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Monodromy at Infinity and Fourier
Transform I1

By
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Abstract

For a regular twistor Z-module and for a given function f, we compare the
nearby cycles at f = oo and the nearby or vanishing cycles at 7 = 0 for its partial
Fourier-Laplace transform relative to the kernel e~77.

§1. Introduction

The regular polarizable twistor Z-modules on a complex manifold form
a category generalizing that of polarized Hodge Z-modules, introduced by
M. Saito in [6]. This category, together with some of its properties, has been
considered in [4]. A potential application is to produce a category playing the
role, in complex algebraic geometry, of pure perverse ¢-adic sheaves with wild
ramification, that is, a category enabling meromorphic connections with irreg-
ular singularities together with a notion of weight, compatible with various
functors as direct images by projective morphisms or nearby/vanishing cycles.

A way to obtain irregular singularity from a regular 2-module is to apply
the functor that we call partial Laplace transform.

In [4, Appendix], we have sketched some results concerning the behaviour
of regular twistor Z-modules with respect to a partial Fourier-Laplace trans-
form. We then have extensively used such results in [2] and [3]. In this article,
we give details for the proof of the results which are not proved in [4, Appendix].
The proofs yet appeared in a preprint form in [5, Chap. 8]. As indicated in
[4, Appendix], the goal is to analyze the behaviour of polarized regular twistor
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2-modules under a partial (one-dimensional) Fourier-Laplace transform. We
generalize to such objects the main result of [1], comparing, for a given func-
tion f, the nearby cycles at f = oo and the nearby or vanishing cycles for the
partial Fourier-Laplace transform in the f-direction (Theorem 5.1).

A remark concerning the terminology. We use the term (partial) Laplace
transform when we consider the transform for Z-modules (or #Z-modules). The
effect of such a transform on a sesquilinear pairing is an ordinary Fourier trans-
form. On a twistor object, consisting of a pair of Z-modules and a sesquilinear
pairing between them with values in distributions, the corresponding transform
is called Fourier-Laplace.

§2. A Quick Review of Polarizable Twistor 2-Modules

Let us quickly review some basic definitions and results concerning polar-
izable twistor Z-modules. We refer to [4] for details.

§2.a. Some notation

We denote by 2y the complex line with coordinate z, and by S the unit
circle |z| = 1. In fact, one could also take for {2y any open neighborhood of the
closed unit disc D = {z € Qg | |2| < 1}. For any z, € o, we put

o Co = Im z,,

o /, :C — R the function (¢/ +ia”) — o/ — (Im z,)a”,

o axz,=0a'z,+iad" (22 +1)/2.

(See [4, Chap. 0] for more notation and definitions.)

§2.b. The category %- Triples(X)

Given a n-dimensional complex manifold X, we denote by 2~ the manifold
X xQq, by O 4 its structure sheaf, and by Z 4 the sheaf of differential operators
defined in local coordinates x1, ..., x, as Og (04, ,...,0;, ), where we put 9,, =
20z, .

A module over Og or Zg is said to be strict if it has no Oq,-torsion.

The objects of the category - Triples(X) are the triples J = (&', 4",
C), where A", A" are left Z 9 -modules and C : ///"S ® s 7& — Dby yg/s is
a sesquilinear pairing. Here, Os means 0q|s, Dbx xg/s is the sheaf of distribu-
tions on X x S which are continuous with respect to z € S, and the conjugation
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is taken in the twistor sense (cf. [4, § 1.5.a]): it is the usual conjugation functor
in the X direction, and is the involution z — —z~! in the z-direction.

The morphisms are pairs (¢’, ") of morphisms, contravariant on the
“prime” side, and covariant on the “double-prime” side, which satisfy the com-
patibility relation C,(¢'mb, m/) = Cy(mb, ""mY).

For any k € 17, the Tate twist (k) is defined by 7 (k) = (&', 4", (iz) =%k
C), and the adjoint 7* of 7 is (4", .#',C*), with C*(m",m’) = C(m/,m")

A sesquilinear duality . of weight w € Z on 7 is a morphism . :  —
T*(—w).

There is a natural notion of direct image by a morphism f between smooth
complex manifolds, which is denoted by f;.

8 2.c. Specialization along a smooth hypersurface

We consider the following situation: the manifold X is an open set in the
product C x X’ of the complex line with some complex manifold X’, we regard
the coordinate ¢ on C as a function on X, and we put Xo = t~1(0). There is a
corresponding derivation 0;, and Z 4 is equipped with an increasing filtration
V. % g, for which 0 has degree k, t* has degree —k (for any k € N), and any
local section of Zg4; has degree 0.

A coherent left Z 9 -module .# is said to be strictly specializable along
2o if there exist, near any (z,,2,) € £, a finite set A C C and a good V-
filtration indexed by £, (A 4+ Z) C R, denoted by V(%¢).# such that, for any
acl, (A+7),

e each graded piece grg(%) A is a strict Zg;,-module;

e on each gr}f(%) M , the operator 0;t has a minimal polynomial which takes
the form

[T =G+ axa)e,
aEA+Z
L., (a)=a
where the integers v, only depend on a mod Z;

e if we denote by 1, o.# the kernel of a sufficiently large power of 9:t + ax 2
acting on gr¥ ™" ., with a = £, (), then

o iy ql — Yy o1 is onto for £, (a) <0,
o Ot Yol — Yy qr14 is onto for £, (a) > —1, but o # —1.
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We say that the strictly specializable module .# is regular along 2y if
each V%) i is R o jc-coherent (cf. [4, §3.1.d]).

Given an object 7 of %- Triples(X) for which .#" and .#" are strictly
specializable along 2, and any a € C, the specialization v ,C' is defined by

(2.1)

— P oC
rollis © Ul —"— Dbx,us/s
S

([m'], [m""]) ——— ReSs—axz/= <|t\250(m’,m), o Ax(t) %dt A df>,

where m/, m” are local liftings of [m'],[m”]. In such a way, we get an object
Yi.o T of Z- Triples(Xy).

We also define the objects ¥, .7 by starting from the localization of 7
along 2o (c¢f. [4, §3.4]).

§2.d. Polarizable twistor Z-modules

Let w be an integer. The category MT(r)(X,w) of regular twistor 2-
modules is defined in [4, Def. 4.1.2]. Tt is a full subcategory of %- Triples(X).
Each object of MT(r)(X ,w) is, in particular, strictly specializable along any
local analytic hypersurface, as well as all its successive specializations.

The Tate twist by (—w/2) is an equivalence between MT® (X, w) and
MT®) (X,0). If X is reduced to a point, the category MT(r)(pt, 0) (the regu-
larity condition is now empty) was defined by C. Simpson in [7] as the category
of twistor structures, which is equivalent to the category of trivializable vector
bundles on P!, or the category of C-vector spaces.

A polarization of an object of MT™) (X, w) is a sesquilinear duality . of
weight w which induces, by any successive specializations ending to a point, and
gradation by the successive monodromy filtrations, a polarization of the punc-
tual twistor structures (cf. [4, §4.2]). The subcategory MT®) (X, w)®) consist-
ing of polarizable regular twistor Z-modules is semisimple (¢f. Prop. 4.2.5 in
loc. cit.).

§ 3. Partial Laplace Transform of %45 -Modules
§3.a. The setting

We consider the product Al x Al of two affine lines with coordinates (t,7),
and the partial compactification P! x Al, covered by two affine charts, with
respective coordinates (¢,7) and (¢,7), where we put ' = 1/¢t. We denote
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by oo the divisor {t = oo} in P!, defined by the equation ¢’ = 0, as well as its
inverse image in P! x Al

Let Y be a complex manifold. We put X = Y x P!, X = Y x Al and
Z =Y x P! x Al. The manifolds X and Z are equipped with a divisor (still
denoted by) co. We have projections

XyZ\ﬁf(
A

Let 4 be a left Z4-module. We denote by M the localized module
R o [x00] @z, M. Then p* . A is aleft % [xo0]-module. We denote by p.4®
E~t7/% or, for short, by Z#, the €4 [xco]-module pt.# equipped with the
twisted action of Z« described by the exponential factor: the Zg-action is
unchanged, and, for any local section m of .Z,

e in the chart (t,7),

O(m® &) = [0, — T)m] @ £717/%,

3.2
( ) 87—(m® Eftfr/z) = —tm® 87757'/27

e in the chart (#,7),

5t’ (m® Eft'r/z) — [(5t’ + T/t/2)m] ® Eft‘r/z,

3.3
( ) 5T(m® 8—1‘,7'/2) _ —m/t' ® g—t‘r/z’

Definition 3.4.  The partial Laplace transform M of M is the complex
of #Z z~modules

M =Py (0 A 2 €T,
Recall (cf. [4, Prop. A.2.7]) that we have:

Proposition 3.5.  Let .# be a coherent .4 -module. Then ZH is R -
coherent. If moreover M is good, then so is 74, and therefore M = Dy is
X z—coherent.

