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Abstract. This text surveys cohomological properties of pairs (U, f) consisting of
a smooth complex quasi-projective variety U together with a regular function on it.
On the one hand, one tries to mimic the case of a germ of holomorphic function
in its Milnor ball and, on the other hand, one takes advantage of the algebraicity
of U and f to apply technique of algebraic geometry, in particular Hodge theory.
The monodromy properties are expressed by means of tools provided by the theory
of linear differential equations, by mimicking the Stokes phenomenon. In the case
of tame functions on smooth affine varieties, which is an algebraic analogue of that
of a holomorphic function with an isolated critical point, the theory simplifies much
and the formulation of the results are nicer. Examples of such tame functions are

exhibited.
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1. Introduction

Milnor’s theory of singularities of complex hypersurfaces [48] focuses on the prop-
erties of a germ of a holomorphic function f : (C%,0) — (C,0) at a critical point 0,
which produces a singularity of the germ of hypersurface (f~1(0),0). One realizes the
germ f as a holomorphic function defined on some neighborhood of 0, usually taken
as an open ball (a Milnor ball) in some local coordinate system, and the properties
considered do not depend on the radius of the ball, provided it is “sufficiently small”
(a condition that can be made precise in terms of a Thom-Whitney stratification of
this neighborhood). See [42] for details. A more global aspect of the theory arises
when considering unfoldings of a germ (f,0): having fixed a Milnor ball for a germ
(f,0), this ball is usually not a Milnor ball for the nearby functions of the unfolding
(see [18]). Nevertheless, some “smallness” properties remain valid.

In this text, we consider the global setting of a regular function f : U — Al on a
smooth complex quasi-projective variety U of dimension d. Particular cases are those
for which U is affine: e.g. U is the affine space A?, the complex torus (G,,)? (where
Gy is the multiplicative group Al \ {0}), a product of those, or the complement of a
hypersurface in these examples, like the complement of an arrangement of hyperplanes
in an affine space.

Comparing with Milnor’s situation, we can say in a figurative way that the singu-
larity of f that is of interest for us is “the point at infinity on U” and that its limit
Milnor ball is U itself. This approach suggests to analyze the map f “from inside”,
that is, by means of a family of balls (for a suitable metric) of larger and larger ra-
dius. Many choices of such metrics exist however. On the other hand, in order to
analyze the map f “from outside”, one can “fill the hole at infinity” by choosing a
projectivization of f, that is, a complex quasi-projective variety X together with a
projective morphism fx : X — Al, such that U is Zariski dense in X and f is the
restriction of fx to U. Such a projectivization is also far from unique.

A vast literature is devoted to the analysis of the critical points at infinity and
their influence (or the influence of their absence) on the topology of the map f,
particularly when f is a polynomial mapping. Furthermore, several examples have
highlighted unexpected behaviors. As it is impossible to list all papers related to this
subject, we refer the reader to [1, 79] and the references therein.
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In the case of an isolated critical point of a germ of holomorphic function, the
following (co)homological properties have been obtained:

(1) The reduced cohomology (with Z-coefficients) of the Milnor fiber is non zero
only in degree d — 1; it is a free Z-module whose rank pu is the Milnor number of f at
its critical point; it cannot be zero at a critical point.

(2) This cohomology comes with an automorphism 7' (monodromy), with an in-
tersection pairing and a Seifert pairing, the latter being nondegenerate.

(3) The corresponding homology groups are either the reduced homology of the
Milnor fiber in degree d — 1 (vanishing cycles) or the homology of the Milnor ball
relative to the Milnor fiber (Lefschetz thimbles). The topology that gives rise to
these homological objects is well understood, including in its symplectic aspects. The
relations between the objects considered above, and others, are efficiently summarized
in [30].

(4) The cohomology of the Milnor fiber underlies a Z-mixed Hodge structure with
weight filtration determined by the nilpotent part of the monodromy (see [77]). This
structure provides us with numerical invariants: the spectrum and the spectral pairs.

(5) These Hodge invariants can also be recovered by means of the motivic Milnor
fiber introduced by Denef and Loeser (see [11] and also [77]).

(6) A major object that comes into play in the analytic theory for computing
Hodge invariants is the Brieskorn lattice introduced by Brieskorn [4] in order to
obtain an algebraic expression of some of the topological invariants above. There is
also a natural nondegenerate pairing on the Brieskorn lattice, with values in the ring
of formal power series of one variable, called the higher residue pairing, introduced
by K. Saito [69] (see [55] and [30] for the relations with the topological pairings).

In the case of a regular function f € O(U) \ C, having isolated critical points is
not a sufficient condition to realize similar properties. One should also impose the
absence of critical points at infinity: this is the tameness property that we will discuss
with details in Section 5. We aim at defining a vanishing cycle Z-module that shares
the properties above. Supplementary data occur, describing the relations between the
various isolated critical points of f: the monodromy of the “vanishing cohomology”
is enhanced with a supplementary set of data, called the Stokes matrices. Such data
already show up in the semi-local situation mentioned at the beginning. The term
“Stokes matrices” is justified by the fact that such matrices are Stokes matrices of
a suitable linear system of differential equations of one variable with an irregular
singularity. This was already observed by F.Pham, with the title of his paper [55]:
“La descente des cols par les onglets de Lefschetz avec vues sur Gauss-Manin”.(!)

The general case of a possibly non tame regular function (with non-isolated crit-
ical points), while not being as simple as the tame case, shows many interesting
properties. One cannot expect the absence of Z-torsion in the various cohomology
groups that occur, so we mainly consider the case of rational or complex coefficients.

(D«The descent of the passes (saddle points) by Lefschetz thimbles with views on Gauss-Manin.”
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The exponentially twisted de Rham complex plays an important role for obtaining
Hodge-theoretic properties. Another approach, in the spirit of the motivic arc-space
approach of Denef-Loeser, has been developed by Raibaut in [59]: the focus is on the
motivic Milnor fiber of f at co and the various invariants that one can deduce from
the computation of this object

In contrast with the case of the germs of holomorphic functions, the case of pairs
(U, f) that we are considering has strong relations to several other areas of algebraic
geometry and arithmetic that we will very briefly mention in this text. On the one
hand, the theory of exponential Nori motives, developed in [20] by Fresan and Jossen,
makes it possible, when U and f are defined over a subfield k of C, to relate Hodge
properties of (U, f), in particular such as those defined in Section 3.4, to arithmetic
properties of f.

On the other hand, mirror symmetry for Fano manifolds aims at associating to
any smooth quasi-projective Fano manifold a Landau-Ginzburg model, that is real-
ized as a regular function on another quasi-projective manifold. The theory has been
developed in [37], where various conjectures have been settled. In the version of this
correspondence involving the Frobenius manifolds introduced by Dubrovin ([17]), the
role of the irregular Hodge structure produced by the Brieskorn lattice is essential
(see for example [15, 16, 13]). There is also a categorical approach to such a cor-
respondence (see [36]), that has motivated a categorical realization of the twisted
de Rham complex, as proposed by Shklyarov in [76].

All over the text, we use the following notation.

Notation 1.1.

(1) The exponential map identifies R/27Z with S! by 0 +— e’ (with i = /—1).
We will abuse notation by writing 6 € S*.

(2) Let Z be a topological space and V be an open subset of Z. For a sheaf F
on Z, the notation Fy refers to the sheaf on Z obtained by restricting F to the open
set V' and then extend it by zero to Z.

(3) The base ring A is either Z or a field, usually @ or C. For most arguments,
a commutative ring with finite global homological dimension would suffice (see [34,
Conv. 3.0]).

2. Topological/cohomological properties

In this text, we consider a regular function f : U — Al from a connected smooth
complex quasi-projective variety U of dimension d to the affine line A'. This set of
data is also denoted by f € O(U). Let us emphasize that, unless otherwise stated, we
work with algebraic varieties endowed with their Zariski topology and, for example,
we will denote by U?" the underlying complex manifold. Some results below do not
need the smoothness assumption on U to hold, but we will not try to state them in
the most general setting.
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The critical set of f is a Zariski closed subset of U whose image by f is a finite
subset C' = C(f) of Al (by Sard’s lemma in the algebraic context), called the set of
critical values of f. A fortiori, the restriction f : U\ f~1(C) — Al \ C does not have
any critical point.

A projectivization of f is a projective morphism fx from a (possibly not smooth)
quasi-projective variety X to A! such that U is a Zariski dense open subset of X
and f is the restriction of fx to U. Assume U is a locally closed subspace of some
projective space PV. A natural projectivization of f is obtained by considering the
Zariski closure X in PV x Al of the graph I'(f) C U x Al and by defining fx as
induced by the second projection. By resolving singularities of X (they lie in X \U),
we can choose, if needed, X to be smooth and also X \ U to be a divisor with normal
crossings.

2.1. The fibration theorem.

Theorem 2.1. There erists a smallest finite set B(f) C Al, called the bifurcation set
of f, such that the map f* : (U~ f~1(B(f)))* — C ~\ B(f) is a C* fibration.

Sketch of proof. One chooses a projectivization fx : X — Al of f. A theorem of
Hironaka [32] (see also [42, Th.6.4.5]) asserts that the underlying complex analytic
space X*" admits a Whitney stratification satisfying Thom’s Ay, condition. In fact,
in the quasi-projective context, the strata can be chosen quasi-projective and con-
nected, so that the fx-image of a stratum is either a point or a Zariski dense open set
of Al. The construction can be made in order to ensure that U\ f~1(B) is a stratum,
for some finite set B of Al. Thom’s first isotopy lemma implies that the restriction
of fx to each stratum S induces a C'* fibration S** — fx(S5)*". Applying this to
the stratum U \ f~1(B) yields the assertion for some (possibly non minimal) finite
set B. Minimality can then obviously be achieved. O

The set B(f) contains the set C' = C(f) of critical values of f : otherwise, for
some ¢ € C, the singular fiber f~1(c)®* would be a C* manifold; this is not possible,
according to [48, Rem. p. 13].

The set B(f)\ C consists of atypical critical values of f. It is in general not empty.
For example (see [1, Ex.3.4]), the polynomial f : A> — Al defined by f(x,y,2) =
x(1 + zyz) has no critical point, but B(f) # @.

Determining C' from f is an algebraic computation. On the other hand, determining
B(f) is much harder. A topological criterion has been provided in [27] for f : A3 — Al
in terms of the topological Euler characteristic of the fibers of f. Other results in this
direction can be found in [1] and the references therein.

On the other hand, we will focus on the case where B(f) = C and, more precisely,
where fx has “no critical point at infinity”, called the tameness property, in Section 5.

2.2. Cohomological tools. We aim at defining a space of global vanishing cycles
for a regular function f : U — Al. For that purpose, we will make use of some of the



6 C. SABBAH

tools explained in [47] (a good reference is also [12], and the reference book is [34]),
that we recall here for convenience. In this section, the varieties are equipped with
their analytic topology, and we will omit the exponent an for the sake of simplicity.

Algebraically constructible complezes. Our base ring A is either Z (a PID) or Q,R,C
(a field). Given a complex quasi-projective variety Y (which is possibly singular),
an algebraically constructible sheaf of A-modules on Y is a sheaf F of A-modules
on Y for which there exists a stratification of Y by locally closed connected smooth
quasi-projective subvarieties (Y,)qea such that, for each a € A, Fly, is a locally
constant sheaf of A-modules of finite type. We implicitly assume (see e.g. [80]) that
a stratification is locally finite and satisfies the frontier condition. A priori, it is not
assumed to satisfy any regularity condition, but one can always refine it to do so.
These sheaves form a category for which the morphisms are all morphisms of sheaves
(it is a full subcategory of the category of sheaves of A-modules). This category is
abelian: this statement amounts to the property that the kernel and cokernel of a
sheaf morphism between locally constant sheaves of A-modules of finite type are of
the same type.

One can then form the bounded derived category of this abelian category, which
is equivalent to the full subcategory D2 (Y, A) of the bounded derived category
of sheaves of A-modules whose objects consists of bounded complexes having con-
structible cohomology.

Given a morphism g : ¥ — Y’ between quasi-projective varieties, the derived
pushforward functors Rf, and Rf (pushforward with proper support) are defined
from D2 (Y, A) to D2 _(Y’, A) as well as the pullback functors f~! and f' from
D2 .(Y’, A) to D2 (Y, A). Poincaré-Verdier duality D is a contravariant equivalence
of categories from DE_C(Y, A) to itself, and is its own quasi-inverse, that is, it satisfies
DoD ~1d.

Perverse and strongly perverse complexes. The category DR (Y, A) is naturally
equipped with a t-structure

(DS (Y, A),DRZ°(Y, A)).

The heart of this t-structure is the abelian category of perverse “sheaves” Perv(Y, A)
(more accurately, perverse complexes). For example, if Y is smooth of dimension n,
the shifted constant sheaf

DAY = Ay [n]

belongs to Perv(Y, A).

If A is a field, both terms of the t-structure are exchanged by Poincaré-Verdier
duality D, hence Perv(Y, A) is preserved by D. If A is a PID, this property may not
hold, and we are led to considering strongly perverse complexes (see [47, Def. 10.2.50]).
We denote by sPerv(Y, A) the corresponding full subcategory of Perv(Y, A), which is
preserved by Poincaré-Verdier duality D (it is equal to Perv(Y, A) if A is a field).
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Be careful that it is not abelian, as for example the cokernel of a group morphism
7P — 79 may acquire Z-torsion.

Nearby and vanishing cycle functors. We will make intensive use of these functors.
Given a smooth quasi-projective variety U, a regular function f : U — Al, and
a constructible complex J € D}E_C(U, A), one can associate to these data and each
point ¢ € Al a pair of objects of D2 (U, A) supported on the fiber f~1(c), that we
denote by Pt¢_.(F) (complex of nearby cycles) and *¢¢_.(F) (complex of vanishing
cycles), where the upper index p indicates a shift by —1 with respect to the standard
definition, see [47, Def. 10.4.4], in order to obtain a better behavior with respect to
Poincaré-Verdier duality, see [47, Th. 10.4.21]. These functors come equipped with a
monodromy automorphism 7, and a diagram of morphisms (Can,., Var.) commuting
with monodromy automorphisms 7:

Can,

—_—
(1) Pr—e(F) hr—c(F)
\V_/

and satisfying

Var.oCan, =T, —Id (on *9¢_.(F)),

@) Can.o Var, =T, —Id (on P¢;_.(F)).
For example, the complex of vanishing cycles *¢s_.(?Ay) is supported on the critical
locus of f.
These functors Pis_.,"¢s_. are t-exact and preserve Perv(U, A) as well as
sPerv(U, A) (see [47, Rem. 10.4.23]). In particular, *¢;_.(*Ay) is strongly perverse.
In dimension one, these functors can be used to characterize objects of sPerv with
coefficients in Z. For example, let A be a disc with coordinate ¢ and let Perv(A, 0;Z)
be the category of perverse sheaves of Z-modules on A which have singularities at
t = 0 at most.

Lemma 2.2. An object F of Perv(A,0;Z) belongs to sPerv(A,0;Z) if and only if the
Z-modules P (F) and *¢(F) are Z-free.

Proof. Let F be an object of Perv(A,0;Z). Assume that *¢,(F) and *¢,(F) are Z-
free, and let us prove that F is an object of sPerv(A,0;Z). Freeness of P (F) as
a Z-module is equivalent to the property that the restriction of JF to the punctured
disc A* is a locally constant sheaf of free Z-modules. According to [47, Prop. 10.2.49],
we are reduced to checking that H°(i{,F) is free, if 5o : {0} = A denotes the inclusion.
The distinguished triangle [47, (10.90)] reads

T — () Ly ey, () L
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and since Py (F), ¢ (F) are concentrated in degree zero, it leads to the long exact
sequence

0 — FOMTF) — *on(F) —Ts v, (F) — H(iLT) —> 0,
If *g;(F) is free, then so is HO(i)F).
Conversely, let us assume that F is an object of sPerv(A,0;Z). Then the local
system (up to a shift) F
that of image(Var;). The assumption implies that H°(i{,F) is free, and therefore so is

Py (F). O

A+ is free, and this implies freeness of *1;(F) and therefore

Compatibility with pushforward. A technique to obtain cohomological information
about the map f : U — Al is to analyze the pushforward complexes Rf,Ay (or-
dinary pushforward) and Rfi Ay (pushforward with proper support), which are both
algebraically constructible, that is, both are objects of D}E_C(AN). This is especially
useful for analyzing global properties of nearby or vanishing cycles of f along a fiber
7 (c). We know (see [47, Prop.10.4.19]) that the functors ¢¢_., ¢s_. do commute
with Rf., Rfi when f is proper (so that the latter functors are the same), but in
general not otherwise. More precisely, let fx : X < Al be a projectivization of f and
let j : U — X denote the open inclusion. Since derived pushforwards compose well,
we have (the second isomorphism since fx is proper)

Rf.Au ~ Rfx.(Rj.Av), RfiAv ~ Rfx.(RjAv).
It follows that, considering vanishing cycles for example, we have

b1—c(RfAu) ~ Rfx.(dry —c(Rj<Av))

in a way compatible with monodromy, but the right-hand side is in general distinct
from Rf.(¢5—cAu) ~ Rfx.(Rj.(¢s—cAvr)). A special case where this commutation
does take place nevertheless if the case of tame functions considered in detail in
Section 5.

