INTEGRAL STRUCTURE ON QUANTUM COHOMOLOGY (AFTER IRITANI)

by

Etienne Mann

In these two talks, we will explain a part of the paper of Iritani, titled “An integral structure in quantum cohomology
and mirror symmetry for toric orbifolds” Arxiv 0903.1463v3 To simplify the exposition, we restrict to the manifold
case.

PART 1
FIRST TALK

1. Gromov-Witten invariants with gravitational descendants

Let X be a smooth proper manifold over C. Let d € H2(X,Z). We define the moduli space of stable maps to X,
denoted by My (X, d). To simplify the exposition, we only consider the geometric point of it.

(C, f,(x1,...,2,)) where C is a nodal curve of genus 0,

x; are distincts marked points on the smooth part of C

and f — X such that f.[C] = d and the automorphism /
group of (C, f,T) is finite

Mom (X, d) =

The moduli space Mg (X, d) is a smooth proper orbifold of finite type over C. We define the i-th evaluation map
evi : Mo n(X,d) — X
(C, f.z) = flas)

On HO,H(X ,d), we have L1,..., L, line bundles which are the cotangent bundle of the curve at the marked point x;
ie.

Li o= Tz, C.
Definition 1.1. — Put ¢; := ¢1(L;). Let v1,...,7, be in H*(X,C). We define the Gromov-Witten invariants with

gravitational descendants by the formula

k k
< 11717"'71/)7]2717n> :/ 1171U-'-U1/)7kln7n

0,n,d Mo, (X,d)

The Gromov-invariant satisfies some properties, we will just give “the divisor axiom”. This axiom expresses the
special role that plays the classes in H?(X,C).

Proposition 1.2. — For vy € H?*(X,C), we have

k1 kn > _ < k1 kn >
< 15 Vn™ Yns Y N (/dv> VUYL s VR s Y o

k ki— n
+Z< 1171"")1/}7; 17’LU757¢7]§ ’an’y>

X 0,n,d
i
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Fix (¢o = 1,¢1,...,¢n) a homogeneous basis of H*(X,C). Denote by (to,...,tn) the associated coordinates on
H*(X). Put 7:= 3, t;¢;. Denote by (¢, ..., 0") the dual basis with respect to the Poincaré duality.

Definition 1.3. — Let o, § € H*(X).
N edez

aoTﬁ = Z ZZ g' ¢k <aaﬁ77/a"'7T/5¢k>0,l+3,d

deH2(X,Z) €20 k=1

where 7 =7/ + 75 with 7, € H*(X) and 7/ € @1 H**(X).

The neutral element for this product is 1.

Assumption 1.4. — We assume that the quantum product is convergent over an open set U C H*(X) such that U
contains the following directions :
1.7 =0

2. Re( [, m2) — —oc for any d # 0 € Hy(X,Z).

The limit point is called the large radius limit. At this large radius limit, the quantum product become the usual
cup product.

2. An integrable connection

Definition 2.1. —  — We define a trivial holomorphic bundle F over U x C with fibers H*(X) ie. F:= H*(X) x
(U x C) — U x C. We denote z the coordinate on C.
— We define the following meromorphic connection :

1 1
Vati = 8ti + ;st.'r Vzaz = z@z — ;E o, +l,L
where
a deg ¢ 1
k
E=c(TX)+ ; (1 - > trdr pw(dr) = §(deg¢k —n) Py,

— Denote by (-,-) the Poincaré duality on H*(X). Denote by ¢ : U x C — U x C sending (7, z) — (7,—z). On
(F,V), we define a pairing

S:"O(F) x O(F) — Opuxc
by S(¢:, ¢;) = (¢i, ¢;) and S(a(r, —2)-,-) = S(-,a(r, 2)-).

To have a variation of a nc-Hodge structure, we need to define a Z-structure and to check that
— the Z-structure is compatible with the Stokes data
— the opposedness axiom.

In what follows, we will define a Z-structure which is natural from the point of view of mirror symmetry. I do not
know is this Z structure is compatible with the stokes data. The opposedness axiom is true at the large radius limit
(cf the paper of Iritani tt*...)