Let us also recall the definition of the Fourier transform of a sesquilinear
pairing. Assume that .#’, #" are good Z o -modules. Let C : //ll's ® o
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///"é — Dbxs/s be a sesquilinear pairing. We will define a sesquilinear pairing
between the corresponding Laplace transforms:

C: ///\/S RKog //f(é — @b)?xs/s .

Given local sections m’,m” of p*///l’s,er///"é, which can be written as
m =3¢ @ml, m' = zj Y; ® mj with ¢;,1); holomorphic functions on 2
and mj, m/ local sections of "s, "é, let ¢ be a C*° relative form of maximal
degree on Z x S with compact support. We define the sesquilinear pairing

7C - %’S ® s ‘%’é — Dby,s/s by the following formula:

et ). ) = Y (Clmim]), [ 70T,
i, P
This is meaningful, as, for any z € S, the expression ztT — ¢7/z is purely
imaginary, so the integral is a (partial) Fourier transform of a function having
compact support with respect to 7, hence defines a function having rapid decay
as well as all its derivatives along t = co; we can apply to it C (m}, 77”7’), which is
a priori a distribution on Y x Al x S, tempered in the ¢-direction and continuous
with respect to z.
We can now define, using the direct image defined in [4, § 1.6.d],

C=p7C.
§4. Partial Laplace Transform and Specialization

Denote by i the inclusion ¥ x {co} < X. We will consider the functors
Yr.q and Yy o, as well as the functors ¥, , and Uy , of Definition 3.4.3 in [4].
We denote by N, Ny the natural nilpotent endomorphisms on the correspond-
ing nearby cycles modules. We denote by M,(N) the monodromy filtration

of the nilpotent endomorphism N and by grN : grM — grM, the morphism
f;rrly of

grﬁ/{ and PM; the inverse image of Pgr%/I by the natural projection M, —

induced by N. For £ > 0, Pgr)! denotes the primitive part ker(gr N)

gr}}/[. Recall that, in an abelian category, the primitive part P grj! is equal to
ker N/(ker N N ImN). We will also denote by M the minimal extension of
/Z/v(cf. §3.4.b in loc. cit.).

Given a finite set of points with multiplicities in €y, we will consider the
corresponding divisor D and the corresponding sheaf g, (—D). Given a %-
module /", we will put as usual A (D) = Oq,(—D) ®e,, N

Proposition 4.1 (cf. [4, Prop. A.3.1]).  Assume that A is strictly spe-
cializable and regular along t' = 0. Then,
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(i) for any 7, # 0, the Zq -module MR ET s X g -coherent; it is also
strictly specializable (but not regular in general) along t' = 0, with a con-
stant V -filtration, so that all Yy o(MH @ E717/%) are identically 0.

Assume moreover that A is strict. Then,

(ii) the Z4-module W = p"‘//?/@ E~t7/% s strictly specializable and regular
along T = 1, for any 7, € Al; it is equal to the minimal extension of its
localization along T = 0;

(iii) if 7, # 0, the V-filtration of Z# along 7 — 7, = 0 is given by
> 4 if k> —1
Vk% _ Zf ’
(1 —7) " 77 if k< -1
we have
0 fag —N-1,

1/17—70.@‘% = —~
’ M@ ETE ifae —N—1.

(iv) If 7, = 0, we have:

(a) for any a # —1 with Re a € [—1,0], a functorial isomorphism on some
neighborhood of D := {|z| < 1},

(\IJT,Q%D7 N‘r) — 7;007-1- (wt’,a'%/\(_Da)\Dv Nt’)a

where Dy, is the divisor 1-i if o/ = —1 and " > 0, the divisor 1-(—1i)
if o = —1 and o” < 0, and the empty divisor otherwise;

(b) for a =0, a functorial isomorphism
(Yr0?# \N;) > i 4 (Ypr, 1M Ny,
(¢) for a = —1, two functorial eract sequences

0 — too,+ kerNy — ker N, — /Zl;in —0

0— /Z/;in — coker N; — i, 4 coker Ny — 0,
inducing isomorphisms
Too,+ ker Ny S kerN, NImN; C ker N,
Moin — ker N, /(ker N, NImN,) C coker N,,

such that the natural morphism ker N, — coker N induces the identity

on Mmin -
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Proof of 4.1(i). Let us first prove the %2 -coherence of M ® &/ when
To # 0. As this Z g -module is Z 4 [*oo]-coherent by construction, it is enough
to prove that it is locally finitely generated over Z 4, and the only problem is
at t' = 0. We also work locally near z, € Qg and forget the exponent (2,) in
the V-filtration along ¢’ = 0. Then, .# = O 1/t ®e, V<o, equipped with
its natural # g -structure. By the regularity assumption, Veo.#Z is Z o u-
coherent, so we can choose finitely many % -/ p1-generators m; of Voo.Z .
The regularity assumption implies that, for any i,

t'0pym; € Z%gg/Al Smy.

j
In .# ® &t/ using (3.3), this is written as

(4.2) (t’Zﬁt/ — To/t/)(mi &® g_tTo/z) c Z%%/Al . (mj & g_t‘r"/z)7

J

and therefore

(7o/t)(mi @ E71T/%) € Y Vo - (my @ E717017).
J

It follows that . © &7/ is VoZ 9 -coherent, generated by the m; @ &t70/%
It is then obviously Z 4 -coherent. The previous relation also implies that
To(m; @ E71Te/%) € t/ M © E~17o/% . Therefore, the constant V-filtration, defined
by Va(/Z/v@) Etmo/2) = M ® E~to/* for any a, is good and has a Bernstein
polynomial equal to 1.

Proof of 4.1(ii) for 7, # 0 and 4.1(iii).  The analogue of Formula (4.2)
now reads

(t/at’ +70.)(m; ® Eit‘r/z) S Z%‘%/N . (mj & Eit‘r/z)_
J

Therefore, the =%’ﬁ%‘,/‘&l—lrnodule generated by the m; ® &17/% is Vo & 4 -coherent,
where V' denotes the filtration relative to 7 — 7,. It is even Zg-coherent if
To # 0, as 7T is a unit near 7,, and this easily gives 4.1(iii), therefore also 4.1(ii)
when 7, # 0.

Proof of 4.1(ii) for 7, = 0. Let us now consider the case where 7, = 0.
Then the previous argument gives the regularity of 7# along 7 = 0. We will
now show the strict specializability along 7 = 0. We will work near z, € Qg
and forget the exponent (z,) in the V-filtrations relative to 7 = 0 and to ¢’ = 0.
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Away from ¢’ = 0 the result is easy: near ¢t = t,, Formula (3.2), together
with the strictness of .#, implies that 7# is strictly noncharacteristic along
7 =0, hence 7% =V_17# and o, 7# = M (cf [4, §3.7]).

We will now focus on t' = 0. Denote by V,.# the V-filtration of .# relative
to t’ and put, for any a € [—1,0],

Vol =t Vol (= Vopwdl if k <0).

Each Va/Z/V is a VoZa-coherent module and, by regularity, is also Zg-/p-
coherent. We will now construct the V-filtration of 7# along 7 = 0. For any
a € R, put

U0 =" [(p" Vol ) @ 717/,
p=0

i.e., Uq is the #, 7 -module generated by (p*Votl) @ E747/% in Z#. Notice
that, when we restrict to ¢’ # 0, we have for any a € R,

Uajpr20 = %ﬂ;ﬁ&

(ii)(1) Clearly, U, is an increasing filtration of Z# and each U, is R oy i~
coherent for every a € R.

