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Abstract

Following a scheme suggested by B. Feigon, we investigate a local relative
trace formula in the situation of a reductive p-adic group G relative to a
symmetric subgroup H = H(F) where H is split over the local field F of
characteristic zero and G' = G(F) is the restriction of scalars of H p relative
to a quadratic unramified extension E of F. We adapt techniques of the proof
of the local trace formula by J. Arthur in order to get a geometric expansion
of the integral over H x H of a truncated kernel associated to the regular
representation of G.
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Introduction

In this article, we investigate a local relative trace formula in the situation of p-adic
groups relative to a symmetric subgroup. This work is inspired by the recent results
of B. Feigon (see [F]), where she investigated what she called a local relative trace
formula on PGL(2) and a local Kuznetsov trace formula for U(2).

Before we describe our setting and results, we would like to explain on the toy
model of finite groups the framework of the formulas of B. Feigon. We even start
with the more general framework of the relative trace formula initiated by H. Jacquet
(cf. [J], see also [O] for an account of some applications of this relative trace formula).

Let G be a finite group and let H, H', " be subgroups of G. We endow any finite
set with the counting measure. We denote by r the right regular representation of
G on L*(T'\G) and we consider the H-fixed linear form ¢ on L*(T\G) defined by

E= > om (0.1)

heHAT\H

where 0y, is the Dirac measure of the coset I'h, or in other words

£(w) = L PTG

We define similarly & relative to H'.

We view &, £ as elements of L?(I'\G) and we form the coefficient c¢ ¢ (g) = (r(g)&,&’).
Integrating over functions on G, it defines a “distribution” © on G which is right
invariant by H and left invariant by H’. The relative trace formula in this context
gives two expressions of O( f) for f a function on G, the first one, called the geometric
side, in terms of orbital integrals, and the second one, called the spectral side, in
terms of irreducible representations of G.

First we deal with the geometric side. For this purpose we introduce suitable
orbital integrals. For v € I', we set [y] := (H' nT")y(H n I') and one introduces two
subgroups of H' x H

(H' x H), = {(W,h)|Wvh ' =~},(H nT x HAT), = (H x H), n (T xT).

Then, we define the orbital integral of a function f on G by

I, f) = f(WAR™YYdW dh.

f(H'me(H/xH)

Let f be a function on G. Since 7(g)drp, = Orpg-1, the definition of £ and &' gives
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Of) = X 10)8(0) = 3 16) i~ vty 2 35, D00
geG

geG heH h'eH’

Changing ¢ in g~ 'h and using the fact that (dry,drs) is equal to 1 for g € A’
and to zero otherwise, one gets

1 1 )
vol(I' n H) vol(T' n H') Z Z Zf(h’yh). (02)

heH h'eH’ vel’

o(f) =

A simple computation of volumes leads to the geometric expression of © in terms
of orbital integrals

o(f) = > vol(H' n T x HAT)\H x H))I([], f). (0.3)

[vleH'~AT\I'/TnH

Let us shift into the spectral side. We decompose L?(I'\G) into isotypic com-
ponents @ __sHr. The restriction of { and ¢ to H, will be denoted &, and &
respectively. The spectral formula for © is the simple equality

O = Z C&rﬂr' (04)

e

Notice that it might be also interesting to decompose further the representation into
irreducible representations and the restriction of £ to each of them will be called a
period.

There is a third interpretation of the distribution ©. If f is a function on G,
then the operator r(f) on L*(I'\G) is an integral operator whose kernel K is the
function on I'\G x I'\G given by

Ky(z,y) = ). fla ).

vyell

By (0.2), one gets easily the following expression of O(f)

O(f) = f K (W, h)dldh. (0.5)
(H'AD\H')x (H T\ H)

This point of view is probably the best one. But it is important to have the repre-
sentation theoretic meaning of ©.

The toy model for the local relative trace formula of B. Feigon appears as a
particular case of the above relative trace formula. In that case, the groups G, H
and H' are products G1 x Gy, Hy x Hy and H{ x H{ respectively and I is the diagonal
of G; x Gy. Then I'\G identifies with GG; and the right representation corresponds
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to the representation R of Gy x Gy on L*(G) given by [R(z,y)¢](g) = ¢(z " gy).
Hence we have

§(¢) = . Y(h)dh, e L*(Gh).

The spectral side is more concrete. If (71, H,,) is an irreducible unitary repre-
sentation of Gy then G; x Gy acts on End(#H,,) by an irreducible representation
denoted by 7. It is unitary if we use the scalar product (-,-) associated to the
Hilbert-Schmidt norm. Moreover L?(G) is canonically isomorphic to the direct
sum @ End(#H,,). Let P, be the orthogonal projector onto the space of invari-

1 €G1
ant vectors under Hy, where (G is the unitary dual of G;. Then the period map &,
which is a linear form on End(H,,), is given by

(T) = L Tr(m(h)T)dh = (T, P,), T e End(Hy,).

One further decomposes &, by using an orthonormal basis (7.,.;) of the space
of Hi-invariant vectors. We will use the identification of End(#,,) with the tensor
product of H,, with its conjugate complex vector space. Under this identification,
one has

P = Z Ny i @ Moy i

We define similar notations for £ relative to H’. Then, for two functions fi, fo on
G1, the spectral side (0.4) can be written

f1®f2 2 chﬂ'lmnﬂ_ i fl C"]‘rrlzn (fQ)
7T1€G1 { 'L
For the geometric side, we define the orbital integral of a function f on G; by
I(g,f) = J f(R'gh~YYdhdh
(HiXHl)g\H{XHl
which depends only on the double coset HjgH;. Then one gets by (0.3) the equality
Oh®f) = >, gl )9, f)
gGHi\Gl/Hl

where the v(g)’s are positive constants depending on volumes. Hence the final form
of the local relative trace formula is:

S g, f)I(g. f) = )] chmn (fo)ene, om ,(f2):
geH{\G1/H1 meGy LY

This formula allows us to invert the orbital integrals I(g, f;) for any g €
H{\G1/H,. For this purpose, one chooses g; € GG; and takes for f; the Dirac measure
at g;. Then I(gy, f2) = 1 and the other orbital integrals of f, are zero. Hence

v(g1)1(g1, fr) = Z Z Crey il nﬂlm <f2)

71'16G1 1,1/



In order to make the formula more precise, one needs to compute the constants

Coey i, (2)-

The inversion of orbital integrals is one of our motivations to investigate a lo-
cal relative trace formula in the situation of p-adic groups relative to a symmetric
subgroup H and we will take H = H'.

In this article, we consider a reductive algebraic group H defined over a non
archimedean local field F of characteristic 0. We fix a quadratic unramified extension
E of F and we consider the group G := Resg/;rH obtained by restriction of scalars
of H. Here H is considered as a group defined over E. We denote by H and G the
group of F-points of H and G respectively. Then G is isomorphic to H(E) and H
appears as the fixed points of G under the involution of GG induced by the nontrivial
element of the Galois group of E/F. We assume that H is split over F and we fix a
maximal split torus Ay of H. The groups G and H correspond to Gy and Hy, = H;
respectively in our example of a local relative trace formula for finite groups.

The starting point of our study is the analogue to the expression (0.5). We
consider the regular representation R of G x G on L*(G) given by (R(g1, g2)¢)(x) =
V(g7 'wgy). Then for f = fi ® f, where fi and f, are two smooth compactly
supported functions on G, the corresponding operator R(f) is an integral operator
on L*(G) with smooth kernel

Ky(a,y) = L f1(29) fo(gy)dg = L £1(9) oz gy)dg

As H may not be compact, even modulo the split component Ay of the center
of H, we shall truncate this kernel to integrate it. We multiply this kernel by a
product of functions u(x,T)u(y,T) where u(-,T') is the characteristic function of a
large compact subset in Ay\H depending on a parameter T' € ay = Rat(Ap) ®z R
(Rat(Ap) is the group of F-rational characters of Ag) as in [Ar3] (cf. (2.7)). As H
is split, we have Ay = Ag. Hence the kernel K is left invariant by the diagonal
diag(Ag) of Ay and we can integrate the truncated kernel over diag(Ag)\H x H.
We set

KT(f) = L o) Kf(l’l,{L‘Q)U({E17T)U<ZE2,T)d([L’l,CCQ).
iag(Ag X

In [Ar3], J. Arthur studies the integral of K(z,z)u(x,T) over Ac\G to obtain
its local trace formula on reductive groups.

We study the geometric expression of the distribution K7 (f) and its dependence
on the parameter 7. Our main results (Theorem 2.3 and Corollary 2.11) assert that
KT (f) is asymptotic as T approaches infinity to another distribution JZ(f) of the
form

i (T, f)esT (0.6)



where & = 0,...{y are distinct points of the dual space iaf and each pe, (T, f) is a
polynomial function in 7. Moreover, the constant term .J(f) := po(0, f) of JT(f) is
well-defined and uniquely determined by K7 (f). We give an explicit expression of
this constant term in terms of weighted orbital integrals.

These results are analogous to those of [Ar3] for the group case. Our proof follows
closely the study by J. Arthur of the geometric side of his local trace formula which
we were able to adapt under our assumptions to the case of double truncations.

In the first section, we introduce notation on groups and on symmetric spaces
according to [RR]. The starting point of our study is the Weyl integration formula
established in loc.cit., which takes into account the (H, H)-double classes of o-
regular elements of G (cf. (1.30) and (1.32)). These double classes are expressed
in terms of o-tori, that are tori whose elements are anti-invariant by o. Under our
assumptions, there is a bijective correspondence S — S, between maximal tori of
H and maximal o-tori of G which preserves H-conjugacy classes.

Then the Weyl integration formula can be written in terms of Levi subgroups
M e L(Ay) of H containing Ay and M-conjugacy classes of maximal anisotropic tori
of M (cf. (1.33)):

| saas - Y w3 ¥ csxm\[a <xmv>1”‘ngwhn F(h )

ME,C SETr TmEKS \HXH

xd(h,1)dy,

where kg is a finite subset of G, cjs and cg,,, are positive constants, Ty, is a suitable
set of anisotropic tori of M and A, is a jacobian.

A fundamental result for our proofs concerns the orbital integral M(f) of a
compactly supported smooth function f on G. It is defined on o-regular points by

M) = Bl | S0 )T,
diag(Ag)\HxH

where S is a maximal torus of H, z,, € kg and v € S, such that x,,v is o-regular.
As in the group case using the exponential map and the property that each root of
S, has multiciplity 2 in the Lie algebra of G, we prove that the orbital integral is
bounded on the subset of o-regular points of G (cf. Theorem 1.2).

In the second section, we explain the truncation process based on the notion
of (H, M)-orthogonal sets and prove our main results. Using the Weyl integration
formula, we can write

SIDICTD YD WO TN
MeL(Ao)  SE€Twm Tmeks So

where

Afmmvfw4A<me”j £ )

diag(Apn)\H xH Jdiag(AM)\Hx H

6



x fo (@] v ma)un (21, Y1, T2, Yo, T)d(x1, 22)d(y1, yo)
and
ur (T1, Y1, T2, Y2, T) = f u(y; tazy, T)u(yy axy, T)da.
Ap\Am
The function J7(f) is obtained in a similar way to K*(f) where we replace the
weight function wps(x1, Y1, T2, y2, T') by another weight function vy, (x1, y1, T2, Y2, T).

The weight function vy, is given by

v (1, Y1, To, Y2, T) 1= J oy (har(a), V(1 y1, 22, y2, T))da
Ap\Am
where op/(-, ) is the function defined in [Ar3, equation (3.8)] depending on
a (H, M)-orthogonal set Y and Yy (z1,y1,22,92,T) is a (H, M)-orthogonal set
obtained as the “minimum” of two (H, M )-orthogonal sets Yys(z1,y1,T) and
VY (xo,y2, T) (cf. (2.4), Lemma 2.2 and (2.11)). If Y; and ), are two (H,M)-
orthogonal positive sets then the “minimum” Z of ), and ) satisfies the property
that the convex hull Sy/(Z) in ag\aps of the points of Z is the intersection of the
convex hulls Sy (V) and Sp()%) in ap\ays of the points of Yy and Y, respectively.

If |7 is large compared to ||z, |vi|,¢ = 1,2, then op (-, Yar(1, 91, 22,92, T))
is just the characteristic function of Sy (Va(21,y1,%2,92,T)). In that case, this
function is equal to the product of ops (-, Var(x1,41,T)) and ops (-, Yar(xe, 2, T)).

A key step of our proof is a good estimate of |up/(x1,y1,%2,92,T) —
on (@1, y1, w2, 42, T)| when x, 5,4 = 1,2, satisfy fi(y; ' @myy2) fr(a] zmyas) # 0
for some v € S, and x,, € kg. Then, using that orbital integrals are bounded, we
deduce our result on |[KT(f) — JT(f)|.

This work is a first step towards a local relative trace formula. For the spectral
side, we have to prove that K7 (f) is asymptotic to a distribution k7 (f) which is of
general form (0.6) and constructed from spectral data. We hope that we can express
the constant term of k7 (f) in terms of regularized local period integrals introduced
by B. Feigon in [F] in the same way as Jacquet-Lapid-Rogawski regularized period
integrals for automorphic forms in [JLR]. We plan to explicate such a local relative
trace formula for PGL(2).

Acknowledgments. We thank warmly Bertrand Lemaire for his answers to our
many questions on algebraic groups. We thank Bertrand Rémy and David Renard
for helpful discussions. We thank also Guy Henniart for providing us a proof of
(1.5).

1 Preliminaries

1.1 Reductive p-adic groups

Let F be a non archimedean local field of characteristic 0 and odd residual charac-
teristic q. Let | - |p denote the normalized valuation on F.
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For any algebraic variety M defined over F, we identify M with M (F), where F
is an algebraic closure of F, and we set M := M(F).

