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1. Introduction: review on the Brieskorn lattice

Let f : X — C be a regular function on a smooth quasi-projective variety. If the function
has only isolated critical points and is tame (a property not explicitly defined in the talk), the
twisted algebraic de Rham complex

A — df A A — df A

0 — O(X)[\ QM X))\ — QImX (XA — 0

has cohomology in degree dim X at most and its cohomology 7 is a free C[\]-module of rank
u, equipped with a meromorphic connection V induced by the action of dy + fd\/A? (which
commutes with Add —df A). This connection has a pole of order at most 2 at A = 0 and no other
pole.

Moreover, it is known that, setting ¢ : A +— —\, there is a canonical pairing P :
(A, V) @ (A, V) — (ANmXC[)\],d) which is (—1)3mX_symmetric (better to say: (—1)dmX.
(-Hermitian) and A~" P is nondegenerate, that is, induces an isomorphism 7" ~ (* 7.

The restriction 7 of 5 to A # 0 is a holomorphic bundle with connection, and the locally
constant sheaf #*V is a sheaf of C-vector spaces. It is generated canonically by a R-local
system (and even a QQ-local system) as one can identify its fibre at A, with the cohomology
Hg™mX(X,C), where @y, is a convenient family of supports (cf. Pham).

The induced pairing PV : 7%V @c 11 *V — Cec- sends Y Qg 11 55Y in idimXR(C;.

A similar construction can be done for a germ of holomorphic function with an isolated
singularity. This construction a priori defines a C[A\]-module with connection (37/: V) (V is
denoted b~'a by D.Barlet), but an argument due to Malgrange (and going back to Birkhoff)
allows to find a canonical C[A]-submodule of ¢ on which the connection V is algebraic, and
such that (j/f: V) = C[\] ®cpy (#£, V). For the construction of the pairing, cf. Pham and
Hertling.

The notion of TERP structure, and variation of such, has the objective of replacing the
classical notion of Hodge theory for such objects. More precisely, it will generalize the notion
of R-Hodge structure, and variation of such. Another kind of generalization, that of non-
commutative Hodge structure, has been considered more recently by Katzarkov-Kontsevich-
Pantev, but it generalizes the notion of Q-Hodge structure and variation of such.
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2. TERP structure and twistor gluing

2.1. TERP structure. The abstract data of (47, V, P, Z) with the previous properties is
called a TERP(dim X'). The properties are (for a TERP(w)-structure, with w € Z):

(1) (##,V) is a holomorphic bundle on C, with a meromorphic connection having a pole of
order < 2 at A = 0 and no other pole,

(2) P: A @05 — N0, is a flat (—1)"-symmetric pairing such that A= P is nondegen-
erate,

(3) %’T;Y = C® % and PV induces a nondegenerate pairing % ® ¢t '.% — i“Rg.

Note that, since ¢ is homotopic to the identity, :71.% ~ Z. There are natural operations on
TERP structures. For instance

® : TERP(w;) ® TERP(wy) — TERP (w; + w,).

Example (Tate TERP(k)-structure T(k/2) and Tate twist). For k£ € Z, consider the triple with
(', N) = (H",V) = (Oc,,d+(k/2)d\/)\), and 7 defined as follows. Denote by Ly /o the local
system of rank one on S with monodromy (—1)*. This is ker(d + (k/2)d\/)) on S!. Since the
monodromy is real, the local system is real.

The flat pairing pj, is defined by p(1,1) = M. Regarding p, as a t-sesquilinear pairing
C[A] ® C[A\] — CJ\, it satisfies, by ¢-sesquilinearity, pr(f(A), g(A)) = f(N)g(=A)pk(1,1). The
symmetry property is t*pr(g(N), f(A)) = fF(AN)g(=A)e*pr(1,1), which is satisfied since we obvi-
ously have t*(A\)* = (—=1)kAF,

The local system Ly » is generated by the multivalued function A¥/2, and py (A2, c*(\¥/2)) =
(=1)*2\ep(1,1) = (—1)*/2 € i*R.

This defines the Tate TERP (k)-structure T(k/2). Given a TERP(w) structure (4, V, P, £&)
we denote by (J,V, P, %&)(k/2) the Tate twist (7, V, P, Z&) @ T(k/2).

Definition. A TERP(w) structure is called regular singular if the connection has a regular
singularity at 0, and irregular otherwise.

Example. The Brieskorn lattice of a tame has in general an irregular singularity at A = 0, i.e.,
it cannot be reduced to a logarithmic one by a gauge change in GL(C((\))), while the Brieskorn
lattice of a germ of holomorphic function with an isolated critical point has always a regular
singularity.

2.2. Twistor gluing. To such a structure one can associate a holomorphic bundle on P! by
the twistor gluing construction. We first describe this construction.

