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Consider the motion of a gas of electrons with a background of ions, subject to the
self-consistent electric field and to a constant external magnetic field. As the Debye
length and the Larmor radius vanish at the same rate, the asymptotic current density
is governed by the 2D1/2 incompressible Euler equation. Establishing limit requires to
overcome various difficulties: compactness with respect to the space variable, control
of large velocities, oscillations in the time variable. Yet, for particular initial data, the
simultaneous gyrokinetic and quasineutral approximation is completely justified.

Keywords: Vlasov—Poisson; quasineutral limit; Gyrokinetic approximation; relative en-
tropy method; high frequency filtering.

AMS Subject Classification: 35Q99, 76X05

1. Introduction

The subject matter of this paper is the mathematical modeling of magnetized
plasmas in regimes encountered for instance in tokamaks. In such regimes the
plasma is subject to a strong axial magnetic field, inducing high frequencies in
the number densities of charged species. In view of the need for numerical simula-
tions in this context, establishing envelope equations that average out these high
frequencies as the intensity |B| of the magnetic field tends to infinity is therefore
of considerable importance.

However, the features of the asymptotic regime so obtained strongly depend in
particular upon the ordering of the following parameters?>

e p. = mc?/e|B|, the Larmor radius of the electrons (with mass m and charge —e)
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e p; = Mc?/Ze|B|, the Larmor radius of the ions (with mass M and charge Ze)

e \p = (eomc?/n.e?)'/? the Debye length where n, denotes the average density
of electrons

e [, the macroscopic (observation) length scale.

Here €9 and ¢ denote as usual the dielectric permittivity of the vacuum and the
speed of light.

1.1. Scalings

Near the axis of the tokamak, one can consider that
pg:AD:O, p1<<L

This implies that the plasma is quasineutral and that the density of electrons is
given by the Boltzmann relation, i.e. n.(t,z) = noexp(ed(t,z)) where ¢ is the
electric potential and —e the charge of the electron. The motion of ions is then
obtained by the classical gyrokinetic approximation.

Closer to the “boundary”, typically on a distance of many ion gyroradii, one
can define a domain, called the “presheath”, where

peN)\D<<La LNpl

There, the plasma is still quasineutral, but collisions between neutral and charged
particles must be taken into account. In particular, a precise description of the
motion of electrons is needed.

Still nearer to the “boundary”, i.e. at the length scale of the Debye length, there
is an electric sheath, i.e. a region where

L~Ap~pe, pi>L.

Quasineutrality is not verified there, and the interaction with the boundary
(i.e. absorption by the divertors) rules the evolution.

Our purpose in this paper is to study the trajectory of an electron between
two collisions in the presheath. In particular, one has to understand what becomes
of the gyrokinetic approximation when gradient lengths are of the order of the
Larmor radius. Below, we consider a gas of electrons with a background of ions with
constant macroscopic density n; so as to maintain global neutrality. Collisions are
neglected. Denote by f = f(t, z,v) the number density of light particles (electrons).
As usual, x is the position variable, v the velocity variable, ¢ the time and f is the
number density, which means that in any infinitesimal volume dzdv of the phase
space centered at (x,v), one can find at time ¢ about f(¢,x,v)dzdv particles. A
large magnetic field B is applied to this gas of particles; however we assume in this
paper that the self-consistent magnetic field can be neglected, thereby reducing the
Maxwell equations to their electrostatic approximation, meaning that E is governed
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by the Poisson equation.® These assumptions lead to the following variant of the
Vlasov—Poisson equation:

8tf+v~sz—%<E+%/\B)va:O,

VeAE =0, EOV$~E:—6/ fdv+ Zen; ,
R3

F(O,2,0) = f"(2,v), Ze/ni(x) da:—e//fm(x,v)dxdv ~0.

(We recall at this point that Ze is the charge of the ions.)

In this paper, we consider a very simplified model where the magnetic field B is
supposed to be homogeneous and stationary, i.e. constant. In particular, B = |B|b
where b = (0,0, 1). Define the dimensionless variables

-t . - 7 f
t—f, Jf—z, U—E and f_an

The previous system can be recast in the form

- - L2 -
Vi:ANE =0, VE-E:—<1—/fd17),

D
f(0,2,0) = fin(&,9), // firdido = 1.

In the sequel we denote the dimensionless variables with the same letters as the
original ones. For simplicity, we assume periodicity in the space variable: hence
(z,v) € T? x R® where T? = R3/Z3, equipped with the measure dz identified with
the restriction to [0, 1[* of the Lebesgue measure of R3.

With the ordering of the presheath, we introduce a small parameter

AD Pe
_ 2D _Pe oy,
L 1S

Then, if we denote by V. the electric potential, one eventually arrives at

1
6tfs+v'vmfs_ E(Vm‘/s+v/\b)vvfs =0,
ALV = /fs dv—1, (1.1)

1-(0,z,0) = fi(z,v), // fim(x,v) doedo = 1.

The gyrokinetic approximation has already been studied in many different
regimes.514:18:20,26 T, 3]] cases, it is assumed that the Larmor radius of the particles
is smaller than the Debye length by one order of magnitude, which means that the
electric field induces a weak coupling, and that the guiding-center approximation
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remains valid. In other words, the variations of the electric field along Larmor circles
are assumed to be negligible in all the references above.

By contrast, in the case considered here, the coupling is strong and the collective
oscillations are comparable to the magnetic ones; thus we expect a rather different
asymptotic regime.

1.2. Formal analysis

The existence theory of global weak solutions of the Vlasov—Poisson system is due
to Arsen’ev! and can be adapted to (1.1) without difficulty. Classical computations
lead to the global conservation of mass and energy

// fe(t,z,v) dzdv = // firdede =1,

//fa(t,x,v)|v|2dxdv+/\VwVE‘Q(t,x)dx

= //f;”|v|2dxdv—|—/|VmV€m|2dac: 28m (1.2)
while the maximum principle implies that
0< fe(t,z,v) < |f2|noo(Toxps) ae.on RY x T? x R?. (1.3)

In (1.2) and (1.3), £ and ||fi"||L~ depend on € in a way to be made precise
later. If both sequences are bounded, there exist f € L®(RT x T3 x R3) and
V € L>®(R*, H'(T?)) such that, up to extraction of a subsequence,

fo — f weakly™ in L=(R" x T? x R?)
f-(L+vf*) = f(1+ |v]?) weakly in LR, L}(T? x R?))
V.V. = V.,V weakly in L= (R, L*(T?))
and taking limits in the Poisson equation
t/ﬁMPA/ﬁM:IW%MymLh®QXT%.

The conservation laws of mass and momentum are obtained by integrating the
kinetic equation against 1 and v.

(“)t/fsdv—i—vx-/fsvdvzo,

1 1
8t/fgvdv—|— Vi /fsv®2dv + ngVE/fs dv + g/fsv Abdv = 0.
Using the Poisson equation [ f. dv =1 —¢eA,V, and the identity

1
V.VAV =V, (vmv ®V,V — 5|VQUV\2 Id)
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we can put the previous system in the form

—e0: ALV, + V- /favdv =0, (1.4)
1 1
8t/f€vdv +V, - /fsv‘mdv + gvmvs -V, ((vzvs)®2 — §vzv5|21d>

1
-I-g/fsv/\bdv:(). (1.5)
Let J. = [ fovdv and J = [ fuvdv. Taking limits in (1.4) gives
V- J=0 (1.6)
while (1.5) leads to
VoV =—JAb, 0,V =0. (1.7)
Combining (1.4) and (1.5) and integrating in x3 lead to
—at/szg drs + vz/ (at,]j +V, - /fsqﬁ ® vdv — ViVsAmVE> drs =0,
(1.8)
where ut = u A b= (ug, —u1,0). Taking limits formally in (1.8) leads to
—at/AZdeg + vm/ (atJL +V, - /va ® vdv — vﬁmmv) dxs =0
which, combined with (1.7), gives
20,0,V + V', @V, : /va‘ ®vdvdrs — VIV - VALV =0 (1.9)

(denoting by V', the operator (9, 0x,,0)).
Multiplying then the kinetic equation in (1.1) by e and assuming that
ViVe - Vo fe =V, V -V, f, one has

(v—VEV)L .V, f=0. (1.10)

We multiply this relation successively by v1ve and v? — v3 and integrate by parts,
which leads to

/(v% — vf)fdv = —8951V/U2fd1} — GIQV/Ulde = (8%1‘/)2 - ((9732‘/)2,

1 1
/vlvgfdv = —§8w1V/v1fdv + §8I2V/v2fdv = —0,,V0.,V.

As 05,V = 0, straightforward computations give
VvV, @V, : /va‘ @ vdv = (Oz,2, — Ovgws) /vlvgfdv + 03,04, /(v% —v?) fdv

= (aﬂvzwz - 8901901)(8901 Vawzv) + 89318932 [(8931 V)2 - (aﬂizv)ﬂ
= -V, A,V -VEV.
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Inserting this relation in (1.9), we obtain
WALV + ViV -V, AV =0 (1.11)

which is the vorticity formulation of the incompressible 2D Euler equation. Then
there exists I1 € L>°(R*, L1(T3)) such that

HVEV + (VEV V) VeV + VoI =0. (1.12)

The pressure II is then defined as the Lagrange multiplier associated to the incom-
pressibility constraint V, - V&V = 0.
It remains to obtain the evolution equation for Js. By (1.6) and (1.7),

02y J3 =0. (1.13)

Integrating (1.5) in x3 and taking limits formally gives
O Js + V., - /fvvgdv - A, VO,V =0.
After multiplying (1.10) by vvs and integrating by parts, we obtain

/f’UJ'U?,dU =—-J3V,V,
so that
i Js 4+ V- (JsVEV) =0. (1.14)

The relations (1.12), (1.14) and (1.7) show that J satisfies the incompressible 2D1 /2
Euler equation

T+ (J - V) J + V,II=0,

(1.15)
VmJ:O, am3¢]:0

In order to obtain a rigorous asymptotic result, we must first justify the process
of taking limits in the nonlinear terms. Compactness with regard to the dependence
on the time variable is one of the first difficulties, but we shall see in the sequel
(Secs. 3 and 5) that in most cases oscillations in the time variable can be fully
described. Compactness with regard to the dependence on the space variable is
not obvious since the only control available is the energy bound. In this paper,
for certain classes of initial data, we have been able to use the regularity given
by the limiting system to establish whatever compactness in the space variable was
needed for taking limits in the nonlinear terms. However, there cannot exist a priori
estimates giving this type of regularity unconditionally on solutions of (1.1): this
is close to a similar observation by DiPerna-Lions on the 3D Euler equations and
will be explained in Sec. 6.

The second problem is to take limits in moments of second order in v, which
relies on controlling large velocities. As with the difficulties described above, this
is not a purely technical matter: in fact, similar instabilities are known to exist in
the quasineutral regime and modify the expected limit. Under the present scaling
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assumption, one can expect that the magnetic perturbation should stabilize the
system in the plane orthogonal to b, but double-humped instabilities can appear in
the direction parallel to b. In order to avoid this problem, we consider initial data
with special velocity profiles.

2. Main Results

In order to address separately the issues described above, we begin by studying the
system in some special regimes.

2.1. Near-linear regime

The formal analysis shows that the non-oscillatory part of the system (described
by the current density and the electric potential) should be governed by the 2D1/2
incompressible Euler equation. If the global energy £ is small, the nonlinear terms
become negligible with respect to the linear ones, and the non-oscillatory part stays
constant. This situation allows us to study separately the oscillatory behavior of
the system.

Oscillations are created by the electrical coupling and the Larmor rotation. The
next proposition shows how both effects are combined and generate oscillations
with frequencies of order 1/e.

Proposition 2.1. Let (fi*) be a family of non-negative functions of L*(T3 x R3)
such that

/ firdvder =1 and E™ —0ase—0 (2.1)

(with € defined in (1.2)). For every ¢ > 0, let (f-,Vz) be a solution of the scaled
Vlasov—Poisson system (1.1). Define

vdv, ¢, = ! (—A)Y2V.. (2.2)

. 1

.]E - @ /f& @
Then, the family ((je, <))eso is bounded in L>=(RT, L1(T?) x L?(T?)), and for all
s>3/2,

t o
R <E> (Je, ) — (32", 02") — 0 strongly in C(RJF,H*S(TS)) as e — 0,

where R(t) is the group of isometries generated by the linear operator

R:(j,0) — (Ab+ Viu(—A,) %0, (—A,) Y2V, - j).

2.2. Well-prepared initial data

Next, we establish rigorously the asymptotic equations for the non-oscillatory
part of the system, in the case where no oscillation occurs. Assuming that
the initial data are well-prepared, meaning that the initial density is such
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that ([ fi"vdv, (—A,)Y2Vi") lies in the nullspace of the operator R defined in
Proposition 2.1, we prove that no oscillation appears.

