KODAIRA-SAITO VANISHING FOR
THE IRREGULAR HODGE FILTRATION

by

Claude Sabbah

Abstract. After making correct, and then improving, our definition of the category
of irregular mixed Hodge modules thanks to Mochizuki’s recent results, we show
how these results allow us to obtain Kodaira-Saito-type vanishing theorems for the
irregular Hodge filtration of irregular mixed Hodge modules.
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1. Introduction

l.a. Corrigenda to [Sab18]. In the memoir [Sab18], we have defined the category
IrrMHM(X) of irregular mixed Hodge modules on a complex manifold X, and we have
proved various properties of this category. However, the definition of the category
IrrMHM in loc. cit. has a flaw, as was noticed by T. Mochizuki, because the operation
of rescaling that is used does not preserve coherence. In order to preserve coherence,
one has to restrict the family of objects in order to ensure an algebraicity property in
the twistor parameter z. We make the definition of [Sab18]| correct in Section 2.c.
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1.b. Application of the results of [Moc21| to IrrMHM. On the other hand, the
results of T.Mochizuki in [Moc21] allow us to improve the definition of IrrMHM
and to avoid the above restriction of objects. We explain this improvement and the
consequences of the results of [Moc21] to IrrMHM in Section 3.b.

l.c. An irregular Kodaira-Saito vanishing theorem. Let X be a smooth pro-
jective variety of dimension n. Let .7 be an object of rfMHM(X) (e.g. with respect
to the improved definition of Section 3.d) and let M be the underlying holonomic
(left) Dx-module. Then M can be equipped in a canonical way with a coherent fil-
tration indexed by A + Z for some finite set A C [0,1), called the irregular Hodge
filtration and denoted by FI'™M. Given a € A, we denote by F (Lr_’@ZM the correspond-
ing Z-indexed filtration. The shifted holomorphic de Rham complex "DRM is thus
filtered by setting
Flt,"DRM = {0 — FyI,M — Qy @ Fif ,, M — - = Q% @ FiYY, ., M — 0},

where « indicates the term in degree zero. We will show how the results of T. Mochizuki
[Moc21], combined with the original proof of M. Saito [Sai90],!) lead to the following
vanishing result and its corollaries:

Theorem 1.1 (Kodaira-Saito vanishing). Let L be an ample line bundle on X and let
T, M and A be as above. Then, for each a € A, we have

Hi(X,gr" " "DRIM) @ L) =0 fori >0,
Hi(X,gt" "DRIM) @ L™ =0 fori < 0.

Corollary 1.2. For 7, M and A as above, let a, € A+ Z be such that FEZOM =0,
and let us set wx = Q%. Then we have the vanishing

HY(X,wx @ F"(M)® L) =0 Yk >0, andVa € [ay,a, + 1).

Note that we can replace F.™" (M) by grl’ " (M) in this corollary. We also have the
analogue of Kollar’s vanishing theorem:

Corollary 1.3 (Kollar vanishing for the irregular Hodge filtration)

Let 7, M, A and a, be as in Corollary 1.2. Let f : X — Y be a projective
morphism to a smooth projective variety Y and let L be an ample line bundle on Y .
Then we have the vanishing

HYY, R f(wx @ F"™M)® L) =0 Vj, Vk>0, and Va € [a,,a, + 1).

(1) One can also refer to [Pop16, PS13, PS14, Sch16, Sch19] for proofs and applications. We will
follow the proof given in [MHMP, §11.9].
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Remarks 1.4.

(1) The theorem will be proved for all objects of the category Crese(X) introduced
by T.Mochizuki in [Moc21] (see Section 3.e), as the various compatibilities with
functors needed for the proof are proved for this category and not for IrrMHM(X).
One could also apply the result to objects of the category of exponential mixed Hodge
modules introduced in loc. cit.

(2) For each a € A+ Z, let us denote by <a the predecessor of a and let us set
grfirr M = FI"M/F2r M. We will show in Appendix B that the statement of Theo-
rem 1.1 also holds for the A+Z-graded complexes grf "DRM) := B,casz g;rfirr M.

(3) One can also prove the vanishing of H* (X, R/ f,(wx ® graFirr (M))® L) for k, j
and a as in Corollary 1.3 (see Appendix B).

1.d. Geometric consequences. Let us emphasize an example where Theorem 1.1
applies. Let L be an ample line bundle on X and let D C X be a divisor with normal
crossings. Recall that the Kodaira-Norimatsu vanishing theorem ([Nor78]): for each
integer p > 0,

HY(X,0%(logD)® L) =0 forp+q>n,

1.5
5 HI(X, 0% (log D) & L) =0 for p+g <.

Theorem 1.1 enables us to extend this vanishing result when D contains the sup-
port of the pole divisor P of a morphism ¢ : X — PL. The sheaf QP(log D, ¢) is
defined as the subsheaf of Q% (log D) consisting of logarithmic forms w such that
de A w remains logarithmic. More generally, for each @ € [0,1) N Q and each
p = 0, we define QP(log D, ¢, @) as the subsheaf of Ox (|aP]) ®o, Q% (log D) con-
sisting of germs of meromorphic p-forms w such that dy A w is a local section of
Ox(laP]) ®o Q5 (log D).

Let us decompose the reduced divisor P,oq as UiE ; P and let m; be the multiplicity
of P, in P. For each o € [0,1) N Q, let us set I, = {i € I | am; € N} and
P, =, 1, Pi. In what follows, it is enough to consider that o belongs to the finite
subset A C [0,1) NQ consisting of those a such that am; € N for some i € I. If a > 0,
we denote by <a the predecessor of o in A. For « € AN(0,1) and p > 0, the quotient
sheaf QP (log D, ¢, ) /¥ (log D, ¢, <«) is supported on the divisor P,.

Corollary 1.6 (of Theorem 1.1). With the above assumptions and notations, for each
p = 0, the sheaves QP (log D, ¢, ) (o € A) satisfy the Kodaira-Saito vanishing prop-
erty analogous to (1.5).

In particular, we obtain the vanishing H*(X,wx (D + |aP]) ® L) for k > n.

Remark 1.7. By using Remark 1.4(2), one also obtains that the property of Corollary
1.6 holds for the sheaves QP (log D, ¢, ) /QP(log D, ¢, <a) (a € AN (0, 1)).

Corollary 1.8 (of Corollary 1.3). Let ¢ : X — P! be a projective morphism and set
P = p*(00). Assume that the support of P is contained in a (reduced) divisor with
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normal crossings D in X. Let f : X — Y be a projective morphism to a smooth
projective variety Y and let L be an ample line bundle on Y. Then for each o € A
we have the vanishing property

H*(Y,RI fowx (D + |aP|)® L) =0 for all k >0 and all j.

1l.e. Notations and conventions. All over the paper, we will use the following
notations and conventions.

(0) Unless otherwise stated, the sheaves of modules are left modules over their
corresponding sheaf of ring.

(1) Let X be a complex manifold and let Dx be the sheaf of holomorphic differ-
ential operators on X, with its filtration F,Dx by the order. We denote by Rx the
Rees ring RpDx = P, F,DxzF, and by Rx the sheaf RX<Z28Z>.(2) We have the
inclusions of sheaves of rings on X:

Rx C Rx C Dx @¢ C[2](ds).

Inverting the action of z leads to the ring Rx (z) := Ox[z,27!] ®o ) Rx which
is isomorphic to Dx ®¢ C[z,271]. Similarly, Rx(*z) is isomorphic to the ring of
differential operators Dx ®c Clz,271](229,). The inclusions above become

Rx(¥z) C Rx(xz) = Dx ®¢ Clz, 2~ '|(8.).

(2) If we consider the complex manifold 2™ := X x C, with sheaf of holomorphic
functions @4 and projection 7 : 2 — X, we have the analytic versions of the
previous rings by applying the transformation 0o ®-1¢9 [, »» We denote by 0, the
divisor X x {0} C 2". We obtain the sheaves

Ry C Ry C Dy and Ro (x0.) C Rar (x0,) = Do (x0,).

We denote by 2°° the open subset 2"\ 0,.

(3) We consider the partial projective completion X = X x P! of 27, so that 2~
is a Zariski open subset of X. We simply denote by 0., resp. co,, the hypersurfaces
X x {0}, resp. X x{oo} of X. We have 2" = X~ o0, and 2° = X xC* = X~ (0,Ucoc,).
Similarly, X° denotes the open subset X \. 0,. Then X is covered by the open sets 2
and X° with intersection Z°°. Since the sheaf @ggo is identified with P4, we can
extend it as Pxo (x00,) on X°. Then %4 can be extended as Zx C Dx (%00,), so that

Hxlw = Ra C Do, Fxlxe = Dxo(+002),  Ax(x0) = D ((0: U oo2)).
We also denote by 7 the projection X — X.
(4) Assume that X =Y x A, for some disc A; C C. Each sheaf of rings considered
above is equipped with an increasing filtration V, such that ¢ has order —1, d; has
order 1 and operators defined on Y have order zero. In such a way, the operators of

V-order zero form a subsheaf of rings V.
(5) The following proposition will be used various times.

