢;i(m) — 2. For | < ¢;(m), we have ¢;;(m) € rZ,
80 ¢ii(m) < ¢i(m) —r and ¢;1(fi(m)) = ¢ii(m) < ¢i(m)—r. So ¢;(fi(m)) = ¢;(m) and
we have proved the point (2) for ¢ = 1. If r = 3 we also have to prove the statement
for ¢ = 2. We have f?(m) = mA;;(m)+1. We have ¢; 4. (m)(fi(m)?) = ¢s(m) — 2. For
[ > ¢;(m) + 2, we have gbll(flz(m)) = ¢iy(m) —4 < ¢i(m) — 4. For | < g;(m), we
have ¢;;(m) € r7Z, so ¢;;(m) < ¢i(m) —r and gbi’l(fl?(m)) = ¢;1(m) < ¢i(m) — 2. So
qi(fi(m)) = ¢;(m) and we have proved the point (2) for ¢ = 2.

The last assertion (3) is a direct consequence of the first two assertions. g

Let IT: M’ — M be the map defined by

HYU” Y(1+r—r) "t

el

Let M% be the monomial crystal for “g. Viewed as a set, M’ is equal to M and so
we can view the map IT as IT : M/ — ML,

Theorem 2.11. M’ U {0} is stable for the operators fiL, eZL which define a structure

of Lg-crystal on M. The map 11 : M' — MF is an isomorphism of Lg-crystals.

Proof: 'The stability for e;, f; when r; = r is clear as the Ai[l € M’. When r; =1 it is
a consequence of Lemma 2.10 as the Aﬁ e M.

To prove that we have a crystal isomc;rphism, first note that the compatibility of the
map with €;, ¢; is clear. Then for the compatibility with the operators e;, f;, it is clear
if r;, = r and if r; = 1 it follows from Lemma 2.10. O
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Theorem 2.6 is a direct consequence of Theorem 2.11. Thus, Theorem 2.6 is now
proved. As discussed above Theorem 2.4 is also now proved.

Remark 2.12. The proof given above also implies that Theorems 2.6 and 2.4 hold
for any symmetrizable Kac—Moody algebra such that r < 3 (see [16] for their monomial
crystal). Here the r; are defined as the set of relatively prime integers such that r;C; j =
r;Cj:, and r is the mazimal number among the r;.

3. INTERPOLATING QUANTUM GROUPS

In the previous section we have described a duality between characters and crystal
bases of finite-dimensional representations of U,(g) and U,(¥g). We would like to ex-
plain this duality in the following way: there exists a two-parameter deformation of both
of these quantum groups, which we call the “interpolating quantum group”. Moreover,
the dual finite-dimensional representations U,(g) and U,(*g) appear as the result of
specialization (of the first and the second parameter, respectively) of a representation
of this interpolating quantum group.

In this section we define the interpolating quantum group and in the following two
sections we construct their representations which exhibit the desired duality property.

Let again g be a finite-dimensional simple Lie algebra and Ugy(g) the corresponding
quantum group. We denote by U, (g) the algebra with the same generators and relations
except for the Serre relations. Note that U,(g) and Uy (g) have the same categories of
finite-dimensional representations.

The interpolating quantum group U, .(g) is an associative algebra depending on
two parameters, ¢ and ¢. (Note that this algebra is different from the two-parameter
quantum groups considered in [2, 25].) We will then establish the following Langlands
duality property of these algebras: the specialization with respect to one parameter,
t =1, gives the quantum group U,(g), and the specialization with respect to the other
parameter, ¢ = €, where € = 1 for simply-laced g and exp(7i/r) for non-simply laced
ones, gives the Langlands dual quantum group U_;("g).

3.1. Interpolating simply-laced quantum groups (r = 1). Let g be a simply-laced
simple Lie algebra, that is, » = 1. In this situation the definition of the interpolating
quantum group is essentially equivalent to the usual definition of quantum group. In
what follows by an “algebra” we will always mean an associative unital algebra over C.

Definition 3.1. U, (g) is the algebra with the generators Xii, Kiﬂ, f(lﬂ and relations
KiXF = ¢*Ou XFK; | KX =209 XFK,
Kl.ffl — (KZIN{Z)_I
qt — (qt)*

[XHX]_] = i

Note that
Ugi(9) D ((KiK:)*, X) ~ Ugy(g),
and that we have the following interpolating property:

Up(9)/(Ki=1) =Uy(a)  and  Uie(e)/(Ki = 1) = Us(g) = Us("g).
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As a special case, we have the elementary interpolating quantum group U, (A;). The
elementary rank one subalgebras of U, ;(g) corresponding to simple roots are all iso-
morphic to Uy (A1) if g is simply-laced. This is analogous to the properties of standard
quantum groups. We will see in the following that for non-simply laced g we will have
to consider other elementary (rank 1) interpolating quantum groups corresponding to

Bl, Cl = LBl, Gl, and LGl.

3.2. Elementary interpolating quantum groups for r = 2. For » = 2 we have
e = exp(mi/2) = i. We will define two elementary interpolating quantum groups
Uy +(C1) and Uy (Bq). The definition of the first one is simple.

Definition 3.2. U, ;(C\) is the algebra with generators X*, K*', K*! and relations
KX* = ¢MX*K , KX* =P X*K,

KK — (KK)™!
(XT, X7 = (KK) :
q2t _ q72t71

Note that
Ugt(C1) D (KK)™, XF) = Uypy(sla),
and that we have the interpolating property
Uy (9)/ (K = 1) = Up(sly) = Uy(C1) and Uey(g) /(K = 1) =~ U_y(sls) = U_(*C1),
as U_t(Slg) == u—t(Bl)‘

Definition 3.3. U,(B1) is the algebra with generators X+ KF KH, n, central
elements C', C' and relations

C[K*!, K+ n) is commutative,
KX* = ¢P2X*K , KX =TI XTK |, nX* = XT(n+1),
qC(tE}%il)P + qfc(té}'%il)fp _ tilt:tékK _ q:tltiFE(R’K)fl
(¢ —q 1) (gt — (at)h) ’

(6) X*FXT=

where P = (—1)" and é = PC —1/2.
Note that we have t¢X* = X+¢t=1 P2 =1 and P commutes with E? and F2. We

also have the following:
qC(téK—il)P 4 qu(téK—il)fP — (PCERF 4 POt RTL
The elements
Cas(q) = ¢ + ¢ ¢ and Cas(t) = tc+1/2 4 ¢=¢-1/2

are central. The element Cas(q) will correspond to the Casimir element for the spe-
cialization ¢ = 1. For the other specialization, ¢ = ¢, the Casimir element will not be
exactly Cas(t), but 20040 4 ¢=2(148)  which is not central in the whole algebra, but
commutes with (X¥)2,

Lemma 3.4. The algebra Uy (B1) is well-defined.
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Proof: The only point to be checked is the associativity condition (XTXT)X* =
X+ (XFX*). It is satisfied as we have
(CERYP + ¢ CEERF) P — (FURRK — UK EK) ) XT
— X:t(qC(t—ékzl:l)—P _{_q—C(t—ék:tl)P _ q:i:lt:FéKK _ q:Fltie(KK)_l).

Let us look at the specializations of U, (B1) at t =1 and ¢ = € = 4. Let
X =F(XP -t K= K>

Proposition 3.5. The subalgebra of Uy 1(B1)/(K = 1) generated by X*, K*! is iso-
morphic to Uy(sla) = Uy(B1).

The subalgebra of U, 1(B1)/(K? = 1, Kq"C = €) generated by X*, K*! is isomorphic
to Up (sly) = U_(C1) = U_(*By).
Proof:  First, let us consider the specialization U, 1(B1) at t = 1. Then the element K
becomes central and we can specialize K = 1. We have the relations KX+ = ¢®#2X*K
and

(4= ¢ )’XTXT + ¢ K + ¢ K~ = Cas(q).
The equality implies the standard relation
K—-K!
q—q '

Cas(q) is central and corresponds to the central Casimir element in U,(slz). So we
have an isomorphism.

Now let us consider the specialization of U, +(B1) at ¢ = €. Then K2 becomes central.
Let us consider the algebra U +(B1)/(K? = 1). We have the relations:

KX*=-X*K KXt =_-X*K , KXt =t*'X*K
(qPC + EK) (téffil _ eq_PcKt_Ef(:Fl)
—2(t+1t71) ’

Since (¢FC + eK)X* = Xt (q7PC — eK) = X+ (—eKq T (¢"C + €K), we find that
4(t +t71)2(XT)2(XT)? is equal to

—eKqg PO (PO K + 2172 RE 1 egPCRIFRRFY (PR — eq PO KK,

So it is natural to specialize at Kq"¢ = e. We obtain that

(XT, X7 =

XEXTF =

tiZR—iZ + tQR'IFQ _ t2(1+5) _ t72(1+6)
(t+t71)2

(X5)(X7)? =

The above relations can be rewritten as
The element 249 4 ¢=2046) commutes with X+, K*! and corresponds to the Casimir
element (see the above discussion). We get the equality

K—-K-!