As mentioned in the introduction, we are not able to get a priori compactness
with respect to space variables either on the electric field or on the current density;
and consequently we cannot take limits in the quadratic terms. Then, in order to
establish the asymptotic behavior of the system, we will use a stability property of
the limiting equation. More precisely we will use the concept of dissipative solutions
introduced by Lions?* to prove the convergence of the incompressible 3D Navier—
Stokes equations to the Euler equations, and already used to study the asymptotic
behavior of kinetic equations by Golse,? Brenier® and more recently by Lions and
Masmoudi.?

Definition 2.1. A dissipative solution of the 2D1/2 incompressible Euler equation
(1.15) is a vector field u € L*([0,T], L?(T3)) N C°([0, T],w — L?(T?)) satisfying
V. -u =0 and d,,u = 0 in the sense of distributions, as well as u(0,.) = u*™ and
such that

/|w 2(t, 2) dw < /\w—u| (0, 2) da exp </Ot2||D(w)(T)||oods>
+2/0texp </:2||D(w)(s)||oods) /E(w)(u—w)(T,x)dxdT

(2.3)

for each vector field w € C°([0,T] x T?) such that V, - w = 0 and d,,w = 0, with
D(w) = +(Vyw + (Vyw)T) € L1([0,T], L>(T?)), and E(w) = dyw + (w - V)w €
LY([0, 7], L*(T?)).

Such solutions always exist; they are not weak solutions of (1.15) in conservative
form, but coincide with smooth solutions as long as the latter exist.?4

Proposition 2.2. If there exists a solution v € C([0,T],L*(T3)) of (1.15) on
[0,T] x T? such that D(u) = 3(Vou + (Vyu)t) € LY([0,T], L>(T?)) and E(u) =
Owu+ (u-Vi)u € LY([0,T], L*(T?))), then any dissipative solution of (1.15) is equal
tou on [0,T] x T3,

In other words, proving that the current density associated to the solution of
(1.1) converges to a dissipative solution of (1.15) entails a strong convergence result
in the case where the limiting equation has a smooth solution. The strategy for
obtaining dissipative solutions consists of modulating some conserved quantity of
the initial system (1.1) by test functions and in establishing a stability inequality
similar to (2.3).

A first case is that of well-prepared and almost monokinetic initial data, i.e.

in

" — y—gin ase —0 (2.4)

in a sense to be made precise later, for some divergence-free vector field J such
that d,,J™ = 0. In this case, the quantity which is expected to satisfy a stability



Gyrokinetic and Quasineutral Limit for Viasov—Poisson 669

inequality is the modulated Hamiltonian

1 1
5//f5|v — Jdvdx + 5/ (Vo Ve + J AP da .
One can then prove that, up to extraction of a subsequence,
Jfe = 0v=y ase—0 (2.5)

in some sense, where J is a dissipative solution of (1.15) with initial data J*. More
precisely, the following convergence result holds:

Theorem 2.1. Let T > 0 and (f") be a family of non-negative functions in
LY(T3 x R3) such that there exists J™ € L?(T3) with V, - J" =0 and 0, J" =0
satisfying

// firdvde =1, sup&™ < +o0,

e>0

sup’/ firdv — ‘—>O ase— 0, (2.6)

1 . ) 1 ) )
—//|U—J”’|2f€mdvdw+—/\Vstm—i—Jm/\b|2dx—>0 ase—0.

For every € > 0, let (fo,V:) be a solution of the scaled Viasov-Poisson equation
(1.1). Then, up to extraction of a sequence e, — 0, the current density [ f.,vdv and
the scaled electric field V. V., converge weakly in L'([0,T] x T3) x L2([0,T] x T?)
o (J,—J Ab) where J € C°[0,T),w — L*(T?)) is a dissipative solution of the
incompressible 2D1/2 Euler equation (1.15).

In particular, if the incompressible 2D1/2 Fuler equation (1.15) with initial data
J™ has a strong solution on [0,T] (i.e. when J™ is smooth), the whole family
([ fevdv, V, VL) satisfies in addition the strong convergences

/favdv— </f5dv> J—0 in LY([0,T] x T3)
VoVe — —JAD in L2([0,T] x T3)

2.7)

as € — 0.

This result can be extended to the case of velocity profiles more general than
(2.4) and (2.5) provided that they satisfy some stability condition. Let h be a convex
function defined on R*, such that h'(z) — —oco as  — 0 and h(z)/z — 400 as
x — 400, more precisely

Vp>0, /\h/ 1 ) |rPdr < 40

(Note that this class of functions is not empty since it contains the usual physical
entropy h : x +— xloga — z.) Then it is easy to check that h is an entropy for the
Vlasov—Poisson system, i.e. for each solution f of (1.1) with initial data f",

//h ft,x,v)) dxdv<//hfmxv )) dzdv .
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Define the thermodynamic equilibrium M, ;o € L*(R?) as the minimizer of the
entropy

/h(MmJ,g) dv

:min{/h(f)dv /fdv:n, /fvdv:J, /f|v|2dv= %J2+3n9}.

Elementary techniques of the calculus of variations, coupled with Legendre’s iden-
tity (')~! = (h*)’ for the Legendre dual h* of h and symmetry properties, imply

that
2
) ; (2.8)

where A and v > 0 are the Lagrange multipliers associated to the constraints

J
v— =
n

M, jo(v) = (R*) ()\ —v

depending only on n and . Such profiles are expected to be stable — indeed, as
the entropy decreases, if the initial data is close to a local equilibrium at each point,
the corresponding solution of (1.1) will be of small entropy and thus should remain
close of a local equilibrium at each point. Thus, in the case where the initial data
is well-pepared and has a velocity profile (2.8), the quantity expected to satisfy a
stability inequality is the modulated free energy

// (h(f2) — B(Mys1) — (fe — My, g 1) (My, 1)) dodz + y/ VaVe + J A b2
Actually we will establish that up to extraction of a subsequence,
fe—=Mij1 ase—0
in some sense, where J is a dissipative solution of (1.15). More precisely

Theorem 2.2. Let T > 0 and (fi") be a family of non-negative functions of
LY(T3 x R3) such that there exists J™ € L*(T3) with V- J™ =0 and 9., J™ =0
satisfying

/ firdvdr =1, Sli}g EM < 400,
>4

sup

/fsi"dv—l‘—>0 ase—0,

//(h( ) — (M, gin 1) = (f2" = My gin )W (M gin 1))dvda

+u/\VwX/;i”+Ji”/\b|2dx—>0 ase—0. (2.9)

For each e > 0, let (fe, V) be a solution of the scaled Vlasov—Poisson equation (1.1).
Then, up to extraction of a sequence €, — 0, the current density [ fe, vdv and the
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scaled electric field V. Ve, converge weakly in L*([0,T] x T3) and L*([0,T] x T3)
respectively to J and —J A b where J € C°([0,T],w — L*(T?)) is a dissipative
solution of the 2D1/2 incompressible Euler equation (1.15).

In particular, if the incompressible 2D1/2 Fuler equation (1.15) with initial data
J™ has a strong solution on [0,T] (i.e. when J™ is smooth), the whole family
([ fevdv, Vo VL) satisfy in addition the strong convergences (2.7) as e — 0.

2.3. General initial data

It remains to consider the general case where both the oscillating and the non-
oscillating parts contribute to the limiting model. Following Babin, Mahalov and
Nicolaenko,® we prove that the non-oscillating part (corresponding to the weak
limits of the current density and the electrical field) is generically governed by the
incompressible 2D1/2 Euler equation, while the oscillating part is governed by a
linear system of equations whose coefficients depend on the non-oscillating part.

The crucial point in this asymptotic analysis is to see that the limiting equa-
tions for the non-oscillating part are decoupled — indeed there is no resonance of
the oscillating part in the equation governing the evolution of the non-oscillating
part. Such a result comes from a precise study of the oscillating frequencies and is
established only generically; as the oscillating frequencies depend on the size of the
periodic box, we state a convergence result which holds only for almost all periodic
boxes.3

The second restriction of our result is the regularity of the initial data. As we
need precise estimates on the non-oscillating part to describe the oscillating part,
we will restrict our attention to regular initial data providing strong solutions of
the limiting system.

Finally, for the sake of simplicity, we state and prove our result in the case of
almost monokinetic initial data.

Theorem 2.3. Denote by Qa,.a2,05 = (R/a1Z) x (R/a2Z) x (R/a3Z). There exists
a set A C (Rf)? of Lebesgue measure zero such that for all (ay,asz,a3) € (RF)3\ A,
the asymptotic behavior of the current density and electric field on Q4 as,a5 can be
completely described.

Let (J™, &™) be a function of C"(Qay as,as) With 7 > 13/2 and (a1, a2,a3) €
(R})3\ A. Denote by J the (unique) smooth solution of the incompressible 2D1/2
Euler equation (1.15) on R" X Qq, 45,05 with initial data

1 . 1 ) )
<§v;(—A;)—1/2 / (@7 A b)'drs + 5P’ / (J"Y das / J;,"dx3>

with the notations V) = (0p,,0.,), AL, = 02 . and P’ for the 2D Leray
projection. Let (fi) be a family of non-negative functions of LY(Qay 45,05 X R?)

such that

+ 03

T2T2

/ firdvde =1, SL>118 EM < +oo,
g
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sup’/f;"dv—l‘eo as € — 0,

%// ’v - Ji"|2f§"dvdx

1 ) .2
+5 / ‘vzvgn — Vo(—=AL) V20" dr — 0 ase—0. (2.10)

For each € > 0, let (fe, V) be a solution of the scaled Vlasov—Poisson equation (1.1)
with initial data fi". Then, the whole family ([ fevdv,V,V.)e converges weakly to
(J,—J AD) in HX(RY, LY x L2(Qay a9.05))-

More precisely, defining the group of isometries s +— R(s) = e*F as in
Proposition 2.1, the family R(t/e)([ fevdv, (—A,)Y?V.) converges strongly in
L (RT, W32 % L2(Qay.an.as)) to a function 0 = U + Woo. where ¥ =

loc

(J, —(=A,)"Y2N, - (J Ab)) is the projection of ¥ on the kernel of R, and where
U 5 governed by a linear system of equations whose coefficients depend on .J.

A natural question is then to determine the asymptotic behavior of the system
when (a1, as, asz) belongs to A. In the framework of 2D rotating fluids (which corre-
sponds to the scaling of the 2D gyrokinetic approximation with fixed Debye length),
recent improvements of Schochet’s trick® show that the weak convergence actually
holds for all (a1,az,a3) € (R%)?. The method consists of a precise characterization
of the resonant frequencies. It is not easy to extend this result to our case because
the singular perturbation is given by a pseudo-differential operator of order 0 that
is much more complicated than a rotation.

Extending the weak convergence result stated in Theorem 2.3 to all periodic
boxes and to all stable velocity profiles would achieve partially the program of
deriving mathematically the gyrokinetic limit in quasineutral regime. The remaining
open questions are two well-known mathematical problems, i.e. the global existence
of weak solutions for the 2D1/2 incompressible Euler equation (1.15) and the control
of instabilities generated by electrical interactions in the quasineutral regime.

3. Near-Linear Regime: Study of the Fast Time Oscillations

We start with a precise description of the oscillatory behavior of the system. The
framework of this study is given in Proposition 2.1: there is no particular assump-
tion on the initial data, on the velocity profile, and on the associated macroscopic
quantities. We just assume that the initial energy is very small, so that the evolution
is governed essentially by the linear part of the system.

Proof of Proposition 2.1. The first step consists of establishing the a priori
bounds on the families (jc)eso and (¢:)e>o defined by (2.2). From (1.2) we
deduce that

IV Vell 22 oy < 2627,
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2
H/fsvdv < (/ f- dacdv) (/ fsv|2dacdv> <28im,
L1(T?)

By the definition of j. and ¢. and since (—A,)~'/2V, is a bounded operator on L2,
lellr(rs)y < V2, |p<l L2 (Ts) < V2. (3.1)

Next we derive the equations governing the evolution of j. and ¢.. Rewriting
(1.4) and (1.5) in terms of j. and ¢. leads to
€0spe + (_Aw)il/zva: <Je =0,
o1 e, 1. (3-2)
at]a + gva:(_Aa:) / ¢e + g]a ANb= S57

where S is defined by

1 1 1
Se=Ve | ——=— 20y + —— | V, V. @ V, V2 — =|V, V| 1d
= (o [ g (o
and therefore satisfies
|Sell oo (et -1 (T3)) < e/ Ein. (3.3)

Equipped with these preliminary results, we can now describe the asymptotic
behavior of j. and ¢. as € — 0. Define the operator

R:(j,d) — (Va(=Ay) 20+ 5 Ab, (~A) V2V, - 5)

and recast (3.2) in the form

0jes62) + (e, 62) = (5:,0). (3.4

As R is a bounded skew-adjoint operator on L?(T?), it generates a unitary group
on L?(T3) denoted R. In particular,

ok (~1) (o) + LA (~2) G 6) = 0,0), 5)

Then, in order to establish that (j-,¢.) and R(—%)(ji", ¢i") are asymptotically
close to one another as e — 0, we need a stability result in L?(T?3). Define A =

(=A,)~'/2. By Sobolev embedding and (3.3)

|AP/2S, || Lot L2(T3)) < CV/EM.