On the other hand, in order to exploit t-exactness of the shifted nearby and van-
ishing cycle functors Py y_., ¢ s_, it is suitable to consider the perverse cohomology
sheaves of the pushforward complexes:

RM.(PAy) = "HF(Rf.(PAu)) and  "RFf(PAp) = "H*(RAI("Av)),
where we recall that Ay = Ay[d], with d := dim U.
Proposition 2.3. Let fx be a projectivization of f with X. Then, for each k, we have
P ("R Au) > REfx.(h sy —o(RjAD)),

and similar isomorphisms with the functors ®, or fi with Rji*Ay .

Proof. Since fx is proper, we have identifications

POt (RfsAu) = "ot o(Rfx«(Rj«Av)) =~ Rfxu(Pbpy —(RjAv))-
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The result follows by taking the k-th perverse cohomology of both terms and using
that *¢;_. is t-exact. O

3. Cohomologies attached to a pair (U, f)

A possible approach to associate with a regular function f € O(U) on a smooth
quasi-projective variety U some (co)homological invariants is to extend those existing
for U itself, corresponding to the zero function on U.

On the topological side, to U" is associated the singular homology and the singu-
lar homology with closed supports (Borel-Moore homology), as well as the singular
cohomology and the singular cohomology with compact support (all with coefficients
in A). When A = Q, various nondegenerate pairings relate these finite dimensional
Q-vector spaces: intersection of cycles, integral of cohomology classes on cycles and
cup product of cohomology classes.

On the de Rham side, the algebraic de Rham complex of U leads to de Rham coho-
mology and de Rham cohomology with compact support. Grothendieck’s comparison
theorem identifies these complex vector spaces with their topological analogues with
complex coefficients. If the variety U is defined over Q (i.e., by means of equations
with rational coefficients), the de Rham complex is also defined over Q, as well as its
cohomologies, so that the comparison isomorphism can be understood as comparing
two different Q-structures on the same C-vectors space. Its matrix in Q-bases, usu-
ally consisting of transcendental numbers, is called the period matriz of U and can
be realized by integrating a basis of rational differential forms over a basis of cycles.

On the other hand, the de Rham cohomology can be filtered by C-subspaces in
order to produce, together with the singular cohomology, a mixed Hodge structure
(see [8]).

A unifying approach to these properties is obtained via the notion of motive, in par-
ticular that of Nori motive (see [33]).

Our aim in this section is to define similar homology and cohomology spaces, de-
noted generically by H(U, f), with lower or upper decorations meaning “Borel-Moore”,
“compact support”, “de Rham”, together with the various comparison isomorphisms
and pairings, and with coefficients in A for singular cohomology and C for de Rham
cohomology. A new set of decorations occurs, namely, rapid decay and moderate
growth. We will also equip the de Rham version with a pair of filtrations called the
wrreqular Hodge filtration and the weight filtration. Although this pair of filtrations
does not form a mixed Hodge structure in the usual sense, in particular because the
irregular Hodge filtration is indexed by rational numbers, this structure can be called
an irreqgular mized Hodge structure, and the pairs consisting of the jumping indices of
both filtrations are reminiscent of the spectral pairs occurring in the theory of isolated
hypersurface singularities (see [77, §9.8] and the reference therein). In particular, a
Thom-Sebastiani property holds in this context: given regular functions f € O(U)
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and g € O(V), this property relates the invariants of fH g € O(U x V) with those
of f and g (see [64, §3.4]).

3.1. Various expressions of the singular cohomology with growth condi-
tions. A period of U is any integral f,yw, where w is an algebraic differential form
of some degree on U and ~ is a cycle of suitable dimension on U. Such an integral
may exist when ~ is a Borel-Moore cycle (i.e., a cycle with closed support), and the
situation is controlled by the Poincaré-de Rham duality theorem. The correspond-
ing integral attached to a pair (U, f) would be the integral fﬂ/ e fw, and, whatever
the algebraic differential form w is, it exists for Borel-Moore cycles v as soon as the
real part of f remains positive on the support of v when |f| is big enough. Indeed,
the holomorphic form e~fw has then rapid decay along v when |f| — oo, hence is
integrable. These considerations lead us to define the moderate growth (co)homology
and, for duality purposes, the rapid decay (co)homology, of (U, f). In the remaining
part of Section 3.1, we consider the spaces with their analytic topology and we omit
the exponent an.

In other words, if w is a closed algebraic r-form on U, we are led to considering
that e~fw defines a class in the relative cohomology space H" (U, f~1(t); C), where ¢
is a positive real number “large enough”. More intrinsically, we should consider the
space limy_, o H"(U, f~1([t, +00)); C). This space can be defined with coefficients
in A instead of C, and we will give various different expressions for it, that we denote
by H"(U, f; A).

Let us emphasize a way to simplify various arguments, which proves much useful.
The idea is to simplify the space U by replacing it with A'. The price to pay is
making the sheaf Ay more complicated, by replacing it with a constructible complex
of sheaves on Al: we will consider the pushforward complexes Rf.Ay and Rf Ay,
which have algebraic constructible cohomology on Al'. Let us also emphasize at this
point that using perverse cohomology sheaves instead of ordinary cohomology sheaves
will simplify many arguments. We fix the following choice for C' C Al and p > 0.

Choice 3.1.

« We fix a projectivization fxy : X — Al of f such that the complement H =
X \ U is a divisor with normal crossings whose irreducible components are smooth.
We denote by j : U — X the open inclusion.

« We fix a finite subset C' C A! such that the map fx : X \ fx'(C) — Al N C
is smooth and, for each = € H ~ f5x'(C), the germ fx , : (X, H),2) — (C, f(2)) is
isomorphic to the projection

(C, f(2)) x ((C¥1,0), (H',0)) — (C, f(2)),

where H’ is a union of coordinate hyperplanes of C4~1.
« We fix p > 0 large enough so that the interior A, of a closed disc A, in A' of
radius p > 0 contains C.
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Passage from U to f~1(A,). With the previous choice, the complexes Rf.Ay and
Rf Ay have locally constant cohomology sheaves on Al ~ C.

Lemma 3.2. Fort = p and any r > 0, the restriction morphism
H' (U, [~ (p); A) — H'(f71(A)), fH(p): 4)

s an isomorphism of relative cohomology spaces, and both spaces are independent of p
up to natural isomorphisms.

Proof. In view of the exact sequence of relative cohomology, it is enough to show the
restriction morphism H”(U; A) — H"(f~'(A,); A) is an isomorphism. By pushing
forward by f, we are led to showing a similar result for the hypercohomology of
Rf.Ay on Al. Let j : A' <\ A, — Al denote the open inclusion. We are led to
showing the vanishing of any hypercohomology space of the complex Rjij 1 (Rf. Ay).
Since j~!'(Rf.+Ay) has locally constant cohomology on A \ A, by our assumption
on p, a simple induction reduces the question to the vanishing, for any r € N, of the
cohomology H" (Al \ A 3 1L) for a locally constant sheaf £ of A-modules on A' \ A .
By considering the radial projection Al \ Ap — 0A,, this follows from the vanishing
of the relative cohomology H"([p, +00), {p}; A) for each r € N. O

Real oriented blow-up (1). As f is a C'™ fibration over A, (Theorem 2.1), we can
replace in the above formula the point p with the closed half-circle petl="/27/2 ¢ 9A o
and write the right-hand side as H" (f7*(A,), f~!(pel=7/27/2]); A). We will interpret
this relative cohomology as a cohomology with compact support. With the above
choice of X, we can rewrite this relative cohomology as the relative hypercohomology
of the complex Rj,Ay on X:

H(f7HA,), - Hpet ™22y Ay ~ HY(fH(A,), fx (petl=™/2™/2)): Ry, Ay).

We can however replace the complex Rj. Ay by a single sheaf if we consider the real
oriented blowing up w : X(H) — X of the components of H in X, in which polar
coordinates are taken with respect to components of H: near each point of H, in
local coordinates of X adapted to H, X(H) has the corresponding polar coordinates
normal to the components of H; for x belonging to exactly £ components of H, we
have w1 (z) ~ (S1)*. Denoting by j: U < X (H) the inclusion, we have
R:]v*AU ~ A)?(H)’
and thus, setting fX = fx ow,
H' (£ (Ap), Fx ' (pe=/27/2); Rj, Ay)
= Hr(f)zl(Ap% f;l(pei[iw/zmﬂ]); A)?(H))~

Last, let A, be the complement in A, of closed interval [—7/2, 7 /2] in its boundary
like in Figure 1. We interpret the latter cohomology as the cohomology with compact
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—m/2

FiGure 1.

support:
H(fx ' (8p), Fx (e 7™ /27 2 Ag ) ~ HE(F (B0)i Az )
On noting the isomorphisms
Rfx.Ag y) =~ Rfx.(Rj.Av) ~ Rf. Au,
we interpret this cohomology as the hypercohomology
HI(Ay; R Av).
It is natural to define the compact support analogue of H" (U, f; A) as
H;(U, f; A) = H{(A; Rfidy).

We have thus proved:
Lemma 3.3. There are canonical isomorphisms (for p > 0)
HY(f7H(A,), [~ (petl- /2720 4),

H'(fx ' (D), fx ' (petl=™/27/2]); Rj, Ay),
H(F (B)): A
He (Apva*AU)

H"(U, f; A) ~

and
HI(f5'(A,); RjtAp),
Ho (U, f3 A) = S HE(f N (A,): 31 Aw),
HZ(A,; RfiAp).

Perverse sheaves. The perverse cohomology sheaves of Rf,Ay and Rfi Ay are suit-
able for expressing H" (U, f; A) and HZ (U, f; A) because of the next proposition.

Proposition 3.4. Let T be an A-perverse sheaf on Al with singular set contained in
C C A,. Then H¥(A,;F) = 0 for k # 0 and the functor F — H2(A,;F) from
Perv(Al; A) to Mod(A) is exact.
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The vanishing statement is obtained as a consequence of the following vanishing
lemma, which relies on the property already used that, for any semi-closed non-
empty interval [a,b) C R and any abelian group A, the cohomology H:([a,b); A)
vanishes (this cohomology is nothing but the relative cohomology H*([a, b], {b}; A)).
This follows e.g. from a cohomology analogue of [45, Lem.V.3.3]. The exactness
statement follows by considering the hypercohomology long exact sequence associated
to a short exact sequence of perverse sheaves.

Lemma 3.5. Let F be a perverse sheaf on Al with singular points in C and let B C Al
be a subset homeomorphic to a product [a,b) X [c,d], such that CNIB = &. Then

(1) HE(B,T) =0 for k #0,
(2) HY(B,5) =0 ifCNB = 2. O

Let us use the perverse shift convention: *Ay := Ay[d] with d = dimU. As a conse-
quence, Applying the previous result to each perverse cohomology sheaf "R"~4 f, (PAy)
and "R"~f,(*Ay), and due to the degeneration of the perverse Leray spectral se-
quence, we obtain:

Corollary 3.6. We have natural isomorphisms

H"(U, f; A) ~ HY(A,; "R™£.("Av)),
HI(U, f; A) ~ HY(A ;'R fi(PAu)).

Real oriented blow-up (2). We now give expressions which are independent of p > 0,
but depend on the choice of a projectivization of f. As these notions depend on the
direction of reaching f = oo, we are led to considering a full projectivization f :
X — P! of f, and it is easier for future computations to assume that the complement
D = X ~ U is a divisor with normal crossings whose irreducible components are
smooth. We decompose D = HUP, with P = f~!(00) (the support of the pole divisor
of f) and H is the union of the remaining components. Note that DN X = HN X.
In such a case, we say that the full projectivization f : X — P! of f is good.

In order to distinguish between directions when reaching the pole divisor P, it is
convenient to consider the real oriented blow-up of X along the components of P.
However, in order to treat the components P and H of D on an equal footing, and
to better understand Poincaré-Verdier duality, it is convenient to work with the real
oriented blowing-up w : X = )N((D) — X of all irreducible components of D, in which
polar coordinates are taken with respect to all components of D: near each point of D,
in local coordinates of X adapted to D, X has the corresponding polar coordinates
normal to the components of D; for x belonging to exactly ¢ components of D, we
have w1(z) ~ (S1)f. Over A, X(D) restricts to X(H N X) already considered
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above. This is summarized in the following diagram:

«—— P

UC ] X( - X/
(3) h
f
//

Al =—— Al

—

}P’

where

. all rectangles are Cartesian except, in general, both involving (o, f, ]7, w);

« P! is the real oriented blow-up of P! at infinity; it is homeomorphic to a closed
disc with boundary OP* = S (directions at infinity);

« X is a manifold with corners and ™ YD) =: 0X is its boundary; it contains
P = Y(P) = f1(dP') as a closed subset.

Let us make explicit the map f near a point T of P. There exist local coor-

dinates (71,...,74) of X near # = w(¥) in which D = {x;---2y = 0} and
flr,...,zq) = 7™ ---2,™, m; > 0. The corresponding coordinates are
((pj.€*%)j=1,....0,Tet1,- .-, Ta), with @ sending (p;,e'%7) to z; = p;e*?s, and

f((pJ7 ) oy Tl415 - T (Hpj j) eXp Zj:omjej)

The dichotomy compact support /no support condition is now replaced with the
dichotomy rapid decay / moderate growth. Let Omnoq P! C S! be the open half-circle
in the neighborhood of which which Ret is > 0 (i.e., e~* has moderate growth, equiv-
alently, rapid decay), and let 8expﬁ1 be the complementary closed half-circle (expo-
nential growth of e~*). Let also aexp)? denote the pullback f—l(aexpﬁl), which is a
closed subset of P. We then consider the following open subsets of the boundary 0X:

e Omod X = 90X ~ 8exp)? is the open subset of 0X in the neighborhood of which
e~/ has moderate growth (it contains w1 (D \ P)),

« 0aX = 0X~ (w H(H )U@epr) is the open subset of X in the neighborhood of
which e~/ has rapid decays; it is contained in ©w~!(P) and is also equal to P~ anpX
it also consists of points of P in the neighborhood of which e~/ has rapid decay,
equivalently moderate growth.

Singular cohomology with growth conditions of the pair (U, f). We consider the open
subsets of X:

ﬁmod =Uu 8mod)~( and ﬁrd =UuU 8rd)?.
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Definition 3.7 (see [23, (A.19)]). The singular cohomologies in degree r of the pair
(U, f) are defined as singular cohomology spaces with compact support:

H'(U, f; A) = H(Upoa; A) and HL(U, f; A) == HL(Uya; A).

Since X ﬁmod = Oexpf( , we can also interpret H" (U, f; A) as the relative coho-
mology space H" (X, OexpX; A). Similarly, we have

HI(U, f; A) ~ H' (X, exp X U~ L (H); A).

Proposition 3.8. The expressions of H"(U, f; A) and HL(U, f; A) of Definition 3.7 are
respectively naturally isomorphic to those of Lemma 3.3.

This shows in particular that the expressions of Definition 3.7 do not depend, up
to natural isomorphisms, of the projectivization f of f.

Proof. We will consider the perverse (r — d)-cohomology of the pushforward complex
Rf.Ay and RfiAy. At this point, using perverse cohomology sheaves instead of
ordinary cohomology sheaves will simplify many arguments.

More precisely, let us set AL | = P!\ expP! and let us denoting by a the open
inclusion Al — &&md . The analogue of Proposition 3.4 holds:

Corollary 3.9. Let F be an A-perverse sheaf on AL. Then H¥ (Al

rod; F) =0 fork#0
and the functor F — HO(AL i Ro,F) from Perv(Al; A) to Mod(A) is ezact.

mod ?