(ii)(2) U, is stable by 70;: indeed, for any local section m of V., we have
by (3.3):

(T0,)0%, (m @ €77/7) = 07, (70,) (m ® £7'7/%)
=0 [foy(m®@&71/7) — (Hym) @ €717/7]
= (t'm e e71/F) — o [(Out'm) @ £71/7].

The first term in the RHS is in U,_; and the second one is in U,, as
Vo is stable by 0yt

(ii)(3) For any a € R, we have Uy 1 = U, + 0,;U,: indeed, for m as above, we
have

1
0, - 0L (m® &%) =~ (Pm ® gitT/Z) € Uat1,

hence 0,U, C U,1; applying this equality the in the other way gives
the desired equality. This also shows that 3, : gr’ TH — grg_|r1 T is
an isomorphism for any a € R.
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For any a € R, we have 7U, C U,_;: indeed, one has, for m as above

T(m ® (elft‘r/z) _ tl26t/ (m ® gftr/z) _ (t'28t/m) ® gft-r/z
= 6t’ (t/Qm ® 8_tT/z) — (6t/t/2m) ® E_t‘r/z;

the first term of the RHS clearly belongs to U,_s and the second one to
Us_i.

Denote by b,(s) the minimal polynomial of —8;¢' on grY . Then, for

m as above, we have
—(Opt' +73,) (Mm@ ETV/F) = —(Dpt'm) @ £/

after (3.3). Therefore, we have by (—[dyt’ + 70,])(m @ E7t7/%) € U,.
Using that dyt'(m ® E717/%) = 8y (t'm ® E717/%) € U,_; by definition,
we deduce that b, (—79,)(m®E&1/#) € U.,. Therefore, b,(—79,)U, C
Ueo.

We will now identify U, /U, with gr¥ /Z/v[n] = C[n] @c gr¥ M, where
7 is a new variable. Notice first that both objects are supported on
{t’ = 0}. Consider the map

Vot [n] — U,
Zmpnp — Zf")f, (m, ® E717/7).
P P

Its composition with the natural projection U, — U,/U., induces a
surjective mapping gr’ /Z/v[n] — U, /U<q. In order to show that it is
injective, it is enough to show that, if > 9} (m, ® E717/%) belongs to
U<y, then each m, belongs to V<a% For that purpose, it is enough
to work with an algebraic version of U,, where “p*” means “®cC[1]”.
Notice that, if a local section 3°,_, 7°(n, ® E7t7/%) of Mr] @ 7t/
belongs to U,, then the leading coefficient n,. is a local section of Va+2,«,/Z/v
(by using that 3y (n ® E717/%) = (Dpn) ® E717/2 — 7((n/t?) @ E717/%)).
Remark then that, using (3.3), Z:o b (my, ® €~7/2) is a polynomial
of degree ¢ in 7 with leading coefficient +(79/t'%4)(m, ® £717/#). If
the sum belongs to U.,, this implies that mq/t’Qq € V<a+2qj/\: i.e.,
mg € V<aJ/?T Therefore, by induction on ¢, all coefficients m,, are local

sections of V..., as was to be shown.

Let us describe the 2 - [70,]-module structure on gr’ .#[n] coming from
the identification with U,/U,. First, the Z-module structure is the
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natural one on grY ,/Z/v, naturally extended to gr? ,/Z/v[n] Then one checks
that

(4.3) Oy Z mpnP =1 Z myn?, Z mynP = =9, Z mpn?®,
) ) P )
(4.4) 70, Y mynP =Y (05t (myp )i
P )

If we denote by i the inclusion Y x {0} — X, the Zg-module
gry .# ] that these formulas define is nothing but i 4 gry .#, so we
have obtained an isomorphism of Z 4 -modules:

(4.5) (oo, gry M, 0pt') " (¥ 7, 70,)

Consider the filtration V,7# defined for a € [~1,0] and k € Z by

U, if k>
Va+k% = 721+k 1
T *Ugy1 itk <

This is a V-filtration relative to 7 on 77, by (ii)(1), (ii)(2), (ii)(3) and
(ii)(4). Tt is good, by the equality in (ii)(3) and because 7V, 7# =
Vo_17# for a < 0 by definition. Notice that, for a > —1, we have
otV T — gV U

For a > —1, we can use (4.5) to get a minimal polynomial of the right
form for —0, 7 acting on gry 7 (here is the need for a shift by 1 between
U and V), and strictness follows from (4.5) and the strictness of grY M,
which is by assumption.

It therefore remains to analyze gr¥ Z# for a < —1.

We will analyze gr¥', 4 = Uy /7U~1 through the following two diagrams
of exact sequences, where the nonlabelled maps are the natural ones:

0

|

(Uco NT) /7U1

|

(46) 04>U<0/TU<1—)Uo/TU<1—)U0/U<0—>O

l

Uco/(UcoNT7H)

|

0
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and

0

l

U<0/(U<0 ﬂ’TUl)

|

9,
(A7) 0— Up/Uco —3 Up/7Ucr —— Uy J7U; ——— 0

l

Uo /(U1 + U<o)

|

0

Notice that, in (4.7), 70, is injective because it is the composition

3,
(48) U()/U<0—>U1/U<1 LU@/’TU<1,

0, is an isomorphism (c¢f. (ii)(3)) and 7 is injective, as it acts in-
jectively on 7. Recall that (gr§ Z#,70,) is identified, by (ii)(6),
with i 4 (g1 /A/:?)trt’). Notice also that 70, vanishes on Uco/7U<1
(resp. on Uy/7Uy), as 0, U<y C Uy (resp. 0;Uy C Ujy). It remains
therefore to prove the strictness of U.o/7U<1 to get the desired
properties for gr¥, Z#. We denote by N, the action of —'3; on

gr¥, (by strictness, ker Ny is equal to the kernel of —t'0y acting on

Yy 1M C gr¥y ). The strictness of gr¥, Z# follows then from the
strictness of oo 9,14, that of My (defined in [4, Def. 3.4.7]) and
the first two lines of the lemma below, applied to the diagram (4.6).

Lemma 4.9.  We have functorial isomorphisms of % -modules:

Uco/(Uco NTUL) = Uco/(Uco NTIH) > M
oot kKer Ny =5 (Uco N17) )7U <,
i 4 coker Ny = Up /(7U7 + U<o).

Proof. For my,...,m, € 4, we can write

(4.10) mp® e—tr/z 4 Oy (m1 ® E—tT/Z) R 6%’, (mp ® E—tT/z)
=ny® et/ T[(nl/tlz) QEet/E ... +5f/71((np/t’2) ® Eft‘r/z):|
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with
Np = My mp =Ny
Np_1 = Mp_1 + Opmy Mp_1 = Np_1 — OpNyp
(4.11)

—1
ny=mq +0pyms +---+0% m, my=ny—0dyny

ng =mg + O0pmq + -+ 5t/mp mo = ng — OpNy

Sending an element to its constant term in its 7 expansion gives an
injective morphism U.o/(UcoNTZ#) — — 4. Formulas (4.10) and (4. 11)
show that the image of this morphism is the %4 -submodule of ///
generated by V<0/// this is by definition the minimal extension of M
across t' = 0.

Let us show that
(4.12) U<0ﬂTU1 :U<oﬂ7"g:.//.