Remark 2.2. — 1. The global section ¢, of F' are not flat. Indeed, we have
1 1
Vo, 1:=—¢p and V5,1 := ——F — %
k Z z 2

2. The Euler field € is defined by

de
Q‘E = Zrkatk + Z (1 — g2¢k) tkatk
k k

where ¢ (TX) = >, rpdr. Put Gr:= V.y, + Ve +n/2. We have
Gr =20, +de¢ + pn+n/2 and Gr(1l) =0.
The data (F, Va,, ,Gr) is called a graded semi-infinite VHS defined by Serguei Barannikov.
The properties of the Gromov-Witten invariants implies that

Proposition 2.3. — The connection V is flat and the pairing S(-,-) is V-flat.
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For a € H*(X), we define

e~ T2/%g

N
T2/ % ¢k T —
L(1, 2)a := e™/*a — E E T Or, T . T p—y oe+2defd =a+0(z7h

(d.£)#(0,0) k=0

where (z + )71 =30 (1) 27T = 271 ().

Proposition 2.4. — Put p:=c1(TX).
1. For a € H*(X), we have :

ViL(T,z)ac =0 V.o.L(T,2)a = L(T, 2) (u - g) a.
. The multi-valued section L(t,z)z "z« is V-flat.
. Denote (-,-) the Poincaré duality. For any o, 8 € H*(X), we have (L(7, z)a, L(T, 2)8) = («, 8).
. We have L(1,2)~! = L(r, —2).
. The section L(1,z) is characterized by its asymptotic at the large radius limit
je. L:U x C — GL,(H*(X)) is the unique application such that for any o € H*(X), we have VxL(T, z)ae = 0
for any vector field X and L(7,z)ca ~ e~ ™/*a at the large radius limit.

U W N

3. Integral structure

Let o € H*(X,Z) such that aU : H*(X,Z) — H*(X,Z). This induces a Z-structure on the bundle F' as follows.
We have the following morphism of global (multivalued)-section

J— Vx:i=dx L(r,2) Vxi=dx+z 'Xe
(1) (O(F),dyxc) == | O(F), V.o, := 20, +p—2"1p| —= | O(F), V.5, =20, —z 'Fe+pu

H*(X,7Z) ol YH* (X, Z)
We consider a very special Z-structure induced by the cohomology class

N(TX):= HF(l +6;) = exp(—yp + »_(k —1)1¢(k) Chy(T X))

where p = ¢;(TX), 6; are the Chern root of TX and + is the Euler constant.

Definition 3.1. — We define the Z-structure on the bundle (F, V) by the diagram (1) and the following morphism
D(TX) U (2ir)de/2 . H*(X,Z) — H*(X,C). We call it the I'-structure.

In the following, we will give two reasons why this I'-structure is good. The first one is a nice behaviour with respect
to K-theory. The second one uses mirror symmetry but we need to restrict to toric Fano smooth variety.

3.1. T-structure and K-theory. — Recall that the Chern character Ch : K(X) — H*(X,Z) become an isomor-
phism tensoring by C.

Theorem 3.2 (Iritani). — For Vi, Vo € K(X). We have
S(Zxk(V1), Zr(V2)) = (Vi, Va) e (x) (= x (Vo © T1)).
Where Zk is defined by the following commutative diagram

(2) K(X)

Chl
jor)des /2
H*(x, 2) — ) (O(F), dx + 20.)

L(1,z)z"F2zP
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3.2. I'-function and mirror symmetry. — In this section we assume that X is a smooth toric Fano variety.
Recall that 1 € H*(X) was the unit. Put J(7,2) := L(r, 2) " '1(= L(7, —2)1). Consider the following diagram

Remark 3.3. — The J-function is a very important function in the work of Givental. For example, we can recover
the quantum product via the J-function as follows : We have Vo, 1 = ¢i/z. The previous diagram implies that

On,J = L(7,—2);i/z. So we deduce that 229;,0;,J = L(7, —z)¢; @, ¢;. To compute the quantum product, one should
expand 228y, 0, J with respect to the power of z.

Let us restrict the J-function to H?(X,C) (where the divisor axiom holds) ie. 7 = 75 + 7/ where 7/ = 0. Put
J(72,2) := J(r2 + 0, 2). We also restrict the bundle to Us := U |,/—g. Let ¢1,..., ¢, the basis of H*(X,Z) which are
in the closure of the Kahler cone of X.

