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THE EQUIVARIANT INDEX AND KIRILLOV’S CHARACTER
FORMULA

By NicorLe BERLINE and MICHELE VERGNE

To Marianne and Nicolas

Introduction. Let G be a compact Lie group acting by positive iso-
metries on a compact oriented Riemannian manifold M of even dimen-
sion. Let V be a G equivariant Clifford module over M and let

D:T(VT) - (V™)

be the Dirac operator. The spaces Ker D and Coker D are finite dimen-
sional representation spaces for G. The equivariant index of D is defined to
be

(index D)(g) = tr(g, Ker D) — tr(g, Coker D).

Our main result, Theorem 3.18, is a formula which expresses (index
D)(exp X) as an integral over M of a form uy which depends analytically
on X near the origin in the Lie algebra g of G. Of course, for X = 0, it
coincides with Atiyah-Singer index formula. We also obtain a similar for-
mula for (index D)(b exp X) for any element b € G, with X in the Lie
algebra of the centralizer of b, as an integral over the fixed point set of b.

Our main tool is a localization formula for differential forms (Theo-
rem 2.8) generalizing results of R. Bott [11], [12]. Denote by X* the vector
field on M generated by exp tX, denote by c¢(X*) the contraction with X*,
denote by d the exterior derivation; we consider the operator

dy = d — 2imc(X*)

acting on differential forms. This operator was also introduced, indepen-
dently, in [27], and related in [2] to equivariant cohomology. In [8], given a
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1160 NICOLE BERLINE AND MICHELE VERGNE

G-equivariant principal bundle with a G-invariant connection, we have de-
fined a moment map and equivariant characteristic forms, which are
dx-closed forms analogous to Chern-Weil characteristic forms.

In our formula

(index D)(exp X) = S Iy
M

the form py is defined in terms of such equivariant characteristic forms,
associated to the geometric data.

Theorem 2.8 expresses the integral over M of a d y-closed form as an
integral over the zero-set M, of X*. Using this, our formula for the equiva-
riant index follows from the theorem of Atiyah and Segal [4] which ex-
presses the equivariant index at a point g € G as an integral over the fixed
point set of g.

When M is a regular admissible orbit O of the coadjoint representa-
tion of G, our formula gives Kirillov’s formula for the character of the cor-
responding representation Ty (cf 3.21). As is well known, in this case the
equivariant index theorem at a regular element g € G reduces to the
Lefschetz-trace formula of [1] and is equivalent to Weyl’s character for-
mula. On the other hand, Kirillov’s formula reads [19]

tr To(exp X) = j e X0 eu/2m g=1/2(a4 X))
0

where w is the canonical 2-form on the orbit O and
adX/2 _ ,—adX/2

e
J(ad X) = det d X

The integrand in the right-hand side coincides with the form py.
Consider now a noncompact semi-simple Lie group G with discrete
series. The square-integrable representation Ty associated to a regular ad-
missible elliptic orbit can be realized in the space of L2-solutions of the
twisted Dirac operator on O [22], [25]. Furthermore, the formula

tr To(exp X) = S Bx
)
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holds [24], when the trace is considered as a generalized function on a
neighborhood of 0 in g. This expresses the L?-equivariant index in terms of
equivariant characteristic forms. In this situation no Lefschetz fixed point
formula seems to hold over the whole noncompact group G. However the
localization formula 2.8 remains true when exp ¢X is a relatively compact
subgroup of G [7]. Thus on a compact torus 7 of G (but only there) can
tr Ty (g) be given alternatively by a fixed point formula, or by the integral
formula above.

In the case of a homogeneous Riemannian manifold, Connes and
Moscovici have obtained a formula for the L? index of the Dirac operator
[14] involving the form uy, for X = 0. Similarly, we expect the range of
validity of our equivariant index formula to extend to noncompact situa-
tions.

The results of this article have been announced in [9].

A particular case of the localization formula gives a formula of Duis-
termaat and Heckman [16], [17], for the moment map of a symplectic
manifold with a Hamiltonian G-action (cf 2.10). We have used some ideas
in [17] to simplify our original proof. The localization formula 2.8 has also
been obtained in [2] using topological methods.

We thank Victor Kac for the proof of formula 2.9. Michel Duflo sug-
gested us to model the formula for (index D) (b exp X) on Harish-Chandra
description of the distribution 6 [18].

We also thank R. Bott, A. Connes, V. Guillemin, G. Heckman and
H. Moscovici for conversations on this subject.

I. Moment map, group actions on vector bundles and equivariant
characteristic forms.

1.1. Let M be a C*-manifold. Denote by @(M ) = @Q" (M) the alge-
bra of differential forms on M and by @1 (M) the commutative subalgebra
of even forms. We denote by d the exterior differentiation. If £ is a vector
field on M, we denote by c(£): (M) — @Q(M ) the contraction, £(£) the Lie
derivative. We have

1.2 LE)=d-c(&) + c(§)-d.

1.3. Let G be a Lie group acting on M. Let g be the Lie algebra of G.
For X € g, we denote by X 5, or simply X*, the vector field on M defined by
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X% )(m) = - flexp X - m) =0

We have: [X*, Y*] = —[X, Y]*.

The operator dy = d — 2iwc(X*) is an antiderivation of ®@(M), which
respects the gradation in even and odd forms. By 1.2, (d ¥)? =
—2irL£(X*). Let Qx be the subalgebra of forms p € @(M) such that
L(X*)u = 0. Then the square of the operator dy is zero on @y . We define
as in [8]:

Z(M, dx) = Ker dX
BM, dx) = dx(Qx)

Thus B(M, dy) C Z(M, dyx) C Qx. We note by H*(M, dy) the algebra
Z(M, dx)/B(M, dx). It is clear that, if X = 0, H*(M, dy) is the usual
De Rham cohomology ring H*(M) of M.

1.4. A map X — puy from g to @(M) will be called an equivariant
form, if

px € Z(M, dx)
pe-x — 8 nx for geG,Xegq.

We will study group actions on principal bundles with connections and see
that such a situation leads naturally to the construction of equivariant
forms on M.

Let H be a Lie group with Lie algebra §). Let P = M be a principal
bundle with structure group H. If U €}, we denote by +(U) (or simply U)
the vector field on P generated by the right action of H on P, i.e.

W o)(p) = % op exp 2U)] 0.

Let o be a connection form on P, D the covariant differentiation associated
to a and  the curvature of o.

Suppose the action of G on M lifts to an action of G on P commuting
with the action of H. For X € g, let X the corresponding vector field on P.
The function defined on P by Jy = «(X}¥) satisfies Jx(ph) = h ™1 - Tx(p).
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1.5 LEMMA.
DIy + ¢(X5)Q = £(X%) - a.
Proof. - AsJx(ph) = h~'Jx(p), we have
DIy = dlx + [a,Jx] = de(X§)a + [, Tx].