Assumption (2.1) implies then that (A®/2S.) converges strongly to 0 in
L>®(R*, L?(T3)) as € — 0. Using (3.4) and (3.5) with the commutation properties
O¢A = AO; and RA = AR gives

8572 (004 LR ) A% (o) = R (~2) G0 ) = (4°5.,0)
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from which we deduce that

oo R (-2) )

2 2

<[4 (Gevoa - (-2) o)

H-5/2 L2(73)

t
< [ 1A, s s
0
converges to 0 in C(R*). By (3.1) and Sobolev embeddings, as R is unitary on
L*(T?),

oo R (=2) G <20, 6 -srsceny < 2V2.

H—S/Z(TS)

A standard interpolation argument concludes the proof. |

4. Well-Prepared Initial Data: Convergence of the
Non-Oscillating Part

The previous result shows that the linear part of the system does not create oscil-
lations as long as the current density J. = [ fovdv and ®. defined in terms of the
electric potential by ®, = (—A,)Y2V. satisfy

Ve Je=0, Vio(=A,) V20, . 4+J.AD=0, (4.1)

i.e. as long as (J., ®.) belongs to the kernel of R.

In order to study the asymptotic behavior of the non-oscillating part of the
system, we begin by eliminating the oscillations. We assume that the initial data
are well-prepared, meaning that they satisfy both conditions (4.1). For such initial
data, we see that no oscillation occurs, which implies that the conditions (4.1) are
in some sense stable. The corresponding solutions of (1.1) as well as their time
derivatives are uniformly bounded, and one can prove the desired convergence by
using the stability of the limiting system (1.15).

4.1. A preliminary computation

Before prooving Theorems 2.1 and 2.2, we restate the fundamental stability result
for the Vlasov—Poisson system (1.1), which is on the modulated Hamiltonian.

Lemma 4.1. For each scalar field ® € C°°([0,T] x T3) and each vector field
J € C>=([0,T] x T3), the following identity holds:

d (1

_ 1
- <§/ lv — J2fe(t, z,v) dvdx + 3 / Vo Ve = V(= A4) 7202 (L, 2) da:)

—— | D(J): (/(v — D2 fodv — (V, Ve — vz(—Am)‘”?@)@Z) (t,7) dx

1 _
—3 /(VxJ)\VwVE — Vo (=A,) V202 (t, x) da
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(a7 wars TAb W‘Az)_w‘p) [ Dot et

3 9

- /(atvz(—Az)—l/Z‘@ — J(=A)Y?® — g) (Ve Ve = V(= AL) Y20 (t, ) da

(4.2)

where D(J) = 3(VoJ + (VJ)T).

Proof. Because of the global energy conservation (1.2),

% (% // lv — J|? fo dvdx + %/‘Vz‘/s — Vm(—Am)_l/Q‘I’de)
(] G- s
As f. is a solution of the scaled Vlasov equation, integrating by parts gives

d 1 712 1 —1
(= — J2f. + = | |VeVe = Vi (—A,) V202

1 1 1 - -
25/ fs(&—I—UVz—szVE-VU—EU/\I%VU)(JZ—QU-J)dvdx
+ /(vz(—Am)—l/% — Vi Vo) - 01V (—A,) T2 Bda

+ /(—Am)*l/% AL Ve da .

Using the local conservation of mass (1.4) gives

d (1 =10 1 1
J }sd dx ;mts Vi Am /2@2d$
dt <2//U ‘ Y 2/| ( ) ‘ )

z/ f-(J =) (8t+UVz)jdvda:+§/ f-(Vu Ve +v A D) - Jdvdz

+ /(Vz(—Az)*l/ch — Vo V2) - iV (—A) V2 ®dx

+1/(—Aw)*1/2<1>vx./fsvdvdx.

g

Decomposing v = J + v — .J leads to
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dt( //|U—J| fe dvda + = /\vv Vo(—A)~ 1/2<I>|2dx>
= / fe(J—v)- (atJJr (J - V) J + %j/\ b+ évgc(—Ax)—l/Q@) dvdzx
//D fe(v — )2 dvdx + - / [V, Ve - Jdvdx

+ /(Vx(—Ax)‘m@ — Vo Vo) - 0,V (—A) "2 dda

1 _
- g//J-vm(—Am)*l/?cbazvdx.

By the Poisson equation [ fodv =1—eA, VL,

a1 _ g 1 LU (LA 122
. (2//v Ji fadvdx—i—z/Wg;VE Vo(=A,) V202 do

_ / £(T =) (atu (T V)T + éj/\ bt évw(—Ax)ch) dvda

//D : fe(v — J)®2dvdx

11— _
+ / (Va(=2y) 20—V, V) - (@%(—Ag‘”%dx - I+ Jvaa) :

Decomposing V,V. = Vx(—Agj)*l/z(I) + V. V. — Vx(—Agj)*l/z(I) and using the
identity V, VA,V =V, (VLV &V, V — %\VIVP Id) eventually leads to

i l 712 l —1/2 52
y (2 //|v 7] fsdvda:+2/\VzVs Vo (—A,) 202 dg

— [[ 570 (074 (7 W7+ LA+ 80 ) dvd

€
//D : fe(v — J)®2dvdx

+/(Vw(—Ax)‘1/2<I> —V,V.)- (8tv$(—Aw)‘1/2<I>dx —

m | =

- J(—Ax)mcb)
+/D(J) : ((Vw(—Ax)‘l/ch — VW, V.)®? — %\Vw(—Aw)‘l/% - vxv;|21d> dx
Remarking that tr(D(.J)) = V, - J completes the proof. m|

Lemma 4.1 gives a stability equality very similar to the inequality (2.3) that
defines the notion of dissipative solution for the 2D1/2 incompressible Euler
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equation. Indeed, with the acceleration term denoted

- IAb V(—A)TV20
EE(J,¢):<8tJ+J-VwJ+J€ 1 Ya(tha) :

€

OV (—A0)"120 — J(—AL) 2 — g)

we deduce from (4.2) that

% <%/ v — j|2f5(t,x,v) dvdx + %/|VQCVE — Vz(—Az)*l/hI)‘?(t,x) da:)
<D (//w ~ TPL (b @, v)dvdz + /\vzvs LV (—A) 2B 2(1, 7) da:)

— [0 ([ Dtede, (9.0~ V-8270)) t0)

The acceleration operator E.(J,®) so defined involves a linear part of order 1/e
(which is exactly the oscillation operator studied in the previous section), and
nonlinear terms of order 1. If we assume that (J, ®) satisfies the conditions (4.1),
only the non-oscillating part remains.

Corollary 4.1. For each scalar field ® € C*([0,T] x T?) and each vector field
J € C>([0,T] x T?) satisfying (4.1), the following identity holds:

7 < // v — J|2fo(t, z,v) dvdx + = /\V Ve — Vo ( )_1/2<I>|2(t,ac)da:>

_ /D(J) : (/(v ~ N2 fodv — (Ve Ve — Vz(—Az)—l/Q(I))(X)?) (t, ) de
- / (8tf+(fvx)J)/(v— IV f-=(t, x,v) dvda

- /(&Vm(—Am)‘l/Q@ LT A) 2B (VVe — V(- AL)~M2) (L, 7) da,
(4.3)
where D(J) denotes the symmetrized gradient of J.

Notice that requiring that (J,®) satisfies conditions (4.1) is equivalent to
assuming that

Ve -J=0, 0,J=0. (4.4)
Then ® is uniquely defined by V,(—A,) " '/2® = —J A b. It is easily seen that
Ve (—AL) V28 — J(=A)V2® = -8, Nb— JV, - (J AD)
=0y J ANb— J(Op, Jo — Opy 1) .
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Compute each component of the second term using (4.4)

JE+ J3
2

J2 + J2

J1(0py J2 — OpyJ1) = J100, Jo + J20py Jo — Oy,

j2(am1 Jo — amgjl) = —j18m1j1 - j28x2j1 + Ox,

We deduce that

—1/2 = 1/2 7 7 Ji+J3
V(=020 = J(= 0,20 = — (00T + (T V) = VS22 ) A

— J3bV,, - (j/\ b).
Then (4.3) can be rewritten in terms of J.

Corollary 4.2. For each vector field J € C*([0,T] x T?) satisfying (4.4), the
following identity holds:

%(%/ |U—J2fa(t,x,v)dvd;v+%/Vst—i-J/\b|2(t,x)dx)
— _/D(J) : </(v—J)®2f5dv— (VwVE—i-J/\b)‘m) (t,z) dx
—/E(J)~(/(U—J)fgdv—i—(VwVE—i-J/\b)/\b)(t,x)dm

+ /jgvz (JAD)Oy, Ve(t, x) dx, (4.5)

where D(J) = (Vo + (Vo J)T) and E(J) = 0,J + (J - V) J.

4.2. Conwvergence proof in the case of monokinetic profiles
In the case of monokinetic profiles, the assumption (2.6) on the initial data implies
that there exists J € L?(T?) with V, - J™ = 0 and 0,,J" = 0 satisfying

1 ) ) 1 ) )

5 // lv — J" 2 firdvde + 3 / IV VI 4+ T AbPde — 0 ase—0.
Then, because of (4.5), we expect that

1 1
5/ \U—J|2f€(t,x,v)dvdaz+5/\VzVs+J/\b|2(t,x)da:—»O ase — 0,

where J is the solution of the 2D1/2 incompressible Euler equation (1.15) with
initial data J™. Indeed for such a vector field, conditions (4.4) are satisfied and
E(J) = —-V,IL

Nevertheless, since (1.15) does not have a unique strong solution for general
initial data J* € L?(T3) with V, - J™ = 0 and 9,,J™ = 0, we can establish only
a weak form of this convergence result.
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Proof of Theorem 2.1. From the global conservations (1.2) and the bounds on
the initial conditions (2.6), we infer the existence of f € L>(RT, M (T3 x R3))
and V € L®°(R*, H*(T?)) such that, up to extraction of a subsequence,

fo(L+[v]?) = f(1+ [v]?)  weakly-* in L>=(RT, M(T? x R?))
and
V.V = V.V weakly-* in L>°(R", L*(T?)).

Taking limits in the Poisson equation leads to | fdv = 1, while the local conserva-
tions (1.4) and (1.5) give, in the limit as ¢ — 0

Ve ~/fvdv =0 and V,V = —/fvdv/\b (4.6)

in the sense of distributions.
Let J € C°([0,T] x T?) be any vector field satisfying (4.4). From (4.5) we
deduce the Gronwall type inequality

%/ |v—j|2f5(t,x7v)dvdx+%/Wx\/;—kj/\ b2(t, z) dx

t
< [ eI lumca) ds
0
—/t/E(J)- (/(U—J)fsdv—i—(VxVE—kJ/\b)/\b) (r, x)dx
0

x / exp(|D(J)(s)]| L~z dsdr

t

+/0 /jng-(j/\ b)ag;BVE(ﬂx)dx/T exp(||D(J) ()| Lo (2)) dsdr,  (4.7)

where J™ is the initial value of J.
Denote by n. = [ f-dv, J. = [ fevdv and J = [ fvdv. By the Cauchy-Schwarz
inequality and the positivity of f.,

e =nJP? _ ([ felv—T) )’
Ne - [ fedv

g/fs\v—j\de.
Then, by (4.7),

_ 712 _
l/(JE nedl +IVsz+JAb|2> (t,) dx

2 Ne
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< (% // v — J™ P findvda + %/Ww;m + T A bIde>
t —
v / exp(| D) (s)l| e e ds

_ /t/E(J) (e = ned) + (VVe + T AD) Ab)(r,2) de
0

x / exp(| D) (s)l| =z, dsdr

t

—I—/O /jgvz-(j/\b)amvs(ﬁx)dx/ exp(||D(J) || poe (ray) dsdr . (4.8)

T

As the functional (n,J) — [n7!|J — nJ|?dz is convex and lsc. (lower
semi-continuous) with respect to the weak convergence of measures, the conver-

gences n. — 1 and J. — J in the sense of measures imply that J belongs to
L>([0,T), L*(T?)) and that

_ T2
/\J—J|2dx§nm151f/de.
E—

Ne

In order to take limits in (4.8), it remains to study the term coming from the initial
data.

