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Reminder

Remember yesterday

@ P:(C? — C? polynomial, dominant.
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@ P:(C? — C? polynomial, dominant.
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@ Either P = (Q(x), R(x,y)) is a skew product;
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Reminder

Remember yesterday

@ P:(C? — C? polynomial, dominant.
e d, =deg(P"), dx = lim,d,/"

@ Either P = (Q(x), R(x,y)) is a skew product;
@ Ord, <d,<C-df,
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Reminder

Remember yesterday

@ P:(C? — C? polynomial, dominant.
e d, =deg(P"), dx = lim,d,/"

@ Either P = (Q(x), R(x,y)) is a skew product;
@ Ord, <d,<C-df,

ds IS a quadratic integer.
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Reminder

Method

@ V; = {v: C[x, y] — R centered at oo, v(¢) < 0, A(v) < 0}
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Reminder

Method

@ V; = {r:C[x,y] — R centered at oo, v(¢) < 0, A(v) < 0}
® P.u(¢) =v(¢oP).
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Reminder

Method

@ V; = {r:C[x,y] — R centered at oo, v(¢) < 0, A(v) < 0}
@ P.w(p)=v(odoP).
Study the dynamics of P, : Vy — Vq
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Key results

V, is a tree
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Reminder

Key results

V, is a tree

Theorem (Eigenvaluation)
P.v = \v for some v € Vs

Theorem (Structure of valuations in V)

Suppose v € V;
@ Either Ci(—deg) < v < Co(—deg)
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Reminder

Key results

V, is a tree

Theorem (Eigenvaluation)
P.v = \v for some v € Vs

Theorem (Structure of valuations in V)

Suppose v € V;
@ Either Ci(—deg) < v < Cy(—deg)
@ Orv is associated to a rational fibration.
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0 Reminder

9 The valuative space is a tree
@ The elements
@ The topology

e Global valuations
@ Definition of V;
@ Thinness
@ Proof of the structure theorem

© Dynamics of P,
@ Fixed point theorem
@ Attracting eigenvaluation
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The valuative space is a tree The elements
The topology

Valuations

Valuation v : C[x, y] \ {0} = R
@ V|cx =0;
® v(p1¢2) = v(91) + v(d2);
® (1 + ¢2) = min{v(o1),v(¢2)};

@ v centered at infinity.
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The valuative space is a tree The elements
The topology

Valuations

Valuation v : C[x,y] \ {0} = R
@ vcx =0;
@ v(d192) = v(91) + v(d2);
® v(¢1 + ¢2) = min{v(¢1), v(¢2)};
@ min{v(X),»(Y)} <0
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The valuative space is a tree The elements
The topology

Examples

—deg
Divisorial vauation
l—(
ve(f) = ordp!

Quasimonomial valuation
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The valuative space is a tree The elements
The topology

Examples

@ —deg
Divicoria vtion @ Monomial valuation.
m VS(Z anX’y/) =
min{isy + jsz, aj # 0}

Lo E
ve(f) = ordp(f o)
Quasimonomial valuation
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The valuative space is a tree The elements
The topology

Examples

@ —deg
Divicoria vtion @ Monomial valuation.
x Vs(z aijxly/) =
D min{isy + jsp, aj # 0}
- " e Divisorial valuation
vp(f) = ordg(f o )

Quasimonomial valuation
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The valuative space is a tree

The elements
The topology

Examples

Divisorial vauation

-

Lo E

ve(f) = ordg(f o)

Quasimonomial valuation

rles Favre

@ —deg

@ Monomial valuation.
Vs(z aijxiyj) =
min{isy + jsp, aj # 0}

@ Divisorial valuation

@ Quasimonomial or
Abhyankhar valuations.
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The valuative space is a tree The elements
The topology

Examples
@ —deg
e vation @ Monomial valuation.
. vs(D_ajx'yl) =
D min{isy + jso, aji # 0}
B ’ e Divisorial valuation
ve(f) = ordg(f o) @ Quasimonomial or
Quasimonomial valuation Abhyankhar valuations.
> T @ Zariski or infinitely singular
L% valuations
v(f) =v:s(fom)
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The valuative space is a tree The elements
The topology

Pencil valuations

@ C with one place at infinity
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The valuative space is a tree The elements
The topology

Pencil valuations

@ C with one place at infinity C = P~1(0)
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The valuative space is a tree The elements
The topology

Pencil valuations

@ C with one place at infinity C = P~1(0)
@ Moh = Cy = P~'()\) has one place at infinity.
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The valuative space is a tree The elements
The topology

Pencil valuations

@ C with one place at infinity C = P~1(0)
@ Moh = Cy = P~'()\) has one place at infinity.