Now @ = da + (1/2)[«, «]. Thus
1 1 "
cX$)Q = c(XF)da + —2‘[JX, al — —2‘[01, Jx] = cXP)da + [Jx, al,

DIy + c(X$)Q = de(X$)a + c(XF)da = LXF) - .

1.6 Definition. If G acts on P and preserves the connection «, the
mapJ:P — g* ®¥ defined by Jy = a(X§) is called the moment map of the

action.

1.7 ProprosITION. The moment map J has the following properties:

a) Jis G X H equivariant,
b) DIy + ¢(X$)Q = 0,
o) Ux,Jyl — Jixyy = UXE, Y3).

Proof. Let us prove c):
1
QXF, Y3P) = da(XE, YE) + >l o] (X5 A YE)

= X3 a(YE) — Y} aXE) — o[XE, YED + Ux, Iyl
As « is invariant by X5, Y3, we have
(X3 - a)(YF) = alXE, YE] = —allX, YIE) =Jix ]

and we obtain c).

As Q is a horizontal form, the form c(X3)Q, as well as X3, Y3)
depends only of the horizontal component of X3, i.e. of X37and o. We will
reformulate the conditions a), b), c) in a slightly different form.

Let §) be the Lie algebra of H and consider the vector bundle P(h) =
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P X y/H, where H acts on }) by the adjoint action. We denote by I'(P(})) its
space of sections. The map Jy can be considered as a section of P(f)) and
the curvature Q of « as a section of A>2T*M ® P(h). As the bundle P(B) is a
bundle of Lie algebras, given two sections ¢ and ¢’ of P(h), [¢, ¢ '] is again
a section. Let us consider the covariant differentiation D on P(f)) deduced
from «. The conditions b) and c) read also as follows:

b’) DJy + c(X#)Q = 0, as sections of T*M ® P(h)
c’) Ux, Iyl = Jix.y) = X7, Y3 as sections of P(p).

Following Kostant [21], we now prove the converse.

1.8 THEOREM. Let (P, ) be a principal bundle over M with struc-
ture group H and connection o. Let G be a simply connected group of
automorphisms of M. Suppose there exists a linear map J:g — T'(P(}))
such that:

1) Dly + (X2 =0
2) X Y = Ux, Iyl — Jixyps
then the action of G on M lifts uniquely to an action of G on P commuting

with H, leaving invariant the connection o, and such that Jx = o(XF).

Proof. 1f £ is a vector field on M, we denote by £” its horizontal lift to
P. Define (X}), = (X#)" + rUx(p)). Thus a(X}) = Jx. As Jx(ph) =
h~'-Jx(p), the vector field X ¥ is invariant under the action of H, and it
follows from 1.5 that X¥ preserves the connection «.

Let us see that [XF, Y31 = —[X, Y]%. As X3 projects to X7, the
difference between left and right hand side is a vertical vector. Thus, we
need only to verify that

o[XE, YED = —od[X, YIE) = —Jix,y)-
Consider Q@ = da + (1/2)[«, «]. Then:
QXE, Y§) = (d)(XE, YE) + Ux, Jyl
=X} YE) — Y} oXE) — alXE, YE] + Ux, Jyl

= ofXE, YE] — ol YE, XE] — alXE, YE] + Ux, Jyl,
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as « is invariant under X§,

= a([X;ey Y%]) + [JX, JY]°

The condition 2) implies then the desired equality.

It remains to see that the vector field X3 is complete. Letx e M, p a
point of P above x. Consider x(¢) = (exp tX) * x. Consider y(¢) the horizon-
tal lift of x(¢) to P such that y(0) = p. The equation DJy + ¢(X3¥)Q2 = 0
implies in particular that (X3)" -Jy = 0. Thus Jy is constant along the
curve y(z).

Define p(¢) = y(t) exp tJx(p). Remark that

Tx(p@) = =Py (v(2)

e_ﬂx(”)JX(p)
= Jx(p).

As H leaves invariant horizontal subspaces, the tangent vector to the curve
v(t + e)exp thx(p) is (X )". The tangent vector to y(t)exp(t + e)Jx(p) is
rlIx(p)) = r(x(p@)). Thus the tangent vector to p(¢) at the point ¢ is
(X;l; )p(t) y q.e.d.

1.9. Let (P, o) be a principal bundle over M with structure group H
and connection «. Let p be a representation of H in a vector space V. We
denote also by p the corresponding infinitesimal representation of §) in V.
Let V = P X V/H be the associated vector bundle and T'(V) its space of
sections. Consider the linear bundle connection D on I'(V) defined by «.

Suppose G acts on (P, «). Let Jy:P — | be the associated moment
map. The function p = p(Jx(p)) can be identified with a section of the
bundle I'(End V). The group G acts on T(V) by (g - s)(m) = g °s(g_1m).
Let £(X) be the corresponding infinitesimal representation of g in T'(V).

1.10 LEMMA.
LX) = —Dyy,+ olx)
Proof. If we identify the space of sections of I'(V) to V-valued func-

tions on P satisfying o(ph) = p(h) ' - ¢(p), the action of G on I'(*V) be-
comes (g * ¢)(p) = (g~ !p). Thus

EX) o= —XE-o=—(XH" 0 — rUx(p)- 0.
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But r(Ux(p)) - ¢ = —pUx(p)) - ¢, and we obtain the lemma.

1.11. In particular, let m € M such that (X3)),, = 0, then the infini-
tesimal action of X on V,, is given by p(Jx).

1.12. Recall the context of symplectic geometry where the moment
map was originally defined. Let (M, w) be a symplectic manifold. Let ¢ be
a function on M. The Hamiltonian vector field H,, of ¢ is the vector field on
M such thatdy = c(H,) * w. Define the Poisson bracket of the functions ¢,
¢’ by

{¢9 ¢,} = w(H¢/9 H(p)

1.13. Let G be a group of symplectic transformations of M. We say
that the action of G on M is Hamiltonian if there exists a G-equivariant
linear map f from g to functions on M such that

a) dfy + e(XFpw = 0.
The G-equivariance of f and the condition a) implies:

b) {fx, fy} =fixn-

Reciprocally, if the group G is connected, the conditions a) and b)
implies the G-equivariance.

The mapf:g = @°(M) was then defined to be the moment map of the
Hamiltonian action.

Suppose we have an Hermitian line bundle (L, «) over (M, w) with
curvature form K = —iw. Such a line bundle exists if and only if w/27 is
integral. Consider the associated principal bundle with structure group the
one-dimensional torus 7. As T is commutative, the conditions 1), 2) of
Theorem 1.8 can be simply rewritten as

1) dly + c(XEK = 0
2) KX3, Y3 = —Jix,v)-

If G lifts to a group of Hamiltonian transformations of M, the condi-
tions of Theorem 1.8 are satisfied withJy = —ify. Thus the action of G on
M lifts uniquely to an action of G on L preserving the connection o and
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such that a(XF) = —ifx. Remark that if (X}),, = 0, the action of exp tX
on M leaves stable the point m and acts on the fiber by e ~#/x ),

1.14. An important example of Hamiltonian action arises as follows
[20], [21]. Let G be a Lie group with Lie algebra g. Let O C g* be an orbit
of the coadjoint representation. For £ € O, let G({) be the stabilizer of {. The
group G(f) has Lie algebra

g(0) = {X eg; I[X, Y] =0, forall Y e g}.