+ oyl —
A=
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g

3.3. Interpolating quantum group for r = 2. Let g be a simple Lie algebra such
that » = 2, that is, g is of type B,, C, or Fj.

Definition 3.6. U,.(g) is the algebra with generators Xii, Kiﬂ, f(iil, nj, C;, C;
(1 <i,j <n, r;=1) and relations

(C[Kii, f(iil, nj, Cj, C’j]lgi,jgn,rjzl is commutative,
U = (XF, KL K ~ Uy (C) if ri = 2,
U = (XF K K 0, G, Cy) ~ Uy (By) if ri = 1,
KXF =¢"iCiXFK,; |, K;XF =%k,
(X5 X ] =[(-D)", X1 =0 fori # j.
Let us consider the elements
XE = (X))t —t7Y) , Ki= K} for r; = 1,
XE=XF K=K, forr; = 2.

The specialization at ¢ = € = ¢ = v/—1 should not be confused in the following with
the index ¢ € I. Proposition 3.5 implies

Proposition 3.7. The subalgebra of Uq,l(g)/(f(i = 1) generated by the Xii, KijEl is
isomorphic to Uy(g).

The subalgebra of U.(g)/(K? = 1, K;q"'% = €) generated by the Xii, ]Ciﬂ is 1s0-
morphic to U_4(Lg).

In the proposition, by convention, P;C; = 1 if r; = 2, that is, the relation K;q"¢ = e
means K; = 1.

According to the above proposition, U, ;(g) interpolates between U, (g) and U_.(Lg)
the quantum groups without the Serre relations. Is it possible to have an algebra that
interpolates between the quantum groups U,(g) and U_;(Lg) with the Serre relations?
In other words, can one construct a two-parameter deformation of the Serre relations of
U,(g) and U_;(Lg)? In this paper we are only interested in finite-dimensional represen-
tations. Therefore this question is not important, because finite-dimensional represen-
tations of U,(g) are the same as those of U, (g) (and similarly for U_;(*g) and U_.(*g)).
But for other representations this question becomes important. The examples given
below indicate that in the framework of U, +(g) the answer is negative.

In fact, in Example 3 of Section 5 we will construct a finite-dimensional representation
V' of Uy +(B2) which interpolates between representations of Uy (B2) and U_(C3) (and
hence of Uy(B2) and U_;(Cs)), but for different vectors in this representation different
t-deformations of the Serre relations of U,(Bz) will be satisfied. Imposing either of
them (or another t-deformation) on the algebra would lead to additional relations that
are not satisfied in V. Therefore V' is not a module over this algebra. Hence it appears
impossible to incorporate a two-parameter deformation of the Serre relations into Uy +(g)
in such a way that Proposition 3.7 would hold for the quotient, with U, (g) and U_,(*g)
replaced by U,(g) and U_.(g).
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To illustrate this point further, consider the following example of a candidate for
a t-deformation of the Serre relations for g = By (note that we do not use it in this

paper):
(7) XFX (Pt + XXX + XX =0,
X XFP P+ 14+ )X XX+ 2P+ 1+ ¢ XX XS — XX =0

At t =1 we recover the Serre relation of U, (B2). Let us consider the specializations .S,
S’ of these relations at ¢ = e. By computing S’ X5 — t X S’ we obtain

X6 = (0 4+ ) (X)X () + (X)X =0,
which is one of the Serre relation of U_;(C3). By computing

Xy SX — (B +1+ )X Xy S+ (P2 +14+t72)SXS X,

—XFSXS — (Y XS XS+ (t+t7HSX XS,
we obtain
0= (X)X = (4 1072 X (X)X 4 (P 172X (007X - X7 (),
which is another Serre relation for U_,(C3) (both relations should be written in terms
of Xi" and X, = (X;)?).
But if we compute the bracket of the second Serre relation with X, we obtain
KX P+ )t = 1) = (1= (1 - ¢ )2(1+ ¢ KX
Then we following identity which does not hold in either Uy(Ba) or U_.(Cs):
KX 1+ 12) = t1(1 — ¢ 22K X

Hence if we include the relations (7), we obtain an algebra that does not have the
desired interpolation property.

3.4. Interpolating quantum groups for r = 3. For r = 3 we define two elementary
interpolating quantum groups U, (G1) and Z/{q7t(L G1). We have € = e2mi/6

Definition 3.8. U, :(LG1) is the algebra with generators X+, K+1, K*' and relations
KX* = ¢ X*K , KXt =tT2X*K,

. KK —(KK)!
+ _
(X7, X7] = @Bt — g3t

Note that B
Up e (FG1) D (KEK)™, XF) ~ Uy, (sls)
and that we have the following interpolating property:
Uy (9)/(K =1) = Ugs(sly) = Uy("G1) and Ue(g) /(K = 1) = U_y(slz) = U_¢(G1).
Let us define the elementary interpolating quantum group U, (G1). First we need
the following polynomial map F(X) = X (X — €2)(1 — €2)~! which satisfies F(1) = 1,
F(?) =0, F(e*) = —1.
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Definition 3.9. We define the algebra U,+(G1) as the algebra with generators X+,
K+ K* p, central elements C,C and relations

(C[Kil, K+ n] is commutative,
KX+ = ¢PX*K , KX* =P X*K | nX* = XE(n+1),
(8) XEXT =
qc(téif()Pi + q_c(téif()_Pi _ q]FlK(tEif()Pf: _ qilK—l(téiKv)—Pi’
where Py = F(21T1F)) and ¢ = PLC T1/2.
Lemma 3.10. The algebra Uy +(G1) is well-defined.

Proof: The only point to be checked is the associativity condition (XTXT)X* =
X+ (XFX*), which is verified as follows:

(qC(téiKv)Pi + q—C(téif()—Pi _ qulK(téi K-)sz _ qj:lK—l(téik)—Pi)Xi
_ Xi(qC(tEjF$1f{ti1)P; 4 qfc(taqtm_f{tﬂ)fa
_qilK(téijf(tﬂ)Pi _ q]FlK_l(té*]Flf(til)_P%)
_ Xi(qc(t51l~{)P1 + q—c(t&If{)—P; _ qilK(té;K)Pi _ q:le—l(taqu{)—PﬁF)'
0

Let us set
+)3 —\3(_1)ym+1 B
U o (VO <o (o) LAY
(1—e)2(t3 —t3) (14 €* +2€%)(t73 — t3)

Proposition 3.11. The subalgebra of U, 1(G1)/(K = 1) generated by X*/(q — ¢~ ),
K*! is isomorphic to Uy(sla) = Uy(G1).

For any m € 7/27, the quotient by € = 1, K = (—=1)™, ¢ = (—1)™¢ of the
subalgebra of U. 1(G1) generated by X+, K is isomorphic to U_;3(sle) = U_(*G1).

Proof:  The first point is proved as for U, 1(B1). Now let us consider the specialization
of Uy +(G1) at ¢ = e. Then K3 becomes central. Note that we have, PLXT = XT Py,
where Py = F(¢2727). We also have Py X* = X* P, and

G XFT = XF(PCF1/2), (RCF1/2)XT = XT(éxF1).
So we can compute (X)3(XT)3, and we obtain
(7 (= R)P* + ¢ O (= R) ™" — T K (= K)P = g K (% )
% (qC(tPOC‘:FSS/Qf{)Po + q—c(tpoézps/zf{)—zvo
_q:F3K(tPOG:F3/2f()P§ . qisK—l(tpoéxg/QR)—P(?)
X(qc(taﬁwf{)a + q—C(tF::F:F?)K)—P; _ q¢5K(t6;¢3K)P§ _ qj:5K—1(t6¢:F3f{)—P%)‘
Note that €27 and K commute with (XT)3. So we may take the quotient by the

relations K = (—1)™, €21 = 1 and q¢ = (—=1)™e where m € Z/2Z. In particular, we
have Py =0, Py = 41, &+ = +C ¥ 1/2. For (X*)3(XT)3 we obtain

(_1)m+1(1 +é g 265)(tj:&if{:t1 4 AFEE RFL _ 2 For frEl €2¢2tieif(¢1)
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% (t:Fé¥+3Rv:Fl 4o MpEeE 3kl | 2FneeFI 62i2t:|:3—é¢lgv—l>
— (_1)m+1(1 + 64 + 265)(1 _ 64)2(t:FE:FK:t1 _ t:FE:i:f(:Fl)(t:Fé:F"'?’K:FI _ t:l:é:F—3K:t1)
_ (_1)m+1(1 +ét 265)(1 _ 64)2(_t—3f(i2 _BRKF 4 £2C+2 + t—2(§—2>.
We have
_XiX:F(t?) . t’3)2 LR B2 t2é+2 + t’ZG*Q.