(2)In [Sab18], we use the notation RZ* and '3 here, we adopt the notation Rx of [Moc21].
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Proposition 1.9. Let Z be any of the spaces Z',X and let oo C Ba by any pair of
nested subsheaves of rings considered in (2)—(4). Let A be a coherent B -module
which the union of a sequence of coherent O -submodules AN;. Let V' C A be
a coherent o/ -submodule of A . Then each O« -module N' O _N; is coherent and
N =, (A" N A) is also the union of a sequence of coherent 0o -submodules.

Proof. Tt is enough to check that each .4/ N.4; is coherent, and this is a local question
on %, so we can assume that .4 is the union of a sequence of coherent &%-mod-
ules Jig’ . We first claim that .4 N Jig’ is Og-coherent. It is enough to prove that
e/VH—e/ig’ C AN is Os-coherent since J%ﬂ%’ is isomorphic to the kernel of J%@Jg’ —
N+ A Since By is Ox-pseudo-coherent (see [Kas03, Def. A.5(1) & Lem. A.26]),
it is enough to check that .4; + Jlg’ is locally O -finitely generated, which is clear.
From the claim we deduce that the increasing sequence (47 N .4}'); is locally
stationary since .4; is O4-coherent. Therefore, A4, N A" = UJ(J% N Jig’) is O g-co-
herent. O

(6) For the rescaling operation, we denote by 7 the rescaling variable. First, we con-
sider the algebraic description of the rescaling operation. We consider the sheaf of
rings Ox[r, 771, (] with the morphism of rings

Ox[z] — Ox[r, 7",
z+— 7L

By identifying Ox[r, 771, (] with O x[2][7, 7] via the above correspondence, one sees
that Ox[r, 771, (] is Ox|[z]-flat. For the sake of clarity, we make a distinction between
the variables z and (, although both play the role of the twistor variable, before,
respectively after, rescaling. We set

(1.10) TR/X = Rrp9x|7r], "Rx = RpPx[7](0;), "Rx ="Rx <<28<>,

which are sheaves on X and where  is the twistor variable. In local coordinates, "R’y
and "Ry read )
"Ry = 0x[7,¢](0z), "Rx = Ox|[r,¢](0,0-),

where, on the right-hand sides, 0, = (0, and 9, := (0,. We identify LiZCTR’X =
"Ry /(T — ()"R'yx with RpZx that we can also write as 7% @ F, Px. We also set

"Riy (+7) = Ox[r, 771, ()(0a),
(111) TRX(*T) = OX[T7T717C]<5I7T8T>3

"Ry (#7) = R (+7)(C%0c) = Ox [, 77", {){Ba, 707, C0c).

(7) For the analytic version of the rescaling operation, we decorate the spaces with
the letter 7 on the left up side. So, we set
X =X xC,, = 2° xC,, ¥ =% xC,, X¥=%XxC,,

X=XxP., @ =2°xP., TZ=%xP, TX=XxPL
We also consider the divisors 0;,00.,0¢,00¢ in X X PL x ]P’é = 7X with an obvi-

ous meaning, and we denote similarly their restrictions to the above open subsets

X, X°, X of TX.



6 C. SABBAH

Any of the projections "X — X, "2 — 2 or "X — X (omitting 7) is denoted
by p, while any of the projections 2" — X, "2" — "X or "X — "X (omitting z or ()
is denoted by 7. Any of the projections "2" — X and "X — X is denoted by q.

We consider the following sheaves of rings on "X, whose sheaf-theoretic pushforward
by g. gives back the sheaves of rings (1.10) and (1.11) on X. By definition, any sheaf #Z
or % below satisfies Z = % (x(co, U 00¢)). We thus consider

%Tix/ﬂ]’ﬁ with q*%?x/m ="RY, %fo/m (x0,) with q*%?x/]?}_ = "R’y (x7),
‘%Tix with q*%‘,—ix = 7—RX, and %@(*07) with q*%‘,—ix = TRx(*T),
A with .= = "Rx, %@(*07) with ¢. %7 = "R (x7),

and we denote similarly their restrictions to the open subsets 2", "2°°, "X of 7X. All
these sheaves are subsheaves of rings of Z-(+(0, U 0¢ U cor U coc)).

(8) In both the algebraic and the analytic settings, the above sheaves are equipped
with their V-filtration with respect to the function 7, that we denote by "V,. We have

—krp! <
R o L

S O VyRx (k> 1),

j=0"7

Vi(Rx) = Vi("Rx (C20;)) Yk e Z.

For the 7-localized modules, the filtration is simply the 7-adic filtration made increas-
ing. The definition is similar for the analytic sheaves Z and we have the relations of
the form ¢,V Z = "V},,"R.

(9) Let Ax be any sheaf on X considered in (6) and (8), and let &7 be the corre-
sponding analytic sheaf on 2°. Then &7¢ is 7! Ax-flat. Furthermore, an Ax-mod-
ule N has no C[z]-torsion (or C[(]-torsion) if and only if its analytification A4 :=
Ay @r-14, T LN has no such torsion.

(10) Any holomorphic map f : X — Y between complex manifolds induces a
holomorphic map between the corresponding associated spaces in (2) and (3), that
we still denote by f. For all sheaves considered in (6)—(8), there is associated a transfer
module, and the pullback and pushforward functors are defined correspondingly. For
all these variants, we denote their k-th cohomological version by ,f**) and , f,E’“)
(k € Z). The context should make clear which category they apply to. When f is
flat, we simply denote p, f* instead of  f*(%).

Remark 1.12. Proposition 1.9 applies similarly in the setting of (7)—(8).

Acknowledgements. 1 would like to thank Takuro Mochizuki for pointing out a problem
in the memoir [Sab18] and for developing an effective theory to improve the original
(corrected) definition. I also thank him for the numerous discussions on the theory
of mixed Hodge modules and for the interest he shows in the subject of irregular
Hodge structures. I would also like to thank Christian Schnell and Jeng-Daw Yu for
numerous enlightening discussions.
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2. A general framework for producing an irregular Hodge filtration

2.a. A reminder on strict R-specializability. Let us assume that X =Y x A;
(see Notation 1.e(4)). Let M be a coherent Rx-module. We say that M is strictly
R-specializable along t if there exists an increasing® filtration V, M of M indexed by
A+ Z for some discrete set A C [0,1) satisfying the following properties:

. for each a € A+ 7Z, VoM is VyRx-coherent and M = J, V.M,

o VorxM =t7FV, M for each o € A and k € Zgo,

o VoM =V M +0,V,_1 M ifa > 1,

« t0; + az is nilpotent on gry M for any a € A + Z,

. for any compact set K C X, there exists a finite subset Ax C A such that
gr¥ M| =0fora¢ A +7Z,

. multiplication by z is injective on gr¥ M for any a € A + Z (we also say that
gry M has no z-torsion).

Let us recall some properties of strictly R-specializable modules.

. If a V-filtration along t exists for M, it is unique, so that checking strict R-spe-
cializability is a local question.

« Any morphism between strictly R-specializable modules is (possibly not strictly)
compatible with the V-filtration.

A similar definition exists for a coherent % 4 -module .Z .

Lemma 2.1. Let M be a coherent Rx-module and set M = Roy @p—1p, © M. If M
is strictly R-specializable along t, then .# is so, and the V -filtrations along t satisfy
Vall = Vo(R2) @n—1vy(rx) T VaM for each a € A+Z.

Proof. Let us assume M is strictly R-specializable along t and let us set U,.# =
Vo(Z 2 )Rr—1 VO(RX)W—W@M for each a € A4+7Z. Then U, .# satisfies the characteristic
properties of the V-filtration of .#, since Vo(Za-) is 7~ 1Vy(Rx)-flat, hence is equal
to it by uniqueness. O

2.b. Rescaling
Definition 2.2 (Rescaling in the z-algebraic setting). Given a left Rx-module M, the
module "M := Ox|[r, 771, (] @0y [z] M is naturally equipped with the structure of an
R x (*7)-module as follows:

(a) We identify "M with Ox|[7,771] ®e, M as an Ox[r, 7 !]-module.

(b) The action of ¢ is defined by ¢ - @ (TF @ M) = By T8 @ (2my).

(3)One often uses a decreasing V-filtration V * M; the correspondence is V*M = V_, M.
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(c) The action of derivations is defined by (with the same notation 9., for the
distinct elements z0,, of Rx and (0., of TRx (x7)):

0,,(1®m) =7(1®0;,m) =7 0,,m,
9-(1@m) = —-1® 220.m,
Co(1@m)=7(1®220,m) =71 ® 220,m,

and extended in a natural way to "M by means of the decomposition (a).