Definition 3.4. — We denote X(1) the 1-dimensional cone of the fan ¥ of X. For any ray p, we denote D, the
associate toric divisor. We define the I-function which is a cohomological valued function by

+oo
(12, 2) == em2/? Z elam H ”:Dp(d)(DP + (Dp(d) —v)2)
2,2) = a4
d€H? (X Z) pEX(1) 220(Dy + (Dy(d) —v)2)

Theorem 3.5 (Givental). — If X is a smooth toric Fano variety then I(72,2) = J(12, 2).

Proposition 3.6. — We have I'(T'X) =[] ,(1+ D,) and

deQfodcl(TX)
—c1(TX) ;,LI( ):F(TX) —n/2, 72 ,—c1(TX) €
z z T2, % z €z
deH?(X,7) HpEE(l) F(DP + DP(d) + 1)

. efd‘rzz—fdcl(TX)

H(TQ,Z) — an/2e'rg/2i7rzfc1(TX)/2i7r :
deH?(X,Z) HpEE(l) L(D,/2im + Dy(d) + 1)

where H is defined by the following diagram

. D(TX)(2im)%s /2 Lt ye1 (TX) L(r,2)
H (Xa Z) (O(F)vdUX(C) (O(F)vdU+v262) (O(F),V)
\\ﬁ()zw I=I
A i 1
U2 x C*

We can now state the main result of Iritani that is that the integral structure given by the I'(TX)(2ir)°8/2 is
related to the integral structure of its mirror. More precisely, we have the following result.

Theorem 3.7 (Iritani). — Put H(m,z) := ((217;2:;12[?(72,2). We have

1
H(to,—2)UTA(TX) = — /e* /%4,
[ =2 0T = A ’

where Wy : Yy — C is the mirror of X with Yy o (C*)#2M)=dimH2(X.C) gnd Ty = {y € Y, | y, > 0}.

To see this Theroem in K-theory, we put Hg (12, 2) := %Z;l(l).

Corollary 3.8. —

1 — z
S(l,ZK(OX)):W/F e Wq/ Wq

PART II
SECOND TALK

4. GKZ-system

Definition 4.1. — Let {v1,...,vn} € Z"(:= N) be a set where m > n and {vy,...,v,} generates N ® R. Let
a € C". A GKZ-system associated to these data is definied by the following operators:
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— for j € {1,...,n}, put
Zja = Z’Uij)\ia)\i + a;
i=1
— Let A:={¢ezZ™|>", t;v; =0}. For any £ € A, put

O = H (a&')éi - H (a/\i)_éi

0;>0 £;<0

4.1. GKZ-system associated to a smooth toric variety. — Let X be a smooth toric variety. Denote by (1)
the set a rays of the fan ¥. Put m := #X(1). Denote by Dq,..., Dy, the toric divisors associated to the rays. We
have the following exact sequence

D
(3) 0—— Ho(X,Z) —— 7™ LN 0

where D : d — >.1" | Di(d)e; and 8 : e; — v; which are the generators of the rays. Applying the functor Hom(—, Z)
to this exact sequence, we get

. D*
(4) O—>Mﬁ—>(Zm)* —— H*(X,Z) ——0

where 8% :m — Y 1" m(v;)ef and D* : ef — D;.
So the deduce the following equalities

Vd € Hy(X,Z), > Di(d)v; =01in N

i=1
Vm e M, Zm(vi)Di =0in H*(X,Z)
i=1
(5) ZUiDi:(): as a map Ho(X,Z) — N
i=1

To define the GKZ-system associated to X, we put
— v1,...,U, are the generators of the rays,
—a:=0.

Lemma 4.2. — We have A = Hy(X,7Z).

Using notation of Definition 4.1, we have for any d € Ho(X,Z),
Da:= [ @)= I (@) 7@
:D; (d)>0 :D;(d)<0

Let B1,..., 03, be a basis of the Mori cone i.e. cone of effective classes in Hy(X,Z). Let Ty, ..., T, be the Poincaré
dual basis in H%(X,Z). For a € {1,...,7}, put

Qo = ﬁ)\?l(ﬁa)
=1

(6) gt =[] a2 @ = T]AP? for d € Ho(X, 22).
a=1

i=1
Notice that with this notation, puting g, := e's, we have e™ = [/ _, ¢T=.