O
Now we are in position to define the interpolating quantum group U, +(G2).

Definition 3.12. U,(G2) is the algebra with generators Xii, Kiil, K’iﬂ, n, C, C
(i =1,2) and relations (i # j)

(C[Kii, f(iil, n, C, C’]Z-:Lg 18 commutative,
Uy = (X K KT > Uy (MG,
Uy = (XE K3 KF1,1,0,C,C") ~ U, +(Gy),
K XF =¢"CiXFK,; , KX =t%0EK;,
(XF, XF]=0.

We define X5, Ko as for U, ¢+(G1). Let m € Z/27Z. From the above results we have
the following:

Proposition 3.13. The subalgebra of U, 1(G2)/(K; = 1) generated by Xi&, X5 /(q —
¢ Y, K is isomorphic to Uy (G3).

The quotient by €7 =1, K1 = —1, Ko = (—=1)™, ¢© = (=1)™¢ of the subalgebra of
Uc +(G2) generated by Xf[, X;, f(lﬂ, IC;E1 is isomorphic to U_(*G3).

We have thus defined an interpolating quantum group U, (g) for any simple Lie alge-
bra g. The same definition gives us such an algebra for any symmetrizable Kac—-Moody
algebra g such that » < 3. We just use the relations of the elementary interpolating
quantum groups in the same way as above. We conjecture that this definition may also
be generalized to all symmetrizable Kac—-Moody algebra g.

4. REPRESENTATIONS OF ELEMENTARY INTERPOLATING QUANTUM GROUPS

Representation theory of the elementary interpolating quantum groups Uy (A1),
Uy t(Ch), Uyt (FGy) is easily derived from the representation theory of the correspond-
ing standard quantum groups. So we need to consider only U, (B1) and U, +(G1). For
these algebras we will observe the simplest examples of representations interpolating
between finite-dimensional representations of Langlands dual quantum groups of rank
one. Even though naively we have “B; = B; and G = G, the resulting duality of
representations is non-trivial.
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4.1. Simple finite-dimensional representations of U/, ;(B;). As in the representa-
tion theory of quantum groups, let us start with Verma modules. We want to construct
a Verma module M (\) with respective highest eigenvalues of (K, K,7,C,C) given by
A=(\NE A A) € (€92 x {£1} x C2. We set:

M(X) =P C(X )"0
n>0
We have the obvious action
X (X)) = (X))o, ,C=Ald, C = Ald ,
K((X7)"0) = Ag2"((X7)"0n) , K((X7)"0x) = M (X ) 0p),
n((X7) ) = (=1)"X (X 7)oy

The point is to have a well-defined action of X such that X*Tvy, = 0. From the
relation involving X X ~, the action is uniquely defined. The relation involving X ~X T
evaluated on vy imposes the following condition on A:

Lemma 4.1. The Verma module M (\) is non-trivial if and only if
qEAtEAf%Xfl 4 quAthAJr%;\ _ qthAJr%;\)\ _ qfltEﬁfé(S\A)fl —0.

Now we want to have a Verma module with a finite-dimensional quotient. For the
specializations defined above, we consider p > 0, n = 2p, A = ¢", A = tP. So we obtain
the relation

A1 Aol Aol A1
qEAtEA—E—p + q—EAt—EA+§+p _ q1+nt—EA+§+p _ q_l_ntEA_E_p — O

Thus, we have EA = —(n 4+ 1) or (EA = (n+1) and EA = p+ 1/2). But to have
the second specialization of Proposition 3.5, we must have KqF¢ = € at ¢ = ¢, so
e"tEA = ¢ So we are in the second case EA = n + 1. Consider an (n + 1)-dimensional
vector space

V,, =Cuo @ Cv; @ --- @ Cu,,.

We denote n = 2p € 27, v_1 = vp4+1 = 0 and use the usual quantum number notation
m]y = (2™ — 27 ™)/(x — 2~ 1) for m € Z.

Let us consider operators on V;, defined by C' = n+1, C=p+1 /2, and the following
formulas:

Xtvgj = [n—2j 4 1qvaj—1 , X Tvgj41 = [n — 2j]qtv25,
X795 = [2] + 1quajy1 , X 2541 = [2] + 2]gv2j42,
Kwj=q" %, Kvj = P v; | nu; = —juj.

The idea of this deformation is just to replace the quantum box [m|, where m is even
by [m]g.

Lemma 4.2. The above formulas define an action of Uy (B1) on V.
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Proof: All relations are clear without computation, except for relations (6). Let us
check these relations.

(g—q (gt = (g) ) XTX w5 = (¢¥ = ¢ N ((gt)" ™ — (qt) ")y

_ (qn+1tn72j + qfnflt2jfn _ qn74j*1tn72j _ q4_7'+17nt2j*n),U2j7

(a—a¢ (gt = (g) )X~ X o = (¢"7F = 7" ((¢) — (gt) " vy

_ (qn+1t2j e - B A e q4j—n—1t2j)v2j’

(a—q (gt = (q) HXTX wgjp1 = ()7 = (@) 7)1 = ¢ g

_ (q—n—lt—Qj—2 R L T T q4j+3—nt2+2j)

q v?j-‘rlv
(g—a Mgt — (gt) HX X w1 = (@)% — (gt) " ) (¥ — ¢ ¥ Nvgjpa

_n—1t2j—n + qn+1tn—2j . n—l—4jtn—2j o

_ (q q q4j—n+1t2j—n>,u2j+1.
The formulas are also satisfied at the limits as for X~ X Tvy and for XX g, we
get qn+1 4 q—n—l _ qn+1 _ q—n—l =0. O

Note that V! = Cvg @ Cvy @ --- @ Cu,, is stable for the action of E? and F?. We
interpret this as a Langlands duality of representations corresponding to By and C as
follows: the first specialization of V,, is the (n 4 1)-dimensional simple representation
of Uy(sla) = Uy(B1), and by using the second specialization we obtain V,, the (p + 1)-
dimensional representation of U2 (sly) = U_¢(C1) = U_+(*By) (at ¢ = ¢, we have K2 = 1
and Kq"% = ¢ on V,, as in Proposition 3.5).

Remark 4.3. If n ¢ 27, we can also define a representation of Uy +(B1) with the same
formulas. Indeed the formulas are also satisfied at the limit: it is the same for X~ X Ty
and for X+t X "vgj41 where n = 2j + 1 we get ¢~ 4 gntlgntl _ gmnmlygmnsl
¢" 1" = 0. But then we cannot use the second specialization on V! at ¢ = € as we
have Kq"Cvy = —vq different than in Proposition 3.5.

4.2. Representations of U, +(G1). Let V, be as in Section 4.1 where n € 3Z. Let us
consider operators defined by C' =n+ 1, C = (n+ 1)/2 and the following formulas:
XFusj = (g —q "n =35 + Ugvzj1 , X vz = (¢ — ¢ )[35 + guajia,
X*ugj1 = (gt — (qt) ") n = 3jlgrvs; » X vzjtn = (¢ — ¢ )35 + 2gusjro,
X*tugjro = (q—q ")n—3j — Uguzjrr , X vgjp2 = (gt — (gt)")[35 + 3Jgrvsjsa,
Kw;=q" %, Kvj =t"?7v; | nuj = —ju;.
The idea of this deformation is just to replace the quantum box [m], where m = 0[3]

by [m]q:. This is analog to the deformation considered for Bj.
Note that we have in particular

Prvgj =wv3;, Prvzjp1 =0, Prusgjpe = —v3j42,
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P_vgj = —vgj , P_vgjp1 = vgjq1, P_.v3ji2 = 0.
Lemma 4.4. The above formulas define an action of Uy (G1) on V.

Proof: Al relations are clear without computation, except for relations (8). Let us
check these relations.