Proof. Tt is done by noticing that, for any constructible complex F on A!, the inclusion
A, C Al ., induces an isomorphism

HE (Alyoq s R0.F) = HE(A Tl ) Yk €2, O
From this corollary we deduce the expressions

H(U, f; A) = H)(A},0q s RoR £, (Av),

HL(U, f; A) = HY(Al0q s RSB fi(PAv)),

mod
(4)
mod

which can be identified with those of Corollary 3.6, proving thereby Proposition 3.8.
O

Global vanishing cycles. We interpret H" (U, f; A) and HZ(U, f; A) as A-modules of
global vanishing cycles for f. If we interpret U as the global Milnor ball and the
cohomology of the fiber f~1(¢) for t > 0 as the nearby cohomology at f = oo, the
exact sequence

s HTNUA) - H N () A) = HY(U, fH(t); A) = H'(U; A) —

can be interpreted as coming from the canonical morphism from nearby cycles at
infinity to vanishing cycles at infinity. This interpretation is furthermore justified by
the next proposition. Let us enumerate the ordered set Re(C) of real parts of the
elements of C' in increasing order as a1 < as < -+ < ag.
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Proposition 3.10. Both H" (U, f; A) and HL(U, f; A) have a natural increasing filtration
indezxed by {a1,...,a;} such that, for each i € {1,...,¢}, we have
graiHT(U,f;A) =~ @ Hr_l(f);l(c)v¢fxfc(Rj*AU))v

ceC
Re(c)=a;

graiHZ(U7f;A) = @ Hr_l(f);l(c%(bfx*C(RjIAU))'
ce
Re(c)=a;
Proof. Let us start with a perverse sheaf I on Al with singularities on C. We will
prove that the cohomology space H2(A ,; F) has a natural increasing filtration indexed
by {ai,...,as} such that

(5) gr, HY(A,; F) ~*¢,,T.

For the sake of simplicity, we assume that each a; is the real part of a unique ¢; € C
(otherwise, one replaces the map Re : C — R by the map Re+eIm with ¢ > 0
small). Let us decompose ﬁp as £p7<ai U ﬁp,>ai, denoting thereby the intersection
of Kp with the open half-plane Re(t) < a;, respectively closed half-plane Re(t) > a;.

These subsets have the same topology as A,, and we have a long exact sequence of

2
cohomology with compact support

(6) = HU(Bp < F) — YA F) — HU(Ap 50,3 F) — -

We first claim that H’g(ﬁp; F) =0 for k # 0. Indeed, from this exact sequence and
by induction on #C, it is enough to prove this when #C' = 1. In such a case, if A, is
a small disc centered at ¢ € C with a closed half-circle §. deleted on its boundary, we
have H¥(A,; F) ~ H’j(ﬁp;H’). The cohomology long exact sequence associated with
the open/closed decomposition A, = ﬁc Ll é. is then identified with that associated
with the shifted distinguished triangle of [47, (10.87)]

P)eF — PO F — i 1 F[—1]

and one concludes with the property that *¢.F is concentrated in degree zero since
it is perverse on a point ¢ (because the functor P¢. is t-exact, see Rem.10.4.23 in
loc. cit.).

It follows that (6) is a short exact sequence and thus Hg(ﬁp,@m ;T — Hg(ﬁp; F)
is an inclusion, defining a filtration by the formula HO(A,; F)<a, := HU(A, <a;. 3 F).
The similar exact sequence with A » replaced with ﬁp,<ai .+, shows that gr,. Hg(ﬁp; F)
is identified with HS(ZPT[%GM);?). The latter space is isomorphic to HS(ZQ;?),
that we have already identified with P¢.,F. This concludes the proof of (5).

Let us now come back to the statement of the proposition. The formulas of Corol-
lary 3.6 lead us to consider the perverse cohomology sheaves F = "R™=?f,(PAy) and
F ="R"9f,(*Ay), and to apply the previous result to them. However, we are faced
to the problem of making the functor of vanishing cycles commute with pushforward
by f when f is not proper. This question is solved by Proposition 2.3. O
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The Poincaré pairing. We now fix A = Q. In order to define the Poincaré pairing
between these Q-vector spaces, we make precise that ﬁmod is relative to f, so we
denote it by Umod (f), and similarly Upa(f). Considering both f and —f, and thus
growth properties of e~/ and e/, one checks that

ﬁmod (f) N ﬁrd(*f) =U.

Assume that U is connected for simplicity. It follows that we have natural pairings
for r € {0,...,2d}:

(7) H(U, f; A) @ H2 ™" (U, - f; A) — H2(U; A) ~ A.

Proposition 3.11 (Poincaré-Verdier duality). If A is a field, e.g. A = Q, then the above
pairings are nondegenerate.

Sketch of proof. One can give two proofs: one by computing on X and the other
one by computing on P! and using the commutation of Verdier duality with proper
pushforward. We will sketch the first one. The point is to compute the dualizing
complex on the manifold with corners X: one finds that it is the extension by zero
to X of the shifted constant sheaf Qul2d]. Then the computation of the Verdier dual
of the shifted sheaf prfmd ) (recall Notation 1.1(2)) is seen to be isomorphic to
p(@ﬁrd —f)" The result is obtained by applying Verdier duality to the cohomology of
these sheaves. O

Weight filtration. As a prelude to Hodge theory, let us consider the weight filtration on
these cohomology spaces. When f = 0, the Q-vector spaces H"(U; Q), HZ(U; Q) come
naturally equipped with an increasing filtration, called the weight filtration (see [8]).
Given a W-filtered vector space (H,W,), we say that (H,W,) has weights > w,
resp. < w, if ngVH =0 for £ < w, resp. £ > w. Furthermore, we define a filtration on
the dual vector space HY by Wy(HY) = (We_pgH)* (with < — £ = —¢ — 1), so that

gr) (H") = (gr’,H)".

Therefore, (H, W,) has weights > w if and only if its dual (H", W,) has weights < —w.
We also define the Tate twist by n € Z by the formula

(H,W.)(n) :== (H,Wa_ap).

In particular, it is known that H"(U; Q) has weights > r and H(U;Q) has weights
<.

One can also define a weight filtration on the Q-vector spaces H"(U, f;Q),
HZ(U, f;Q) as follows (although without referring to mixed Hodge structures).()
For that purpose, we make use of the theory of mixed Hodge modules (see [72], and
also [77]), which endows the perverse complexes "R"~f,("Qu), "R" =% fi("Qy) with
an increasing weight filtration W, in the abelian category of perverse complexes, the

(2)This weight filtration should be thought of as an analogue of the weight filtration of the mixed
Hodge structure on the relative cohomology H” (U, f~1(t); Q) with ¢ fized; it should not be confused
with the (relative) monodromy weight filtration at the limit ¢ — oo.
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former having weights > r and the latter weights < r (in a sense similar to that for
vector spaces). One then define, by using the expressions (4),

H' (U, f;Q) = image|HY (AL o , Re. W,'R™ £.("Qu))

— HY (R, R B £.(Qu))|

and similarly for H7,(U, f;Q) by replacing f. with fi. This expression simplifies if we
notice that the functor which associates to each perverse sheaf 7 on Al the Q-vector
space HO(Amod , Ra,F) is exact. In view of Proposition 3.10, this is similar to the
exactness of the functor ¢;_.. It follows that, for each ¢ € Z,

WH' (U, Q) =~ H) (A0 - Ras WR™™£.("Qu)),
ngVHT(Ua fv Q) ~ H ( mod RO[*gI' pRT df*( QU))
and similarly for HZ(U, f;Q) by replacing f. with fi.

Corollary 3.12. The vector spaces H" (U, f; Q) and HL(U, f; Q) have respective weights
> r and < r, and the vector space (middle cohomology)

Hilia(U, f3Q) »= image | H{ (U, £;Q) — HY(U, ;Q)
s pure of weight d.

An ambiguity could occur in the second statement: which filtration do we put
on H, (U, f;Q)? Is it image(W,HY(U, f;Q)) or W,HA(U, f;Q)) N HY (U, f;Q)?
Fortunately, both coincide: firstly, it follows from the theory of mixed Hodge modules
that, for any morphism F — G between W-filtered perverse sheaves underlying a
morphism of mixed Hodge modules, the equality image(W.F) = W.,§ N image(¥)
holds; secondly, by exactness of the functor F s HY (Almod , Ra, F) for F perverse, the

previous equality passes through this functor.
Duality is also compatible with the weight filtration:

Theorem 3.13. The Poincaré-Verdier duality pairing of Proposition 3.11 induces an
isomorphism of W -filtered vector spaces:

(H(U, £,Q), Wa) = (H*7 (U, - f;Q), W2)"(d),
so that, for each ¢ € 7, we have a nondegenerate pairing

gry Hy(U, £;Q) © grig_ ™" (U, - /;,Q) — Q.
Sketch of proof. The second proof of Proposition 3.11 would yield that, for a perverse
sheaf F on Al with Verdier dual FV, the natural pairing

HY (Apoq (1); R T) @ HY(ALoq (—1); R.FY) — C

is nondegenerate, where o denotes any of the open inclusions Al — &nod (t) and
Al — Almo q (—t). The theory of mixed Hodge modules expresses the weight filtration
W.(FV) in terms of W,F, and this leads to the formulas of the theorem. O
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3.2. Singular homology with growth conditions. We consider the real blow-up
space X with its open subsets Upq C Unoa (see Diagram (3)). Recall that, over AL,
we have

Urd|]'c“—1(A1) = U7 Umod If—l(Al) = le—l(Aly
while ﬁrd NP = ﬁmod N P. The boundary of these open subsets are
6ﬁrd = ﬁrd U= ﬁrd n 8)~(7 8(7mod = ﬁmod U= ﬁmod N 3)?

The analogues of the homology H,(U;A) and the homology with closed support
(Borel-Moore) H2M(U; A) are the following relative homology groups (see [23, App.|):

H, (U, f; A) := H,(Unmod , 0Umoa ; A),  HEN(U, f; A) == H,(Ura, dUrq; A).

Proposition 3.14 (Intersection and period pairings, see [22, §2])
Assume that U is connected. The intersection pairings

H, (U, £;Q) ® Hyg", (U, —f; Q) — Ho(U; Q) = Q
are nondegenerate. Moreover, the period pairings
H'(U, £;Q) @ H(U, £;Q) — Q, H(U, f;Q) @ (U, f;Q) — Q

are nondegenerate and relate the intersection pairings with the Poincaré- Verdier pair-
mgs.

3.3. Algebraic de Rham cohomology.

Algebraic de Rham cohomology of the pair (U, f). We now consider U with its Zariski
topology. The algebraic de Rham cohomology H] (U) of the variety U is by defi-
nition the hypercohomology on U of the algebraic de Rham complex (€, d), whose
terms are the sheaves of algebraic differential forms on U. In a similar way, we in-
troduce the algebraic de Rham cohomology Hjj, (U, f) of the pair (U, f) as being the
hypercohomology of the twisted algebraic de Rham complex

(Qp,d+df).

(The differential d + df can be regarded as the twisted differential e=f od o e/, al-
though this expression is only meaningful in the analytic context.)

When f = 0, it is helpful to consider a good projectivization X of U and to
introduce the logarithmic de Rham complex (2%(log D),d), where Qky(log D) is the
sheaf of logarithmic differential k-forms (these are the rational k-forms w on X with
poles along D at most such that w and dw have at most simple poles along D, see [8]).
Then the cohomology spaces Hjj (U) can be computed as the hypercohomology spaces
of the complex (€2%-(log D), d). One advantage is that each term Q’%(log D) is alocally
free sheaf of finite rank on the smooth projective variety X.
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Pursuing the analogy with Hj (U), we introduce the Kontsevich complez of (U, f)
(see [19], [37], and the references therein): this is the complex(?)

(8) (€%, d+df),

where Q’} is the subsheaf of Qky(log D) consisting of logarithmic k-forms w such that
df Aw is still a logarithmic (k 4 1)-form. In other words:

(9) Of = ker|df : Q5(log D) — Q&' (+D) /95 (log D) |.

Away from P, this subsheaf coincides with Q’%(log D). On the other hand, along P,
it is a strictly smaller subsheaf: writing df as f-df/f, we note that (df/f) Aw is also
logarithmic, but the poles of f possibly introduce higher order poles of d f Aw, so that
the condition required for w is strong. However, one can compute the sheaves Q;ﬁ
in local analytic coordinates where f is written as the inverse of a monomial, and
show that they are locally O-free (see [84]). For example, we have Q?c = Ox(—P),
where P is the pole divisor (with multiplicities) of f.

In the algebraic setting, the notion of de Rham cohomology with compact sup-
port Hijg .(U) is also defined (see [29]) and it also has an expression in terms of a
logarithmic complex as the hypercohomology of the complex

(% (log D)(~D), d).
The termwise wedge product
0%(log D) ® Q4 (log D)(—D) — Q5 (log D)(—D) — Q5+

is compatible with differentials and, for ¢ > 0, identifies Q%(log D)(—D) with the
Serre dual w ® (Q%e(log D))v. Tt provides thus, for each r, by passing to complexes
and their hypercohomologies, a nondegenerate pairing (de Rham pairing)

Hir (U) ®c Hig [ (U) — HIR(X) ~ C.
In an analogous way (see [84]), the termwise wedge product
0% @ Q° ((—=D) — Q& (log D)(—D) — Q&

is compatible with the differentials d+d f,d—d f and, for £ > 0, identifies the Serre dual
Q‘if(—D) with w ® (Q?_Z)V. It provides thus, for each r, by passing to complexes
and their hypercohomologies, a nondegenerate pairing (de Rham pairing)

H" (X, (Q},d+df)) ®@c B> " (X, (Q3(-D),d —df)) — C.

We can interpret this pairing according to the following result (see [19]).

(3)For the sake of simplicity, we simply denote by f the morphism denoted above by f. The notation
Q'Y(log D, f) is used in [37].
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Theorem 3.15.
(1) Restriction to U induces isomorphisms for all r € N:
QR(Uv f) ~H" (Y7 (Q;’v d + df))a
HSR,C(Uv f) ~H" (Yv (Q}(iD)v d+ df))

(2) For each r € N, the natural pairing that one deduces from these identifications
is nondegenerate:

nr(U. f) @c Hie 7 (U, —f) — H3E(X) ~ C.

Remark 3.16. At this step, one can avoid the use of the Kontsevich complex and simply
consider the usual logarithmic de Rham complex on X = X . P with respect to the
divisor H = D~ P. One can replace in the statement of Theorem 3.15 the Kontsevich
complexes with

(@ (log H),d +dfx) and (2 (log H)(—H),d +dfx)
respectively (see [19, Cor.1.4.3] and [66, Lem. 2.8]). However, the role of the pole
divisor will be emphasized when considering the irregular Hodge filtration.
Grothendieck’s comparison isomorphisms
ar(U) ~H(U™;Q)®C, Hig (V) ~H (U™ Q) &C
can be extended in the following way (much details are given in [22, §2|):

Theorem 3.17. We have natural isomorphisms
ar(U, f) =H"(U, ;Q)®C, Hig (U, f) =H(U ;;Q®C

which transform the de Rham pairing into the Poincaré-Verdier duality pairing.
Remark 3.18. One can regard Theorem 3.17, together with Proposition 3.10, as giving
an algebraic formula for the total dimension of the (r — 1)-st hypercohomology of the
complexes of vanishing cycles ¢¢, —(Rj.Qu) and ¢¢, —.(RjQp) on X when c varies
in Al. Is it possible to obtain an algebraic formula when replacing these complexes
with the complex ¢;_.(Qu)? This would amount to replacing any of the former

complexes with their image by the functor Rj,j~'. We will find such an expression
in Theorem 4.23.

3.4. Irregular mixed Hodge theory.

The irreqular Hodge filtration. Continuing the analogy between the cohomologies
H"(U) and H"(U, f), let us recall, after [8], that the filtration by “stupid” truncation
(“filtration béte”) of the logarithmic de Rham complex (23-(log D), d) is the filtration

FP(Q5(log D),d) = {0 = -+ = 0 = Q% (log D) — --- — Q%(log D) — 0},
and, for each p and r, the natural morphism

H" (X, F?(Q5-(log D),d)) — Hyg (U)
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is injective, with image defining the decreasing filtration F°H} (U). This is the Hodge
filtration of a mixed Hodge structure on H"(U**,Q), and we have for each r>0 a
decomposition
ar(U) =~ @ grpHip(U) =~ @ HI(X, Q% (log D).
p=0 ptq=r

Similar properties hold for the cohomology with compact support
ER,C(U> =H" (y> (Q.Y(log D)(_D)7 d)) .