.01
° 1c(Q) = —% curve valuation

Charles Favre Dynamics and valuations



The valuative space is a tree The elements
The topology

Pencil valuations

@ C with one place at infinity C = P~1(0)
@ Moh = Cy = P~'()\) has one place at infinity.

.01
° 1c(Q) = —% curve valuation

(*] I/‘c|(Q) =min, VCA(Q)
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The valuative space is a tree The elements
The topology

Topology

@ V = { normalized valuations min{v(x),v(y)} = -1}
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The valuative space is a tree The elements
The topology

Topology

@ V = { normalized valuations min{v(x),v(y)} = —1}
@ Order relation v < u < Vo, v(¢) < u(p)
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The valuative space is a tree The elements
The topology

Topology

@ V = { normalized valuations min{v(x),v(y)} = -1}
@ Order relation v < p < Vo, v(¢) < (o)
@ Compact for the pointwise convergence.
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The valuative space is a tree The elements
The topology

Geometry

(V,<) is a tree:
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The valuative space is a tree The elements
The topology

Geometry

(V,<) is a tree:
@ —deg is the unique minimal element;
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The valuative space is a tree The elements
The topology

Geometry

(V,<) is a tree:
@ —deg is the unique minimal element;
® ({-deg <-<v},<)~([0,1],<)
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The valuative space is a tree The elements
The topology

Geometry

(V,<) is a tree:
@ —deg is the unique minimal element;
® ({-deg <-<v},<)~([0,1],<)

Quasimonomial segments: {”*V(s1,s:2) s.t. a1y + aso = —1}.
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The valuative space is a tree The elements
The topology

Why V is a tree?

Le graphe dual
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The valuative space is a tree The elements
The topology

Why V is a tree?

Le graphe dual
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The valuative space is a tree The elements
The topology

Why V is a tree?
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Definition of V4
Thinness
Proof of the structure theorem

Global valuations

Ex. P(x,y)

(X, xy),
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Definition of V4
Thinness
Proof of the structure theorem

Global valuations

Ex. P(X7y) = (Xaxy)’ P*VS,T = Vs s+t
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Definition of V4
Thinness
Proof of the structure theorem

Global valuations

Ex. P(x,y) = (x,xy), P.wst = vssit hence P,V ¢ V
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Definition of V4
Thinness
Proof of the structure theorem

Global valuations

Ex. P(x,y) = (x,xy), P.wst = vssit hence P,V ¢ V
@ Valuations are local object
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Definition of V4
Thinness
Proof of the structure theorem

Global valuations

Ex. P(x,y) = (x,xy), P.wst = vssit hence P,V ¢ V
@ Valuations are local object
@ Some carry global informations:
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Definition of V4
Thinness
Proof of the structure theorem

Global valuations

Ex. P(x,y) = (x,xy), P.wst = vssit hence P,V ¢ V
@ Valuations are local object

@ Some carry global informations:
e —deg
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Definition of V4
Thinness
Proof of the structure theorem

Global valuations

Ex. P(x,y) = (x,xy), P.wst = vssit hence P,V ¢ V
@ Valuations are local object
@ Some carry global informations:

e —deg
e pencil valuation
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Definition of V4
Thinness

Global valuations Proof of the structure theorem

A new valuation space

Definition
Vi={veV, v(¢) <0V¢, and A(rv) < 0}
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Definition of V4
Thinness

Global valuations Proof of the structure theorem

A new valuation space

Definition
Vi={veV, v(¢) <0V¢, and A(rv) < 0}

V, is a closed subtree of V.
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Definition of V4
Thinness

Global valuations Proof of the structure theorem

A new valuation space

Definition
Vi={veV, v(¢) <0V¢, and A(rv) < 0}

V, is a closed subtree of V.

I/GV1
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Definition of V4
Thinness

Global valuations Proof of the structure theorem

A new valuation space

Definition
Vi={veV, v(¢) <0V¢, and A(rv) < 0}

V, is a closed subtree of V.

Ve V1
@ Eijther Ci(—deg) < v < Co(—deg)
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Definition of V4
Thinness

Global valuations Proof of the structure theorem

A new valuation space

Definition
Vi={veV, v(¢) <0V¢, and A(rv) < 0}

V, is a closed subtree of V.

