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Abstract. We prove that, for a good meromorphic flat bundle with poles along
a divisor with normal crossings, the restriction of the irregularity complex to each
natural stratum of this divisor only depends on the formal flat bundle along this
stratum. This answers a question raised by J.-B.Teyssier.

Contents

1. Statement of the results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
2. The irregularity complex. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
3. An equivalence of categories. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
4. Proof of the main results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Appendix. Some properties of Stokes-filtered local systems. . . . . . . . . 9
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1. Statement of the results

Let X be a complex manifold of dimension n and let D =
⋃
i∈J Di be a divisor with

normal crossings. We assume that each irreducible component Di of D is smooth.
For any subset I ⊂ J we set DI =

⋂
i∈I Di and D◦I = DI r

⋃
j /∈I Dj . We denote the

codimension of D◦I by `, that we regard as a locally constant function on D◦I (which
can have many connected components), and by ιI : D◦I ↪→ D the inclusion. Let M

be an holonomic DX -module such that
(1) M = M (∗D),
(2) MXrD is locally OX -free of finite rank.
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We then say that M is a meromorphic flat bundle with poles along D. In this note, we
assume that M has a good formal structure along D (we simply say that M is a good
D-meromorphic flat bundle, or a good meromorphic flat bundle on (X,D)). This
means the following. For any I ⊂ J , and near every xo ∈ D◦I , the formalized module
M

D̂◦I
:= D

X̂|D◦I
⊗DX M , when restricted to a suitable open neighbourhood nb(xo)

of xo in X, can be decomposed, after a local ramification ρdI : nb(xo)dI → nb(xo)

around the branches (Di)i∈I (hence inducing an isomorphism above DI), as the di-
rect sum of formal elementary D-meromorphic connections E ϕ ⊗ R̂ϕ, where ϕ varies
in a good finite subset ΦI(nb(xo)) ⊂ Onb(xo)dI

(∗ρ−1
dI

(D)) and Rϕ is a locally free
O(nb(xo)dI |D

◦
I )∧(∗ρ−1

dI
(D))-module with an integrable connection having a regular sin-

gularity along ρ−1
dI

(D). Goodness means here that for any xo ∈ D◦I and any pair
ϕ 6= ψ ∈ ΦI,xo ∪ {0}, the difference ϕ−ψ can be written as x−mη(x), with m ∈ N#I

and η(x) holomorphic near xo and non vanishing at xo.(1) The sets ΦI(nb(xo)) glue
together all along D◦I , producing a finite non-ramified covering Σ◦I → D◦I .

Proposition 1.1. For every I ⊂ J , there exists a unique good D-meromorphic flat
bundle M ◦

I in the neighbourhood of D◦I which satisfies the following two properties.

(1) D
X̂|D◦I

⊗DX M ◦
I 'M

D̂◦I
.

(2) At each point of D◦I , the local formal decomposition of M ◦
I (after a local rami-

fication around D) into elementary formal D-meromorphic flat bundles already holds
without taking formalization.

For any holonomic DX -module N , the irregularity complexes IrrD N and Irr∗D N ,
as defined by Mebkhout [Meb90], are constructible complexes supported on D, which
only depend on N (∗D). For M as above, the cohomology of IrrD M and Irr∗D M is lo-
cally constant along each stratum D◦I . The complexes IrrD M [dimX], Irr∗D M [dimX]

are a perverse sheaves (see loc. cit.).

Theorem 1.2. For every I ⊂ J , we have

ι−1
I IrrD M ' ι−1

I IrrD(M ◦
I ), and ι−1

I Irr∗D M ' ι−1
I Irr∗D(M ◦

I ).

In other words, the complexes ι−1
I IrrD M , ι−1

I Irr∗D M only depend (up to isomor-
phism) on the formalization M

D̂◦I
of M along D◦I .

Acknowledgements. The statement of Theorem 1.2 has been suggested, in a numerical
variant, by Jean-Baptiste Teyssier, against my first expectation. He was motivated
by a nice application to moduli of Stokes torsors obtained in [Tey16]. I thank him
for having led me to a better understanding of the irregularity complex.

(1) Note that, here, the goodness condition is assumed for ΦI ∪ {0} and not only for ΦI , because
of [Sab13, Cor. 12.7]. This is unfortunately not made precise in [Sab13, Th. 12.16] and should be
corrected.
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2. The irregularity complex

Our aim in this section is to show that, under the goodness assumption as above,
the irregularity complex is determined by its restriction to the smooth part of D
(we will only treat the case of IrrD M ). More precisely, for every I ⊂ J , and for every
connected component of D◦I , we show that there exists a component Dk of D (k ∈ I)
such that ι−1

I IrrD M (on this connected component) is determined from ι−1
k IrrD M .