The identification 2.2(a) provides "M with a natural grading by the degree in 7:
M = @, 7" ® M. With respect to it, the sections of O x[z] act in an homogeneous
way with degree zero, and ¢, 7 with degree one. The derivations 9,,, 70, and (20,
are also homogeneous of degree one and one can identify the homogeneous component
7 @ M with ker(¢20; + 70, — k¢). We say that "M is strict if "M has no C[¢]-torsion,
and in particular "M C "M (x().

Any R x-linear morphism \: M7 — M, yields a R x-linear morphism "\: "My — M5,
and "R x-linearity implies that ™\ is graded, since it commutes with ¢29; + 70,

If the éx—module M is coherent as an Rx-module, it is éx-coherent and its
localized module M(xz) := Rx(x2) ®p, M is a coherent Zx|z, 2718, )-module
(see Notation 1.e(1)). We say that M is strict if it has no C[z]-torsion, and in partic-
ular M C M (xz). We denote by M the D x-module M/(z — 1)M.

Proposition 2.3 (Coherence). Assume that the Ex-module M is Rx-coherent. Then
the TRx (x7)-module "M is "R’y (xT)-coherent, hence also "Rx (xT)-coherent.

Proof. If M is any Rx-module, the rescaled object "M is well-defined as a "R’y-mod-
ule, and if M is any Ex—module, this structure is enhanced to a ;]v%x—structure by
Definition 2.2. In particular, "(Rx) ~ "R’y (*7) by sending 1 ® 3, to 7713,,. The
assertion is then clear. O

Lemma 2.4. If the Rx-module M is strict, then ™M is strict and ({ — T) acts in an
injective way on "M. Furthermore, the restricted module i7_."M := ™™M/(¢—T1)™M is
naturally identified, as a graded module, to C[t, 7] ®c M with its natural grading in-
duced by that of C[t,71]. If M is Rx-coherent, then iy _™M is Dx|r, 771]-coherent.

Proof. We use the decomposition 2.2(a) above. For strictness, let p(¢) = Z?:s a; ¢t e
C[¢] with d > 1 and as, aq # 0. Let m € "M be nonzero written as m = @Z;ko *@my,
with my, # 0, such that p({)m = 0. This implies that, for each k € Z, we have
Z?:(; a;z'my_; = 0. Taking k = ko + 0 yields a,;z‘smko = 0, in contradiction with the
strictness assumption for M.

For the injectivity of ({ — 7), we have

(2.5) C—7) @ em) = @ @ (2~ my,
kEZ kEZ

and the assertion follows from the strictness of M.
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The quotient "M/(¢ — 7) - "M is identified with @, 7 ®c M as a graded module.
The action induced by that of 0,, is by 7 ® 0;,. The last assertion is then clear. [

Proposition 2.6. Let M be an FZX -module which is Rx-coherent and strict. Then, for
any coherent T-graded "Ry -submodule "My of "M which satisfies

(26*) (T—C)~TM0:TM0ﬂ(T—C)~TM
and
(2,6 **) OX[T,T_l7 C] Rox[r,c] Mo ="M,

there exists a unique coherent filtration F,M of the Dx-module M = M/(z — 1)M
such that

RpM =@ 7" @ M =it_ "My Cif_."M = Clr,7 '] @&c M.
k

Proof. We identify iiZCTR’X with RpDx = @, ¢ @ F,Dx. Since "My is T-graded,
that is, "My = P, ™ ® TMék) with TMék) C M, and since 7 — ¢ is homogeneous of
degree one, the pullback i7_."Mj is also 7-graded. Moreover, (2.6 x) implies that it
is contained in i;_ "M = C[r, 771} ®c M, hence has no C|[r]-torsion, and since "M is
"R’y -coherent, i7_¢"Mo is a graded coherent RpD x-module. Lastly, (2.6 xx) implies
that C[r, 77| @¢(r) (12, "Mo) = Clr, 77! ®c M.

The proposition follows from these properties. O

We now give a sufficient condition for the existence of "My as in the proposition.
For that purpose, let us recall the notion of V-filtration and strict R-specializability
along 7. We consider the V-filtration of "Rx (x7) along 7 with

Vo("Rx (¥7)) = Ox |1, ({04, 70,) = "R (10,),

and Vi, ("Rx (*7)) = 7% - Vo ("Rx (x7)) for k € Z (see Notation 1.e(8)). We adapt
below the definition of Section 2.a to the localized case.

Definition 2.7. We say that the "Rx (x7)-module "M is strictly R-specializable along T
if there exists an increasing filtration "V, ("M ) of "M indexed by A+Z for some discrete
set A C [0, 1) satisfying the following properties:

. for each a € A+ 7Z, "V,("M) is "Vo("Rx (*7))-coherent and "M =, "V,("M),

« Vork("M) = 777V, ("M) for each a € A+ Z and k € Z,

« 70, + a( is nilpotent on gr,” ("M) for any a € A + Z,

. for any compact set K C X, there exists a finite subset Ax C A such that
gr.V ("M)|x =0 fora ¢ Ag +7Z,

. multiplication by ¢ is injective on gr.V ("M) for any a € A+ Z (we also say that
gr.V("M) has no (-torsion).

As in the case of Section 2.a, the following holds.

. If a "V-filtration exists for "M, it is unique.
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« Any morphism between strictly R-specializable "Rx (x7)-modules is compatible
with the "V -filtration.

« We say that a morphism ¢ : "M; — "M> is strictly R-specializable along 7 if,
for each a € A + Z (index set for both "V, ("M); and "V, ("M)3), coker gr.,” ¢ has no
C[(]-torsion. If @ is strictly R-specializable along 7, then the "R x (*7)-modules ker ¢,
im ¢ and coker @ are strictly R-specializable along 7 and their "V -filtration is the one
naturally induced by that of "M; or "Ms.

Proposition 2.8.

(1) Assume that the Rx-module M is Rx-coherent and strict and that ™M, as a
"Rx (x7)-module, is strictly R-specializable along 7. Let V,("M) denote the corre-
sponding V -filtration. Then each V,("M) is a coherent T-graded "R’y (10, )-module
which satisfies (2.6 %) and (2.6 %x).

(2) For M as in (1), if furthermore for some a€R, V,(TM) is coherent over "Ry,
then it is so for any a € R and each "V, ("M) gives rise to a Z-indexed coherent
filtration denoted by F;“EM The notation is coherent in the sense that, for any k € 7Z,
Vair("™M) gives rise to the k-shifted filtration, that is,

(2.8%) Fll M= Fr M,

so that we denote it as Ftﬂ.M Moreover, for any a,b € R, we have the filtration
property

(2.8 %x) a<b = F™McC F"M,

so that the family of Z-indexed filtrations (Faifi.M)aeA forms an R-indezxed filtration
FIrM.

(3) For My, Ms as in (2), and any Ry -linear morphism A @ My — My, let
™\ "My — "My be the associated ;]v%x—linear morphism. If A is strict and "\ is strictly
R-specializable along T, then the Dx-linear morphism A.=1 : My — My is strictly
filtered with respect to the R-indexed filtration Fir™M.

Proof.

(1) Recall that 757V, ("M) = "V,_,("M) for each a € R and k € Z. Since the
V-filtration is exhaustive, (2.6 %x) holds.

For (2.6 %), let m be a local section of "V, (™M) such that m = (7 — {)m’, where m’
is a local section of "V;,("M) for some b > a. Then the class of (1 — ¢)m’ in gr," ("M)
is zero. This is nothing but the class of —(m’. The strict R-specializability property
implies that ¢ acts in an injective way on each grgv ("M). Therefore, m’ is a local
section of V.,("M). Arguing inductively, one eventually finds that m’ is a local
section of "V, ("M).

We are left with proving that each "V,("M) is 7-graded. This property is equiv-
alent to the fact that each "V, (™M) is preserved by the C*-action on "M attached
to the grading 2.2(a): for any ¢ € C*, we have by definition ¢ - (@, 7" ® m;) =
@D, 7@ (cFmy,). Since the action of Oy is homogeneous of degree zero and 7, ¢, 70,, 3,
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are homogeneous of degree one, we deduce that, for each ¢ € C*, the filtration
¢V,("M) satisfies all properties of the V-filtration. Since the V-filtration is unique, we
conclude that "V, (™M) is 7-graded. (We owe this argument to T. Mochizuki [Moc21,
Lem. 6.10].)

(2) With the supplementary coherency assumption, we can apply Proposition 2.6
to each "V,("M) and obtain the coherent filtration F"*M. Then (2.8 %) follows from
the equality 7%V, ("M) = "V,_;("M). Similarly, (2.8 %) follows from the inclusion
Vo("™M) C Vo("M) if a < b.