Ve V1
@ Either Ci(—deg) < v < Cy(—deg)
@ Orv is a rational pencil valuation
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Definition of Vy
Thinness

Global valuations Proof of the structure theorem

Thinness

7 X — P2,
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Definition of Vy
Thinness

Global valuations Proof of the structure theorem

Thinness

7 X—>P2Eca Ly
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Definition of Vy
Thinness

Global valuations Proof of the structure theorem

Thinness

7 X—>P2Eca Ly
@ A(divg) =divg(n*dx A dy) + 1
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Definition of Vy
Thinness

Global valuations Proof of the structure theorem

Thinness

7 X—>P2Eca Ly
@ A(divg) =divg(n*dx A dy) + 1
@ A(tv) = tA(v)
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Definition of Vy
Thinness

Global valuations Proof of the structure theorem

Thinness

7 X—-PECcn 'Ly
@ A(divg) = divg(r*dx A dy) + 1
@ A(tv) = tA(v)
@ A(—deg) =-2
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Definition of Vy
Thinness

Global valuations Proof of the structure theorem

Thinness

7 X—>PEca Ly
@ A(divg) = dive(r*dx A dy) + 1
@ A(tv) = tA(v)
@ Alvst) =s+t
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Definition of Vy
Thinness

Global valuations Proof of the structure theorem

Thinness

7:X—>P2 ECcn Ly
@ A(divg) =dive(nr*dx A dy) + 1
@ A(tv) = tA(v)
@ Alvst) =s+t
@ A(vic|) < 0iff [C] is a rational pencil.
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Definition of Vy
Thinness

Global valuations Proof of the structure theorem

Thinness

7:X—=P2 Eca 'Ly
° A(divE) =dive(r*dx A dy) + 1
A(tr) = tA(v)
(Vs7t) =8 + t
A(v|c) < 0iff |C] is a rational pencil.

Forallv e V, A: [—deg,v] — [-2,A(v)] is a bijection
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

{veV, v(p) <0V, and A(v) < 0} is a closed subtree of V.
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

{veV, v(p) <0V, and A(v) < 0} is a closed subtree of V.

@ v — v(¢) is increasing
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

{veV, v(p) <0V, and A(v) < 0} is a closed subtree of V.

@ v — v(¢) is increasing
@ v — A(v) is increasing
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

Ve V1
@ Either Ci(—deg) < v < Co(—deg)
@ Orv is a rational pencil valuation

Idea of proof.
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

Idea of proof. p = center of v.
@ v~ {Pk}
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

Idea of proof. p = center of v.
@ v ~ {Px} key polynomials
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

Idea of proof. p = center of v.
@ v ~ {Px} key polynomials
e Monomial ~ {X, Y}

rles Favre Dynamics and valuations



Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

Idea of proof. p = center of v.
@ v ~ {Px} key polynomials

e Monomial ~ {X, Y}
e Quasim. ~ {X,Y,XP+0Y9, ... Py}
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

Idea of proof. p = center of v.
@ v ~ {Px} key polynomials

e Monomial ~ {X, Y}
e Quasim. ~ {X,Y,XP+0Y9, ... Py}

@ Py € C[x, y] irreducible,
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

Idea of proof. p = center of v.
@ v ~ {Px} key polynomials

e Monomial ~ {X, Y}
e Quasim. ~ {X,Y,XP+0Y9, ... Py}

@ Py € Clx, y] irreducible, analytically irreducible at p
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Definition of Vy
Thinness

Global valuations Proof of the structure theorem

Key polynomials

v~ {Px}
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Definition of Vy
Thinness

Global valuations Proof of the structure theorem

Key polynomials

v~ {Px}
v € Vi = P, (0) has one place at infinity .
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

Key polynomials

v~ {Px}
v € Vi = P, (0) has one place at infinity .

Wg) o (P
T )

sup
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Definition of Vy
Thinness
Proof of the structure theorem

Global valuations

Key polynomials

v~ {Px}
v € Vi = P, (0) has one place at infinity .

Wg) o (P
T )

induction on the number of key pol.

sup
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Basics

® P.v(¢) =v(¢oP)
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Basics

® Puw(¢)=v(¢poP)
o A(P.v) = A(v) + v(Jac(P))
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Basics

® Puw(¢) =v(poP)
o A(P.v) = A(v) + v(Jac(P)) = P,V C Vy
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Basics

® Pu(p)=v(poP)
@ A(P.v) = A(v) +v(Jac(P)) = P.Vy C V4
@ Pv=d(P,v) x Py
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Basics

® Pu(¢)=v(¢oP)
@ A(P.v) = A(v) +v(Jac(P)) = P.Vy C Vy
@ P.v=d(P,v) x Pyv

e P, : Vi — V; continuous

e d(P,v) =—min{v(xoP),v(yoP)} >0
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Local degree