XHX w5 = (¢ = ¢ ((gt)" Y = (gt) P " u3y

= (¢"THTY T TS ORI g

X+X_.U3j+1 _ (q3j+2 _ q—3j—2)(qn—3j—1 _ q3j—n+1)U3j+1

_ (qn-l-l + q—n—l o qn—6j—3 _ q6j+3—n)v3j+1’

XX wgjpe = ((at)7 7 = (@) ™7 72) ("7 = ¢7 72z

1,35+3 —n—1,-35-3 —6j—5,—35—3 6j+5—n,3j+3
:(q”+t7+ +qn =3I 7qn J—54—3J 7qj+ ”t3+)v3j+2,

X™X T vz = ("7 — g7 (@)Y — (gt) 7 )wy,
XX g = (@)™ — @Y~ g

— (qn—i-ltn—?)j + q—n—lt?’j—n o

qn—Gj—ltn—?:j _ q6j+1—nt3j—n)

V3541,

XX ogjiz = (¢"9 7 = 7Y@ — g 0z

_ (qn—l-l + q—n—l _ qn—6j—3 _ q6j+3—n)v3j+2.
The formulas are also satisfied at the limits as for X~ X Tvy and also for XX TU3(n/3)
we get ¢"TL 4 gl — gt — gl =0, O

Note that V! = Cvg @ Cuz @ - - - @ Cu,, is stable for the action of E? and F3. We
interpret this as a Langlands duality of representations of GG1: by using the first special-
ization, V}, becomes the (n + 1)-dimensional simple representation of U, (sl2) = Uy(G1),
and by using the second specialization we obtain V!, the n/3 + 1-dimensional represen-
tation of Uys (slo) = Us(PG1) (at ¢ = €, we have € = 1, K = (=1)"/3 and ¢© = (—1)"/3¢
on V;! as in Proposition 3.11).

Remark 4.5. Ifn ¢ 3Z, we can also define a representation of Uy +(B1) by the same for-
mulas. Indeed, the formulas are also satisfied at the limit: it is the same for X~ X T,
for Xt X~ vgj1 where n = 3j + 1 we get gt gt — g — "M =0, and for
X+X7U3j+2 where n = 3j+2 we get qn+1tn+1 _’_qfnfltfnfl _qfnfltfnfl _qn+1tn+1 —
0. But then we cannot use the second specialization on V! as at ¢ = € we have
Kq¢“vy = 2"y different than in Proposition 3.11.
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4.3. Another interpretation of the duality. In this section we discuss an inter-
pretation of the Langlands dual of Section 4.1 in terms of the structure of the algebra

Uy, (By).

The duality of the simple finite dimensional representations of U, ;(B1) in Section 4.1
in terms of characters is just the elementary duality between the following polynomials:

y2n + y2n—2 4Lt y2—2n + y—2n PN (y2)n + (y2)n—2 4t (y2)2—n + (y2)—n.
We have seen that it corresponds to an interpolating representation. At the level of
characters, we can define a similar interpolation. Indeed let us consider a map «(q,t)
such that a(g,1) = 1 and a(e,t) = 0. Such a map is naturally introduced in [10, 11]
(we will also see an elementary way to introduce it bellow):
algt) = (g+q Vgt —q (Pt —g )

In the following it will just be denoted by «. Then the character
2n—2 + y2n—4 + Oéy2n—6 4ot y4—2n

interpolates between the two formulas.
The character of a fundamental representation is y + y~
decomposition of the Casimir central elements

Cas(q) =q% + ¢, Cas(t) = toH1/2 4 4= 1/2,

2—2n + —2n

y*" + ay + ay y

1. This corresponds to the

The Casimir element of the second specialization is (21 4 ¢=2(¢+1)) 5o we have the
following picture:

—1 _
Upe(B1) ——— Uy(B1) @z,(p,) Cla®,q ]

lqﬂﬁ lDuality

Z/l@t(Bl) A — Z/{_t(Cl) ®Z—t(C1) (C[té, tié]

Injection

Note that the tensor product Uy(B1) ®z,(B,) Clg%, ¢ ¢] is a quantum analogue (for
g = B1) of the algebras

U(g) @zw(g) U),

where h C g is the Cartan subalgebra, considered by Gelfand and Kirillov [13].

The decomposition of the Casimir element and the character formulas are closely
related. This can be put a step forward by having a similar interpretation of the
interpolating character in the spirit of the constructions of [10, 11] in the affine case.
Indeed, we have the central element Y + Y1 in U, +(B;) where Y = qPCtet /2 which
interpolates between Cas(q) and Cas(t). (Note that we have Y*! X+ = Xty Tl)

We define the completed algebra U, +(B1) as the algebra containing U, (By) with
additional elements W*! such that WX+ = XTWT! and YW = aWY. Note that
because of the relation of the algebra, we cannot require it to commute with X ~. Note
also that we have Y'W~! = aW~'Y~! which is compatible with the commutation
relations with X .

Let us explain how such a commutation relation YW = aWY can be obtained
naturally in the spirit of [10, 11]. We recall that the variables for the g-characters



LANGLANDS DUALITY FOR REPRESENTATIONS OF QUANTUM GROUPS 23

(affine version of characters) are materialized as formal power series in generators of
the Heisenberg subalgebra of the level 0 quantum affine algebra. The ¢, t-analogues of
these variables (which are the building blocks for the generating series of the deformed
W-algebra W, ;(g)) are, in turn, related to a non-commutative Heisenberg algebra. In
the Bj-case this Heisenberg algebra has generators h[n| (n € Z) such that h[0] is central
and for n,m # 0 we have

qn _ q—n)(tn _ t—n)

- .

(hfn], Bfrm]) = 8o

As the Oth mode h[0] is central, it is not clear how to obtain the commutation
relations as considered above. But the finite type can also be seen as a limit of the
affine type case in the following sense. Let

hi(z) =exp Z hlm]z~"™"

+m>0
We have
—2m _ ,—4m _ 4+—2m
h+<zq3t>h<w>=h<w>h+<zq3t>exp<§j R ><wz—1>m>
m>0

(1 —q *wz=H(1 —t2¢ 2wz™)
(1—q¢ % 2wz (1 — ¢ 2wz"1)’
A priori, we cannot directly specialize at z = w = 1. But if we forget the intermediate

formulas, everything makes sense for this specialization, and for Y = hy (¢%t), W =
h_(1) we obtain

— h_(w)hy (2q*)

1-¢HA -t
(I=g )1 —-q?)

To give a precise meaning to this specialization, we consider an additional formal
parameter v and replace w, z, respectively, by wu, zu~'. We get formal power series
in u™'. So we can set z = w = 1 and for Y (u) = hy (u"'¢>) and W(u) = h_(u) we
obtain

YW = WY = aWWy.

(1 — g *u?)(1 — t~2u?)
A—q 7o) —q )
Now we can specialize from the affine type to the finite type by considering Y = Y (1),
W =W(1), and we get YIWW = aWWY as explained above.

We have a notion of normal ordering : M : for monomials M in Y+, W#*! where
we put the Y*! on the left and the W*! on the right. Then we have

CYW+Y w2 =al: (YW)2: 20+t (YW
=a 1 (YW)?: 4P+ (Y ITW 2 ) o

In particular, the formula corresponding to the 3-dimensional simple representation
appears naturally as

Y (u)W(u) =

(YWD 4ol (Y2
Note that this formula commutes with X, as does : YW 4+ Y ~'W~! . which has the
same property. This can be interpreted as an analog of the invariance of the usual
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characters for the Weyl group action or of the symmetry property of g-characters for
the screening operators (see [11, 12]).

It would be desirable to have a similar interpretation of the duality of characters for
general quantum groups.

5. MORE GENERAL INTERPOLATING REPRESENTATIONS

By an interpolating representation we understand a representation of the interpolat-
ing quantum group U, +(g) which gives by specialization representations of the Lang-
lands dual quantum groups. We have seen in the Section 4 that interpolating repre-
sentations exist for elementary interpolating quantum groups. In this section we give
additional examples for non-elementary interpolating quantum groups. We believe that
any irreducible representation L(\) of Uy(g) (equivalently, of U,(g)) with A € P/ may
be t-deformed, in an essentially unique way, to a representation of U, (g) in such a
way that its specialization at ¢ = € gives a representation of U_4(” g) whose character
is II(x(A))-

We start with a simple finite-dimensional representation V' of U,(B2) with highest
weight which has an even multiplicity for the node 2. We want to ”deform” the Uy (B2)-
module structure on V. All weights of V' have even multiplicities for the node 2. For
v € V of weight miwi 4+ 2mawa, we set

KQU — q2m2v , KQU = M2y , Kl’U = q2m1U , Kl’U = t"My.