1 . . 1 . .
5//\ ‘/U _ Jm|2f;"d’l)dx+ 5/‘Vw‘/;n +Jln /\b|2 d.’IJ
1 in|2 pin 1 in in 2
=3 v — J"|° fL dvda:—|—§ |V V2™ + T A bl da
1 in 7in |2 £in 1 in 7in 2
+5 |J*™ — T2 fL dvdx—|—§ |(J™ = J"™) A b dx
+ //(Jm — ™Y (0 — J) £ duda
- /(Ji” Ab— J™AD) - (V. VI™ + T Ab)da .
The assumption on the initial data (2.6) imply that
1 . . 1 . .
5//‘7)— J1n|2fal” dvdx + 5/‘Vw‘/;n+<]ln/\b|2 dx

1 . _ 1 ) _
—>§/|J”‘—J”‘|2dac+5/\(J’"—J’”)/\b|2dx ase— 0.

Taking limits in (4.8) and using the relations (4.6) leads to

1

- / (17— T2+ |VV + T AP (t2) do
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< | |gm = Jim? dw/ exp(|[D(J)(5)|| Lo (13)) ds
0
t — — —
- / /E(J) (T = T) + (VV + T Ab)AD) (1,2) da
0

< [ eplIDIN o=y dsdr. (49

Extending (4.9) by a density argument to all vector fields J € C([0,T], L*(T?))
satisfying V,J = 0, 0,,J = 0, D(J) € LY([0,7],L>(T3)), E(J) € L([0,T),
L?(T3)) shows that J is a dissipative solution of the 2D1/2 incompressible Euler
equation (1.15). |

4.3. Convergence proof in the case of local
thermodynamic equilibria

In the case of velocity profiles defined as minimizers of an entropy with given
temperature, the modulated Hamiltonian expected to converge to 0 must be
replaced by the modulated free energy

/ / (h(f2) — h(My10) — (fo — My g 1) (M 1)) doda

+u/|VxVE+J/\b|2dx—>0 ase— 0,

where J is the solution of (1.15) with appropriate initial data and v > 0 is the
Lagrange multiplier defined by the relation (2.8)

Mo (v) = (B*)' (A = v]of*)
and the constraints

/M]_,O’]_(’U) d'U = ].7 /"U'QMLO’]_(’U) d’[} — 3 .

Note that this implies the convergence of the current density [ f.vdv by the
following inequality:

Lemma 4.2. For each non-negative function f with finite relative entropy

[ fw— D)o _1

T < [0 = B0 1) = (= Mg W (M 50 o

Proof. Let My be the minimizer of

[ raran
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with the same moments as f

/Mfdv:/fdv:n, /vadv:/fvdv:J, and
/Mf dv—/f 2

dv = 3nb.
By definition
/ (h(My) — h(My 1) — (M — My B (M ;.,)) do

[y ——
n

U——
n

< / (h(f) — h(M, 3.0) — (f — My g )W (M, 7)) do. (4.10)

)

which implies in particular that [ h(My)dv depends on n and 6 only. Thus

We deduce from (2.8) that

J
v— =
n

My =hn"" ()\(m 0) —v(n,0)

/ (h(My) — h(My; 1) — (My — My ) (My ;1)) do

J ) = B0 )+ o = T = MMy = My g ) o

2

L g 4 Hn,0) (4.11)

n

=rvn

where H is non-negative. Combining (4.10) and (4.11) gives the expected
inequality. O

As above, we establish the convergence result on the free-energy in the weak

sense only because a unique strong solution for general initial data does not exist
for the limiting equation. The key to the proof is the identity

d _
i ([fints = 10t 50 = (= Mg W01 ) v v [0 4 T A b

dt(// — M 54)( )\+u|v—J|)dvdx+u/|VV+J/\b|2dx>

—v e (//f5|v—J|2dvdx+/|V V. +J/\b|2dx>

Thus, by Corollary 4.2, for each vector field J € C*([0,T] x T?) satisfying
conditions (4.4)
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([ =100 5.0 = (= My g W 01 ) s v 504 T 820
= —2V/D(j) : </(v — N fodv— (Ve Ve + T A b)®2) (t,z)dz
—2V/E(j)- (/(v— ) fedv+ (V, Ve +J/\b)/\b> (t,x) dx
+ 2u/ T3V - (J AD) Oy, Ve(t, x) da . (4.12)
The main difficulty consists of estimating the flux term

_2V/D(J) : (/(v — D)2 dv— (VuVe + T A b)®2> (t,2) da

in terms of the modulated free energy, in order to conclude by a Gronwall type
inequality as before.

Proposition 4.3. Let T > 0 and (fi") be a family of non-negative functions of
LY(T? x R3) such that

// firdvde =1, sup&™ < +oo.

e>0

For each € > 0, let (f-,V:) be a solution of the scaled Vlasov—Poisson equation
(1.1). Then, there exists a non-negative constant C such that for each divergence-
free vector field J € C*°([0,T] x T3) and all t € [0,T),

J)®2 f. dvdxdt‘

< C/ | D(J ||L°°(T3 / h(fe) — M1,J,1) —(fe — Ml,j,l)hl(Ml,j,l))dvdxds

+C/ ID(J HLoo(T3 /|Vx‘/;+jAb|2dxd8+ns(t), (4.13)

where n. converges to 0 in L>°([0,T]) as € — 0.

Proposition 4.3 is based on the identity

//D J)®2f. dedv = //(&Cljg + OpyJ1)(v1 — J1)(ve — Jo) fo dadv

+ / Dus T (01 — T2 — (03 — Jo)2) . dudv
(4.14)
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which holds because .J is divergence-free. Then, as (V, V. +v A b) -V, f. = O(¢) in
some appropriate sense, we expect that

//D(J) (v — J)E2F. dadv ~ — /(amj2 b 0, T (Ve — T (ONVe + o) da

+ / Ouy T1[(B2Vi — 1) — (O1Vi + J)? da

In order to establish such a claim, we have to integrate by parts both terms on the
right-hand side of (4.14), after truncating large values of the density.

Lemma 4.3. There exists a function g € C*(RT) with

J (oo

such that the inequality

_ 4
J)A+|v— J‘Q)lf(v)ZQg(%\v—jF) < ;(h(f) - h(Ml,j,l) —(f- Ml,j,l)h/(Ml,j,l))

holds for each J and for each function f for which the right hand side is defined.

Proof. Define the convex function H by

1
H(z) = M, 5, (h(My 51 (L+ ) — h(M; 5,) — le,j,lhl(Ml,j,l)) .
A direct computation shows that
* 1 *
H*(y) = M, o, (h*(y + h/(Ml,J,l)) +h(M;y 51)— My j1(y+ h/(Ml,j,l))) )

then, by Young’s inequality,

_ - M, 5 _
2 = Mg+ — TP < My (7 (520 ) i (10— 7))

+h*(A+— - —|v—J|2) T h(My5)
+M17J,1(gv —J2 - % - A). (4.15)

Define then g by
g(r) = %(h* ()\ + % — 1/7') + h(h’_l(x\ —2ur)) + h'_l(/\ —2ur)(2ur — A))
(4.16)

Then (4.15) can be recast as

(W) = B0 g0) = (F = My g W 0 50) 4. 5lo = T2)

RN

fFA+ o= JP) <
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from which we deduce that

FO)A+ 0 =TV L) 509020 ap2) < %(h(f) —h(My j1) = (f =M, ;)b (M, 5,))

Moreover, the assumptions made on h guarantee that g defined by (4.16) verifies
the expected regularity and integrability conditions. Indeed

Y S B "
g(r)—yh </\—|—2 m") uh (A —2vr) 2/(h) </\+2 V8>d3’

T—00
o0

g'(r)=—-2(n")"" ()\ + 2 ur> AT A = 20r) ~ —2(h)7Y <)\ + % - W)

2 r—00

and these, together with the assumption that
Vp>0, /|h'_1(—r2))|7‘pd7‘<—|—oo,
leads to the expected bound. O

Equipped with this preliminary result, we can now prove Proposition 4.3.

Proof of Proposition 4.3. Introduce a smooth truncation v € C*(R™,[0,1])

such that
1 on[0,2],
vy =
0 on[3,+o00].

Denote by f. a solution of (1.1) and by f. = faw(%) where g and all its derivatives
are always taken at point |v — J|?/2. Then,

~ ~ ~ 2 — _
e0ife +ev-Vpfe — (VuVe+vAb)-Vyfe = §—27/<%>g’(vm%+J/\b)-(v—J)

+ f—gv’(%>g’(68ﬂ+ ev-ViJ)(v—J).

92
(4.17)

Integrating (4.17) against (vy — Ji)(va — J2) leads to

/fg [(Uz — jg)((‘?le +112) + (’Ul - jl)(agvs - Ul)] dv
= —Eat/fg(qu — j1)(’l)2 — jz) dv — {-,‘Vg; . /fa(vl — jl)(’l)g — jg)vdv
—E/fg(atj1(’l)2 — jz) + 8tj2(v1 — jl)) dv

—E/fa(v VeJ1(ve — Jo) +v - Vpda(vy — J1)) dv
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+€/f ( ) (9tJ+U V J) ( j)(Ul—jl)(UQ—jg)d’U

/ff / (f) (VVe £ T AB)(w — T) (w1 — Jo)(vs — Jo) do,
while integrating against (v; — J1)? — (v — J2)? gives

2/f5[(v1 — J1)(01 Ve + v2) — (v2 — J2)(B2Vi — v1)] dv
_ —aat/fs[(vl C ) = (vs— o) dv — £V, - /fs[(v1 — )2 = (vs — Ja)?] wdo
- 2€/f5(6tj1(v1 C ) - Ba(vs — o)) do
— 2€/f5(v SN Ji(v1 — 1) — v - Vi da(va — Jo)) dv
+5/f ( > (OrT + vV J) - (v —J)[(v1 — J1)? = (vg — Jo)?| dv
[ (L) g v Ta0) - = Dl - )7~ (2= R,

Decomposing fe = fz + f-(1 = y(£)) leads to
JEACEEAE AT
=[5 (1=2(£)) 02 = 22 - 0= Pl
+ [ 50 (£) - -0V = )~ (01 = TV - T
ol
- [ (1 - (%)) v — )2 — (01 — J0)?) do

+ / Jol(vs — ) (—0 Ve — Jo) — (v1 — Ji) (Vi — J1)] dv

Vg — JQ 112 + 81‘/5) - (Ul - jl)(vl - (92‘/5)] dv

—68t/f5(v1 — jl)(vg — jg)d’U — aVz/fs(vl — jl)(vg — jQ)UdU

- a/ﬂ(atjl(vz D)+ 0oy — 1)) dv
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—E/fs(v Vi1 (ve — J2) +v - Veda(v — J1)) dv
+ f52 SE / 7 7 7 7 7
€ 9—2’7 ? g(atJ—i-v-VwJ)-(v—J)(vl—Jl)(vg—Jg)dv

/fa ( ) (VaVe+ JAb) - (v—=J)(vi — Ji)(v2 = Jo) dv

=1+ 1o+ 03+ VpIy + I5s + I (4.18)

and

4/f5(v1 ) — T du
:4/ﬁ<1—y(%>)@y—th—Jgdv
+2 [l = )@V + o) + (02 = )@V = )] do
- E@t/fa[(vl ST = (v — )] do — ng/fa[(vl ST = (g — J)?] vy
_ 25/f5(8tj1(v1 C T = 0 Ta(vs — o)) do
_ 25/f5(v Ty (01— 1) — v Vs (vs — o)) dv
e f (J;) 0T+ 0Vad) - (0 — D01 — 1) — (vn — Jo)?| do

2
- / J;_v (%)g'(vwva +TA) - (v = D)(vr — )2 — (2 — Jo)?] dv

=0+ +0 L+ VI + I+ I (4.19)

It remains to estimate each term on the right-hand sides of (4.18) and (4.19). B
Lemma 4.3,

L +|0)<C / (h(f2) — WM, 5.1) — (o — My g WM,y 7))o, (4.20)

By the Cauchy-Schwarz inequality, as [ fodv < 2 [ gdv < C,

2 |ffa )dv|2
2 .
|| + |15 < OV, Ve + JAbP?+C
1+fﬁ@

Decomposing f- = fo + f-(1 — v(k)) leads to
| [ felv — J) dv]? \ffs (v —J)dv|? N \ffs(v—j)dv|2ffs(1—’y(%))dv
1+ [fedvo  — 1+ [fedv (1+ [ fedv)(1 + [ f-dv)
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|ffs v—J dU|2 ‘ffs 1_ ))|U—j‘d1}|2
- L+ [ fedv 2 1—|—ffsdv

