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eFormal derivation by N.N. Bogolyubov (1947)— see for instance Landau-
Lifshitz vol. 9, 8§25

eMore recently, there have been rigorous derivations of nonlinear PDESs in
the single particle phase-space from the linear, N-body problem. See for
instance the derivation of the Boltzmann equation for a hard sphere gas by
Lanford (1975) and then lliner-Pulvirenti (1986).

eDerivation of the Schrddinger-Poisson equation from the quantum N-
body problem with Coulomb potential: Bardos-G-Mauser (2000), Erd6s-
Yau (2001)

eWork in collaboration with Riccardo Adami et Sandro Teta (preprint June
2005); space dimension 1, global in time.

eMore recent preprint by L. Erdés and H.-T. Yau (preprint August 2005);
space dimension 3, global in time.



The N-body Schrodinger equation

eUnknown: the N-particle wave function

Wy =Wh(t, Xy) € C, XN:(xl,...,CBN)ERN
2 —
/RN (Wn(t XN)|[7dXy =1

eHamiltonian

N

Hy = —3AN+Un= ). —%332;]- + ). Ulzg—xp)
k=1 1<k<I<N

where the potential U(z) = U(—z) is real-valued, compactly supported
(hence short-range), smooth and nonnegative.



eHence the wave function W 5; satisfies

WOV =HyWVy, Soit
N
VN = ) —%agjwjv + >, Ulzp—z)WVn
k=1 1<k<I<N

eIn the sequel, all particles considered are bosons, meaning that the wave
function W 5; is symmetrical in the variables x;. (Bose statistics):

Wyt xq,...,2n) = \UN(t,xa(l),. .. ,CUU(N)) pourtoutc € Gy .

One easily checks the following: if WN‘t—o IS symmetrical in the z;.s and
W ; solves the N-body Schrédinger equation, then W (¢, -) also is sym-
metrical in the x;s for each ¢t € R.



Scaling

e\We shall be using two different scaling assumptions, as follows:

a) a collective scaling of mean-field type:

1
Uz — 1) 1= NVN(ZEIC — )

so that the interaction potential per particle is

1
5> V(e — @)Wy (Xy)P = 0(1)
kI
b) and an ultra-short range scaling

Vn(z) = NTV(NYz) with0 < v < 1,
and V' nonnegative, even and smooth




e The total energy of the system of particles considered is

N
(HNWNIVN) = > 5102,V 72
k=1
+ Y N VN - a) W (XN PdX
1<k<I<N

We shall be using only wave functions for which
(HyW |V ) = O(N)

Example: an important example of such wave functions is the case of a
tensor product

N
W (XN) = [] v(zy) avecy € H'(R)
k=1



Density matrix, marginals

e The density matrix is the integral operator on L2(R*) whose kernel is

on(t, XN, YN) (= WUn(t, X)W N(E YN)

a standard notation for this operator is pn(t) = |W (¢, ) (W (L, -)];itis
a rank-one orthogonal projection.

eForeach 1 < k < N, defined the k-particle marginal of pn; to be

: N N
okt Xis Vi) 1= [ on(t Xy 21, Vi 20 )2

RN—

where Z,i\g_l .= (2g+1,---,2n). We denote by pn.1(t) the associated
integral operator; it is a nonnegative, trace-class operator with trace equal

to 1.



Theorem. Let0 <V € C*°(R) and ~ € (O,%); assume there exists
M > 0O such that

N

wN‘tZO = kl;[l wzn(xk) , with <(_AN)an‘t=O‘wN‘t=O> S M"™N™

form = 1,...,N. Then, for all ¢ > 0, the sequence of single-particle
marginals

pNil(t7 €L, y) - w(tax)¢(ta y) as N — 00
in Hilbert-Schmidt norm, where v solves

i) + 1024 — a2y =0, with o 1= /RV(a:)da;
w‘tzO =y



BBGKY hierarchy

e\We shall be writing a sequence of equations satisfied by the sequence
of marginals py.;, where 5 = 1,..., N. Start from the von Neumann
equation satisfied by py:

i0ipN = [Hn, pN]

eIn that equation, set xo» = yo> = 2o,...,xny = YNy = zp, and integrate
N zo,...,2zN:

10tpN:1 T+ %(851 - 851)/0]\7:1
= (N = 1) [[U(z1 = 2) = Ulys = Dlpn 2t 21, 2,91, 2)dz

