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|. INTRODUCTION

Full justification of most of the formal approximations of the past lectures
has proven difficult because the basic well-posedness and regularity ques-
tions remain open for both the fluid systems and the Boltzmann equation.

The problem is exacerbated by the fact that to bound the error of the
asymptotic expansions requires control of successively higher order spatial
derivatives of the fluid variables, thereby requiring restrictions to a meager
subset of all physically natural initial data and possibly to finite times.

For example, Caflisch used a method based on the Hilbert expansion to
justify the compressible Euler system from the Boltzmann equation. His
result requires smooth initial data and holds for as long as the limiting so-
lution of the compressible Euler system is smooth.



Because solutions of the compressible Euler system are known to become
singular in finite time for a very general class of initial data, such a local re-
sult is about the best one can hope for by appealing to such an expansion.

Two approaches to circumventing these difficulties have emerged recently.
First, one studies derivations of linear or weakly nonlinear fluid dynamical
systems, such as the acoustic system and the incompressible systems,
about which more is known. Second, one abandons traditional expansion-
based derivations in favor of moment-based formal derivations, which put
fewer demands on the well-posedness and regularity theory.

In this lecture we present moment-based formal derivations of the acoustic,
Incompressible Stokes, incompressible Navier-Stokes, and incompressible
Euler systems from the Boltzmann equation.



Il. THE GENERAL SETTING

We consider the scaled Boltzmann equation

1

where St is the Strouhal number, Kn is the Knudsen number.

We consider fluid dynamical regimes in which F' is close to a spatially
homogeneous Maxwellian M = M (v). By an appropriate choice of a
Galilean frame and of mass and velocity units, it can be assumed that this
so-called absolute Maxwellian M has the form

1

M(v) = (2m)D/2

exp(—%|v|2) .



Relative Kinetic Density

It is natural to introduce the relative density, G = G(v, xz,t), defined by
F = M. The initial-value problem for GG is

1 .
StoG +v- -G =, -Q(G,G),  Gv,2,0)=G"(v,z),

where the collision operator is now given by
1
(G, G) = MB(MG, MG)
_ //SD_lxRD(G;G’ — GG b(w, vs — v, ) dw Myduvs .

For simplicity, we consider this problem over the periodic box TL.



Normalizations

This nondimensionalization has the normalizations

/ dw =1, / Mdv =1, /dle,
SD—l RD TD

associated with the domains SP—1, R?, and TZ, the normalization

///SD L D RDb(w,v*—v)de*dv*Md'vz 1.
—1xRDx

associated with the collision kernel b, and the normalizations

// G Mdvdz = 1, // vG"™ Mdvdx =0,
RDxTD RDxTD
// %|v|2Gde'Udm = %
RDxTD

associated with the initial data G*".



Notation

In this lecture (¢) will denote the average over R of any integrable function
¢ = £(wv) with respect to the positive unit measure Mdv:

© = [, &) Mdv.

Because du = b(w, v« — v) dw Midvs« Mdv is a positive unit measure on
SP=1x RP x RP, we denote by <<E>> the average over this measure of

any integrable function = = =(w, v«, v):
(2) = [l s g =)
The measure du is invariant under the coordinate transformations

(W7U*av) = ((.U,’U,’U*), (w,v*,v) = (wavfkalvl) .

These, and compositions of these, are called du-symmetries.



Local Conservation Laws

If G solves the scaled Boltzmann equation then G satisfies local conserva-
tion laws of mass, momentum, and energy:

St9(G) + V- (vG) =0,
Sto{vG) + V- (v®vG) =0,
St ou(3[v[?G) + Vi (v5|v|?°G) = 0.




Global Conservation Laws

When these are integrated over space and time while recalling the nor-
malizations associated with G*", they yield the global conservation laws of
mass, momentum, and energy:

/TDG(t) _/ (G dz =1,
/]I‘ (vG(t))d —/ (wG"™ dz =0,

[, GlelPcw)de= [ 3lo6) de=2.




Local Entropy Dissipation Law

If G solves the scaled Boltzmann equation then G satisfies local entropy
dissipation law:

St ((G1og(G) — G+ 1)) + V% (v (Glog(G) — G+ 1))

_ 1 1 G;G/ !~/
=~ <<4 Iog(G*G> (GG — G*G)>>

<0.