Lemma 4.8. — Fori € {1,...,n}, we have Z; o(q?) = 0. Moreover, if for alli € {1,...,n}, we have Z; o([] ;- )\Zj) =

j=17
0 then (61,. ,Em) cA= HQ(X,Z)

So to solve the GKZ-system, we look for functions that depends on the g,’s variables such that O;® = 0.
In the literature, solutions of GKZ-system are

)\_Di(d)Jrai

DA,y Ay Q15 ey Q) 1= Z H
deHy(X,Z) i=1 L'(Di(d) + 1+ o)

where > | av; = a(= 0) and «; are parameters.
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As we have seen before in (5), we have Y. | D;v; = 0, so we deduce a cohomological valued function

)\D1 (d)+Di

(A1, Ams D1y D) = Y ] :
deHy(X,Z)i=1 L'(Di(d) + 1+ Dy)

_ qu [T— da"
— " 1L D(Di(d) + 1+ D;)
1

__ T2 d
- ;q [T, T(Di(d) + 1+ Dy)

with the notation of (6)

Compare with Proposition 3.6, the last expression is almost the expression H (2irTe, 2z = 1).
If we want to use the logarithmic derivative in Oy i.e. §; := \;0x, we put for any d € Ho(X,Z)

0= [ A0
i:D; (d)>0
We deduce
0Oy = H 8:(6; — 1)+ (6; — (Ds(d) — 1)) — ¢* H 6i(0; = 1) -+ (6; — (=Di(d) — 1))
4:D;(d)>0 :D;(d)<0

Notice that we can express the differential operator [J; with the ¢,’s coordinates, namely we have
T
8 = Xidx, = Y _ Di(3a)a0y,
a=1

4.2. 2-GKZ system and A-side. — Here, we will suppose that X is Fano. There is a generalization of GKZ
system where, we introduce an additional variable denoted by z. To do so, we should replace in the formulas of
Definition 4.1, 0y, by z0,,.

With the same discussion as before, for d € Ho(X,Z), we just look at the operators

(O, =)Pa:= [ 20i(z0i —2)--(26; — (Di(d) = 1)z) —¢* ] 26i(20i — 2) -+ (26; — (~Di(d) — 1)2)
:D;(d)>0 4:D;(d)<0

Recall that we have
51’ = ZDi(ﬁa)Qaaqa = ZpaQaaqa
a=1 a=1

where ¢1(TX)=D1+ -+ Dy =31 _, paTa.
We define the differential module

Mckz = Clz, ¢ (2q40,,) / (P4, d € Ho(X,Z)).
We define the associated sheaf
Mk z = Mgk z @c[z,q+] Ov.xc
where V. := {0 < |g.| < €} is an open in H?(X,C)/Pic(X) ~ (C*)".
Proposition 4.4. — The sheaf Mgz is a finitely generated Oy, xc-module. The fiber at any point (¢,z) € Ve x C
is less than dime H*(X,C).

ta. To make this precise, one should

In Section 3, we used the variables 75, but here we use the variables ¢, = e s
quotient the bundle (O(F), V) with an action of the Picard group of X. The quotient bundle is denoted by (O(F), V).

With the g,’s variable the large limit point is g, = 0.

(T X)(2im)des /2 ~ =k el (TX) ~ L(q,z) ~
H*(X,Z) (O(F), duxc) . (O(F),dy + V20.) == (O(F), V)
\\CNTX)Z%
H 1

V. xC

Lemma 4.5. — For any d € Hy(X,Z), we have

Pd(ﬁ(q,z)) =P4(Il(g,2)) =0 and Pd(/F eW‘?/qu) =0
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Proposition 4.6. — The following morphism is an isomorphism

Mgk z ®clz,q+] Ov.xc — (O(F),V)
P(z,q,20) — P(z,4,2V)1
Sketch of proof. — The morphism is well-defined because of Lemma 4.5 and
P(z,¢,2V)1 = L(q,2)P(2,q,2qa0q, )1 (¢, 7).
For i € {1,...,m}, we have
I(q,2) = e2a=1Ta logqa/Z(l + O(q, zfl))
26:1(q, z) = eXa=1Talos4a/2(D, 4 O(q, 27 1))
As L(q, 2)a = e2a=1 ~Tal984/2 1 O(q) and the cohomology of X is generated by the classes D;, there exist operators
P;(z,q,2zV) such that
Pj(z,q,2V)1 = ¢; + O(q)
where ¢; is a basis of H*(X,C). This implies the morphism of the proposition is onto. By rank consideration, we

conclude. O

4.3. 2-GKZ and B-side. — The B-side is construct as follows. Applying the functor Homyz(—,C*) to the exact
sequence (3), we get