(3) Tt follows from the assumption of (2) on M;, My that, for C' = ker, im, coker,
C("A) also satisfies it. Moreover, we also find that C(iy_."A) = i;_.C("A). We con-
clude that for each a € R, i7_."A : Rpiw M1 — Rpix My is a strict morphism, i.e.,
for each a € R and k € Z, A|.—1 (F["[, My) = Fi, My Nim A|,—;. This is the desired
strictness property. O

Remark 2.9. Assume that M satisfies the properties of Proposition 2.8(1). Let G :
"M — "M denote the grading operator, that is, G(@k " ® mk) =@, ™ @ kmy.
Then each "V, ("M) is preserved by G, according to Proposition 2.8(1), and also by 7G.
On the other hand, (29, acts on "M as 7G — 70,. It follows that each "V, ("M) is
acted on by (28<, hence is a VO;T%X—module.

2.c. Provisional corrected definition of IrrMHM. We refer to the notations of
[Sab18|. As in loc. cit., we replace the category MTM™ (X) of [Moc15] with the
category ,MTM"® (X), where we have modified the notion of sesquilinear pairing to en-
able rescaling. Let X be a complex manifold. We now define the category IrrMHM(X)
as a full subcategory of the category of W-filtered triples (M', M",,C),W,), where
M',M" are Rx-modules which are Ry-coherent, ,C' is a t-sesquilinear pairing be-
tween the analytifications .Z° = %4 - Q15 7 M (M = M',M") in the sense of
[Sab18, §1.3.¢], and W, is a filtration in such a category. (Morphisms are the usual
ones.)

Such a filtered triple can be rescaled: for the components M’, M", this is Def-
inition 2.2, and for the sesquilinear pairing ,C, this is defined in [Sab18, §2.2.c].
We denote the rescaled object by 7((M', M",,C),W,). The objects of IrrMHM(X)
are those W-filtered triples ((M', M",,C), W,) such that

(1) the analytifications ((2#', 2#",7C),W,) of "(M', M",,C),W,) is an object
of the category ,MTM™ ("X (x0,)),

(2) the #ry (%0, )-modules #', 4", which are strictly R-specializable along 7
because of (1), are also regular along 7 and graded (see [Sab18, Def. 2.19 & Def. 2.26]).

With this definition of IrrMHM(X), i.e., assuming that the W-filtered triples we
start with are algebraic in the z-direction, the results of [Sab18] hold true, except
that it is mentioned in [Sab18, Th. 0.2 that IrMHM(X) is a full abelian subcategory
of LI\/ITMint(X ). Fullness is no longer true since morphisms should have compo-
nents which are morphisms of Rx-modules, while in LI\/ITMint(X ) the components are
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morphisms of @g—modules. We will recover fullness with the improved definition of
Section 3.d.

The examples considered in loc. cit. all come with a natural partial z-algebraic
structure. This directly follows from one of the results of [Moc21] (see Corollary 3.5
below). For the sake of completeness, we give a direct proof of the following lemma
in order to ensure that the results of [Sab18] do not depend on those of [Moc21],
although the latter results enable us to give a better definition of IrfMHM(X) in
Section 3.d.

Lemma 2.10. Let ¢ be a meromorphic function on X and let T be the mized twistor
D-module associated to a mized Hodge module. Then the % 2 -module underlying the
integrable twistor D-module T%/* @ T (see [Sabl8, §1.6.a]) has a natural partial
z-algebraic structure.

Sketch of proof. The assertion is clear for .7 alone: by definition, for a filtered
Px-module (M, F,M) as the one underlying a mixed Hodge module, the associated
Rx-module is the Rees module RpM. It is thus enough to check the assertion
for ¢/, Let P be the pole divisor of ¢ and let e : X’ — X be a projective
modification which is an isomorphism over U := X ~ P and such that

« X' is smooth and e~ !(P) is a divisor with normal crossings,

« 1= poe extends as a projective morphism ¢’ : X’ — P!,

« e 1(P) decomposes as e~ !(P) = P'"UH’, where P’ denotes the pole divisor of ¢’.
In the setting of %4 -modules, we set &%/ = (04/(xP’), 2d + d¢') and we denote
by &¢'/#[«xH'] the twistor localization of &'/ along H’, which underlies the mixed
twistor D-module .7¢/#[«H'] (see [Moc15, Prop. 11.2.2|, see also the proof of [SY15,
Prop. 3.3]). A local computation, using the fact that the variables involved in ¢’ and
in H' can be made distinct, shows that &%'/?[xH'] ~ &9'/* @4, (04 ,d)[xH'].

On the one hand, ¢/ has the natural z-algebraic structure (&x/[2](*P'), zd+d¢’)
and, on the other hand, (€49 ,d)[xH’] has a natural z-algebraic structure since it is
the analytification of the Rees module of a filtered Zx/-module underlying a mixed
Hodge module. Therefore, the tensor product & /= [«H'] of both also comes equipped
with a natural algebraic structure. Last, the algebraic structure of £%/7 is obtained
by pushforward by e of the latter. O

3. Improved definition of I[rrMHM

Although the setting of Section 2.b leads in a direct way to the construction of the
irregular Hodge filtration, the objects of rMHM(X) are analytic objects, and in order
to improve the definition of IrrMHM(X) we have to take care that some properties
needed in Proposition 2.8 only hold in the algebraic setting. In this section, we explain
the various comparison results needed to adapt Proposition 2.8 in the analytic setting
before giving the improved definition of IrrMHM(X).
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3.a. Goodness and extension to infinity of strict holonomic @gg-modules

Let .# be a coherent % 4 --module. We say that it is strict if it has no O¢_-torsion.
We say that it is holonomic if its characteristic variety is contained in A x T*C,
for some Lagrangian closed analytic set A C T*X. For a coherent % 2-module
we say that it is strict, resp. holonomic, if the underlying Z 4--module is so.

Proposition 3.1 (Goodness). Let .# be a strict holonomic @g-module. Then A is
good. More precisely, M is the union of an increasing sequence of coherent O g -sub-
modules (with no reference to a compact set).

Lemma 3.2. Let # be a strict holonomic .@T‘gy—module. Then the localized module
A (%0,), regarded as a Dg -module, is holonomic.

Proof. Since we have the identification é&w(*oz) = P4 (%0,), we regard the localized
module A (x0,) 1= Oz (%0,) ®¢, A as a Dg (x0,)-module, hence as a Z g -module.

It has been observed in [Sab18, Prop. 1.26], as a consequence of the main theorems
of [Kas78], that, as such, .Z(x0,) is P4 -holonomic. O

Proof of Proposition 3.1. Lemma 3.2, together with [Mal04, Th.II1.3.1], implies that
A (%0,) admits a coherent filtration, and in particular it is the union of an increasing
sequence of coherent &g -submodules .%;. By strictness, we have .# C .#(x0,).
We conclude with Proposition 1.9. O

Proposition 3.3. Let .# be a strict holonomic @gg—module. There is a one-to-one
correspondence between the following objects:

(1) An Zx-coherent extension M of M to X x P! (see Notation 1.e(3)),

(2) a coherent Rx-module M such that # = Ra ®, 15 T 1M.

Proof. Assume (2). Clearly, given M defining .#, we can extend .# by setting
M .= @x ®7T’1RX 7M.

On the other hand, given 9t as in (1), MM(x0,) is a coherent Px(*(0, U 00,))-
module whose restriction to 2°° is holonomic. According to [Kas78, Th.1.2 & 1.3|,
it is therefore Zx-holonomic and [Mal04, Th.II.3.1] ensures that it has a global
coherent filtration by @x-submodules. Since .# is strict, we have 9t C M(x0,) and
the argument already used in Proposition 3.1 implies that 9t also has a coherent
filtration. Then the argument of [DS03, Th. A.1] extends to the present setting in
order to construct M. O

3.b. Results of T.Mochizuki in [Moc21]|. The first improvement obtained in
[Moc21]| enables us to avoid assuming a priori that the objects we start with are
algebraic in the z-direction. When X is reduced to a point, this was already done
in [Sab18, Chap. 3] by using the notion of Deligne meromorphic extension. When
dim X > 1, as we work with possibly irregular holonomic D-modules, the existence
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of such an extension is much less obvious, and is called the Malgrange extension in
[Moc21].

We recall that an integrable mixed twistor D-module is a W-filtered triple
(', 2", C),W,), where A", A" are strict holonomic R g--modules and ,C is an
integrable sesquilinear pairing (that can replace C of [Moc15] in the integrable case,
see [Sab18, Chap. 1]).

Theorem 3.4 ((Moc21, Th.1.3]). Assume that # = H', #" underlies an integrable
mized twistor D-module. Then there exists a unique Malgrange extension of M,
that is, a holonomic @x—module M which is reqular along co,. This correspondence
is functorial with respect to morphisms in ,MTM™ (X). O

Corollary 3.5. Any integrable mized twistor D-module ((A', 4", ,C),W,) comes
canonically, by analytification, from a W-filtered triple (M', M",,C),W,).

Proof. This is a consequence of Theorem 3.4 and Proposition 3.3. O

Next, in [Sabl8, §2.3.d], a well-rescalability property property is assumed for the
objects of IrrMHM(X). The following result of [Moc21]| asserts that, by using the
canonical z-algebraic representative for rescaling an object of MTMint (X), this prop-
erty is automatically satisfied.