Let $ : X̃ := X̃(Di∈J) → X be the real blowing-up of the components Di of D
in X, and set ∂X̃ := $−1(D). The fibre of $ over a point in D◦I is diffeomorphic
to (S1)`. From now on, we will restrict the complexes to D or to ∂X̃ without writing
the pullback functor for simplicity. Similarly, by a D-meromorphic flat bundle we will
mean a germ along D of such an object,and OX|D,DX|D denote the germs along D of
OX ,DX . We consider the sheaf I on ∂X̃ as constructed in [Sab13, §9.3]. Each Σ◦I lifts
as a covering Σ̃◦I of $

−1(D◦I ), and Σ̃◦I is naturally contained in the étalé space Iét of I.
When I varies as a subset of J , we get a good stratified I-covering

⊔
I Σ̃◦I =: Σ̃→ ∂X̃

of ∂X̃, in the sense of [Sab13, Rem. 11.12].
In this setting, the Riemann-Hilbert correspondence ([Moc11a, Moc11b],

[Sab13]) is an equivalence between the category of (germs along D of) good mero-
morphic connections with poles along D and stratified I-covering contained in Σ̃,
and that of good Stokes-filtered local systems (see e.g. [Sab13, §9.5]) on ∂X̃ with
stratified I-covering contained in Σ̃ (see [Moc11b, Th. 4.11] and [Sab13, Th. 12.16]).

Let (L ,L•) be such a Stokes-filtered local system corresponding to a (germ of)
good D-meromorphic flat bundle M . We have L = ı̃−1R̃∗DR M|XrD, where

ı̃ : ∂X̃ ↪−→ X̃ and ̃ : X rD ↪−→ X̃

are the natural closed and open inclusions. Let us denote by A modD
X̃

(resp. A rdD
X̃

) the
sheaf on X̃ of holomorphic functions on X rD having moderate growth (resp. rapid
decay) along ∂X̃. One can then define the moderate (resp. rapidly decaying) de Rham
complex DRmodD M (resp. DRrdD M ) on ∂X̃. With the goodness assumption, it
is known that both have cohomology in degree zero at most. More precisely, the
Riemann-Hilbert correspondence mentioned above gives

L60 = H 0 DRmodD M and H j DRmodD M = 0 for j 6= 0.

We define L >0 := L /L60, and similarly DR>modD M is the cone of

DRmodD M −→ ı̃−1R̃∗DR M|XrD,

so that L >0 = H 0 DR>modD M (and H k DR>modD M = 0 for k 6= 0).

Proposition 2.1. We have IrrD M = R$∗L >0.

Proof. We have

R$∗DRmodD M = DR M (∗D) and R$∗R̃∗DR M|XrD = Rj∗DR M|XrD,

where j : X rD ↪→ X is the inclusion. We then apply [Meb04, Def. 3.4-1].
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Remark 2.2 (The irregularity complex Irr∗D M ). Recall that Mebkhout also defined
the irregularity complex Irr∗D M in [Meb90] (see also [Meb04, Def. 3.4-2]), which is
non-canonically isomorphic to the complex RHomDX|D (M ,QD)[−1], where QD =

O
X̂|D/OX|D (see [Meb04, Cor. 3.4-4]). Let us set L≺0 := H 0 DRrdD M . We then

have

(2.2 ∗) R$∗L≺0 ' Irr∗D M ∨,

where M ∨ is the holonomic DX -module dual to M . Indeed, According to [Kas03,
(3.13)] we have

DR(QD

L
⊗M )[−1] ' RHomDX|D (M ∨,QD)[−1] ' Irr∗D M ∨.

On the other hand, as QD is flat over OX|D (because O
X̂|D is faithfully flat over OX|D)

and as R$∗A rdD
X̃

' QD[−1], we have

DR(QD ⊗M )[−1] ' DR(QD

L
⊗M )[−1] ' R$∗DRrdD M .

We also notice that Irr∗D M ∨ = Irr∗D M ∨(∗D) and M ∨(∗D) is also a good
D-meromorphic flat bundle, which is identified with the dual D-meromorphic flat
bundle HomOX(∗D)(M ,OX(∗D)).

Let us fix I ⊂ J . Near each point xo of D◦I , there exists a local ramification
ρ : nb(xo)dI → nb(xo) along D such that the pullback of M has a good formal
decomposition at each point in nb(xo)dI . The set Φxo ∪ {0} is good, so in particular
the pole divisors of each of its nonzero elements are totally ordered. The smallest
such divisor is nonzero, and we denote by k(xo) ∈ I the index of a component Dk(xo)

of this divisor. In other words, we choose k(xo) such that each nonzero ϕ ∈ Φxo
has a pole along Dk(xo). One can choose this index constant along any connected
component of D◦I . For simplicity, we denote by k(I) the locally constant function
xo 7→ k(xo) on D◦I .

For every subset I ⊂ J , we have a natural inclusion ι̃I : $−1(D◦I ) ⊂ $−1(D)

lifting ιI .

Proposition 2.3. Let us fix I ⊂ J and let us set k = k(I) for simplicity. Then the
natural morphism ι̃−1

I L >0 → ι̃−1
I Rι̃k∗ ι̃

−1
k L >0 is an isomorphism.