We will use the same convention as in [W2]. One considers various algebraic
groups J defined over F. Sentences as

“let M be an algebraic group” will mean “let M be the F-points of an
algebraic group M defined over F”

and “let A be a split torus” will mean “let A be the group of F-points
of a torus, A, defined and split over F”.

(1.1)

If J is an algebraic group, one denotes by Rat(J) the group of its rational characters
defined over F. If V' is a vector space, V* denotes its dual. If V is real, Vi refers to
its complexification.

Let G be an algebraic reductive group defined over F. We fix a maximal split
torus Ag of G and we denote by M, its centralizer in G.
Let Ag be the maximal split torus of the center of G and let

ai := Homgz(Rat(G),R).

One has the canonical map hg : G — ag which is defined by

@0 — |\ (2)|p, =€ G,y e Rat(G). (1.2)

The restriction of rational characters from G to Ag induces an isomorphism
Rat(G) ®Z R ~ Rat(Ag) ®Z R. (13)

Notice that Rat(A¢g) appears as a generating lattice in the dual space af. of ag
and
az, ~ Rat(G) ®z R. (1.4)

The kernel G' of hg is the intersection over all characters x € Rat(G) of G of
the kernels of |x|r. The group G! is distinguished in G and contains the derived
group Gy, of G. Moreover, it is well-known that

the group G* is generated by the compact subgroups of G. (1.5)
G. Henniart has communicated to us an unpublished proof of this result by N. Abe,

F. Herzig, G. Henniart and M.F. Vigneras.

One denotes by agr (resp. agr) the image of G (resp., Ag) by he.

Then G/G' is isomorphic to the lattice ag r. (1.6)

If P is a parabolic subgroup of G with Levi subgroup M, we keep the same
notation with M instead of G.



The inclusions Ag < Ay € M < G determine a surjective morphism ayp —
acr (resp. an injective morphism, agr — aprr) which extends uniquely to a sur-
jective linear map hy;g from ay to ag (resp. injective linear map between ag and
apr). The second map allows us to identify ag with a subspace of a); and the kernel
of the first one, a{}, satisfies

ay = a%@ag. (1-7)

For M = My, we set ag := ap, and af := a§; . We fix a scalar product (-,-) on ag
which is invariant under the Weyl group W (G, Ap) of (G, Ap). Then a¢ identifies
with the fixed point set of ag by W (G, Ap) and a§ is an invariant subspace of ag under
W (G, Ap). Hence it is the orthogonal subspace to ag in ag. The space af, might be
viewed as a subspace of af by (1.7). Moreover, by definition of the surjective map
ay — ag, one deduces that

if mg € My then hg(myg) is the orthogonal projection of hyy,(mg) onto (1.8)

(07eB '
From (1.7) applied to (M, M) instead of (G, M), one obtains a decomposition ay =
ad! @ aypr. From the W (G, Ap)-invariance of the scalar product on ag, one gets:

The decomposition ag = a)l @ ay is an orthogonal decomposition.
The space a%; appears as a subspace of af and, in the identification of  (1.9)
ap with af given by the scalar product, a}, identifies with ay,.

The decomposition ay; = a$; @ ag is orthogonal with respect to the restriction
to aps of the W(G, Ap)-invariant scalar product on ag, and the natural map hyq is
identified with the orthogonal projection of ay; onto ag.

In particular, ag p is the orthogonal projection of ay r onto ag. More-

over, we have agr = ag N ayr (cf. [Ar3, equation (1.4)]). (1.10)

By a Levi subgroup of GG, we mean a group M containing M, which is the Levi
component of a parabolic subgroup of G. If P is a parabolic subgroup containing
My then it has a unique Levi subgroup denoted by Mp which contains M,. We will
denote by Np the unipotent radical of P.

For a Levi subgroup M, we write L(M) for the finite set of Levi subgroups of G
which contain M and we also let P (M) denote the finite set of parabolic subgroups
P with Mp = M.

Let K be the fixator of a special point in the apartment of Ay in the Bruhat-Tits
building. We have the Cartan decomposition

G = KMyK. (1.11)

If P = MpNp is a parabolic subgroup of G containing M, then
G = PK = MpNpK. (1.12)
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If x € G, we can write
x =mp(x)np(x)kp(z), mp(x)e Mp,np(x) € Np,kp(z) € K. (1.13)

We set

hp(x) := hyr, (mp(x)). (1.14)
The point mp(x) is defined up to multiplication by an element of K n Mp but hp(x)
does not depend of this choice.

We introduce a norm | - | on G as in [W2, Section I1.1] (called height function in
loc.cit.). Let Ay : G — GL,(F) be an algebraic embedding. For g € G, we write

Ao(g) = (ai,j)i,jzl...ny Ao(gfl) = (bz’,j)i,jzl...n-

We set
lgll := supsup(|ai ;lr, [bi|r)- (1.15)

Z7J

If A: G — GL4(F) is another algebraic embedding then the norm | - |5 attached to
A as above is equivalent to | - | in the following sense: there are a positive constant
C and a positive integer d, such that

lglla < Callgl™.

This allows us to use results of [W2] for estimates on norms.
The following properties of the norm ||-|| are immediate consequences of its definition:

1<z = =7, zeG, (1.16)

lzyl < l=lliyl, 2, yeG. (1.17)

In order to have estimates, we introduce the following notation. Let r be a
positive integer. Let f and g be two positive functions defined on a subset W of G"

We write f(z) < g(x), x € W, if and only if there are a positive constant

c and a positive integer d such that f(z) < cg(x)? for all z € W. (1.18)

We write f(z) ~ g(x), ze W, if f(z) < g(zx),z € W and g(z) < f(x),

1.19
zeW. ( )

If f1, f> and f3 are positive functions on G", we clearly have:

if fi(z) < fo(z),z e W and fo(z) < f3(x),x € W then fi(x) <
if fi(z) ~ fo(x),2 € W and fo(z) ~ fs(x), 2 € W then fi(z) ~

fs(z),ze W,
fs(z),xeW.
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Moreover, if f1, f2, g1 and g are positive functions on G" which take values greater
or equal to 1, we obtain easily the following properties:

1. for all positive integer d, we have fi(z) ~ fi(z)¢,ze W,

2. if fi(z) < g1(x),x € W and fo(x) < ga(x), 2z € W then
(fif2)(z) < (q192) (), z € W, (1.20)

3. if fi(z) ~ g1(x),z € W and fy(z) ~ g2(x),z € W then
(fi.f2)(z) ~ (g192)(x),x € W.

Since [ = |zyy~| < |zy|ly| and |zy| < |2[]y], we obtain
If © is a compact subset of G, then |z| ~ |zw|, =€ G,we Q. (1.21)

Let P = MpNp be a parabolic subgroup of G containing M. Then each x € G can
be written x = mp(x)np(x)k where mp(x) € Mp,np(x) € Np and k € K. By [W2,
Lemma I1.3.1], we then have

[mp(2)] + [np(@)| < |zf, z€G. (1.22)
Recall that G* is the kernel of hg : G — ag. Let us prove that
|za| ~ ||z|||a], zeG' ae Ag. (1.23)

According to the Cartan decomposition (1.11), if ¢ € G, we denote by mg(g) an
element of My such that there exist k, k' € K with ¢ = kmg(g)k’. Notice that
|t (mo(g))|| does not depend on our choice of mg(g). By (1.21), one has

lgll ~ [mo(g)ll, g€ G, (1.24)
and, by [W2, equation 1.1(6)], we have
[mo| ~ "ot mg e M. (1.25)

Let x € G' and a € Ag. Then mg(z) € G' n My and mg(za) = mo(x)a. Thus, one
has hg(mo(z)) = 0. We deduce from (1.8) that hyy(mg(x)) belongs to a$. Since
hag (mo(x)a) = ha, (mo(x)) + hag,(a) and hyy,(a) € ag, we obtain by orthogonality
that

%(’hMo (mo()) | + [has (@)]]) < [Pago (mo(2)a) | < [lhagy (mo(2)) ]| + [ hagy (@)

Hence (1.23) follows from (1.24) and (1.25).

We denote by C*(G) the space of smooth functions on G with compact support.
We normalize Haar measures according to [Ar3, Section 1]. Unless otherwise stated,
the Haar measure on a compact group will be normalized to have total volume 1.
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Let M be a Levi subgroup of G. We fix a Haar measure on aj; so that the

volume of the quotient ays/ay r equals 1.
Let P = M Np e P(M). We denote by dp the modular function of P given by

dp(mn) = e e M ne Np,

where 2pp is the sum of roots, with multiplicity, of (P, Ay;). Let P = M Np be the
the parabolic subgroup which is opposite to P. If dn is a Haar measure on Np then
the number

V(P) = J o200 (hp(m) g,
Np

is finite. Moreover, the measure (P)~'dn is independent of the choice of dn and
thus defines a canonical Haar measure on Np.

If dm is a Haar measure on M then there exists a unique Haar measure dg on G,
independent of the choice of the parabolic subgroup P, such that

L f(g)dg = m JNP JM . F(nma)dp(m) = dn dm dn,

for f € C*(G). If so, we say that dm and dg are compatible. Compatibility has
the obvious transitivity property with respect to Levi subgroups of M. Using the
Iwasawa decomposition (1.12), these measures satisfy

L f(g)dg = % L JM . f(mnk)dn dm dk.

1.2 The symmetric space H\G

Let E be an unramified quadratic extension of F. Then E = F[7] where 72 is not a
square in F. We denote by o the nontrivial element of the Galois group Gal(E/F)
of E/F. The normalized valuation | - |z on E satisfies |z|g = |z|% for z € F.

If J is an algebraic group defined over F, then J is as usual its group of points
over F. Let J xg E be the group, defined over E, obtained from J by extension of
scalars. We consider the group

J = Resg/r(J x7 E)

defined over F, obtained by restriction of scalars.
With our convention, one has J = .J(F) and J is isomorphic to J(E).

Let H be a reductive group defined over F. In all this article, we assume that H
is split over F and we set G := H and G := H. We fix a maximal split torus Ag of
H. Then Aj is also a maximal split torus of G. We also have Ay = Ag.

12



The nontrivial element ¢ of Gal(E/F) induces an involution of G defined over
F and denoted by the same letter. This automorphism o extends to an E-
automorphism o on G xp E.

We consider the canonical map ¢ defined over F from G to (H xp E) x (H x5 E)
by ¢(g) = (9,0(9))-

Then ¢ extends uniquely to an isomorphism ¥ defined over E from
G xpEto (H xpE) x (H xpE) such that ¥(g) = (g,0(g)) forall ge G.  (1.26)
Moreover, if ¥(g) = (g1, 92) then ¥(og(g)) = (g2, 91)-

Now we turn to the description of the geometric structure of the symmetric space
S = H\G according to [RR, Sections 2 and 3].

Let g be the Lie algebra of G and g be the Lie algebra of its F-points. We will
say that g is the Lie algebra of G and the Lie algebra § of H consists of the elements
of g invariant by 0. We denote by q the space of anti-invariant elements of g by o.
Thus one has g = h @ q and g may be identified with § @ E.

As in [RR, Section 2], we say that a subspace ¢ of q is a Cartan subspace of q if
¢ is a maximal abelian subspace of q (or equivalently a maximal abelian subalgebra
of q) made of semisimple elements. As E = F|[7], the multiplication by 7 induces
an isomorphism between the set of Cartan subspaces of q and the set of Cartan
subalgebras of fh which preserves H-conjugacy classes.

We denote by P the connected component of 1 in the set of x in G such that
o(z) = 27'. Then the map p from G to P defined by p(z) = z'o(z) induces an
isomorphim of affine varieties p : H \G — P.

A torus A of G is called a o-torus if A is a torus defined over F contained in P.
Notice that such a torus is called a o-split torus in [RR]. We would rather change the
terminology as o-tori are not necessarily split over F. Each o-torus is the centralizer
in P of a Cartan subspace of ¢, or equivalently of a Cartan subalgebra of h.

Let S be a maximal torus of /. We denote by S_ the connected component of
S N P. Then S, is a o-torus defined over F' which identifies with the anti-diagonal
{(s,s7');5 € S} of S x S by the isomorphism (1.26). Thus S, is a maximal o-
torus and each maximal o-torus arises in this way. The H-conjugacy classes of
maximal tori of H are in a bijective correspondence with the H-conjugacy classes of
maximal o-tori of G' by the map S — S,. The roots of S (resp. S,,) in h = Lie(H)
(resp. g ®F F) are the restrictions of the roots of S in g = Lie(G).

Therefore, each root of S (resp. S, ) in g has multiplicity two. If S splits

over a finite extension F’ of F, we denote by ®(S’,g) (resp. (5, 5’))

the set of roots of S, (F') in g ®p F’ (resp. S(F') in h ®r F). (1.27)
Let § be the Lie algebra of S. Then the differential of each root « of
®(S’,g') defines a linear form on § ®p F’ denoted by the same letter.

Let Gal(F/F) be the Galois group of F/F. By [RR, Section 3], the set of (H, S,)-
double cosets in HS , N G are parametrized by the finite set I of cohomology classes
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in HY(Gal(F/F), H n S,) which split in both H and S,. To each such class m, we
attach an element z,, € G of the form z,, = hmai_nl with h,, € H and a,, € S, such
that m., = h'y(hm) = a,;'v(ay) for all v € Gal(F/F).

1.1 Lemma. Let z € G such that x = hs with h€ H and s€ S. Then xSz~ is a
maximal torus of H and there exists h' € H such that ¥’ = h'x centralizes the split
connected component Ag of S.

Proof. By replacing S by a H-conjugate if necessary, we may assume that A := Ag
is contained in the fixed maximal split torus Ay of H. Since H is split, Ag is also a
maximal split torus of G.