Consider a local section of Uco N T2/, written as in (4.10); it satisfies

thus mg,...,m, € V<0/// and ng = 0; then 5,5/711 = —mgy € V<o/// _
This implies that n; is a local section of V_ 1/// indeed, the condition

on ny is is equivalent to 0y n; € Vo _ 1/// use then that, by strictness of

gr’ M, Dy acts injectively on gry M ifa # —1. Therefore, (nl/t'Z)

&~t7/2 ¢ ;. We can now assume that ny; = 0 and thus dyns € V<o///

hence (4.12), and the first line of the lemma. Notice moreover that the

class of each n; in gr¥, M is in ker Ny

Let n be a new variable. We define a morphism
kerNt/ [77] — U<0/7'U<1
by the rule

(4.13)

Sl s [ ) RE T B () @ E777)],
jz1

by taking some lifting n; of each [n;] € ker Ny C gr¥, Min VoM.

e This morphism is well defined: using (4.10), write

0l ((ny /t*)@€717/%) =0, (n;@E7"7/2) —a], (Dpmny)®ETT/7);
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that [n;] belongs to ker Ny is equivalent to t'0yn; € V<,1/Z/v; there-
fore, both n; and 0y n; belong to Vo.#; moreover, ifn; € Vo_1.#,
so that n;/t"* € V., the image is in 7U;.

e This morphism is injective: as we have seen in (ii)(6), the term
between brackets in (4.13) belongs to U< if and only if each n;/t'?
belongs to V1.4, i.e., each n; is in Vo_1.#.

e The image of this morphism is equal to (Uco N 772#)/TU: this
was shown in the proof of (4.12).

As in (ii)(6), we can identify ker Ny [n] with i 4 ker Ny and the mor-
phism is seen to be Z 4 -linear.

Let us now consider the third line of the lemma. We identify Uy/(7U; +
U<o) with the cokernel of 7 : gty — gr§ or, equivalently, to that of
70, : gry — grf. By (ii)(6), it is identified with i, 4 coker ;¢ acting
onN oo, + grg/zz Use now the isomorphism ¢’ : gry M — gr¥, M to
conclude. |

We will now prove that all the gr) ZH for a < —1 are strict and have a
Bernstein polynomial. In (ii)(8) we have proved this for a = —1.

Choose a < —1. It follows from the definition of V,Z# that
(4.14) Tigry, W — oV Tn

is onto. Therefore, by decreasing induction on @ and using (ii)(7), we
have a Bernstein relation on each gr’ Z#. Tt remains to prove the
strictness of such a module. This is also done by decreasing induction
on a, as it is now known to be true for any a € [—1,0[. It is enough to
show that (4.14) is also injective for any a < —1, and it is also enough
to show that

vV Z v Z
OrT Uy M — gro .

is injective. If a section m satisfies 0,7m = 0 then, according to the
Bernstein relation that we previously proved, it also satisfies [J(a
z)¥*m = 0, where the product is taken on a set of a € C with £, (a) =
a+1<0and v, € N. Such a set does not contain 0 and the function
z +— [](a z)"= is not identically 0. By induction, gr} , TH is strict.
Therefore, m = 0, hence the injectivity.
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(ii)(10) By construction, the filtration V,7# satisfies moreover that

o TogrtV I — gtV | Z# is onto for any a < 0,

« O, gty T — gr¥, 7/ is onto for any a > —1.

This implies that all the conditions for strict specializability (cf. [4,
Def. 3.3.8]) are satisfied, and that moreover the morphism can, intro-
duced in [4, Rem. 3.3.6(6)] is onto. Notice also that the morphism var,
is injective: indeed, this means that 7 : gry TN — gr¥, ZH is injective,
or equivalently that 7 : Uy /U<1 — Uy/TU<1 is injective, which has been
seen after (4.8).

In other words, we have shown that Z# is strictly specializable along

7 = 0 and that it is equal to the minimal extension of its localization
along 7 = 0, as defined in [4, §3.4.b].

Proof of 4.1(iv). Now that Z# is known to be strictly specializable
along 7 = 0, the Z4--modules v, 74 (cf Lemma 3.3.4 in loc. cit.) are
defined. We can compare them with 4o 49y o .

(iv)(1) For any z, € Qg, we have a natural morphism, defined locally near z,
(putting a = £,_(a))

(4.15) Vet — gt T — gl | 4

~ — oo 4t —~

— oo+ gr);-i-l M % Loo,+ gr(‘f M,
which takes values in ioo,ert/’a/Z/v. One verifies that the various
morphisms glue together in a well defined morphism Q/JT,Q% —

ioo,+wt’,a-%~

Lemma 4.16.  Near any z, € D, the natural morphism wT,a‘?/// —
gt T (a = L., () is injective for any o € C~(=N*) and, ifa > —1,

wﬂa?/// — oo, + Yt/ oM 1S an isomorphism near z,.

Proof. If a > —1, this has been proved in (4.5). Assume that a = —1
(and o ¢ —N*). If we decompose the horizontal sequence (4.6) with
respect to the eigenvalues of —70,, we get that, for any a # —1 with
£, (a) = —1, the natural morphism

lbr,a%// — Up /U<
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is an isomorphism onto (Uy/U<g)a+1 and, according to (4.5), we have
an isomorphism

z, ~ . — ooyt —
Vra M oo V1 a1 M % oo+t -
Assume now that @ < —1. Let k > 0 be such that b =a + k € [-1,0].

We prove the result by induction on k, knowing that it is true for k£ = 0.
By induction, we have a commutative diagram

Crap1 Tl — el TH

le ZT&
VraTl — etV T

showing that the lower horizontal arrow is injective if and only if 0,7 is
injective on 9, o417, which follows from strictness if (o + 1) x z Z 0,
that is, if a # —1. O

Proof of 4.1(ivb). When « = 0, the proof follows from Lemma 4.16.

Assume now that o # —1 satisfies Rea € [-1,0[. We wish to show
that (4.15) induces an isomorphism

(4.17) Ura D — ico 1V atl (— Do) p-

This is a local question with respect to z € D.

Clearly, the image of ¢, o 7% — gr¥,, 7/ is contained in ker[(3,7 + a*
2N gl T — g1l Ta), for N > 0 and is equal to this submodule
ifa>—1.

Ifa < —1andif k > 1issuch that a+k € [—1,0[, the image is identified
with

Im(770%) : ker(9,7 4+ a % 2)N — ker(9,7 + a* 2)V,

and it is identified with the image of the multiplication by H§:1 (a+j)*z
on this module. For j = 1,...)k, the number § = «a + j satisfies
Ref >0, 5#0and ¢, (8) <0. Then 8%z = 0 has a solution z in D
iff Re 8 = 0, and this solution is z = 44. This occurs iff Rea = —1 and
j = 1. In conclusion, the image of 1/Jf,a%D in Z‘oo,+’(/}7—’a%\|/D7 is equal
to the image of the multiplication by (o + 1) x z on ioo,+,¢)'r,a%\|/D~ As
we assume that £, (a) < —1, the divisor of z — (a + 1) % z coincides,
near z,, with the divisor D,,, hence (4.17).
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We now show that there is no difference between wT’af}/// and \IIT,OC%//
on some neighborhood of D.

Lemma 4.18.  Assume that a # —1 and o/ :== Rea € [-1,0[. Then
the natural inclusion 1/17704%//13 — \I/”X‘%D is an isomorphism.

Note that the existence of an inclusion is proved in [4, Lemma 3.4.2(1)].

Proof. The question is local near points z € D such that ¢, («) > 0,
otherwise the result follows from Lemma 3.4.1 in loc. cit. Fix z, such
that £, («) > 0 and let k > 1 be such that £, (« — k) € [-1,0]. We
have a commutative diagram

wr,a% (—> \Ij‘r a%

wT,a—k% — \Pr,a—k%

and, as a = ¢, (o) and a — k are > —1 and a # —1, wT,a‘?///
(vesp. ¥ro_wZ#) is contained in grl , 74 (resp.in gr¥,, , ),
using the local filtration U near z,. It follows (cf. (ii)(3)) that
5& : ¢r,a7k% — 1/17,0/% is an isomorphism. Therefore, the image
of wT’a‘% in \IIT’Q?/// is identified with the image of 5&7"“ acting on
\IIT,Q%//. Using the nilpotent endomorphism N, = —(3,7 + a x z), we
write 087 as (=1)*(N, +axz)---(N; + (a — k+ 1) xz). The proof
of the lemma will be complete if we show that none of the (a — j) x z,
(j=0,...,k—1) vanishes (assuming that z, € D).

Notice that 8 := a — j satisfies ' < 0 and 3’ — (,3” > 0. Assume that
B*z, = 0. By the previous conditions, we must have 8” # 0 and z, # 0,
TP

and the only possibility for z, is then z, = i(, and (, = 77
Now, the condition 3 < 0 implies |{,| > 1, so z, € D. O

Proof of 4.1(iva). It follows from (4.17) and Lemma 4.18 that we have
a functorial isomorphism

(419) \I]T,O(%D - ioo,Jrl/J‘r,a'%/\E_DahD

when o # —1 satisfies Reaw € [—-1,0[. This ends the proof of 4.1(iv)
when « # —1.