By applying R$∗ and using Proposition 2.1, we obtain:

Corollary 2.4. With the notation as in Proposition 2.3, the natural morphism
ι−1
I IrrD(M )→ ι−1

I Rιk∗ ι
−1
k IrrD(M ) is an isomorphism.

Proof of Proposition 2.3. Since the morphism is globally defined, the proof that it is
an isomorphism is a local question on $−1(D◦I ) near a point x̃o ∈ $−1(xo), and one
can also reduce to the non-ramified case. One can then apply the higher dimensional
Hukuhara-Turrittin theorem (see e.g. [Sab13, Th. 12.5]). Let AX̃ denote the sheaf
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of C∞ functions on X̃ which are holomorphic on X∗. We can thus assume that
AX̃⊗$

−1M decomposes as the direct sum of terms AX̃⊗$
−1(E ϕ⊗Rϕ). By induc-

tion on the rank, we can also assume that Rϕ has rank one, and locally on $−1(D◦I )

the corresponding local system is trivial, so we can finally assume that M = E ϕ.
If ϕ = 0 in OX,xo(∗D)/OX,xo , then L >0 = 0 and there is nothing to prove.
If ϕ 6= 0 in OX,xo(∗D)/OX,xo , we set ϕ(x) = u(x)/xm, where u ∈ OX,xo satisfies

u(xo) 6= 0, and mi ∈ N for i ∈ I. In particular, mk(I) 6= 0. We choose local
coordinates at x̃o of the form (ρ1, . . . , ρ`, θ1, . . . , θ`, (xj)j /∈I) with ρi ∈ R+. We can
assume that mi 6= 0 for i = 1, . . . , p with 1 6 p 6 `. Then, in these coordinates,
$−1(D) =

∏`
i=1 ρi = 0 and L >0 is the constant sheaf of rank one on the closed

subset of $−1(D) defined by{∑p
i=1miθi ∈ arg u(x0) + [−π/2, π/2],∏p
i=1 ρi = 0,

and it is zero outside this closed subset. Each connected component of this set is
homeomorphic to a product

∂Rp+ × [a, b]× (S1)p−1 × (R+)`−p × (S1)`−p × Cn−`.

Assume k(I) = 1 in these coordinates, for simplicity. Then the trace of this set on
$−1(D◦k(I)) is the set defined by

∏`
j=2 ρi 6= 0. This is the subset

{ρ1 = 0} × (R∗+)p−1 × [a, b]× (S1)p−1 × (R∗+)`−p × (S1)`−p × Cn−`.

Its closure is the subset

{ρ1 = 0} × Rp−1
+ × [a, b]× (S1)p−1 × R`−p+ × (S1)`−p × Cn−`.

The open inclusion is acyclic for the constant sheaf, because so is (R∗+)`−1 ↪→ R`−1
+ ,

and the pushforward by this inclusion of the constant sheaf on the open subset is the
constant sheaf on the closed subset. Since $−1(DI) is the subset of the closed subset
above defined by ρi = 0 for i = 2, . . . , `, the restriction of the latter sheaf to $−1(DI)

is the constant sheaf on $−1(DI), as wanted.

3. An equivalence of categories

Let A be a category and let G be a group. The category G-A is the category whose
objects are G-objects of A, that is, pairs (M,ρ) where M is an object of A and ρ is a
morphism G → Aut(M), and for which HomG-A((M,ρM ), (N, ρN )) ⊂ HomA(M,N)

is the subset consisting of morphisms ϕ : M → N such that, for every g ∈ G,
ϕ ◦ ρM (g) = ρN (g).

Let Σ̃ → D be a good stratified I-covering and let Modhol(X,D, Σ̃) denote the
full subcategory of that of holonomic DX -modules whose objects consist in good
meromorphic flat bundles on (X,D) with associated stratified I-covering contained
in Σ̃.
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Let us fix a nonempty subset I ⊂ J , let D◦I the corresponding stratum of D, let
xo ∈ D◦I and let D◦I (xo) the connected component of D◦I containing xo. Let us fix a
local holomorphic decomposition(

nb(xo, X),nb(xo, D)
)

= (Ω, DΩ)× nb(xo, D
◦
I ),

where Ω is an open neighbourhood of 0 in C` and DΩ is the union of the coordinate
hyperplanes in C`. We consider the category Modhol((X,D

◦
I (xo)), D, Σ̃) of germs

along D◦I (xo) of good meromorphic flat bundles on (X,D) with associated stratified
I-covering contained in Σ̃ and the similar category Modhol((Ω, 0), DΩ, Σ̃xo), where Σ̃xo
is the restriction of Σ̃ above ∂Ω̃ := $−1(DΩ).

Theorem 3.1. Set G = π1

(
D◦I (xo), xo

)
. There is a natural equivalence of categories:

Modhol

(
(X,D◦I (xo)), D, Σ̃

)
' G-Modhol

(
(Ω, 0), DΩ, Σ̃xo

)
.