As x = hs € G, the torus S’ := 2S5z~ ! is equal to hSh™' < H. Thus S’ is defined
over F and is contained in H. Hence we get the first assertion.

Let S’ := S'(F) and let A’ be the split connected component of S’. There exists
hi € H such that hlA’hl_1 c Ay. We set 1 = hyz. Then we have A, = a:lel_l c
Ap.

Let M = Zg(A) and My = Zg(A)) = xyMa;'. Then Ay and z,Agx;" are
maximal split tori of M;. Therefore, there exists y; € M; such that ylxlAOxflyf -
Ag. As H is split, the Weyl group of Ay in G coincides with the Weyl group of Ay
in H. Thus there exist hy € Ny(Ap) and v € Z5(Ap) such that z := yy27 = hov.

For a € A < Ay, one has zaz™! = hgahgl = ylxlaxflyfl = xlaxfl since
xlaxfl € A; and y; € M;. One deduces that 2’ := h;lhlx centralizes A. O

This lemma allows us to state the following result.

For each maximal torus S of H, we can fix a finite set of representatives
Ks = {@m}mer of the (H,S,)-double cosets in HS, n G such that each
element x,, may be written z,, = hma;f where h,, € H centralizes Ag
and a,, € S,. Hence x,, centralizes Ag.

(1.28)

1.3 Weyl integration formula and orbital integrals

We first recall basic notions on the symmetric space according to [RR, Section 3].
An element z in G is called o-semisimple if the double coset HxH is Zariski closed.
This is equivalent to say that p(x) is a semisimple point of G. We say that a o-
semisimple element x is a—regu_lar if this closed double coset HxH is of maximal
dimension. This is equivalent to say that the centralizer of p(z) in q (resp. P) is a
Cartan subspace of q (resp. a maximal o-torus of G). -

We denote by G777 the set of o-regular elements of G.

For g € G, we denote by Dg(g) the coefficient of the least power of ¢ appearing
nontrivially in det(t + 1 — Ad(g)). We define the H-bi-invariant function A, on G
by A, (z) = Dg(p(x)). Then, by [RR, Lemmas 3.2. and 3.3], the set of g € G such
that A,(g) # 0 coincides with G~

14



Let S be a maximal torus of H with Lie algebra s. Then s := s ®r E identifies with
the Lie algebra of S. For g € z,,5, with x,, € kg, one has

As(9) = Da(p(g)) = det(1 — Ad(p(9)))gs- (1.29)

By loc.cit., Theorem 3.4(1), the set G7~" is a disjoint union

GoTed — U U G~ reg)

(St wmens (1.30)

where {S}y runs the H-conjugacy classes of maximal tori of H.

If z,, € kg then ,, = hy,a,, for some h,, € H and a,, € S,, hence p(z,,) = a?
commutes with S and S,. Therefore for v € S,, we have

E(xm’7> = ]_)(xm)’y_2 and me’ys = H$m’7'

We have the following Weyl integration formula (cf. loc.cit., Theorem 3.4(2)):
Let f be a compactly supported smooth function on G, then we have
f f dy = Z CS T f

{S}u TmELs So
where the constants ¢, ~are explicitly given in loc.cit., Theorem 3.4(1).

1.31
e [ fhgoanaiar,
S\H

For our purpose, we need another version of this Weyl integration formula.

Let S be a maximal torus of H. We denote by Ag its split connected component.
Since the quotient Ag\S is compact, by our choice of measure, the integration over
S\H in the Weyl formula above can be replaced by an integration over Ag\H.
Moreover, it is convenient to change h into h=!. As every z,, € kg commutes with
Ag (cf. (1.28)), one can replace the integration over (Ag\H) x H by an integration
over diag(As)\(H x H), where diag(Ag) is the diagonal of Ag. This gives the
following Weyl integration formula equivalent to (1.31):

1/2 -1 YEREEDY
ff Yy = > > chmL o (TmY)|F ngms)\(mg)ﬂh Tmyl)d(h, U)dy.

{S}u zmexrs
(1.32)
We will now describe the H-conjugacy classes of maximal tori of H in terms of
Levi subgroups M in £(Aj) and M-conjugacy classes of some tori of M.
Let M € L(Ap) and Ny(M) be its normalizer in H. If S is a maximal torus
of M, we denote by W (M, S) (resp. W(H,S)) its Weyl group in M (resp. H). We
choose a set T of representatives for the M-conjugacy classes of maximal tori S in
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M such that Ap/\S is compact. For M, M’ € L(Ap), we write M ~ M’ if M and
M’ are conjugate under H.

Let S be a maximal torus of H whose split connected component Ag is contained
in Ag. Then the centralizer M of Ag belongs to £(Ap) and S is a maximal torus of
M such that Ap/\S is compact. If S’ is a maximal torus H-conjugated to S such
that Ag is contained in Ao, then the centralizer M’ of Ag in H belongs to £(Ay)
and M’ ~ M.

Since each maximal torus of H is H-conjugated to a maximal torus S such that
Ag < Ap, we obtain a surjective map S — {S}y from the set of S in Ty, where
M runs through a system of representatives of £(Ay),~, to the set of H-conjugacy
classes of maximal tori of H.

Let M € L(Ap). By [Ko, equation (7.12.3)], the cardinal of the class of M in
L(Ap)/~ is equal to

|W(H’ A0>|
(WM, Ao)|[Nu (M) /M|’

where Ny (M) is the normalizer of M in H.

According to loc.cit., Lemma 7.1, if S is a maximal torus of M, then the number of
M-conjugacy classes of maximal tori S” in M, such that S is H-conjugated to S, is
equal to

[N (M)/M|[W (M, S)|
[W(H,5)|

Therefore, we can rewrite (1.32) as follows:

JGf(g)dg = > e ), D] CS;va o (@)

MeL(Ap) S€Tr TmERS So (133)
f(h™ pyl)d(h, l)dy,
diag(AM)\HxH
where WM, Ay) W(H,S)|
y 410 ) 0
M= and  cgu, = o Cqs
M =W H, Ay Sen W (M, S)| 5

Let f e CP(G). We define the orbital integral M(f) of f on G779 as follows.
Let S be a maximal torus of H. For z,, € kg and v € S, such that z,,v € G7"%,
we set

M) ) = 1Ac e | gy £ DD
TS (1.34)

— | Ay (@) ! J f f(hanyl)dhdl.
S\H

Our definition corresponds, up to a positive constant factor, to [RR, Definition 3.8].
Indeed, by definition of A,, we have Ay (7,,7) = Da(p(zmy)). Since we can write
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T = M With hy, € H and an, € S,, we have p(zp7) = p(2m)y™> = a2y~ for

v € S,. Let F' be an extension of E such that S splits over F’ and a,, € S, (F').
Since each root a of S_(F') in g ® F’ have multiplicity m(«) = 2, using notation of
(1.27), we obtain:

Ao(zwr) = [ (=plaa) v = ] O =plaw)y)>

ae®(5;,0') aed(55,9')

Hence
1/4 «a o —aym(a)—11/2
Aol = T 10" = plam) oy )™,

aed(S!.g')
(6% o —Q 1/2
aed(S!.,g9')

Then the Weyl integration formula (1.31) is given in terms of orbital integrals as in
[RR, p. 126] by

ij<y>dy= SN j Ao () MOF) ().

{S}H ITmEKS So
1.2 Theorem. Let f € CP(G) and S be a mazimal torus of H. Let x,, € Kg.

1. There exists a compact set ) in S, such that, for any v in the complementary

of Q with x,y € G779, one has M(f)(xy,y) = 0.

2. One has
sup IM(f)(zmy)] < +0.

YESs; TmYEGTTEY

Proof. The proof follows the one of the group case (see [HC3, proof of Theorem
14]). We write it here for convenience of the reader.
Let us first show 1. Let w be the support of f. We consider the set wg of elements ~
in S, such that x,,7 is in the closure of HwH. For g € GG, we consider the polynomial
function

det(1 —t — Ad p(9)) = t" + guor (" + ... + a(9)t", (1.35)

where [ is the rank of G' and n is its dimension. Each ¢; is a H x H biinvariant
regular function on G and thus is bounded on x,,ws. Therefore, the roots of det(1 —
t — Ad p(g)) are bounded on z,,wsg.

For v € S,, we have p(@m?y) = p(xm)y . We choose a finite extension F’ of F
such that S splits over F” and p(z,,) € S, (F’). Using notation of (1.27), the roots of
det(1 —t — Ad p(z,,y)) are the numbers (1 — p(z, )%y ~2%) for o € ®(S”, g'). Since
these roots are bounded on z,,wg, we obtain that the maps v — 7*, a € ®(S’,¢),
are bounded on wg. This implies that wg is bounded, and hence the closure 2 of
wg satisfies the first assertion.
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It remains to show 2. According to 1., if v ¢ Q then M(f)(x,,y) = 0. Thus it is
enough to prove that, for each 7y € S,, there exists a neighborhood V. of 7y in S,
such that

sup IM()(xmy)| < +o0. (1.36)

YEVyg ,xmYEGTTTEI

Let yo := p(xm,y0). Let us first assume that yo is central in G. Then we have
Ao (Tmy07) = Da(yor™2) = Da(y~2) for v € S, and @ yoh(zmy0) ™' € H for he H.
We define the function fy on G by fo(9) := f(zmy0g). Then we have M(fy)(vy) =
M(f)(@myoy) for v € S, 1 G779, Therefore we can restrict ourselves to the case
Yo = 1. As in the group case, we use the exponential map “exp”, which is well
defined in a neighborhood of 0 in g, since the characteristic of F is equal to zero
(cf. [HC4, Section 10]). As in [HCI, proof of Lemma 15], we can choose a H-
invariant open neighborhood Vj of 0 in b such that the map X € Vj — exp(7.X) is
an isomorphism, and an homeomorphism onto its image, and such that there exists
a H-invariant function gp € Coo(f)) such that ¢(X) = 1 for X € Vi. We define f in
C*(h) by f(X X)§,, f(hexp(rX))dh.

Let s be the Lle algebra of S. For X € s, we set n(X) = |det(adX)ys|r. We
consider a finite extension F/ of F such that S splits over F/ and p(z,,) € S, (F'). We
use here notation introduced in (1.27). Since each root of S/, in g has multiplicity
2, we have for X € 1},

|AU(eXp TX) |11-T‘//2 . |DG’/ (eXp( 27—X)) 1/2 HCYE‘I)(S’J]’) ‘1 — 627—0‘()() |F/

n(X) - n(X) N Haeq>(5/,b/) (X[

47%0(X)?
3!

= 2r B T P+ ra(x) + +o

oae<I>(S’,h’)

We can reduce Vj in such way that each term of this product is equal to 1. Thus
we obtain

M(f)(expTX) = |27|l2") (X)l/Qf (J F(hexpTAd()X)dh)dl
H/S

= 27OV | F(Ad() X)L,
H/S

for X € V. Hence the estimate (1.36) follows from the result on the Lie algebra
given in [HC3, Theorem 13].

Now, if yo = p(2,,70) is not central in G, we consider the centralizer Z of yo in
H. Let Z° be the identity component of Z. By [Bo, Section IIL.9], the group Z° is

defined over F. As usual, we set ZO := Resg/p (§0 xr E) and we denote by 3 its Lie
algebra. By definition of 3, one has:

det(1 — Ad(yo))gsle # 0.
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Thus there exists a neighborhood V' of 1 in S, such that, for all v € V', then
[det(1 — Ad(yoy™?))gssle = |det(1 — Ad(yo)gs)|r # 0. (1.37)

Let w be the support of f. From [HC3, Lemma 19], there exist a neighborhood
Vi of 4o in S and a compact subset Cg of ZO\G such that, if g € G satsifies g71V;g N
p(w) # &, then its image § in Z°\G belongs to Cg.
~ We choose a neighborhood W of 1 in S, such that W < V and p(zn,y07) =
Yoy 2 € Vi for all v € W. By [Bo, Section IIL.9.1], the quotient Z°\H is a closed
subset of Z°\G. Hence

the set C' := Cg n Z°\H is a compact subset of ZO\H such that, if
| € H satisfies [7'yoy ™% € p(w) for some v € W, then its image [ in  (1.38)
Z% H belongs to C.

Let v € W such that z,,7y € G°". One has:

L\HJ f(hamryoyl)dhdl = JZO\H JS\ZO JH f(hapyoyEl)dhdédl. (1.39)

By our choice of W, the map

le2H | | fhanntidndg
$\20

vanishes outside C. We choose u € CF(H) such that the map u € CP(Z°\H),
defined by @(l) := (., u(&l)d¢, is equal to 1 on C. As u and f are compactly
supported, the map

A J u(l) J f(hamyozl)dhdl
H H

is well-defined.

Since Yo = ]2(me0) = (xmeO)_lo('rmeO% we have f(xmeO)_la(wmeO) =
(Zmy0) Lo (xmyo)€ for € € Z°% Thus 2,70 (2mY0) ™! € H and hence @ is left in-
variant by Z°. .

We claim that ® € C*(Z% 29). Indeed, fix [ in the support of u. If f(hz,,70zl)
is nonzero for some h € H and z € Z°, then p(hrymy02l) = p(wmy02l) belongs to
p(w). Since z commutes with yo = p(:cmfyo) we have p(zmy02l) = " yop(2)o(l). As
u is compactly supported, we get that ®(z) = 0 when ]_9( z) is outside a compact set.

Hence the map & is a compactly supported function on 20\27,'0.