The tangent space Ty(Q)to O at fis g £ = {X - £} C g*. Define the 2-form
won O by w(X -4, Y-8 = X, Y]). The manifold (O, w) is then a sym-
plectic manifold and G acts by symplectic transformations on O.

If X € g, the vector field X§ on O is given by (X&), = X - £. Let fx (§) =
—(&, X) be the restriction to O of the linear function —X on g¢*. It is imme-
diate to verify that

a) dfy + c(X¥)o = 0

b) {fx: fr} = fixn-

Thus if w/2x is integral, there exists a line bundle (L, o) over O and an
action of G on (L, ), such that if X € g(¢) the action of (exp X ) in the fiber
L, of L above ¢ is given by multiplication by e®*X), In particular, there
exists a character x, of G(f) of differential if. This is Kostant’s integrality
criterion for w/2x to be integral [21].

1.15. Let us consider a Hamiltonian action of G on (M, w). Define
vy =fx — w/2iw. Asdfy + c(X¥)w = 0, dw = 0, we see that dx(vyx) = 0.
The map X — »y is thus an equivariant form on M.

1.16. We return now to the general situation of a manifold M and a
G-equivariant principal bundle (P, «) with structure group H and connec-
tion form «. Let D be the covariant differentiation on P, Q the curvature of
o, Jx the moment of X. ThenJy — Q/2iw is a h-valued form (not homoge-
neous, but even) on P. From Bianchi’s identity D = 0, it follows that
(D — 2ime(X*)Ux — Q/2iw) = 0. This relation is the analogue of the
equality (d — 2ime(X*))(fx — w/2iw) = 0 relating the moment map of a
Hamiltonian action to the symplectic form w. Let ¢ be a H-invariant poly-
nomial function on ). We extend ¢ by multilinearity to a polynomial func-
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tion on @ T (P) @Y with values in QT (P). Itis easy to see that the form o(Jy
— Q/2iw) projects on a form on M denoted (X, ). Recall

1.17 Tueorem. [8]

1) o(X, o) € ZM, dy).
2) The class (X, P) of (X, w) in H¥(M, d) is independent of the
G-invariant connection o.

In particular suppose V is a G-equivariant vector-bundle with a
G-invariant linear connection «. Let P be the associated principal bundle,
with structure group H = GL(n, C). Denote by ¢, the coefficients of the
characteristic polynomial

det(1 + tA) = kgo tfci(A).

The corresponding form ¢, (Jy — ©/2ix) coincides for X = 0 with the
k"-Chern form. The last one, det(J x — /2im), will be denoted by
x(X, V). It will occur in the localization formula of Section II.

In Section III, we will express the equivariant index theorem in terms
of equivariant characteristic forms.

II. A localization formula. The structure of H*(M, dy) is particu-
larly simple to describe when the one parameter subgroup (exp ¢X) is rela-
tively compact in G and M is a compact manifold. In this section, we will
thus assume that 7' is a compact torus with Lie algebra t acting on a com-
pact manifold M. (These hypotheses may be relaxed in applications.) We
fix X e t. The zeros of Xj;form a submanifold of M denoted by M,,.

2.1 .ProposITION. The restriction map i*: H¥(M, dy) = H¥(M,)
is an isomorphism.

Remark. As the operator dy was shown to be related to equivariant
cohomology in [2], this result follows from Quillen [23]. Nevertheless we
give a proof, as it is very simple in our differential forms setting. This proof
will follow from the next lemmas:

2.2 LEMMA. Let Y be a manifold with a G-action. Let X € g. Sup-
pose there exists a 1-form a on Y such that
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a) alX*) =1
b) £LX*)a = 0.

Then, if p € Z(X), u = dx(a(do — 2im) "1 p).

Proof. This is clear, as dya = da — 2iw and (da — 2i7) is an in-
vertible element of Z(M, dy).

2.3. If Y is a manifold with a G-invariant Riemannian structure g,
such a 1-form « can be constructed on the complement of the zeros of X*
by setting

_ 8X*% 8
al§) = (X%, X%)

In particular, we obtain:
H*M — M,,dy) = 0.

Remark. If T = exp tX is a torus, « is a connection form for the
bundle M — My —> M — M,/T.

2.4 LeMMA. Let U be a T-invariant open subset of M containing
M. The restriction map i* : H*¥(M, dyx) = H¥*(U, dx) is an isomorphism.

Proof. Choose a T-invariant Riemannian metric g on M. Let  be a
T-invariant function on M, identically equal to 1 on a neighborhood of M|
and whose support is contained in U. Let « be the 1-form on M — M,
constructed as in 2.3. If u € Z(U, dy), the form p — dx((1 — Y)a(da —
2im) ! ) represents the same element of H*(U, dy), and is compactly sup-
ported in U, thus can be considered as a form on M. Therefore the restric-
tion map is surjective. Let now u be a form in Z(M, dy) such that p = dxf
onU. Theform pu’ = p — dx(yB) is a form on M, which is identically 0 in a
neighborhood of M. Thus u’ = dy(a(da — 2im) " 'p’).

2.5. Let N be the normal bundle to M, in M. Identify, via the metric
g, N, to a subspace of 7, (M) and let N, = {(x, v); x e My, veN,; ||v|| <
e}. For e sufficiently small, the exponential map E(x, v) = exp, v is de-
fined and is a diffeomorphism of N, onto an open tubular neighborhood of
M, in M. Consider the homothety H(¢) along the fibers of N given by
H(t)(x, v) = (x, e'v). Denote by H the corresponding vector field. Leti: M|,
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— N be the embedding of M in N as the zero section, p the projection map
(x,v) > xof NtoM,.Ift < 0, H(¢) sends N, to N, and if t & — o0, the map
H(¢) tends to the mapi-p.

2.6. Define h:Q(N,) = Q(N,) by
ho = S H(—t)*(c(H) - w)dt.
0

We have
(dh + hd)o = w — p¥¥w
as

o<}

(dh + hd)w = S H(—t)*(dc(H) + c(H)d) - wdt
0

= j H(—t)*¥LH) - w)dt
0

_ |7 a
= SO 7 (H(—t)*w)dt

= w — p¥tw.

Let us now prove the Proposition 2.1. From 2.4, it is sufficient to
prove that the restriction map i*: H*(N,, dy) = H*(M,) is an isomor-
phism. If w is a closed form on M, p*w is a closed form on N,. As X*is a
vertical vector field, ¢(X*)p*w = 0. Thus p*w is an element of Z(N,, dx)
restricting to w.