Proof. We set ∂X̃◦I (xo) := $−1(D◦I (xo)) and we denote similarly by Σ̃◦I(xo) the re-
striction of Σ̃ above this set.

(1) By the Riemann-Hilbert correspondence (see [Moc11b, Th. 4.11], [Sab13,
Th. 12.16]), the category Modhol

(
(X,D◦I (xo)), D, Σ̃

)
is equivalent to the category of

Stokes-filtered local systems (L ,L•) on (∂X̃, ∂X̃◦I (xo)) with associated I-covering
contained in Σ̃.

(2) The restriction functor to ∂X̃◦I (xo) induces an equivalence between the latter
category and the category of Stokes-filtered local systems (L ,L•) on ∂X̃◦I (xo) with
associated I-covering contained in Σ̃◦I(xo). This is explained below. This reduction is
helpful as Σ̃◦I is Hausdorff (while Σ̃ may be non Hausdorff).

(3) Let π : (E◦I (xo), yo) → (D◦I (xo), xo) be a universal covering of D◦I (xo) with
base point yo above xo and let G = Gal(π) be the corresponding Galois group. Let
∂Ỹ ◦I (xo) be the pre-image of ∂X̃◦I (xo) by π. Then the latter category is equivalent to
the category of G-equivariant Stokes-filtered local systems (L ,L•) on ∂Ỹ ◦I (xo) with
associated π−1I-covering contained in π−1Σ̃◦I(xo). This is a standard argument.

(4) (see [Moc11b, Th. 4.13]) The sheaf-theoretic restriction functor is an equiva-
lence from the latter category to the category of π1

(
D◦I (xo), xo

)
-Stokes-filtered local

systems (L ,L•) on ∂Ω̃ with associated Ixo-covering contained in Σ̃xo . This proof
will be reviewed in the appendix.

(5) Applying now (2) and then (1) to ((Ω, 0), DΩ, Σ̃xo) ends the proof of the theo-
rem.

Proof of (2). One can find a neighbourhood nb(D◦I ) in X together with a C∞ retrac-
tion nb(D◦I ) → D◦I (by using a tubular neighbourhood of D◦I in X). This retraction
can be lifted as a retraction

∂X̃|nb(D◦I ) := $−1(nb(D◦I ) ∩D) −→ $−1(D◦I ) =: ∂X̃|D◦I .



A REMARK ON THE IRREGULARITY COMPLEX 7

Locally near xo ∈ D◦I , we have

∂X̃|nb(D◦I ) ' D◦I × (S1)` × ∂(R+)` and ∂X̃|D◦I ' D
◦
I × (S1)` × {0}.

This can be extended to the I-stratified covering Σ̃ as follows. There exists a map

(3.2) Σ̃◦I ×∂X̃|D◦
I

∂X̃|nb(D◦I ) −→ Σ̃|nb(D◦I )

which is a local homeomorphism, and moreover is a finite covering when restricted
to each stratum in the source and target spaces, and this covering is trivial when the
map is restricted to nb(xo) for any xo ∈ D◦I .

Let (L ,L•) be a Stokes-filtered local system on ∂X̃|nb(D◦I ) with stratified I-covering
contained in Σ̃|nb(D◦I ), assumed to be good. Then (L ,L•) is isomorphic to the Stokes-
filtered local system on ∂X̃|nb(D◦I ) obtained from (L ,L•)|∂X̃|D◦

I

by the following op-
erations:
• Pullback of (L ,L•)|∂X̃|D◦

I

on Σ̃◦I ×∂X̃|D◦
I

∂X̃|nb(D◦I ).

• Trace of the latter sheaf by the étale map (3.2) (see [Sab13, §1.5] for the trace
by an étale map).
This correspondence gives the desired equivalence of categories.

4. Proof of the main results

4.a. Proof of Proposition 1.1. It is enough to prove existence and uniqueness
on each connected component of D◦I . It is enough to describe M ◦

I by means of its
corresponding representation given by Theorem 3.1. Let us denote by

⊥
MI,xo the

restriction of M to the transversal slice Ω at xo, and by ⊥̂M I,xo its formalization at
0 ∈ Ω. From the representation π1(D◦I (xo), xo)→ AutDΩ,0

(
⊥
MI,xo) defined by M we

get the representation π1(D◦I (xo), xo)→ AutDΩ,0
( ⊥̂M I,xo) obtained by formalization,

corresponding to M
D̂◦I

. It is therefore enough

(1) to show the existence and uniqueness of a germ N on (Ω, 0) such that
N̂ ' ⊥̂M I,xo and which decomposes holomorphically, after a local ramification, in
the same way as N̂ := ⊥̂M I,xo does (in particular with the goodness condition);

(2) to prove that the natural formalization morphism Aut(N ) → Aut(N̂ ) is an
isomorphism.