By assumption, the function f is right invariant by a compact open subgroup of
G. Thus f is right invariant by some compact open subgroup of H. We denote by
7.f the right translate of f by an element [ € G. Since u is compactly supported,
the vector space generated by 7;f, when [ € H runs through the support of u, is
finite dimensional. Hence one can find a compact open subgroup J; of Z° such that,
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for each [ in the support of u, the function 7;f is right invariant by .JJ;. This implies
that @ is smooth and our claim follows.
Therefore, there exists ¢ € C*(Z°) such that:

d(z) = LO p(€2)dE = Lu(l) JH f(hzmyozl)dhdl, ze Z°.

We obtain

f f (e Ea)de déy =
s\z0 Jzo

[S—

P u(l)(f f F(hatmoyEal)dhd&) di
j 5\ 20
u(&il) J J f(hamnoveabal)dhdSy) dédl

Z0\H Jzo S\Z0

a(l)( f J(hewrior€al)dhdéy) di
Z0\H S$\20 JH

|
[ S—
S

Il
| S—

The map @ being equal to 1 on the compact set C, we obtain, using (1.3) and by
definition of C' (cf. (1.38)):

L\ZO LO P(E7E2)drdEs = L\H L F(hatmyoyl) dhdl.

By (1.37) and the choice of W, one has

[Da(yoy ) = [Dzo(y)[pldet(L — Ad(yo))gslr, 7€ W.

Then we get, for v € W satisfying x,,vy € G7":
M) = et = Ado)usl D20 | | eteneieds,

Since |Ds0(y2)|r coincides with the function |A,|p for the group Z° evaluated at
v (cf. (1.29)), the estimate (1.36) for f is obtained by applying the first case to ¢
defined on Z°. O

2 Geometric side of the local relative trace for-
mula

2.1 Truncation

In this section, we will recall some needed results of [Ar3, Section 3]. We keep
notation of Section 1.1 for the group H. Since H is split, one has My = Ag. We fix
a Levi subgroup M € L(Ay) of H. Let P € P(M). We recall that Ay, denotes the
maximal split connected component of M.
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Let ¥p be the set of roots of A); in the Lie algebra of P, ¥’ the subset of
reduced roots and Ap the subset of simple roots.

As usual, for 3 € Ap, the “co-root” § € ay is defined as follows: if P € P(Ap)
is a minimal parabolic subgroup, then § = 2(8,8)"'8, where a} identifies with
ag through the scalar product on ag. In the general case, we choose Py € P(Ay)
contained in P. Then there exists a unique o € Ap, such that 8 = «y,,. The
“co-root” f3 is the projection of ¢ onto ay; with respect to the decomposition ag =
ay @ adf. This projection does not depend of the choice of F.

We denote by a} the positive Weyl chamber of elements X € ays satisfying
a(X) >0 for all « € Xp.

Let M € L(Ap). A set of points in ay; indexed by P € P(M)
Y= yM = {Yp € CLM,PEP(M)}

is called a (H, M)-orthogonal set if, for any pair of adjacent parabolic subgroups
P, P’ in P(M) whose chambers in ay; share the wall determined by the simple root
a € Ap n (—Ap/), one has Yp — Y}, = rppd for some real number rpp. The
orthogonal set is called positive if every number rp ps is nonnegative. For example,
this is the case when the number

d(y) = inf Y, 2.1
(y> {aEApl;%GP(M)}Oé( P) ( )
is nonnegative.
One example is the set
{—hp(z); P e P(M)},
defined for any point x € H. Indeed, this is a positive (H, M )-orthogonal set ac-
cording to [Arl, Lemma 3.6].

If L belongs to £L(M) and @ is a group in P(L), we define Yy to be
the projection onto ay of any point Yp, with P € P(M) and P < Q.
Then Yy is independent of P and YV, := {Y;Q € P(L)} is a (H, L)-
orthogonal set.

(2.2)

We shall write Sy;()) for the convex hull in ay/ay of a (H, M)-orthogonal set Y.
Notice that Sy;()) does only depend on the projection onto al; of each Yp € Y,
PeP(M).

If each Yp, for P € P(M), is in the positive Weyl chamber a}; (this condition is
equivalent to say that d()) is positive), we have a simple description of Sy (Y) na}
(cf. [Ar3, Lemma 3.1]). We denote by (w!’),ea, the set of weights, that is the dual
basis in (afl)* of the set of co-roots {¥;v € Ap}. Then we have

Su(V)nap = {X e ap;wl (X —Yp) < 0,7 € Ap}. (2.3)
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We now recall a decomposition of the characteristic function of Sy/()) valid when
Y is positive (cf. [Ar3, equation (3.8)]). Suppose that A is a point in a}, - whose
real part A € a¥, is in general position. For P € P(M), let A% be the set of simple
roots o € Ap such that Ar(&) < 0. Let ¢ be the characteristic function of the set
of X € ays such that wf(X) > 0 for each a € A% and w?(X) < 0 for each « in the
complementary of A% in Ap. We define

ou(X,P) = D (—)AHGR(X — Vp). (2.4)

PeP(M)
Then:

By [Ar3, Section 3, p. 22|, the function oy(+,)) vanishes on the com-
plementary of Sy/()) and is bounded. Moreover, if Y is positive, then  (2.5)
om(-,Y) is exactly the characteristic function of Sy ().

For P € P(M), we denote by (&) e, the set of coweights, that is the dual
basis in af, of Ap.

2.1 Lemma. Let P and P’ be two adjacent parabolic subgroups in P(M) whose
chambers in ay; share the wall determined by the simple root a € Ap N (—Apr).
Then:

1. For all B in Ap — {«}, there exists a unique ' in Ap — {a} such that ' =
B + kga where kg is a nonnegative integer. Moreover, the map  — [ is a
bijection between Ap — {a} and Ap — {—a}.

2. For all B in Ap — {a}, one has @g/ = 0.

Proof. We denote by N the set of nonnegative integers and by N* the subset of
positive integers.

We will first show 1. As P and P’ are adjacent, we have Xp = (Sp—{a}) u{—a}.
Let 8 € Ap — {a}. If 5 € Ap, then we set f' := . Assume that § is not in Ap:.
Since 8 € Xp, there exists © < Ap—{—a} such that 8 = > ;.o nsd —kgo, where the
ns’s are positive integers and ks is a nonnegative integer. Each  in © belongs to Xp.
Therefore, there are nonnegative integers (r5,)yea, such that 6 = 3, 1 rsmn. Set
Bri= Yiseonsd = f+kga. Let v e Ap—{a}. If v # §, one has 1 (@) = B(@F) = 0.
Thus, for each 6 € ©, we have r5, = 0. Hence § = r538 + r5q0u.

On the other hand, one has f;(@f) = #(@f) = 1. Thus, for all § € ©, one has
Dseo NoTsp = 1. Since ng € N* and 7543 € N, one deduces that there exists a unique
do € © such that rs5, 3 # 0 and one has ng, = r5, 3 = 1. This implies that © = {do}
and 8 = 6y — kga. We can take 3’ := §y. Hence we obtain the existence of 5’ in all
cases.

If ] € Ap: satisfies §] = 8 + kja, then 3’ = B] + (kg — kj)a. Since the roots
B1, 8" and —a belong to the set Aps of simple roots, we deduce that g; = f’. This
gives the unicity of [4'.
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Let v and § be in Ap such that v = '. Then we have § = v + (k, — kg)o.
Since 7, § and « belong to Ap, the same argument as above leads to g = . Hence,
the map 8 +— [’ is injective.

It now remains to show 2. Let 8 € Ap—{a}. By definition, we have 8’ = f+kga €
Ap — {—a} with ks € N. Thus a(@%) = (@f) = 0 and B(@h) = /(@) = 1. If
v e Ap—{B,a}, then v/ = v+ k,« is different from /' by assertion 1. Thus we have
v(@F) =+'(@}f) = 0. One deduces that &f = &F. O

The above Lemma allows us to define the minimum between two orthogonal sets.

For Y! and Y? in ap, we denote by inff{Y' Y2} the unique el-

ement Z in aj; such that, for all v € Ap, one has (@, Z) = (2.6)

inf{(@F, Y1), (@F, Y?)}.

2.2 Lemma. Let V' = {Y2, Pe P(M)} and Y* = {Y3, P € P(M)} be two (H, M)-
orthogonal sets. Let Z := inf(Y',Y?) be the set of Zp := inf"{Y},Y2,} when P
runs P(M).

1. The set Z is a (H, M)-orthogonal set.

2. If d(J7) > 0 for j = 1,2, then d(Z) > 0. In this case, the convex hull Sy(Z)
is the intersection of Syr(V') and Sy (V?).

Proof. Let P and P’ be two adjacent parabolic subgroups in P(M) whose chambers
in ays share the wall determined by the simple root & € Ap N (—Ap/). Let v € Ap —
{a}. By definition of orthogonal sets, one has, for j = 1 or 2, (@7, Y}) = (@, V},).
By Lemma 2.1, we have @ = &f. Hence we obtain (@F, Zp) = (@), Zp) and
(d}f,’,Zp/) = (@F,Zpr). Since the scalar product on aq identifies ay; to aj,, one
deduces that Zp — Zp/ is proportional to ¢. The assertion 1. then follows.

Let us show 2. Let j € {1,2} and P € P(M). By definition, we have d()) > 0
if and only if a(Y?) > 0 for all & € Ap. By [Arl, Corollary 2.2], this implies that
(@P,Y2) > 0 for all « € Ap. Let a € Ap. Writing

Y= (@) Yha+ D (@ YE)B+ X,
ﬁEAP—{a}

with X7 € ay, the condition a(Yg) > () is equivalent to

Y, @5 YR[-(8.a)] < (@, YP)(a, ).

,BEApf{Oz}

Since the real numbers (wB,Y]) for € Ap, and —(5,«), for a« # B in Ap, are
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nonnegative, one deduces that:

Z (@/]337 Zp)[—(B,a)]

peAp—{a}
N i (@Y, G0, YR) (B0
BeAp—{a}
< inf () @5 YA[-B,0)] ), (@ YR)[-(8,a))

peAp—{a} BeAp—{a}
< inf (@5, YR), (@5, YD) (@,0) = (@F, Zp)(ava).

This implies that a(Zp) > 0 for o € Ap, and thus d(Z) > 0.
To get the property of the convex hulls, it is enough to prove that, for all P €
P(M), ap 0 Su(YY) n Sy (V?) = ap n Sy (Z). By [Ar3, Lemma 3.1], one has:
ap " Su(Y’) ={X e af;w! (X — Y3) < 0,7 € Ap}.

Since @5 = cvwf for v € Ap, where ¢, is a positive real number, the assertion follows

easily. O

2.2 The truncated kernel
We consider the regular representation R of G x G on L?*(G) defined by

(R(y17y2)¢) (.CE) = QS(yl_lny)a ¢ € LQ(G)>yla Y2 € G.
Consider f € CX(G x G) of the form f(y1,y2) = fi(y1) fo(y2) With f1, f> € CZ(G).
Then
R(f) ZZJ J fl(?/l)f2<y2)R(ylay2)dy1dy2
GJa

is an integral operator with smooth kernel

Ky(a,y) = L £1(29) folgy)dg = L f1(9) Falagy)dg.

In our case (i.e. H is split), one has Ay = Ag, and the kernel K is invariant
by the diagonal diag(Ay) of Ay in H x H. Since H is not compact, we introduce
truncation to integrate this kernel on diag(Ag)\(H x H).

We fix a point 7" in agr. Let Py € P(Ap). According to [Bou, Chap.5, Section 3,
n° 3.3, Theorem 2|, the closure d;SO of the positive Weyl chamber alﬁo is a fundamental
domain of the Weyl group W (H, Ay). We denote by T, the unique translate by the
Weyl group W (H, Ag) of T'in aj, . Then

Vr = {Tr; Py € P(Ap)}
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is a (H, Ap)-orthogonal set. We shall assume that the number

d(T) = inf a(T]
( ) OzEApO, Poep(Ao) ( PO)
is suitably large. This means that the distance from 7" to any of the root hyperplanes
in aq is large enough.

We denote by u(-,T") the characteristic function in Ag\H of the set of
points x such that

T = klakg with a € AH\A(), ]{31, ]{32 e K and hAo (CL) € SAO (yT), (27)

where H = K AgK is the Cartan decomposition of H.

We consider u(-,T') as an Ag-invariant function on H. Thus there is a compact set
Qr of H such that, if u(z,T) # 0, then x € AgQp. Let £ be a compact subset of
G containing the support of f; and fo. We consider g € G and x1, x5 € H such that
f1(9) fa(xy gro)u(zy, T)u(xy, T) # 0. Hence there are wy,ws, in Qp and ay,ay in Ay
such that 1 = wiaq, 9 = weas and we have g € €} and xl_lgxg = wflgwgaflag e
since Ay = Ag. Therefore af1a2 lies a compact subset of Ay. So then the map
(9,21, 22) — fi1(9)f2(x7 gze)u(xy, T)u(ze, T) is a compactly supported function on
G x diag(Ag)\(H x H).

Hence we can define:

KT (f) = K¢(z1, zo)u(zy, T)u(xe, T)d(21, z2).