The deformation will be necessarily semi-simple for U1 ~ Uz,(A1), but moreover we
require that it is semi-simple for the action of Uy = U, +(B1) with simple submodules
isomorphic to the representations constructed in Section 4. The actions of C' and C
are uniquely determined from the action of X; and X, as it suffices to know the
decomposition in simple modules for Us. So the non-trivial point is to deform the
action of the XZ-+, X, .

We will consider 3 examples of interpolating representations of U, ;(B2). At the level
of crystals, they correspond to the examples studied in Section 2.1. The first one is
the most simple example where the duality occurs. In the second example we have
a multiplicity in the character and we can see that the relations between C and the
Xli cannot be written a simple way. In the third example we observe that different
t-deformations of the Serre relations arise in the interpolating representations.

Example 1. Let V = L(w;) be the fundamental representation of Uy(B2) of di-
mension 5 which corresponds by duality to the representation of U_;(C2) whose high-
est component is the fundamental representation of dimension 4. Its character is
Y1+ Y3y, i1+ Y1Yy 24 i ! and all weight spaces are of dimension 1.

We consider a basis (v;)1<j<5 of V such that v; is a highest weight vector,

U2=X1_1)1,1)3=X2_1)2,'U4=X2_1)3/[2]q,1)5:X1_U4.

In this basis the action of the Xii has matrix coefficients 0, 1 or [2],. We deform the
action by replacing the [2], by [2]4, that is to say we only deform X;E’Ug = [2]4tv3T1.
The decomposition in simple modules for U; and U, is clear and coincides with the case
t=1.
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Example 2. Let V = L(2wy) representation of U,(Bz) of dimension 10 which
corresponds by duality to the representation of U_,(C2) whose highest component is
the fundamental representation of dimension 5. Its character is y3 +y1 +y2yy ! +ydy; Ly
2.1+ y%yl_2 + ylyz_l + yl_1 + yQ_Q. There is a multiplicity 2 for the weight 1.

We consider a basis (v;)1<;<10 of V' such that v; is a highest weight vector,

Vo = XQ_’Ul , U3 = XEUQ/[Q]q , Vg = Xl_vg , U5 = Xl_’l)4/[2]q2 , Vg = XQ_Q}5,

VU7 = Xz_vg/[2]q , Vg = Xl_’l)g , Vg = X2_1)8 , V10 = X{Ug/[Q]q.
In this basis the action of the X;* have matrix coefficients 0, 1, [2], or [2],2. We deform
the action by replacing these coefficients, respectively, by 0, 1, [2]4¢, [2],2;. That is to
say we only deform
Xivs = 2] 2evamr » X506 = Rlgrvers » Xivg = [2grvazr.
The decomposition in simple modules for i; and U, is clear and coincides with the case
t = 1 except for the trivial submodules of Us and U; which are, respectively,
C(vg — [2]4¢va) and C([2]grva — [2]424v9).
Note that a priori we cannot expect to have simple relations between the C' and the

X ft as vy is not an eigenvector of C.

Example 3. Let V = L(2w1), an irreducible representation of U, (B2) of dimension
14, which corresponds by duality to a representation of U_;(Cy) whose highest compo-
nent is of dimension 10. Its character is y} + y3 + y%ny +y1 + y%yl_l + y%y;2 +2.1+
y1y52 + y%ny + y%y;l + yfl + y;Q + yf2, and there is a multiplicity 2 for the weight 1.

We consider a basis (v;)1<j<14 of V such that v; is a highest weight vector,

v =X v, 3= Xl_vg/[Z]qz , v = X, v3, v5 = X5 v4/[2]g,
v = Xy vs5/[3lq , v7 = Xy ve/[4]q , v8 = X| vr , vg = X  v8/[2] 2 , vi0 = X, v,
vir = Xy v10/[2]g , viz = X[ v11 , vi3 = X[ v12/[2],2 , via = X ve.
In this basis the action of the X* have matrix coefficients 0, 1, [2]4, [3l4, [4]4, (2] 2,
(1214[2]2/[4]g) %", [4]4/[2],2. We deform the action by replacing these coefficients, re-
spectively, by 0, 1, [2]4, [3lg, 4], [2]42es ([2]qt[2]q2t/[4]qt)i1, [4]4t/[2]42;- The decom-

position into simple modules for /; and Uy is clear and coincides with the case t = 1
except for the trivial submodule of Us and U; which are respectively

C([3]g[4]grv12 — [2]qt[2]g21v5) and C([2]ge[2]72,012 — [4]gevs)-

In this example we can observe non-trivial t-deformations of the Serre relations, but
different relations are satisfied on different vectors in the representation! Indeed, we
have ) )

(Xo X7 = (PP + ¢ 2 )X Xy Xy + XX, )v =0,
2 B 2
(X X7 — (Pt +q X Xy X + X7 "Xy v = 0.
This implies that if we impose any t-deformation of the Serre relation

2 N et e 2
(X5 Xy —(¢*+4q 2)X1X2X1 +X;7X;)=0
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in the algebra U, (B2), then the resulting algebra will not act on the U, +(Bsz)-module
that we have just constructed. Indeed, this relation will be different from the relation
satisfied on at least one of the vectors, v1 and v1; (as written above). The difference of
the two relations would give us a multiple of the monomial X; X5 X, which should
then have to annihilate this vector. But neither vector is annihilated by this monomial:
we have

(X1 Xg X7 )vr = va2]ge[2] 420/ [4] gt

(X1 Xy X7 )vir = v14[2]g[2] g2/ [4] gt-

Moreover, one can show that the structure of U, (g)-module on V' described above is
unique (the same is also true for the modules in Examples 1 and 2).

Now let us explain how we constructed the above interpolating representations. Let
V' be a simple finite-dimensional representation of U, (B2) as above of highest weight
A = miwy + 2mows. We have a decomposition in weight spaces V = ®MSA V. Let

V, = ®H:)\_ail_"'_air V, and Vep = @TSRV}. We have X; Vg + X, Vg = Vg4 and
=X Vica, + X5 Viq,- .

We define on V' the action of the K;(t), K;(t) as explained above.

We define by induction on r > 0 the deformed actions

X{(t), X5 (t) : Vigr — Vo and X7 (), X5 () : Vi = Vi,

satisfying the following properties:

(1) X7 (1) = X7, X5 (1) = X7, X{ (1) = X, X5 (1) = X,

(ii) the action is compatible with the restrictions to U; and Us,

(iii) [X7 (), X, (£)] =0,

(iv) [X5° (1), Xy ()] = 0.

To start with we set X (t) =0, X, (¢t) = 0 on Vj.

Suppose that the deformed action is defined for » > 0. Let V), C V,11. We want to
define the deformed actions

V)\+a1 V)\+a2 V)\+a1
Xl(t) / \ ijf
Xy () X5 (t)
Vy Vi

By using the condition (ii) for Us, we can first define the action of X5 (¢) and X, (t).
This gives in particular a decomposition V) = V/\(Z) & ‘7/\(2) where sz) =X, (t)(Vatas)
and V/\(Q) = Ker(X, (t)) N V. The condition (iii) on Vi iq, gives ¢(t) : V/\(Z) — Witay-
The condition (iv) on Viia, gives ¥(t) : Ve, — V/\(z). So it suffices to define X" (t)
such that X (t) = ¢(¢) on V)SQ), ITo X{ (t) = ¥(t) where II is the projection on V)@
along V/\(Q), and X (t)X; (t) = R(t) given by condition (ii) for ¢;. In a matrix form

we have X{(0) = (6() A(). X7 (1) = ((511) ), Xi (0X](0) = 6(0)0() + A0
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So it suffices to prove that

(2
tk(R(t) - (0)(1)) < dim(V,?).
We call this the compatibility condition. In the examples studied above this condition
is satisfied, and that is why the interpolating representations do exist. We conjecture
that it is satisfied in general and we have the following

Conjecture 5.1. For any X € P’ there exists a unique irreducible representation Lq ()
of Ug1(g) whose specialization at t = 1, viewed as a Uy(g)-module, is the irreducible

module L()\) and specialization at ¢ = €, viewed as a U_(*g)-module, contains a module
of character TI(x(\)).

6. CONJECTURES ON THE LANGLANDS DUALITY FOR QUANTUM GROUPS

In this Section we conjecture stronger statements on the duality for characters and
crystals which we prove for simply-laced g with » = 2 and for By. The proof of these
conjectures and the computation of the corresponding Langlands duality branching
rules is a program for further study for this Langlands duality.