2
+4|/gv—Jdv /f5<1—'y<%)>dv
2
<Lt e [1(1=o(5) st

()

_‘ﬂﬂm—MMmﬂ—%—MmﬂﬂMmﬂMw

+4’/gv—Jdv
By Lemmas 4.3 and 4.2

|ffs v—J dv|2
1—|—ffgdv

Thus,
OM+%DSQﬂMM—MMuﬂ—%—MuﬂWMuﬂWU

+C |V, Ve + J A D). (4.21)

In the same way,

kHﬂé<ﬂ%%+JAW+C‘g%(%>dw—ﬂ%v

(-
oo (5) w8 ([ -0

SC/%%%WMAm%%ﬁ—MuﬂWMuﬂMv

by Lemma 4.3. Then,

OM+%DSQﬂMM—MMmﬂ—%—MmﬂWMmﬂMv

with
2

+C |V, Ve + J A D2 (4.22)

From the trivial bound fa < 2g combined with the estimates on g stated in
Lemma 4.3, we deduce that I3, I}, I, I}, I5 and I} converge to 0 in L>([0, T x T3).
Then, as J € C*([0,T] x T?),

/(8g;1j2 + Oy J1) 1L dxds — 0 in L°°([0,T7),
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/(8$1j1)15 dzds — 0 in L*([0,T]), (4.23)
/(8g;1j2 + Oy J1)Ve Iy dz — 0 in L*°([0,T))

/((‘azljl)vm[4 dz — 0 in L*([0,T)) (4.24)
and

t
/ /(8g;1j2 + Oy J1)O I} dxds — 0 in L=([0,T]),
0

¢
/ /(8w1j1)8t13 dzds — 0 in L*([0,T7]). (4.25)
0
Combining estimates (4.20)—(4.25) with identities (4.14), (4.18) and (4.19) gives
the expected bound (4.13) on the flux term. O

Combining (4.12) with the estimates in Lemma 4.2 and in Proposition 4.3 gives
the expected convergence.

Proof of Theorem 2.2. The global conservations (1.2) and the bounds on the
initial conditions (2.9) imply the existence of f € L>®°(R*, L* N L>°(T? x R3)) and
of V€ L>*(R*, HY(T?)) such that, up to extraction of a subsequence,

fe(L+v]?) = fF(A +|v*) weakly-* in L>®(RT, L'(T? x R?)),
V.V. = V.,V weakly-* in L>(RT, L*(T?)).

Taking limits in the Poisson equation shows that | fdv = 1, while the local conser-
vations laws (1.4) and (1.5) give asymptotically

Vw-/fvdv:O and VIV:—/fvdv/\b

in the sense of distributions.

Let J € C°°([0,T] x T?) be any vector field verifying the conditions (4.4). From
(4.12) and (4.3) we deduce the existence of a non-negative constant C such that,
for all t € [0, T

— M, - -
//M1J1H(M>dvd$+’//VxVE—FJ/\dex
o Ml,j,l

- M .
/ M]_ Jin, 1H fE LJin dvd$+u/|VmV5—|-Jm/\b|2daC
Ml J'LTL 1

+C/ ID(J ||L°°(T3)</ M1J1H(w>dd +/|VV+J/\b|2dx>
MIJI
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—QV/Ot/E(J)~ (/(U—J)fadv—l—(VwVE—FJ/\b)/\b) (s,z)dzds

t
Lo / / T3V (J A )0y, Ve (s, ) dads + . (£)
0

where 1. — 0 in L>([0,T7]) for all T > 0. Below, we denote n. = [ f.dv, J. =
J fevdv and J = [ fvdv. Gronwall’s inequality and Lemma 4.2 imply that

. = noJP? _
V/wdx+u/|vx‘/;+J/\b|2dx
Ne
i _ M, in L
< //Mljm H S Mg dvda:+u/|VmVE”‘—|—J”‘/\b|2dac+775
o My yin 1

< exp< / 1D = ds)
—2u/0t/E(J)- (/(U—J)fgdv—i-(vx‘/;-i-J/\b)/\b) (s, )
x exp( / D) (5)]| e dT> duds .

(4.26)
A direct computation shows that

Ml Jl’r‘L 1 / < Ml Jl’r‘L 1>
My gin 1 H dvdx = My yin 1 H | =—————= | dvdx
/ 1,Jin,1 ( M, in ) 1,Jin,1 My i,

—l—u// fir g — Jm? dude .

Then, taking limits in (4.26) as e — 0 leads to

V</|J—J|2dx+|VwV+J/\b|2dx)

< (2 f1- J"”de) o (€ [ 1)) )
—2u/ /E + (VV Ab=J)) (s,2)

< exp( /S“”D( D)l dT) duds

by the same convexity argument as in the proof of Theorem 2.1. Extending
the stability inequality so obtained to all divergence-free vector fields J € C([0, T},
L?(T?)) satisfying V, - J = 0, 0,,J = 0, D(J) € L>=([0,T], L>=(T?)), E(J) € L*
([0, T, L3(T3)), concludes the proof. O
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5. General Initial Data: Study of the Coupling Between
Oscillating Terms

If (J,®) does not satisfy conditions (4.1), we must consider the general stability
inequality given by Lemma 4.1

d (1 . 1
= <§/ ‘v_J‘2fs(t7x7v)dvdx+5/\VIVE—Vw(—Aw)—1/2q>|2(t,x) dx)

= [ D(J): (/(v — N)®2 fodv — (V, V. — Vw(—Aw)‘”%)@?) (t, ) du

1 _
-3 /(Vx D)V Ve = V(= A,) V202 (t, 1) da

- [Ega) ([ Dfdn (V.- S-8070)) (0 ds
where the acceleration operator E.(.J, ®) is defined by

T T T J x _Am _1/2(1)
Es(J,tb):<8tJ+JVmJ+JQb+V( 5) :

OVo(—Ag) V2B — J(—A,)?D — g) .
By analogy with the previous results, we expect that the current J. = [ f. vdv and
the electric potential V. behave respectively as J. and (—Ax)’l/QtI)E where (J., ®.)
denotes the solution of E.(.J,®) = 0.

As E. depends crucially on ¢, solutions (J.,®.) of E.(J,®) = 0 also depend
on ¢. Then, in order to describe the asymptotic behavior of the family ((J., ®.)).
(which is the problem we want to study), we need to have a good notion of solution
for the equation E.(J,®) = 0. In particular, we will require that

e the life span T. of these solutions are bounded from below: inf.~q T: > 0;
e the solutions satisfy uniform bounds (implying that the family of solutions
indexed by ¢ is compact in some appropriate function space).

Indeed we will restrict our attention to smooth initial data (with smoothness to
be made precise later). For such initial data, the unique solution of E.(.J,®) = 0
can be decomposed as the sum of a non-oscillating part approximately governed by
the 2D1/2 incompressible Euler equation (1.15), and of terms oscillating at high-
frequency. Such a solution exists as long as does the strong solution of (1.15).

5.1. Construction of approxzimate solutions for E.(J,®) =0

Proposition 2.1 shows that the linear part of the equation E.(J,®) = 0 generates

a group of isometries R(t) = exp(tR). Proceeding as in Schochet,?” we remove the
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fast temporal oscillations in the solution by considering instead of (.J., ®.) the new
unknown

v —R (f) (J.,d.). (5.1)

13

Thus W, is expected to have uniformly bounded time derivatives and to converge
strongly, up to extraction of a subsequence, in some function space. In order to
establish such a convergence result, we first have to determine the structure of the
equation governing the evolution of W, and then study its asymptotic behavior as
e —0.

Lemma 5.4. (Van der Pol transform) Let (J.,®.) be a solution of the equation
E-(J,$) = 0. Define V. by (5.1), then V. satisfies

at\:[/€ + Q (27 \I’Ea \II€> = 07 (52)

where the non-autonomous bilinear operator (a,b) — Q(t,a,b) is defined by its
Fourier coefficients

VkeZ?, FrQ(t a,b) Z Z exp(itwy, (k, 1, m))sy (k, 1, m)[Fia, Fnb].
I+m=k ne[[1,4]]*
(5.3)

The phase wy(k,l,m) is given by
wy(k,l,m) = Ap, (k) = Ay (1) — Ay (M)

where (iX;(k))je(1,a)) are the eigenvalues of the symbol Fi.R of R. The bilinear map
(o, B) = sy(k,l,m)[a, B] — defined in (5.10) below — satisfies the estimate

[sn(l+m,l,m)|| < C(lI] +[ml])

. k?2 k?2 k2
Jor some non-negative constant C and |k|* = 2 + % 4+ =4,
1 2 3

Proof. The equation E.(J,

®) = 0 is equivalent to the following system:
- - JADb VI(—Az)—l/Z’(I) _
€

O J + (J - V) J +

0P+ (—A,) V2V, - (J(—A,)Y2®) + (=4, ~ —0,
which can be rewritten

Conjugating by R(E) leads to
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Then ¥, = R(L)(J., ®.) satisfies

t t t
o+ % (1) B[R (<L) v r(-4)u] 0. (5.4)
€ € €
where B is the symmetric bilinear operator defined by
BIW, U] = (U V)W, (=A0) 72V, - (¥(=A)?0)) (5:5)

with the notation ¥’ for the 3D vector (U, Uy, U3).
Notice that R is translation invariant, i.e.

fk(R(t)a) = Rk(t)]:ka = exp(}'th)]-'ka

we get on the Fourier side

asioe s (n(2) o[ (o (-2)o])
_ R, (f> 7 (3 [R (J> v, R (J> v,
() 5 el (e ()0) 5 (2(2)0)

from which we deduce

HFV. + Ry (3) S B {Rl (—f) File, Ron (—5) ms} ~0, (56
g e e

l+m=k

1
N———

where B ,, is defined by

1
Bl,m[\lll\l/m] = 5 <Z<\Pla m>\1’/m + Z<\I’ma l>\1’2a

m+1 m+1
im0, 4l 2wy Y v, .
+i|m| ’4<|m—|—l| l>+2| | l’4<m+l| >> (5.7)

where (W, k) = U1 & + Wy 22 4 whe,

In order to obtain the required form for the equation governing V., it remains
to describe precisely the symbol of R. For each k € Z3, the skew-symmetric matrix
Ry = FipR can be reduced to the diagonal form on C with purely imaginary
eigenvalues

M(k) =iV1+Ek*, id(k)=—ivV1+Ek*,
tAs(k) =ivV1—Fk*, (k) =—iv1—k*,
where
B2 k2 1/2 B2 k2 k2 -1/2
G+a) (g (58)
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The canonical basis of C* is denoted by (V});eqp,4 and A; = V; @ VT Let Py be
a unitary transition matrix such that

4
Ry =Py | Y iXi(k)A; | Pe.
j=1

Then Ry(t) is also reducible to diagonal form on C with eigenvalues
(exp(itA; (K))) el

4
> exp(ith;(k))A; | P

Replacing in (5.6) leads to
atfk\l/s+ Z Z exp(itwn(kj,l,m))sn(k,l,m)[]:lll's, Fm\I’E} 207
l+m=k ne([L4]2

where
wn(k»l»m) = )‘771 (k) - )‘772 (l) - )‘773 (m) (59)
and
Sn(kvlvm)[avﬁ] = (PI:AmPk)Bl,m[Pl*AnzPlav P:;zAnBPmB] : (5'10)

From (5.7) we infer that ||B; | < C(|I| + |m|) for some positive constant C.
Combining both results gives the expected bound on s,(k,l,m). O

The formal limit ¥ of W, as € — 0 is obtained by formal time averaging and is
supposed to solve

OV + Qoo (U, W) =0, (5.11)

where the non-autonomous bilinear operator (a,b) — Qo (a,b) is defined by its
Fourier coefficients

VEEZP, FiQulab)= Y sylk,l,m)[Fa, Fnb]. (5.12)

I+m=Fk
wn (k,1,m)=0

In order to make precise the structure of the limiting Eq. (5.11), we need an accurate
description of the resonances, i.e. of the set {(l,m,n)|w,(l +m,l,m) = 0}.

Lemma 5.5. (Structure of the limiting equation) For all n € [[1,4]]® and all
k,l,m € Z3, define wy(k,l,m) by (5.9). Then there ezists a set A C (RF)3 of
Lebesgue measure zero such that for all (a1,az,a3) € (RF)3\ A,

wn(l+m,l,m) =0 implies that I3 =0 or mg =0 or I3+ m3z =0,
wy(l+m,l,m) =0 with l3,m3 # 0 < n € {3,4} and A\, (1) + Ay, (m) =0,
wy(l+m,l,m) =0 with l34+m3,m3 # 0 < 12 € {3,4} and A, (I4+m) = A, (m),
wy(l+m,l,m) =0 with I3+ ms,l3 # 0 < n3 € {3,4} and A\, (1 +m) = A\, (1).
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In particular, for such periodic bozes, any solution ¥ of (5.11) can be decomposed
m
U = \i’ + \I’osc )

where E(¥) = 0 (which means that U’ satisfies the incompressible 2D1/2 Euler
Eq. (1.15) while Vm(—Am)_l/Q\i’z; + W' Ab=0), and Yoy is governed by a linear
system of equations whose coefficients depend on .