Now let w be a form on N, such that i*» = 0 on M. Consider hw; as
X* and H commute, ¢(X*)h = —hc(X*). Thus

dy(hw) = d(hw) — 2irc(X*)hw
= dhw + 2iTthc(X*)w

= (dh + hd)w
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2.7. We will now compute the integral over M of an element u €
Z(M, dy) in terms of its restriction to M.

Letp = Ep.[’] be a form on M. If Y is a connected oriented compact
submanifold of M, we write [y for [yu!™ Y] I1f Y = UY; is a finite dis-
joint union of compact oriented submanifolds (of possibly different dimen-
sions), we write {yu for I; [y u. If Y is invariant under exp £X and p is dx-
closed, {yu depends only on the class of u in H¥(M, dy).

The normal bundle N = M, over M can be provided with a T-invari-
ant complex structure. This may be seen as follows. The infinitesimal
transformation Jy acting on N, = T, (M)/T.(M,) (x € M,) is invertible.
As T is compact, the eigenvalues of Jx on N, are purely imaginary. For A €
R, define

NXN=1{yeN,®rC;Jxv = i\v}
and define

N = @ N2

A>0

If a complex structure N* on N is chosen, the orientation of M deter-
mines an orientation My of M.
We now state:

2.8 THEOREM. If pe H¥(M, dy)
S p= S (r|Mo)x(X, N")~L
M My

Remark. Recall that the term x(X, N*) is constructed as follows:
Choose a T-invariant linear connection D on N*'. Let Q be its curvature,
considered as a section of A>T*M,®End N*. LetJy e '(End N be the
infinitesimal action of X in N*. Then x(X, NT) is the class in H*(M, o) of
the form det(Jy — Q/2iw). As T is compact, the eigenvalues of Jx on
N, ®g C are locally constant functions of x. The form det(J/xy — Q/2i7) is
then a closed form on M, whose term of degree 0 is the nonvanishing lo-
cally constant function det Jy. Thus the class x(X, N +) is invertible in
H*(M,).

The following proof is a simplification of our original proof, using
some ideas in [17].
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Consider N, and identify it to the tubular neighborhood E(N,) of M|
in M. Suppose ay is a 1-form on N — M invariant by exp X and such that
c(X*®)ay = 1. Using a T-invariant partition of unity (¢, ¢) for the covering
(N, M — M) and the form o« on M — M, of 2.3, the form o’ = ¢y +
o still satisfies the conditions £(X*)a’ = 0, c(X*)a’ = 1 and coincides
with ¢ in a neighborhood of M.

We will construct « as follows: Choose a T-invariant complex struc-
ture on N. Choose a T-invariant Hermitian structure on the complex vector
bundle N = M. Let D be a T-invariant linear connection on N preserving
the Hermitian structure 4 and let Q be the curvature of D. If £ is a tangent
vector on N, denote by &' its vertical component determined by D. The
vector field X7 is the vertical vector field given by (X%),,) = Jx(x) - v. Let

h(ES XE)
XK, X%)

ay(§) =
Let u € Z(M, dy). Recall that, by Lemma 2.2, on M — M,
p = (d — 2ime(X*)(a'(da’ — 2im) " p).
Thus

#[dimM] — d(a’(da’ _ 2i7r)—1#)[(dim M)—l].

Let (N,) = {(x, v) € N; ||v|| = €}. By Stokes’ theorem:

S p = lim S p = —lim S o'(da’ — 2iT) "y,
M 0 Jm—N, 20 Jaw,)

Let po = u|My, p:N = M, the projection, then u — p*(u) is an
element of B(N,, dx) (2.1). We therefore have:

S w = —lim S a’'(da’ — 2im) " p*(ug).
M aN,)

e—0

For e sufficiently small, o’ coincides with oy on N,. Remark that « is
invariant by homotheties along the fibers. Let N' = {(x, v); ||v| = 1}.
The proper map p':N! — M, of oriented manifolds determines a
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push-forward p of forms by integration over the fibers. Theorem 2.8 fol-
lows from the equality

pilaoQir — dag) ™) = det(JX - ——9—~> 1.
2w

We prove this equality in local coordinates.

Let x, be a point of M. Consider the Hermitian form # on N. We may
construct for x in a small neighborhood U of x, in M, an orthonormal
frame (ef, €3, ..., e};) of N, by parallel transport from an orthonormal
basis of N, . Let {(z, w) be the canonical Hermitian form on C". Identify
locally N with U X C" by (x, z) = (x, L z;e7 ). The form & becomes . (z, w)
= (z, w) and Jy is identified with a fixed anti-Hermitian matrix J. If
0 is the gu(n)-valued 1-form on U corresponding to the connection D in
these coordinates, and if (¢, v) is a tangent vector to N at (x, z), its vertical
component is v + 0(£)(x) - z. Remark that our frame is chosen such that
0., = 0.

Let f be the 1-form on N given by f(§) = h(£, X}), Q the function
h(X3, X3

In these coordinates:

f=(dz + 0z,Jz)

Q = (Jz,Jz)

df = —(dz,Jdz) + (dbz,Jz) — (0dz,Jz) — (0z,Jdz).
We write, as ag = Q! f

ao(2im — dag) ' = Q7 fQ2ir — Q7 df) !, asf2 =0

= fQirQ — df)~".
At the point xo, 6, = 0 and Q. = (d0),. Consider f(2iTQ — df);o'
as a form on S! = {(x, 2); || z|| = 1} with values in ATEM,.

Consider A = (J — Q/2in), pasa matrix with entries in the commuta-

tive ring A" T M. We have:

(2irQ — df),, = (2imAz, Jz) + (dz, Jdz)
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and it remains to prove:
2.9 S (dz, Jz) (QimAz, Jz) + (dz, Jdz)) ™! = (det A)7".
s

The term of degree dim S' = 2n — 1 (as a form on S!) of this expres-
sion is
(—1)" "1 2nAz, Jz) " (dz, Jz) {dz, Jdz)" .
Now (dz, Jz) {dz, Jdz)"~! = (det J){dz, z) {dz, dz)Y" ™D for any

Hermitian matrix J as it may be seen by diagonalizing J by a unitary trans-
formation. Setting B = JA, we need to prove

S 1 (=" VixBz, z) 7 "(dz, z){dz, dz)" ! = (det B) .
S

Considering this as an algebraic identity with respect to the entries of the
matrix B, it is sufficient to prove this equality when B is a positive definite
Hermitian matrix with complex entries.

Let p be the volume form of the sphere S'. We have:

(—1)""dz, z)(dz, dz)" ' = %(—1)"(11 — DI(—2)"p.