Liag(AH W\HxH

By Fubini’s Theorem, we have:
k-] | Fi(9) folar g)ules, TYulis, T)d(rr, 72)dg
G Jdiag(Ag)\HxH
By applying the Weyl integration formula (1.33), we get that:

K= Y en 33 esan j KT (0,7, f)d. (2.8)

MeL(Aop) SE€Tr TmEKS

where, for S € Ty, T, € ks and v € Sy, KT (2,7, f) is given by:

KT (2,7, ) = | A0 (@m)|§ Frr T myys)

Liag(AM)\HXH J;liag(AH)\HXH

Xf2(xflyf1$m7y2$2)u(l‘1, T)U(%, T)d(xh Iz)d(?/b yz)-

Let us recall that, for any S € Ty, each z,, in kg and 7 in S, commute with A;.
We first replace (z1,x2) by (y171,y222) in the integral over (z1,xs2). The resulting
integral over diag(Ag)\H x H can be expressed as a double integral over a € Ag\ Ay,
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and (xy1, x2) € diag(An)\H x H which depends on (y1,y2) € diag(An)\H x H. Since
Ajpr commutes with x,, € kg and v € S,, we obtain that:

1/2 —
KT(xma s f) |A (xm/}/) / J f fl(yl lmm7y2)
diag(Ap)\H xH Jdiag(Apn)\HxH

Xf2($f1$m7x2)UM($1, Y1, Ta, Yo, T)d(z1, 22)d(y1, Y2), (2.9)

where wuyy (21, y1, T2, y2, T) = f u(y; tazy, T)u(y, tazs, T)da.
Ar\Anr

Our goal is to prove that KT (f) is asymptotic to another integral J7 ( f), obtained
similarly to KT(f), where the weight function wy;(x1,y1, Z2, ¥, T) is replaced by
another weight function vy (z1,y1, 2, yo, T') defined as follows.

We fix M € L(Ap) and P € P(M). Let Py € P(Ap), contained in P, and let T be
the projection of T, on ay; with respect to the decomposition ag = ay; @ a)f. From
(2.2), the set Yy (T) := {Tp; P € P(M)} is a (H, M)-orthogonal set independent of
the choice of Fy. Moreover, by [Ar3, equation (3.2)], we have d(Yy(T)) = d(T) > 0.
Thus Yy (T) is a positive (H, M )-orthogonal set.

For x,y in H, set
YP(x7y7T) = TP + hP(y) - h‘ﬁ(x)

By [Ar3, p. 30], Yy (2, y,T) := {Yp(x,y,T); P € P(M)} is a (H, M)-orthogonal
set, which is positive when d(T") is sufficiently large relatively to = and y.

For x1, 29,1y, and y, in H, let
ZP(xla Y1, T2, Y2, T) = ian(YP(xb Y1, T)v YP('x?v Y2, T))? (210)
where inf” is defined in (2.6) and

yM($17y17332;y27T) = {ZP(xhylax%y%T);P € P(M)} (2-11)

By Lemma 2.6, the set Vy(x1, 41, %2, y2, T) is a (H, M)-orthogonal set. Moreover,
when d(T') is large relatively to z;,y;, for i = 1,2, one has d(Vas(x1, y1, 2, y2,T)) >
0. Hence this set is a positive (H, M )-orthogonal set.

Let vy be the weight function defined by:

op(21, Y1, 2, Y2, T) = f on(ha(a), Yar(x1, y1, 22,92, T))da, (2.12)
Ag\Aym

where o) is given by (2.4).
We set

= D e Y, D) CSZMJ T (2, v, )y, (2.13)

MeLl AO SETMm TmEKS So
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where

fl (yflxm7y2)

T, 1) = Dol [ |
diag(An)\Hx H Jdiag(An)\HxH (2.14)

Xf2<$f1$m7$2)UM(x17y1>3327 Y2, T)d (1, 22)d(y1, ya)-
Our main result is the following. Its proof is postponed to Section 2.4.

2.3 Theorem. Let 6 > 0. Then there are positive numbers C' and € such that, for
all T with d(T') = 6|T|, one has:

\KT(f) = J"(f)] < Ce~eIT1. (2.15)

2.3 Preliminaries to estimates

We fix a norm | - || on G as in (1.15). Let F’ be a finite extension of F. We set
G = G xp F' and G’ := G'(F'). One can extend the absolute value | - | to F/ and
the norm || - | to G'. For x,y in G', we set

|G, 9l == l2lly]-

To obtain our estimates, we will use < and ~ defined respectively in (1.18) and
(1.19). As the norm is expected to take values greater than or equal to 1, we can
freely apply the properties (1.20).

2.4 Lemma. Let S be a mazimal torus of H and let M be the centralizer of As in
H. Wefixx,e GnMS, = Mn MS, . Then one has:

inf | (sz; oy, sxo)| < inf ||(s'w, oy, 8'20)|, @1, 20 € H. (2.16)
seS s'eS(F")
Proof. Since H' Ay is of finite index in H, we may assume, using (1.21), that x; and
1o belong to H'Ay. As Ag = Ag, using the invariance of the property (2.16) by
the left action of diag(Ax) on (x1,x5), it is enough to prove the result for z; € H!
and 79 = asys with as € Ay and y, € H'.
To establish (2.16), we first assume that Ag = Ap, which implies that the
quotient Ay \S is compact. By (1.21), there is a positive constant C' such that:

1

inf | (sx, '@y, s20)|| < C inf |(az; 'z, azs)].
aEAH

seS

We deduce from (1.17) that:
[(azy @1, aza)|| < oz lal*laz |21 1y
Taking the lower bound in a € Ay, there is a positive constant C such that:

inf | (sz,, w1, s72)[| < C |21z (2.17)
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In the following, we will need [Ar3, Lemma 4.1] that we recall here.

If Sy is a maximal torus of H with Ay\Sy compact, then there exists
an element sy € Sy such that: (2.18)

Iyl < ly~"soyll, yeH"

On one hand, we apply this result to Sy = S. As S(F’) commutes with sq, one
deduces, using the property (1.17) of the norm, that:

lyell < Is'el*ls0l, v € H', 5" € S(F). (2.19)

On the other hand, as z,, € GNMS_, S := 2,5z, is a maximal torus of H which
satisfies Ag, = Ag. Applying (2.18) to Sy = 54, there exists s; € S such that:

|z1]| < oy zmsia, 2], @€ HY. (2.20)
The same argument as above leads to:

Jaill < 8"z, 2?51, @i HY,s" e S(F). (2.21)

Then, by (2.17), (2.19) and (2.21), and applying the properties (1.20), we deduce
that:

infoes |[(s27, 01, sazmp)| - < |52y a5y ] az])

S/EE(F/),xl,yQEHl,GQEAH. (222)
To obtain our result, we have to prove that:
|25 | |s"yelllaz ]| < [[(s'27 20, s azye) |, 8" € S(F'), 21,92 € H',az € A (2.23)

We can write S = T'A; where T is a maximal torus of the derived group H,,, of
H. We set T" := T(F") and A%, := Ay, (F’). Then T" is contained in H''. Moreover,
the intersection of T" and A is finite. Hence, one has the exact sequence:

l1>TnAy >TxAy —S—1
Going to F’-points, the long exact sequence in cohomology implies that 7" A%, is of
finite index in S(F’). Thus, by (1.21), it is enough to prove (2.23) for s’ = t'a’ €
S(F') with ¢ € T" and o’ € A}. By (1.5), if z; € H', then z; € H' < G" and
rlzix, € G As H is split, we have A} = AJ,. Then (1.23) gives

la't'z tey| ~ |a'te ooy, ~ ||d|||[t'2) vz, o € Ayt e T 2 e HY,

and
la'tya| ~ | ||t'ys], o € Ayt €Ty, e H'.
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Applying (1.20), we deduce that:

lazllla’ [t w12 [y
lazl|l /[ |27, w2 £y (2.24)
t'e T',a’ € A}I,Il,yg € Hl,CLQ € AH

[#a"z;, e [[a't o az|

~
[
~
[

Let us prove that:
[d'[[|d'az| ~ [d[|az], o' € A, a2 € An. (2.25)

According to (1.17), one has |d'as| < ||a'||laz]. Then [d'||d’as] < (|a]]|az2])?; as
1 < |lasf. Since [a/| = [l'aza, ' < [[a'as][|as], we have [’ az] < ([a’az]az])* and
(2.25) follows. Applying (2.25) in (2.24), we deduce that:

[taay z[|latyallaz] < o'y, 212m] | d'az][ 'y, (2.26)
t'eT' a €Ay, x1,y2 € H'  ay € Ag. ’

As z,'H'z,, = G and A} = Al;, we obtain from (1.23) that:
2 21 ~ oy i ~ [ty ln]. o e Ayt e T o e B

and
|a'as|||t'ya| ~ |’ ast'ys||, o € Ay, t' €T’ ay € Ay, yo € H.

Applying this in (2.26) and using (1.20), we deduce that:
[tz ] |atyo|as] < o't oy 2] |d' Y asyel, o' € Ay t' € T a1, y0 € H.

Then the property (2.23) follows. This finishes the proof of the Lemma when Ag\S
is compact.

We now prove (2.16) for any maximal torus S of H. Let Ag be the maximal
split torus of S and let M be the centralizer of Ag in H. Thus we have A); = Ag
and Ay/\S is compact. Let P = MNp € P(M) and let K be a compact subgroup
of H such that H = PK. Each x € H can be written x = mp(z)np(x)k(z) with
mp(z) € M,np(x) € Np and k(z) € K. Then there is a positive constant C' such
that:

inf g ||(sx;, oy, s29)| (2.27)
< Cinfees (|szy mp(a1)||smp(z2)|) [np ()] Inp(e2)], 21,22 € H. '
By assumption on z,,, there exist h,, € M and a,, € S, such that x,, = h,a,, € M.
Hence we can apply the first part of the proof to (M, S) instead of (H,S). Therefore,

we obtain:
infees || (52, 01, s22) | < nfoeg) (|82, me(z)||s'mp(@2)] ) Ine(z)||ne(22)],
X1,T9 € H.
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To compare the right hand-side of this inequality to the one of (2.16), we will use
the Iwasawa decomposition (1.12) of H'. Let K’ be a compact subgroup of H' such
that H' = P(F)K' = M(F)Np(F)K’'. According to (1.13), each y in H' can be
written y = mp(y)n'p(y) k" with mp(y) € M(F'), n’p(y) € Np(F’) and k' € K'. Then,
for x € H and z € M(F'), we have zz = zmp(z)np(x)k = mp(zx)np(z2)k" with k €
and k' € K'. Hence, as K and K’ are compact subsets, there is a positive constant
C’ such that:

Inp(22) " mip(z2) " amp(z)np(z)| < €7, z€ M(F'),z e H.

Since zmy(z) € M(F') for z € M(F') and € H, we deduce from (1.22) that there
is a positive constant C; such that, for x € H and z € M(F’), one has:

[np(z2) " imip(22) tamp(2)np(22)| < C1 and  [nfp(zz) 'np(2)| < C1.
By (1.17), we obtain:
[zmp(2)| < Ci|mlp(z2)[|np(z2)|* and  |np(2)] < Cinp(z2)].
Using again (1.22), it follows that:
[zmp(@)| < |2z, and [np(2)] < [zzf, 2e M(F),z e H.
Hence, by (1.20),
[zmp(2)[[np(x)] < |2z, 2 M(F),zeH. (2.28)
We deduce that:
[s'mp(z2)|Inp(2)| < |s'za], "€ S(F), 22 € H. (2.29)

Since z,,, = hyua,, with h,, € M and a,, € S,, one has z,,s'x;} € M n H = M(F’)
for s € S(F’). Therefore, we deduce from (2.28) that:

|28z tmp(z) | |np(21)| < |zms'z o, s € S(F),r e H. (2.30)

Since |52y mp(z1)| < Jan! [[zms' ey mp ()| and [wmssn o] < flam|]s'z5 ],
we deduce the estimate (2.16) from (2.27), (2.29) and (2.30). This finishes the proof
of the Lemma. O

The following Lemma is the analogue of [Ar3, Lemma 4.2].

2.5 Lemma. Let S be a maximal torus of H and let x,, € kg. Then there is a
positive integer k with the property that, for any given compact subset 2 of G, there
exists a positive constant Cq such that, for all v € S,, with x,, v € G° ", and all
x1, 7 in H satisfying x7 '@, yxs € ), one has:

inf | (27,21, 522)| < Cal Ao (w77
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Proof. Let F' be a finite extension of E such that S splits over F’. Recall that we
can write z,,, = hy,a,, with h,, € H and a,, € S,. Thus we may and will choose F’
such that h,, € H(F’) and a,, € S, (F'). For convenience, if J is an algebraic variety
defined over F, we set J' := J(F’).

According to the previous Lemma 2.4, it is enough to prove the existence of a
positive integer k satisfying the property that, for any compact subset Q' of G777,
there exists C > 0 such that:

inf (| ] [5'21) < CorlAg (@)l (231)

for all x1,29 € H" and v € S, satisfying x,,v € G~ and xflxmvxz e (V.

Let B" = S’N’ be a Borel subgroup of H’ containing S’ and K’ be a com-
pact subgroup of H’ such that H' = S'N'K' = N'S’K’. We can also write
H' = (hy,S'h V) (hyy N'h Y (hy K'hY). By (1.21), one can reduce the proof to the
statement for xy € (h,,S’h;')(h,, N'R;1) and x9 € S'N'.

Let 1 = hy,sinih, ! and x3 = s1s9ny with s1, 80 € S” and ny,ny € N'. Since
T = My, we have z,,517,! = hy,s1h;t. Hence, for any s’ € S/, we have s’z 'r =
svArmsiz Yhyniht = s'six th,niht. We thus obtain:

. /7 —1 / : /_—1 —1 /
inf (|t |[5aa]) = inf (|5 i |]'sa]).
Notice that o7 2, Yo = hpny th w,sy e, e ys1sans = hymny hy am,ysans.