It is therefore tempting to consider the filtration by stupid truncation on the Kont-
sevich complex (8). Before doing so, let us note a new phenomenon that appears in
the context of a pair (U, f). Indeed, the pole divisor of f contains information that
has not been exploited. Recall that P denotes the (non-reduced) divisor f*(oo)
with support P. For any a € QQ, we can consider the integral part |aP], that is, if
P =), m;P; with P; reduced, we set |aP| = Y .|am;]P;. The family of divisors
|aP| with a € Q is increasing, and there exists a finite set A of rational numbers in
[0,1) such that the jumps occur at most for a € A+ 7Z (since the jumps occur at most
when the denominator of a divides some m;). Multiplication by f sends Ox(|aP]) to
Ox(l(a+1)P]). On noting that df = f-df/f and that both d and df/f preserve log-
arithmic poles along D, we can consider the Kontsevich-Yu complex (2% (a), d +df),
for each « € A, with a definition similar to (9), that is,

(10)  Q%(a) =ker [df : Q5 (log D)(|aP|) — Q& (+D) /9% (log D)(|aP])|.

The properties previously recalled for the logarithmic de Rham complex extend to
the Kontsevich complex.

Theorem 3.19 ([19]).
(1) For each oo € A, the inclusion

Q% d+df) — (Q}(a),d +df)
s a quasi-isomorphism, leading to an identification
H" (X, (Qf,d+df)) = H(X, (Q}(a),d + df)).
(2) Furthermore, for each a € A, p 2 0 and r > 0, the natural morphism
H' (X, FP(Q (@), d + df)) — Hig(U, f)

is injective, with image defining the decreasing filtration Fy,, Hin (U, f). For each r,

irr,«

we have a decomposition

SR(Ua f) =~ 69 ngI)F

e irr,a
pz

ar(U, f)~ @ HI(X, Q(a)).

ptg=r
(3) A similar result holds for the Kontsevich-Yu complex “with compact support”
(Q3(a)(=D),d +df).

Let us emphasize that, for each a € A, the only interesting exponents of Fj, ,
belong to {0,...,d} in the sense that grl}irr . = 0 for p not in this set.
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Remark 3.20 (Filtration indexed by Q). The filtrations Fjj, \Hig (U, f) and Fy;, Hig (U, f)
also have an expression in terms of the twisted meromorphic de Rham complex
(see [84]), which makes clear that these filtrations increase with «, so that we
can regard all of them as forming a decreasing filtration FP° H. (U, f) indexed by

irr
p=p—aec—-A+7Z CQ by setting

F‘iﬁ:r SR(U’ f) = Fifr_a SR(Uv f) = F‘ilzr,a QR(Uv f)

for each o € A and p € Z, and similarly with compact support. This filtration is
called the drregular Hodge filtration of Hyg (U, f), resp. Hig (U, f). More precisely,
J.-D.Yu [84] (see also [19, Cor. 1.4.5]) considers the complex

0— Ox (dtdr, Ot (log D)(P) — -+ — Q% (log D)(dP) — 0

filtered by the subcomplexes FY  with p € Qxo:

0 — Ox([(=p)+P]) — Qx(log D)(L(1 — p)+P]) — -
— Q%(log D)(|(d — p)+P]) — 0,

where (a); := max(a,0) and, for a € Q, |aP]| has been defined above. J.-D.Yu
shows that Hjp (U, f) is the hypercohomology of the latter complex and that
FP H', (U, f) is the filtration induced by the subcomplex F¥, . As a consequence,
we have grf, Higp(U, f) = 0 for p < 0 (the expression in terms of the Kontsevich
complex only yields vanishing for p < —1).

Such a theorem was already envisioned by Deligne in 1984 (see [10]) in the case
where dimU = 1.

As in the case of the Hodge filtration on Hyg (U) and Hig (U), the irregular Hodge
filtration behaves well with respect to the nondegenerate pairing of Theorem 3.15(2).
If (H, F*) is a filtered finite dimensional C-vector space (with a filtration indexed by
pe—-A+Z C Q), we denote by gr%. H the quotient space FPH/F>PH, where “>p” is
the successor of p in —A 4+ Z. We define a filtration on the dual space HY by setting
FP(HY) = (F>"PH)* (orthogonality taken with respect to the tautological pairing
H @ HY — C). It follows that gr%(H") ~ (grz"H)". On the other hand, we define
the Tate twist, for n € Z, by the formula

(H,F*)(n) := (H,F*™"),
so that, for each p, we have gri.(H(n)) = gr% " (H).

Theorem 3.21 ([84, Th.2.2]). The de Rham duality pairing of Theorem 3.15(2) induces
an isomorphism of filtered vector spaces (indexed by —A +7Z C Q):

( ER,C(U’ f)’ F‘l.rr) = (HCQIII%{_T(U7 _f)? E;r)v(d)7
so that, for each p € —A + Z, we have a nondegenerate pairing

o, Hin(U, ) @ & P (U, f) — C.
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From Remark 3.20 we deduce that grf, Higp(U,f) = 0 for p ¢ [0,d]NQ, and a
Hag (U, f)-

Some examples. The Thom-Sebastiani property allows for simple computations: set
for example U = GY and f = z1 + --- + z4; then Hiz (G, f) = 0 for r # d
and dim H4, (G4, f) = 1 with irregular Hodge filtration jumping at d only (see [21,
(A.23)]).

On the other hand, it can happen that the jumping indices of the irregular Hodge
filtration of Hjy (U, f) are integers and, even more, that H] (U, f) is isomorphic to
the cohomology of some algebraic variety in such a way that the irregular Hodge
filtration of HJy (U, f) corresponds to that of the canonical mixed Hodge structure
on the latter cohomology. In such a case, the computation of the irregular Hodge
numbers can be easier than a direct computation of the Hodge numbers of this mixed
Hodge structure.

For example, if U = AL x V and f =t g, where g : V — Al is a regular function,
then Hjg (U, f) ~ Hgg?c(gfl(O)) and the irregular Hodge filtration of the left-hand
side corresponds to the Hodge filtration of the mixed Hodge structure on the right-
hand side Tate-twisted by —1 (see [21, Ex. A.27]).

If g is defined by means of Thom-Sebastiani sums, the computation can be sim-
plified. Let us mention one remarkable computation obtained in this way by Y. Qin
[67], extending that made in [21].

Let k£ be an integer > 1 and let us consider the case of the k-fold Thom-Sebastiani
sum gi : V¥ — Al of a regular function g : V. — Al—i.e., for (z1,...,24) €V,

similar property for gr,

irr

ge(x1, ... xp) = Zle g(z;)—and the corresponding hypersurface
Hi(g) = {gr =0} C V™.

The symmetric group & acts on V¥ and preserves Hy(g), and we are interested
in computing the Hodge numbers of the isotypical component Hj, (Hx(9), gx)? with
respect to the signature character o of Gy.

Y. Qin considered, as in [21], the case of the function

g:an—>A1

(Y1, Ya) ’—>y1+"'+yd+;-
Y1 Yd
In Arithmetic, the function g is at the source of the generalized Kloosterman sums, and
in Mirror symmetry it plays the role of the mirror of P?. There is a supplementary
action of the group ps = {£1} on Hy(g) induced by (yi1,...,yd) — £(y1,-..,Yd),
and we are interested in the invariant part with respect to this action. We denote by
X : 6k X s — {£1} C C* the corresponding character o-Id. Y. Qin has given a closed
formula for the Hodge numbers of the (dk+1)-pure part of HI*~1 (3, (g))x(—l), which
extends one obtained in [21] when d = 1, both proved by means of computation of
irregular Hodge numbers.
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Theorem 3.22 (Y.Qin). Assume that ged(k,d+1) = 1. Then, for p < dk/2, the Hodge
numbers hP*+1=P of the Tate-twisted Hodge structure gr%H [Hgk_l(ﬂfk(g))x(—l)]
are the coefficients of tPa* in the power series expansion of
(1 — ¢yt
(1 -t —2)(1 —tx) - (1 — tdz)’
and for p > dk/2, they are obtained by duality hP-@*+1=P = pdk+1-pp

The weight filtration. On the de Rham cohomology spaces Hjp (U), the weight filtra-
tion is induced by a filtration of the de Rham complexes: for a logarithmic form (of
some degree), the weight is the number of components of D along which the form
as a pole. On the other hand, the weight filtration on HJj, (U, f) cannot be defined
as simply as in the case where f = 0 since the pole set P disturbs the notion of
pole of a logarithmic form. We define it in a different way, that can also be used
in the case where f = 0. As in the topological setting, we make use of the theory
of mixed Hodge modules [72] and we compute Hijg (U, f) and Hjg (U, f) by means
of the de Rham complex of the regular holonomic D gi-modules M corresponding to
the perverse complexes "R™~4f, ("Qy) and "R"~¢f,("Qp) respectively. Given such a
module M, that we regard as a quasi-coherent Oy-module with a connection V, one
shows that the twisted de Rham complex

YA on oy

has nonzero cohomology in degree 1, only giving rise to an exact functor
M —s Hig (A", () ® M,V +dt))

from regular holonomic D i-modules to C-vector spaces. When M underlies a mixed
Hodge module, it is endowed with a weight filtration W, M by regular holonomic
submodules, and we set

W.Hig (A", (% ® M,d+dt)) = Hig (A", (% @ WM, d + dt)),

in a way similar to the topological case. In this way, we obtain a weight filtration for
Hir (U, f) and Hig (U, f). Let us emphasize that, in general, contrary to the example
above, (I, W,) do not form a mired Hodge structure of H"(U, f) or Hjg (U, f).

irr»

4. Monodromy properties of a pair (U, f)

While the purpose of Section 3 was to extend as much as possible cohomological
properties of U (i.e., pairs, (U, 0)) to such properties for any pair (U, f), we consider
in this section properties that do not exist (i.e., are trivial) when f = 0, and which are
related to monodromy. A non trivial monodromy operator may occur around each
critical fiber, that is, a fiber of f above a typical or atypical critical value, i.e., any
point of the bifurcation set B(f) (see Theorem 2.1), and it also may occur around
the “fiber at infinity”. However, mimicking now the local properties of critical points,
we aim at defining a global vanishing space with monodromy that takes into account
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all critical values at the same time, including oo, so that it is not just the direct
sum over all (typical or atypical) critical values of f at finite distance. Furthermore,
when considering complex coefficients, we will produce an algebraic formula for these
vanishing cycles, similar in spirit to the expression discovered by Brieskorn in the case
of an isolated singularity of hypersurface, in terms of the Gauss-Manin system and
the Brieskorn lattice. This algebraic formula is obtained via the consideration of the
twisted de Rham complex with parameter.

4.1. Monodromy on global vanishing cycles attached to (U, f). From the
initial description of the global vanishing cycle space H"(U, f; A) = H"(U, f~1(p); A)
for p > 0 in Section 3.1, one obtains that this space carries a monodromy operator
produced by rotating the fiber f~1(p), that is, by considering the locally constant sheaf
on the circle S! with stalk at e’ equal to H"(U, f~*(pet?); A) (recall the choice 3.1).
This description does neither make clear the relation with the Poincaré-Verdier duality
pairing of Proposition 3.11 nor with the supplementary structure that is produced on
this locally constant sheaf by the critical values of f. We will thus give a family of
isomorphic descriptions of this space by rotating f and considering the rotation angle
as a new parameter of the description.

For any 6 € S*, let us consider the pair (U,e"% f) and its global vanishing cycle
spaces. Recalling that Ap is pictured in Figure 1, let us rotate it by setting

(11) AS> = |g|ei‘)£,, cStxA,

with projections p : E;‘X’ — 8! and ¢ : ﬁf"o — A,. Due to the choices 3.1, one
easily proves:

Lemma 4.1. There exists a semi-analytic Whitney stratification gp of Zp =
(Id x f)"'(AS>) € S' x X such that

(1) Z,:=(1d xf)_l(ﬁfoo) C S' x U is a union of strata,
2) and for each stratum S ofg the map po (Id xf =: S = S is a submersion.
(2) ps pp 5

Since the morphism (Zp,g) — (S1,7) is stratified with T having the only stra-
tum S!', and due to the JT-constructibility of the complexes Rf.A; , RfHA;,
Rf.Az,, RfiAz, (seee.g. [47, Th.10.2.6]), that is, the local constan,::y of their
cohomologies, it follows that the spaces H(f1(e?A,);A) ~ H7(U,e i f; A),
resp. H(f1(e'?A,); A) ~ HI(U,e *f; A), glue as a local system on S' when 6
varies. If we make use of the correspondence between local systems of A-modules
of finite type on S! and pairs consisting of an A-module of finite type together
with an automorphism, we are entitled to consider the previous local systems as the
“vanishing cycle spaces of (U, f) at infinity”.

Definition 4.2. The local system of global vanishing cycles of the pair (U, f) are the
local systems @7 (U, f) and @7, (U, f) with respective fibers H"(U, e 10f: A) and
HE(U,e 2 f; A) at § € S*.
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Remark 4.3.

(1) To any perverse complex F on Al with singular set C, one can associate sim-
ilarly a local system ®.(F) := pi(g~'F) on S' whose fiber at 6 is HO(e?A,; F).
Note that, applying the commutativity of Rp, with restriction to # and Proposition
3.4, the higher direct images R*p)(¢~1F) vanish for k > 1. One recovers ®7_(U, f),
resp. &)gO,C(U, f), by setting F = "R"~9f, Ay, resp. F = "R"~4f, Ap.

(2) By replacing A, by a small closed disc centered at ¢ € C, one defines similarly
the local system P?;bc.’f" .

These local systems can be nontrivial: when expressing these spaces in terms of
perverse sheaves F as in Corollary 3.6, what we are doing is to rotate the picture in
Figure 1 with respect to its center, and the support of a cohomology class Hg(ﬁp; F)
could intersect the open interval (/2,37 /2) at the boundary Ap, so that it does not
remain with compact support in eieﬁp for some 6.

The question that remains is to relate these global vanishing cycle spaces with
monodromy to the local ones with monodromy, as in Proposition 3.10. The new phe-
nomenon that occurs is that the terms of the filtration considered in Proposition 3.10
do not glue as local systems on S'. Let us explain why. When a € R is fixed and ¢
varies, some elements of e *?C may enter or leave the subset ﬁp N{Re(t) < a} so
that the dimension of the cohomology space

HO(A, N {Re(t) < a}; Fp),

with Fp = "R"=4(e7 f), (*PAp) or "R"~4 (e~ f),(PAry), changes at 6,.

We need to adapt the notion of filtration in order to take into account such a
phenomenon, which is very similar to that occurring in the asymptotic theory of dif-
ferential equations near an irregular singular point, as explained e.g. in [83] and [44].
We develop in the Section 4.3 the general framework of such Stokes-filtered local sys-
tems, that we will first introduce in the case of a pair (U, f). Let us emphasize that,
instead of indexing the filtration by R with its natural order, we index the filtration
by C' that we equip with a partial order depending on 6.

4.2. The Stokes filtration attached to a pair (U, f). Let (U, f) be as in Section 3.
We recognize in the expressions of Corollary 3.6 for H"(U, f) and H%(U, f) the fiber
at O = 7 of ®oo(F) with the perverse sheaf F being respectively "R™f, (*Ay) and
"R™4f,(*Ay) (see Remark 4.3). We will define the Stokes filtration on ®7_(U, f) and
EIZQO,C(U, f) by means of such an identification. We thus treat the general case of an
A-perverse sheaf F on Al with critical set C'. For the application to the pair (U, f),
one can use expressions similar to those of Lemma 3.3, but for proving the Stokes
properties, it is easier to work on Al with a perverse sheaf F, as we did in Proposition
3.10.
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To a perverse sheaf F of A-modules on Al with singular set C we will attach a family
indexed by ¢ € C' of nested subsheaves® @ (F)<. C Poo(F)<. of the local system
&)m(ﬁ"). We intend that this family of subsheaves satisfies the properties defining a
Stokes filtration that will be analyzed with more details in the next section.

Let us first define a partial order on C' depending on § € S* by the formula

(12) d<ge if d=corcd #cand arg(cd’ —c) € 0+ (7/2,37/2) mod 2,

and ¢’ <y cmeans ¢’ #cand ¢’ <y c. For example, if =0, ¢/ <¢ ¢ means Re(¢’—¢) <0.
The subsheaves @, (F) <. C Poo(F)<. should satisfy the following properties:

(1) for each 6 € S*, the germs of ®o (F) o, <T>Oo(3")<C at 0 satisfy
d<pe = Poo(F)ae o C Poo(F)<cp;

(2) each quotient sheaf gr,® o (F) := P (’J")gc/@m(ff)@ is a locally constant sheaf
of A-modules;

(3) for any 6 and any ¢ € C, there exists an isomorphism (possibly depending
on 6) of germs at 6: ‘500(9)@,0 ~ @c,ggcgrc,iw(?)e, in a way compatible with the
inclusions in Item 1.