Global Entropy Dissipation Law

When this is integrated over space and time, it yields the global entropy
equality

1 ot .
H(G@) + = | R(G(s))ds = H(G™),

where the relative entropy functional H is given by

H(G) = [ ((Glog(G) — G + 1) da,

while the entropy dissipation rate functional R is given by

R@) = [, %<< 0g (gg) (GG — G*G)>> dz




Fluctuations

All our derivations will employ a scaling in which the Knudsen number Kn
vanishes and the density F' is close to the absolute Maxwellian M. We
therefore set Kn = ¢ and consider families of solutions parametrized by ¢
that have the form

G,én:]._l_CSEgén, G€:1+5€g€,

where the fluctuations g?;” and ge are bounded while d > O satisfies

de -0 as e€e—0.




Formal Convergence Assumptions

In these derivations we assume that g converges formally to g, where
the limiting function is in L°°(dt; L2(Mdwv dz)), and that all formally small

terms vanish.

For example, we express the global conservation laws, which are the same
for all of our derivations, in terms of g and then formally let e — O to obtain

fpla@de=0, [ (wo®)de=0, [ (Gls(®)de=0.

Henceforth, the derivations differ.



lll. FORMAL DERIVATION OF THE ACOUSTIC SYSTEM

The acoustic system is the linearization about the homogeneous state of
the compressible Euler system. After a suitable choice of units, in this the
fluid fluctuations (p, u, ) satisfy

Op+Veru=0,  p(z,0)=p"(z),
Oru+Ne(p+6) =0,  u(z,0)=u"(2),
Do+ -u=0, 0(z,0) = 60" (z).
This is one of the simplest systems of fluid dynamical equations imagin-
able, being essentially the wave equation.



Acoustic Scaling

It is most natural to derive the acoustic system first because its derivation is
simpler and requires no additional assumptions regarding either the scaling
or the collision kernel. One sets St = 1 and considers a family of formal
solutions G¢ to the scaled Boltzmann initial-value problem

1 .
8tG€ _I_ (O VLEGE —_— — Q(G€7 GE) 9 GG(Ua xa O) — Gzn('va ZU) 9
€

with G¢ = 1 4 d¢ge for some J, that satisfies

de -0 as e€e—0.

The derivation has two steps.



First Step - 1

We first determine the form of the limiting function g. Observe that the
fluctuations ge satisfy

€ (81596 +v- Vajge) + »Cge = ¢ Q(g& ge) )
where the linearized collision operator L is defined formally by
— //SDlxR[(g + G — G — §fk) b(w,vx —v) dw Mydvy .
We define £ to be the unigue nonnegative, self-adjoint extension over

L2(Mdv) of this formal operator. By letting ¢ — 0 above one finds that
Lg = 0. Hence, g( -, z,t) takes values in Null(£), the null space of L.



First Step - 2

One can show that Null(£) = span{1,vq,---,v,,|v|°}. Because the
limit g( -, x, t) takes values in Null(£) and because g is assumed to be-
long to L>°(dt; L2(Mdv dz)), we conclude that g has the form

g=p+uvut (30 -3)0,

for some (p, u, 0) in L°(d¢; L2(dz; R x RY x R)).

This form is call an infinitesimal Maxwellian because

14 6p |’U—5u|2>
14 dp,6u,1 4 60) =
M(1 + 6p,0u, 1+ 460) (2W<1+59))D/2exp<2(1+59)

— M(1 +5g+0(52)).



Second Step - 1

Next we show that the evolution of (p,u, ) is governed by the acoustic
system. Observe that the fluctuations g. formally satisfy the local conser-
vation laws

Ot(ge) + V- (vge) = 0,
Op(vge) + Vo (VQuge) =0,
O(3|v[2ge) + V- (v3]v[2ge) = 0.
By letting ¢ — O in these equations and using the infinitesimal Maxwellian
form of g, one then finds that (p, u, ) solves the acoustic system.



Second Step - 2

By the formal continuity of the above densities in time, one finds that
(™, u™, 0™) = lim ((g™), (v g™, (FHlv]* — 1) gi™),

= |
e—0
provided we assume that the limits on the right-hand side exist in the sense
of distributions for some (pi™, v*?, 0") € L2(dxz; R x RY x R).



Formal Acoustic Limit Theorem

Theorem. 1 Let G¢ be a family of distribution solutions of the scaled Boltz-
mann initial-value problem with initial data G*" that satisfy the normaliza-
tions. Let G = 1 + §.¢"" and G¢ = 1 + d.ge Where §¢ — 0 as e — O,
and the fluctuations ¢ and g, are bounded in L°°(dt; L2(Mdv dz)).