Therefore, we are reduced to prove (2.31) for z; = h,nh, ! with n; € N’
Ty = Song with ng € N') s9 € S and v € S, such that z,,v is o-regular and

r7 2, yry € Q. By the properties of the norm, there is some positive constant C’
such that:

inf (|52, 21][s'wa]) < Clalllsellnall, - w1 = hmahy), 22 = soma. - (2.32)
We want to estimate |[ni|||sz2||ne] when z; = h,nih ! and 2o = syn, satisfy

azflxm'yxz e . For this, we use the isomorphism ¥ from G’ to H' x H' defined
in (1.26). If x € H', then ¥(z) = (z,z) and, if y € G satisfies y~! = o(y), then
U(y) = (y,y™"). We set (y1,y2) := V(2] 'Tpmyzs). Then we have:

= hmnflam7n252 = hm(nlilamrwm(am'y)il)(am'VSZ)

and

1 1 1

Y yam) (amy) " ss.
Since H' = N'S’K’, the condition x]'z,,yw, € Q' implies that there exist two
compact subsets 2y € N’ and Qg < S’ depending only on €’ such that:

-1 -1 -1 _
Yo = hyyni a, v nase = hy, (nl

1 1

-1 -1 —1 1.
ny amyne(amy)™t € Qn,  ny a,'y  ngyan, € Qy,

amYse € Qs and  (apy) sy € Qg.
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We deduce from the second property that so and v must lie in compact subsets of
S’. We set

1 1

vi(7,m1,n2) == ny tamyna(any)”t and  ve(y,n1,m9) 1= 0y (amy) naany.

We consider the map v from N’ x N’ into itself defined by 1 (ny,ns) = (v, v2). Recall
that ®(S’, ') denotes the set of roots of S’ in the Lie algebra b’ of H' (cf. (1.27)).
Let n’ be the Lie algebra of N'. For o € ®(5’,h’), we denote by X, € n’ the
root vector in b’ corresponding to «. Then a,,y acts on X, by an = (am,y)*
The differential d(,, ,,)¢ of 1 at (n1,n2) € N’ x N' is given by dn, n) (X1, X2) =
(Ad(amVnz_l(am'V)_l)Yla Ad((amV)_lnglam’wY?)a where

Y: = —Ad(n1) X1 + Ad(amy)Ad(n2) X

and
Yy = —Ad(n1) X1 + Ad(a,y) tAd(n) Xo.

The map (Xy,Xs2) — (Y7,Ys) is the composition of the map (X, Xs) +—
(Ad(n1) X1, Ad(ng)Xs), whose determinant is equal to 1, with d.1, where e is the
neutral point of N’ x N’. We deduce that the jacobian of ¥ at (n, ng) is independent
of (n1,n9). At the neutral point e € N’ x N’; we have d.¢)(X,,0) = (—X,, —X,)
and d (0, X,) = (aaXa, a_oX,). Hence, the jacobian of ¢ is equal to:

Tlocogsr aa(l —azza)ler = |det(Ad(@,m)hywleldet(l — Ad(any) )y mle
— Dar((@ny) Do

Recall that x,,7v is assumed to be o-regular. Thus, by (1.29), one has A, (z,,7) =
Dyi(a,?y72) # 0 . Then, arguing as in [HC2, proof of Lemma 10 and Lemma 11],
we deduce that the map 1 is an F’-rational isomorphism of N x /N onto itself whose
inverse (v, 1) — (ny,n2) := (n1(v, v1,v2), n2(7y, v1, 1)) is rational. Moreover, there
is a positive integer k such that the map

(3/; vy, Vz) — Dﬂ(y)k(nl(ya V1, V2)7 nz(% V1, VQ))

is defined by an F’-rational morphism between the algebraic varieties S x N x N
and N x N. Since vq,15 and v lie in compact subsets depending only on €', one
deduces that there exists a constant Cq > 0 such that:

| (na (7, v1, v2), ma (7, 11, 12))|| < Cor| D (a, 27725 = Cor| A (@) 5"

The Lemma then follows from (2.32) and the fact that s, lies in a compact set. O
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2.4 Proof of Theorem 2.3

Our goal is to prove that |[KT(f)—J7(f)| is bounded by a function which approaches
0 as T approaches infinity. By definition, K7 (f) and JZ(f) are finite linear combina-
tions of §¢ K'(2m,, f)dy and §g J" (2,7, f)dy respectively, where M e L(Ay),
S is a maximal torus of M satisfying Ag = Ay and z,, € kg (cf. (2.8) and (2.13)).

We fix M € L(Ap) and a maximal torus S of M such that As = Ap. Let
Tm € Kg. To obtain our result, it is enough to establish the estimate (2.15) for
$s, | KT (2,7, f) — JE (X, 7y, T)|d7y. This will be done in Corollary 2.9 below.

For € > 0, we define

Sy(e,T) == {y € S,;0 < |Ag(zpy)|r < e~=ITI}. (2.33)

2.6 Lemma.

1. There ezists €9 > 0 such that the map v — |Ay(x,Y)|p° is locally integrable

on S,.

2. Let € > 0. Let B be a bounded subset of S, and p be a nonnegative integer.
Then there is a positive constant Cg, depending on B and p, such that:

eeo T

| ol P < Gy
Se(e,T)

Proof. The proof of 1. follows from the one of the group case (cf. [HC3, Lemma 43]).
We use the similar statement on Lie algebras and the exponential map. We denote
by s the Lie algebra of S. For X € s, we set n(X) = |det(adX)ps|r. By loc. cit.,
Lemma 44, there exists g > 0 such that X — n(X)72% is locally integrable on s.
To obtain the statement, it is sufficient to prove that:

for each g € S,, there exists a compact neighborhood Uy of 1 such that

the integral J Ay (2moy)|5dy converges. (2.34)

Uo

If z,,70 is o-regular, there is a compact neighborhood Uy of 1 in S, such that
A (Zm07)|F = |As(zm0)|r # 0 for all v € Uy. Hence (2.34) is clear.

Let us now assume that z,,7y is not o-regular. We choose an extension F’ of E
such that S splits over F’ and p(rm) € S, (F"). We use notation of (1.27). Let ®; be
the set of root o in ®(Sy,, g’) such that p(z,,70)* = 1. We set

vy = ] = plaae) .
aed(S,,0')—Po

We have A, (zmY0Y) = Dar(p(@my0)y~ 2) = det(1 — Ad(}_?(xm'yo)'y_2))|g/g and each
root of ®(S!,g’) has multiplicity 2. Hence, we obtain

A (@mroNle = v(3) [ ] 11 =77

aedg
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We choose a compact neighborhood W of 1 in S, such that v(y) = v(1) # 0 for
~veW. Let B = sup 1_[ |1 —~y~2*|%,. Then, for v € W, we have
TEW aed(9),.9') Do

Bl A (mrom)le = Br(1) [ | 11 =77 = v(1)| A (7)er-

Consider the exponential map. There exist two open neighborhoods w and U of 0
in s and 1 in S, respectively, such that the map X — exp(7X) is well-defined on w
and is an isomorphism and an homeomorphism onto U. For X € w, we have:

A, (exp(rX))w I 1 — e2re(X)],
n(X) oty 1A

We can choose a compact neighborhood wy < w of 0 in s such that the above
product is a positive constant ¢ and Uy := exp(Twy) is contained in W. Then

[, 8otz < (K37 [ 18 = (S72) e [ noneax

The right hand side of this inequality is finite by our choice of ¢y. The assertion
(2.34) follows.

To show 2., let us pick ep > O asin 1. Weset I, = f [log | Ay (zm) |5t Pdry.
So(e,T)nB
If p is a positive integer, then there is positive constant C” such that | log y|? < C’ y=o/?
for all y = 1. Since |A, (2,,7)|p! = 7l > 1 for all y € S, (e, T), we get:

LC | Ay < O | (A
Sq(e,T)nB
If p = 0, then, by definition of S,(¢,T"), one has:
he | A A ey < T (A ()
So(e,T)nB

In the two cases, the result follows from 1. O

2.7 Lemma. Let g > 0 as in Lemma 2.6. Given € > 0, we can choose a constant
¢ > 0 such that, for any T € apr, one has:

eeo| T
1

| KT @ I+ 1 @ D)y < e
So(e,T)
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Proof. We recall that:

K@ ) = 1 Aa(tmy)[V2 f £ Tra)

) diag(An)\HxH Liag(AM)\HXH
X fo(27 Ty un (@1, Y1, T2, Yo, T)d(z1, 22)d(Y1, Y2),

where

un (@1, Y1, T2, Yo, T) = J u(yy taxy, T)u(y; 'axs, T')da.
Ag\An

We first establish an estimate of uy;. Let z,y € H and a € Ay. According to
(1.11) applied to H, we can write y tax = kiagky with ki, ky € K and ag € Ag. By
definition of the norm, there is a positive constant Cj such that:

log ly~"azx|| < Co(|ha,(ao)] +1).

If u(y 'az) # 0, then, by definition of u(-, T') (cf. (2.7)), the projection of ha,(ag) in
ag\ap belongs to the convex hull in ag\ay of the W(H, Ap)-translates of T. Thus,
there is a constant C; > 0 such that:

inf log |y~ 'zaz|| < C(|T] + 1). (2.35)
ZGAH

We assume that |7 = 1. Taking Cy = max(2C}, 1) and using the property (1.17)
of the norm, we obtain:

inf log|za] < Co(IT)| + log Ja] + log ], (2:36)

Applying this inequality to (21, y1) and (12, y) such that u(y; *azy, T)u(y, ‘axy, T) #
0, we get:

inf log|za] < Co(|T)| + log s +log s + log 2] + o 2]

As |z| < |zw||z,; 2| and 1 < |T'|, and taking the integral over a € Ag\Ajys on the
above inequality, we deduce the following inequality:

ung (21,91, 2,92, T) < (| T + log |, @1 | + log |z,

2.37
+log 2] + log 2], vy aayp e H 250

The function wys (1, y1, T2, Y2, T) is invariant by the diagonal (left) action of Ay on

(x1,29) and (y1,y2). As z,, commutes with Ag = Ajp; (cf. Lemma 1.1), we can re-

place log |z;,'z:1 | +log 2] and log |lz;,'ya | +1og || by inf log|(az,, w1, axy)| and
aEANM

igf log |[(ax,'y1, ays)| respectively. By assumption, the quotient A;,\S is compact.
acA\Nr

Then, using (1.21), one has:

inf ||(ax,'w,ax)| ~ inf||(sz; )}z, s2)|, x,2’ € H.

£
acA seS
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Therefore, as ||T'| = 1, the inequality (2.37) gives

urr (21, Y1, 22, Y2, T) < |T| + loginfees |(sz;, w1, s22)| + loginfes | (sz, v, sy2) |,
5U173/173327y2 € H

In other words, this means that there are a positive constant C3 and a positive
integer d such that, for all x1,y;, 22 and y, € H, one has:

unr (1,91, 22,92, T) < Co(| T + loging (s, 0, 522)] + loginf (525,131, 592) )"

Let €2 be a compact set containing the support of f; and f,. By Lemma 2.5,
there is a positive integer k (independent of 2) and a positive constant Cgq such
that, if 2,,7 € 2,5, is a o-regular point with fi(y; '&myys2) f2(2] ' Tmyas) # 0 for
some x1,To,y; and yo in H, then

unt (21,91, 22,92, T) < Col| T + log [ A (27)|7*)".

This inequality and the expression of K7 (z,,,, f) thus give that:

[KT (2,7, ) < Cal|T] + log |Ag ()| ™) M) (@) M(f2) (@m)], - (2:38)

where M(f;) is the orbital integral of f; defined in (1.34). By Theorem 1.2, these
orbital integrals are bounded by a positive constant Cy on (x,,5,) N G°~"%9. Hence,

we obtain
K" (2m, 7, )] < CaCi(IT| +1og | A ()| 7)™,

Let B be the set of v in S, such that K (z,,,7, f) # 0. Then B is bounded by
Theorem 1.2 and (2.38). Using Lemma 2.6, we can find a constant C' > 0 such that

_==lT]

f K7 (s, f)ldy < Co 4™ (2.30)
So(e,T)

If |T] < 1, then (2.35) implies that, if u(z"'ay) # 0, then

inf log |zal < 2C, +log |z| + log |y||.
ZEAH

The same arguments used to get (2.37) thus imply that there is a positive constant
(' such that:

unr (w1, Y1, 2, 4, T) < (CF + log o, ]| + log |2, y1 | + log [z + log 2]), (2.40)

for x1,y1, 22 and yo in H. Replacing |T|| by C] in the argument after (2.37), we

deduce that | K" (2,7, f)|dy is bounded. Hence, one obtains (2.39) for
So(e,T)
17 < 1.
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We will now establish a similar estimate when K7 is replaced by J?. For this,
it is enough to prove that the weight function vy, has an estimate like (2.37). We
will see that this follows easily from the definition of vy,;. Indeed, for 1, y;, x5 and
yo in H, one has by definition:

UM<5517y1>x27y27T) = J UM(hM(a);yM(SCLZJl,J?z;3/27T))d6l7
Ag\An

where op/ (-, Yar (21, Y1, T2, 92, 1)) is a bounded function which vanishes in the com-
plement of the convex hull Sy, (Var(z1,y1, 22, y2,T)) of the (H, M)-orthogonal set
Y (x1,y1, 9, y2,T) (cf. (2.5)). As Vu(x1,y1,x2,y2,T) is the set of points Zp =
inf”(Tp + hp(y1) — hp(21), Tp + hp(ya) — hs(xy)) for P e P(M) (cf. (2.11)), if
on (X, Vo (z1,y1,22,y2,T)) # 0, then || X|| < |Zp| for P € P(M). By definition of
Tp, one has |Tp|| < ||T|. Let us prove that, for any P € P(M), one has:

Ihp(z)] < 1 +log|z], xeH. (2.41)

Le us first compare |m|| and ||hy (m)| for any m € M. Let M = Ky, AgKjs be the
Cartan decomposition of M where K}, is a suitable compact subgroup of M. Then
each m € M can be written m = ka(m)k’, with k, k" € Ky, and a(m) € Ag. As Ky
is compact, (1.21) gives the property ||m|| ~ ||a(m)]||, m € M, and this property does
not depend on our choice of a(m). By (1.25), we have |al| ~ el?40@l q e Ay.
Hence, there are a positive constant C' and a nonnegative integer d such that
elhaoam)l < C|m|? m e M. Applying (1.8) to (M, Ay), one has, for any
a € Ay, that hp(a) is the orthogonal projection of hyu,(a) onto ap;. Thus
Ihar(a)|| < [[ha,(a)]. As hy(m) = hp(a(m)) for any m € M, we then obtain
that there is a positive constant C’ such that:

[har(m)| < [hag(a(m))| < C'(1 +log |ml), me M. (2.42)

By definition of mp and hp (cf. (1.13) and (1.14)), we have hp(z) = hy(mp(z)) for
any x € H. Moreover, according to (1.22), we have |[mp(x)|| < ||z|,z € H. Thus our
claim (2.41) follows from (2.42).