Proof. The results concerning the resonances, i.e. the solutions of the dispersion
equation

wp(l+m,l,m)=0

come from algebraic properties of the functions & — A;(k) defined by (5.8): the
main argument is the small divisor estimate stated in Appendix B. Define

q(l7 m) = HnE[[lA]]S wT](l +m, l7 m) :

By (5.9), ¢(I,m) is a polynomial with respect to the variables A;(k) (for j € [[1,4]]
and k € {l,m,l + m}). Considerations of symmetry ensure that it is in fact a
polynomial in the o;(k)’s (j € [[1,4]],k € {l,m,l +m}) where (0;);e[p1,4] are the
elementary symmetrical functions in the (X;);e(1,4. Computing these elementary
symmetrical functions shows that q¢(I,m) is a polynomial with respect to (I*)2,
(m*)? and ((I+m)*)2. Then there exist an integer N and a polynomial P such that
oltm) = V| Yo | NP (1, 22 e
a az az ai a2 ag
By Proposition B.1, there exists a set A C (R})? of Lebesgue measure zero and
Q C Z° such that for all (a1, a2, a3) € (R%)?\ A there exists (C, s) such that
V(,m)e, q(,m)=0,
(5.13)
V(,m) € Z°\Q, |q(l,m)|7t < C(1+[I)*(1 + |m])°.

In particular, as |w, (I +m,1,m)| < 3v/2 for all € [[1,4]] and all I,m € Z?, this
implies

V(l,m)eZ\Q, Vne[L4]], |w,(+m,l,m) "t <Cl+|I)*(1+|m|)*.
In order to establish the characterization of the resonances, we have to describe the
set Q. Consider (I,m) € Z5. If I3, m3 and I3 + m3 are not equal to zero, [*, m* and
(I+m)* tend to 0 as az — 0. Then, for each 7, w, (I +m, [, m) converges to an odd

number as ag — 0. Thus ¢(I,m) # 0 and (I, m) ¢ Q. Conversely, if I3, ms3 or I3 +ms
is equal to zero, it is easy to check that ¢(I,m) = 0. Thus,

Q= {(l,m) € Z%i3=0,m3=0,o0rl3+mg=0}. (5.14)

Combining (5.13) and (5.14) provides the first assertion in Lemma 5.5, i.e. a
necessary condition for a resonance to appear. To complete our description, we
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must determine exactly which (I,m,n) with (I,m) € Q and n € [[1,4]] satisfy
the dispersion relation. If I3 = mg = I3 + mg = 0, we easily obtain the various
(m,m2,13) leading to wy(l + m,l,m) = 0. Then, by a symmetry argument, it is
enough to consider the case with I35 £ 0 and I3 + m3 = 0.

o If yy =3 or 1 =4, then A, (I +m) = 0 and the result is clear.
o If =1 o0rn =2, \y, (I +m) = £v/2. Define

q/(la m) = H(nz,ns)e[[l,ﬁl]]g(ﬁ - )‘772 (l) - /\773 (m)) .

The same arguments as before imply the existence of A’ of Lebesgue measure
zero such that V (a1, as,a3) € (R})*\ A, there exists (C, s) such that

V(l,m)eZG\Q’, V(Uzﬂ):&),
V2 =X (D) = Ay (m)] 71 < O+ [I])* (1 + ml)* (5.15)
Q' ={(l,m) € Z°l3 =0 or mg =0} .
Upon replacing A by A U A’ also of Lebesgue measure zero, we cannot have
wy(k,l,m) =0 with l3,m3 #0if g =1 or m = 2.

This completes the characterization of resonances. Notice that, as a consequence
of (5.13)—(5.15), we obtain the existence of a set A of Lebesgue measure zero such
that V (a1, az,a3) € (R%)*\A there exists (C, s) such that

v(,m,nm), wy(l+m,l,m)=0
or |wy (I +m,l,m)|~" < C(L+ [I))*(1 + |m|)*. (5.16)

We next turn to the second part of Lemma 5.5, showing how the results above on
resonances allow to decouple the equations governing ¥ = P(¥) where P denotes
the projection on the kernel of R:

i {P,:‘(Ag + AP FY if k3 =0,

) (5.17)
0 otherwise.

By (5.11), (5.12) and (5.10),

OF+ Y (P Ay Po)Bim [P Ay PRV, Pyt Ay Py Fr W] = 0.
won (b =0
Then, if ks = 0,
TV + > (PyAy Po)Biml P Ay PRY, Pt Ay, P V] = 0.
l+m:(k.,n1€){3,4}
wn k,l,m)=0

The previous results on resonances show that if n; € {3,4}, I3 +m3 =0,

wp(l+m,l,m) =0< A\, (1) + Ay (m) =0.
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Considerations of symmetry as in Proposition C.1 show that

(P (As + AP Y BuwlP A PR, Pyl Ay P ]

I+m=k
Ang (1) +An3 (m)=0

= (P (As+ A)Ps) > BimlP A PFY, Pl Ay P Fn Y.
nz,l;:—srgT;A}

Finally the equation for FW¥ with k3 = 0 is rewritten

OhFiU + (P (As + As)Py) Y BimlFAY, Fru¥] =0
I+m=k

meaning that
0y¥ 4+ P(B(¥, ¥)) =0 with the constraint ¥ = P(¥) (5.18)

or equivalently that (U’, W,) verifies (4.1) and that U’ satisfies the 2D1/2 incom-
pressible Euler equation (1.15). It remains to determine the equations governing
Voo =V — U,

o If ky =0,

hFVose+ > (P Ay Po)Bim [P Ay, PRV, Pyt Ay Py Fr U] = 0.
I+m=k,ny€{1,2}
wn (k,l,m)=0
The previous results on resonances imply that
ls+m3=0, wy(l+m,l,m)=0, mn €{1,2}
<:>13:m3:0, 771:7726{1»2}7 7736{374}
orlz=m3=0, m=n3€{l,2}, n€{3,4}.
By symmetry,

01 FW pse+2 Z (P Ay Py)Brm [FY, Pt Ay P Frn ¥ = 0. (5.19)
I+m=k,m €{1,2}

o If k3 £ 0,
O FiWose + Z (P Ay Po)Bim [P Ay PRI, P A, P Fr¥] = 0.
I+m=k
wn(k,l,m)=0

The previous results on resonances imply that
ls+ms#0, wy(l+m,l,m)=0,
S l3=0, n =n;3, 7726{374}, m*z(l—i—m)*

ormz=0, n=mn, n3€{3,4}, I*=({1+m)*.
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Then, by symmetry,
OhFiVose+2 Y (P Ay Pe)Bim[FY, Pl Ay P Frn¥] = 0. (5.20)

I+m=Fk,n1 €{3,4}
m*=(l4+m)*

Combining both results proves that W is governed by a linear system of equations
whose coefficients depend on V. O

In order to estimate the error made in replacing ¥. by the solution ¥ of the
limiting Eq. (5.11), we will need some regularity estimates on ¥. The projection
U of U on the kernel of R is smooth, at least locally in time, since ¥ satisfies the
2D1/2 incompressible Euler equation. It remains to establish that ¥, can also be
controlled in the Sobolev norms.

Lemma 5.6. (Regularity estimates) Consider a periodic box Qa, 4,05 With
(a1,az2,a3) € (RF)3\ A. Let ¥ be a solution of (5.11) on [0,T] with smooth initial
data. Denote by W its projection on Ker(R) and by Vo = ¥ — W. Then, for all
s € N, there exists some non-negative constant C' such that ¥Vt € [0, T

““IIOSC(t)||H5(Qa Lag,a3) < H\IjéTch”Hﬁ(Qa Lag,a3)
1,942,243 1,942,243

t
X exp (C/ ||\II(T)||HS+7/2(Qa1,a2,a3) dT> . (521)
0

Proof. We will obtain the propagation of regularity on W,s. as an easy property
of B, after rewriting the limiting equation in a convenient form.
Indeed we consider the following decomposition of W g.:
\I’osc = Z wn 5
neN

where

‘F’L/JO Z (Pk_l(Al + AQ)Pkrfk:“Ijosc) 5

k*=1
Fn =Y (P (As+ A)PiFiWos), ¥YneN'
k*=an

and oy, goes over the set {k* # 1/k € Z*} (which is of course a countable set).
Checking that

Vi,jeN, i#j, {keZ/k*=a}n{keZ/k*=a;} =10,
we obtain

2 _ 2
1WosclFre(Quy ayag) = 2 18015 (@u g ) - (5.22)
neN

Equations (5.19)—(5.20) of the limiting system can be rewritten as:
VneN, O+ 2B(F, 1) =0. (5.23)
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In view of (5.22) and (5.23), Lemma 5.6 will be established if we prove that the
transport operator (9; + 2B(V,.)) propagates the Sobolev regularity. Let ¢ be a
solution of

Oph + 2B(¥, ) =0. (5.24)
Differentiating (5.24) leads to
3
Vs e N, 0, D%+ 2B(¥, DY) + 2 Z H ( ) (DU, D7) = 0.
0#0,0;<s; i=1

Then, using the definition of B, we get
8tDsw/ + (\I,/ . vm)DSw/

_(w/ Vw) DY — 92 Z H ( > DU‘IJ D5~ o-l/}),

0#0,0;<s; i=1

0 D* (=) Y20y + Vo (U D3 (—A2) Y 24hy)

= -V (¢'D*(-A,) Ty -2 Y H( )- VY2B4(D7W, D).

0#0,0;<s; i=1

As V, ¥’ = 0, this implies

1d
S 10 s o a) S I aret3872(Qur o 1 1By )

and
1d
o (GO LTI RS

< CH‘I’||H-'+2+3/2(Qal,a27a3)(\WH%{s(@al,%%) + H(—Aa:)l/QMH%s(Qal,QMS)) ~

We conclude by Gronwall’s lemma that

t
1O e (@uy oy ) < 1515y ) XD (0 / ||w<r>||Hs+7/z<Qal,a2,a3>dr) .
(5.25)

Applying estimate (5.25) to each ¢, and using (5.22) gives the expected regularity
on V.. O

5.2. Error estimates

In the sequel, we assume that (a1, az,a3) is chosen in (Rf)3\A, where A is the
set of Lebesgue measure zero in Lemma 5.5. A consequence of this lemma is
the global existence of a unique solution for (5.11) and (5.12) with initial data
(Jm, @") € C™(Qay.a2,05) (r > 1). Indeed the theory of the 2D1/2 incompressible
Euler equation (1.15) guarantees the global existence of a unique solution ¥ for
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(5.18)—(5.5) with initial data P(J, ®") € C"(Qa,.a2.a5), While the theory of linear
differential equations gives the existence and the uniqueness of ¥ satisfying (5.19)
and (5.20) with initial data (Id — P)(J™, ®") as long as V¥ is defined.

For all € > 0, let ¥, be a solution of (5.2) and (5.3) with initial data (J, ®").
We expect that the asymptotic behavior of W, as € — 0 is described by the solution
VU of the formal limiting Eqgs. (5.11), (5.12). Yet we cannot prove directly that

at\p+Q(£,\p, @) —0

in a weak sense to be made precise. Then, using a standard method in singular

27

perturbation problems,*” we introduce a small quantity ey. such that

0u( -+ 297) + @ (£, (¥ ey, (¥ 2 ) =0,

where the convergence here holds strongly in some appropriate sense. Of course,
U + ey, has the same asymptotic behavior as V.