We first prove (1) and (2) in the non-ramified case. In such a case, the existence
of N is clear since the elementary formal models come from meromorphic connections.
On the other hand, one checks that there is no non-zero morphism E ϕ⊗Rϕ → E ψ⊗Rψ

if ϕ − ψ 6= 0, and similarly at the formal level. On the other hand, if ϕ = ψ, any
formal automorphism R̂ϕ → R̂ϕ is the formalization of a unique automorphism of Rϕ.
We then have Aut(N ) = Aut(N̂ ) and we also get in this way the uniqueness of N

up to isomorphism.
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We can now treat the ramified case. Let ρ be a local ramification of (X,xo)

around D such that ρ+N̂ is non-ramified, and let G denote the corresponding Galois
group. The category of germs at xo of formal meromorphic connections with poles
along D which decompose into elementary formal connections after the ramification ρ
is equivalent to the category of G-equivariant decomposable formal connections, and
we have a similar equivalence for meromorphic connections. Now, N̂ corresponds
to N̂ ′ as above in the non-ramified case, together with a G-action σ̂g : N̂ ′ ' g∗N̂ ′

for g ∈ G. From the non-ramified case treated above, σ̂g comes from a unique
σg : N ′ ' g∗N ′, which defines thus, by uniqueness, a G-equivariant structure
on N ′. Applying the equivalence of categories as in the formal case, we conclude
that N ′ = ρ∗N for a unique N , whose formalization is thus N̂ . Now, an auto-
morphism of N is a G-equivariant automorphism of N ′. From (2) above, we easily
deduce an isomorphism AutG(N ′)

∼−→ AutG(N̂ ′), concluding the proof.

4.b. Proof of Theorem 1.2. Recall that IrrD M is a complex whose cohomol-
ogy is locally constant on each D◦I . Similarly, we consider for every k the vector
space H k IrrDΩ(

⊥
MI,xo)0, which is the germ at 0 ∈ Ω of the constructible sheaf

H k IrrDΩ(
⊥
MI,xo). The representation π1(D◦I (xo), xo)→ AutDΩ,0(

⊥
MI,xo) defined by

the germ of M along D◦I (xo) induces a linear representation

π1(D◦I (xo), xo) −→ Aut
(
H k IrrDΩ(

⊥
MI,xo)0

)
for every k, which is isomorphic to the representation defined by the local system
ι−1
I H k IrrD M on D◦I (xo). Similarly, for N as in the proof of Proposition 1.1,
the representation π1(D◦I (xo), xo) → AutDΩ,0

(N ) induces the linear representation
π1(D◦I (xo), xo) → Aut

(
H k IrrDΩ(N )0

)
which corresponds to ι−1

I H k IrrD M ◦
I on

D◦I (xo).

The case ` = 1. We first assume that I = {i}. Then, because dim Ω = 1 and
DΩ = {0}, it is well-known that H k IrrDΩ

(
⊥
Mi,xo) and H k IrrDΩ

(N ) have the same
rank for any k, and vanish except for k = 0. We conclude that both local systems in
Theorem 1.2 have the same rank.

Lemma 4.1. There exists an isomorphism between the vector spaces H 0 IrrDΩ
(
⊥
Mi,xo)

and H 0 IrrDΩ
(N ) such that, for any automorphism λ of

⊥
Mi,xo , the induced auto-

morphism of H 0 IrrDΩ
(
⊥
Mi,xo) corresponds to the automorphism of H 0 IrrDΩ

(N )

induced by the formalized automorphism λ̂, by means of (1) and (2) in Section 4.a.

Proof. We consider the Stokes-filtered local system (L ,L•) corresponding to
⊥
Mi,xo

on S1 = ∂Ω̃. We will indicate the proof for Irr∗D N ∨, that is, we will consider L≺0

instead of L >0. Let us cover S1 by open intervals (Uα)α=1,...,N such that

• every open interval which contains at most one Stokes direction for every pair of
distinct exponential factors (see e.g. Example 1.4 in [Sab13]),
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• the intersection of two intervals of the covering is an interval not containing any
Stokes direction,
• there are no triple intersections of intervals of the covering.

Then this covering is a Leray covering for L≺0 (see e.g. the proof of Lemma3.12 in
loc. cit.), and moreover the only nonzero term of the associated Čech complex is the
term in degree one. It follows that

H1(S1,L≺0) =
⊕

α=1,...,N

H0(Uα ∩ Uα+1,L≺0),

if we set UN+1 = U1.
Recall that, on each interval Uα, the Stokes-filtered local system (L ,L•) is graded,

i.e., the Stokes filtration splits (see e.g. Lemma3.12 in loc. cit.). Let us then choose
a splitting on Uα ∩ Uα+1. Then Theorem 3.5 (and its proof) in loc. cit. shows that
any automorphism λ is graded with respect to the chosen splitting on Uα ∩ Uα+1. It
follows that the action of the automorphism on H0(Uα ∩ Uα+1,L≺0) is the same as
the action of the associated graded automorphism on H0(Uα ∩ Uα+1, (gr L )≺0), so
we have found a model where both actions are equal.

