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LECTURE 1

THE BOLTZMANN EQUATION: BASIC STRUCTURE




Orders of magnitude, perfect gas

eFor a monatomic gas at room temperature and atmospheric pressure,
about 1029 gas molecules with radius ~ 10~8cm are to be found in any
volume of 1cm3

eExcluded volume (i.e. the total volume occupied by the gas molecules if
tightly packed): 1020 x 2Z x (1078)73 ~ 5. 10~ %cm3 < 1cm?®

EXCLUDED VOLUME NEGLIGEABLE = PERFECT GAS

eEquation of state for a perfect gas:

p = kpb, where k =Boltzmann’s constant= 1.38 - 10~ 23J/K




Notion of mean-free path

eRoughly speaking, the average distance between two successive colli-
sions for any given molecule in the gas

eThere are more than one precise mathematical definitions of that notion
(for instance, one can use the empirical measure to compute the mean)

eintuitively, the higher the gas density, the smaller the mean-free path;
likewise, the bigger the molecules, the smaller the mean-free path; this
suggests

mean-free path ~ 1

where N' =number of gas molecules per unit volume and A =area of the
section of any individual molecule



eFor the same monatomic gas as before (at room temperature and atmo-
spheric pressure), N/ = 1029 molecules/cm3, while A = 7 x (1078)2 ~
3 - 10~ 16¢cm?; hence the mean-free path is ~ £ - 10~%cm < 1cm.

SMALL MEAN-FREE PATH REGIMES CAN OCCUR IN PERFECT GASES

eWhile keeping the same temperature, lower the pressure at 10~ %atm;

then A/ = 101® molecules/cm® and the mean-free path becomes ~ zcm

which is comparable to the size of the 1cm3 container

DEGREE OF RAREFACTION MEASURED BY KNUDSEN NUMBER

K mean free path
" macroscopic length scale




Kinetic vs. fluid regimes

eFluid regimes are characterized by | Kn < 1|, the gas is in local thermo-
dynamic equilibrium: its state is adequately described by:

p = p(t, x) pressure, 8 = 0(t, x) temperature, « = u(t, x) velocity field

eKinetic regimes are characterized by | Kn = O(1) |; since the gas is more
rarefied, there are not enough collisions per unit of time for a local thermo-
dynamic equilibrium to be reached. However, also because of rarefaction,
correlations are weak = state of the gas is adequately described by

F = F(t,z,v) single-particle phase-space density




Macroscopic observables

eOne calls F' the “distribution function" or “number density"; F'(t,x,v)
Is the density (with respect to the Lebesgue measure dxdv) of particles
which, at time ¢, are to be found at the position x with velocity v.

eMacroscopic quantities (observables) are computed by averaging the cor-
responding quantity for a single particle w.r.t. the measure F'(t, x, v)dxzdv:

momentum =// muF(t, z,v)dxdv, energy =// %m|v|2F(t, x,v)dxdv

el ikewise, one can also define macroscopic densities (w.r.t. the Lebesgue
measure dx):

momentum density :/ muF(t,x,v)dv




The Boltzmann equation

eThe number density F' is governed by the Boltzmann equation: in the
absence of external force

OF +v-ViF = B(F,F)

where B(F, F') is the Boltzmann collision integral.
eBecause of rarefaction, collisions other than BINARY are neglected.
oAt the kinetic level of description, the size of particles is neglected every-

where but in the expression of the mean-free path: collisions are LOCAL
and INSTANTANEOUS

=  B(F, F) operates only on the v-variable in F’




The collision integral (hard sphere gas)

eFor a gas of hard spheres with radius r, Boltzmann’s collision integral is

B(F, F) (U)Z//R3XSQ<F(U’)F(U>’,<) — F(’U)F(’U*)) r2|(v—v*)-w|dwdv*

where the velocities v’ and v/, are defined in terms of v, v« and w by

vV =0 (v, 06, w) = v — (U —vy) - ww

vl = vl (v, V5, w) = vk + (U — ) - WW

eUsual notation: Fy, F/ and F! designate resp. F'(v«), F(v') and F(v))