820 CLAUDE SABBAH

(iv)(6) Proof of 4.1(ivc). Let us now consider the case when o = —1. The
two exact sequences that we consider are the vertical exact sequences
in (4.6) and (4.7), according to Lemma 4.9.

For the second assertion, notice first that, as the image of ImN, N
ker N, in iy is supported on {¢' = 0}, it is zero by the definition of
the minimal extension, hence we have an inclusion ImN.. Nker N.. C
ioo,+ ker Ny, To prove i 4 ker Ny C Im N, remark that the image of
(4.13) is in 7(Uy/U<y), hence in 79, o7/, that is, in Imvar,, hence in

ImN...
The last assertion is nothing but the identification Uoo N 774 = Uy N
7U7 of Lemma 4.9. O

8 5. Partial Fourier-Laplace Transform of Regular Twistor
2-Modules

The main result of this article is (¢f. [4, Th. A.4.1]):

Theorem 5.1. Let (7,%) = (M, #",C,7) be an object of
MT(r)(X,w)(p). Then, along 7 = 0, M and A" are strictly specializ-
able, reqular and S-decomposable. Moreover, \IJT@(?\, 5/;), with Rea € [—1,0],
and ¢T70(</7\,<5/”\) induce, by grading with respect to the monodromy filtration
M. (N,), an object of MLT®) (X, w; —1)(®).

Note that the definition of S-decomposability is given in [4, Def. 3.5.1], and
that of the category MLT® in §4.1.f of loc. cit. In particular, all conditions of
Definition 4.1.2 in loc. cit. are satisfied along the hypersurface 7 = 0.

This theorem is a generalization of [1, Th. 5.3], without the Q-structure
however. In fact, we give a precise comparison with nearby cycles of (,.%)
at t = oo as in [1, Th. 4.3].

In order to prove Theorem 5.1, we need to extend the results of Proposition
4.1 to objects with sesquilinear pairings.

§5.a. “Positive” functions of z

Recall that we denote by D the disc |z| < 1 and by S its boundary. Let
A(z) be a meromorphic function defined in some neighborhood of S. If the
neighborhood is sufficiently small, it has zeros and poles at most on S. We
say that X is “real” if it satisfies X\ = A\, where \(z) is defined as c(A(—1/c(2)))
and ¢ is the usual complex conjugation. For instance, if a € C, the function
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z — axz/zis “real”. If A(z) is “real” and if ¢ is a meromorphic function
on C which is real (in the usual sense, i.e., e = ci), then ¢ o A is “real”. In
particular, for any o € C*, the function z — I'(a* z/z) is “real”.

Lemma 5.2.  Let A(2) be a “real” invertible holomorphic function in
some neighborhood of S. Then there exists an invertible holomorphic function
w(z) in some neighborhood of D such that A = Luf in some neighborhood of
S. Moreover, such a function p is unique up to multiplication by a complex
number having modulus equal to 1.

Definition 5.3. Let A be as in the lemma. We say that \ is “positive”
if A = pp, with p invertible on D, and “negative” if A = —up.

Remark 5.4.  Positive or negative “real” meromorphic functions. Assume
that A is a nonzero “real” meromorphic function in some neighborhood of S.
Then A can be written as [[,[(z — 2;)(z — 2z;)]™ - h with z; € S, h holomorphic
invertible near S and h = h: indeed, one shows that, if z, € S, then z — z, =
(2 4+ 20) - (—1/z0%); therefore, if z, € S is a pole or a zero of A\ with order
me € 7Z, then —z, has the same order, hence the product decomposition of
A

It follows from Lemma 5.2 that A = g7, with g = uJ[,(z — z;)"

i 9 R S S7
m; € Z and g holomorphic invertible on D. This decomposition is not unique,
as one may change some z; with —z;. The sign is also nonuniquely determined,

as we haVe, fOr a,ny Zo S S7
(Z+ZO) (Z+ZO)
.

Nevertheless, the decomposition and the sign are uniquely defined (up

to a multiplicative constant) if we fix a choice of a “square root” of the
divisor of A so that no two points in the support of this divisor are op-
posed, and if we impose that the divisor of g is contained in this “square
root”. The sign does not depend on the choice of such a “square root”.
We say that A is “positive” if the sign is +, and “negative” if the sign
is —.

Proof of Lemma 5.2.  One can write A = v-f with g holomorphic invertible
near D and v meromorphic in some neighborhood of D and having poles or
zeros at 0 at most. The function ¢(z) = v/u = U/fi defines a meromorphic
function on P! with divisor supported by {0,00}. Thus, ¢(z) = ¢ - 2* with
c€Cand k € Z, so A\ = cz*ufi. Moreover, the equality A = X implies that
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c € R and k£ = 0. Changing notation for p gives A\ = +uf, with u invertible on
D.

For uniqueness, assume that pup = +1 with g holomorphic invertible in
some neighborhood of D. Then +1 /7 is also holomorphic in some neighborhood
of |z| > 1, so p extends as a holomorphic function on P! and thus is constant.
This implies that pug = 1. O

Lemma 5.5. Let o € C be such that Rea € [0,1] and o # 0. Then the
meromorphic function
Iaxz/z)

Az) = I'(l—axz/z)

is “real” and “positive” (it is holomorphic invertible near S if Rea # 0).

Proof. That this function is “real” has yet been remarked. The only
possible pole/zero of X on S is +i, which occurs if there exists k € Z such that
Rea+ k= 0. It is a simple pole (resp. a simple zero) if k > 0 (resp. £ < —1).
As we assume Rea € [0, 1[, the only possibility is when Rea = 0, with £ =0
(hence a pole).

Write A(z) as T'(ax z/2)? - (1/m)sinm(a % z/2z). It is then equivalent to
showing that (1/7)sinm(a* z/z) is “positive” for a as above.

Write a = o' + ia’’. The result is clear if o = 0, as we then have
axz/z=ca' €]0,1[. We thus assume now that «” # 0.

5/+ ﬂ'2 +ﬂ”2

For any 8 € C with 3" # 0, we put b = and we can write

B//
=) 05)

If « is as above, we have n — o/, n+ o’ > 0 for any n > 1 and we put for n > 0

n—ao +4/(n—a)?+ o n+a ++/(n+ )2+ a”?
— Cn = - )

b, =

o ’ o

For n > 1, we have |b,|,|c,| > 1 and

(n—a)xz n—a + (n—a’)2+a”2( iz)<1+i2)

14+ = -
2 2 +bn bn

()
z 2 Cn Cn

The number

(n—a +/(n—a)2+a?)(n+d ++/(n+a)?+a"?)
(o) = H 4n?

n>1



MONODROMY AT INFINITY IT 823

. . i 1 o' 3
is (finite and) positive. On the other hand, as b + —=-——5-+0(1/n%),
n Cn n
the infinite product
IT(+)(+=)
bn Cn

n>1

defines an invertible holomorphic function in some neighborhood of D. Put

oo = (NI 2 (1 ) ] 1+ ) 1 ),

Then we have (1/7)sinw(a* z/2) = g(2)g(2). O

If 1 is a meromorphic function on some neighborhood of D, we denote by
D,, its divisor on D. If ./# is a Z 4 -module, we put .# (D)) = O (D,)Q¢, A
with its natural Z ¢ -structure.

Lemma 5.6. Let (7,%) = (M, #",C,) be an object of MT
(X,w)®).  Then, for each u as above, (.#'(D,), #"(D,),ufiC,. ) is an
object of MT(X,w)®) isomorphic to (T ,.7).

Remark 5.7.  We only assume here that .#’, .#" are defined in some
neighborhood of D, and not necessarily on 3. This does not change the
category MT(X, w)®).