These nested subsheaves are obtained from the following geometric construction.
For each 0 € S*, we set ﬁpﬂ = eieﬁp, and for each ¢ € C', we define two nested open
subsets ﬁ;(é C Eig of ﬁp as pictured in Figure 2:

. 3;5 is the intersection of ﬁp’e with the open half-plane having the line passing
through ¢ and of direction 6 + 7/2 as boundary, and which contains the point of
argument ¢ + 7 on 83,))9;

. Ei; is the union of E;g and chg.

Of course, this definition can be made for any c in the interior of A,, but only ¢ € C
will matter. From now on, we denote by ﬁ;c and E;c the union over 8 € S! of these
subsets. We have a diagram

AsecAsec St x A, —1sA,
d
Sl
N We set F = g~ 'F. Correspondingly, we consider the pair of nested subsheaves of
D (F):

Poc(F)<e = 21(Fase) C Poc(F)<e = mi(Fzze) C Poc(F) = pi(Fzz),

where we recall that F X << denotes the extension by zero of the sheaf-theoretic restric-
tion %\ZQ (if ¢ ¢ C, we have ®oo(F)ee = &)OO(S")@). We note that (by using base

(1) These subsheaves are not local systems.
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A <c A <c
Ap, 0 A/L 0

0+

FIiGURE 2.

change under a proper morphism) the derived pushforwards
ij!(g"gsc) and ijl(g'zgc)

are zero for j # 0 (see the proof of Proposition 4.6). We also note that

Foo(T)ce = P(Azze ® Boc(T)), oo(F)ce = p(Azze ® Do (7)),

Proposition 4.4. The family of pairs of nested subsheaves

(500(35)<07 CDOO(SF)<C)c€C

of the local system Boo (F) satisfy the properties 1-3 of a Stokes filtration and moreover
we have an identification gr @ (F) ~ »¢ F for each c € C.

(See Remark 4.3(2) for the definition of »¢,F.)

Proof. We start with Item 2 gf the~deﬁniti~on of a Stokes filtration, and we compute
the sheaf gr, @ (F). We set A, = A5 A5¢. (See Figure 3.)

o
&;ﬂ A(J,G

Ficure 3. Stalks of K'E and A, at 0

From the exact sequence of sheaves

0—Ar, .. — Ar, ., — Ax, — O

p,<c p,<c Al

we deduce that gr,® o (F) ~ pi (g"ﬁ, ). An easy computation on the stalks together with
the vanishing lemma 3.5 shows that pI(AZC\Z/ ® 5’) = 0, leading to the isomorphism
ar ®o (F) ~ v, 7.
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For Item 1, one notices that, for ¢’ # ¢, the inequality ¢’ <y ¢ is equivalent to the
inclusion A, <6 C Ay <c,9- Since proper pushforward commutes with base change,
the exact sequence

(13) 00— AAp,gc/ — AA — AAp,<c\Ap,<c’ — 0

p,<c

together with Lemma 3.5, leads to the exact sequence (with an obvious notation)
(14) 0 — Poo(Fcers — Poo(F)cep — Poo(F)ercoces — 0,

hence the filtration property.
Verification of Item 3 follows by induction on ¢ with respect to the order at §. [

Remark 4.5 (Stokes filtration of a strongly perverse sheaf). Assume that F is strongly
perverse (see Section 2.2). Then each PA(}SCS'” is a local system of free A-modules of finite
rank by Lemma 2.2, and thus so is @ (F). Furthermore, ®(F). and &)oo(ff)gc are
torsion-free.

4.3. The notion of a Stokes-filtered local system. We develop the general prop-
erties of a Stokes filtration, that we can apply to that attached to H"(U, f/u; A) and
HL(U, f/u; A).

The notion of a Stokes filtration as considered here has been introduced by Deligne
[9]; in [44, Chap. XII], Malgrange explains it in the framework of differential equa-
tions. See also [63] for a more expanded version.

Stokes filtration. This section takes up [31, §§2 & 3|, with the difference that we work
over the ring A and we do not make use of complex conjugation, which has to be read
here as the identity in loc. cit.

We fix a finite set C' C Al. Recall the partial order (12) on C. For each pair
¢’ # c € C, there are exactly two values of 6 mod 2, say 0., and ¢, ., such that c
and ¢’ are not comparable at 0, namely 6. . = arg(c — ¢’) — 7/2 and 0. = bccr + .
These values are called the Stokes arguments (or directions) of the pair (¢, ¢’). For
any 6 in one component of S'\ {0, ./, 07 .}, we have ¢ <y ¢, and the reverse inequality
for any ¢ in the other component. We denote these open intervals in S* by S!__, and
SY .. respectively.

Let . be a sheaf of A-modules on S' and, for each ¢ € C, let L. C L<. C &L
be of a pair of nested subsheaves of A-modules. We set gr. = Z¢./L<. and
gr = @.cc gr.L. We say that gr underlies a graded Stokes-filtered local system
if each gr,.Z is a locally constant sheaf of A-modules. The graded Stokes filtration
on gr.Z is the family of pairs (gr2)<. C (gr-%)<c C gr-Z of nested subsheaves of
A-modules defined by (see Notation 1.1(2))

(15) @L)= @ @Dy (L) = (@L) OB L.
Definition 4.6 (Stokes filtration and Stokes-filtered local system)
A Stokes filtration indexed by C on a sheaf £ of A-modules consists of a family

of pairs L. C L¢. C £ of nested subsheaves of A-modules such that
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(1) for each 6 € S1, the germs of L., L. at 0 satisfy
c<p = ggcyg C $<C/’9;

(2) each quotient sheaf gr,.¥ = L./ ZL<. is a locally constant sheaf of A-modules;

(3) in the neighborhood of each § € S!, there exists an isomorphism .¥ ~ gr.¥
compatible with the family of nested subsheaves, where gr.Z is equipped with that
defined by (15).

We denote these data as a pair ((£,.%,), which is called a Stokes-filtered local
system indexed by C, and the family (L., L<c)cec a Stokes filtration of .£. Indeed,
as a consequence of Items 2 and 3, .Z is a locally constant sheaf of A-modules.

If C17 D C is a finite subset containing C', one can naturally extend the Stokes
filtration .Z, indexed by C to one indexed by C in such a way that, for any ¢ € C;\C,
the local system gr..Z is zero.

A morphism A : (&£, %) — (&', .Z)) of Stokes-filtered local systems is a morphism
of local systems compatible with the families of nested subsheaves (due to the remark
above, one can assume that both Stokes filtrations are indexed by the same set C).

Let us state the main properties of Stokes-filtered local systems that we use. By a
C-good open interval I C S, we mean an open interval containing ezactly one Stokes
argument for each pair ¢ # ¢’ in C. Such an interval is thus of length > m. As
an example of a C-good open interval we can take the image in S' of an interval
(0, — €,0, + 7w + ¢€), for , arbitrary and € > 0 small enough, and one can enlarge
it by pushing on the left and on the right the boundary points to the next Stokes
arguments.

Proposition 4.7 (see [43, §5] and [63, Chap.3]). Let (£,%,) be a Stokes-filtered local
system indexed by C.

(1) On any C-good open interval I C S*, there ewists a unique splitting A1 ~
@D. gr.ZL; compatible with the Stokes filtrations.

(2) Let X : (L, %) = (£, %)) be a morphism of Stokes-filtered local systems
indexed by C. Then, for any C-good open interval I C S', the morphism Alr s
graded with respect to the splittings in (1).

(3) The category of Stokes-filtered local systems (£, %,) is abelian.

Sketch of proof. Let us start with Item 1. Let I # S' be any strict open interval in S*
and assume that a splitting of .Z|; exists, that is, a morphism X : @_gr..Z|r — Z|;
compatible with the Stokes filtrations and whose associated graded morphism is the
identity. Let us set C' = {c1,...,¢,} and let \; : gr. Z|; — ZL<.,|r be the restriction
of A to gr. Z|;. Another lifting can be obtained as follows. For j € {1,...,n} we
denote j <j i if ¢; <g ¢; for any 0 € I. For any i, j with j <; i, let ¢j; : gr, Z|r —
gre,<Z|r be any morphism of (constant) local systems of A-modules. Then X with
restriction for each i given by Xz =N+> j<ri N OV defines another splitting on I,
and any other splitting on [ is obtained like this. The condition j <; ¢ implies that



32 C. SABBAH

there is no Stokes argument for the pair (¢;,¢;) in I. It follows that, if I contains one
Stokes argument for each pair (¢;, ¢;), a splitting on I, if it exists, is unique.

We now show that a splitting exists on any interval I which satisfies:
(*) I contains at most one Stokes argument for each pair ¢ # ¢ € C.
The proof is by induction on the number of such Stokes arguments in I. One first
notes that if a splitting exists on I, it can be extended to any J D I provided that J
contains the same Stokes argument as I does. Furthermore, the case of one Stokes
argument follows from Item 3 of Definition 4.6. Assume then that a splitting A exists
on [ satisfying (x) with a boundary point being a Stokes argument 0 such that, if I’
is a small open neighbourhood of 8, I U I’ still satisfies (*x). We will prove that a
splitting exists on I U I’. Let X be a splitting of .%, on I’ and set J =INT'.

Given any 7 and any j <; i, we can find 7;;, n;i Dgr., Ly — grcjiﬂu such that

Nl =Xils+ D Nlsem and  Xily =Xl + D Nl onf.
j<gt j<gt

If j <jiand j £ i, then we must have j < i. We can write

Nlo= 3 Nlremgi = XNils+ Y Als o

i<yt J<it

The right-hand side is a new splitting on I. In the left-hand side, we use the equality
Ajlronji = Nyomji+> 2y ALlromy;onj; and we find a new splitting on the left-hand
side (but possibly not on the right-hand side)

Nl — Z (A;‘Jonji‘F Z /\;C|Jo77;qjo77ji)
I<pt k<prj
=Nls+ <)\le onji— Y Al omiy Oﬂji>~

J<ri k<rj
By iterating this process, we get new splittings both on I’ and I that coincide on J,
defining thus a splitting on T U I’.

For Ttem 2, we can assume that (.Z,.%,)|; and &', .Z!)|; are graded, according to
Item 1, and write A = (Aj;) with Aj; : gr, Z|r — gr., 2”1 being constant and zero
at any 6 € I such that c; <g ¢;. Since such a 0 exists by assumption on I for any pair
¢ # ¢j, it follows that A|; is diagonal. Then, Item 3 follows easily. O

Corollary 4.8. Let )\ : (£, %) — (£, %)) be a morphism of Stokes-filtered A-local
systems indexed by C. Assume that \ : £ — £’ is an isomorphism. Then X\ is an
isomorphism of Stokes-filtered A-local systems.

Proof. By Proposition 4.7(2), A is graded on each good interval, hence each gr A is
also an isomorphism. The assertion follows from Property 4.6(3). O

Stokes data. In the same way that the datum of a local system % on S* is equivalent,
when fixing a base point 6, € S!, to the data of the A-module .%_ together with an
automorphism Ty, , we can represent in an equivalent way a Stokes-filtered local system
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on S' by a set of linear data, called the Stokes data. Below, by an increasing filtration
of an A-module L, we mean a finite exhaustive increasing filtration F, L indexed by Z
by A-submodules, i.e., such that Fi,L =0 for £k < 0 and FyL = L for k> 0. Similar
convention for a decreasing filtration.

Definition 4.9 (Stokes data). By Stokes data we mean the data of

« a pair of A-modules L,, L},

« an increasing filtration F,L,, and a decreasing filtration F*L,

« a pair of isomorphisms S : L, — L/ (called the Stokes isomorphisms),
subject to the following condition:

« The image increasing filtration S (F,L,) is opposite to the decreasing filtration
F*L’, and the image decreasing filtration (S, )~!(F*L.) is opposite to the increasing
filtration F,L,.

Recall that, for an A-module F, an increasing filtration F,FE is opposite to a de-
creasing filtration G* F if any of the equivalent properties is satisfied:

. foreach k € Z, E = F,E ® G* I,
« the A-module E decomposes as E = @, (FyxE N GFE) and the filtrations are
those obtained from this grading.

We now attach Stokes data to a Stokes-filtered local system (%, .%,). In order to
do so, we choose 8, general, that is, not a Stokes argument, and we set 0/ = 0, + 7.
The Stokes data associated to ((Z,-%.),0,) consist of

» the A-modules %, , Zp, (the stalks of . at 0,,0;),
« the Stokes isomorphisms S;; : S, + b, l)fg(/] defined as follows: setting

It =0,—¢0 +¢), I"=(, —¢0,+¢), and LT =T(I+,2),
and considering the diagram of restriction isomorphisms
;LT
ay \aj
Lo %

A

o

we define
Sy =aa}! N
- R Ly .
Sy, =a_a” °
« In order to define the filtrations, we write C' = {¢1, ..., ¢, } where the numbering

!/
o

respects the order at 6,, and thus the reverse order at .. By Proposition 4.7, there

exist unique decompositions

L'=®G,, L-=@a,
i=1 i
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from which we deduce decompositions

n n
(16) Ly, =D Geyp,, Lo =@DGe, 0,

i=1 i=1
pushed by a’_, resp. a_, from the decompositions of LT, resp. L~. With respect to
these decompositions, a:1a+ is compatible with the associated increasing filtrations,
’_1a; is compatible with the associated decreasing filtrations, and their as-
sociated graded morphisms are isomorphisms. It follows that, with respect to the
decompositions (16), S;ro preserves the increasing filtrations, while S, preserves the
decreasing filtrations. The oppositeness condition is thus clearly satisfied.

while a

Remark 4.10. Stoke data allows one to recover in an equivalent way the Stokes-filtered
local system (.Z,.%,). For example, the monodromy Ty, : L5, — L5, is given by
Ty, = (S(;O)_lsgz

4.4. Pairings and Stokes matrices. The pairing (7) can be regarded as the fiber
at @ = 1 of a pairing of local systems

(17) (U, f) @ ®X (U, ~ f) — Agn,

for each r, where Ag: is seen as R%¥p Ag1 .y and p is the projection S* x U — S, In
a way similar to that of Proposition 3.11, we obtain:

Proposition 4.11. If A is a field, for each r the pairing (17) is nondegenerate.

Proof. One can apply Proposition 3.11 for each e~ f, by using that Rp, commutes
with restriction to 6. O

The main result of this section is:
Theorem 4.12. The pairing (17) is compatible with the Stokes filtrations.

We first explain the notion of compatibility and give some consequences.

Pairings of Stokes-filtered local systems. As usual for pairings between filtered objects
with values in the constant sheaf with trivial filtration jumping only at zero, we pair a
term of index a with a term of index —a. In the case of Stokes-filtered local systems,
we pair an object indexed by C' with an object indexed by —C.

In order to implement the change of C' into —C, we consider the involution ¢ : 6 —
6+ on St (this is reminiscent of the sign occurring in Theorem 3.15(2)). If (&, &/)
is indexed by C, one naturally defines the Stokes-filtered local system (~!(.&’, £/)
indexed by —C': the underlying local system is :=!.%" (isomorphic to .#”) and the
Stokes filtration is (:7'%" )< = t7'(£L,). The corresponding Stokes data, are
obtained by exchanging 6, and 0/ and inverting the Stokes isomorphisms. For any
ceC,wehavegr_ (717" =1"tgr, &L ~gr. ..

Assume that we are given Stokes-filtered local systems (.Z,.%,) and (.£’, %)) in-
dexed by C and a pairing between the local systems %, 1~ 1.%":

P:$®AL_1XI—>A51.
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We say that this pairing is compatible with the Stokes filtrations (or is a pairing of
Stokes-filtered local systems) if, for any ¢ € C, P induces the zero morphism on

Lee®@a (TN e and ZLee @4 (7L )< e
It follows that P induces, for each ¢ € C, a pairing
(18) Po:gr.? @t tgr, " — Agi.

In order to conveniently deal with duality, we now assume that either A is a field
(e.g. Q,C) or A =Z and the Stokes-filtered local systems we consider are torsion-free
of finite rank in the sense that each gr..Z (hence also L) A-free of finite rank.

The notion of a dual Stokes-filtered local system (£, .%,)" is naturally defined: the
underlying local system is the dual local system .V := Hom 4 (£, A); the Stokes filtra-
tion is indexed by —C' and is defined by (L)<_. = (L<c)"; it satisfies gr_ (L) ~
(gr.Z)Y. It is then clear that the conditions for a Stokes filtration are fulfilled.

The Stokes-filtered local system (~1(£’, .#/)" is thus indexed by C and it natu-
ral to consider it as the suitable dual object of (£’,.%£/). A pairing P as above is
then nothing but a morphism (%, .%,) — = 1(¥’, £/)" compatible with the Stokes
filtrations.