Thus the preceding equality is true, for B = 1, as vol ' = 27" /(n — 1)!.
By the change of variables z = B~ !/?z, the integral

S 1 (— 1) D 2ixBz, z) "{dz, z) {dz, dzy=
s

is transformed to

(det B! S (=) 1wz, z) " (dz, z) {dz, dz)"*™V
Sp

where Sp = {z; (Bz,z) = 1}.
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Remark that the 2n — 1)-form (z, z) "(dz, z)(dz, dz)" "V is d-
closed. Thus its integral on S is equal to its integral on S!, q.e.d.

Remark. When M, consists of isolated points, this proof was given
in [8].

2.10. Application to the moment map of a symplectic manifold with
a Hamiltonian group action.

Recall the notations of 1.12 to 1.15. Assume that the symplectic mani-
fold M is compact and that the one-parameter group exp tX is relatively
compact. Let M be of dimension 27. By 1.15 we can apply Theorem 2.8 to
the form

%) . W 1 w \?
e"p<fX“z:~;>:‘+<fX‘3;>+zT<fX‘7i;> +

the component of degree 2n of which is
oS x _.OL_
" @yl

We get the Duistermaat-Heckman formula [16], [17].

"
/ w

) w
w & @ryml ng exp <fx 5 >x(X, N*)

2.11. When M is a coadjoint orbit O of a compact Lie group G, the
formula above gives Harish-Chandra formula for the Fourier transform of
the invariant measure on O. The proof of Theorem 2.8 can be adapted so
as to give an analogous formula for a closed orbit of a noncompact semi-
simple group on the set of elliptic elements of g [7]. For a regular elliptic
orbit, this formula was obtained by Rossman [24].

III. The equivariant index for the Dirac operator. In this section
we present a formula for the equivariant index of the Dirac operator as an
integral over M of an equivariant form.

We formulate the result (Theorem 3.18) in the context of a G-equiva-
riant Clifford module, in order to avoid assuming that M admits a spin
structure.
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In particular, a coadjoint orbit, which is admissible in the sense of
Duflo [15], carries always a canonical G-equivariant Clifford module,
while not always a spin structure. In this case, our equivariant index for-
mula gives Kirillov’s universal formula for the character of the representa-
tion of G associated to the orbit (3.21).

Let M be a compact manifold with a G-action. Recall that if (P, o) is a
G-equivariant principal bundle with connection « and structure group H,
we have associated to any H-invariant polynomial function on } a charac-
teristic form (X, o), whose class (X, P) does not depend on the choice of
the G-equivariant connection «. Denote by I(h*) the algebra of H-invariant
polynomial functions on }). The application ¢ = ¢(X, P) is a homomot-
phism from I(h*) to H*(M, dx).

Let I(§*) be the algebra of germs of H-invariant analytic functions on
b. If ¢ is entire, ¢(X, o) is a form on M, whose coefficients depend analyti-
cally on X. If ¢ has a finite radius of convergence, we can define ¢(X, o) on
any relatively compact open set of M, for X sufficiently small.

Suppose ) = gl(V). We denote by ch(X, P) the class in H¥(M, dy)
associated to the function A — tr(e?).

Let V — M be a G-equivariant vector bundle over M with typical fiber
V and G-invariant linear connection D. If R(V) is its associated GL(n)-
principal bundle of frames, we simply denote by ck(X, V) the characteris-
tic class ch(X, R(V)).

3.1 LEMMA.
ch(X, V;®V;) = ch(X, V) + ch(X, V;)

ch(X, Vi ®V,) = ch(X, V)ch(X, V;)

Let Q = L a,z" be an analytic function of one variable z. The function
A = det Q(A) is an analytic function on gl(V). Let (V;, «;) (i = 1, 2) be
two G-equivariant vector bundles over M with connections. It is clear that
det Q(X, V; ® V,) = det Q(X, V,)det Q(X, V,).

The function j(z) = (e*’> — e */?)/z has an analytic square root j '/
in a neighborhood of 0, such that j!/2(0) = 1. We define

91X, V) = detjH(X, V)

972X, V) = detjTV2(X, V).
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Let us remark now the:

3.2 LEMMA. a) Let B be a nondegenerate symplectic form on V.
Let Sp(B) be the group of symplectic transformations of (V, B) and 8p(B)
its Lie algebra. The function detj(A) = det((e?’? — e 4/%)/A) admits a
Sp(B)-invariant entire square root 92 on 8p(B).

b) Let Q be a nondegenerate symmetric form on V. Let O(Q) be the
group of orthogonal transformations of (V, Q) and $0(Q) its Lie algebra.
The function detj(A) = det((e?’? — e 4/?)/A) admits a O(Q)-invariant
entire square root §''% on 80(Q).

Proof. a) Let} be a Cartan subalgebra of gp(B). There exists a basis
e, ey, ..., e, of Vsuch that

. (a, A I

a

h=<H= ;a;eC\.

. . _anJ J

The Weyl group W of ) in Sp(B) is generated by the permutations of the a;
and the changes of signs. We have

n a;/2 _ ,—a;/2 2
detjan = (f1 = )

i=1 a;
The function

n a; /2 __
ey =1 -2 —°

=1 a;

—u;/2

is an entire function on §), invariant by W. Thus, by Chevalley’s theorem, ¢
is the restriction to f) of an entire function ¢ on §p(B), which is Sp(B)-invar-
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iant. Clearly ¢ is a square root of det j, proving a). The proof of b) is en-
tirely similar.

3.3. Suppose that P is the trivial bundle M X H with G-action
g (m, h) = (gm, y¥(g)h), for a homomorphism v:G — H. Denote also by
v the corresponding infinitesimal map from g to §). Let « be the flat connec-
tion on P, reciprocal image of the Maurer-Cartan form on H. Then « is G-
invariant and ¢(X, «) is the constant function on M equal to ¢(y(X)).

Let p: G = O(V) be an orthogonal representation of G in a real vector
space V. Let M be a closed G-invariant submanifold of V. Let N(M ) be the
normal bundle to M in V, T(M) its tangent bundle. Then N(M)D T(M ) =
M X V. Consequently:

3.4 92X, NM)) (X, TM)) = §2(p(X)).

3.5. IfZis a compact group with Lie algebra 3 acting trivially on M,
then for X € 3, the ring H*(M, dy) is the usual cohomology ring of M.
Recall the description of the ring K (M) of equivariant K-theory of M
[26]. Let & — M be a vector bundle over M with trivial action of Z. Let
(p, V) be a finite dimensional representation of Z. Consider the trivial bun-
dle V, = M X V with action ¢ - (m, v) = (m, p(¢)v). Then the map & ® p
— & ®V, determines an isomorphism of K(M) ® R(Z) with K z(M). De-
note by u — u(g) the evaluation map from K (M) to K(M) Qy C defined
by (&6 ® V,)(g) = (tr p(g))&. If X € 3, by Lemma 3.1, V = ch(X, V)
extends to a character on K,(M). By 3.3 we obtain:

3.6 LEmMA. IfueK;(M), X € 3, ch(X, u) = ch(u(exp X)).

3.7. Let V be a complex vector space. Denote GL(V)/xid by
DL(V). The Lie algebra of DL(V) is gl(V). If g € GL(V), its class (g, —g)
in DL(V) is denoted by ¢. We denote GL(n; C)/(xid) by DL(n). We refer
to a principal DL(n)-bundle ‘W as a pseudo vector bundle.