Proof. The isomorphism is given by -u : #'(D,)—.#" and -(1/p) :
M"—M"(D,). O

8§ 5.b. Exponential twist and specialization of a sesquilinear pairing

We now come back to our original situation of §3.a. Let I =
(M, A",C) be an object of %-Triples(X). We have defined the object
TT = (TW', 70", 7C) of %-Triples(Z). If we assume that .#',.#" are strict
and strictly specializable along t' = 0, then Z#’, 74" are strictly specializable
along 7 =0. Then, for Rea € [~1,0[, ¥, .77 is defined as in [4, §3.6].
Recall (cf. (3.6.2) in loc. cit.) that we denote by A; : U, 7T — U, 7T (1)
the morphism (—iN,,iN;). If « = —1 (more generally if « is real) we have
U, 7T = 1;..77. We also consider, as in §3.6.b of loc. cit., the vanishing
cycle object ¢, 077 .

The purpose of this section is to extend Proposition 4.1(iv) to objects of
Z- Triples. It will be convenient to assume, in the following, that .#’ = .4/

min
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and #" = A, ; with such an assumption, we will not have to define a
sesquilinear pairing on the minimal extensions used in Proposition 4.1(iv), as

we can use the given C.

Proposition 5.8 (cf. [4, Prop. A.4.2]).  For  as above, we have iso-
morphisms in Z%- Triples(X):

(Ura?T Ne) oot (V0 T, N), Vo # —1 with Rea € [—1,0],
(QST,Ogy;m') L) ioo,+ (d}t/,flyﬂ/%/)v

and an exact sequence
0 — G0+ ker Ay — ker N7 — T — 0
inducing an isomorphism Pgrdiv, 77 =5 T.

Corollary 5.9 (cf. [4, Cor. A.4.3]).  Assume that 7 is an object of
MT® (X, w) (resp. (7,.7) is an object of MTW (X, w)®)). Then, for any
a € C with Rea € [-1,0], (V,.,77,.4;) induces by gradation an object of
MLT® (X, w; —1) (resp. an object of MLT®W (X w; —1)(P)).

Proof of Corollary 5.9. Suppose that Proposition 5.8 is proved. As-
sume first that Z is an object of MT(r)(X,w). Then, by definition,
ioot (M Wy T, g™y A7) is an object of MLT® (X, w;—1) for any «
with Rea € [-1,0[; therefore, so is (grl.vI U, 7T g™, JVT) for any such
a # —1. When a = —1, as 74", 7#" are equal to their minimal extension
along 7 = 0 (¢f. Proposition 4.1) the morphism

Can : (7/17,—19371\/[.(%/7)) - ((’257_70‘%7(71/2),1\/[._1(:/%_))’

(¢f. §3.6.b in loc. cit.) is onto. It is strictly compatible with the mon-
odromy filtrations (cf. [6, Lemme 5.1.12]), and induces an isomorphism
PegMy,. 77 = Parl| 6,077 (—1/2) for any £ > 1, hence an isomor-
phism

PorMep, 17T S Pardt gy 1.7 (~1/2).

By assumption on .7, the right-hand term is an object of MT® (X, w+¢), hence
so is the left-hand term. Moreover, Pgr)' e, %7 ~ T is in MT(r)(X, w).
This gives the claim when o = —1.

In the polarized case, we can reduce to the case where w =0, .#' = .#",
< = (Id,1d) and C* = C. Then these properties are satisfied by the objects
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above, and the polarizability on the 7-side follows from the polarizability on
the t'-side. O

The proof of the proposition will involve the computation of a Mellin trans-
form with kernel given by a function I¢(t,s,2). We first analyze this Mellin
transform.

The function Ig(t,s,z). Let X € C>(AL,R) be such that Y(7) = 1 near
7=0. For any z € S, t € Al and s € C such that Re(s + 1) > 0, put

5.10 Io(t,s,2) = ATt/ 7 |7 285{ 7)== dr A dT.
X . 2
Al

We also write Ig(t', s, z) when working in the coordinate ¢’ on Pl. We will use

the following coarse properties (they are similar to the properties described for

the function fx of §3.6.b of loc. cit.).

(i) Denote by Iy ke(t,s,z) (k,¢ € Z) the function obtained by integrating
|7|?* 787, Then, for any s € C with Re(s 4+ 1 4 (k + £)/2) > 0 and any
z € 8, the function (¢, s,2) — I ke(t, s, 2) is C°°, depends holomorphically
on s, and satisfies lim;_,o I5 1 ¢(t, 5, 2) = 0 locally uniformly with respect
to s, z.

(ii) We have

tlg ke = 2(s + k)Ig k-1, + 2logjor ke Otz ke = —Ig k41,

tIg ke = Z(s + ) Ig k-1 + Zlox o7 ke Ol e = —Igkit1

where the equalities hold on the common domain of definition (with respect
to s) of the functions involved. Notice that the functions Ipg/sr ke and
Toz 07 1,0 are C°° on P! x C x S, depend holomorphically on s, and are
infinitely flat at ¢ = oco.

It follows that, for Re(s + 1) > 0, we have

(5.11) Iz = —2(s + DI + 2log/or.10,

tﬁtl)? =—Z(s+ 1)[? + EIB)A(/B?,O,I-

(iii) Moreover, for any p > 0, any s € C with Re(s + 1+ (k4 ¢)/2) > p and any
z € S, all derivatives up to order p of I5; 1, ¢(t', s, z) with respect to ¢’ tend to
0 when ¢’ — 0, locally uniformly with respect to s, z; therefore, I i ¢(t, s, 2)
extends as a function of class C? on P! x {Re(s + 1+ (k+/¢)/2) > p} x S,
holomorphic with respect to s.
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Mellin transform with kernel I4(t,s,z). We will work near z, € S. For
any local sections u', p” of ', #" and any C* relative form ¢ of maximal
degree on X x S with compact support contained in the open set where ', 1’
are defined, the function

(57 Z) — <C(:u/am)’ QDI)A((t’ S, Z)>

is holomorphic with respect to s for Res > 0 (according to (i)), continuous
with respect to z. One shows as in Lemma 3.6.6 of loc. cit., using (iii), that it
extends as a meromorphic function on the whole complex plane, with poles on
sets s = ax z/z.

This result can easily be extended to local sections ', u” of MM in-
deed, this has to be verified only near t = oo; there exists p > 0 such that, in the
neighborhood of the support of ¢, tPu’, P/ are local sections of .#', . #"; ap-
ply then the previous argument to the kernel |t|2p I4(t, s, ). In the following, we
will write (C(i/, 1”), ¢I5(t, s, z)) instead of <C(t’pu’,t’pﬁ),w\t|2p I(t,s,2))
near t = oo.

Lemma 5.12.  Assume that ¢ is compactly supported on (X \ 00) X S.
Then, for 1/, 1" as above, we have

Ress—_1 (C(1', 1), oI5 (t, s, 2)) = (C(i', 1), ).

Proof. The function (s + 1)Ig(t,s,2) can be extended to the domain
Re(s +1) > —1/2 as C'*° function of (¢, s, z), holomorphic with respect to s:
use (i) with & = 1, £ = 0 to write (s + 1)I(t,s,2) = (t/2)Ig,1,0 — Log/or1,0-
It is then enough to show that this C*° function, when restricted to s = —1, is
identically equal to 1. It amounts to proving that, for any ¢, z,

lim1 [(s+1)Ig(t, s, 2)] = 1.
Res>—1

For Res > —1 we have Ig(t,s,2) = J(t,s,2) + Hg(t, s, z), with

J(t,s,2) = / e~ 2Imr/= |22 g A dT,
I7|<1

and Hyg extends as a C°° function on A! x C x S, holomorphic with respect
to s. It is therefore enough to work with J(t, s, z) instead of Iy. We now have

J(t,s,2) = |t|_2(s+1) / g~ 2imu |u|2s ﬁ du N du
Jul<[t]

1 —2(s41) 2l —2ipsinf 2s+1
= — |t e P dpdf.
™ 0o Jo
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Now, integrating by part, we get

It] 2512 o—2ilt|sin 6 s [t]

o e 24 sin 6 9ipsi

/ e 2ip sin 0p25+1 dp ‘ | / e 2ip sin 9p2s+2 dp,
0

25+ 2 +28+2

and the second integral is holomorphic near s = —1. Therefore,

(s +1)J(1,5)
|t|—2(5+1)

27 . . [t] L.
5 / |:‘t|28+2 e—2z\t|s1n0 + 2 sin@/ e—21,psm 9p23+2 dp:| de.
™ 0 0

Taking s — —1 gives

1 27 o |t] o
lim [(5 + 1)](75, 3)] = / |:€f2z|t\ sin 0 492 sin9/ e~ 2ipsinf dp:| do.
1 2w 0 0

s——

Res>—1

Now

3

Il Il
2% sin@/ e—2ipsin0 d,O — _/ d ( —2ipsin9)dp -1 e—2i|t\sir197
0 0 dP

hence lim s—_1 [(s+ 1)J(t,s)] = 1. O
Res>—1

Remark 5.13.  To simplify notation, we now put

1

J)’Z(t, S, Z) = m

I;(t, s, 2).