Theorem 3.6 ((Moc21, Th. 1.5]). Assume that .# underlies an integrable mized twistor
D-module on X. Let M be the z-algebraic representative of its Malgrange extension,
let "M be the rescaled object (see Definition2.2) and let I# denotes its analytification,
which is an @t%(*OT)-module. Assume furthermore that 24 is the naive localization
along T of an 537@; -module which underlies a mized twistor D-module on "X . Then I#
is reqular along 7, i.e., M is well-rescalable in the sense of [Sab18, §2.3.d]. O

3.c. Specializability along 7. In loc. cit., a grading property ([Sab18, Def.2.26])
is also imposed in the definition of IrrMHM. It was noticed in [Moc21] that this
property is automatically satisfied (invariance under a C*-action). We explain this
property in the setting considered above.

We take up the setting of Section 2. Let M be a strict Ex—module (i.e., with
no C[z]-torsion). We say that M is a holonomic Rx-module if its analytification
M= 92% @15y 7~ 1M is so, that is, the characteristic variety of .# is contained
in A x T*C, for some closed Lagrangian analytic subset A of T*X. Let "M be the
rescaled object (see Definition 2.2) and let 7# denotes its analytification on "2, which
is an Z 79 (%0, )-module. The notion of strict R-specializability along 7 in this analytic
setting is similar to that of Definition 2.7, and the properties of the "V -filtration are
similar. In this section we prove the next proposition.

Proposition 3.7. Assume that M 1is holonomic, strict, and that 24 is strictly R-spe-
cializable along T. Then ™M is strictly R-specializable along T and we have, for each
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a€A+Z,
TVa(%) = Vo(%‘r%) ®q—1VO(TRX) qilTVa(TM),

where q is the projection "% — X.

Corollary 3.8. Under the assumptions of Proposition 3.7, the X g -module M =
Ry Qr-1p, T M is graded in the sense of |[Sab18, Def.2.26].

Note that here we do not take care of the condition of well-rescalability.

Proof of Corollary 3.8. Each "V,("M) is 7-graded, according to Proposition 2.8(1),
so grading "V, (2#) with respect to the T-adic filtration yields "V, ("M) and the identi-
fication of Proposition 3.7, after restricting it by the functor ¢7_, implies the grading
property. [

Proof of Proposition 3.7. If M is holonomic and strict, then so is .#, and its lo-
calized module .Z(x0,) is a holonomic Zg-module (Lemma 3.2). Furthermore,
the analytification (x0,) on X = X x PL, which is a coherent Zx(x(0, U 00,))-
module, is also Zx-holonomic, according to [Kas78], and good according to [Mal04,
Th.11.3.1]. By applying the functor 7. (see [DS03, Th. A.1]), we deduce that M (xz) is
D x[2](0,)-holonomic (holonomicity means that Ext%x[z]wz)(M(*z), Dx[2](0.)) =0
for k # dim X + 1), and also as a Dx|[z, 27 1](20,)-module. We will use similar argu-
ments to obtain the "V-filtration of "M from that of #Z.

The rescaled module "M is a Dx[r, 771, (](0,, (20 )-module. We will analytify
it as a sheaf ™1 on X x Pl x P} over the coherent sheaf of rings @T—%(*OT)
(see Notation 1.e(7)).

The rescaled module (M (xz)) is a Dx[r, 771, (, (7 (70:, (I )-module equal
to "M(*() and is identified to the pullback D-module of M(xz) by the map
(¢,7) = z = (7~ L. In particular it is also holonomic, and has a decomposition

(3.9) TM(x¢) = ?(Tk ® M(*z)).

Furthermore, since 7% @ M (xz) is identified with ker(¢?9; 4+ 70, — k(), we deduce that
"M (%¢) is "Rx (*C)-coherent (i.e., the action of J; can be expressed in terms of that
of (7170,). Its analytification is denoted by ™ (x0c).

From [Kas78| we deduce:

Corollary 3.10.

(1) The analytification ™N(x0;) on X x PL x }P’é of "M (xC) is a holonomic
QXXPLW% -module which is equal to its localization at 0. U oo, U 0¢ U oco¢.

(2) The restriction 2 (x0¢) of ™N(x0¢) to "2 is a holonomic Py -module equal

to its localization along 0 U Oc. It is also equal to the analytification of "M (x()
on 2. O

Note also that the restriction of 7#(x0;) or "M (x0;) to the open subset "2°° is
equal to the restriction of 7# or ™M to “2°°. Under the assumptions of Proposi-
tion 3.7, we have the following properties.
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o As "(x0¢) is @Xxmx]pé—holonomic, it admits a Kashiwara-Malgrange filtration
V.(™N(x0.)) along 7. This filtration is indexed by a set A’ 4+ Z, where A’ is a priori
only a discrete subset of C that we can choose in {a € C | Re(a) € [0,1)} with the
total order induced by the lexicographic order on C = R + iR. For any compact set
K C X, when restricting to K x P} x P¢, only a finite subset A% C A’ occurs as the
index set. Furthermore, away from 0., each "V, (™ (x0.)) coincides with "(x0)
and, by restricting to "2 (i.e., away from oo, U 0¢ U 0o¢), we find the Kashiwara-
Malgrange filtration as holonomic Zr4-o-module

Va("M(x0¢))| mgre = Va("M(+0¢)| 7g00) = Va (I (x0¢)| mge).-

« On the other hand, by assumption of strict R-specializability of # along 7, 4
is equipped with a coherent "V-filtration with respect to "V, (Z14).

As a consequence, 2|ty = "M(*0¢)| 5o comes the equipped with two a priori
distinct "V-filtrations (i.e., with respect to distinct rings of operators). Indeed, we re-
gard Zry-o as a subsheaf of rings of Zryo = By (O¢) = Drg-o. Although |79
is # ry-o-coherent, we cannot assert a priori that its "V, (P )-filtration (which ex-
ists by the holonomicity assumption) and its ™V, (%40 )-filtration (which exists by
assumption) coincide. This would be the case if we would know that each term
of its "V, (P ry-o)-filtration is Vo (H 4 )-coherent, by uniqueness of the "V, (Z g0 )-
filtration.

Lemma 3.11. Each term of the "V,(Pry-)-filtration of # (x0¢)| 190 is Vo(Zry-o)-
coherent.

Sketch of proof. The "V, (P ry-o)-filtration of 4 (x0¢)| 4o is the restriction of the
V(D rgo)-filtration of ™N(x0.). Since each step of this filtration is good, we can
apply the equivalence by g, (see [DS03, Th.A.l]) to show that the "V,(Zrgp-)-
filtration of 2# (%0¢)| 4 comes by analytification from a "V-filtration of "M (x() as a
Dx [, 771, ¢ {705, (O¢)-module. 1t is the unique increasing filtration 7V, ("M (x¢))
of "M (x¢) indexed by A’ 4+ Z for some discrete set A’ C {a € C | Re(a) € [0,1)} sat-
isfying the following properties:

e for each a € A" + Z, V,("M(x()) is Zx[r,¢,( {70y, (I )-coherent and
M (x¢) = U, VaTM(C)),

e V(M (%¢)) = 7%V, ("M (x¢)) for each a € A’ +7Z and k € Z,

« 70, + a is nilpotent on gr," ("M (x¢)) for any a € A’ + Z,

. for any compact set K C X, there exists a finite subset A% C A’ such that
gr.V ("M (xC))|x = 0 for a ¢ Al +Z.
We can now argue as in Proposition 2.8(1). By uniqueness of the "V-filtration,
V("M (%)) is stable by the C*-action, and is thus graded with respect to the grading
(3.9). It follows that the action of d; can be expressed in terms of that of (7170, and
thus each 7V, ("M (x()) is Zx|[r,(,("1](70,)-coherent. By analytification, we obtain
the desired "Vj (% -0 )-coherency. O



KODAIRA-SAITO VANISHING FOR THE IRREGULAR HODGE FILTRATION 17

Now that we know that the filtrations "V, (/# (x0¢)| 79-0) and "V, (I# )| 74> coincide,
we can glue "V, (2#) with "V, ("0 (x0¢)) and for each a we obtain a coherent sheaf over
the ring Vo %7, which is good (being contained in a good Z(*(cor Uooc))-module,
see Proposition 1.9). By taking pushforward by ¢. we obtain the filtration "V, ("M)
which satisfies the properties of Proposition 3.7. O

3.d. New definition of IrrMHM. We can now define IrrMHM(X) as a full subcate-
gory of MTM™(X). Let ((.#',.#",,C), W,) be an object of ,MTM™(X): in partic-
ular, it is a W-filtered triple consisting of %4 -modules .#’, .#" which are holonomic
and strict as Z ¢ -modules, and of an integrable sesquilinear pairing ,C between them.

