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Integrable hierarchies



Algebraic point of view.

Space of differential polynomials

C[U] = Clu, 8u, 8%u, . ..],
where
OFu = (8Fuq,. .., 8kuN)

d%u; is a single symbol!

C[U] is naturaly a differential algebra 8(8%w) ;= 8Ft1y



Given
Pf,...,P]‘\Lf e ClU]
we can define a differentiation via

8aui=Pia(u,8u,82u,...), 1<i<N (1)

8@82880,,

and the Leibnitz rule.

An integrable hierarchy is a maximal infinite sequence
of commuting differentiations.




Example: The disperseonless KAV hierarchy

Oohu=—0u n=20,1,2,...

um—l—n
aman(u) =0 ( 8u>

min!



Analytic point of view

H : vector space, dimgcH = N, points on LH have the
form

u(z) = (u1(z),...,un(x)).

We alow the following class of functions on LH:

e For every P(u,du,d?u,...) € C[U] we have a local
functional

we LH — /Sl Pu(z), v (z), u"(2), ... Vda

e For every z € S1, evaluation at z

P(u(z),u'(2),...) = /51 P(u(y), uw'(y), u”’(y), ... )d(z, y)dy
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Using variational derivation, we can define vector fields
on LH

N 5
—_ a
o z; B (u, Ou, .. )5ui

then (1) gives us a system of pairwise commuting flows
on LH.



Cohomological Field Theories



Given a smooth projective manifold X, we define

Mg’n

A\ ::/ Va H*(M - C
gn(11® - ®vn) o (X5) V(11 ® - ®vn) € H (Mgn,; C)

where M, »(X; 3) is the moduli space of stable maps;

the integral is pushforward to My, and

ev : Mgn(X;B) — X"

IS the evanluation morphism.



Put H= H*(X;C) and fix t € H. The maps

Ngn(t) - HO" — H*(Mgp; C),

defined by

RO S / " Ay @ 1%

satisfy some natural gluing properties:
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(Tree gluing) Let

piree - Mgy ny+1 X Mgy o1 = Mg

gluing the last marked point of the first curve and the

first marked point of the second curve; then

P%kree (Ag,n(71, e 7%1)) —

Z /\gl,nl—I—l(,yla "Iy Oé)n()é,ﬁ/\gQ,nQ—Fl(Ba f}/n1—|—17 e 7’771)
o, 3
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(Loop gluing) Let

Ploop - mg—l,n—l—2 — mg,na
be the morphism induced from gluing the last two marked
points; then

pzkoop(/\g,n("yla e /Yn)) = Z /\g—l,n—|—2(717 e ﬁ)na,ﬁ.

o,
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Frobenius structure on H

(Pairing) same as Poincaré pairing
/_ No,3(1,71,72) = n(r1,72)-
Mo 3

(Multiplication)

n(v1 & v2,73) = /_ No3(t)(v1,72,73)
Mo 3

N
V=d+2z1Y (8/dtqet)dts

a=1

is a flat connection on T H.
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Potential of the Cohomological Field Theory:

Z(h;t) = exp (Z
g

where

1
L Ag,n<t<w1>,...,t<wn>>),

n

N oo
t() = > > trbatyt,

a=1 k=0
where {¢q} is a basis of H, y; is the 1-st Chern class of
the cotangent line at the -th marked point.
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Put x :=1t1 0 and uq = 0y, 02109 Z; then
Theorem 1[Eguchi—Xiong]. There are functions
©.@)
Qpap(hyu,0u,...) = > Q][cgll p(u, Ou, ... )07
g=0

such that
8k,aub — Qkﬂ,b(u, 8u, . ).D

Theorem 2[Buryak—Posthuma—Shadrin]. If e; is semi-
simple for generic t € H; then Q,Egllb are differential
polynomials. [

Theorem 3[Dubrovin—Zhang]. The above integrable
hierarchy is bi-Hamiltonian and the corresponding brack-
ets can be defined entirely in terms of genus-0 data. U
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Representation T heory
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Lattice vertex algebra (after Borcherds)

R, (]-),Q ADE-root system, integral pairing, root lat-
tice

Vo = S*(h[t 1t ) ® C[Q],

I.e. vector space spanned by

hl

Tr «
—ni—1--" h_nr_]_ € ,

where
Meh:=QxyC, acQ, h:=hit"
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State-field correspondence

We want to define

Y(,0) 1 Vo Vg — Vo(({)),

i.e., for all a € VQ we will have

Y(a7 C) = Z a(n) C_n_l’ a(p) c End(VQ).
ne

The most important properties are the following
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LLocality

For every a,b € VQ, we have

(C T ’LU)N[Y(CL, C)a Y(b7 ’lU)] — 07

for some integer N = N_, > 0.