Using (ii) as in the previous lemma, one obtains that there exists a C*° function
on Al x C x S, holomorphic with respect to s, which coincides with Jg when
Re(s + 1) > 0. This implies that, when the support of ¢ does not contain oo,
the meromorphic function s — <C’(u’,m), pJz(t, s, z)> is entire.

We now work near oo With the coordinate t'. Assume that p’ is a local
section of V(Zj_)l///’ and that p” 15 a local section of V( Z°)%” Assume more-
over that the class of y in gra1+1 A s in Wy, (,1+1/Z/V and that the class of
" in graﬁf) A" s in Yy, a2+1///” Then one proves as in Lemma 3.6.6 of
loc. cit. that <C(,u ), pds(t s, z)> has poles on sets s = v z/z with v such
that 2Rey < aj; +as or v = a1 = as.

Let us then consider the case where a; = as := «. Then, if ¢ has
compact support and vanishes along ¢’ = 0, the previous result shows that
(O W), J5(t',s,2)) has no pole along s = «  z/z. It follows that
Res—auzyz (C(1W, 1"), pJ3(t', s, 2)) only depends on the restriction of ¢ to
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t’ = 0; in other words, it is the direct image of a distribution on ¢’ = 0 by the
inclusion i.,. We will identify this distribution with 94 o41C. We will put

it = wiooi
TN
Lemma 5.14. For any a € C with Rea € N, and p', 1" lifting local
sections [p'], ['] of wt/’aJrl/Z/v’, ’(/}t/’a+1j///, we have, when the support of ¢ is
contained in the open set where p', " are defined,

— 1
Ress:a*z/z <C(MI7 M//)v QOJSE(tlv S, Z>> = ) <wt’,a+1c([ﬂl]a [M//])a ZZ@SO>

Proof. Let x(t') be a C*° function which has compact support and is = 1
near t' = 0. As ¢ — i’ o A X(t')5=dt’ A dt’ vanishes along ¢’ = 0, the left-hand
term in the lemma is equal to

(5.15)  Resequess (OO ). T5(t, 5. 2)i%0 A(t) gt A dFF).

On the other hand, as Rea ¢ N, we have a x z/z ¢ N for any z € S, and
the function 1/T'(—s) does not vanish when s = o x z/z for any such « and z.
Therefore, by definition of ¥y o41C, the right-hand term is equal to

1 _ si1) . , _
(5:16)  ReSumans/z 5 (OO i), 18P0 i5o A X(E) gt A dF).

(=)

Put j;((t, s,z) = [t|?*(+1) Jo(t, s, 2). Then, by (5.11) expressed in the coor-
dinate t’, we have

dJ . _8J- N
t 81&3( = —Jogjorn,0, t 81%_3( = —Jog/o7,0,1

and both functions jﬁi/anLO and jay/a?,o,l extend as C*° functions, infinitely
flat at ¢’ = 0 and holomorphic with respect to s € C. Put

1
Kf(t/a S, Z) = - / [Ja)?/aT,l,O(Atlv S, Z) + J@)?/@?,O,l()‘t/a S, Z)} d.
0
Then [N(Q is of the same kind. Notice now that, for any s € C with Re(s+1) €
]0,1/4[ and any z € S, we have

I(s+1)

. 2(s+1
(5.17) Jim (|2 It 5, 2)) = e
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[Let us sketch the proof of this statement. We assume for instance that ¥ = 1
when |7| < 1. We can replace I5(t, s, z) with

_ be
/ eHTT/Z 7| *s=dr NdT
I7|<1

without changing the limit, and we are reduced to computing

1 27 e} o
- / / e—szsm 9p25+1dp de.
m™Jo Jo

Using the Bessel function Jo(r) = 5= foh e~"sm0dh, this integral is written as

o0 1 o0
2/0 P>t Jo(2p)dp = W/o 2 Lo (r)dr,

and it is known (cf. [8, § 13.24, p. 391]) that, on the strip Re(s + 1) € ]0,1/4],
the latter integral is equal to 2251 (s + 1) /T'(—s).]
On this strip, we can therefore write jg(t’, $,2) = f(y(t’, s,2) + 1/T(—s),
by Taylor’s formula. For fixed ¢’ # 0 and z € S, both functions are holomorphic
for Re(s 4+ 1) > 0, hence they coincide when Re(s + 1) > 0 and we thus have
on this domain —
, |t/|2(s+1)
Jo(t',s,2) = T8

By the properties of Ky, this implies that the function

+ Kg(t', s, 2).

s (C(W, 1), K (t', s, 2)i%o A x(t)5=dt’ Adt')

is entire for any z € S. Hence, there exists an entire function of s such that the
difference of the meromorphic functions considered in (5.15) and (5.16), when
restricted to the half-plane Re(s + 1) > p (with p large enough so that they
are holomorphic on the half-plane), coincides with this entire function. This
difference is therefore identically equal to this entire function of s, and (5.15)
and (5.16) coincide. This proves the lemma. O

Proof of Proposition 5.8. We will work near 2z, € S. By definition
(cf. §2.c), given any local sections [m'], [m"] of 1, o7’ s o7#" and local
liftings m/, m" in Vo Z#', Vo 70" with o’ = (, (a) and a” = {_,_(a), we have,
for any C*° relative form ¢ of maximal degree on X x S,

(5.18)
<1/177a‘g0([m'], [m']), g0> = Res—quz/2 <‘9:C’(m/,m), %) |7'|23 )/(\(T)i dr A d?>,
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where ¥ = 1 near 7 = 0. In particular, for sections m’,m” of the form p’ ®
etz 1) @E&1/% with i, 1" local sections of .#, the definition of ZC implies
that the right-hand term above can be written as

(5.19) ReSs—quz/z <C’(u’,m), l(t, s, z)>

[Here, we mean that both functions

(C(W, 1), plz(t,s,2)) and
(PO @ &717/7 W @ &%), o |r[** X(7) g dr A dT),

a priori defined for Res > 0, are extended as meromorphic functions of s on
the whole complex plane.] Moreover, by Z 4 -linearity, it is enough to prove
Proposition 5.8 for such sections.

Proof of Proposition 5.8 away from oo. This is the easy part of the
proof. We only have to consider « = —1 and, for ¢ compactly supported
on (X N o00) x S, we are reduced to proving that

Ress——1 (C(p', 1), l5(t, s,2)) = (C (', 1), ), —

for local sections p', u’ of A", .#". This is Lemma 5.12. O

Proof of Proposition 5.8 near oo for a # —1,0. The question is local on
D. We can compute (5.18) by using liftings of m’, m” in grl}, | ', grliy H"
according to (4.15). By Z-linearity, we only consider sections m’ = '~y ®
et/ m/ = ¢~1u" ® €~/ where ' is a local section of Vyr.#' and p" of
V" According to (5.19), we have

($ra7C([M],[m"]), ) = Rese—anzyz (CH 1/, #7710, I (t, 5, 2)),
and, from Lemma 5.14, this is

e OO L T i)

_LUaxe/a) o o) ), ).