We say that (A4, .#",,C),W,) is an object of IrMHM(X) if the following holds:

o Let (M',M",,C),W,) be the partial algebraization of the Malgrange extensions
of (A", ", C),W,) (Corollary 3.5), so that the rescalings “#’, Z#" are well-defined
% 74 (07 )-modules by Theorem 3.6 and [C' is defined as a sesquilinear pairing between
their restriction to X x CI x (CZ. Then [C extends as a sesquilinear pairing between
' oand TH" with values in moderate distributions (see [Sabl8, Def.2.43]), and the
object (Z', 2", 7C),W,) belongs to MTM("X, (x0,)).

It follows from Theorem 3.6 and Proposition 3.7 that the rescaling of an object of
IrrMHM(X) is well-rescalable and graded in the sense of [Sab18, §2.3.d & Def. 2.26].
Any morphism in ,MTM™(X) between objects of IrrMHM(X) (that is, a morphism
in IrrfMHM(X)) can be rescaled by using the same procedure as for .#’, . #". The
rescaled morphism is then a morphism in MTM("2", (x0,.)), hence it is strictly R-spe-
cializable along 7, and graded (see [Sab18, Lem. 2.27]). It follows from loc. cit. that
its kernel and cokernel also belong to IrfMHM(X). In other words, IrrMHM(X) is
a full abelian subcategory of MTMint (X), and any morphism is strict with respect
to the weight filtration. In particular, each graded object gr}’ is a pure object of
[rrMHM(X).

Furthermore, any morphism in ,MTM™(X) between objects of IrrfMHM(X) in-
duces a bi-strict morphism between the underlying D x-modules equipped with their
irregular Hodge and weight filtration (see [Sab18, Prop.2.31 & 2.32]). As a conse-
quence, for M € Mod(Zx ) underlying & € lrrMHM(X), the irregular Hodge filtration
of gr}V M is the filtration induced by Fi'™M.

Since the construction of the Malgrange extension of [Moc21, Th.1.3| is compat-
ible with the standard functors, it follows that the properties proved for IrrMHM(X)
in [Sab18, §2.4], namely compatibility with projective pushforward and smooth pull-
back, hold with this improved definition of IrrMHM(X).

3.e. The category C,.sc.(X) and its properties. We recall some results of [Moc21]
on the category Cresc(X) and explain its relation with the category IrrMHM(X).
We refer to the monograph [Moc15] for the definition and the properties of (in-
tegrable) mixed twistor D-modules. We only consider the analytic setting in what
follows.
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Recall that, given an integrable mixed twistor D-module ((.Z', .#",C),W,), the
A o -module .#" is said to underlie this twistor D-module. In [Moc21], T. Mochizuki
introduces the category Cresc(X) as a subcategory of that of 7 2--modules underly-
ing an integrable mixed twistor D-module. The objects of Ciesc(X) are precisely
those which satisfy the assumptions of Theorem 3.6. The category Cresc(X) has
the drawback of being non abelian. However, it is preserved by various functors on
R 9--modules (see [Moc21, Th.1.7]. For example, if H C X is a smooth hypersur-
face which is non-characteristic with respect to an object # of Ciese(X), then the
twistor-localization morphism .# — .#[*H] and the dual twistor-localization mor-
phism .# — #[!H| are morphisms in Cyesc(X) whose kernel an cokernel belong to
Cresc (X) :

For an object # of Ciesc(X), the underlying D x-module M is equipped with a
coherent filtration Fi**M indexed by A + Z for some finite subset A C [0, 1), that we
can regard as a nested family, indexed by « € A, of Z-indexed coherent filtrations
Fir M. We consider the various Rees modules RpinnM (these are holonomic graded
RpD x-modules). The good behavior of the objects of Cyesc(X) with respect to some
functors transfers to these Rees modules.

Duality and strict holonomicity. In general, let (M, F,M) be a holonomic Zx-module
equipped with a coherent F-filtration and let RpM denote its Rees module, which
is a graded module over the Rees graded ring RpDx. We say that RpM is strictly
holonomic if

(a) Sxt%FDX (RFPM, RpDx) =0 for i #n = dim X,
(b) and &t g, (RFM, RpDx) is strict.

The dual module D(RrM), which is the graded RpD x-module obtained by side-
changing from &t o (RrFpM, RpDx), takes then the form Rp(DM) for some fil-
tration F,D(M) on the dual holonomic D x-module D(M). Furthermore, biduality
DD(RrM) ~ RpM holds and D(RrM) is strictly holonomic.

Proposition 3.12 ((Moc21, Cor. 6.55]). Let .# be an object of the category Cresc(X) and
let (M, (Fr1,M)aeca) be the associated nested-filtered D x -module. Then

o the complex D.# is concentrated in degree zero and its cohomology belongs to
Cresc (X) ;

« the associated irregular Hodge filtration is indexed by —A + Z;

o each RpD x-module Rpie: M is strictly holonomic, and the coherent dual filtration
on the dual D x -module DM is the irregular filtration FgﬁZ(DM) induced by the object
DA of Crese(X), where § = (<—a — 1) is the predecessor of —a— 1 in —A+ Z.

Non-characteristic inverse images. If an Zg-module .# underlies a mixed twistor
D-module on X, its characteristic variety Char.# C (T*X) x C, is contained in
the product A x C,, where A is a Lagrangian closed analytic subset of 7% X, that one
can take minimal for this property. For a morphism f : X’ — X, we say that f is
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non-characteristic with respect to .# if it is so with respect to A. Writing f as the com-
position of its graph inclusion ¢f : X’ < X’ x X and the projection p : X’ x X — X,
the non-charactericity condition is equivalent to that of ¢ with respect to A x Tx X.

We say that f is strictly non-characteristic with respect to .# if moreover the co-
homology of its Z o -module pullback complex p, f*.# is strict (see Notation 1.e(10)).
This implies that o f*.# ~ , f*(O)_# is concentrated in degree zero.

As by definition . is strict, i.e., has no O¢_-torsion, the same property holds
for its Z 4 -module pullback ,p*.#. On the other hand, a non-characteristic closed
inclusion is strictly non-characteristic with respect to .#: as this is a local property,
one iteratively reduce to the case of a codimension-one non-characteristic inclusion,
in which case the strictness property follows from the strict specializability of .Z.
In conclusion, for .# underlying an object of MTM(X), the non-charactericity of f is
equivalent to its strict non-charactericity.

In the appendix, for the sake of completeness, we review the notion of non-
characteristic pullback of a (possibly integrable) mixed twistor D-module as it is
not explicitly defined in all cases in [Moc15].

Proposition 3.13 ([Moc21, Prop.6.48 & 6.67]). Let 4 be an object of Cresc(X) with
underlying nested-filtered Px-module (M, (ngZM)aeA), and let f : X' — X be
a holomorphic map which is non-characteristic with respect to M (hence to M).
Then of* A is an object of Crese(X') with underlying nested-filtered ZDx -module
(o f*M, (F, (5 f*M))aca), and we have for o € A:

RF(inr (Df*M) >~ Df* (RF&rrM)

On the right-hand side, , f* is taken in the sense of RpZx-modules. The isomor-
phism implies that the right-hand side is concentrated in degree zero and that it is
strict, because the left-hand side is so. In other words, if f is non-characteristic with
respect to 4 € Cresc(X), then it is strictly non-characteristic with respect to each
RF(;”M (a S A)

Proof. The result of [Moc21, Prop. 6.67] asserts that

arz(of™M) = [ (FY M)
for each o € A. It remains to be proved that Df*(RFlilrrM) is concentrated in degree
zero and is strict. We write f as the composition of a non-characteristic closed inclu-
sion and a projection. The case of a projection is easy (see e.g. [MHMP, Rem. 8.6.7]),
and since the question is local, the case of a non-characteristic closed inclusion reduces
by induction on the codimension to the case of codimension one. Then the result is

furnished by [Moc21, Prop. 6.48], which asserts that each RpiM is strictly special-
izable along a non-characteristic smooth hypersurface. O

Projective pushforward

Proposition 3.14 ((Moc21, Prop. 6.24 & 6.46] and [Sab18, Th. 2.62])
Let f : X — X' be a projective morphism of complex manifolds and let # be an
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object of Cresc(X). Then the pushforward modules Dfik)/// are objects of Cresc(X')
and we have for each a € Z:

o S (Rpge M) 2 Rpgee (0 £ (W),

in particular, the spectral sequence attached to the pushforward of the filtered P x -mod-
ule (M, Ft ) M) degenerates at E .

Application to lrrMHM(X). It is straightforward to check that the % o-module un-
derlying an object of IrrMHM(X) as defined in Section 3.d is an object of Cyesc(X).
In particular, the notion of irregular Hodge filtration of [Sab18] coincides with that
of [Moc21, Cor. 1.6 & §6.5]. It follows from the results of [Moc21, Th.1.7| that the
irregular Hodge filtration induced by an object of IrMHM(X) satisfies the compati-
bility properties of loc. cit.