Moreover:

1. Assume that in the sense of distributions the family g*" satisfies

lirm (<gén>’ <’U ggn% <(%|’U|2 . 1)gzn>> — <pin7u’in’6in)

e—0

for some (p'™, '™, 0") € L?(dz; R x RP x R).



2. Assume that the local conservation laws are also satisfied in the sense
of distributions for every ge.

3. Assume that the family g converges in the sense of distributions as
e — 0to g € L°(dt; L2(Mdv dz)). Assume furthermore that £Lge —
Lg, that the moments

<g€> ) <”U g€> ) <U & vg€> ) <”U|’U|2g€> )
converge to the corresponding moments
(9) ; (vg), (v®wvg), (v|v]?g),

and that every formally small term vanishes, all in the sense of distri-
butions as € — 0.

Then g is the unique local infinitesimal Maxwellian determined by the solu-
tion (p, u, 8) of the acoustic system with the initial data (p*"™, u'™, 6*™).



IV. FORMAL DERIVATION OF INCOMPRESSIBLE SYSTEMS

It is easily seen that any (p,u, 0) € L?(dz; R x RP x R) such that

IS a stationary solution of the acoustic system which will generally vary in
space. On the other hand, it can be shown that absolute Maxwellians are
the only stationary solutions of the Boltzman equation.

It is clear that the time scale at which the acoustic system was derived was
not long enough to see the evolution of these solutions. By considering the
Boltzmann equation over a longer time scale one can give formal moment
derivations of three incompressible fluid dynamical systems, depending on
the limiting behavior of the ratio /¢ as e — 0. We will show the following:



e When é./¢ — 0, one considers time scales of order 1/¢, and an in-
compressible Stokes system is derived.

e When é./e — 1 (or any other nonzero number), one considers time
scales of order 1/¢, and an incompressible Navier-Stokes system is
derived.

e When é./e — oo, one considers time scales of order 1/4,, and an
Incompressible Euler system is derived.

We now show how these different regimes are identified, and how the fluid
dynamical systems are derived.



Boussinesq-Balance Incompressible Fluid Systems

The incompressible Stokes, Navier-Stokes, and Euler systems that will be
derived all govern the fluctuations of mass density, bulk velocity, and tem-
perature about their spatially homogeneous equilibrim values. By suitable
choices of Galilean frame and units, one can assume that these equilibrim
values are 1, 0, and 1 respectively. We denote the fluctuations about these
values by (p,u, 9).

For all three systems these fluctuations satisfy the incompressibility and
Boussinesq relations:

Veru =0, p+60=0.

The systems differ however in the equations that govern the dynamics of
these fluctuations.



Incompressible Stokes Dynamics

For the Stokes system the dynamical equations are

Opu+ Vop = vAgu,  u(z,0) = u"(x),
PA2010 = k000, 0(2,0) = 07 (2),

where v > 0 is the kinematic viscosity and ~ > 0 is the thermal diffusivity.
Like the acoustic system, the Stokes system is also one of the simplest
systems of fluid dynamical equations imaginable, being essentially a sys-
tem of linear heat equations.



Incompressible Navier-Stokes Dynamics

For the Navier-Stokes system the dynamical equations are

o+ u-Npu + Vip = vAzu, u(z,0) = "™ (),
DE2(010 +u- Vi) = 6220,  0(x,0) = 07(),

where the kinematic viscosity » and the thermal diffusivity have the same
values as in the Stokes system. Unlike the Stokes system however, the
Navier-Stokes system is nonlinear. While this fact does not complicate its

formal derivation, it makes the mathematical establishment of its validity
much harder.



Incompressible Euler Dynamics

For the Euler system the dynamical equations are

Oru +u-Veu + Vgp = 0, u(z,0) = u'"(z),
DE2(00 +u-Nib) =0,  0(,0) = 6" (),

Like the Navier-Stokes system, the Euler system is nonlinear. The full
mathematical establishment of its validity is also an open problem.

As was the case for the acoustic system, the Euler system has stationary
solutions that vary in space. Itis clear that the time scale at which the Euler
system was derived was not long enough to see the evolution of these
solutions. Even at a formal level it is unclear how this long-time evolution
should be governed.



Long Time Scaling

In order to identify how the different regimes arise, we reconsider the Boltz-
mann initial-value problem on a time scale 1 /7, where

7« —0 as e€—0.

Upon setting St = 7¢, the scaled Boltzmann initial-value problem becomes

1 .
Te atGe + U - V;UGG — Z Q(Ge, Ge) y Ge('U, €T, O) — ng/('v, .CU) .