If V — M is a vector bundle, its frame bundle R(V) is a principal
GL(n)-bundle, thus it determines a principal DL(n)-bundle <. The condi-
tion that a pseudo vector bundle W is obtained from a vector bundle V is
expressed by the vanishing of a class e«y € H 2(M, Z./27) described as fol-
lows in Cech-cohomology. Let { U;} be a contractible covering of M, c;(x)
continuous lifts to GL(W) of the transition functions ¢;i(x) € DL(W) of W.
Then ¢; ; ,(x)Id = c;(x)c;(x)ci;(x) is a Cech-cochain representing exg .

If W, and W, are vector spaces, the map (g, g,) — g, g, gives a
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homomorphism of DL(W ) X DL(W,) in DL(W; ® W,). Thus if W,
W, are two pseudo vector bundles, W, ® W, defined by this homomor-
phism, is a pseudo vector bundle, and we have exp @, = €w, " €w,. If W,
and ‘W, are two pseudo vector bundles with the same class ey, = €y, , the
pseudo vector bundle W; @ W, is well defined, and e¢w, +w,) = €w, =

EWZ.

3.8. We set notations for the half spin representations.

Let E be a real vector space of even dimension n = 2/ with a positive
definite form Q. We denote by C(Q) or C(FE) the Clifford algebra of Q.
C(Q) is the quotient of the tensor algebra T(E ®y C) by the ideal generated
by the elements {x ®y + yQx + 20Q(x, y)}. Recall that C(Q) has a unique
irreducible representation ¢ in a complex vector space S. The space § is
called the spinor space and the map (v, s) = co(v)s the Clifford multiplica-
tion. Thus, if ¢ is any representation of C(Q) in a vector space V, there
exists a vector space W and an isomorphism / between V and § ® W,
transporting the representation c to cq & id.

Suppose E is oriented and let e, e, . . ., e, be an oriented orthonor-
mal basis of E. The element o = eje, * - ey—1ey, of C(Q) is such that
o = (—1)', ve; = —e;a. We define then:

st = {s €S, cola)s = i_{s}

§™ ={seS, cola)s = —i s}

Then:
S=5T®S™

coE)ST C S
co(E)S™ C ST

Let E = E, ®E, be an orthogonal sum of oriented euclidean spaces of
even dimensions, S, S, S, the corresponding spinor spaces. Then:

S=5QS,, as CE;)® CE,) modules
StT=5®ST +85 ®S;

ST =857 RS +57®S5;5.
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Consider the universal covering group Spin(E) L SO(E) of SO(E). Let
p '(e) = (e, €). There exists a representation p of Spin(E) in § such that
p(,g7)c0(x)p(,g7)'l = ¢o(g - x) for all x € E, g in Spin(E) above g in SO(E).
We have p(e) = —Id. The spaces ST and S~ are invariant under p and are
called respectively the space of even and odd spinors. We denote by p , p—
the restriction of p to ST, S

As p(e) = —Id, the homomorphism p:Spin(E) — GL(S) defines
homomorphisms

p:SO(E) = DL(S)
p+:SO(E) = DL(S™)
p—:SO(E) = DL(S™).
Consider the SO(F)-invariant function on 8o(F) defined by
D(X) = tr py (exp X) — tr p_(exp X).
We have:
3.9 D(X)? = (—1)'det(1 — e*; E).

Suppose that E has an Hermitian structure and that E is oriented ac-
cordingly to the complex structure, then if X is an infinitesimally unitary
matrix, we have

3.10 D(X) = (—1)'detc(X) - j'2(X).

If E = R" with its canonical form, we denote by SO(n), Spin(n), C,
the corresponding orthogonal, spin group and Clifford algebra.

3.11. Let (M, g) be a Riemannian oriented manifold of dimension
n = 2{. The frame bundle F(M) = F of orthogonal oriented frames is a
principal SO(n)-bundle. We denote by 8, 81, 8~ the corresponding
pseudo-bundles F X go(,y DL(S), F X 500,y DL(S™), F X 50(,y DL(S ™), de-
duced from F and the homomorphisms p, 6+, p—. We call §, 8$*t, 8 the
spin pseudo-bundles. The existence of a spin-bundle § lifting the spin
pseudo-bundles 8 (or 8§, §_) is equivalent to the vanishing of the second
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Whitney class w, (M) of M. Explicitly w, is described as follows: Let (r,) be
local sections of the frame bundle F over a contractible covering U,,. Let
o (x) be the SO(n)-valued transitions functions over U, N Ug determined
by r,(x) = rg(x)cgy(x). Choose a continuous lift &g,(x) of cg,(x) in
Spin(n). Then w, g, (x) = Cop(x)Cs,(x)C,q(x) takes values in the group
(e, €) = Z/2Z and represents w,. In particular eg = €5, = €5_ = wy(M)
and$ = 8T @®S".

3.12. Let G be a group acting on M by orientation preserving isome-
tries. The group G acts on F, thus acts on 8, s, 8.

3.13. Let C(M) — M be the bundle of Clifford algebras C.(M) =
C(T M, g,) over M. A vector bundle V — M is said to be a Clifford mod-
ule, if there exists a bundle map ¢: C(M) ® V — V such that at each x the
map ¢,:C,(M) ® V, — V,_ is a representation of the Clifford algebra
C,(M).

Let G be a group acting on M by orientation preserving isometries.
The bundle C(M) is G-equivariant. Let V be a G-equivariant vector bun-
dle over M. If there exists a G-equivariant multiplication c¢: C(M) ® V —
V, V will be called a G-equivariant Clifford module.

If w, (M) = 0, there exists a principal bundle F covering F with struc-
ture group Spin(n). Let § be the vector bundle associated to the representa-
tion p of Spin(n) in §. The map (£, v) = ¢¢(§)v from C, ® S to S determines
a bundle map cy: C(M)® 8§ — § which gives to § the structure of a Clifford
module. If ‘W is any vector bundle on M, consider S ® W and define a
Clifford structure on § @ W by ¢y Q id:C(M) QS R W — § Q W. It is
easy to see that every Clifford module over M is obtained by this construc-
tion [3].

3.14. Inthe general case, where w,(M) is not necessarily equal to 0,
we will see that we can still associate to a Clifford module V a pseudo vec-
tor bundle W, such that ,("W) = w,(M) and such that V = W®S. If ©
is G-equivariant, so will be W.

We describe ‘W as follows:

Choose a system of local sections r! of the frame bundle F, over a con-
tractible covering U;. These define isomorphisms

r:T.M > R"
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and
Cx(M) ; CII ’

Thus we obtain a representation c’. of C, in V.. By uniqueness of the Clif-
ford representation, there exists an integer m and trivializations

RV, > C"®S

taking ¢ to the representation 1 ® c,. Trivializations r' and R’ as above
will be called compatible trivializations of TM and V.

