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Quantum K-theory
K-theoretic genus-0 descendant potential:

fK(t) = Z _<t(L)7 °'°7t(L)>n,d

n,d
The “big” J-function, jK( )=

(l

1—q+t(q +Zq> Zn' l—qL (L), ..., t(L))pi1d

The symplectic loop space (K, Q), K := K(q,q '),
dq

Qi(f,g) = [Resg=o + Resg—o] (f(q),g(q_l));

Ki=Klg.q ', K- ={f € K| f(0) # o0, f(o0) = 0}

Proposition.
Jk(t)=1—q+1t(q) + dFk

Quantum cohomology theory
The “big” J-function Jy(t) :=

d a
o HTY 60 Y T W) e

v =ca(l), z=logq
H=H((z"), Qu(f,g) =Res._o (f(—2),g(2))dz




Overruled Lagrangian Cones
in Symplectic Loop Spaces

L

overruled
Lagrangian
cone

]{+/é](+

\ dilaton shift
In K—theory: K — .7( -z —= |-q
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Example: CP"!

/ o0 QdedT
Jy = — —pT/2
e Z (p—2)(p—22)" ... (p— dz)"

n

p" =0, t=pr

Differential equation: (—z0;)"Jy = Qe” Jy

Finite-difference equation:
Dn(PlogQ/loquK) _ Q(plogQ/1<>quK)7
where (DF)(Q) = F(Q) — F(qQ)

In K-theory:

e No analogue of the divisor equation

e No place for finite difference equations

e Lack of regular ways of computing invariants

Using Hirzebruch—Riemann—Roch theory, we will
show that L D DJg, where D 1s the alge-
bra of finite difference operators acting by

(DI)(Q) = J(Q) = PJI(qQ).
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Hirzebruch—Riemann—Roch (for manifolds)

X(M, E) := dim H*(M, E) = / td(Ty;) ch(E)

Fake holomorphic Euler characteristics (for orbifolds)

XM, E) :—/ td(Tvm) ch(&)
M

Kawasaki—Riemann—Roch (for orbifolds)

- [ o o)

I€
. fake
A (IM’ Euler([N*))
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Quantum HRR (adelic version)

~L—L= ] fckc [] k¢
(£0,00 (£0,00

Theorem (A.G.—V. Tonita).

A point f € IC lies in L if and only if its lo-
calizations ¢ near ¢ = (' satrisfy the following
four conditions:

(i) f¢ is reqular unless ¢ is a root of 1;

(’LZ) fl c Efake).

(1ii) when ¢ # 1 is a primitive mth root of 1,
then fS(qC™Y) lies in the (-twisted sector of the
tangent space, at a certain untwisted point g, to
the overrulled Lagrangian cone of the fake quan-
tum K-theory of the orbifold F,,/Z,,, where E,,
is the total space of the Zp,-bundle Tx & Coy|Z,,]
over X ;

(w) if f1, L, and g, denote the projections of
f, fY, and g to the positive spaces of respective
Lagrangian polarizations, then

1
g+(4¢) — g™ (f+(Q)> . provided that fL =1—q.
1—gq l—g¢q




QHRR in fake quantum K-theory
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Example: QHRR for CP"~! (humane form)
Start with Jy(7) € Ly written by degrees:

e A Z Qe Jy(2)

d>0
Modify Q% terms:

p —rz)"
d

Qd N de (p B Tz)n

11 — p—mp+ ’
e (1 e—mp Tmz)n

d n
Q de HT 1(p B TZ)
Hle(l — (e p+m)
The resulting series h', h¢ and (—z)h represent points

in: L', in the untwisted sector of £¢, and the (-

twisted sector of 2T, where T is the tangent space
to L£¢ at hC.



Put P = e (where p" = 0), and ¢ = €*.
Since Jy(z) =1/ ][ —1(p — r2)", we find:

' = (1—q)e "y Qe
(1 —¢P)"(1—¢*P)"...(1 — ¢?P)"’

d>0
md dT
hC _ 1_q e—pT/Z Q ¢ ’
=0 ) T P — @ Py~ Py
) deedT
h(q¢) = (1—q)e77/™ |
Take
Qd
Jg = (1—q
K ( ); (1 _ qp)n(l _ q2P)n(1 — qu)n
We have:
hC\ —0 hl‘ =0
J L — hl T= - - \Ifm — .
(Jk) = 1—gq (1_‘1)

Since Jg lies in 1 — ¢ + K_ and has poles only at
roos of 1, it satisfies (i),(ii), and (iv). To prove (iii),
we use properties of overruled cones. Put

m—1 5
A=Y < |
— (1 _ qemzﬁT)n(l _ q2€m287)nm(1 _ qéemzﬁT)n

and note that (Jx)*(q¢™") = [Ahl,=o(q). We con-
clude that Jx € Lk
The same works for P*Ji(¢"Q) = (e h!), .