Lemma 5.7. Let (J™", &) € C™(Quy.a.05) With 7o > 13/2. Denote by
U e L>([0,T],H") the solution of (5.11) and (5.12) with initial data (J™",®");
define y. by its Fourier coefficients

exp (%wn(k,l,m))

Vk€Z?, Frye=-— >

l+m=k, |l|+|m|<|loge],
n€([1,4]]3, wy (k,l,m)#0

v, F.V¥].
iwy (k,1,m) sn(k,Lm) 718, Fon W]
(5.26)

Then,

e there exists a non-negative constant C' such that, for each r < ry—"7/2

lyell oo fo,7), 7y < Clloge[*T,

where s depends only on (a1,az,a3) € (RF)3\ A.
o there exists 6 € C(RT) with 6(0) = 0 such that

Proof. The classical theory of the 2D1/2 incompressible Euler equation (1.15)
gives the following a priori bounds for the solution ¥ of (5.18)—(5.5) with initial
data P(J", &)

< d(e).
L= ([0,T],H?)

at(\l’ + Eys) +Q <§7 (\I/ =+ 5ys)7 (\P + 5ys)>

10| oo 0,77,y + 100 oo (0,77,07-1) < Cr

where C7 depends on T and on ||(J, ®¥")||c. By Lemma 5.6, . solves a linear
system that preserves all Sobolev norms. It is then easily checked that, for each
r<rog—7/2

1Woscll oo (0,77, 57y + 10 Wose || o= ([0, 77, 17-1) < Cr -
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Then, for all T > 0, there exists Cr > 0 such that
10| oo (0,77, 57y + [106¥ ]| Loo (0,77, 57—1) < Cr (5.27)
By (5.16), there exist non-negative constants (C, s) such that
V(l,m,n), wy(l+m,l,m)#0= |w,(l+m,l,m)|~" <CO+[1))*(1+ |m|)*.
By Lemma 5.4,
sy (I +m,L,m)| < C(|I] +[m]).
Combining these last two estimates leads to

[ Frye| < C > A+ DA+ [m)> (1] + [m ) Fr Y| [ Fo P
I+m=h,|l|+|m|<|log e]

< Clloge**™ Y |AY||FnY].
l+m=k
Then
(14 [k[*)" /2| Fiye| < Cllogel**H >~ (1L + [P/ F |1 + [m]*)7?| F ¥
l+m=k
which, together with (5.27) gives the expected bound on ||ye|| Lo (jo,77,z7)-

In the next step we check that U + ey. approximately verifies both (5.2) and
(5.3). By (5.11), (5.12) and (5.26),

OFw(Vteye) =— D sy(k.l,m)[FAY, Fp, V]

l+m=k,
w”(k,l,m)zo

it
— Z exp <Z—wn(kz,l,m)> sp(k, I, m)[F1¥, Fn¥]
thm=k, |1 +|m|<] log <], ¢
w”(k,l,m)#o

Z exp (%wn(k,l,m))

iwy(k,l,m)

—€ Orsy(k, L, m)[FY, Fp,¥]

l+m=k,|L|+|m|<|loge],
wn (k,1,m)#0

from which we deduce that

t
OeFi (¥ + eye) + Fr@Q <E’ U +ey., U+ sys)

= Z exp (gwn(k, l,m)) sp(k,l,m)[F1¥, Fpn, O]

l+m=k,|l|+|m|>]log e]
wn (k,1,m)#0

t
+eFiQ (g, Ye, 2¥ + sys)

Z exp (%wn(k,l,m))

iwy(k,l,m)

—€ O¢sy(k, L, m)[FV, Fp,¥].

l+m=k,|l|+|m|<|loge|,
wr (k,1,m)#0
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The estimates on s, (I +m,l,m) and wy, (I +m,l,m) then give

(1+ k%)

t
8tfk(\1’ +€ys) +-7:kQ <Ea v +€y€a v +€y€)‘

<C > (12 + ) ==+ [12) 2| F | (1 + [m)) 2| F 0
l+m=k,|l|+|m|>]|loge]|

+Ce > (L1 + [m])?| Frye| | Fm (20 + ey
l+m=k

+Ce > (L4 1)1+ |m))* (@ + || + |m])3|0, F19| | Frn |
l+m:k,\(l)\€-%—l\mg§\010gs\,

which can be rewritten

t
6tfk(¢’ +€ys) +-7:kQ <Ea v +€y€a v +€y€) H
H?2

< Clloge| "= W[|, + Cellye | s |20 + eyell s
+Celloge* 20,0 2| ¥l 2 -

Using the a priori estimates on ¥ and y. leads to the expected result. O

As an immediate consequence of Lemma 5.7, we get the convergence as € — 0
of the family (¥.) to the solution ¥ of the limiting Eq. (5.11) and (5.12).

Corollary 5.3. Consider (a1,az,a3) € (RF)3\ A where A is the set of Lebesgue
measure zero defined in Lemma 5.5. Let (J™, &™) € C™(Qay as,a5) With To > 13/2.
Assume that, for all e > 0, there exists a solution ¥. € LY (RT, L®((Qa,.az.a5)) Of

loc

(5.2) and (5.3) with initial data (J™, ®™). Denote by ¥ € L (RT, H"(Qa,.az.05)),

loc

r > 3, the solution of (5.11) and (5.12) with initial data (J™,®™). Then (V.).
converges to W strongly in LS (RY, L?(Qa,.a.a5)) as € — 0.

loc

Proof. Define y. by (5.26). By Lemma 5.7 and Sobolev embeddings,
t
(Ve — ¥ —ey.) +Q (E’ V. + ¥+ ey, \I/g—\I/—EyE) =r.—0

in L (RT, L>°). Rewriting Q in terms of B defined by (5.5) leads to

loc

(Ve — U —eye)

+R (g) B [R (—é) (T + 0 +ey.), R (—é) (W, — 0 —sys)} -

from which we deduce that

d
ill%e =¥ —eyeflre < lrellzee + COl[¥e =W — eye Lo [V + eyellw. -
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By Sobolev embeddings and the a priori estimates in Lemma 5.7, there exists Cr
such that

Vit e [O»T]7 H\IJHW“’" +51/2||y€||W1»°° <Cr.
Then, by Gronwall’s lemma and the initial bound |[¥2* — U™ — eyi"|| L« < Ce,
U, — V¥ —cy. — 0 strongly in LS, (RT, L®(Qay.a2,a3)) »

which is the expected convergence. O

5.3. Convergence proof for general initial data with
monokinetic profiles

The expected asymptotic behavior of [ fevdv and V, V. is obtained by combining
the stability results on the Vlasov—Poisson equation (1.1) stated in Lemma 4.1 with
the asymptotic results on the equation E.(J.,®.) = 0 coming from Lemmas 5.4
and 5.7.

Proof of Theorem 2.3. By a density argument, the stability inequality given by

Lemma 4.1 can be extended to all (J, ®) € L2, (RT, L*°(Qa,.a2.a5)) Such that D(J)

s loc

and E.(J,¢) belong to LS (RT, L®(Qu,.a5.05))- Consider (a1, as,a3) € (RF)3\A

loc
where A is the set of Lebesgue measure zero defined in Lemma 5.5, and define

(J., ) =R (-2) (W + ey.), (5.28)

where W is the unique global solution of (5.11) and (5.12) with initial data (J*, ®")
and y. is defined in terms of ¥ by (5.26). Then,

% (% // v — J. |2 fo(t, z,v) dude + %/ IV Ve — Vo (—A,)"Y20, 2 (t, x) dx)
=— /D(,];) : (/(U — J)®2f dv — (W, Ve — Vz(—Az)_1/2<I>E)®2> (t,x) dx
_ % /(vz TN VAVe — V(= A) V20, (¢, 2) da

- /Ea(ja, ®.) - (/(v — J)fedv, (V. Ve — Vw(—Aw)l/chs)) (t,z)dx
from which we deduce that

/ v — 2. (t, 2, v) dvda + / VL Ve — V(= A0) 20, (¢, 2) da

< ([fle- aavie s [ - s-a0 e o
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- [ [E 0 (fo - Tosan wv - v-a0 ) 6.0

x e S IDC) Lo dT g (5.29)
By Lemma 5.7 and Sobolev embeddings, as R is a group of isometries,
VEST, [(Je, @) (O)llwr= < (P +eye)(@)llwree < (T +eye) (@)l < Cr,
(T = T, @ = )| < [|[(J2" = T, BF = @) g2 < [leyl || < C/2,

and

Es(jsv @ ) at(jsv s) + éR(jav <I>5) +B[(J5, (1)5)7 (Js» (I)s)]

(- )(atwysw( v ws)
s

converges to 0 in L (RY, H?(Qu, a5.05))- From (1.2) and the bounds on the initial

loc

data (2.10), we deduce that

J[as s duta s [ria <o

Then both terms in the right of (5.29) converges to 0 in L{° (R*). Thus

/ lv — Jo|? fo(t, z,v) dvda

mlw

mlﬁ-
\_/

+ /|VmVs—Vz(—A )V20,2(t,z)de — 0 in LS (RT).

By (5.28) and Lemma 5.5, this is equivalent to the convergence stated in
Theorem 2.3. O

6. Lack of a priori Compactness

All the results above lead to strong convergence of ([ f- vdv, V, V). as € — 0 and
are based on restrictive assumptions on the sequence of initial data (smoothness
and convergence in a very strong sense). Whether it is possible to relax these as-
sumptions and obtain convergence in some weaker sense is a natural question. As
always, the difficulty lies in passing to the limit in nonlinear terms. As we explained
in Sec. 5, time oscillations can be handled provided that the current [ f.vdv and
the electric potential V. verify some kind of compactness property with respect to
space variables. One might therefore attempt to prove that (1.1) propagates some
low regularity in the x variable. This section is aimed at showing why this strategy
is likely to fail.
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6.1. Non-propagation of low Besov regularity by (1.15)

This part elaborates on remarks originally made by DiPerna-Lions!? (see pp. 7

and 8), (with additional details to be found in Lions’ monograph,2* pp. 150-152).
These remarks show that the 3D Euler flow does not propagate WP estimates in
the variable = for each 1 < p < oo. Here we prove a slightly more general result,
with WP replaced by the Besov space BP:> for arbitrarily small values of s > 0.
While the analogous statement with BP*° replaced by WP is most likely true —
and in any case mentioned by DiPerna-Lions!3
more technical than the argument for B2*>° presented below. On the other hand,
establishing that a sequence of functions is bounded in B?*° is as natural a way
of proving that this sequence is relatively compact in LY = or as proving that it is
bounded in W*"? for some s’ € (0, s). Thus, we have chosen to show that the 3D
Euler flow does not propagate BY»*° regularity for small s > 0 as an indication of
the difficulty in proving compactness in the space variables for families of solutions
of the 3D incompressible Euler equation.

We first recall the definition of BP>° (see Stein,?® pp. 150-159 where B is

denoted by AP:9).

— its proof would be somewhat

Definition 6.2. Let p € (1,+00) and s € (0,1); the Besov B?"*°-norm is defined,
for each smooth function with compact support, by

1 1/p
£z~ =51+ 5w 2 ([ 1542 = s0P)

The space B> consists of all L? functions such that || f|| gr.o is finite.

The next lemma contains some essential preparation for the non-propagation
result on 3D Euler.

Lemma 6.8. For all p > 1 and all s € (0,1/p), there exist a sequence (Wy)p
bounded in B?>°(T?), and a sequence (V,,)n of C* functions bounded in BP*>°(T)
such that the sequence U, defined by

Uy : (x1,22) € T? = Up (21, 20) = Wp(z1 + Vi (22), 22)

satisfies ||Up| pr-o 12y — +00 as n — +oo.

Proof. Pick W (zy,22) = Wh(z)W?(x3) with Wl(zy) = sin(rz;) and W2(z3) =
25 with 8 = s — %. (In this discussion, T? is identified with [0,1)2.) Pick then
o= s/(% — s) and for each n > 10, define

"T2k—-1 2k
V,, = the indicator function of U [a—+1’ a——i-l:|
n n

k=1
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First, observe that, for each z € (0,1)

/0 W2(2 + 2) — W2(2)|? do

1—z z
<[ ate—atpdos [ - @-ze ) Pde
0 0

—1

z7 -1 z
< zﬂp“/ |(u+1)% — PP dac+/ y°P dx
0 0

< CPr ! (6.30)

which shows that W? € B2>(T) since s = 3 + 3.
Next we observe that, since V,, takes its values in {0, 1},

1 1
/ [Vi(z + 2) — Vo (2)|P da < / [Vi(x + 2) — Vi (2)] dx
0 0

1

2

< 2/ V()| do = —; (6.31)
0 ne
further, if 0 < z < n~*"!, then

2n

l l

1 ifazl| || —— =2, —— .
Va(z + 2) = Vo(z)| = lL:J1 [n““ naH]

0 otherwise.

