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Lecture 1

eGallavotti's thm (1972) for Poisson distribution of obstacles

eSantalo’s formula (1942) for the mean free path



In 1905, H. Lorentz proposed to describe the motion of electrons in metals
by the methods of kinetic theory



Introduction: the Lorentz kinetic model

eGas of electrons described by its phase-space density f = f(t,x,v)
(density of electrons at the position x with velocity v at time t)

eElectron-electron collisions neglected (unlike in the kinetic theory of gases)

eOnly the collisions between electrons and metallic atoms are considered

= LINEAR KINETIC EQUATION

unlike Boltzmann’s equation in the kinetic theory of gases




eEquation for the phase-space density of electrons f = f(t,z,v):

(at + v - VCC + %F(ta 33) ) V’U)f(ta 33,’0) — NatT§t|U|C(f(t, L, ))(’U)

where C is the Lorentz collision integral

(A @) = [y (60 = 2(v - wIw) = $()) cO8(v, w)dw

w-v>0

Notation: .m =mass of the electron; N,, 74+ density, radius of metallic
atoms; F' = F (¢, x) electric force (given).




eCan one derive the Lorentz kinetic equation from a microscopic, purely
mechanical particle model?

e\We consider a gas of point particles (the electrons) moving in a system
fixed spherical obstacles (the metallic atoms).

e\We assume elastic collisions between the electrons and the metallic atoms:
in other words, the point particles are specularly reflected upon colliding
with the obstacles.

eThe most interesting part of the Lorentz kinetic equation is the collision
integral = we assume for simplicity that there is no applied electric field

F=0




eMicroscopic model= billiard system (=gas of point particles moving at a
constant speed in a configuration of fixed spherical obstacles, and specu-
larly reflected at the surface of the obstacles).




eGallavotti (1969) derived the Lorentz kinetic equation from a billiard sys-
tem consisting of randomly distributed obstacles (Poisson, possibly over-
lapping) in some limit — the Boltzmann-Grad limit, whose definition is given
below

eSlightly more general, random distributions of scatterers by Spohn (1978)

eAlmost sure convergence by Boldrighini-Bunimovich-Sinai (1983)

e\What about the case of a periodic configuration of obstacles?



The Lorentz gas with Poisson distribution of obstacles

eAssume that the obstacles are disks of radius r in the Euclidian plane R2,
centered at ¢, 2, ... ¢J,... € R2. Henceforth, we denote

{c} = {ct, 02, o cj, ...} = aconfiguration of obstacle centers

eAssume further that {c} is distributed under Poisson’s law with parameter
n, meaning that

Prob({{c} | #(AN{c}) = p}) = e—n|A|(”|p+|)p

eObstacles may overlap: in other words, configurations {c} such that

for some j = k € {1,2,...},onehas |c’ — ¢| < 2r

are not excluded




eBilliard flow (defined a.e.) in the obstacle configuration {c}:

Xt z,v,{c}) =V({t;z,v,{c}),
V(t;,z,v,{c}) =0, whenever |X (¢; z,v, {c}) — ¢| > r for all i

with specular reflection in case of a collision with the :-th obstacle:

X(t+0;z,v,{c}) =X —-0;z,v,{c}) |
X(t; x,v,{c}) —

/’a

V(t+0;z,v,{c}) =R V(t—0;x,v,{c})

where R [w] denotes the reflection w.r.t. the line(Rw)~:

Rlwlv=v—-2(w- -v)w, |w =1




eGiven a probability density f%"g} = EZ}(w,v) on R?2 x S1 (with support
outside the obstacles) define

f(t,:U,’U, {C}) — f:f?cﬁb}(X(_tr L, v, {C})v V(_t; L, U, {C}))

eLet 7 (xz,v,{c}), 2(x,v,{c}),...,7j(z,v,{c}),... be the sequence of
collision times for a particle starting from x in the direction —v at ¢t = O:
7i(z,v,{c}) =

sup{t | #{s € [0,1] | dist(X (—s,z,v, {c}); {c}) = r} = j — 1}
eDenoting o = O and A7, = 1. — 7._1, the 1-particle density f is (a.e.)

f(ta x,v, {C}) =. fzn(aj — tv, U)1t<7'1

| j
+> (CL‘Z ATV (=)=t — 1)V (=7), V(T;r)) lri<t<riiy
j>1 k=1




eRemark: in the case of physically admissible initial data, there should be
no particle whose initial position is inside an obstacle: hence we assumed
that f{i?} = 0 iIn the union of all the disks of radius r centered at the

¢ € {c}.

e\When dealing with bounded initial data, this constraint disappears in the
BG limit, since the volume fraction occupied by the obstacles — O in that
limit.