Therefore, there are a positive constant C'; and a positive integer d such that, if
on(har(a), Y (x1,y1, 22,92, T)) # 0, then

[Par(@)] < | Zp] < Co(IT] + log ] + log [y1 ] + log |22 + log y2])”.

As |z < |||z 2| for any 2 € H, this gives the following estimate of v, analogous
to (2.37) and (2.40):

if |[7]| > 1, then
o (1,41, 22,92, T) < T + log [ 2 | + log |27, 91 | + log 2] + log ||,
T1,Y1,T2,Y2 € H7
(2.43)
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and

there is a positive constant C4 such that, for any |7"| < 1, one has:
v (1, Y1, 02, y2, T) < Cf + log |l || + log 'y | + log 2 + log [y
T1,Y1, T2, Y2 € H.
(2.44)
Arguing exactly as we did above for K7, we deduce that there is a positive constant
C'" such that:

_ =0l T

j T (@, Pldy < Cle=
So(e,T)

This finishes the proof of the Lemma. O

2.8 Lemma. Fiz § > 0. Then there exist positive numbers C,e1 and €9 such that,
for all T with d(T') = d|T|, and for all x1,y1,z2 and yo in the set H., := {z €
H;|z| < GEQHT”}, one has:

!UM($1791,952>?42,T) - UM(931>y175U2,y2>T)| < Ce_aluTH- (2-45)

Proof. 1f |T|| remains bounded then, by (2.37), (2.40), (2.43) and (2.44), the func-
tions uy; and vy, are bounded and the result (2.45) is trivial. Thus we have only to
prove the Lemma for ||T'| sufficiently large and d(T") = §|T|.

By [Ar3, equation (5.8)], we can choose g4 such that d(Va(z,y,T)) > 0 for all
x,y € H,. By the discussion of loc.cit., bottom of page 38 and top of page 39, there
is a constant Cy > 0 such that, for T" with d(T) = J§|7T| and |T| > Cy, z,y € H,
and a € Ay\Ay, one has:

u(y tax, T) = op(har(a), Y (z,y,T)).

By Lemma 2.2, we have, for X € a,y,

UM(X, yM($1,y179€2>y2,T)) = UM(X7 yM(ﬂcl,yhT))UM(X, yM(xz,yz,T))-

Thus, one deduces that:

on(har(a), Var(z1, y1, 22,92, 1)) = u(yy ‘azy, T)u(y; ‘axe, T), a€ Ag\Aw.

Hence, for T such that d(T) = 6|T|| = 6Cy and z;,y; in H.,, we have:

UM(x1,Z/1>332,y2,T) = UM($1>yl,x2,y2>T)-

This finishes the proof of the Lemma. O

Theorem 2.3 then follows from the corollary below.
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2.9 Corollary. Fiz 0 > 0.There exist two positive numbers € and ¢ > 0 such that,
for all T with d(T) = 6| T|, one has:

f BT @ )= T a1 ) dy < e (2.46)
vESs

Proof. By Lemma 2.7, it is enough to prove that we can find positive numbers ¢, &
and Cy such that:

j K7 (s s f) — T (s 7, f)ldy < Coe 171, (247)
Y€Ss—Ss(e,T)

where S,(¢,T) is defined in (2.33).

Let ¢ > 0. Let €2 be a compact subset of G which contains the supports of f; and
fo. We will estimate |ups (21, y1, o, y2, T') — vpr (21, Y1, T2, Y2, T')| for xq, 29,1 and ys
in H satisfying o7 2,,v22 € Q and y; '2,,7y2 € Q for some v € S, — S,(e,T) with
Ty € G779, For this, we will use the invariance of the functions w,; and vy, by
the diagonal left action of Ay on (x1,z5) and (yi, ys) respectively.

By Lemma 2.5, there are a positive integer k and a positive constant Cq (de-
pending only on ) such that, for all v € S, — S,(¢,T) with z,,,7y € G and for
all x;,y; in H, i = 1,2, with xflxmym and yflxm7y2 in €, one has:

ing (s, 522)| < CoAg(zmy)™F < Coeel?l (2.48)
se

and
inf | (sz,'y1, s92)|| < Caldg(2m7) ™" < CaetIT1.
SE

As Ap/\S is compact, we deduce from (1.21) and (2.48) that there is a constant
C§, > 0 such that:

inf |(az; !z, axy)| < CheITl.
aEA]\/[

Thus, for n > 0, there exists ag € Ay such that:
lagz, a1 || aows]| < Cae™I™l + g, (2.49)

Since Ay = Ag, the point ag commutes with z,, by (1.28) and we have |jagz| <
27" a0z -

If |7'| remains bounded, then |agz;|, i = 1,2, are bounded by a constant in-
dependent of |T'|. By the same arguments, there exists a; € Ay such that |a1y;],
i = 1,2, are bounded by a constant independent of |T||. Using the invariance
of ups and vy, by the left action of diag(Ay) on (z1,x2) and (y1,y2) respectively
and the estimates (2.37), (2.40), (2.43) and (2.44) for up, and vy, we deduce that
lunr(z1, y1, T2, y2, T) — var (21, Y1, T2, y2, T')| is bounded by a constant independent of
T and of x;,y;, © = 1,2. Recall that, by Theorem 1.2, the constant

Cy = f M) () M fol) )y
So

39



is finite. We deduce that J KT (2,7, f) = I (2m, 7, f)|dy is bounded,
V€S —Sa(,T)
hence we obtain (2.47).

We assume that |T'| is not bounded. Let €1,e5 and C' as in Lemma 2.8. Taking
|T| to be sufficiently large and e such that ke is smaller than the constant ey, we
can assume by (2.49) that:

Jagzs| < e=I™!, i =1,2.
The same arguments are valid for ||y;||, ¢ = 1,2. Thus there is a; € Ay, such that:
Jargs| < e, i=1,2.

Using Lemma 2.8 and the invariance of uy; and vy, by the left action of the diagonal
of Ay on (x1,25) and (yi1,ys2) respectively, we deduce that, for all 7" with d(T) >
3| T|, one has

\wn (21, Y1, 2, Yo, T) — vag (@1, Y1, T2, Yo, T)| < Ce Tl

Hence, we obtain

J (KT (@, 7, f) = T (@, 7, T)| < CCre==1IT1,
§=55(eT)

where C := Ss (I f1D)(@my)M(| f2])(2my)dy. This finishes the proof of the Corol-
lary. O

2.5 The function JT(f)
The goal of this Section is to prove that J7(f) is of the form

N
Z (T, fessT (2.50)
where & = 0,&1,...,&y are distinct points in iaf and each pi (7, f) is a polynomial

function of T. Moreover, the constant term J(f) := po(0, f) is well-defined and is
uniquely determined by KT(f). Except for one detail, our arguments and calcula-
tions are the same as those of [Ar3, Section 6]. We give the details of the proof for
convenience of the reader.

Recall that J7(f) is a finite sum of the distributions

J M (@m, v, ) = [Ag(@my) 1/2J Si(ys Tmyy2)

diag(Ap)\H xH Jdiag(AM)\HxH
X f2($f137m’7372)UM(561, Y1, Ta, Yo, T)d(z1, 22)d(y1, Y2),
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where M € L(Ap), S is a maximal torus of M such that As = Ay, x, €
ks and vn(T1, Y1, T, Y2, T) 1= J o (har(a), Yar(z1, y1, 2, Yo, T))da where
Ap\Anr

Y (x1,y1, o, y2, T) is defined in (2.11).

We first study the weight function vy, as a function of 7. We fix M € L(Ap) and
x1,Y1, e and yo in H.

Let %y := (app + apg)/ag and % := (apr + ag)/ag be the projection in
anr/ag of the lattices apyr and @ p respectively. According to (1.10), one has:

arr/amr = avp/amr O ag ~ L. (2.51)

For M = Ay, we replace the subscript Ay by 0. We denote by £ := Hom(.%, 2miZ)
the dual lattice of a lattice .Z.
Let P € P(M). We introduce the following sublattice of .Z);. For k € N, we set

fak = klog(q)a, € Ap,
where ¢ is the order of the residual field of F, and
iﬂM,k = Z Zﬂa,k-

CMEAP

Then %y, is a lattice in af;, ~ apr/ag independent of P and, according to [Ar2,

Section 4], one can find k € N* such that, for all M € L£(Ay), one has:
gM,k c DZ/?]\//[

The set of points ), . Ap Yakar With y, €] —1,0] is a fundamental domain of Zj
which we denote by Dy .

For X € %/ Ly and Y € ayr/ag, we denote by Xp(Y) the represen-

tative of X in %) such that Xp(Y) —Y € Dy (2.52)
For A € aj; ¢, we set:
Opr(N) = vol(agy/Lari) ™" [ ] (1 —eer)), (2.53)

OCEAP

We fix T' € app. By definition of oy (cf. (2.4)), the function vy, depends only
on the image of Tp in .%);. Hence we can assume that T lies in the lattice .%,. For
P e P(M), the map T — Tp sends surjectively ., onto the intersection of %), with
the closure aj of the chamber associated to P. Thus, we may restrict 7' to lie in
the intersection of %, with suitable regular points in some positive chamber aj of
ap\ag. Then the points Tp range over a suitable regular points in £, N ajS.

We recall that Yy (x1, y1, 2, Y2, T) is the set of points Zp := Zp (1, y1, T2, Yo, T')
defined in (2.10). Thus, we can write:

Zp = Tp + Zlog with Z]OD = infp(hp(yl) - hﬁ(ﬂfl), hp(yz) - hﬁ(l’Q)) (254)
Notice that the points Z% do not necessarily belong to the lattice 2. It is the

only difference with [Ar3, Section 6] in what follows.
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2.10 Lemma. There are a positive integer N independent of M and polynomial
functions q¢(T) for & € (+4)/ %y (depending on x1,y1, x5 and ys), such that:

om(T1, Y1, T, Y2, T') = Z Q§(T)€£(T)-
55(%$0V)/fov
Moreover, the constant term Upr(x1,y1, T2, y2) = qo(0) of var(z1,y1, 22,2, T) is
given by:
17M($17?/1, $27y2) = }\igé( Z |$M/$M,k|_1 Z €<A’XP(Z%)>9P,I§(A)_1)-
PeP(M) XeLn /L

Proof. The kernel of the surjective map hyr : Ag\Ay — Gy p/apy is a compact
group which has volume 1 by our convention of choice of measure. Thus, using
(2.51), we can write

om (21, Y1, T2, 42, T') = Z om (X, Yu (w1, y1, 22,92, T)).
XE,,?M

For our study, it is convenient to take a sum over .%),. The finite quotient o /L
can be identified with the character group of £,/ %y under the pairing

,X) e L L x Lrt) Doy > .
Hence, by inversion formula on finite abelian groups, we obtain:

UM($1,3/1,932,?J2,T) = |gM/«>Z/?J\J/[|_1 Z Z O'M(XyyM(xlaylax%yZaT))eV(X)-

vely, | Ly, X€Lm

Coming back to the definition of o (cf. (2.4)), we fix a small point A € (ap/an)E
whose real part Ag is in general position. One then has:

UM(XJ yM('Ilayl?x?va?T)) = Z (_1)|A/}\)‘¢%(X - ZP)
PeP(M)
— 11\12% Z (=12 A (X — Zp)erX),
PeP(M)

By definition of ¢, the function X > ) is rapidly decreasing on the support

of X +— ¢8(X — Zp). Hence the product of these two functions is summable over
X € Z)y;. Therefore, we can write:

op (1, Y1, 2, Y2, T') = Z }32% Z Fp(A) (2.55)
ven” 12y PeP(M)
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where e
FE(A) ==L/ Ll ™ ) (—1)APIGh(X — Zp)et ),
XG.,%]\[

The above discussion implies that:

the map A — Z FL(A) is analytic at A = 0. (2.56)
PeP(M)

We fix P € P(M). We want to express FZ(A) in terms of a product of geometric
series. For this, we write

FEA) = | Lu/Zul Y ST (D) (X + X'~ Zp)
XE.,?]V[/.,?]\/[]CX/EJM]C (257)
w p(A+1) (X+X").