@ d(P,v) =—min{v(xo P),v(y o P)}
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Local degree

o d(P,-): Vi >R,

rles Favre amics and valuations



Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Local degree

*] d(P,)V1 HR+
@ d(P,—deg) =deg(P)
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Local degree

° d(Pv) V1 — R-f—
@ d(P,—deg) =deg(P)
@ d(P,-) decreasing and locally cst outside a finite tree.
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Local degree

° d(Pv)V1 _)]R-f—
@ d(P,—deg) =deg(P)
@ d(P,-) decreasing and locally cst outside a finite tree.
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Fixed pt thm

Theorem (Eigenvaluation)
P, : V4 — V4 has a fixed point
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Fixed pt thm

Theorem (Eigenvaluation)

P, : V4 — V4 has a fixed point
P.v = \v for some v € Vs
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

TR
Fid
K

i
A

R
i

HEHAHH
i
it

Charles Favre Dynamics and valuations



Fixed point theorem
Attracting eigenvaluation

Dynamics of P,
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

e Pv=)\v
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Summary

e Pv=)\v
@ v rational pencil = P skew product
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Summary

e Pv=)\v
@ v rational pencil = P skew product
@ Ci(—deg) <v < Cy(—deg)
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Summary

e Pv=)\v
@ v rational pencil = P skew product
@ Ci(—deg) <v < Cy(—deg)

e )\"/deg(P") € [Co, C4]
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Summary

e Pv=)\v
@ v rational pencil = P skew product
@ Ci(—deg) <v < Cy(—deg)

e )\"/deg(P") € [Co, C4]
e dy =\
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Summary

e Pv=)\v
@ v rational pencil = P skew product
@ Ci(—deg) <v < Cy(—deg)

e )\"/deg(P") € [Co, C4]
o do= A\

Why d, is a quadratic integer?
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Attracting eigenvaluation

P.V* = Vkg.
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Attracting eigenvaluation

P.V* = Vkg.
There exists U > v, such that P]v — v, forallv € U.
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Animation
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Animation
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Animation
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

ldea of proof

For a suitable parameterization on V4
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

ldea of proof

For a suitable parameterization on V4

ao+b
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

ldea of proof

For a suitable parameterization on V4

ao+b

Poram ot g

with a, b, ¢, d € N.
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Consequences in picture
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Towards monomialization

There exists m: X — P? and p € 7' (L) such that
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Towards monomialization

There exists m: X — P? and p € 7' (L) such that
@ P is holomorphic at p
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Towards monomialization

There exists m: X — P? and p € 7' (L) such that
@ P is holomorphic at p
@ Critical set of P is included in 7= (L)
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Towards monomialization

There exists m: X — P? and p € 7' (L) such that
@ P is holomorphic at p
@ Critical set of P is included in 7—'(L,) and contracted to p.
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Towards monomialization

There exists m: X — P? and p € 7' (L) such that
@ P is holomorphic at p
@ Critical set of P is included in 7—'(L,) and contracted to p.

Normal form for (P, p)
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Rigid germs

Definition
f:(C?,0) — (C?,0) is rigid if | J,, Crit (f") has normal crossing
singularities.
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Fixed point theorem
Attracting eigenvaluation

Dynamics of P,

Rigid germs

f:(C?,0) — (C?,0) is rigid if | J,, Crit (f") has normal crossing
singularities.

Theorem (Favre 2000)
Suppose f rigid and not invertible. Then f =
@ (az,wz9+ P(2))
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Conclusion

@ When v, is divisorial or an end point
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Conclusion

@ When v, is divisorial or an end point then d(P, v,) is an
integer
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Conclusion

@ When v, is divisorial or an end point then d(P, v,) is an
integer
@ When v, is irrational gm.
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Conclusion

@ When v, is divisorial or an end point then d(P, v,) is an
integer

@ When v, is irrational gm.
(P, p) is locally monomial
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Fixed point theorem
Attracting eigenvaluation
Dynamics of P,

Conclusion

@ When v, is divisorial or an end point then d(P, v,) is an
integer

@ When v, is irrational gm.
(P, p) is locally monomial

@ Local computation = d,, is a quadratic integer.

Charles Favre Dynamics and valuations



	Reminder
	The valuative space is a tree
	The elements
	The topology

	Global valuations
	Definition of V1
	Thinness
	Proof of the structure theorem

	Dynamics of P*
	Fixed point theorem
	Attracting eigenvaluation