6.1. A positivity conjecture. It is easy to compute the Langlands duality branching
rules for the examples of Section 2.1.
For g = Bs:
H(x(w1)) = x"(@1) + x"(0) , T(x(2w2)) = x"(@2) + x"(@1) + x"(0),
II(x(
T (x (w1 + 2wa)) = x" (@1 + @2) + X" (201) + X" (202) + X" (@1).

and for g = Ga:

M(x(w1)) = x"(@1) +x"(0) , M(x(w2)) = x"(@2) + 2x"(@1) + x"(0).
So it is natural to give a purely classical analog to Conjecture 5.1:

Conjecture 6.1. For any A € Pt N P/, TI(x(\)) is the character of an “g-module.

This Conjecture means that the virtual representation of Proposition 2.1 is an actual
representation, that is, the Langlands duality branching rules are positive:

L/~
Ix(N) = > mpx (),  mpu € Zs.
pepPL+
We will prove the conjecture in several cases, but first we prove that in general certain
Langlands duality branching rules are positive. We use the partial ordering on P’
viewed as the g weight lattice.

Proposition 6.2. Let jig mazimal in {ji € PLF|my; # 0, i # O(N)}. Then my, > 0.

Proof: By Theorem 2.4 the coefficient of fig in TI(x(\)) is larger than in x*(IT(\)). But
the only terms which can contribute to this multiplicity are by hypothesis x*(II(\))
and x*(jig). This implies the result. O

This includes all coefficients in the examples at the beginning of this section. Now
let us consider a statement analogous to Conjecture 6.1 in terms of crystals.
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6.2. Structure of the crystal B()\). For A € P* N P’ let
B(\) = {v € BO\)|wt(m') € P'}.

Note that for g of type By we have B(\) = B(\).

B(\) U {0} is stable under the action of the operators ek, fL. We define new maps
ez-L, QSZL on B(/\) corresponding to the operators eZ , sz (1n general they do not coincide
with the original ;, ¢;, as we may have e*(m’) = 0 but e L(m') # 0, see the example in
Section 2.4). We get an abstract Lg-crystal (B(\), ek, fF, b, ¢F, th) Moreover, this
crystal is semi-normal, that is to say that for each ¢ € I, it is as a g{i}—crystal the
crystal of a © g(iy-module (this is a direct consequence of the semi-normal property of
B(\)). Here for J C I we denote by g; the sub Lie algebra of Cartan matrix (Cj ;); je-

Theorem 2.6 means that the connected component of B()\) containing the highest
weight vector is normal, that it to say is the crystal of a “g-module. In this section we
study the structure of the whole crystal B()\).

In all examples of Section 2.4 the crystal is normal. In particular, we have obtained
the following:

Proposition 6.3. For all pseudo fundamental representations of a rank 2 Lie algebra,
B(A) is normal.

So we could expect naively that B (M) is normal. This statement is not true in general.
For example in type By consider A = wy + 2ws.

We have seen that in terms of characters II(x (w1 + 2w2)) has 4 simple constituents.
But B(\) = M(Y10Y5)) = B()\) has 3 connected component as a “g-crystal.

The first connected component is isomorphic to B (&1 + @2) (16 terms):
{1022, 15121, 1013252, 2225219, 191211, 221, 1, 191,222, 25413,
1;11;22§22,2 21214 ,102*2,121;2,1512%252,1;323,2g225212,1;1252}.

The second connected component is isomorphic to B*(w;) (4 terms):
(1021251, 1512321 2,222 15, 1,712,251

The third connected component is (15 terms):
(101221251, 23251 191, 72123, 1511,12325, 2125313 1010251251, 2125 M 1011, 2225 121
Lol 23251, 151112225201 122125, 1225021 29251202 151 125120 1,2252- 1

Although the third component has two highest weight elements u = 191921 2_1 and
v = 2:%251 it is not connected as efelefelv = 1212123_125_ = elelelelelu. But its
character is x”(@1) + x*(@2).

In fact, it suffices to modify slightly the crystal structure of the third component to

get a normal crystal. Indeed, without changing the wt”, e~ €, L , we just replace
ek23o:t = 2125713, ek23ort =1p1225'251,
eb101,12125 = 191225125, eb10112125 = 2125°13.

In other words we have defined a bijection v o l’;’()\) — B, where BY is normal,
satisfying (wt”, ¢F, ef)U = (th ¢>Z ceb) and UfE = LU, Vel = el W. But ¥ is not a

1771

morphism of crystal as U fF # fF20 and Vel # eL¥ (see the picture bellow).
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1022
2
1
15124 19192125
2 1 \
23250 11,2123 1912232
2 T~ ~ _ _ ~ - ) \ \
_ =<l ! _ _
232521, 4 R P b o2 102125 Tolal, !
2 \< I3 ~2 2 1
A 1,
212513 231" 1512321 1ol925 125" 191, %22
2
25413 2125 1215t 232,191 1ol '252:! 1511, %2322
1 / 1 2 2 \ 2
2
252131, ! 1,%2123 212522: 115 10252 1501, 122252:
1 2 / 2 1 /
1 2
151,72 112,251 1325321 1,1232-2
' ’ / /
1 2
1,22 Lol 2512t 212512572
2 J{2
1
—2 -1 —26—2
1,22352; 2522521,
2
1
1,12:2

Conjecture 6.4. For A € P', there is a bijection W : B’()\) — B to a normal F'g-crystal
BE satisfying wtt W = wtl and (¢F, L) = (¢, eb) for any i € I.

7

This means that, by changing the maps eiL , iL, respectively, by \Il_leiL\IJ, (\al fiL U, we
get a normal crystal.

Conjecture 6.4 implies Conjecture 6.1 as we have

T(x(\) = > wth(v).

vEB(N)
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First, we look at the case of the Lie algebra of rank 1. For r = 1 the result is clear
as el = e and f¥ = f. For r = 2, consider B(2pw) = B(2pw):

Ugp = Uz(p—1) =7 U2(p—2) =7 17 T U2(2—p) 77 U2(1—p) 7 U=2p
which is decomposed in B (pw) U B*((p — 1)@) as a g-crystal:
(ugp = Up(p—2) — -+ — u—gp) U (ugp—2 = tgp-6 — -+ — uz-2p)-
Here Conjecture 6.1 is just the elementary decomposition:
P 4Py = (y2p + P44 y—2p) + (y2p—2 +y?P 4 y2—2p).
We have the following Theorem, due to [21, 20] (see for example [19, Theorem 2.1)):

Theorem 6.5. A finite g-crystal B is normal if and only if for any J C I with at most
two elements, B is normal as a gj-crystal.

So it is of particular importance to study Lie algebras of rank 2. We will now prove
Conjecture 6.4 for Lie algebras of rank 2 (and r < 2). Such a Lie algebra will be
denoted by (X,71,72), where 1 < ri,79 < 2 are the labels. We consider all crystals
B()\) such that B(\) # 0. For g of type By it implies A € P’ but in general A is not
necessarily in P’. For (A; x A1,2,2) and (As,2,2) the result is clear as we have f¥ = f;
and el = e;. For types (A1 x A1,1,1), (A1 x A1,1,2), (A1 x A1,2,1), the result follows
from the rank 1-case studied above. So we study the two remaining case (A9, 1,1) and
(B2,1,2). In fact, we prove

Theorem 6.6. Conjectures 6.1 and 6.4 hold for simply-laced g with r = 2 and for Bs.

We cannot prove the statement for By directly by using the result for pseudo-
fundamental representations (Proposition 6.3) as the ez-L, fiL for the tensor product
of Lg-crystals do not coincide with the operators defined from the tensor product of
g-crystals.

6.3. Type (Az,1,1). Let A = Rw; + R'ws dominant in P. We have A = 0, wy, wg or
w1 + we where = means mod P’ in this section. Let A = {(4,1)[1 <i < R}U{(4,7)|R+
1<i< R+ R,1<j <2} Then B()) is isomorphic [22] to the crystal of tableaux
(T3.5) (i, jyen With coefficients in {1,2,3} which are semi-standard (i.e., 7; ; < Tj11,; and
any 4, j, and T; 1 > T; 9 for i > 2R+ 1). Let

1 ... 1
TA:<1 1 09 ... 2>

be the highest weight tableaux. Let us compute the tableaux T' € B(\) of highest
weight for elL = e% and e% = e%. T =T(a,b,c) is characterized by a, b, ¢ such that

o= lfor R41<i<c—1
or VA C —
Tip={2fora<i<b-—1, andTip= I<ige-1,
? : ’ 2 for ¢ > 1.
3 for b < ¢,

The condition €27 = 0 is equivalent to the following:
(R+R =candb—a<R —1)or (R+R =c—1landb—a < R +1).
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The condition €27 = 0 is equivalent to ¢ — b € {0,1}. We have four cases:
l)e=b=R+R anda>R+1.Soa=R+1. So0=wt(T) =\ +wy +ws.
2)c=b=R+R +landa>R. Ifa=R+1then T=T) and A =0. If a = R,

then \ = ws.
3)c=b+1=R+ R anda>R. If a= R+ 1, then A =w,. If a = R, then A = 0.
4)c=b+1=R+R +1landa>R—1. Ifa=R+1then A =w;. If a = R then

A=wi +wsy. Ifa=R—1 then A\ = w;.