We recall that U(z) = NY~1V(N72) avec 0 < ~ < %



eForj =2,..., N — 1, the analogous equation is

J
Z'(975PN:‘7' + % Z (&%k - ayzk)PN:j

k=1
J
= (N=) Y [ Wik —2) = Ulys = Donja(t Xy, 2, Vi, 2)d
k=1
+ > [Uxp—x) — Uy —y)len-i (¢, X, Yy)

1<k<I<j

eFFor ; = N, this equation is nothing but the von Neumann equation for the
N-body density matrix py;.

eConceptually, it is advantageous to deal with infinite hierarchies of equa-
tions: in the sequel, we set py.; = 0 whenever j > N.



eBy passing to the limit (at the formal level) in the BBGKY hierarchy as
N — oo and for j fixed; remember that

1
U(z) = NVN(Z) and that Vy — ad,—g with a = /V(m)da:

eAssuming that p.; — p; for N — oo, we find that

j
i0tpj + % > (&%k — 3§k)pj
k=1

J
—a Y [Bar = 2) = 8(us — o1t X, 2, Vi, 2)dz
k=1

Unlike in the case of the BBGKY hierarchy, 5 > 1 is unlimited, so that this
new hierarchy has infinitely many equations.



el et ) be a smooth solution of the cubic NLS equation

0 + 3029 = alp|%p

Define then

J -
p](t,X],Yry) = H ¢(ta$k)¢(t7yk)

k=1

We find that

i0ip1 + 5(97 — 82)p1 = alp1(t,z,x) — p1(t,y,9))p1

eMore generally, a straightforward computation shows that

the sequence p; soves the inifinite hierarchy




e This suggests the following strategy, inspired from the derivation by Lan-
ford of the Boltzmann equation from the classical N-body problem:

a) for the N-body Schrodinger equation, pick the initial data
N
wN‘tzo =11 ¢‘t:0(xk);
k=1
b) show that the sequence of marginals py.; — p; as N — oo and for
each fixed j in some suitable sense; next show that p; solves the infinite

hierarchy by passing to the limit in the BBGKY hierarchy;

c) prove that the infinite hierarchy has a unique solution which implies that

J _
pi(t, X5, Y5) = 1] ot zp)v(t, yp)

k=1
where v is the solution of cubic NLS.



An abstract uniqueness argument

eConsider the infinite hierarchy of equations

u;L + Anpun = Ln,n—l—lun—l—l 3 un(O) =0, n>1

where u,, takes its values in a Banach space FE),; here the linear opera-
tor L,, 41 belongs to L(E,, 1, En) while Ay is the generator of a one-
parameter group of isometries Uy, (t) on Ey,.

eDefining vy (t) := Un(—t)un(t), one sees that

/U’;L(t) — Un(_t)Ln,n—I—lUn—I—l(t)Un—l—l(t) 3
un(0) = 0.




Lemma. Assume there exists C' > 0 and R > 0O s.t.

I Lnnt1llo(E, g B0 < Cnand |lun(®) g, < R

foreachn > 1 and each ¢t € [0, T1.
Then u, = 0 on [0,T] for each n > 1.

Proof. Consider the decreasing scale of Banach spaces

B, = { = (w)nz0 € [ Enlllvlr = X rllvnlls, < +oo}

n>1 n>1

and set

F(v) = (Un(_t)Ln,n—I—lUn—I—l(t)vn—l—l)n21-



oA straightforward computation shows that

L Clollr
||F(U)||’P1 <C Z nT?H”nHEn <C Z r_rll ||Un||En < —
n>1 n>1 1

We conclude by applying the abstract variant of the Cauchy-Kowalewski
theorem proved by Nirenberg and Ovsyanikov.

The key idea is to view B, as the analogue of the class of functions with
holomorphic extension to a strip of width . The estimate above is similar
to Cauchy’s inequality bearing on the derivative of a holomorphic function.
Hence F' behaves like a differential operator of order 1.