The Stokes filtration associated to t~1.Z"" gives rise to the Stokes data and decom-
positions

n , n y bt bt
(G% oo, @B Geio, So, 500>
1= 1=
(see [31, §3]).
The data of the pairing P translates into the data of a pair of morphisms

n n n n
! !/
Pao,eg : @ GCi,eo — @ GCX,GQ’ Pegueo : @ Gcifeé — @ Gc\i/ueo
i=1 i=1 =1 i=1

which, due to the compatibility with the Stokes filtrations, are block-diagonal, with
blocks P(GZO) o7 > Pél,) 9,» according to Proposition 4.7(2), and which satisfy

tqt +  tqT —
SGO [¢] P@mgé = Pg(/ﬂgo (¢] SGO’ SGO [¢] Pgmgé = Pg(/ﬂgo (e] SGO'
In other words, Py, ¢/, resp. Po: g,, is the direct sum of pairings

Péi,),eg, G, @ GL g0 —> A, Tesp. P(?,eo 2Ge o @G, 5 — A,
which satisfy, for g € %, = @;_ Ge, 0, and ¢’ € L5 =B, Ge, 0,
Po,.0,(9,S5.9") = Po:.0,(Sg.9,9")

and a similar equality with Sy . This defines a pairing P;’o between %5, and £
by the formula

g€ @?:1 GC117907

P (9,9") == Po,.0,(9,55.9") = Po.6,(55 9.9"), @ @
9 € Di=1 G0,
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We similarly have a pairing P, between £p, and féo by replacing SOt with S, in
the above formulas. Since S, = S;; Tp, , we find

Po(9.9') = Pyl (To,9,9") = Pyt (9. Tu,9).-

Definition 4.13 (Seifert pairing). If ¥ = ¥’ we call the pairing P;)t the Seifert pairing
associated with the pairing P: Z ® 171 — Ag1.

Lemma 4.14. The following properties are equivalent for a pairing P compatible with
the Stokes filtrations:

(1) P induces an isomorphism (£, %L.,) — =Y (&', L))",

(2) P induces an isomorphism & — £V,

(3) for each c € C, P.:gr,. @ 1 tgr,.¢" — Ag1 is nondegenerate.

Proof. The equivalence of Items 1 and 2 follows from Corollary 4.8. For that of Items 2
and 3, one uses that, on any good open interval I, the morphism P|; : Z|; — = 1.2"|;
is graded. O

The following proposition gives an interpretation of the matrix of the Stokes iso-
morphism Set in terms of matrix of the pairing P;ro, called the Seifert matriz when

Zz=Z"

Proposition 4.15. Assume that P 1 £ @ 7 1.%" — Ag, is nondegenerate. For each

i=1,...,n, let e;, €] be A-bases of G, s,,G". 5 in which the matriz of P(ei) g 18 the
identity. Then the Seifert matriz of P;ro in the basis e=@D, e; is equal to the Stokes
matriz of Sg; in the bases e, €. O

Pairings of perverse sheaves on Al. Let F,F" be A-perverse sheaves on Al and let
Q: FeLF — Au (2] be a pairing (an A-bilinear morphism in DR (A )). Giving Q is
equivalent to giving a morphism ¥ — DJF’ in D2 (Aa ), where DJF’ is the Poincaré-
Verdier dual of . We say that Q is nondegenerate if the latter morphism is an
isomorphism. If a nondegenerate pairing exists on &, then DF’ is also perverse, and
so ¥ (and similarly F) is strongly perverse (see Section 2.2).

We now explain how such a pairing Q induces a pairing between the Stokes-filtered
local system associated to F and F’ by Proposition 4.4, from which we keep the
notation. Any pairing Q defines, by pullback, a pairing FoF — Agiyat[2], where
F = g 'F and g: S' x Al = Al is the projection.

Let 7= x1Id: S* x Al — S x Al be the involution induced by ¢. Then there
exists a natural morphism

Agfoc ® AZ/(AEOQ) — AZE”"mr(ZE°°)7 1&;00 & 17(55&) — lﬁfoorﬁ(zfoo).
The intersection ﬁf"o ﬂ’[(ﬁfoo) is the product of S by the open disc Ap. Together
with Q, we can thus consider the pairing

Q: (Axsw ©F) OF (Ayzzm) ©F) — Agi,a 12,
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and, by applying Rp, and taking cohomology in degree zero, the pairing
P: & (F) @110 (F) — Agr.

Replacing ﬁfoo with A, in the formulas above, we obtain similarly for each c € C a
pairing
Pe: 70 (F) @1 g (F) — Agn.

Proposition 4.16. For A-perverse sheaves F,F' with a pairing Q,

(1) the pairing P : ®oo(F) @ 1 ®ue (F') — Ag1 is compatible with the Stokes filtra-
tions, and the induced pairing (18) is equal to P. defined above;

(2) If P. is nondegenerate for each ¢ € C, then each ¢, (F),?¢.(F'), and thus
&)00(3"), &)OO(‘J”), are A-free, and P is nondegenerate;

(3) if Q is nondegenerate, then F and F' are strongly perverse, &)oo(ff), 500(3”) and
each »p.(F),?d.(F) are A-free, P and each P, are nondegenerate.

Proof. For the first point, we have to show that, for each ¢, 8, the pairing P induces
zero on Do (F)<e,0 @ Poo(F')<c,or and on oo (F)cro @ Poo(F)<c,or- But this is clear
since, in the first case for example,

~ ~ i6 .
« we can compute @ (F) < ¢ with the set A;gfse , according to Lemma 3.5,

~ ~ . i0 .
- the sets A5 and AS6" do not intersect.

The identification of both definitions of P, are then clear.
The second and third points are consequences of the results already obtained. [

Proof of Theorem 4.12. We apply Proposition 4.16 to § = "R"~?f,*Ay and F' =
"R firAy;, and we identify the Stokes-filtered local systems

L_I(E)OO(?I% &)OO(SH)O) = ((’I;ig,_cr(Uv _f)v (T)gg,_cr(UJ _f).)- O

4.5. The twisted de Rham complex with an algebraic parameter. We revisit
the results of Section 3.3 by introducing a rescaling parameter for the function f.
We thus consider the rescaling f ~» f/u. In contrast with the definition of &)M(U, ),
we do not restrict to |u| = 1 but consider u € Gy, so that we can analyze the
behavior at the limit v = 0. We will also consider in the next subsection a formal
parametrization by C((u)). The purpose is to obtain in an algebraic (or formal) way
some expressions related to the monodromy operators occurring Section 4.2.

The twisted de Rham complex with parameter in Gy,. In algebraic terms, we consider
the twisted de Rham complex

(Q;][uvu_l]’d +df/u),

where the sections of Qf [u, u™1] := QF ®cClu, u~1] are Laurent polynomials in u with
coefficients being sections of Q’f], and the differential d only concerns the variables
in U. In other words, the notation d + df/u is a shorthand for d ® Id +df ® u~".
As a consequence, the twisted de Rham complex is a complex of C[u,u~1]-modules,
and its cohomologies Hij (U, f/u) consist of Clu, u™!]-modules.
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On the other hand, we make the differential operator d, acts on each term of this
complex by setting

duweu)) =twut — fo@u2

This operator commutes with the differential (this is easily checked if one interprets
d+df/u as e //vodoel/" and the above action of 9, as that e=//% 0 9, oef/“).
It induces therefore a differential operator on each cohomology module Hiy (U, f/u).
The structure of these cohomology modules are described by the next theorem.

Theorem 4.17. For eachr, the Clu,u™*]-module Hig (U, f/u) is free of finite rank equal
to dime Hg (U, f), and the action of 0, defines on it an algebraic connection with a
reqular singularity at uw = 0o and a possibly irreqular singularity at v = 0.

Sketch of proof. Setting v = wu~!, it is convenient to first consider the complex
(Qp[v],d + vdf), which also comes equipped with an action of 9, defined as
e % 09, 0e"/. Then H,z(U,vf) is a Clv]-module equipped with a compatible
action of 9,, i.e., a module over the Weyl algebra C[v](9,) of differential operators
with polynomial coefficients in the variable v. Let us regard v as the derivation 0y
with respect to the variable t = —0,. Regarded as a C[t](0;)-module, Hj, (U, vf) is
interpreted as the (d —r)-Gauss-Manin system attached to f. The regularity theorem
of Griffiths implies that it has a regular singularity at any of its singularity c¢ € Al
and also at infinity. A standard theorem of differential equations implies that the
C[v](0y)-module H] (U, vf), regarded as the Laplace transform of a C[t](9;)-module
with regular singularities, has a regular singularity at v = 0, an possibly irregular
one at v = oo, and no other singularity. The statement of the theorem is obtained
by tensoring Hiy (U, vf) with Clu,u™!] = C[v™!,v] over C[v]. The assertion on the
rank is obtained by identifying the restriction to u = 1 of the free C[u,u*]-module
Hyg (U, f /u) with Hi (U, £). O

Remark 4.18 (Comparison with the topological data). The sheaf of horizontal sections

ker [0, : Hyg (U, f/u)* — Hig (U, f/u)™]

12

is locally constant on C* with stalk isomorphic to the C-vector space Hjjy (U, f)
H" (U, f;C). When restricting to |u| = 1, we recover the local system ®_(U, f) :=
Do ("R™f,Cy) considered in Section 4.1.

Furthermore, the asymptotic analysis of the meromorphic connection

(HSR(Uv f/u)anv 8u)

near u = 0 provides Stokes data, that can be expressed as a Stokes-filtered local
system with underlying local system being that considered above. This Stokes-filtered
local system can be identified with that considered in Section 4.2 (see [44, Chap. XII]
and [7]).
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Duality pairing. The theory of D-modules enables one to define the cohomology with
compact support Hjg (U, f/u) as a Clu, u™']-module with an action of 9, together
with a nondegenerate pairing

Hag (U, f/4) @cpuu-1 Wi (U, —f/u) — Hag (U)[u,u™"] = Clu,u™"].

We will however produce such cohomology modules with compact support and such
pairings with concrete de Rham complexes by adding a parameter u in those consid-
ered in Theorem 3.15 (see [66, Th. B]).

Theorem 4.19.

(1) Restriction to U induces isomorphisms of Clu,u™1]-modules with a compatible
action of 0y, for all r € N:

Hig (U, f/u) = B (X, (Qf[u,u™"],d +df /u)),
ar,c(U, f/u) = H" (X, (Q3(=D)[u,u™"],d + df /u)).
(2) For each r € N, the natural de Rham pairing
Hir (U, f/u) @ By (U, = f /) — B (X)[u, u™"] 2 Clu,u™]
is compatible with the action of 0,, and is nondegenerate.

As in Remark 3.16, the first statement also holds when replacing the Kontsevich
complexes with their restriction to X, that is:

Hig (U, f/u) = H" (X, (% (log H)[u,u™"],d + d fx /u)),
dr,o(Us f/u) = H' (X, (@ (log H)(—H)[u, u™"],d + d fx /u)).
The Brieskorn lattice and the Barannikov-Kontsevich theorem. We consider polyno-

mial coefficients instead of Laurent polynomials, and in order to take into account the
action of df /u, we consider the subcomplex

(u™*Qy [u],d +df /u) C (Qy[u,u™t],d 4+ df /u)

where the terms in degree k have a pole of order at most k. By multiplying the
degree k term by u* we obtain the isomorphic complex

(Q[u], ud + df)

It is natural to try to “set u = 0” in this complex and to compare the result with
the complex (£7,,df), which is a complex in the category of coherent Oy-modules

(19)

and whose cohomology sheaves are Ogy-coherent and supported on the critical set
of f. However, without any other assumption on f, none of these complexes present
finiteness properties. For example, if U = A! with coordinate ¢ and f = 0, then

H' (U, (Q}[u],ud + df)) ~ Coker(ud; : C[t,u] — C[t, u])

is identified with the C-vector space C[t] on which u acts by zero. Although one
could consider such objects with duality pairing as defined in [29, Th. 3.1], we will
instead consider the logarithmic expressions like in Theorem 4.19(1) or in (19). This
construction is analogous to that of the Brieskorn lattice in Singularity theory.
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Theorem 4.20 (The Brieskorn lattices, see [68, §8] and [66, Th. A])
(1) The Clu]-modules

H" (X, (2% (log H)[u], ud + d fx)),
H" (X, (2 (log H)(—H)l[u], ud + dfx))

are Clu]-free of finite rank, and equipped with an action of 0, having a pole of order
at most 2 at uw = 0, a reqular singularity at infinity and no other pole. After tensoring
by Clu,u™"] these free Clu]-modules, one recovers Hyg (U, f/u) and Hyg (U, f/u)
respectively.

(2) Furthermore, there is a natural perfect pairing compatible with the actions of Oy, :

H" (X, (% (log H)[u], ud + dfx))
®cp B (X, (% (log H)(—H)[u],ud — dfx)) — Clul.
(3) By restricting this pairing modulo uClu], we obtain a perfect pairing
H' (X, (% (log H),dfx)) @ H** (X, (% (log H)(—H), —dfx)) — C.

All these objects are independent of the choice of the good projectivization (X, f) of
(U, f)-

The freeness property of H" (X, (% (log H)[u],ud +dfx)) also follows from a vari-
ant of the Barannikov-Kontsevich theorem [60, §0.6]. The independence on the choice
of the good projectivization follows from [84] and [6, Prop. 2.3]. Let us also note that
one has a meromorphic (instead of logarithmic) expression of the Brieskorn lattice
(see [68, (8.12)]).

Sketch of proof. The results of [19] allow one to replace the logarithmic complexes
on X with the Kontsevich complexes on X, as in Theorem 4.19. In loc. cit., it is also
proved that the dimension of the cohomologies when restricted to any u, € C does
not depend on u,. This leads to the C[u]-freeness property. The duality property has
been considered in [6]. O

4.6. The case of a formal parameter. The approach of the previous section 4.5,
extending with an algebraic parameter u the results of Section 3.3, yields algebraic
expressions for differential equations (connections) whose horizontal sections provide
the global vanishing cycle sheaves 520(U,f;(C), %&7C(U, f;C) on S*. Furthermore,
from the classical theory of differential equations, one can recover algebraically each
vector space with monodromy

H'(f'(0); ¢y —c(RjCr)) and HL(fx'(c); dry—c(RACr))

by tensoring Hig (U, f/u), respectively Hig (U, f/u) with C[u] and extracting a suit-
able direct summand of them.
As f is possibly non proper, the vector spaces with monodromy

H'(f 7 (c);¢4-cCu) and H{(f7'(c); ¢s-cCuv)
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differ in general respectively from the latter.

Example 4.21. Let f € C[t] be a non-constant polynomial in one variable and let U

be the Zariski open set of Al complementary to {f’ = 0}, so that O(U) = C[t, 1/f].

Then *¢;_. Cy = 0 for any ¢ € C since f has no critical point in U, while the complex
6 _ /

c1/7) 2L et/

has cohomology in degree one only, of dimension deg f - #{f(¢) | f'(¢t) = 0}.

The question remains to give an algebraic formula for the latter spaces with mon-
odromy. This is the content of Theorem 4.23 below.

For a coherent Oy-module F, we set

Flu] :=Clu] @c F and Fu] = l&n(?[u]/ueff[u])
¢

The latter module is in general not equal to Clu] ®c F and for = € U we have a strict
inclusion Flu], € Fylu]: a germ of section of Flu] at € U consists of a formal
power series ) f,u™ where f, are sections of F defined on a fixed neighbourhood
of z, while for F;[u] we allow the neighbourhood to be shrunk when n — co. In par-
ticular, there is a natural morphism Cu] ®c F — F[u]. Letting C((v)) denote the
field of formal Laurent series, we then set F((u)) := Flu][u~'] = C((u)) ®cpug Flu]-
Taking cohomology does note commute in general with applying the functor ((u)).

Let us consider the formally twisted de Rham complex

(Q(u),d +df/u).
For each r > 0, the C((u))-vector space H" (U, (Q7,(u)),d +df/u)) is equipped with a

compatible action of 9,.