Pre- to post-collision relations

eGiven any velocity pair (v, vs) € RP, the pair (v/(v, v, w), v (v, v, w))
runs through the set of solutions to the system of 4 equations

v vl = v+ v conservation of momentum
[v'|? + |[vh]? = |v|? + |v«|2  conservation of kinetic energy

as w runs through S2.

eThe geometric interpretation of these formulas is as follows: in the ref-
erence frame of the center of mass of the particle pair, the velocity pair
before and after collisions is made of two opposite vectors, :I:%(v’ — v})
and i%(v — v4). Conservation of energy implies that |[v — v«| = [v" — v].



Geometric interpretation of collision relations

eHence v — v4 and v/ — vl are exchanged by some orthogonal symmetry,
whose invariant plane is orthogonal to +w.




Symmetries of the collision integral

eThe collision integrand is invariant if one exchanges v and vx:

= [ FL = FR)®T (0 — 02) - wldwdosdy

eThe collision integrand is changed into its opposite if, given w € S2, one
exchanges (v, v«) and (v, v.) (in the center of mass reference frame, this
IS a symmetry, and thus an involution).

eFurther, (v,vs) — (v/,v.) is an isometry of R® (conservation of kinetic
energy), so that | dvdvs = dv'dv, |. Finally | (v — v4) - w = —(v' — v) - w|.




Symmetries of the collision integral 2

Theorem. Assume that F € L1(R3) is rapidly decaying at infinity, i.e.
F(v) =0(jv| ™) as |[v]| > +ooforalln >0
while ¢ € C(R3) has at most polynomial growth at infinity, i.e.
»(v) = O(1 + |[v|™) as |v| — +oco for some m > 0

Then, one has:

¥+ (b;; i qb*|(v — Vy) - w|dwdvsdv

/R3B(F, F)pdv = / / FF,

VY,
— ///R3 3 SQ(F/R'C — FF*)¢ t ¢ 4 ¢ ¢*|(v — V%) - w|dwdvsdv
x R3x




Collision invariants

eThese are the functions ¢ = &»(v) € C(R3) such that

d(v) + ¢(vs) — p(v') — p(v).) = 0 for all (v,v«) € R3and w € S?

Theorem. Any collision invariant is of the form

¢(v) = a4 byvy + bovp +bzvz +clv|®, a,by,bp,b3,c €R

olf ¢ is any collision invariant and F € L1(R3) is rapidly decaying, then

/R3 B(F, F)édv = 0




Local conservation laws

eln particular, if F* = F (¢, z,v) is a solution to the Boltzmann equation that
IS rapidly decaying in the v-variable

_ — 1 2 _
/R3 B(F. F)dy = /33 v B(F, F)dv = /R3 Llw2B(F, F)dv = 0

fork=1,2,3.

e Therefore, one has the local conservation laws:

o /R3 Fdv + divyg /R3 vFdy =0, (mass)

8,5/ vFdv + divx/ v¥?Fdv =0, (momentum)
R3 R3

. 2
O /R3 %|’U|2de + divy /R3 v%|v| Fdv =0, (energy)




Boltzmann’'s H Theorem

eAssume that 0 < F € L1(R3) is rapidly decaying and such that In F' has
polynomial growth at infinity. Then

/ B(F, F)In Fdy =
R3

F'F!
— %///R3><R3><SQ(F,F4 — FFy)In (FF*> (v — vx) - w|dwdvdvsx < 0

*

eThe following conditions are equivalent:

/R3 B(F,F)InFdv=0 < B(F,F)=0ae. & FisaMaxwellian

l.e. I'(v) is of the form

P _Jv—u/?

e 20 forsome p,0 >0andu € R3
(270)3/2 P

F(v) = M 0(v) :=




B(F,F) = 0 implies F'is a Maxwellian

Lemma. (Perthame) Let F' > 0 a.e. be a measurable function s.t.