The case ` > 2. We set k = k(I) as defined after Proposition 2.1. Let nb(D◦I ) be an
open neighbourhood of D◦I in X on which M ◦

I is defined. We claim that

ι−1
k M ◦

I = M ◦
k |nb(D◦I ).

Indeed, this follows from the uniqueness of M ◦
k , and from the fact that M ◦

I also
decomposes after ramification along D at each point of nb(D◦I ) ∩ D◦i if this neigh-
bourhood is chosen small enough. Since ι−1

k IrrD(•) = ι−1
k H 0 IrrD(•), we then have

IrrD(ι−1
k M ◦

I ) = IrrD(M ◦
k )|nb(D◦I )

= IrrD(ι−1
k M )|nb(D◦I ) (case ` = 1),

and therefore, by applying ι−1
I Rιk∗,

ι−1
I Rιk∗ι

−1
k IrrD(M ◦

I ) ' ι−1
I Rιk∗ι

−1
k IrrD(M ).

The assertion of Theorem 1.2 now follows from Corollary 2.4, applied both to M

and M ◦
I .

Appendix. Some properties of Stokes-filtered local systems

In this appendix we keep the setting of Section 2. We review the proof of [Moc11b,
Th. 4.13] together with some essential results which are proved in loc. cit.
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A.a. Grading of a Stokes-filtered local system. The result in this subsection is
local with respect to D, hence we allow a ramification around the components of D.
We fix a nonempty subset I ⊂ J . We fix a simply connected open set U◦I ⊂ D◦I .

We assume that (L ,L•) is non-ramified in the neighbourhood of U◦I . The cover-
ing Σ̃◦I can then be trivialized on U◦I × (S1)` = $−1(U◦I ), and we set

Σ̃◦I = Φ× U◦I × (S1)`,

where Φ is a finite subset of Γ
(
U◦I , (OX(∗D)/OX)|U◦I

)
. Moreover, by the goodness

assumption on Σ̃, Φ is a good set, namely, for every pair ϕ 6= ψ, the polar divisor
of ϕ − ψ is negative. The set St(ϕ,ψ) ⊂ U◦I × (S1)` of Stokes directions is smooth
over U◦I with fibers equal to a union of translated codimension-one subtori

(A.1) St(ϕ,ψ)x =
{

(θ1, . . . , θ`) ∈ (S1)` |
∑
jmjθj − arg c(x) = ±π/2 mod 2π

}
,

where c(x) is an invertible holomorphic function on U◦I and (m1, . . . ,m`) ∈ N`r {0}.
We denote by St(Φ) the union of the subsets St(ϕ,ψ) for all pairs ϕ 6= ψ ∈ Φ.

Let us fix θo = (θo,1, . . . , θo,`) ∈ (S1)` and α1, . . . , α` ∈ N∗ such that
gcd(α1, . . . , α`) = 1. The map θ 7→ (α1θ + θo,1, . . . , α`θ + θo,`) embeds S1 in (S1)`.
In the following, S1

α,θo
denotes this circle.

Proposition A.2. Let A◦ be an open interval of length < 2π in S1
α,θo

and let A be its
closure. Assume that A satisfies the following property.

• For every x ∈ U◦I and every pair ϕ 6= ψ ∈ Φ,

#
(
A ∩ St(ϕ,ψ)

)
= #

(
A◦ ∩ St(ϕ,ψ)

)
6 1.

If moreover U◦I is contractible, then (L ,L•) is graded when restricted to a sufficiently
small neighbourhood U◦I ×A in U◦I × (S1)`.

Proof. We first prove that, for every ϕ ∈ Φ, we have Hk(U◦I ×A,L<ϕ) = 0 for k > 1.
Note that, since $ : U◦I ×A→ U◦I is proper, Rk$∗L<ϕ|U◦I×A is compatible with base
change, hence its germ at x is equal to Hk(A,L<ϕ|{x}×A). By our assumption on A,
this is also equal to Hk(A◦,L<ϕ|{x}×A◦), and by the proof of [Sab13, Lem. 9.26],
this is zero for k > 1.

We argue as in loc. cit. to obtain that (L ,L•) is graded in the neighbourhood
of {x} × A for every x ∈ U◦I . In particular, it is easy to check that $∗L<ϕ|U◦I×A is
locally constant, hence constant, on U◦I . Since U

◦
I is assumed contractible, we obtain

the vanishing of Hk(U◦I ×A,L<ϕ) (k > 1). Using once more the argument of loc. cit.,
we obtain the grading property all over U◦I × A, hence in some open neighbourhood
of it.