So for each value of A mod P’ we have 2 highest weight vectors Ty, T} of respective

connected component B’ and B”. We prove that B’ # B” and that they are normal.

This implies a stronger result than Conjecture 6.4, that in this case B()) is normal.

(T, frfefifoTy) i A=0,
(foTy, fafi fily)  if A =wi,
(1Tx, frfofoTy) if A= wy,
(frfoT, foiTN)  if XA =wy + we.

Note that wt(T'(a,b,c)) € P" if and only if b =1+ R'[2] and a = ¢[2].

Let us treat in detail the case A = 0. We know by Theorem 2.6 that B’ is normal.
In particular, B’ # B”. So we only have to prove that B”()) is isomorphic as a “g-
crystal to BE()N) where X' = II(wt(T1)) = (R/2 — 1wy + (R'/2 — 1)wz. We have
Ty =T(R,R+ R —1,R+ R’) that is,

1 .- 1 1 2
T1:<1 e 1202 233)'
Let A'={(4, D1 <i < R/2-1}U{(4,j)|R/2+1<i < R/2+ R'/2—-1,1 < j <2}

Then B%()\') is isomorphic to the crystal of semi-standard tableaux (T3,5) (i, 5)enr With
coefficients in {1,2,3}. For such a tableaux we define a,b, ¢ as above. Then consider

¢ :T(a,b,c) e BLN) = T(2a,2b+ 1,2c + 2)B"(\).

Then ¢ is an isomorphism of Lg-crystals. First for (R/2,(R+R')/2—1,R/2+R'/2—1)
we get T(R,R+ R—1,R+ R') = Ty. Then it suffices to prove that ¢(f;T) = f2¢(T).
Let T =T(a,b,c).

For fi : f R+b > a+cand a > 2, then 1T = T(a — 1,b,¢). We have (R +
D+ 2b+1) >2a+ (2¢+2), s0 f1p(T) =T(2a — 1,20+ 1,2¢ + 2). But we have also
(R+1)+ (2b+1) > (2a — 1) + (2c + 2) so f£¢(T) = T(2(a — 1),2b + 1,2¢ + 2).

If R+b>a+cand a =1, then fiT =0. We have (2R+ 1)+ (2b+1) > 2a+ (2¢+2),
so fip(T) =T(1,2b+1,2c+2). But we have also (R+1)+(20+1) > (2a—1)+ (2¢+2)
so f26(T) = 0.

If R+b< a+cand c>bthen fiT corresponds to (a,b,c—1). We have (2R+ 1) +
(2b+1) <2a+2c<2a+2c+2,s0 fLop(T) = T(2a,2b+ 1,2c+ 1). But we have also
(R+1)+ (2b+1) <2a+ (2c+1) so f2¢(T) = T(2a,2b+ 1,2(c — 1) + 2).

If R+b < a+cand ¢ =bthen fiT = 0. We have (2R+1)+(2b+1) < 2a+2c¢ < 2a+
2¢+2, 50 f10(T) = T(2a,2b+1,2c+1). But we have also (R+1)+(20+1) < 2a+(2¢+1)
50 [26(T) = 0.

For fo : if b > a then foT = T(a,b — 1,¢). We have 2b +1 > 2a + 3 > 2a, so
f1o(T) = T(2a,2b,2¢c+2). But we have also 2b > 2a, so f2¢(T) = T(2a,2b—1,2c+2).

(To, 1) =
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If b = a then foT =0. We have 20+ 1 = 2a+ 1 > 2a, so f16(T) = T(2a,2b,2c + 2).
But then 2b = 2a, so f2¢(T) = 0.

For the cases A = wy or A = w1 + we we give only the formulas of isomorphisms of
Lg-crystals as above.

Let A = w; (the case A = wq is symmetric). Tp = T(R+1,R+ R,R+ R + 1),
Ty=T(R-1,R+R,R+R +1). Let ¢ : B(R+1)/2w1 + (R'/2 — 1)w3) — B

g~
and
¢" :T(a,b,c) € B(R—1)/2w; + R'/2ws) — T(2a,2b+ 1,2(c + 1)) € B”.
For A\=w; 4wy, To=T(R+1,R+ R,R+R), Ty =T(R,R+ R ,R+ R +1). Let

¢ :T(a,b,c) € B(R—-1)/2w1 + (R —1)/2ws) — T(2a,2b,2¢) € B,

¢" :T(a,b,c) € B(R—-1)/2w1 + (R’ —1)/2ws) — T(2a — 1,2b,2c + 1) € B”.

Remark 6.7. In the course of the proof we have found the following Langlands duality
branching rules (see the end of Section 2.1) for irreducible representations of (Ag,1,1)
and the symmetric ones: (A1, A2 >0)

II(x(2M1w1 + 2Xows)) = xE(M@1 + Xa@a) + xE (A — Dy + (A2 — 1)@n),
I(x(2\w1)) = X" (Ai@1) , T(x((2M1 — Dw1)) = x" (A — L)an),
I(x((2A1 + Dwi + 2hows)) = x" (A1 + D)1 + (A2 — Do) + x* (A — D)adn + Aaa),

I(x((2M1 — Dwy 4+ 2(Xa — Dws)) = 2xE (A1 = D)an + (Mg — 1)aa).
6.4. Application to symmetric cases. Consider a simply-laced g with r = 2.
Proposition 6.8. For A € P', B()\) is normal.

In particular, Conjectures 6.1 and 6.4 hold for these types. In fact, we have proved
a stronger result as the crystal is normal.

Proof: By Theorem 6.5, it suffices to prove the result for the subalgebras of rank 2.
For subalgebras of type Ao, the statement follows from Section 6.3. For the subalgebras
of type Ay x Ay, it suffices to prove that if C; ; = 0 then the fE, ij commute. But it
is clear as the f;, f; commute. O
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6.5. Type (B2,1,2). Let A = 2Rw; + R'wy € P'. Let A = {(3,1)]1 < i < 2R} U
{(#,j))2R+1<i <2R+ R',1 < j <2}. Then B(\) is isomorphic [22] to the crystal
of tableaux (T} ;) jyen With coefficients in {1,2,2,1} which are semi-standard (i.e.,
T;; < Ti41,5 and any 4, j, and T; 1 > Tj 9 for i > 2R+ 1 for the ordering 1 <2 <2 < 1)
and such that for i > 2R+ 1, (T;1,T;2) # (1,1) and (Ti111,Ti2) # (2,2).
Let T, be the highest weight tableaux. The tableaux T' = T¢(a, b, ¢, d) is characterized
by a, b, ¢, d and € € {0,1} such that
1fori<a-—1,
2fora<i<b—1,
Tip =14~ .
2forb<i<c-—1,
1 for ¢ < i,

lfor2R+1<i<c—e€—1,
and Tjo =q2forc—e>i<d—1,
2 for d < i.

2 . . .
In fact, <2> appear at most once (it can appear in 77 and does not appear in 71j).

Let us compute the tableaux T of highest weight for the operators e’ = e? and
e = es. The condition e2T = 0 implies d = R+ R’ + 1. The condition €27 = 0 implies
¢c=d= R+ R + 1. Let us consider the 3 classes of such tableaux:

Tableaux (A) : Try = 1 (that is ¢ < R). exT = 0 gives R’ > ¢ —b. €T = 0 gives
R'=0=c—band 2R < a. So all coefficients are equal to 1 except Thr1 € {1,2,1}.

Tableaux (B) : Tpy =2 (thatisc¢ > Rand b < R). esT'=0givesb= R+ R +1—e.
Soe=1and R =1. &3T =0 gives a > 2R. So (Try1.1,Tr+12) = (2,2), Tr1 € {1,2}
and all other coefficients are equal to 1.

Tableaux (C) : T11 < 2 (that is b > R). esT =0 gives b = R+ R '+ 1 —e. Then
e?T =0 gives a > 2R.

For R =0 and R > 0 : we get 3 tableaux T, fiT\, fifo 1T\

For R=0and R’ > 0 : we get 2 tableaux T\, f1f2f1T\.