I(—axz/z)
By Lemma 5.5 and its proof, we have I'(1 + a *x z/2)/I'(—a % z/2z) = pf, with
D,, = —D, (recall that D, was defined in Proposition 4.1(iva)), as we assume
Rea € [-1,0[. We then apply Lemma 5.6. O
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Proof of Proposition 5.8 near oo for « = 0. By the same reduction as
above, we consider local sections my, my of Vo' ,\VoZ#t" of the form my =
P @ETITE mll = i @ E717/% where ), 1 are local sections of Vil i
We notice! that 3, (—t'm{) = m{ by (3.3) and, using [4, (3.6.23)] with m”, =
—t'm{ (and replacing there ¢ with 7), we get

($r07C([mp], TmE]), @) = ($r.07C([mb), BOrm” 1)), )
= _271<w77—190([7-m/0}7m)’ @)
—2 1 Res,__, <fo<mg,m> o7 [T R(7) S dr A dT)
“'Reso——1 (C(ph, 1)), ot I51,0)

by definition of #C. Now, by (ii) after (5.10), we have 2 't'Ig o =
(s + DIt'|?I5 + |t'|*Iog/or1,0, and the second term will not contribute to
the residue, so

(¢707C([mp, [mg]). o)
= Ress——1 (C(ph, 1), p(s + )|t Ig)
= Res,—_ <C(t’u’1, t’u’{% pJz) by (5.13)
= <1/)t, oC(t piy, t'ull), ‘Oog0> by Lemma 5.14 with o = —1
= Py, 1C(nly, iy )7 i59),
if we put pu_; = t"?p;. O
Proof of Proposition 5.8 near oo for « = —1. Let us first explain

how wﬂ_lﬂ C is defined and how it induces a sesquilinear pairing on
Parg e T P oy oy 70"

In order to compute v, _17C, we lift local sections [m/],[m”] of
Voo 1Tl Ay 7" in UgZ#',UgZ#t" and compute (5.18) for a = —1.
We know, by [4, Lemma 3.6.6], that this is well defined.

To compute the induced form on P grg/[, we use (4.6) and (4.7) and, arguing
as above, we have to consider sections m’, m” of U<0 ' UoZ2". We are then
reduced to proving that, for local sections p’, u”’ of V<o/// Veo ", 7", we have

I'(s+1)
I'(=s)

By [4, Lemma 3.6.6], the meromorphic function s — (C(u/, "), /|2 D) ©)
has poles along sets s + 1 = v x z/z with Rey < 0. For such a v and for

Res,—_; (O, 1), 1P o) = (O 1), ¢).

11 thank the referee for correcting a previous wrong proof and pointing out that, in the
formula of [4, Lemma 3.6.33] which was previously used here, the term |t|25 has to be
replaced with |t\2$ — s, making the right-hand term in this formula independent of x.
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z € S, we cannot have v x z/z = 0. Therefore, s — (C(1/, "), |t g2t ©)
is holomorphic near s = —1 and its value at s = —1 is (C(i/, "), ). The
assertion follows. O

§5.c. Proof of Theorem 5.1

We first reduce to weight 0, and assume that w = 0. It is then possible to
assume that (7,.%) = (A, #,C,1d). We may also assume that .# has strict
support. Then, in particular, we have .# = /Z/;un, as defined above.

According to Corollary 5.9 (and to Proposition 5.8 for ¢, ), we can apply
the arguments given in [4, § 6.3] to the direct image by gq.

Notice that we also get:

Corollary 5.20. Let (7,%) = (A", 4",C,”) be an object of
MT® (X, w)®). Then, we have isomorphisms in %- Triples(X):

(V0T M) 25 (O o T, Ner), Ve # —1 with Rea € [1,0],
(6r0 7, Nr) 5 (0,1 T, ).

§5.d. A complement in dimension one

Let first us indicate some shortcut to obtain the S-decomposability of ya
when Y is reduced to a point, so that X = P'. First, without any assumption
on Y, we have exact sequences, according to Proposition 4.1,

(5.21) 0 — kerNy — vy 74— i 1y 1l — 0,
0 — boo,4 Yy, 1M VAT, Y1 TH — coker N, — 0,
and
(5.22) 0 — doo,+ ker Ny — kerN, — #Z — 0
0 — A4 — coker N, — i, ; coker Ny — 0.
It follows that #'q, kercan, = J/#lq..# and #~'q, cokervar, =

A ~Lq,. /. By the first part of the proof, we then have exact sequences

can,

Vgl = by 1M — A Gl — O
A 1/}7,—1%

¢r 71'%/\
0 — A qrtl — py 1M = 1/170////\
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Therefore, if ¢ .# has cohomology in degree 0 only, 4 is a minimal extension
along 7 = 0. Such a situation occurs if Y is reduced to a point, so that X = P*:
indeed, as (7,.7) is an object of MT® (P',0)®), we can assume that .7 is
simple (cf. [4, Prop. 4.2.5]); denote by M the restriction of .Z to z = 1, i.e.,
M = #[(z — 1).4; by Theorem 5.0.1 of loc. cit., M is an irreducible regular
holonomic Zp1-module;

e if M is not isomorphic to Op1, then ¢ M has cohomology in degree 0 only
[use duality to reduce to the vanishing of 5 ~1q, M, which is nothing but
the space of global sections of the local system attached to M away from its
singular points]; by Theorem 6.1.1 of loc. cit., each cohomology 7 q, .4
is strict and its fibre at z = 1 is J#7q, M; therefore, #7q, 4 = 0 if j # 0;

e otherwise, M is isomorphic to Op1 with its usual Zp1 structure, and M is
Oz (where 2! denotes P! x Qq, cf. §2.b), so .# is supported on 7 = 0
and Y, 1.4 = 0;

in conclusion, the S-decomposability of Va along 7 = 0 is true in both cases.

Corollary 5.20 does not give information on ¢, _1.7. We will derive it now
in dimension one.

Proposition 5.23. Let (7,Y) = (A, .#",C,) be an object
of MT(r)(IP’l,w)(p). Assume that 7 is simple and not isomorphic to
(Opr, Op1,C,1d)(—w/2). Then, if ¢ : P1 — pt denotes the constant map,
the complex q..7 has cohomology in degree 0 only and we have natural
isomorphisms

can, M

o (T, ) —— g 6. 0(T,.F)(=1/2)  forall £>1,

— —~  var,
o Y (T, ) ———

~

Pl ((7,7) " H (T ,.P).

e 6.0(7,.7)(1/2)  for all £ < —1,

(The gluing C for the trivial twistor (Op:, Op1, C,1d) is given by f @ g +— f7.)

Proof. We first reduce to weight 0 and take 7 = (A4, #,C) with ¥ =
(Id,Id). We a priori know by [4] that the morphisms can, and var, in the
proposition are morphisms in MT®) (P',w)®), so we only need to show the
isomorphism at the level of .#. Notice that, by Proposition 4.1(iv), the exact
sequences (5.22) induce isomorphisms

(5.24) P, I = and A = Parlv, .
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The first point (##%q, 7 = 0 for i # 0) is shown in the preliminary remark
above under the assumption on .7 made in the proposition. Notice also that
we have shown, as a consequence, that /g, ker N, and .5#%q, coker N, also
vanish for ¢ # 0. With the exact sequences (5.21), this implies that

(5.25) A ¢ kerN, =kerN, and #°¢, cokerN, = coker N,

where NT denotes (here, in order to avoid confusion) the nilpotent endomor-
phism on t%”OquwT,,fg/// =1, _1.#. We then have exact sequences

0 — ker Ny — by 1l —2T st ol — 0,

0— 1/)770////\& 1JJT,,1////\—> coker N, — 0.
As can, and var, are strictly compatible with the monodromy filtration after
a shift by 1 (¢f. [6, Lemme 5.1.12]), and as ker N, is contained in Mowﬂ,l////\,
we get the first isomorphism for ¢ > 1. Similarly, use that M,lwﬂ,l////\ is
contained in Im ﬁT = Imvar, to get the second isomorphism for ¢ < —1.

To get the third isomorphism, we only have to show that #°¢, commutes
with taking P gri! because of (5.24). We deduce first from the previous results
that we also have /¢, ImN, = 0 for i # 0 and #%¢, ImN, = Im N,. Then,
the injective morphism

0 — ImN, — ImN, +kerN,

remains injective after applying ##°q, and, as the #q, vanish for i # 0, we
conclude that the cokernel satisfies
A Par oy, 7 =0 for i # 0 and #°q, Pgryl b, T
=P grg/[ 1/17,71////\.
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