A.b. Closedness. Let U◦I be an open subset of D◦I with closure U◦I in D◦I and
boundary ∂U◦I , and let j : U◦I ↪→ U◦I and ̃ : $−1(U◦I ) → $−1(U◦I ) be the open



A REMARK ON THE IRREGULARITY COMPLEX 11

inclusions. Let (L ,L•) be a Stokes-filtered local system on $−1(U◦I ) with associated
covering contained in Σ̃◦I |U◦I . Assume that

(∗) for any x ∈ ∂U◦I , x has a fundamental system of open neighbourhoods V in D◦I
such that V ∩ U◦I and V ∩ U◦I are contractible.

Proposition A.3. Under this assumption, the functor ̃∗ induces an equivalence between
the category of Stokes-filtered local systems (L ,L•) on $−1(U◦I ) with associated cov-
ering contained in Σ̃◦I |U◦I , and that on $−1(U◦I ) with associated covering contained in
Σ̃◦I |U◦I

, a quasi-inverse functor being the restriction ̃−1.

Proof. Since the functor is globally defined, the question is local near a point xo ∈ ∂U◦I .
Moreover, as in SectionA.a, we can assume that Σ̃◦I is a trivial covering on some
neighbourhood of xo. It is enough to prove the statement in the non-ramified case
since, by uniqueness the construction, it will descend by means of the Galois action of
the ramification. We will work with the corresponding set Φ of exponential factors.

Firstly, we note that Assumption (∗) also holds for $−1(U◦I ), since any point in
$−1(x) has a fundamental systems of neighbourhoods of the form of the product
of neighbourhoods V with a product of ` open intervals. It follows that the local
system L extends in a unique way as a local system on $−1(U◦I ), and the latter
is ̃∗L . Similarly, a morphism between local systems extends in a unique way by the
functor ̃∗. The same property holds for the local systems grψ L for ψ ∈ Φ.

Let us first show that the functor ̃∗ takes values in the category of Stokes-
filtered local systems. The point is to check that every ̃∗L6ϕ decomposes as⊕

ψ∈Φ βψ6ϕ̃∗ grψ L in the neighbourhood of every point (xo, θo) of $−1(xo). If
we fix a small interval A◦ containing this point as in Proposition A.2, we find that,
according to this proposition and Assumption (∗),

(A.4) L6ϕ|(V ∩U◦I )×nb(A◦) '
⊕
ψ∈Φ

βψ6ϕ(grψ L )|(V ∩U◦I )×nb(A◦).

We are thus reduced to checking that ̃∗ commutes with βψ6ϕ on local systems, that
is, that the natural morphism βψ6ϕ → ̃∗̃

−1βψ6ϕ is an isomorphism when applied to
a local system, since Id → ̃∗̃

−1 is an isomorphism when applied to a local system.
The question is then local, and we can work in the neighbourhood of (xo, θo), with
the constant sheaf of rank one as the given local system.

If (xo, θo) /∈ St(ϕ,ψ)xo , the result is easy. We will thus focus on the case where
(xo, θo) ∈ St(ϕ,ψ)xo . We need to check that the germ at (xo, θo) of ̃∗̃−1βψ6ϕC
is zero for any such (xo, θo). This amounts to proving that the cohomology of the
constant sheaf on the set

(A.5) (V × nb(θo)) ∩
{∑

mjθj − arg c(x) ∈ (π/2− ε, π/2)
}

extended by zero on the set

(V × nb(θo)) ∩
{∑

mjθj − arg c(x) = π/2
}
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is zero for 0 < ε � 1 and V small enough (and similarly with (−π/2,−π/2 + ε)

and −π/2). For V small enough, we obtain the same result by considering the semi-
closed interval [π/2 − ε, π/2) and extending by zero at π/2. The set corresponding
to (A.5) is a topological fibration above V , and the fibers are homeomorphic to a
product of ` − 1 open intervals and a closed interval, the sheaf being zero on the
product of ` − 1 open intervals and one boundary point of the closed interval, and
constant elsewhere. Since the projection to V is proper, the base change formula
shows that the pushforward to V of this sheaf is identically zero, as the cohomology
with compact support of a semi-closed interval is zero, hence its global cohomology on

(A.6) (V × nb(θo)) ∩
{∑

mjθj − arg c(x) ∈ [π/2− ε, π/2]
}

is also zero.
Once the functor ̃∗ is defined, that it is essentially surjective is proven similarly,

since in the neighbourhood of any point (xo, θo) the sheaves L6ϕ are given by a
formula like (A.4).

The full faithfulness follows from the full faithfulness for the underlying local sys-
tems.

A.c. Openness. We keep the notation as above.

Proposition A.7. Let xo ∈ D◦I and let (L ,L•)xo be a Stokes-filtered local system on
$−1(xo) ' (S1)` with associated I-covering contained in Σ̃◦I,xo . Then there exists
an open neighbourhood nb(xo) in D◦I such that (L ,L•)xo extends in a unique way
as a Stokes-filtered local system on $−1(nb(xo)) ' nb(xo) × (S1)` with associated
I-covering contained in Σ̃◦I |nb(xo). Any morphism (L ,L•)xo → (L ′,L ′•)xo between
such objects also extends locally in a unique way.