Let c;;(x) € SO(n) be the corresponding transition function r%, o (#4) ™!
of the tangent bundle. Lift c;i(x) to elements ¢;i(x) of Spin(n). The map R
oRHTTo(1® p(E'_,-,-(x)))_l commutes with 1 @ ¢(. As ¢y is irreducible,
this implies that

Rio R = hji(x) ® p(&;i(x)).
The GL(m)-valued maps k;(x) satisfies the relation:
h,J(x) ° hjk(X) o hk,'(X) = ei,-k(x)Id = +Id.
Thus the DL(m)-valued maps %, (x) define a pseudo vector bundle W such
that 62(W) = Wz(M)
Let us analyze the action of G in V. Consider the action of G on TM.

Let g € G and let m;(g, x) the SO(n)-valued functions defined on the sets
{(g,x); x € U;, g - x € U;} by the relation

ricog e (r)™ = m;(g, x).
Let (g, x) be a lift of m;(g, x) to Spin(n). Using similarly the commuta-
tion relation with 1 ® ¢y, we see that necessarily the action of g on V is
given by

Rl °go RD™! = n;(g, x) ® p(rm;i(g, x)).

The maps 72;;(g, x) provide then an action of G in the pseudo vector bun-
dle W.
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3.15. If Vis a G-equivariant Clifford module, we denote by s _, (V)
the G-equivariant pseudo-bundle W defined by compatible trivializations
of Vand TM.

3.16. If Vis a Clifford module over M, we define V™ and ¥~ as
follows: Choose an oriented orthogonal basis e, e;, ..., e;pof T .M, and
consider the transformation

o, =cylegreytmeg).

Define

Vt ={v;o,v=i""}
VT ={v;auw=—i v}

As G acts on M by orientation preserving isometries, the bundle V" and
V™ are G-equivariant.

Recall how an equivariant Clifford module V defines an element of
equivariant K-theory of TM. Consider the map w:TM — M. The map ((x,
£), v) = ((x, &), c(£) - v) defines a bundle map from 7*(V1) to 7#(V ")
which is an isomorphism on TM — M. We denote by d(*V) the correspond-
ing element of G-equivariant K-theory.

Let W be the G-equivariant DL(m)-principal bundle s _; (V) deter-
mined by V. Let y: H¥(M) — H¥,(TM) be the Thom isomorphism. Then
[6].

3.17 LEMMA. ¢ lch(d(V)) = (—1)'chW - §/2(TM). We will now
prove:

3.18 THEOREM. For X in a neighborhood of 0 in g

(index d(V))(exp X) = j ch(X, W)g~V2(X, TM).
M

Proof. We will deduce this theorem from the localization formula of
Atiyah-Segal [4] and from our Theorem (2.8). We need some lemmas.

Suppose Y is a compact Riemannian manifold of dimension 2m. Let Z
be a compact group with Lie algebra 3 acting trivially on Y and let V be a Z-
equivariant Clifford module over Y. Let “W be the pseudo-bundle over Y
determined by V.
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3.19 LEmMMA. For X €
Y leh(d(V) (exp X)) = (—1)"ch(X, W) G2(TY).

Proof. If V = @V(N) is the decomposition of V with respect to the
locally constant eigenvalues of g € Z, each of the V(\) is a Clifford submo-
dule of V. We have

ch(d(V)(g) = %Ng)ch(d('&?(%)))
¥~ eh(d(V))(g) = Zi M) (= 1)" ch(W\)J*(TY),

if “‘W(N) are the pseudo bundles s _;(V(N)). But it is clear that W = T
W(N) as a sum of pseudo vector bundles and that

ch(X, W) = I Nexp X)ch("W(N)).

Let us come back to the proof of the Theorem 3.18. Letg € G, T be the
closure in G of the group generated by g, M, be the submanifold of fixed
points of g in M. Let M, = U , Mg be the decomposition of M, in con-
nected components. Suppose that My is oriented and of even dimension
205. Let N be the normal bundle to M, in M, A_| N the element of K(M,)
defined by A\_ ;N = Z(—1)'A'N. Leti: TM, — TM be the inclusion. Then
we have, by [4], [6]

3.20 index d(V)(g)

= E(—l)"gj ¥ eh(@*d(V) (@) (kN N)(g) ™ g~ (TMS).
o MY

14

Let us analyze i*d(V) over a connected component of M, . Consider
the orthogonal decomposition TM, = T, M, ® N,. Consider on N, the
orientation determined by the orientation of M and M, . Let dim N, = 2q.
Letay = ¢, (f1f2 - - f2g—1/2,) e the endomorphism of V, determined by
the choice of an oriented orthonormal basis of N,.. Let

(V) ={veV,ayv= i~}

(V) ={veVayv=—i9}.
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Then (V;), and (V,), are stable under the action of C,(M,). Thus we
have:

V) =V, @V,

where V; and V, are Clifford modules over M,. Let Vi be the sub-
bundles of V;, V, determined by the orientation of M,. Then

vt =9 @vy
VT =V @V
and
i*d(V) = d(Vy) —d(V,) in K(TM,).

Consider the normal bundle N to M,; its oriented frame bundle is a
principal SO(2g)-bundle. Let Sy be the spinor representation of Spin(2g).
Let S5, Sy be the pseudo-bundles over M ¢ determined by the homomor-
phisms p;,“, oy of SO(2q) in DL(S¥), DL(Sy ). It is then easy to see that

s—1(V) = WSS
S_l(vz) = ’W@Sﬁ.
If ¢ = exp X, then for X sufficiently small, the manifold M, is the
manifold M, of zeros of X*.
Let D(X) = tr p,fj (exp X) — tr py (exp X).
Then, by 3.6
Y leh@*d(V)) (exp X) = (—1D%ch(X, W)D(X, N)3""*(TM,)

ch(\_{N)(exp X) = (—1)YD(X, N).

Choose a T-invariant complex structure on N as in (2.8) then D(X, N) =
(—1)7%(X, N*)g"2(X, N). From 3.20 we obtain

indexd(V)(expX) = S ch(X, W) g 12X, N)J~V2(TM ) x (X, N*) .

M,
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As T acts trivially on M,, the class §/2(X, N)$'/*(TM,) is the re-
striction to M, of the class of the element JV2(X, TM) of H*(M, dy).
Similarly ch(X, W) is the restriction to M, of the element ch(X, W)
of H¥(M, dx). Thus the theorem is deduced from the localization for-
mula 2.8.