4. Vanishing theorems

4.a. A criterion for the Kodaira-Saito vanishing property. We recall the re-
sult proved in [MHMP, §11.9], following the proof of [Sai90]. For the ample line
bundle L on X we choose an integer m > 2 such that L®™ defines an embedding
X < PN and we let vy : H < X denote a hyperplane section. We say that (M, F,M)
satisfies the Kodaira-Saito vanishing property (with respect to L) if

H{(X,gr" DRIM)® L) =0 for i > 0,
H{(X,gr" DRIM)@ L™') =0 fori<O0.

Recall that we denote by Dfik), resp. f*(*), the k-th D- or RpD-module pushfor-
ward, resp. pullback, by the map f, and by ax the constant map X — pt.

Classical constructions of coverings (see [Laz04, §4.b] and [EV 86, §2|) produce a
finite morphism f : X’ — X satisfying the following properties:

(a) the source X' is smooth, as well as H' := f~(H),

(b) the restriction f: H — H is an isomorphism,

(c) setting U = X \ H and U’ = f~1(U) = X' \ H', the restriction f: U’ — U is
a degree m covering, and f is cyclically ramified along H,

(d) the bundle f*L is very ample, H' := f~!(H) ~ H is a corresponding hyper-
plane section of X’, and U’ is affine,

(e) there exists a canonical isomorphism f,Ox: ~ @' L~ (with L° := Ox).

The next criterion is proved in [MHMP, §11.9] by following the proof of M. Saito
in [Sai90] for mixed Hodge modules.

Theorem 4.1. Let (M, F,M) be a coherently filtered D x -module which is strictly holo-
nomic. Assume that there exists a hyperplane section H (relative to L®™ ) which is
strictly non-characteristic for ReN = RpM or RpD(M) such that

(1) with respect to the associated cyclic covering f : X' — X, the pushforward
Clz]-modules Dag?/)* (o f*O(REN)) are torsion-free;
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(2) the restriction ptp«(RpNH) = pt« (ot RrN) satisfies the Kodaira-Saito van-
ishing property.

Then RpM and RpD(M) satisfy the Kodaira-Saito vanishing property. [

4.b. Proof of Theorem 1.1 and Corollaries 1.2 and 1.3

Proof of Theorem 1.1. We consider the Z-indexed filtration FXf, M for o € A and
we prove the theorem by induction on the dimension of the support of M (equivalently,
that of .#), the case when it has dimension zero being clear. As remarked above,
A is an object of Cyesc(X), so we can apply the results of Section 3.e to the filtered
Zx-module (M, Ft M) (o € A). We first argue with ..

We first note that the cyclic covering f : X’ — X is (strictly) non-characteristic
with respect to .#. By Proposition 3.13, o f*(Rpi=M) is the Rees module of the
irregular Hodge filtration indexed by a+Z attached to the object p f*# of Cresc(X').
Property 4.1(1) then follows from Proposition 3.14 applied to the constant map ax-
and to ,f*.#. Property (2) is proved by induction on the dimension of the sup-
port of .#Z. It is then a direct consequence of [Moc21, Prop. 6.48], as reviewed in
Proposition 3.13.

For D.#, according to Proposition 3.12, the above argument for .# and RpinM
also applies to D.# and RFEMDM for B = (<—a — 1). Therefore, the conclusion of
Theorem 4.1 holds for each filtered Zx-module (M, F7, M) (o € A) and the dual
filtered Zx-module (DM, FjT,DM) (8 € B = (~A+7Z)N[0,1)). This concludes the
proof of Theorem 1.1. O

Proof of Corollary 1.2. We recall that, for a € A + Z,
F,DROM) = {27, (00) = Ok @ F%, (V) = -+ — Q% © (V) |,

where Q% @ FI"(M) = wy ® Fi"(M) is in degree zero. For a € [a,,a, + 1), this
complex reduces to wx ® FI'"(M) in degree zero, and the desired vanishing is nothing
but the first line in Theorem 1.1. O

Proof of Corollary 1.3. We start with a general lemma.

Lemma 4.2. Let f : X — Y be a proper morphism between two smooth complex
manifolds of respective dimensions n and m, and let (M, F,M) be a coherently filtered
(left) Dx -module with associated Rees module RpM. Assume that

(1) p is an index such that F,_iM = 0;
(2) each p ij)(RFM) is strict, i.e., there exists a (unique) coherent filtration
Fo (o fM) such that o 7 (ReM) = Rp(pf9'M).

Then, for each j € Z, we have

wy & Fp—i—m—n(Df»Ej)M) = ij* (WX oY FpM) and Fp-l—nL—n—l(Df:Ej)M) =0.
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Proof. We use the following formula for the pushforward of a coherent Zx-module
(see e.g.  MHMP, Ex. 8.51]):

wy @ o SN = 30 (RE DRV @10, f 7Dy )

and its analogue for the associated Rees modules. According to (2), for each p € Z,
the term of z-degree p — n in wy ® Df,gj)(RFM) is wy ® Fptm—n(o ij)M). On the
other hand, the term in degree p — n in H/(Rf,"DRRr(M ®-14, [~'Dy)) is
HI (RfeFp—p, " DRIM @14, f~'Dy)). We then find for each p € Z:

(43) Wy @ Fpymn(ofYM) = 30 (R 'DR(M 8510, [71Dy)).
Let us choose p as in (1). Then
Fp ' DRIM®@-10, f'Dy) =wx ® F,M,
and the right-hand side of (4.3) reads R’ f.(wx ® F,M). Furthermore,
Fy 1 '"DRIM ®@-14, f'Dy) =0,

and this concludes the proof. O

End of the proof of Corollary 1.3. Property 4.2(2) holds because of Proposition 3.14.
We can thus apply the lemma to F}jj_.M for each o € A. Then, Corollary 1.2 applied
to o f7 and »fPM with its irregular Hodge filtration Fi™(, f99M) yields the
result. O

4.c. Proof of Corollaries 1.6 and 1.8

Proof of Corollary 1.6. We keep the assumptions and notation of Corollary 1.6 that we
now prove. To the morphism ¢ : X — P! one can associate (see [Sab18, Th.0.2]) an
object 7¢/*[xD] of IrMHM(X), whose underlying D x-module is (Ox (D), d + de):
it is defined as the tensor product of the object .7¥¢/# and the mixed Hodge module
O% [«H], if H consists of the components of D not in P. The irregular Hodge filtration
of Ox (xD) that is associated to it by [Sab18, Th. 0.3] induces on its de Rham complex
the irregular Hodge filtration considered in [ESY17], according to [SY15, Th. 1.3(5)].

For any fixed a € A, the filtered complex (Q°(log D, p,a),d + dy,0) (where o
denotes the filtration by stupid truncation) is filtered quasi-isomorphic to the complex
F'*DR(Ox (xD),d + dg)), according to [ESY17, Cor. 1.4.5]. We thus have

Firr,p

Fir?,p-&—l [DR(OX(*D)’ d+ ng))] = Qp(bg Dv i) a)[—p]

for any a € A. The assertion follows then from Theorem 1.1. O

Proof of Corollary 1.8. We apply Corollary 1.3 to (Ox(xD),d + dg). It follows from
[ESY17, (1.6.2)] that the minimal values of Fi™(Ox(*D),d + dy) are equal to
Ox (D + |aP]) for a € A. O
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Appendix A. Non-characteristic pullback in
mixed twistor D-module theory

We recall that a mixed twistor D-module on X, that is, an object of MTM(X), is a
W-filtered triple ((.#Z', . #",C),W,) satisfying various properties. Here, .#Z', . #" are
holonomic Z g --modules and, denoting by S C C, the unit circle, C' is a sesquilinear
pairing A’ Qo* A" — Dbx «s/s with o being the involution z + —1/Z and Dbx «g/s
the sheaf of distributions on X x S which depend continuously of z € S. We aim
at making precise the definition the strictly non-characteristic pullback of such an
object, being understood that the case of the restriction to a strictly non-characteristic
smooth principal divisor has been defined in [Sab05| by means of the nearby cycle
functor.

We deal with holonomic Z 4 -modules, that is, coherent %4 -modules whose char-
acteristic variety is contained in a product A x T*C,, with A being a Lagrangian conic
closed analytic subset of T* X . The pullback of a holonomic Z g--module .#Z by a mor-
phism f : X’ — X is well-defined, and coherence is preserved if f is non-characteristic
with respect to .# (see e.g. [Kas03, Def. 4.6]). Assume that .# is strict, i.e., has no
O¢_-torsion. We say that f is strictly non-characteristic with respect to .# if it is non-
characteristic and if the Zx-module pullback , f*.# has strict cohomology. Since the
non-characteristic pullback ,, f*M of a holonomic D x-module is concentrated in de-
gree zero, a strictly non-characteristic pullback of a strict holonomic Z 4 -module is
also concentrated in degree zero.