Let v: P! — P’ be the anti-holomorphic involution sending A to 1/X. If # is a holomorphic
bundle on O, , then T := v*(J#) is a holomorphic bundle on P*~ {0}. If J# is equipped with
a meromorphic connection V with pole at A = 0 only, then J# is equipped with a holomorphic
connection VI, and on C%, ()Y = 4=1(#*)V. On S' := {|A| = 1} we therefore have an
identification £t = .Z.

Lemma. We have an equivalence of categories

\

( Triples (A',V), (A", V), n)

Vect. bdles (#,V) on P! H', A" holom. bdles on C)
with a merom. connection p «—— { with a merom. connection
with pole at 0 and oo only with pole at 0 only,

kn:f’;yﬁ on S!
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A morphism ¢ : 7 — J, in the category of triples consists of pairs (¢, ¢"), with ¢’ :
(A N — (AN, " (A, V) — (', V) such that, on ST, gy 0 ¢V = "V o1,.

Let us exhibit the reconstruction functor. Since S' < C* induces an isomorphism of 7,
extends in a unique way as an isomorphism "V — 1N = (A ”T)VT and therefore in a
unique way as a flat isomorphism s#"* - J#"7*  giving a flat gluing between #’ and #"T,
which produces (,%f;, V).

We have the following correspondences:

. (% 6)\/ PN ((%/,V/)V, (%//7V//)v7tn—l)7

V(AN o (AN (AN, T,

Example. Given a TERP(w)-structure (2, V, P, &), forget about P and consider the triple 7
with ¢’ = " = 7 (with connection) and 7) = Tyeq i defined as follows. Since . = C®g %k,

we have a natural isomorphism 7 = Tyeal = £ = Z. This defines a bundle with meromorphic
connection (77, V).

Example. For the TERP(k) structure T(k/2), we have an isomorphism I s : Ly — Ly
given by the real structure. This defines a bundle of rank one on P!. The connection has
residue k/2 at A = 0. In the coordinate p = 1/\ at oo, the connection y*d + (k/2)d\/ is
d+ (k/2)dp/p. By the residue formula, the bundle is Opi (—F).

For any TERP(w) structure with associated bundle ¢, the associated bundle to the Tate
twist by T(k/2) is @ O(—k).

Definition. The TERP(w) structure (J,V, P, %) is pure if the bundle S is isomorphic to
Op1 (—w)™ 7 | equivalently if 7 (—w/2) is trivial.

The Tate twist reduces the study of pure TERP(w) structures to that of TERP(0) structures.
So I will forget the weight now.

2.3. Global sections. A global section s of S can be read, via the equivalence above, as a
pair (s, s”) of global sections of ', 7" with a compatibility condition between s and ~*s"

on Cj. If (¢',s") defines a global section of A, then (s”,s") defines a global section of ’y*,%z

Note that, for a TERP structure (4, V, P, £&), we have a canonical identification H = I
via the equivalence above, since S’ = 7" = 7 and N7 = TrealTreal = 1d.

Lemma. If (,V,P, %) is pure (of weight 0), then H := F(Pl,% is a C-vector space of
dimension vk 7. Moreover, P induces a nondegenerate symmetric pairing g on H. On the
other hand, the map k : (s',5") — (s",5") induces an anti-linear involution H — H, hence a
real structure on H.

Since the C-bilinear pairing ¢ induced by P is symmetric and nondegenerate, the k-
sesquilinear pairing h = g(s, k+) is Hermitian nondegenerate.

Definition. We say that a pure TERP(w) structure (5, V, P, Zg) is polarized if the Hermitian
pairing h (for the Tate twisted TERP(0) structure) is positive definite.

Theorem.

(C.S.) The canonical TERP structure attached to a tame reqular function on a smooth affine
variety 1s pure and polarized.

(C.H.) The canonical TERP structure attached to a germ of holomorphic function with an
1solated critical point may be neither pure nor polarized.
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2.4. The connection form for a pure polarized TERP structure. Let (J7,V, P, %)

be a pure TERP(w) structure. Then we can regard H as a subspace of 5 and J# = O¢, @c H.

The matrix of the connection V — (w/2)d\/\ (connection of (7, V, P, Z&)(—w/2)) in a basis

of H has a pole of order 2 at A = 0, a pole of order 2 at A = 0o, and no other pole. Therefore

it is written as " o I\
w

V-2 S —ds (7—3—)\"//)7.

Lemma. The operators 2,% ,V satisfy the following properties:
(1) 2 is h-selfadjoint, g-skew-adjoint and k-skew-symmetric, that is,
h(2u,v) = h(u, 2v), ¢(2u,v)+g(u, 2v) =0, kKZrk+ 2 =0.
(2) ¥ is the h-adjoint of % , both are g-selfadjoint and V = K% k.

Definition. A C-vector space H equipped with (g, h, k) and (%,7,2) with the properties
above is called a CV-structure. If A is positive definite, it is called a CVé®-structure.