= henceforth we neglect this difficulty and proceed as if f** were any
bounded probability density on R? x S1



eGoal: average the summation above in the obstacle configuration {c} un-
der the Poisson distribution, and identify a scaling on the obstacle radius r
and the parameter of the Poisson distribution n leading to a nontrivial limit.

einterpretation of the parameter n: the expected number of obstacle cen-
ters in adomain Q C R2is

S pProb({{c} | #(QN{ch) =p}) = 3 pe—”'ﬂ'(”'pil')p = 1|

p=>0 p=>0

so that

n = # obstacles per unit volume




eThe average of the first term in f(t,x, v, {c}) is

Fi e — to,0) (L) = F"(x — to,0)e 2"

since t < 71 means that the tube of width 2 and length ¢ contains O
obstacle centers.




eHenceforth, we seek a scaling limit corresponding to small obstacles, i.e.
r — 0, and a large number of obstacles per unit volume, i.e. n — oc.

e BOLTZMANN-GRAD SCALING IN DIM. 2| In order for the average of the
first term above to have a nontrivial limit

2nr — o > 0

so that
(f™(x — tv,v)Lpery) — f™(x — tv,v)e” 7"

eStrategy: this first term corresponds with an exponential damping effect.

The subsequent terms in the summation should converge to the Duhamel
formula for the Lorentz kinetic equation




Theorem. (Gallavotti 1972) Let £ be a continuous, bounded probability
density on R2x S, and let f-(t, z, v, {c}) = f((X", V") (—t, z,v,{c})),
where (t,z,v) — (X", V") (t,z,v, {c}) is the billiard flow in the system of
disks of radius r centered at the elements of {c¢}. Assuming that the obsta-
cle centers are distributed under the Poisson law of parameter n = o /2r
with o > 0, the expected single particle density

(fr(t, z,v,)) — f(t z,v)in LY(R? x S1) uniformly on compact ¢-sets

where f is the solution of the Lorentz kinetic equation

% +v-Vef+of=o0 /02” f(t, 2, R[B]v) sin 5%

f‘tZO:fm




End of proof: The general term in the summation giving f (¢, x, v, {c}) is

. J
o (wz ATV (—7) = (L = TV (—7)), vr<g-+>> L ct<ris
k=1

and its average under the Poisson distribution on {c} is

, J
/fm (:U — Z ATV (=1 ) — (t — Tj)VT(—Tj_i_), VT(—TJ-))
k=1

J :
e—n|T(t;cl,...,cj)|n dey - dc]

4!
where T'(t; c1, . . ., c;) is the tube of width 2r around the particle trajectory
colliding first with the obstacle centered at ¢4, ..., and whose j-th collision

IS with the obstacle centered at Cj.




e As before, the surface of that tube is

T (t;c1,...,¢cj)| = 2rt + O(r?)

The tube T'(t,¢cq, co)



ein the j-th term, change variables by expressing the positions of the j
encountered obstacles in terms of free flight times and deflection angles:

(017"'7Cj)|_>(7-17'“77_]';617"'75]')

The volume element in the j-th integral is changed into

dey..de; 4 . Bq . B dBq dB; :
T—r S|n7...5|n7 2 "'QdTl"'dT]

eThe measure in the left-hand side is invariant by permutations of cq, . . .

on the right-hand side, we assume that

T <T2<...<Tj

so that the 1 /5! factor disappears.




The substitution (cq1, co) — (11,7, B1, B2)



eThe substitution above is possible only if the particle does not hit twice
the SAME obstacle. Define
Ar(T,z,v) =
| {{c} | dist(X" (¢, z,v, {c}),c¢’) = rforsome 0 < t; < to < T}
g>1
and set

At m v {c}) = fr(t, 2,0, {c}) — £ (¢, 2,0, {c})
fﬁ(t, x,v, {C}) — fr(t, L, v, {C})lAT(T,x,v)({C})

(respectively the Markovian part and the recollision part in f.)




eAfter averaging over the obstacle configuration {c}, the contribution of the
j-thtermin fM is, to leading order in r:

(2nr)je_2m’t /

O<m << <t

k—1
Z ﬁl] v—(t — Tj)R

[=1

inB1. . ginZidby 4P .
/[O,Qw]j_smz...sm2 ooz dTy L dT

‘o)

, J
x f" (ZC—Z ATLR

k=1

-1
> ﬁz] v, R

[=1

elt is dominated by

: . tJ
1f| oo O (o) e 0<0>tj—,

which is the general term of a converging series.




ePassing to the limit as n — +oo0, » — 0 so that 2rn — o, one finds (by
dominated convergence in the series) that