Example 4.22. Let us illustrate the difference between the C((u))-vector spaces
ISk (U, (Q(uw),d+ df/u)) and  C((u)) ®cpy,u-1] H" (U, (Qr[u, u_l], d+ df/u))
Let us take up the notation of Example 4.21. Then the formally twisted de Rham
complex
udy — f’
OU)(w) ———— O(U)((w)
has cohomology equal to zero. Indeed, let us show for example that the differential is
onto. This amounts to showing that, given ¢, ¥, +1,... in Clt,1/f'] (with k, € Z),
we can find g, 0k, +1,-.. in C[t,1/f'] such that
Vo = =" Ohos Vhot1 = 0Pk, = [ Pror1s - V1 = 0o — [ Ort1, -,

a system which can be solved inductively because f’ is invertible in C[t,1/f’].
On the other hand, the complex

Clt 1/ u ] 2 I e 1/ ), u ]

has cohomology in degree one only, and this cohomology is a free C[u,u~!]-module
of rank equal to deg f - #{f(¢) | f/(t) = 0}.
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In order to state the next theorem, let us introduce a notation. Let E be a finite
dimensional C-vector space equipped with an automorphism 7. Given a choice of a
logarithm of T, that is, writing T' = exp(—2miM) for some M : E — E, we denote by
RH!(E,T) the C((u)-vector space E((w)) equipped with the connection d + Mdu,/u.

P

Given ¢ € C, we set £~% = (C((u)),d + cdu/u?).

Theorem 4.23 (see [67, Th. 1]). Each hypercohomology C((u))-vector space

H" (U, (4 (w), d + df /u))

1s finite dimensional and, with respect to the action of 0,, it decomposes as the direct
sum of C((u))-vector spaces with a compatible action of 0,

G?CHT(U7 (Q(w),d+df/u)),

ce

such that, for each ¢ € C, the component (H" (U, (g (w)),d+df/u)),,du) is isomor-
phic to

E_C/u ®(C((u)) Eﬁ_l (Hr_d(f_l(c), p¢f_cp(CU), T).

Remark 4.24. The case of cohomology with compact support is not treated in [67]
nor in [62], but should be obtained in the same way. See however [73] for a similar
identification at the level of complexes.

4.7. Irregular mixed Hodge theory. We can consider the dependence of the
irregular Hodge filtration Fy;. \H(U, f/u) (o belonging to a finite subset A C QN[0, 1))
with respect to the rescaling parameter u from two distinct point of views:

(1) From the point of view of Hodge theory, we are led to prove Griffiths’ transver-
sality property when u varies in C* with respect to the connection (i.e., the action
of 9,,) and to understand the limit behavior when v — oo or u — 0.

(2) From the point of view of Singularity theory, we emphasize the Brieskorn lattice
as a free Clu]-module and we produce the family of irregular Hodge filtrations directly
from the Brieskorn lattice and the Deligne canonical extensions at u = oo, due to the
regular singularity of the action of 9, at u = oco. This approach is analogous to
that of Varchenko, Pham and Scherk-Steenbrink, M. Saito for an isolated singularity
of complex hypersurfaces (see [82, 54, 74, 71]|): in that case, the action of 9, on
the Brieskorn lattice, while having a pole of order two, has nevertheless a regular
singularity there, and one produces the Hodge filtration on the vanishing cycles from
the Brieskorn lattice and the Deligne canonical lattices at u = 0.

We will give an overview of these two aspects and of the way they are related. We
mainly follow [68, 37, 6, 49] and [64, Chap. 3|, which we refer to for detailed proofs.

The variational point of view: the Konsevitch bundles. Let fix (U, f) as above and
a € A. Recall the definition (10) of Q% («).
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Theorem 4.25. The dimension of the twisted de Rham complex
H' (X, (Q}(a), uod + v,df))

is independent of (u,,v,) € C2.

It follows that we can define a vector bundle X7, on P!, called the Kontsevich
bundle with index o, by decomposing P! = Al U Al with u = v~! on G, : AL, N AL,
and setting

Q% (a [u,u d+df/u)
~ H' (X, (5 (a)[v, v, d + vdf)),

In a way analogous to that of Theorem 3.19, the filtration by the stupid trunca-
tion of each of these twisted de Rham complexes degenerates at E' and induces a
filtration Fjj, X7, indexed by N. Its restriction at u = 1 is the filtration considered in
this theorem. Furthermore, the Kontsevich bundle X, is naturally equipped with a
meromorphic connection V, corresponding to the action of 9, in the chart Al which

has a double pole at u = 0, a simple pole at v = 0, and no other pole.

Proposition 4.26. The filtration Fy, X7, |G, satisfies the Griffiths transversality prop-
erty V(FY, Xl le,) CQE @ FrC Lgcr |G, for allp €N, and

Irr,« Irr,«

vpeN, 3L N, grh KL~ Opi (p)e.

In other words, the filtration Fj;, X7, can be recovered by the mere datum of the

Kontsevich bundle X7, as being its Harder-Narasimhan filtration.

The singularity theory point of view: the Brieskorn-Deligne bundles. Let us consider
the free C[u, u™!]-module

ar(U, f/u) =~ H'(X, (Q}[u,u™"],d + df /u))
with its action of 0,, that we now regard as a connection. On the one hand, the
Brieskorn lattice
(20) Gr(U. f) == H"(X, (u”"Q}[u],d + df /u))

is a free Clu]-module generating H'ig (U, f/u) as a Clu,u"']-module. On the other
hand, since V has a regular singularity at v = 0, there exists for each a € A a free
Clv]-submodule V,, (U, f/u) which generates it over Clv,v~!] = C[u~!,u], the that
the connection V has a simple pole on it and its residue has eigenvalues contained in
[, —ar+ 1) (this is called a Deligne canonical lattice of Hjy (U, f/u)). Since

Va(U7 f)|Gm = HSR(U’ f/u) = GT'(Uv f)|Gm;
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we can glue V, (U, f) with G,.(U, f) to produce the Brieskorn-Deligne vector bun-
dle H7, equipped with a connection having a pole of order one at v = 0 and of order
two at u = 0.

Theorem 4.27. For each a € A, the bundles X[, and H, are isomorphic.

It follows that the irregular Hodge filtration can be recovered from the Brieskorn-
Deligne bundle as its Harder-Narasimhan filtration.

Behavior on Gp,. One checks, in a way analogous to that of Theorem 3.19, that the
natural morphisms Xj|c,, — Xi,|¢,, = Hig (U, f/u) are isomorphisms for 3 < o € A,
so that, by restricting to G the Harder-Narasimhan filtration of each X7, we obtain a
family of filtrations F7;, ,Hyg (U, f/u) indexed by € A. Furthermore, for B<acA,
the quasi-isomorphism

(QF(B)[u, u™ '], d +df fu) — (Q5(a)[u,u™],d + df /u)

is filtered with respect to the filtration by stupid truncation, so that we obtain, for
all p € N, the inclusion

‘Flrr ﬁHTdR(U7 f/u) - ‘F111:r (XHSR(U7 f/u)

We can thus regard the irregular Hodge filtration as indexed by —A +Z C Q by
setting, forp=p—a € -A+7Z,
Flgl'HT‘ (U7 f/u) - FIZ;I' aHER(U7 f/u)

Proposition 4.28. The irreqular Hodge filtration FP

P Hig (U, f/u) is a filtration by sub-
bundles, that is, each Clu,u™']-module

grpF,"HSR(U? f/u) F‘ErH (Ua f/u)/F1r>rpH (Ua f/u)

1s free.

Proof. From Proposition 4.26 one deduces that for each a € A, the filtration
F; JHAIR (U, f/u) is a filtration by subbundles. For any u, € C*, let 4y, : {uo} — G

1Irr, o

denote the inclusion. Let us denote by >p the successor of p in —A + Z. Since
FZPHR (U, f/u) is a subbundle of F;7P~'H’ (U, f/u), the composed morphism

1rr rr

*EZPHIR (U, fJu) — i FP HR (U, f/u) — it F2P THL G (U, f/u)

uo rr Uo ™ 1rT Uo ™ 1T

is injective. Therefore, i F-PHI (U, f/u) — i FP H45 (U, f/u) is injective and

Uo ™ irr Uo ™ irr

the dimension of 4}, grf, Hjg (U, f/u) is the difference between the ranks of the bun-
dles FP Hg (U, f/u) and F PH. (U, f/u), so is independent of u,. It follows that
ng.

er Hig (U, f/u) is Clu, u™]-free. -
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Limiting properties. At the limit u — oo (i.e., v — 0) where the connection V has a
regular singularity, the filtration Fj; Hjp (U, f/u) behaves in the same way as a the
Hodge filtration of a polarizable Hodge module in the sense of [70]. Furthermore, one
can show that, for each a € A, the limit filtration of Fy. \Hig (U, f/u) is the Hodge
filtration of a mixed Hodge structure, isomorphic to the limiting Hodge filtration
of the mixed Hodge structure on H”(U, f~1(¢); C) when ¢ — oo on the generalized
eigenspace corresponding the eigenvalue exp(—2ria) of the monodromy.

On the other hand, the limit at w = 0 is much less understood.

The spectrum at infinity. An important Hodge invariant of a germ of holomorphic
function is its spectrum, which is a set of pairs consisting of a rational number and
a multiplicity, that one can encode by a polynomial with rational exponents and
integral coefficients (see e.g. [77, §9.7]). We will provide a similar invariant for regular
functions f : U — Al and we will relate it with the irregular Hodge filtration.

The construction of H}, can be extended with indices o + g € A 4 Z: we set

9y = Op(—g- {0}) © 3, = Ops (—q) © L,

In other words, H,_, is obtained by gluing G, (U, f) with Vaoy,(U, f). The family

a+q
(H5)pea+z is an increasing family of locally free sheaves. By definition, we have

L(PY,35) = Va(U, ) N G.(U, f) C Hig(U, f/u),
and, for 8 = a + ¢, multiplication by »~9 induces an isomorphism
Va(U, ) NG (U, f) = Vo(U, f) Nu™G,(U, f).

The following definition is analogous to that for germs of functions (see e.g. [74, (7.3)],
with a shift however):

Definition 4.29. The spectrum at infinity in degree r of (U, f) is the set of pairs (3, v})
with 8 € A+ Z and

V[g NG,
Vg NGy + Vs NuG,]

v = dim
It can be encoded in the generating polynomial 3 ygtﬁ.
Proposition 4.30. With the notation of Proposition 4.28, we have, for each 5 € Q:

v = rkgr;ﬁHgR(U, f/u).

4.8. Other cohomology theories. We shortly introduce other cohomological
structures that can be attached to a pair (U, f) and indicate the relations, when they
exist, with the cohomological structures considered in this section.



46 C. SABBAH

Ezxponential mized Hodge structures. This theory explains the notion of weight that
we have introduced for H"(U, f; Q) and H%(U, f; Q). It makes use of the category
MHM(A!) of mized Hodge modules on the affine line A' [72] which is briefly sum-
marized in [77]. Any mixed Hodge module M on Al has an associated Q-perverse
sheaf F. The category EMHS of ezponential mized Hodge structures, introduced by
Kontsevich and Soibelman [39], is the full subcategory of MHM(A!) whose objects M
have an associated perverse sheaf F with vanishing global hypercohomology. Further-
more, given any mixed Hodge module M on Al, one can functorially associate with
it a mixed Hodge module belonging to EMHS. Each object of EMHS has a weight
filtration, which can be distinct from the weight filtration as a mixed Hodge mod-
ule. To each object is associated a “Betti fiber”, which is nothing but that defined by
Corollary 3.9, and inherits a weight filtration.

To the pair (U, f) one associates the mixed Hodge modules whose associated per-
verse sheaves are "R~ f,(?Ay) and "R"~?f(?PAy), and the corresponding objects in
EMHS, that one can write Hy, (U, f) and Hy s o (U, f). The Betti fibers are noth-
ing but H"(U, f;Q) and H (U, f;Q) respectively, and the inherited weight filtration
is that considered at the end of Section 3.1.

Furthermore, to each object of EMHS is associated a de Rham fiber, and for
Hiyms (U, f) and Hy, o (U, f), the de Rham fibers are nothing but Hjg (U, f) and
HERC(U, f) respectively. We can regard the irregular Hodge filtration as the Hodge
part of an object of EMHS.

The category EMHS is equipped with a tensor product, making it a Q-linear neu-
tral Tannakian category. For Hf, .. (U, f) and Hf,, o (U, f), this reflects the Thom-
Sebastiani property for the Betti and de Rham fibers. Furthermore, the weight and
irregular Hodge filtrations on these respective fibers behave well under tensor product.
A particular case was already observed in [74].

The category of exponential Nori motives constructed in [20] regards the expo-
nential mixed Hodge structures HY, .« (U, f) and HE,, ..o (U, f) respectively as a real-
ization of an object [U, @, f,r,0] and [X, H, fx,r,0] of a category M**P(k) if U and f
are defined over a subfield k of C.

The motivic Milnor fiber at infinity. Following the general formalism of Denef and
Loeser for the motivic Milnor fiber, a motivic Milnor fiber Sy o at infinity for (U, f)
has been constructed by Matsui-Takeuchi [46, §4] and by Raibaut [58, 59]. It is
an object of the Grothendieck ring of varieties over G, with a Gy, action. It is con-
structed by means of a projectivization of f, but Raibaut has shown the independence
of such a choice.

This object St o gives a quick access to the spectrum of f at infinity and allows
for a simple computation of it when, for example, f is a Laurent polynomial which is
nondegenerate with respect to its Newton polyhedron (see Section 5.3 for this notion
and [78] for a survey on this topic).



SINGULARITIES OF FUNCTIONS: A GLOBAL POINT OF VIEW 47

Ezxponentially twisted cyclic homology. From a categorical point of view, it is a stan-
dard question to ask how much a quasi-projective variety U is determined from the
bounded derived category D”(coh(U)) simply denoted by DP(U). In particular, let us
assume that U and U’ have Fourier-Mukai equivalent derived categories. This means
that there exists a kernel, that is, an object K of D?(U x U’), such that the integral
transformation functor with kernel X:

Ry (Lp*(-) oL 9C>: DP(U) —s DP(UY)

is an equivalence of categories. It follows from results by Keller [38] that, under
such an assumption, the odd, resp. even, de Rham cohomologies of U and U’ are
isomorphic.

Shklyarov [76] has extended this kind of results to pairs (U, f) with U quasi-
projective. Namely, given pairs (U, f) and (U’, f'), assume that the kernel X is an
object of DP(U x4 U’) and that the associated Fourier-Mukai transformation is an
equivalence of categories D?(U) — DP(U’). Then there exist isomorphisms between
the odd resp. even C[v](0,)-modules

@ HQR(U’ Uf) = @ HER(U/? ’Uf/)'
rodd/even rodd/even

In both cases (f = 0 with Keller and f : U — A! with Shklyarov), the main step is
an identification between the de Rham cohomology and the periodic cyclic homology
associated to the pair resp. triple consisting of the category of perfect complexes
on U (bounded complexes quasi-isomorphic to bounded complexes of locally free
Op-modules) and its subcategory of acyclic such complexes resp. and the regular
function f.

5. Tameness on smooth affine varieties

Definitions of tameness. In the global setting, tameness of f : U — Al is a property
that is intended to be the analogue of having an isolated critical point for a germ of
holomorphic function. It consists of two conditions:

« each critical point of f is isolated (since f is a regular function on U quasi-
projective, this implies that the set of critical points of f is finite),

« “infinity is not a critical point for f”.
The global Milnor number u(f) is the sum, over all critical points « € U of f, of the
corresponding Milnor numbers u(f, ).

One should not expect a unique definition of the second property, but instead
various criteria adapted to each particular class of examples.

Let us list some of them. We start “from inside”.

(1) f: A% — Al is tame in the sense of Broughton (see |5, Lem. 4.3]) if there exists
€ > 0 and a compact K C U such that |0f] > € out of K.

(2) Tameness in the sense of Malgrange means that, when f(x) remains bounded,
there exists € > 0 such that ||z||||0f(z)|| > € for ||z| sufficiently large.
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(3) In [52] is introduced the notion of M-tameness for such a polynomial, which
gives global Milnor fibrations in big balls in A%, that covers both previous situations
(the notion of quasi-tameness was also previously considered in [50]). One can extend
this notion to any function f on a smooth affine variety by embedding this variety in
an affine space and by considering the induced metric on it (see [15]).

(4) A specific class of examples of (1) consists of convenient and nondegenerate
polynomials with respect to their Newton polyhedron at infinity, in a given coordi-
nate system of A", as defined by Kouchnirenko [40]. Their toric analogues (Laurent
polynomials) will be considered in Section 5.3. On the other hand, Garcia Lopez and
Némethi [25] have defined a nice class of polynomials that are quasi-tame.

For our purposes, tameness will be considered from a cohomological point of view.
We fix the ring A to be Z or to be one of the fields Q, R, C.

(5) A cohomological condition was introduced by Katz in the arithmetic f-adic
setting [35, Prop.14.13.3(2)]: let C* denote the cone of the natural morphism of
complexes RfiAy — Rf,Ay with constructible cohomology on the affine line A
(forgetting the support condition); by definition, we have a long exact sequence

o — RFflAy — RMf Ay — HE(C®) — RMI Ay — -

the condition is that all cohomology sheaves H*(C*) are constant sheaves of A-
modules of finite type on the affine line Al

It an be shown that the geometric tameness conditions considered in (1)—(4) all
imply the Katz tameness condition with A = Z.