Let X € £y /%L k- Recall that Xp(Y) is the representative of X in .Z); such that
Xp(Y) —Ye DMJg. We set

XQ(Y) = XP(Y) + Z Mo k-

Thus X3(Y) is also a representative of X in %),. Taking Y := Zp, we can set
pp(X + X'~ Zp) = ¢p(Xp(Zp) + X'~ Zp)

n (2.57). The set of points X’ € £, such that this characteristic function equals
to 1 is exactly the set

{ Z Naolbake — Z Nalla,k; Na € N}

A A
OCGAP aEAP—AP

Therefore, a simple calculation as in [Ar3, top of p. 45] gives

-1 |A | A X+X/_ZP e(A-‘rl/)(X-‘rX/)
Yp

X/Eka
A+I/ Xp (Zp)) 1_[ —(A+v) (pa, k)) 1. (258)

OCGAP

We have fixed the Haar measure on al} ~ ay;/ag with the property that the quotient
of ay/ay by the lattice £y has volume 1. Thus we have

\Lri ) Lor| [ ] (10— e Wbyt — | 20/ Loy~ Opr(A + v) 7

CMEAP

By the above equality, (2.57) and (2.58), we obtain:

FEA) = | L/ Sarsl ™ D) e R @00 (A + ) (2.59)
XEEM/,?M,;C
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Let X € L/ Lk We recall that Tp belongs to £y for P € P(M) and
Zp =Tp+Z% (cf. (2.54)). By definition (cf. (2.52)), the point Xp(Zp) is the unique
representative of X in £y such that Xp(Zp) —Tp — Z% € Dary and (X — Tp) p(Z3)
is the unique representative of X —Tp in £y such that (X — Tp)p(Z%)—Z € Dyr .
Hence we deduce that:

Xp(Zp) = (X —Tp)p(Z%) + Tp. (2.60)
Replacing X by X — Tp in (2.59), we obtain:

Fp(N' = |/ Lari T D) esM TR Xe g0 (A 4+ 0) (2.61)

XGX]M/XMJC

where Xp(Z9%) is independent of T. Thus, by (2.55), we have established that
om (21, Y1, 2, Y2, T) is equal to:

. _ v (20

leeyj\}/fj\} hmAﬁO (ZPEP(M) ’gM/gM:k’ ! ZXEfM/fA/I’k e<A+ 7TP+XP(ZP)>

xOp(A+v)71). (2.62)

Recall that the expression in the brackets is analytic at A = 0 (cf. (2.56)). To analyze
this expression as function of 7', we argue as in [W1, p. 315]. We give the details
for convenience of the reader. We replace A by zA. The map z — Opg(zA + v)~!
may have a pole at z = 0. Let r denotes the biggest order of this pole when P runs
P(M). Then, using Taylor expansions, one deduces that:

lim ( Z ‘XM/XM,k‘_l Z 6<A+V7TP+XP(Z?D)>€P’]€(A + I/>_1)

A—0

PeP(M) XeLnt)Lrir
Z Z C Z aaz_mm(€<zl\+l/7TP+Xp(Z?D)>)[zo]
m=0 PeP(M)  XeZLn/Larx
(A + 1) ey,
where C, = mﬁfM/fMﬁkrl. But we have
;Z_mm(e<zA+V,Tp+Xp(Z?3)>)[z o = << A, Tp —I—Xp(ZO) )m <v,Tp+Xp(2%)>
and a;—n; (2"0pk(zA + v)1)[o=q) is independent of Tp.

Therefore, we deduce that vy (z1,y1, T2, y2,T) is a finite sum of functions
apo(Tp)e" ™) e Py | Ly, PeP(M),

where ¢gp, is a polynomial function on ay.
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~ Vv
Since £y < £, are lattices of same rank, one can find a positive integer N

such that N %V c 4. Therefore, by our choice of T" and the above expression,
we can write:

v (@, g o2,y T) = >0 qe(T)efD,
te(y2) /Ly

where ¢¢(7') is a polynomial function of 7. This gives the first part of the Lemma.

Since the polynomials g¢(7") are obviously uniquely determined, the constant
term Oy (21, Y1, T2, Yo) := qo(0) is well defined. To calculate it, we take the summand
corresponding to v = 0 in (2.62) and then set T' = 0. We obtain:

Opr (@1, Y1, T2, Y2) = /{iiﬂo( Z |Lar) Lar ] 2 €<A’XP(Z?’)>9PJ<:(A)_1)-

PeP(M) XGX]W/XJW’/Q

This finishes the proof of the Lemma. O

We substitute the expression we have obtained for vy, in Lemma 2.10 into the
expression for J7(z,,,7, f). Hence we obtain the following similar decomposition

for JT(f).

2.11 Corollary. There is a decomposition

JT(f) = Z pé(Ta f)eg(T)a TE.,% mag?
ge(%jov NEZN

where N is positive integer and each pe(T, f) is a polynomial function of T'. More-
over, the constant term J(f) := po(0, f) of JL(f) is given by:

) CSme (@ms 7, ey,

MEL AO) SGTN[ TmEKS So

where

f F1(yr e yy2) fo (27 wmy2)
i(lg(Ajw)\HXH diag(AM)\HxH

X0y (21, Y1, T2, Y2 )d(x1, 22)d(Y1, Y2).

Jm f) = mg(xmv)\l/?fd

A Appendix. Spherical character of a supercusp-
idal representation as weighted orbital integral

Let (7, V) be a unitary irreducible admissible representation of G. We say that =
is H-distinguished if the space V* = Homy(7,C) of H-invariant linear forms on

V' is nonzero. In that case, a distribution mg ¢, called spherical character, can be
associated to two H-invariant linear forms £, & on V' (cf. definition below). By [Ha,

45



Theorem 1] , spherical characters are locally integrable functions on G, which are
smooth on the set of o-regular points of G.

From now, we assume that Ay = {1}. We fix a H-distinguished supercuspidal
representation (7,V’) of G. We denote by d(7) its formal degree.

The aim of this appendix is to deduce from our main results, the value me ¢ (g),
when ¢ € G is o-regular and &, € V*7 in terms of weighted orbital integrals
of a matrix coefficient of 7 (cf. Theorem A.2). This result is analogous to that of
J. Arthur in the group case (see [Ar2]). Notice that this result of J. Arthur can be
deduced from his local trace formula given in [Ar3], which was obtained later.

Let (-,-) be a G-invariant hermitian inner product on V. Since 7 is unitary, it
induces an isomorphism ¢ : v — (-, v) from the conjugate complex vector space V of
V and the smooth dual V of V, which intertwines the complex conjugate of 7 and
its contragredient 7. If & is a linear form on V', we define the linear form EonV by
§(u) = &(u).

For & and & two nonzero H-invariant linear forms on V', we associate the spherical
character mg, ¢, defined to be the distribution on G given by:

me, e, (f) = ). &(r(fu)&(w),

where B is an orthonormal basis of V. Since 7(f) is of finite rank, this sum is
finite. Moreover, this sum does not depend on the choice of B. Indeed, let (7%, V*)
be the dual representation of 7. For f € C®(G), we set f(g) := f(g~"). By [R,
Theorems I11.3.4 and 1.1.2], the linear form 7*(f)¢ belongs to V. Hence we can
write .17 (£)€) = X5 (T5(F)E) (v) - v, where (A,v) — X - v is the action of C on
V. Therefore, we deduce easily that one has:

me e (f) = &0 H(TH()E))- (1.1)

Since T is a supercuspidal representation, we can define the H x H-invariant pairing
LonV xV by:

L(u,v) = J (1(h)u,v)dh.
H
According to [Z, Theorem 1.5],

the map v +— &, : u — L(u,v) is a surjective linear map from V onto (1.2)
Ve '

For v,w € V, we denote by ¢, the corresponding matrix coefficient defined by
couw(g) = (T(g)v,w), g € G.

A.1 Lemma. Let &,& e VT and v,w e V. Then we have:
Mey & (Cow) = d(7) 7161 (0) 2 (w).

46



Proof. By (1.2), there exist v; and vy in V such that & = &, for j = 1,2. By
definition of the spherical character, for f € C°(G) and B an orthonormal basis of
V', one has:

me e (f) = ) JH(T( Ju, vy dhf h)u, vs)d

ueB H

=) (w, 7(f)7(h1)v1) (7 (ha)va, w)dhydhy
ueBB HxH

= | e (P dnidne
HxH

Hence we obtain
g, €2 J J f h1gh2 UQ,Ul)dgdhlth (1,3)

HxH

Let f(g) := ¢vw(g) = (7(g)w, v). By the orthogonality relation of Schur, for hy, hy €
H, one has:

L(T(Q)T(hg)vz, 7(ha)or)(r(g)w, v)dg = d(1) (1 (h2)va, w) (v, 7(h1)or).
Thus we deduce that:

Mey e (f) = d(r) 7 Euw(v2)60, (v) = d(7) 711 (0)Es (w).

For M € L(Ay), we define the weight function wy; on H x H by:

wM(yh Z/2> = ﬁM(lv Y1, 17 y2)7
where 0y is defined in Lemma 2.10 and 1 is the neutral element of H. For f € CX(G),
we define the weighted orbital integral of f by:

WM(f)(g) := IAa(g)ll/Qf Fyrgya)war(yr, y2)dyrdya, g€ GO ~ M.
HxH

A.2 Theorem. Let M € L(Ay) and S € Ty. Let xp € ks and v € S, be such that
TmY 18 o-reqular. Then, for v,w eV, we have:

CMCSazm WM (C'Uyw) (‘/L‘m’Y) = mgw ) (Im’}/) :

Proof. Let f; be a matrix coefficient of 7 and f, € CP(G). We set f := fi ® fa. For
xr € G, we define

= JG fi(zu) fo(ugx)du, ge G
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so that
Ky(z,y) = [plyz™")F](e).

If 7 is a unitary irreducible admissible representation of GG, one has:

r(plys)F) — LGf1<xu>f2<ugy>w<g>dudg

= ( fi(zu) fo(ug) (v ugy ™) dudusg
JGExG

[ A e mnrusy Y duduy = w(F)m (@) (f)r(s).

JGExG

Since 7 is supercuspidal and f; is a matrix coefficient of 7, we deduce that
ﬂ(p(yx_l)F ) is equal to 0 if 7 is not equivalent to 7. Therefore, applying the
Plancherel formula [W2, Theorem VIIL1.1] to [p(yz~")F], we obtain:

Ky(x,y) = d(r)te(r(fO)r(@)7(f2)7(y).

We identify V @ V with a subspace of Hilbert-Schmidt operators on V. Taking
an orthonormal basis Bys(V) of V. ® V for the scalar product (5,5") := tr(S5™),
one obtains:

Ky(ey) = dr)in(r(fyr(o)r <f2> (v >)=d<r><7<f> (2)7(£2), 7(9)
- d(r) (r(F)T(@)7(f2), S (), 5%)

SEBHs(V

= d(7) Z tr(T fz)ST(fl)) (7'( )S),

eBs(V)

n

where the sums over S are finite since 7(f,) and 7(f}) are of finite rank. Therefore,
the truncated kernel K7 (f) is equal to

d(r) Y, PlFeT(f)S)PE(S),

SeBps(V)

where

PT(S) = L tr(r(h)S)u(h, T)dh, SeV®V.

For 9®v € V®V, one has tr(7(h)(1@v)) = ¢5,(h). Since ¢;, is compactly supported,
the truncated local period PY(S) converges, when ||T'| approaches infinity, to:

P.(9) = JH tr(7(h)S)dh.

Therefore, we obtain
lim K'(f)=d(r)mp, p,(f), (1.4)

I1T)|—+c0
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where mp_ p, is the spherical character of the representation 7 ® 7 associated to the
H x H-invariant linear form P on V® V.

Recall that J(f) is the constant term of J7(f). We deduce from Theorem 2.15
that

d(t)mep, p.(f) = J(f). (1.5)

We now express mp, p, in terms of H-invariant linear forms on V. Let Vg be the
orthogonal of V*# in V. Since &,(v) = &,(u) for u,v € V, the space Vj is the kernel
of v — &,. Let W be a complementary subspace of Vg in V. Then, the map v — &,
is an isomorphism from W to V*# and (u,v) — &,(u) is a nondegenerate hermitian
form on W. Let (ey,...,e,) be an orthogonal basis of W for this hermitian form.
We set & := &, fori=1,...,n. Thus we have (e;) # 0.

We identify V and V by the isomorphism ¢. We claim that:

= D

Indeed, we have P (v ® u) = &(u) = &(v). Hence, the two sides are equal to
Oon VRVy+Vyg®V + Vg ® Vg and take the same value & (e;) on e, ® ¢; for
k,l e {1,...n}. Hence, by definition of spherical characters, we deduce that:

LE®E. (1.6)

me e (h®F) = Y Pf(ﬂfl)®r(f2>(u®v>)Pf(u®v>

u@ve 0.b.(VRV)

- Z Z fz €; fj 6] (%(fl) )SZ(T(fz)U)g(u)gj(v)’

u®ve 0.b.(VRV) 1,j=1

where 0.b.(V ® V) is an orthonormal basis of V ® V. By definition of ¢ for £ € V*H,
one has &(7(f1)u) = £(7(f1)). Therefore, we obtain:

- 1
mp, p,(f1® f2) = Z

i,j=1

e (e e (fr)me. e, (f2). (1.7)

Let v and w bein V. Let f; i= Cyuw SO that f; = Cow- - Ifv € Vyorw e Vy, it follows
from Lemma A.1 that mg, ¢ (f1) = 0 for 7, j € {1,...,n}. Hence mp_p (/1 ® f2) = 0.
Thus we deduce from (1.5) that:

j(cv,w ® f2) =0, wveVyorweVy. (1.8)

Let k,l € {1,. .._,n}. Let us take f1 := ¢, ¢,- Then fi1 = Ce, e, and, by Lemma A1,
one has me, ¢ (f1) = d(7) 7' (er)€;(ex). Therefore, by (1.5) and (1.7), we obtain:

j(cekyez ® f2> = mfl,5k<f2)' (19)
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By sesquilinearity, one deduces from (1.8) and (1.9) that:
j(CUﬂU@fZ) = mﬁw,ﬁu(f2) 'U,'LU € V (110)

Let (J,)n be a sequence of compact open subgroups whose intersection is equal to
the neutral element of G. The characteristic function g, of J,x,,7.J, approaches
the Dirac measure at x,,7 as n approaches +co. Thus, if v,w € V, then me, ¢, (gn)
converges to me, ¢, (T,7y). Then, by Corollary 2.11, the constant term J(cy. ® gn)
converges to crcs g, WM (cyw)(my). We thus deduce the Theorem from (1.10). O
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