(Mt x,0,{c})) — e T f " (x — tv,v)

t 27 .
toe0t /O /O fin(z — myv — (t — 71)R[B1]v, R[B1]v) sin 291 dry

—|—Zaje_0t/ | sin. sing
- 0<T1;<...<11<t J[0,27]J

, J—1 J
szn< ZATkR Zﬁl]?) (t—T])R Zﬁl v, R Zﬁ]v)
k=1 =1 =1 =1

d d
X%...%dTl...de

which is the Duhamel series giving the solution of the Lorentz kinetic equa-
tion




e\\Ve have proved that

<f7M(t, x,v,-)) — f(t,z,v) uniformly on bounded sets as r — O

where f is the solution of the Lorentz kinetic equation. Since

//R2><Sl f(t,z,v)dxdv = //R2><sl Fi (. v)dzdy

and

//R2><Sl frt,z,v, {c})dxdv = //R2><Sl fm(a?,v)da:dfu

we conclude by Fatou’s lemma that

<f,,i4> — 0in Ll(R2 X Sl) uniformly on bounded t-sets
(FMy — fin LY (R? x S1) uniformly on bounded ¢-sets

This conclude the proof of Gallavotti’s theorem. O




The periodic case: the mean free path

eForr € (0, %), define the billiard table Z, = {x € RP |dist(z, ZP) > r};

2r




eThe free path length starting from x € Z, in the direction v € SP—1 s

m(x,v) = min{t > 0|z + tv € 02}

T, (XV)

« — v

Mean Free Path = ()

where (-) is the average under some appropriate probability measure




Two natural probability measures for the Lorentz gas:

a) the uniform probability measure in Z,/Z" x SP—1

dxdv
|Zr /2P| |SP~1

d/'LT(xa U) —

Invariant under the billiard flow

b) the invariant measure of the billiard map

v -Nyedxdvu

d —
vr(@;v) v-nxd:cdv-meas(l_q_/ZD)

where n, IS the unit inward normal at x € 9~7,- and

L= {(az,v)E&’erSD_1|v-na;>O}




eBilliard flow:

: whenever X (t) ¢ 0Z,

X'r:V'r
V=0

{ X)) =X (t7) = X,:(d) if X(tT) € 82,
Ve(tT) = Rlnx, (n]Vr(t)

with R[n]v = v — 2v-nn denoting the reflection w.r.t. (Rn)+

eBilliard map:

7_]_ S (x,v) — Br(z,v) := (X, Vi) (mr(z,v); z,v) € rf|—

oA first notion of mean free path: if the billiard map B, is ergodic for the
measure vy, then for vy-a.e. (z,v) € I},

1 N—-1 "
im BE(x, =/ d
N—~+oo N kz::O (B (2, 0)) ryzp




SANTALO’S FORMULA FOR THE MEAN FREE PATH (1942)

1— |BD|7“D

by 1= T (z,v)dvr(z,v) = |BD_1|7°D_1

/r:L /7D

In fact, one has the following slightly more general

Lemma. (H.S. Dumas, L. Dumas, F.G. 1996) For f € C1(R ) such that
f(0) = 0, one has

f(mr(z,v))v - ngdrdv = / ' (rr(z,v))dzdv

/r;/zD (Zr/ZP)x8DP-1

The Santalo formula corresponds with f(z) = z in the identity above.




Proof: for each (z,v) € Z, x SP~1 one has

d
(x + tv,v) = 7(x,v) —t, SO that aﬁn(aj + tv,v) = —1

Hence

v-Verr(z,v) = —1, x € Ly, veSP-1
r(x,v) = 0, x €04y, v-ng <O

Since f € C1(R4.) and f(0) = 0, one has

f(rr(z,v)) =0, T €0Zr, v-ng<O0

Integrating both sides of the equality above, and applying Green’s formula
establishes the identity in the lemma. O

{ v-Vef(m(z,0) = —f/(r(z,0)), «€Zr, wveSP1



Boltzmann-Grad limit

Small obstacles: » — 07T; long time scale so that

7£ collisions per unit of time = O(1)

Given f € C.(RP x SP—1), define f. to be

: _ (4 x t T
fr(t7:cav) — fzn (TD 1er <_’I“D_1; TD—l’v> ’VT (_TD—I; TD—].’U>>

where (X, V;-) is the billiard flow in Z, with specular reflection on 07,

Problem: to find an equation governing the L°° weak-* limit points of the
scaled number density f asr — 07.




Final remarks:

a) the proof of Santalo’s thm shows that it holds in greater generality (smooth
obstacles other than circles, trajectories of particles subject to some exter-
nal force field...)

b) assuming no external force field is not as inocuous as it may seem.
For instance, in the case of Poisson distributed holes (so that particles
falling into the holes disappear from the system), the presence of an exter-
nal force may introduce memory effects in the BG limit (Desvillettes-Ricci,
2004)