Interaction estimate

eThe first difficulty is to find Banach spaces E) such that the interaction
term L,, ,,+1 is bounded by O(n).
oSet S := (1 — 0,)1/?; define

En:={pn € LL*(R™))|S1...SnpnS1 ... Sn is Hilbert-Schmidt}

which is a Hilbert space for the norm

lpnllE, == 1151 SnpnS1 ... Snllz2

-1

5 1/2
andYn)

[1Q2 — 8. )Y A1 — 8,,) Y %pn(Xn, Yn)
j=1




Proposition. Let p € E,, 41 and U be a tempered distribution whose
Fourier transform is bounded on R. Let o be the integral operator with
kernel

o (Xn, Yn) = / U(zy — 2)p(Xn, 2, Yo, 2)dz

Then

lollg, < ClUlIL=llpllE,

eln the BBGKY hierarchy, the operator L,, ,,4 1 is the sum of 2n terms
analogous to the one treated in the proposition above. Hence

| Lnntll £z, s 1,80 < CnllV I 1




Sketch of the proof: Do it for the limiting interaction U = ég. Then

o(Xn,Yn) = Pn—l—l(Xna Yn,z1,1)

If p,,4-1 Was the n+ 1st fold tensor product of functions of a single variable,
the inequality that we want to prove reduces to the fact that H1(R) is an
algebra.

The same proof (in Fourier space variables) works for the restriction of
functions of arbitrarily many variables to a subspace of arbitrary codimen-
sion, provided that cross-derivatives of these functions are bounded in L2
— this is different from the trace problem for functions in H1(R™).

This proof extends to the case where U is an arbitrary function in L™



An elementary computation shows that

5(Zn, Hn) = [[ a1 (€1 — b, =5,k — 1 Hy, DY
eSet

n

Mn(Zn) = [[ V1+¢€2

k=1

we seek to estimate

712, =[] Fa(En)2Ma(Hn)?I5 (S0, Ha) 2 5nd5n




eSince

M) < (M —k)+T1(k=0D+T1(1)))

it follows that
3r1€)?| [[ Pusate - k=5,
<|[[ Tt = Wpnsaea - k=5
| [f T1k = DB~ k=5

+ ‘// F1(Dpp+1(61 — k, =5,k —

l }{n,l)dkdl
l }{n’ )dkdl
l }{n’ )dkdl

l }{n7 )dkdl




eBy the Cauchy-Schwarz inequality

- —n dkdl|”
‘// M1(&1 — k)op1(€1 — kK, =5,k — 1, Hn, )5

~ — . r — k)21 (k=021 (1)2dkdl
< C [[ Ibgr(er — b =B,k — 1 Hy, DPTHER T D00

where

o dkdl
¢r= // Fik—0)2r ()2 < %O
e The two other terms are treated in the same manner. Therefore

[ Fr(En)PralHn)?6(Fn, Ho) 2 9509 < ¢ [[ 1, 1(F5)21 (H)?
X / / ot (1K, =8, k—1; Hy, 1)|2 T2E k)21 (n )20 (D% dhdl d=nd i,

472 (2m)2n
with C’ := 3C. We conclude after changing variables:

(&1 —k,E—=011) — (&1,&41) Mn+1)



Growth estimate for  ||pn| £,

Proposition. Let0 <V € C2(R) and v € (0, 1); define
Hy=-3Ax,+ Y. N7YW(NY(zp — )
1<k<I<N
Assume that, for each n > 1 and each N > Ng(n),

N
(HyWRHWR) < MPN™ with W (Xn) = [ " (=) -
k=1
Then, for each My > M, there exists N1 = N1(M7,n) such that

trace(Sy ... SnpN’n(t)Sl ..Sp) < M{L
foreacht > 0 and each N > NVj.



Sketch of the proof: This is a variant of an argument by Erdds et Yau for
the existence of a solution to the infinite hierarchy in space dimension 3.

eThe only estimate involving derivatives that is propagated by the N-body
equation bears on

(HyW N[ W)
In this quantity, the typical term is
2
[I 0z, 0 WN| dXn
1< <jn

In all the other terms, either one derivative bears on V, leading to a lesser
order term, or there is a multiple derivative in one of the s, and there are
less many of such terms.



eSet n and C €]0, 1[; one shows the existence of Ng(C,n) st. for each
N > Ngand each W € D(Hy)

(N 4+ Hy)"W|Ww) > C"N™(W[ST ... S2w)

This result is trivial forn = 0,1 (since V > 0 and W 5 (¢, X ) is symmet-
rical in the x;s).