Operator Product Expansion

1 dF
k! dwk wee

Y (agb,¢) = (¢ = w)NY (a,w)Y (b,0),

where k= N —-n—1 and N > 0.
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Heisenberg Lie algebra

hlt,t—1] @ C with commutator

[y by = m (W |3,y YR/ B €
m )

n

acts naturally on VQ; each

Fa=Sht 1t hH @e”

IS an irreducible highest weight representation

hn (1 ®e”) =6, 0(alh)(1®e).
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For all h € h and a € @), define n

Y(h_1,¢) = Y hp¢ 1

Y (e%,¢) = e¥(%0 exp (Z Cnan) exp (Z Cnan) .

n<0 — T n>0

Mutually local and induce uniquely a state-field corre-
spondence on VQ.
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Theorem 4.[I. Frenkel-V. Kac] Let g and g be respec-
tively the simple and the affine Lie algebra correspond-
ing to R; then

g = spang {6?0), ho | hebh, ac R}
i = spang {ef'), hn|h€bacR neL}aC
Moreover,

Vo E2U@) Q4y+ckx C

basic level 1 representation.

Let Wg = Vé’, i.e., interesection of Ker(e(()‘o)), a € R.
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Singularity T heory
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Frobenius structure

W(zo,z1,-..,221) € Opait1g
isolated critical point at O

N
fs,2) =W(z)+ Y s;¢i(x), seBcCV
1=1

miniversal deformation.

Fix a primitive form in the sense of K. Saito

2l+1
w €82 gl cartly g

so that B inherits a Frobenius structure (C. Hertling
and Saito—Takahashi).

0o = 0/0t, flat vector fields on B
24



The period integrals

Milnor fibers

Xix=Az | f(t,x) = A}

For a € Hp(Xp,1,C) we define

IS (¢, ) = —(2m) ~loptab

QN

where

ay \ € Ho(X; 5 C)

is a flat family of cycles.

-1
d " w €Tp,
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Let 0 : Hp(Xp1,C) — Hp(Xp1;,C) be the classical
monodromy

o-twisted representation of VQ on the Fock space

M = Ch[[gO,Ql + 17 q2, . .. ]]7

where g, = (qi,...,q)), consists of a state-field corre-
spondence

YM ) Vg @ M — M((AL/l9ly)

satisfying locality and operator product expansion.
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We are assuming that Q = Hy;(Xgp 1;%) and R: vanish-
ing cycles.

Define Y(a_q1,\) =

> E (N, 0)a)/VE+ (- AT 1), 009, Vi
k k

and

YM(e® 2\) 1= Uala(N)

These operators are mutually local (v the primitive form
comes from the splitting of a mixed Hodge structure)

= we can uniquely define YM(a,X) for all a € Vj.
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Monodromy invariance

The operators Y™ (a,\) (a € V) have the form

N Pa(t,N)q 0y -
I1,J

Analytical continuation agrees with the monodromy ac-
tion iff the following holds:

7{0 18 (81— A) 0 I8(2,0) € 2rV/~1Z,

where C' is a loop in B — discriminant, such that the
cycles a, 8 € () are invariant.
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Simple singularities

The monodromy invariance holds.

Theorem 5.[Fan—Jarvis—Ruan] The Frobenius struc-
ture for simple singularities comes from a CohFT (FJRW-
invariants).

YM induces an isomorphism Vg £ M as g-modules.

Theorem 6. [Givental-M] The FJRW potential be-
longs to the orbit of the affine Lie group, i.e., it is a
tau-function of the principal Kac—Wakimoto hierarchy.
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W-constraints

Let w &€ WQ; then w is monodromy invariant =

YM(w,\) = > wp AL
nel

Theorem 7. [Bakalov-M] The FJRW potential is ani-
hilated by wy for all w € Wg and all n > 0.

Remark. The computation of W is very complicated

(Feigin—Frenkel, quantum BGG resolution and charac-
ter formulas)
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