For R, R’ > 0 : we get 4 tableaux

1 ... 1
T)\:(l 1 09 ... 2>’

1 - 1
T1=f1TA:<1 .1 02 2 ... 2)’
1 - 1 2
T2:f1f2T,\:<1 el 102 e 2 2)’
1o 102
T3=f1f2f1T)\:<1 e 1.2 2 ... 9 2)'

We concentrate on the case R, R’ > 0 (the cases R = 0 or R’ = 0 can be easily deduced
from it). By Theorem 2.6 the connected component of T) is isomorphic to the crystal
of a simple “g-module. In particular it contains T1,Ts,73. Let B (resp. B') be the
union of the component of 77,75 (resp. the component of T5). We have u € B if and
only if wt(u) € A — (1 + 2Z)a; — Zas. So the component BN B’ = (). In the monomial
model M(}@%Yﬁ{z), T3 corresponds to Yljl(}@{%lYng_l))Yf;. By Theorem 2.11 the

Lg-crystal generated by Yfé Yngfl) is the crystal of the simple “g-module of highest
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weight (R — 1)@y + R'@y. Bu the multiplication by Y1,1Y1T51 does not change the action
of the crystal operators here, and so B3 is also isomorphic to this crystal.

For B we write explicitly the bijection by using the three cases as above. To do it
we also use the dual tableaux realization of B (u) for p = pycn + pacs.

Let A" = {(5,2)[mn < @ <+ po} U{(5, 7)1 <@ < i, 1 < j <2} BY(p) is
isomorphic [22] to the crystal of tableaux (Tj ;) jear With coefficients in {1,2,2,1}
which are semi-standard as above. The tableaux T' = T!(a, b, ¢, d) is characterized by
a, b, ¢, d and e € {0, 1} such that
lfori<b—e—1,
2forb—e>i<c—1,
2forc<i<d-—1,

1 for d <.
Let BL = BL(R(Dl + (R, — 1)(;)2) and B2L = BL((R — 1)@)1 + (R/ + 1)@2). We define
U : BL U BY — B. The general idea to define the map is to replace (1,1), (2,2), (2,2),

(2,2), (1,1) in the first part of the tableaux respectively by <;), (;), (g), <?),

2 1 1 2 2 2\ .
<1>, and to replace <2>, <2>, <2>, <1>, <1> in the second part of the tableaux

respectively by (1), (2), (), (2), (1). In general, it cannot be done in the obvious way
as other term may appear as (1,2), (2,1) and so we have to do the following case by
case description.

Tableaux (C). Ty (a,b,c,d) € B< a=¢€[2]. Let 3 > R+ 1. We set :

To(a, B,7,0) € BF — Ty (2a — 1,8+ R,1+ R+ ~,1+ R+9),
To(e, B,7,6) € BY — Ty(2a, B+ R, R+, R+ 6).
Tableaux (B). T (a,b,c,d) € B< a =¢€[2]. Let § < R <. We set
T, 3,7,0) € BF = T1(2a —1,28—1—€,14+ R+7,1+ R+ ),
T.(cv, 8,7,6) € BY — Ty(20,28 — €, R+, R+ ).
Tableaux (A). To(a,b,¢,d) € B< c=a+ 1[2]. Let v < R. We set :
T.(o, 3,7,0) € BE — Th(2a — 1,28 — e — 1,2y,1 + R+ 6),
To(2c, 203 — €,2y — 1, R+ 0) if e=1or <) andd > R,
T.(a, B,7,0) € BE — { Ty(2a — 1,203,208, R+ 6) ife=0,8=~andé > R,
To(2a — 1,26 —1—¢,2v,2R+1) if§=R.
It is straight forward to check that the properties of Conjecture 6.4 are satisfied.

2 fori<a-—1,
Tin=q2fora<i<b—1, andTjs=
1forb<i<pu,

Remark 6.9. In the course of the proof we have found the following Langlands duality
branching rules for irreducible representations of (B2,2,1): (A1, A2 >0)

H(X(Z)\lwl + )\2(«)2)) = XL()\l(JA + )\2@2) + XL()\ldJl + ()\2 — 1)@2)
FxH (O = Don 4+ (Mg + D) + x5 (A = Dy + Aaio),
I(x(2A1w1)) = X" (@) + X (A1 = Doy + @2) + x* (A1 — Dan),
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I(x(Aaw2)) = x* (M) + x*((A2 — 1)@2).

6.6. A proposed deformation process. Suppose that r = 2. We have proved the
statement of Conjecture 6.4 for rank 2, but we cannot use Theorem 6.5 directly for
general rank. For example, for type Bs, B()\) is a normal crystal for Lg{ljg} and Lg{173}.
We use the rank 2 to deform the 3-arrows so that we get © 92,3} But then we may not
preserve the © g{1,3)-crystal structure.

We propose a conjectural inductive process to redefine the crystal operators of [;’()\)
so that we get a normal crystal. Suppose that we know the result for rank lower than
n—1for ann > 3. Let I = I} U Iy where I}, = {i € I|r; = k}. We assume |Iz| > 2
(the case |I1| > 2 can be treated in a symmetric way by Proposition 6.8). We use
the notation Iy = {1,---,ip} and I; = {ip + 1,---,n} so that Cj,i,+1 = —1. Let
I =1 — {io}, L=05LU {ZQ}

Let A € P/ and fix a class P/ = p+ Q" € A+ Q mod Q. Then B = {u €
B(\)|wt(u) € P"} is a union of connected component of B(\) as the weight of the
vectors in a connected component are in the same class. For i, us € P, we have
P1— M2 = D icr n;af where n; € Z and the o are the simple roots of L'g. We put
N(p1,p2) = Y iepmi- Let p' € {wt(u)lu € B} such that N(u,p') is maximal. It is
well defined, that is to say independent of the choice of yu, as for uq, pe, uz € P” we
have N (u1, p2) + N(p2, p3) = N(pa, pz). We set N(ua) = N(i/', pur). For N > 0, let
Wy = {u € B|N(wt(u)) = N}.

For C a (normal) “g crystal, by truncated (normal) crystal of C we mean for a certain
N € Z the set {u € C|N(wt(u)) > N} with the maps wt%, el ¢;, ¢; restricted to it and
the map fI restricted to {u € C|N(wt(u)) > N — 1}.

To start we set all (f£)" = fL, (el)’ = el. By induction on N > 0, we redefine (fF)’
on Up<n—1Wu (or equivalently (eiL)’ on Up<nWar). We say that the process does
not fail if (U <nWar, wtl, el oF, (fL)', (eF)’) is a normal truncated crystal.

For N = 0 we do not change the maps. Let N > 0.

Let i € I and u € Wy_; such that 3j € Iy, eJL(u) > 0. If ¢F(u) = 0 we set
(fE)(u) = fE(u) = 0. Otherwise let v = ejL(u) # 0. Then ¢¥(v) = ¢F(u) # 0 so
!/

w = (fF)(v) # 0. Then quL(w) = gZ)JL(v) #0sox= ij(w) # 0. We set (f£)(u) = z.
BN
\ /{/ \

We have e/ (z) = eF(w) = el (v)+1 = €& (u)+1 and (fF)'(u) is well-defined (independent
on j € I3). (eF)(y) is now defined for y € Wy such that > jcT, ejL(u) > 0.

Let p € P'and Uy = {y € (Wn)ul 3,55 ejL(y) < +1/2}. We redefine (eX)" on
Uy by induction on i > ig. Let u € B; = {u € (Wn)uta;|¢F (1) >0, u ¢ (eF)(U-)}.
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Consider the truncated Lg-crystal Upr<N—1Wa and C be the corresponding normal
crystal with the injection W : Up<y_1Wa — C. We have ¢F (¥ (u)) = ¢F(u) > 0 and
sov = fL(U(u)) # 0. If there is ip < j <1 — 1 such that GJL(U) >0, let w = ejL(v). We

set (ff)'(uw) = (f/) T (w) = .

As |I1] < n we have :
[{v € Bil (e (£ (¥ () jer; = (a5)jerH = {v € Url(€f () ;e = (a5) e}

jet;- So we can define (fE)(u) for u € B; such that Y in<j<i-1€(v) =0.
We get (fF) : By, — Uy injection. Moreover conjecturally for i = i, we can choose
(fE) compatible with the ¢, i € I (in other words, there is ”enough dimension” in
weight spaces to do it) and then we can redefine ( fz% ) on Uy so that the structure of

for a given (a;)

Lgp,-crystal is not modified.
If the conjectural point is satisfied, the process never fails, and the new crystal is
normal for any “g; where |J| < 2. Then we can conclude with Theorem 6.5.
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