Proposition. The previous correspondence (H,V,P, %R) +— (H,w,h,g,k, %,V ,2) is a
one-to-one correspondence between pure (resp. pure polarized) TERP(w)-structures and CV
(resp. CV®) structures.

3. Rescaling and families

3.1. Rescaling. In order to gain purity and polarizability in the case of isolated critical points
of holomorphic functions, one changes the associated TERP structure by using a rescaling. For
any x € C* there is an action p, : Cy — C, defined by p,(A) = zA. This rescaling acts
on TERP structures in the following way. Note first that we have a canonical identification
1rOc, = Oc,. We then set

pi( AN, P, L) = (ol iV, 1 Py ).

It defines a new TERP structure. It is interesting to regard this as a family of TERP structures
parametrized by C. If J# has a generating vector subspace of sections H in which the matrix
of the connection is as above, the pull back p*(7,V) by the map p : C: x C, — C has
connection p*V which satisfies:

V=d+ (% — 9+ (w)2) Id—(xA)%)C;—x + (% — 9+ (w/2) Id—(xx)%)%

Remark. Purity or pure polarizability is not preserved in general by the rescaling. On the other
hand, the canonical TERP structure on the Brieskorn lattice attached to a tame function on
an affine manifold remains pure and polarized by rescaling for any x € C% (C.S.).

3.2. Variation of TERP structure. Let X be a smooth complex manifold. A variation of
TERP(w) structure consists of the data (,V, P, %) of

(1) a holomorphic vector bundle .7 on X x C,, equipped with a flat meromorphic connec-
tion V with Poincaré rank < 1 along X x {0} and no other pole, i.e.,

1
V:H— 3 Q e, log X x {0}) @ A,

(2) P : H @ " — N"Oxxcy is a (—1)"-symmetric bilinear form such that \™"P is
nondegenerate,
(3) Z is a R-local system on X x C} such that C @ % ~ #"'V.
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For any z, the restriction to = of (J,V, P, 4&) is a TERP(w) structure. We say that the
variation is pure (resp. pure and polarized) if the restriction at each z € X is so.

In the next lectures, X will be a punctured disc with coordinate x, or a product of punctured
disc, and we will be mainly interested in asymptotic properties of the variation when x — 0.

One can express in an equivalent way the data of a variation of TERP structure with data
on X only.

Definition. A CV-structure on a Hermitian holomorphic vector bundle (H, D", h) consists of
the following supplementary data:

(1) A Ox-linear morphism 6 : £ — QY ® E, where E = ker D",

(2) a Ox-linear endomorphism % : E — E,

(3) a C* endomorphism 2 : H — H,

(4) areal structure x : H — H,
such that, denoting by D = D" + D" the Chern connection of h,

(1) the following connection is flat for any A € Cj:

w

D+dy+ X0+ M+ (7 + (%Id—o@) — wﬂ)@,

A
where %7 (resp. 07) is the h-adjoint of % (resp. 0),

(2) 2 and % satisfy the properties in a CV structure, i.e., each fibre H, of H is a CV
structure.

If h is positive definite (i.e., is a metric), we speak of a CV@-structure.

Proposition. The functor m.(7(—w/2)) (7 : X x P! — X is the projection) is an equivalence
between the category of variation of pure TERP(w) structures and that of C'V structures.

Remark. The flatness of the big connection decomposes into
(1) flatness of the relative connection (no derivation w.r.t. A) D-+A"10-+\0'; this is equivalent
to saying (when h is positive definite) that h is a harmonic metric; moreover, A\D’ 4 6 is called
a A-connection;
(2) commutation
-1 T % w ¥
DA+ (- + (F1d-2) -2zt
which decomposes in a bunch of relations which seem complicated:
0,%] =0,
D'(w)—10,2]+6 =0,
D'(2)+[0, %" =0,

and the h-adjoint relations.

3.3. Tame and wild behaviour of a variation of TERP structure. Assume that X =
(A*)". We are interested in the possible limit when x — 0 of a variation of TERP structure.
We will consider the following behaviours:

(1) the tame behaviour,
(2) the (good) wild behaviour.

Example. On A*, write § = ©(x)dz, where ©(x) is an endomorphism of E = ker D”. We say
that 6 is tame (C. Simpson) if the eigenvalues of O(z) have logarithmic growth, and 6 is wild if
they have moderate growth.
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Remark (Regular/irregular singularity and tameness/wildness). A variation of pure polarized
regular singular TERP structure on A* is necessarily tame (C.H.-Ch.S.) while a variation of
pure polarized irregular singular TERP structure on A* may be either tame or wild.

The rescaling of the Brieskorn lattice of a tame function (irregular pure polarized TERP
structure) is tame when the rescaling parameter tends to co, while it is wild when it tends to 0.
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