3.21. Application to the Kirillov character formula. Let V — M be
a G-equivariant Clifford module, V a G-invariant connection on V. We
may then consider the Dirac operator D = L c(e;)V,,, where ey, ey, ...,
e, is an orthonormal basis of TM. We denote by D™ the restriction of D to
(), I'(V7). The difference Ker D™ — Ker D~ is then a virtual repre-
sentation of G and the Atiyah-Singer index theorem [S] asserts that

trKerD”L(g) - trKerD"(g) = index d(e\?)(g)

Every irreducible representation of a connected compact Lie group G is
obtained by the following construction [13]: Let O, = G - A be an orbit of
the coadjoint representation of G in g*. Suppose A is admissible and regu-
lar, then there exists a canonical Clifford module V, over O, such that the
virtual representation Ker D™ — Ker D~ is the irreducible representation
T, of G with character

T e(w)e” 2

H (ea/2 _ e—a/2)‘
a>0

Suppose M is a submanifold of an orthogonal representation space
(0, V) of G. Let N, be the normal bundle to M in V, then by (3.4) we may
rewrite 3.18, as

index d(V)(exp X)J"*(p(X)) = S ch(X, W)g"?(X, Np)
M

as an equality of entire functions on g. As the normal bundle to O, in g* is
trivial, the formula above reads in this case [10]

tr Tplexp X) "% (ad X) = S e S0 dB, (%)
04
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which is the Kirillov integral formula for the character of the representa-
tion T, .

3.22. The Theorem 3.18 gives us the expression of index d(V)(g) as
an analytic function of g near the identity element of G. We will now give a
similar formula at every point b of G as an analytic function on the central-
izer of b in G.

We introduce characteristic classes adapted to this situation.

Let W be a complex vector space. Consider a semi-simple transforma-
tion B € GL(W). Let B be the corresponding element of DL(W). Let D be
the centralizer of B in DL(W). The Lie algebra g of D is the subalgebra
of gl(W) of matrices X commuting with B.

The functions

chp(X) = tr(BeX)
vp(X) = det(1 — BeX)

are D g-invariant functions on gp. Remark that ch z(X) is determined by B
up to sign.

Let Z be a compact Lie group with Lie’algebra 3 acting on a manifold
Y. If W is a Z-equivariant D g-principal bundle over Y, we can thus define
the equivariant characteristic-form X — chp(X, W), on the Lie algebra
3of Z.

Similarly, let (£, Q) be an oriented Euclidean space of dimension 2q.
LetA e SO(E) and A e Spin(F) be an element above A. Let SO 4(F') be the
centralizer of A in SO(E), 80, its Lie algebra. Consider the SO 4 invariant
functions on 80,4 (E') defined by

di(X) =trp, (AexpX)— trp_(A exp X).
The function d 5 is determined by A up to sign and
di(X)? = (—1)7det(1 — Ae™; E).
If W is a Z-equivariant principal bundle over Y with structure group SO 4,
we denote by X — d (X, W) the corresponding equivariant form.

Such principal bundles arise in our situation as follows: Consider our
compact group G acting on (M, g). Let b € G and let M, be the submani-
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fold of fixed points of 5. Let Z be the connected component of the central-
izer of b in G. Consider a pseudo vector bundle W on M with structure
group DL(W). Let M, be a connected component of M, . The restriction of
W to My is a pseudo vector bundle over M} which we denote by W*.
Choose a point p, € ‘W*. As b acts trivially on M, there exists an element
B € GL(W) with image B € DL(W) such that b - py = poB. As the group G
is compact, the action of b in “W* is the same in each fiber, thus the set

Wg = {peWbp=pB}

is a Dg-principal bundle over M}, which is still Z-equivariant. It gives rise
to an equivariant class X — chg(X, W$) on M}. This class is determined
up to sign by the action of » in “W*¢. To simplify the notations we will drop
the subscript o which identifies a connected component of M, .

Let N be the normal bundle to M, in M. Suppose that M, is oriented
and of codimension 2g. The bundle F(N) of oriented orthonormal frames
over M, is a SO(2q)-principal bundle. Let sy € F(N) and let A € SO(2q) be
such that bgsq = soA. Consider the bundle F4(N) = {s e F(N), b-s =
sA}. This is a SO 4-principal bundle over M,, which is Z-equivariant.
Choose an element A in Spin(2g) above A and consider d ;(X). We denote
by X — d;(X, N) the corresponding equivariant characteristic form on
M, . This class is determined by the action of b on N up to sign.

Let ©V be a G-equivariant Clifford module over M. Recall that com-
patible trivializations of the tangent bundle TM and of the bundle V define
a pseudo bundle W = s_ (V). We will now make a particular choice of
the elements B € GL(W) and A € Spin(2q) employed in the preceding para-
graphs. We suppose that the trivialization r.: T,M — R?'is an isomor-
phism of the direct sum of oriented Euclidean spaces

TM=N.@®TM, > R¥ RN

for x € M, and that the action of b on N, corresponds through ., to the
action of A (b acts trivially on T, M,). Let S be the spinor space over R%,
Sy the spinor space over R? and S, the spinor space over R?“"9, Then
S =Sy®S, as C(2g) X C(2(¢ — gq))-modules. Choose a trivialization
R,:V, = WQ®S such that the action of C(2¢) in V, becomes 1 Q c. Let A
be an element in Spin(2q) above A. The actionof bin V, = WRSyR S, is
thus given by B ® p(4A) ® 1 for some B € GL(W) determined by the choice
of A. If A is changed to —A, B is changed to —B, thus the product
chg(X, W)d z(X, N)~!is well defined and depends only on the action of b
in V. Abusing notations, we denote it by
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chy(X, W)d, (X, N)~ L.

The tangent bundle TM, over M, is a Z-equivariant vector bundle. Thus
the characteristic class X — §~1/2(X, TM,) is well defined on 3. Using
these notations, we then formulate the:

3.23 THEOREM. Let G be a compact group acting on a compact ori-
ented Riemannian manifold M of even dimension by orientation preserv-
ing isometries. Let V — M be a G-equivariant Clifford module over M,
W = s _1(V) the G-equivariant pseudo vector bundle determined by V.
Let b € G, Z be the centralizer of b in G,  its Lie algebra. Suppose the
manifold M, of fixed points of b is a oriented submanifold of M. Let N be
the normal bundle to M, in M. Then for X € 3in a small neighborhood of 0

(index d(V))(b exp X) = S chy, (X, W), (X, N)“ g~ 12(X, TM,).
My

Proof. 1t is entirely similar to the proof of the Theorem 3.18. We
remark that for X € 3 small and g = b exp X, the manifold M, of fixed
points of g in M coincides with the set (M), of zeros of X* in M,. The
Atiyah-Segal formula for index d(V)(g) as an integral over M, = (M),
can be transformed to an integral over M, of elements in H*(M,, dy) by
using the Theorem 2.8.

Note added in Proof. It has been called to our attention that the
operator d, was introduced and related to equivariant cohomology in H.
Cartau, [Colloque de Topologie, Bruxelles, 1950, Centre Belge de Recher-
ches Mathematiques Georges Thone, Liége].
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