In order to define the strictly non-characteristic pullback of a triple (.Z', . #",C),
we just need to define the pullback of the sesquilinear pairing C' and to show that, in
the case of a smooth principal divisor, it coincides with the pullback obtained by means
of nearby cycles. By writing a morphism as the composition of its graph inclusion
followed by the projection, we only need to consider these two cases separately.

Let W be an open subset of X x S. A relative distribution 7' € Dbxg/s(W)
is by definition a C°°(S)-linear map é”)((nx’g)/s’c(W) — C°(S) which satisfies a usual
continuity property with respect to the sup norm on C°(S).

If f: X" — X is asmooth map and T € Dbx,g/s(W), then, setting W’ =
(f x Id)~Y(W), the pullback f*T € Dby xs/s(W’') is defined in such a way that,
for n € é")((nx/g//)sc(W’), f*T(n) = T(J;m), on noting that, because f is smooth,
Iy € 688, (W).

We are left with the case where f : X’ < X is a closed immersion. We recall that
a relative distribution T' € Dbx,g/g(W) is the limit of a sequence T;, € C (W)
(C*° with respect to the X-variable and continuous with respect to the S-variable),

that is, for each n € éa)(("xg)/s (W), we have

li7rln/X T, -n=T(n) € C°S).
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Set W/ = W N X'. We say that T can be restricted to W' if there exists a rel-
ative distribution 77 € Db/ yg,s(W’) such that, for any sequence T,, € C>0(W)
converging to T" in Db «g/s(W), the sequence T, |y € C2> (W) converges to T" in
Dby ys/s(W'). If it exists, such a 7" is unique.

Proposition A.1. For any sections m' € A'(W) and m" € .#" (W), the distribution
T =C(m',m") € Dbxyg/s(W) can be restricted to W'.

Lemma A.2. Assume that X = X' x C; and let (MA', . #",C) be a holonomic triple
which is strictly non-characteristic along X' = {t = 0}. For local sections m',m" of
M, M on an open subset W C X x S, the relative distribution T = C(m/,m") €
Dbxxs/s(W) can be restricted to W' and its restriction is equal to T' = 4 1T as
defined by the residue formula [Sab05, (3.6.10)].

Sketch of proof. Let T,, € C3*°(W) be a sequence converging to T in Dbx yg,s(W).
One shows that the residue formula [Sab05, (3.6.10)] applied to T, yields T}, |w+ and
that the residue formula passes to the limit n — oo. O

Proof of Proposition A.1. The question is local as the restriction is unique if it exists.
We can thus assume that W = X’ x A" with coordinates t1,...,t, on A". We argue
by induction on r. By the lemma, the proposition holds if r = 1. Assume thus that
r>2 Sett:X| ={t1 =0} — X and f; : X’ — X{. Then X7 is strictly non-
characteristic for .#’, .#", and X' is strictly non-characteristic for DL}i/// " Dqu M.
By the case r = 1, T can be restricted to X in some neighborhood of X', and by
induction L}{T can be restricted to X’. It follows that T' can be restricted to X’ and

[T = fi (7). O

Appendix B. Non-integral gradings

In this section, we indicate the arguments for obtaining the assertion in Remark
1.4(2).

We extend the Rees construction to filtrations indexed by A + Z, where A is a
finite subset of [0,1) with #A4 = r. We assume that A contains 0, so that we have a
(unique) increasing bijection A ~ {0,1/r,...,(r—1)/r}. In the following, we identify
these two sets.

We consider the ring Clu] with the subring C[z] < Clu] so that z is mapped to u".
The variable u is given the degree 1/r. Recall that Rx denotes the graded ring
RrDyx. We set Rg;) = Clu] ®c[s) Rx. This is a 1Z-graded ring containing Rx as a
Z-graded subring, with term of degree p/r given by

(R )pr = (Bx) o).
In other words, Rg;) is the Rees ring of Dy with respect to the filtration

F{VDx = Flp/r Dx.
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Proposition B.1. Giving a %Z-gmded Rg?-module M) is equivalent to giving a finite
family M, (i =0,...,r —1) in Modgr(Rx) together with morphisms M _1y/. —
M) (i=1,...,7r —1) and M_yy;r — Mi(1) such that, for each i =0,...,r, their
composition M, — My, is equal to the multiplication by z. As an Rx-module,
M) decomposes as @::_S M,/ @ u'.

Furthermore, M") is strict (i.e., Clu]-flat) if and only if each M, is strict (i.e.,
Cl2]-flat). Lastly, M) is R(;)—coherent if and only if each M, is Rx-coherent.

Proof. For i = 0,...,7 — 1, we consider the Z-graded objects M;PTZ. These are
Z-graded Rx-modules, that we denote by M;,.. The morphism v : M ;T) — M ;:_)1
induces the desired family of morphisms.

Conversely, from the family M;,, and the morphisms, we set, for p = gr+i with i €
{0,...,7—1}, M;E;)r := (M;,)q and the morphisms M1y, — M/, (i = 1,...,7—1)
and M)/, — M;(1) are interpreted as the multiplication by wu.

The flatness statement is then clear since the set of elements of Clu]-torsion is
equal to that of C[z]-torsion in M ("), and the last statement follows e.g. from [Kas03,
Prop. A.10]. O

If M) is Clu]-flat, it is equal to the Rees module of some D x-module M with
respect to a %Z—indexed F)_filtration F(")M, that we can consider as a family of
nested Z-indexed F-filtrations F;/, , M with Rees module M;,, i.e., satisfying

i/r+p<j/r+q = Fip i (yMCFjpyeM Vp,qeZ,Vi,jc{0,...,r —1}.
We then have
g’ M= @ FOMFIM= @ gl ().

a€+Z ac+Z
We say that F(") (M) is a coherent F(")-filtration if M (") is Rg;)—coherent, and this
property is equivalent to each Fj/,,(M) being a coherent F-filtration of M.
Conversely, given a family of nested Z-indexed F-filtrations Fj/, ,(M), we claim
that the Rees module Ry (M) = @,z Fé;l(ﬂ\/[) -uf is an Rg;)—module. Indeed,
we need to prove that Fi; . (Dx) - Ff(;z(M) C F((l:le)/r(M): this follows from the
inequality k + ¢ > r|k/r] + £.

Lemma B.2. For any (M, ng_ZJ\/[) as in Theorem 1.1, there exists an isomorphism in
Dth(oX) ;

D(gr™" "DR(M)) ~ gr¥" "DR(DM).

Proof. We can adapt the proof for RpDx-modules as given e.g.in [MHMP,
Prop. 8.8.31], by replacing the ring RrD x (denoted there by @X) with Rg?). We only
need to check that M (") is strictly holonomic as an Rg;)-module, knowing that each
M, is strictly holonomic as an Rx-module (because of Proposition 3.12).
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We can regard M) as an Rx-module, and it decomposes as such as the direct
sum of the Rx-modules M,/ (i = 0,...,r — 1), and so RHomp, (M), Ry) has
cohomology in degree n at most. The same property holds then for

R%omp, (M™),Rx) @k, Clu] ~ R¥omp, (M™), R
~ R}(Ong:) ((C[’UJ} ®C[z] M(T), Rg;))
It is thus enough to check that M (") is a direct summand of Clu]l®c) M () i.e., to find

a section M (") — C[u] ®cl2] M) of the natural surjective morphism C|u] ®clz] MO —
M),

We write
Clul @cis M™ = @ (@ FI 1jr-) (M0
kEZ ™ «
where o runs in {0,1/7,..., (r —1)/r}, and the surjective morphism to M) is indu-
ced by

@ (lxr—',-\_k/r ocj HZ ézrj—\_k/r aJ )CM
(03

We have a+ |k/r —a| < k/r with equahty if and only if o = {k/r} (fractional part),
so that the right-hand side above is equal to F; ];r/rT (M). Since F ,;77(3\/[) is a summand
in the left-hand side, we obtain the desired section. O]

That the statement of Theorem 4.1 holds when we replace coherent F,D x-
filtrations with coherent F.(T)D x-filtrations is obtained by applying the same method
as in [MHMP, §11.9.d], since Lemma B.2 reduces the proof to the vanishing of
Hi(X,gr"” "DR(N) @ L) for i > 0 and N = M or DM. O

Proof of Remark 1.4(3). We first note that Assumption (2) of Lemma 4.2 also implies
that (4.3) also holds with gr” instead of F. The irregular Hodge filtration indexed by
A+Z satisfies Assumption (2) of Lemma 4.2 when the latter is extended to such kinds
of filtrations by means of the equivalence of Proposition B.1. The previous remark
applies then to the graded objects g;raF‘rr fora € A+ Z.
Then for a € [a,, a0 + 1), we find
Wy @ ey (o /M) = B fulwx @ gr M),
We conclude by applying Corollary 1.2, as we already noticed that one can replace F.'
with grf’ ™" in this corollary. O
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