The idea is to identify possible choices for 7. by seeking different balances
between terms as e tends to zero.



Fluctuations

One considers a family of formal solutions GG whose fluctuations g, are
given by G¢ = 1 + dcgc for some o > O that vanishes as ¢ — 0. These
fluctuations are assumed to satisfy both the Boltzmann equation

1 )
Te Otge + v - Viege + zﬁge — f Q(QE» 96) )

and the local conservation laws

Te at<ge> + V- <U ge>
Te Ot (v ge) + Vi (v ® v ge)
Te 04 (5|v]°ge) + Vi (v5]v]ge)

O
0,
O




First and Second Steps -1

The first step is to show that the limiting g is an infinitesimal Maxwellian.
After multiplying above Boltzmann equation by ¢ and letting ¢ — 0O, we
argue as in the first step of the acoustic system derivation to conclude g
has the form

g:p—l—’v’u,—l— (%|’U|2—%)9,
for some (p,u, 8) in L°(dt; L2(dz; R x RP x R)).
The second step is to show that (p, u, ) satisfy the incompressibility and

Boussinesq relations. By letting ¢ — O in the local conservation laws and
using the form of g, one finds that

Ve-u =20, Vie(p+0)=0.

The first equation above is the incompressibility relation, while the second
says p + 6 is a function of time only.



First and Second Steps - 2

By the global energy conservation law one thereby concludes that

p+ 6= [ED(/)+ 0) dz = %/ED<%IU|29> dz =0.

Hence, (p, u, ) satisfy the incompressibility and Boussinesq relations.

The Boussinesq relation implies g is an infinitesimal Maxwellian of the form
2 D2
g=uv-u+ (30>~ PF2)6.

for some (u, 0) in L°(d¢; L2(dz; RP x R)).



First Key Idea - 1

Observe that the momentum and a linear combination of the mass and
energy local conservation laws can be expressed as

1 1
O¢(v ge) + =V (Age) + —Vi(Hlvl?ge) =0,
Te Te

1
o0 = PE2) ge) + =% (Bge) =0,
€

where the matrix-valued function A and the vector-valued function B are
defined by

A(w) =v®v — %|v|21, B(v) = %|fv|2fu — D;Q’U.

It is clear that A € L2(Mdv;RPVYDP)Y and B € L?(Mdv;RP), and that
each entry of A and B is in Null(£)~.




First Key ldea - 2

As is common when studying incompressible fluid dynamical limits, the mo-
mentum equation will be integrated against divergence-free test functions.
The last term in its flux will thereby be eliminated.

One therefore only has to pass to the limit in the flux terms that involve A
and B — namely, in the terms

1 1
—(Age) —(B ge) -
Te Te
There is a chance these terms will have limits because each entry of A

and B is in Null(£)+ while g¢ is converging to g, which is in Null(£).



Second Key Idea - 1

In fact, we will use the scaled Boltzmann equation to show that for a proper
choice of 7. every expression of the form
1
—
Te

where £ € Dom(£) has a limit.

LE Qe>

We let A € L2(Mdv; RPVDY and B € L2(Mdv;RP) be the unique
solutions of

LA=A, A e Null(£)* entrywise,

LB =B, B € Null(£)* entrywise.
We can then set £ equal to the entries of A and B to evaluate the limit in
the flux terms that involve A and B.



Second Key Idea - 2

First, observe that because L is formally symmetric, one has
1 1
—(LE ge) = —(§ Lge) ,
Te Te
for every ¢ € Dom(£) N Null(£)+, where Dom(£) C L2(Mdv). Upon
multiplying the Boltzmann equation by £ and integrating, one obtains

1 Oe
€ D€ ge) + ?V (vEge) + = (6 L) = — (6 Q(ge, 96)) -

One therefore has that

1 ) €

_<£f 96> = — <§ Q(gage» — — Vi (v£g€> — Eat<§ ge> -

Te Te Te
The right-hand side will have a limit as ¢ — O that depends on the limiting
behavior of the ratio d¢/¢, provided one makes the correct choice of 7.