Proof. The problem is local on D◦I and, by the uniqueness of the extension of mor-
phisms, one can reduce the proof to the non-ramified case. We can therefore assume
that Σ◦I = Φ×nb(xo). Moreover, the unique extension of local systems and morphisms
between them is clear, so the question reduces to checking that Stokes filtrations ex-
tend as well, and that the extended morphism between the extended local systems is
compatible with the extended Stokes filtrations.

By Proposition A.2, we can cover (S1)` = $−1(xo) by simply connected open
sets Uα such that, for every α, there exists a neighbourhood Vα of the compact
subset Uα and an isomorphism

(A.8) Lxo|Vα '
⊕
ϕ∈Φ

grϕ Lxo|Vα ,

and the Stokes filtration on Vα is given by

(A.9) Lxo,6ϕ|Vα '
⊕
ψ∈Φ

βψ6ϕ grψ Lxo|Vα .



A REMARK ON THE IRREGULARITY COMPLEX 13

The transition maps λαβ on Vαβ := Vα ∩ Vβ satisfy the cocycle condition and are
compatible with the Stokes filtration, that is, λψ,ϕαβ : grψ Lxo|Vαβ → grϕ Lxo|Vαβ is
zero unless ψ 6 ϕ on Vαβ .

Let us shrink nb(xo) to a contractible open neighbourhood such that, for all
ψ 6= ϕ ∈ Φ, ψ < ϕ on Vαβ implies ψ < ϕ on nb(xo) × Uαβ . The local system
grϕ Lxo|Uα extends in a unique way to a local system grϕ L|nb(xo)×Uα on nb(xo)×Uα,
and so do the morphisms λψϕαβ , which satisfy thus the cocycle condition. In par-
ticular, if such an extension λψϕαβ is non-zero at one point of nb(xo) × Uαβ , it is
nonzero everywhere on this open set and we have ψ < ϕ on this open set. Let us
set L|nb(xo)×Uα :=

⊕
ϕ∈Φ grϕ L|nb(xo)×Uα , that we equip with the Stokes filtration

given by a formula similar to (A.9). It follows that λαβ is compatible with the Stokes
filtrations. We regard now λαβ as gluing data. The cocycle condition shows that they
define a local system L on $−1(nb(xo)) whose restriction to $−1(xo) is isomorphic
to L . It is thus uniquely isomorphic to the unique extension of Lxo . Moreover, due
to the compatibility with the Stokes filtrations, the latter also glue correspondingly
as a Stokes filtration (L ,L•) of this local system, and its restriction to $−1(xo) is
equal to (L ,L•)xo .

Let µxo : (L ,L•)xo → (L ′,L ′•)xo be a morphism. We can choose the cover-
ing (Uα) and the decomposition (A.8) so that each µxo,α is graded (see [Sab13,
Prop. 9.21]). It extends uniquely as a morphism µ : L|nb(xo)×Uα → L ′|nb(xo)×Uα ,
and it is graded with respect to the corresponding decomposition. It follows that µ is
strictly compatible with the Stokes filtrations L• and L ′• , where these Stokes-filtered
local systems (L ,L•) and (L ′,L ′•) are obtained as in the first part.

We can now prove the uniqueness (i.e., up to unique isomorphism) of (L ,L•)

constructed in the first part: the identity automorphism (L ,L•)xo extends in a
unique way as an isomorphism between two such extensions.

A.d. An equivalence of categories. We will use the notation as in Section 3. Let
π : (E◦I (xo), yo)→ (D◦I (xo), xo) be a universal covering of D◦I (xo) with base point yo
above xo, and let ∂Ỹ ◦I (xo) be the pre-image of ∂X̃◦I (xo) by π.

Proposition A.10. The restriction functor

• from the category of Stokes-filtered local systems on ∂Ỹ ◦I (xo) with associated
π−1I-covering contained in π−1Σ̃◦I(xo)

• to the category of Stokes-filtered local systems on ∂Ω̃ with associated Ixo-covering
contained in Σ̃xo

is an equivalence.

Proof. Let Γ : [0, 1]2 → E◦I (xo) be a continuous map sending (0, 0) to yo. We pullback
by Γ the data from the first item of the proposition. Let us consider the subset of [0, 1]

consisting of ε such that the equivalence of the proposition holds with respect to the
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restriction corresponding to the inclusion (0, 0) ∈ [0, ε]2. Propositions A.3 and A.7
imply that this set is open and closed, and contains 0, hence it is equal to [0, 1]. This
shows that one can uniquely extend an object in the second category to an object
in the first category along paths starting from yo and that this extension does not
depend on the choice of the path. A similar assertion holds for morphisms.

Remark A.11. The uniqueness of the extension of morphisms enables one to obtain
the equivalence between the corresponding G-equivariant categories, and this gives
the implication (3)⇒ (4) in the proof of Theorem 3.1.
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