Hence, for 0 < z < n=®1,
1 1
/ Vo(z 4+ 2) = Vo (2)|Pde < 2nz < 2z a1z, (6.32)
0

By using (6.32) if 0 < z < n=*"! and (6.31) if n=~! < 2 < 1, in both cases one
arrives at the inequality

1
/ V(o + 2) — Vo (2)|P dr < 22757
0

which implies that V, is bounded in B?*°(T) since s =
On the other hand, one has

p(at+l)”

(W (21 + V(w2 + 2), 22) — W(21 + Va(22), 22)]

cos <7r2x1 + Vi (a2 —2|—z) + Vn(x2)> sin <7rVn(x2 + Z; — Vn(xg)) ‘ W2(22)

cos <7r 2x1 4+ V(a2 + 2) + Vi (22)

D) >’|Vn($2+z)—Vn(x2)|W2(x2),
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Pick z, = n~®"!, then

/ W (21 + Vi (2 + 20), 39) — W (21 + Vs (w2), )P v da
T2

2n~ ¢ 1
> / W2 () /
0 0
1 2n~ ¢ on—
:/ |COS(7T91)|dy1/ W2 (22) dzo :2/ 25P dzy
0 0 o

2
- on)—Bp+1) —
Op + 1( n) ps

which shows that

< 2z + Vo(z2 + 2) + Vi (z2)
cos

B ) ‘ dJZl dJZQ

217(11)3 aps
a+1
Zn

1/p
/ W (@1 + Vi (22 + 20),29) — W (a1 + Via(@s), 22)|? day d@)
T2

zn “T > 400 (6.33)
as n — +oo. Besides

/ W (21 + Vi(xo + 20), 2 + 2n) — W(z1 + Viu(22 + 25), 22)|P day dao
T2
_ / W2(zs + 20) — WQ(xg)\p/ Wi (@1 + V(s + 20)|P day s
T T

< / W2(2s + 20) — W2(22)|P dra < C2P*
T

by (6.30). This estimate and (6.33) eventually imply that

1/p

1

— </ W (z1 + Vi(xa + 20), 2 + 2n) — W(xy + Vi (22), x2) P day dac2> — 400
T2

S
Z’I’L

as n — 400, showing that U, is not bounded in B?>*°. O

The implications of Lemma 6.8 on the 3D incompressible Euler equations are
summarized in the next proposition — a variant of the remark due to DiPerna—
Lions.!3

and T > 0. There exists a se-
JimY), that is uniformly bounded in
of solutions of the incompressible
Jin) satisfies

Proposition 6.4. Let p > 1, s € (0,1/p
quence of smooth divergence-free vector fields
BP>°(T?% R3) and such that the sequence (J,
2D1/2 Euler equations (1.15) with initial data

~
P

HJn(T7 )|

BP°°(T2R3) —> +0O0 as m — +00.
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Since solutions of the 2D1/2 Euler equations (1.15) are also solutions of the
3D incompressible Euler equations, Proposition 6.4 implies the non-propagation of
BP->° estimates in x for s > 0 arbitrarily small.

Proof of Proposition 6.4. Let T' > 0 be a fixed positive time. Let W € BP:°°(T?)
and the sequence (V,,), bounded in B?*°(T) be chosen as in Lemma 6.8. Then

consider

; 1
(0 = V(o). 0. Wiar,a). (6.3)
Clearly
V- JiI =0
and

| T3 | BE-o= (T2 m3) < THVTL”BE"X’(T) + W gpos(m2y < C.

A simple computation shows that the solution of the 2D1/2 incompressible Euler
equation (1.15) with initial data J" is

Jn(t,7) = (%vn(xg), 0, W (xl + %Vn(xz),@» .
In particular,
In,3(T,x) = Up(z1,22) .
with U, defined as in Lemma 6.8 by
Uy : (x1,22) € T? = Uy (21, 20) = W(xy + Vi (22), 22) .
By Lemma 6.8, || J,3(T,")|lgr>2) — +o0asn — + oo and so does

1 Tn (T )l - (12 r3)- O

6.2. Nonpropagation of weak regularity by (1.1)

The Vlasov—Poisson system (1.1) shares with the 2D1/2 incompressible Euler equa-
tions the property stated in Proposition 6.4, i.e. the fact that BY»*° regularity is not
propagated for low values of s. Consider indeed particle distributions of the form

frnet,z,v) = (1 +eVy(Jn(t,z) AD))o(v — J(nt,x)),

where J,, solves (1.15) with initial data J" as in (6.34). Since J,, represents a shear
flow, V,II =0 in (1.15) and f,  is a measure-valued solution of (1.1) with

(@, v) = (L+eVi(J;" (2)) Ab))o(v — T3 () -
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By Proposition 6.4 the families
/ foe (T2, 0) vdv = Jo(T,2)(1 + €V, (Jo (T, ) AD)))  and

VmVn,s(T, Jf) = —Jn(T, Jf) Ab

are not uniformly bounded in B?*°(T2) as n runs through N* and € runs through
(0; 1).

However, this class of examples is not satisfactory because it is based upon
dealing with monokinetic distributions. The usual methods to study propagation of
regularity in the Vlasov—Poisson system consist of estimating simultaneously deriva-
tives in the x and v variables. Alternative strategies, using for instance compactness
by velocity averaging, require that the family of distributions under consideration
be at least equi-integrable in the v variable.

Actually we can prove a stronger result, which claims that weak regularity
estimates cannot be propagated by (1.1).

Proposition 6.5. Letp>1, s € (0,1/p) T > 0 and K > 0. Consider the set

W= {fm smooth in v

g 4 H/fm vdv

+ VeV || groe sy < K} :
BY>(T9)

Then

sup (H/fs(t) vdv

>0, finew

+ ||Va;Vng’»°°(T3)> = +00,
B (1)

where f. denotes any solution of (1.1) with initial data fi".

Proof. Assume that for each 7" > 0 and K > 0, there exists C'r g > 0 such that
any solution of (1.1) verifying

H/fsm vdv

satisfies the uniform estimate

([0

Let f, . be a solution of (1.1) with initial data

+ |V VI | proe (pay < K
B> (T3)

+ VzVs(t)HBg,OO(Ta)) <Crrk. (6.35)
BY™(T3)

we(@,v) = (L+eVe - (I (x) Ab))M (v — I (2)),

where M denotes the centered, reduced Gaussian distribution and Ji" is a sequence
of smooth vector fields satisfying the assumptions in Proposition 6.4 — for instance,
pick JI" to be the initial data in (6.34).
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By Theorem 2.2, for each t € [0,7], [ fn.vdv and V, V. converge to J,, and
—J,, A\ b respectively as € — 0, where J,, denotes the solution of (1.15) with initial
data Ji". By Proposition 6.4,

B [ a(T, )| gy < (rs) = +oo

but this is in contradiction with (6.35). Hence the initial assumption is false. |

As we insisted at the beginning of this section, this result indicates that taking
limits in the nonlinear terms requires at least a new idea to obtain compactness
properties.

Appendix A. Reduction of the Oscillation Operator R to
Diagonal Form

Consider R the oscillation operator defined in Proposition 2.1 and denote by R the
unitary group generated by R. Describing the asymptotic behavior of R(£)¥ for
U € L%(T3,R*) requires a rather good understanding of the structure of R and in
particular a precise description of its kernel.

Proposition A.1. Consider the bounded skew-adjoint operator defined on
L*(T? R*) by

R:(j,d) = (JAb+Vi(=A0) 720, (=A0) 72V, - ).
The orthogonal projections on eigenspaces of R are pseudo-differential operators of

order 0. In particular, the projection on the nullspace of R is defined by

1

1
P G.0) — <§vm’<—A;>1/2/¢dx3 Nt P [ dns, [ ades,

ottty ()

with the notations Vy = (0p,,0z,), A, = 02, + 02,,, and where P is the L2 -
orthogonal projection on divergence-free vector fields depending on the two variables

(xl,xg).

Proof. Denote by Ry (k € Z?) the symbol of R
0 1 0 ilil
—1 0 0 1K
VkeZ?, Ry= 1,
0 0 0 1K3
il<61 Z’:“EQ ilig 0

o) () ()]

—1/2
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We recall the notations

2 2 2
|k|? = (k—1> + (k—2> + (k—3> , kK =14/1-K3.
ai as as

A straightforward computation shows that

Ry, = Py DyP,
with
i(1+ k*)1/? 0 0 0
0 —i(1 + k*)1/? 0 0
Dk: = )
0 0 i(1— k*)Y/? 0
0 0 0 —i(1 — k*)1/2
—ike +V1+k*k1 ik +V1+ k¥ko k*(1+k*)71/21€3 k*
P 1 | —ike —VI+ kR ik —VI+ERy —k*A+k")" Y263 k*
k

T | ik VT R ik VT RRe K (L — k) Y2k E* |
—ika — V1 — k*Kkq ikl — V1—k*Kkg —/{3*(1 — k‘*)_l/2l€3 k*

with the convention (1—k*)~!/2k3 = v/2 whenever k3 = 0. Then P, and P, ' = P}
are order zero pseudo-differential operators that satisfy the uniform bound

VEeZ, |Pll<|Pi o= <2.
It remains to obtain a precise description of the nullspace of R. It is easily seen that
A(k)=0sne{3,4} and k3=0.
Then P is given by its symbol

{p,;l(A3 + AP, ifks=0
Py =

Vikez?,
0 if ks #£0.

with the notations of Sec. 5. For k such that ks = 0, we compute

0 0 kg 1K 0 0 0 0
10 0 —irk;y —im 0 0 0 0
P=dlo 0o va —va || cim im V3 o1
0 O 1 1 —ike ik1 —V2 1
m% —Kiko O 1Ko
1| —Kiko m% 0 —tKk
2| o 0 2 0
—1K9 1K1 0 1

which is the expected symbol for the projection P on the nullspace of R. O
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Appendix B. Small Divisor Estimate

In order to describe the coupling of the various oscillating components by the
nonlinear terms, a basic tool is the study of the resonances, i.e. of solutions
(I,m,m) € (Z*)? x [[1,4]]? of the dispersion equation

w (L 4m,m) = A, (L+m) = Ap, (1) = Ay (m) = 0,

where (i);(k))jeq1,4 denote the eigenvalues of Ry, for all k € Z?. These eigenvalues
are the roots of a polynomial with polynomial coefficients in the variables ki /a1,
ks /as and k3 /a3, implying the following small divisor estimate.6

Proposition B.1. Consider P(I,m), a polynomial in agl with coefficients that

are polynomials in |,m. Then, there exist A C R} of Lebesgue measure zero and
Q C Z5 such that

V(,m)e, P(l,m)=0

Vas € RT\ A, 3(C,s) s.t. V(I,m) € Z5\ Q, |P(,m)|"" < CA+|I])*(1+ |m])*.

Appendix C. Symmetry Properties of the Bilinear Operator B

In order to determine the structure of the limiting equation, we use the symmetry
properties of the bilinear operator B summarized below.

Proposition C.1. For all l,m € Z3, define By, by

1/ . S mA+1
Blym[‘ljl‘l/m] = 5 (Z<\I/l,m>‘1/,/,n +Z<\I’m,l>qjg, —Z<m, |m|\1/m,4\:[/[ + |l|\I/l’4\I/m>>

with the notation (¥, k) = @1% + ‘112’;—; + \Pgs—i. For each k € Z3, define Ry, by

.k . ke . ks .
RV, = ( U —VU —v U, v v kY.
kYE ( k,2 +Za1\k| k4, k1t Za2|k| k45 ZCLSW k4> Z< , >

Denote by i\ (k) its eigenvalues ordered as in (5.8) and by Py, the transition matriz

4
Ry =P [ ) ix(k)A; | Py
j=1

Then, for each ¥ and each k € Z* x {0},
(P];]-(AZS + A4)Pk) Z Bl,m[(PlilAnzfjlﬂ\I/)? (PnTLlAn3mem\I/)]

I+m=k
Ang (D+An3 (m)=0

= (P (A + AP Y Buml(P AR PFY), (P Ay PnFn V)]

l+m=k
n2,n3€{3,4}

Proof. For each k € Z? x {0}, the set of (I,m,n9,7n3)’s satisfying [ + m = k and
Ana (1) + Aps (m) = 0 is decomposed as follows
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{ls =m3 =0 and n2,n3 € {3,4}},

{ls =ms3 =0 and {n2,n3} = {1,2}},
{13 = —ms3 75 0 and {772,7}3} = {1, 2}},
{13 = —ms3 75 0 and {772,7}3} = {3,4}}

Then, in order to prove Proposition C.1, it is enough to see that in the last three
cases

(Plgl(A3 + A4)Pk)Bl,m[PlilV772’Pnzlvm] =0.

In these three cases, A = —\,, (I) = A, (m) # 0 and I3 = —ms, so that in particular
1* = m* and |I| = |m|. Hence, with the notations as in the proof of Proposition A.1,
My + A\M M + A\M. M
(P Vi, ) = S22y SR AR 4 S
2m* 2m
= _<Pl_1‘/7727 m>
and

m’*|m| M3 -1
5 +ﬁm| —(B Vi, 1)

so that
i(Ms — L) + A(My + Ly)
(P7'Wy,,m) | —i(My — Ly) + A(Ma + L)
2m* 0
0

Bl7m[Pl_1V7727Pr;1V773] =1

multiplying by P, (A3 + A4) P, = Py, we obtain
(Py 1 (As + Aa)Pr) B[P Vg, Pt Vi) = 0

which is the result expected. O
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