0 —— Hom(N,C*) —— Y := (C*)™ —2% M := Hom(H,(X, Z),C*) —— 0
The Landau-Ginzburg model associated to the toric variety X is

y 25 ¢

"
M
where W = wy 4 - -+ + wp,. For ¢ € M, we denote Y, := pr='(¢) and W, := W |y,. Notice that Y; is isomorphic to
(C*)™ where n =tk N. Let M° be a Zariski open set of M where W, is convenient and non-degenerated. For (g, z)
in M9 x C*, define
R\Z/,(q,z) =H,(Y,,y €Y, : Re(W,(y)/z) < 0},Z)

Lemma 4.7. — The relative homology group R, (q,2) 47€ @ local system of rank dim H*(X, C).

We can also define a intersection pairing

R\Z/,(q X RE/Q,Z) — 7.

—%)
Denote by Rz the dual local system. Denote by R := Rz ® O o0«cx. The associated locally free sheaf endowed with
a flat connection and a pairing. Identifying Y, with (C*)", we denote

dyi A+ - Ndyy
Wy = —""""—.
yl e yn
A relative n-differential form
QO(Qa 2 y) = f(Qa 2 y)qu(y)/qu Where f(Qa 2 y) € OMUXC* XYy

defines a section of R via integration over Lefschetz thimbles I' € Ry (@:2)"

1 z
[¢l(q, 2) :== W/Ff(quvy)ewq(y)/ wq € Opoxcs-

Now we extend the bundle R over M x C by relative n-form that are regular at z = 0. We denote this extension by
RO,

Proposition 4.8. — The following morphism is an isomorphism

Makz ®C[z,¢%] Ov.xc — (R(O) lv.xc, V)
P(z,q,20) — P(z,q,2V)[eVa®/%,]
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5. Integral structures and Mirror symmetry
In this section, we state the main result of Iritani that is the integra structure defined on both side are isomorphic.

Theorem 5.1. — We have an isomorphism of between the locally free sheaves (O(ﬁ), V,S(-,-) and (RO, V,(-,)r)
such that the section 1 maps to [e™WeW)/?w,] i.e.

Mir

(R(O)vvv('v')R) (O(ﬁ),V,S(,))

[ewm /

V. xC
Moreover, the integral structures coincide via the morphism Mir.
Sketch of proof. — Denote by (9(13)v the flat section of O(f) Consider the morphism
Ui RY, (o = Hal(Yyy € Yy : Re(Wy(y)/2) < 0},2) — O(F)Y
I'— sr(q, 2)

such that for any section [¢] of R()

S(e]). 500, 2) = g [ Flaz e O,

(
where ¢ = f(q, z,y)e™Ve W/ 7w,

We have to show that 1)(Ry, (0,2)) 18 equal to Zx (K (X)) which is the Z-structure defined on the A-side.

Firstly, let us show that sp, = Zx(Ox) (see diagram (2) for the definition of Zx). As Mir(e"«®)/2w) = 1, the
Corollary 3.8 implies that

1
i q(y)/= - - Wy /2
(Mir(e wq), Zr (Ox)) Coma)l? /Fle e Wy-

Let P;(q, z, 20,,) be an differential operator such that P;(q, z,2V)1 = ¢; +O(q). Applying this operator to the identity
above, we get

(66+ 00, Zx(0x) = s [ P ()
We deduce that sp, = Zx(Ox).
Secondly, show that Zx (K (X)) C w(R\Z/7(q7Z)). For any L € Pic(X), we have Zx (L) = L - Zx(Ox). Moreover, the
image Q/J(R\Z/,(q,z)) is stable by the action of line bundles. So Zx (L) belongs to w(R\Z/7(q7Z)). As K(X) is generated by

line bundles, we deduce that Zx (K (X)) C (R, .)-
Finally, as the pairings coincide and they are unimodular, we conclude that Zx (K (X)) = (R, (0.2))"
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