The general case follows by induction on n: assuming the inequality proved
fork = 0,...,n we prove it for n 4 2.

o\Write

N
Hy+N=Y S+ Y NN (zy — )
k=1 1<k<I<N



eDefine
N
Hypin =Hy+N- Y SE>o.
k=n-+1
eThen
(W|(N + Hy)ST ... SE(N + Hy)W) =

S (W[SEST.. SESE WY 2R(W[SE ST ... SpHq1 NWV)
n<ji1,J2<N n<ji1<N

2
+(W|H g1 NST - SiHp41,N W)
eSince
2
Hyt1,NST - SgHpqp1 N >0

the last term in the r.h.s. is disposed of.



eRecall that W 5; Is symmetrical in the space variables, i.e.

\UN(t,CBO(l),. .. ,ZUJ(N)) = \UN(t,xl,. .. ,a:N) foreach o € Gy,

eHence, denoting by Wy, the multiplication by N7V (N7 (x; — x;)) acting
on L2(RY), one has

(W|(N + Hy)S?...52(N + HN)w>

> (N —n)(N —n—1)(W|ST... 8352 152, W)
+(2n+ 1)(N — n)<w|s452 11WV)

—|—n(n T DIV - n)§R<\U|W1251 - 5252+1W>

N
LA DN =n)(N=n-1)

N

R(W[W1 4255 ...S5S2 1 V)



eBy Sobolev embedding, one has the following obvious inequality

W(zr—y) < ||WHL1(1 — Oxx)

eHence all the terms involving V' are of a lesser order:
OR(W[W1oST ... S252, W) >
—[IV"ll 1 pee (N2V(WIST .. 824 W)
+NT(WISTSE ... Sp V)
and similarly
OR(W|Wy jpy 087 ... S5S7 W) >
—IV' I 2 N(WIST . 7SR 150 40 W)



Growth estimate for initial data

eo\We start from an initial data of the form

VRI(Xn) = ] »"())

j=1
that satisfies
(WRI(—AN)"W) < MPN™.
e\We prove by induction that, if V € C2°(R) and v € (0O, %), one has
(—3AN + UM < C™(N — AN)"

foreachn > 1 and N > Ni(n).



eHence
(WI(—3AN + UN)"WE) < 27710 M N
foreachn > 1 and N > Ni(n).

eTo compare powers of the Hamiltonian with powers of the kinetic energy,
it suffices to show that

Un(N — AN)2"Uy < (C'+ C"(n)NBT=22) (N — A p)2n 2

which is done by induction. One has to be careful only with the case n = 0O
that sets the constant C’ uniformly in n.

eThe above computation where the condition v € (0O, %) comes from.



Passing to the limit

eLet W be the solution of the N-body Schrddinger equation with factor-
ized initial data; let ppr be the density matrix and pp-,, its n-th marginal.

eThe sequence ((pn:n)n>0) N>0 IS bounded in the product space

n>1

(each factor being endowed with the weak-* toplogy)

e¢On the other hand, if (PNj:n)nzo converges to (pn),>0 in that topology,
the limit soves the infinite hierarchy in the sense of distributions. Notice In
particular that

|pn(ta Xn, Yn)| < Ctrace(sl s Snpn(t)sl s S’n)
so that p,, € LfOXn Y,



e The recollision term is estimated as follows
N7 [ VN (@1 = 22)) e, X, Ya)é(t, X, Yo) dXndYndt
—1
S ON'" V] ollen:nllpeogpyllellpr — 0

as N — oo and there are 2n(n — 1) such terms in the n-th equation of
the infinite hierarchy.

eAs for the interaction term, remember that E,, is a Hilbert space, so that
the convergence is weak and not only weak-* in the space variables. Since
the linear interaction operator L,, ,, 41 IS norm-continuous from £, 1 to
En, it is weakly continuous from £,y 1 to Iy,



NB. The convergence to a solution of the infinite hierarchy follows from
a careful analysis involving the conservation of energy. The interaction
operator L,, 41 essentially reduces to taking the restriction of pp:;, 1 10
a (linear) subspace of codimension 2. But

°pN:n41 IS @ trace-class operator, which allows taking the restriction to
Tn+1 = Yn41, With @ H1 estimate that follows from the conservation of
energy;

ethis bound allows in turn taking the further restriction =,y ; = x1 because
H? functions have H1/2 ¢ L2 restrictions to hypersurfaces.

See Adami-Bardos-G.-Teta, Asympt. Anal. (2004).

eAnalogous result in space dimension 3 (preprint by Erdds-Yau, 2004).