/(1 4 0|2 F(v)dv < 400

If F(v)F(vs) = F(W)F(v.) a.e. in (v,vs,w) € R3x R3 x S2, then F is
a Maxwellian.

oWLOG, by translation and scaling, one can assume

/R3 F(v)dv =1, /R3 vEF'(v)dv =0



eApply the Fourier transform in (v, v«) to the equality satisfied by F
FOF() = [[ e p()F (o)) dvdos
= // e_ig'”/_ig*'”iF(v)F(v*)dvdv*.
eIn other words
FOF(E) = / / o€ V=i vs 1 (E=E) W=V W B (1) F (1) dvdus

Differentiate this in w while keeping £ and &« fixed; at any wg L& — &«

0= // e T VTV (1 0.) - wo F(v) F (vs ) dvdus




eHence, for each ¢, &4 € R3

(Ve — Ve, )F(€)F (&) is colinear to € — &

eIn particular, for £ = 0 and &« = O, one has

VeF(¢) s colinear to £ ;
(notice that the assumptions on F imply that £ € C2(R3)).

oIn other words, the foliations of R3 by level surfaces of £ and of 5|¢|?
coincide. Hence there exists a function f € Cl(R_|_) such that

F'(¢) is of the form F (&) = f(|¢|?)




eGoing back to (V¢ — V¢, ) F(§)F (&), one sees that
/(€Y FUEIPE = FUEP F (162)6x s colinear to € — &

Whenever ¢ and & are not colinear, i.e. for a dense subset of Rg X Rg*
this last relation implies that

FUEP) FUE?) = FUEP) F(1€412)

eSince f is continuous, this relation holds everywhere on Rg’ X Rg’*; clearly,
if f/ vanishes somewhere, the above relation shows that f must be a con-
stant, hence f = 0O since f(|§|2) is the Fourier transform of a L1 function.



eHence one can assume that f/ % 0 everywhere on R ; the relation
above becomes

FUER)  FUEP) FEP _
PR — e e = ©

nst.

So that
1
f(r)y=e 2%

which in turn implies that

Pg) = 21"

Hence F'is a Gaussian in v, as announced.



Implications of conservation laws + H Theorem

olff F = F(t,z,v) > 0 is a solution to the Boltzmann equation that
Is rapidly decaying and such that In F' has polynomial growth in the v-
variable, then

O¢ /R3 Fdv 4+ divg /R3 vFdv =0, (mass)
&g/ vFdv + divx/ v¥?Fdv =0, (momentum)
R3 R3
- 2
Ot /R3 %|’U|2de + divy /R3 v%|fu| Fdv =0, (energy)

o /R3 Fln Fdv + divy /R3 wFInFdv <0, (entropy)

The last differential inequality bearing on the entropy density is reminiscent
of the Lax-Friedrichs entropy condition that selects admissible solutions of
hyperbolic systems of conservation laws.




Fluctuation setup

Hydrodynamic limits of kinetic theory leading to incompressible flows con-
sider solutions to the Boltzmann equation that are fluctuations of some
uniform Maxwellian state.

o\WLOG, we henceforth set this uniform equilibrium state to be

M = M(1.0.1) (the centered, reduced Gaussian distribution)

eThe size of the number density fluctuations around the equilibrium state
M will be measured in terms of the relative entropy defined as

H(F|M) = //R3><R3 [Fln (%) _F+ M] dedv (> 0)

for each measurable F > 0 a.e. on R3 x R3




oA formal computation shows that
H(F|\M _FI al F M_ dxd
_(| ) = //R3><R3t_ n<ﬁ>_ + M| drdv
ja y
— //R3><R3(8t +v-Vyz) |Fln (M) — F+ M_ dxdv
_//R3><R3 ( )(8t—l—v V) Fdadv

— // B(F, F) In Fdzdv < 0
R3xR3

since In M is a collision invariant. This suggests that

H(F(t)|M) is a nonincreasing function of ¢t , and, for each ¢ > O

H(F(t)|M) — /Ot //R3><R3 B(F, F) In Fdzdv = H(F(0)|M)