Third Step - 1

e When /¢ — 0, one sets 7« = ¢ and finds that
1
—

Te

LEge) — — V- (vEQ) .

e When /¢ — 1, one sets 7. = ¢ and finds that
1
—(LEge) — — Vi (vEg) + (£ 2(g,9)) -

Te

e When j./e¢ — oo, one sets 7 = §. and finds that
1
—

Te



Third Step - 2

We now must evaluate the terms V.- (v £ g) and (€ Q(g, g)) that appear on
the right-hand sides above. Ones uses the infinitesimal Maxwellian form of
g to obtain

Ve (vEg) = —(£A): Vou — (EB)- Vi,
(€Q(g,9)) = X(LEA)  u®u+ (LEB)-ub 4 5(LEC) 62

where the matrix-valued function A and the vector-valued function B were
defined earlier, while the scalar-valued function C' is defined by

C(v) = Lot — BF2y2 4 DIDF2).

It is clear that C € L2(Mdv). One also has that C € Null(£)1 and that
C' 1s perpendicular to each entry of A and B.



Third Step - 3

Indeed, because g has the form of an infinitesimal Maxwellian, for suffi-
ciently small 6 one has that exp(dg) isin Dom(Q) and one can show that

0 = Q(exp(dg),exp(3g)) = 6°|Q(g,9) + Q(1,9%)| + 0(53).
Hence g satifies the identity Q(g, g) = %5(92). Hence,

(€ Q(g,9)) = A3(6L(g?)) = A(LEPH(?)),

where P+ = Z — P and P is the orthogonal projection from L2(Mdv)
onto Null(£), which for every § € L2(Mdv) is given by

PG=1(5) +v-wd + G- ((HIv*-1)5).



Fourth Step

The fourth step determines the limit of the motion and heat flux terms.
Then by letting £ in the Third Step be the entries of A and B and by using
that A and A are even whereas B and B are odd, one finds that

V- (vAg) = —(A® A): Vyu = —v(Vu + (Gu)7),
V- (vBg) = —(B® B) - V0 = —KkViH,

<A Q(9,9)) = F(LARA): (u®u) =u®u— Flul’l,

(B Q(g,9)) = <£§®B>-u9 = D429,

where kinematic viscosity v and thermal conductivity ~ are given by

v = (D—l)l(D—l—Q) (A: LAy, k=3(B-LB).



Fifth Step

The Fifth Step shows how the evolution of (u, #) is governed by the ap-
propriate motion and heat equations. We pass to the limit using the Fourth
Step to evaluate the limiting fluxes.

If we now let M denote the orthogonal projection from L2(dxz; RP) onto
the divergence-free vector fields, then by the formal continuity in time of
the densities in the dynamical equations, one sees that
(u™,6) = lim (M(vgl™), ((plzlvl® = D gi™) | (1)
provided we assume that the limit on the right-hand side exists in the sense
of distributions for some (u™", ') € L?(dz; RP x R).



Formal Incompressible Limit Theorem

Theorem. 2 Let G¢ be a family of distribution solutions of the scaled Boltz-
mann initial-value problem with initial data G*" that satisfy the normaliza-
tions. Let G = 1 + §.¢"" and G¢ = 1 + d.ge Where §¢ — 0 as e — O,
and the fluctuations ¢ and g, are bounded in L°°(dt; L2(Mdv dz)).

Moreover:

1. Assume that in the sense of distributions the family g*" satisfies

lim (<,Uggn>7 <<%-|-2|U|2 _ 1)gzn>> — (uznjeln)

e—0

for some (v, 0'") € L?(dz; R x RY x R).



2. Assume that the local conservation laws are also satisfied in the sense
of distributions for every ge.

3. Assume that the family g converges in the sense of distributions as
e — 0tog € L>®(dt; L2(Mdvdz)). Assume furthermore that Lge —
Ly, that for every ¢ € L2(Mdv) the moments (£ g¢) converge to (£ g),
and that every formally small term vanishes, all in the sense of distri-
butions as € — 0.

Then g is the unique local infinitesimal Maxwellian determined by the solu-
tion (u, 0) of the Stokes system when §./¢ — 0, the Navier-Stokes system
when dc/e — 1 (or any finite value), or the Euler system when /e — oo
with initial data (v, 6™).



V. REMARKS

Finally, it should be pointed out that the above systems are not the only
iIncompressible Stokes, Navier-Stokes, and Euler systems that may be de-
rived as fluid dynamical limits of the Boltzmann equation. More refined
asymptotic balances lead to incompressible Stokes, Navier-Stokes, and
Euler systems that differ from those above in (1) the form of the heat equa-
tion and (2) the Boussinesq relation is replaced by p = p 4+ 6. These
also have moment-based derivations. One should therefore be be careful
about referring to “the incompressible Stokes system” (for example) until it
Is clear to which Stokes system you are referring.

In addition, there are other systems that have moment-based derivations.