Tameness “from outside” is defined for a suitable choice of projectivization fx :
X — Al of f. For a polynomial f, the standard partial compactification of the graph
U C P? x Al of f is natural to consider, but others can also prove useful.

(6) We say (see [61]) that f : U — Al is cohomologically A-tame if there exists a
projectivization of f given by a commutative diagram

U<]—>X

AL

Al

where X is quasi-projective and fx is projective, such that both complexes Rj. Ay
and RjiAy have no vanishing cycles at infinity, namely, for all ¢ € A, the vanishing
cycle complexes ¢, _o(Rj.Ay) and ¢, —.(RjiAy) are supported in at most a finite
number of points, all at finite distance, i.e., contained in U. Note that, if A is a field,
Verdier duality yields that the condition on one complex implies the condition on the
other one.

(7) An example of a cohomologically Q-tame function on an affine open subset
of A® which is not a torus (G,,)? is the rational function

72

f(x,y,z):y(2+2)+m
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which is regular on U = A% \ {(zy — 1)(1 + 2z) = 0}. Its tameness is proved in |26,
App.], where the authors propose such a function as a Landau-Ginzburg model for
the mirror of a 3-dimensional quadric.

For polynomial functions on the affine space, a relation between “inside” and “out-
side” tameness does exist. In fact, Parusinski has shown [53] that f : A — Al is
cohomologically tame with respect to the standard partial compactification of the
graph U C P4 x Al of f if and only if it satisfies the Malgrange condition.

Purpose of this section. Tame functions provide a framework where the general prop-
erties developed in Section 3 acquire a simpler expression and emphasize purity (in
the sense of Hodge theory). This is parallel to properties of isolated singularities of
holomorphic functions. However, the algebraic setting allows more specific properties,
like those related to positivity.

5.1. Cohomological properties of tame functions. For the sake of simplicity,
we assume in the remaining part of this section 5 that U is affine of dimension d > 2.

We will make use of the Z-tameness condition of Katz, so we first make precise an
equivalent definition when U is affine, and its relation with other tameness conditions.

Proposition 5.1. The function f : U — Al is A-tame in the sense of Katz if and only
if the following properties are satisfied:

(1) the perverse complex "R"~%f,(PAy) is zero for v > d and, if r < d, is the
constant sheaf shifted by one with fiber isomorphic to H"=1(U, A) on the affine line Al;

(2) the perverse complex "R™ = (°Ay) is zero for r < d, if r > d, is the constant
sheaf shifted by one with fiber isomorphic to H.=Y(U, A) on the affine line Al;

(3) The kernel and the cokernel (in the perverse sense) of the natural morphism
"Rfi*PAy — "ROf.PAy are constant sheaves shifted by one (with the same rank) on Al.

Furthermore, if [ is cohomologically A-tame, or if f is M-tame, then f is A-tame in
the sense of Katz.

Sketch of proof. The notion of micro-support is useful for explaining the latter prop-
erty (see [34, 12, 47]): Katz’ condition is equivalent to the property that the micro-
support of the cone € of the natural morphism Rf*PAy — Rf.PAy is reduced to the
zero section of the cotangent bundle of A, and this, in turn, is equivalent to the prop-
erty that its perverse cohomology sheaves are constant. The long exact sequence of
perverse cohomology attached to the corresponding distinguished triangle, together
with Artin’s vanishing result (see [34, Prop.10.3.17] or [12, Prop.5.2.13]), implies
that the assertions of Proposition 5.1 are satisfied, and the converse holds in the same
way.

It remains to identify the constant local systems. This is obtained by analyzing
the perverse Leray spectral sequence

ED? =HP(A',"RIf,"Ay) = HPTI(U,*Ay),
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and the compact support analogue with "R?f?PA;;. Due to the vanishing and con-
stancy statements in (1) and (3), one obtains that it degenerates at Es. Then for
r < d, the fiber of the shifted constant sheaf "R™~?f,PAy;, which is isomorphic to
HY (A, "R™=4f,?Ay), is thus isomorphic to H"~}(U, Ay), and we have a similar ar-
gument for (3).

A proof for the last assertions can be found in [15] for M-tameness and in [60] for
cohomological tameness. O

This is an example where manipulating perverse cohomology instead of usual co-
homology leads to simpler and clearer results. Let us mention a consequence of the
theory of Hodge modules (see [70, 72|), due to purity of the image "R°f."Qp of the
natural morphism "R%f"Qy — "R%f."Qyp.

Corollary 5.2. The perverse complex "R°f1."Qu is semi-simple as such; in particu-
lar, the shifted local system on the complement of its singularities is a direct sum of
irreducible local systems.

Let C(f) be the set of critical values of f (which coincide with the set of typical
and atypical values in the tame case, at least for what concerns cohomology). For
t ¢ C(f), the cohomology HY-1(f~'(t); Q) (image of H~! in H?~') is the stalk at ¢
of a locally constant sheaf on A' \. C(f), and corresponds to a linear representation
of w1 (Al . C(f),*) for some base point . The second part of Corollary 5.2 asserts
that this representation is a direct sum of irreducible representations.

We now consider the global vanishing cycles.

Theorem 5.3. Let f : U — Al be an A-tame function (in the sense of Katz, say).
Then the local systems of global vanishing cycle 520(U,f;A) and igoﬂc(U,f;A)
(see Definition 4.2) are zero for r # d and are A-free of rank u(f) if r = d. Further-
more, the natural morphism fﬂﬁg&U,f;A) — :I;ZO(U,f;A) forgetting supports is an
isomorphism. If A = Q, their fibers at any 6 are pure of weight d.

Proof. The last assertion follows from Corollary 3.12. The vanishing property and
the isomorphism property are consequences of properties of the perverse sheaves de-
scribed in Proposition 5.1, according to the expressions (4) and the vanishing property
Hk(~1mod ;F) =0 for all k if F is constant (Lemma 3.5).

The freeness property is local on S!, and we identify &)go(U, f;A) with
D.cc r’~q§f_c"AU. Since the Milnor fiber of f at a critical point z € f~1(c) is a bouquet

of u(f, ) spheres, each I;ﬁf_CPAU is locally A-free of rank 3, ¢y u(f, @). O
The pairing (17) is non-trivial in degree d only and reads
P: 0L (U, f) @ L (U, —f) — Agi.

In the local situation, each P, is known to be nondegenerate (it is isomorphic to
the Seifert pairing, if one identifies ®¢ (U, — f) with :=1®% (U, f)). Then Proposition
4.16(2) implies that P is nondegenerate. It follows from Proposition 4.15 that, in
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suitable bases of H4(U, f; A) and HY(U, — f; A), the matrix of P is equal to the Stokes
matrix (see Proposition 4.15).

If Poincaré duality holds with A-coefficients on U** (e.g. for A = Z, U?" can be
the product A¥ x G%~*), then from the long exact sequence of relative cohomology of
the pair (U, f~1(t)) for t ¢ C one concludes that the cohomology of f~1(t) is A-free
and, from Lemma 2.2, that "Rf,?Ay is strongly perverse.

5.2. The spectrum at infinity.

The twisted de Rham complex and the Brieskorn lattice. By the comparison theorem
3.17 and Theorem 5.3, we find, for f tame in the sense of Katz, that H] (U, f) and
Hir (U, f) are zero for r # d and coincide if r = d, with dim HI (U, f) = u(f).

The Brieskorn lattices (see Theorem 4.20) thus vanish for r # d and the Brieskorn
lattice in degree d, that we denote by Gu4(U, f) C G(U,f) := Hiz(U, f/u) =
HE{R’C(U, f/u), is a free C[u]-module of rank u(f).

When f is tame, the Brieskorn lattice can be computed with a twisted de Rham
complex on U (instead of a logarithmic de Rham complex on X). Furthermore, as U
is affine, one can compute the hypercohomology of the twisted de Rham complex
(over C[u] or Clu,u~!]) as the cohomology of the complex of global sections on U.
In such a case, it is more convenient to deal with the lattice

GO(Ua f) = ude(U7 f)7
that is usually called the Brieskorn lattice of f. We have (see [68, Prop.8.13]):
Theorem 5.4. If f : U — Al is tame (in the sense of Katz, say), then the inclusion
Go(U, f) C G(U, f) reads
(o]0 I 5O
(ud + df)Q=1(U)[u] (ud + df)QI=1(U)[u, u=1]’
The spectrum at infinity. The spectrum of Gy (U, f) is the set of pairs (5, v3) computed

with Go(U, f) instead of Gy4(U, f), so that vz = l/g_d and therefore, according to
Proposition 4.30, the relation with the irregular Hodge filtration of HgR(U7 f)is

(21) vg = tkgry, "HAR (U, f).

irr

GO(U’ f) =

The perfect pairing compatible with 9,, of Theorem 4.20(2) reads (due to the definition
above of Go(U, f))
GO(Uv f) ®C[u] GO(U, 7f) - ud(C[u],

and we can identify Go(U, — f) with the pullback t*Go (U, f) by the involution ¢ : u >
—u, that we also denote by Go(U, f). This is Go(U, f) as a C-vector space, and the
action of C[u](u?,) is defined as follows: if g € Go(U, f), we denote it by g when
considering it as an element of Go(U, f); we then set P(u,u?d,)-g :== P(—u, —u20,) - g
in Go(U, f). The spectrum of Go(U, f) coincides with that of Go(U, f).

Corollary 5.5. If f : U — Al is tame, the spectrum of f at infinity is symmetric with
respect to d/2 and is contained in [0, d).
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Proof. The first assertion follows from the behavior of spectrum with respect to duality
(see e.g. [60, Prop. 3.3]) or also from the behavior of the irregular Hodge filtration with
respect to duality provided by Theorem 3.21 and the identification (21). The second
assertion follows similarly from the remark after Theorem 3.21 (another argument has
been given in [60]). O

5.3. An example: Laurent polynomials. In this section, we consider the
case where the affine variety U is the torus (G, )% If we choose coordinates
Z1,...,2q, then f is a Laurent polynomial in (C[a:lil, e ,xdﬂ]. Let us write
f =2 meza amx™. The Newton polyhedron A(f) is the convex hull in R? of the set
{0} U{m € Z| a,, # 0}. We say that f is nondegenerate with respect to A(f) if for
each face o of A(f) not containing 0, setting f, = > amx™, the functions

meo M
0fe s

fo’aaixlw"vaxd

do not vanish simultaneously on U. We say that f is convenient if 0 belongs to the
interior of A(f). In such a case, an argument similar to that of Broughton [5] shows
that f is M-tame, and therefore tame in the sense of Katz. It follows from [40] that

u(f) = dmHY(U, f;Q) = d!Vola(A(f)).

The Newton filtration and the Brieskorn lattice. Let us assume that f convenient
and nondegenerate with respect to A(f). For each face o of dimension d — 1 of the
boundary dA(f), we denote by L, the linear form with coefficients in @ such that
L, =1 on o. For g € Clz,z7!], we set deg,(g9) = max,, L,(m), where the max is
taken on the exponents m of monomials appearing in ¢, and deg(g) = max, deg,(g).

Remark 5.6.

(1) For g,h € Clz,z7], we have deg(gh) < deg(g) + deg(h) with equality if and
only if there exists a face o such that deg(g) = deg,(g) and deg(h) = deg, (h).

(2) As 0 belongs to the interior of A(f), we have deg(g) > 0 for any g € C[z,z7}]
and deg(g) = 0 if and only if ¢ € C. This would not remain true without this
assumption of convenience.

(3) Let us set dz/z = (dzy/z1)A---A(dwg/24). Ifw € QUU), we write w = gdz/z
and we define d(w) to be d(g).

The increasing Newton filtration N,Q%(U) indexed by Q is defined by
NeQ(U) = {gda/z € QU (U) | deg(g) < B}

The previous remark shows that NgQ?d(U) = 0 for 8 < 0 and NoQ4(U)=Cdz/x.
We extend this filtration to Q¢(U)[u] by setting

N QYU [u] := NgQHU) + uNg_1QHUU) + - + u"Ng_ . QHU) + - --

and we induce it on the Brieskorn lattice Go (U, f):
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Definition 5.7. The Newton filtration of the Brieskorn lattice is defined by
NGy = image [Nﬁﬂd(U)[u] — Qd(U) [u] — Go]
= NgQ(U)[u]/ ((ud + df)QH(U)[u] N NgQHU)[4]).

Recall the family (V(U, f/u))ge—atz of Clu™']-submodules of Hig (U, f) such
that the residue of the connection at the origin has eigenvalues in [—8,—8 + 1)
(see Section 4.7). The following theorem allows a combinatorial computation of the
spectrum of f at infinity.

Theorem 5.8 ([15, Th.4.5]). Assume that f is convenient and nondegenerate with re-
spect to its Newton polyhedron. Then the Newton filtration N,Go of the Brieskorn
lattice coincides with the filtration V, (U, f/u) N Gy.

If we define the Newton spectrum in a way similar to that of Definition 4.29 by
using the Brieskorn lattice and the Newton filtration, we conclude that the Newton
spectrum satisfies the symmetry and bound properties like in Corollary 5.5, a property
that is far from obvious a priori.

Application to a conjecture of Katzarkov-Kontsevich-Pantev [37]. (See also [75, 28,
56].) Let A C R? be a simplicial polyhedron with vertices in Z?, having 0 in its
interior, and which is reflexive in the sense of [2, §4.1], that is, any linear form L,
considered above has coeflicients in Z which are coprime. It is known (see loc. cit.)
that 0 is then the only integral point in the interior of A and that the dual polyhedron
AV = {0 € (R | £(m) = —1, ¥m € A} is also reflexive. Let ¥ be the cone on AY
with apex 0, which is also the dual fan of A. It determines a toric variety X. Let us
assume that X is non singular (i.e., each (d — 1)-dimensional face of A is a simplex,
the vertices of which form a basis of Z.

Let V(AY) be the set of vertices of AY and, for a = (ay)vev(av) € (CVEA),
let us consider the Laurent polynomial f, = ZUEV(AV) a,x’ € (C[xljﬂ’ e ,xfl], that
we consider as a regular function on U = (G,,)%. We have A(f) = AY and f, is
convenient and nondegenerate. Reflexivity implies that the jumps of the Newton
filtration N,Q¢(U) are integer, hence so are the spectral numbers and the irregular
Hodge numbers, as well as the jumps of the V-filtration V, (U, f,) C Hig (U, fa/u)
considered in Section 4.7. One also interprets this integrality property as the unipo-
tency of the monodromy operator on the cohomology operator on He(U, f;1(t); Q)
with respect to t ~ et for ¢ > 0 and e*? € S'. We denote by W, HY(U, f.(t); Q)
the monodromy weight filtration centered at d associated to the nilpotent part of the
monodromy (see [77, p.661]).(>)

A toric special case of a conjecture of Katzarkov-Kontsevich-Pantev [37] (still not
solved in general, see [41] for an overview) asserts:

(22) Vp >0, dimgry HY(U, fa) = gri HY(U, £, (t); Q).

(®)It should not be confused with the weight filtration in Corollary 3.12, from which it is in fact a
limit.
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Theorem 5.9 (see [65]). The previous equality holds for any a € ((C*)V(AV).

Sketch of proof. We only indicate the main ideas of the proof, showing the interplay
between algebraic geometry and singularity theory.

(1) From Kouchnirenko’s formula, u(f,) is independent of a.

(2) A first step is to show that, separately, the left-hand side and the right-hand
side of (22) are independent of a as long as no entry of a vanishes. For the left-hand
side, according to (21), one can argue with the spectrum, and one shows that the
spectrum at infinity of f, is independent of a, due to the semi-continuity property of
[51] and the constancy of pu(fg). For the right-hand side, one shows that the family
H4y (U, fo/u) is an algebraic vector bundle on Gy, x (Gm)V(A") with a flat connection
having regular singularities along {0} x (Gp)V(2").

(3) The second step is to prove the result when a,, = 1 for all v € V(A*). We set
f = f1. One knows from [2] that X is a smooth Fano projective variety (i.e., the
canonical bundle Kx is anti-ample), and (see [24]), one can interpret f as the first
Chern class ¢1(TX) of X. In particular, by anti-ampleness of Kx, the cup product
with ¢1(TX) satisfies the Hard Lefschetz property on the Q-Chow ring of X. Due
to a formula of Borisov-Chen-Smith [3], this Chow ring is identified with the graded
ring

e (Qlz, 27 )/(0F).
Then one identifies multiplication by ¢ (T X) = f on this ring tensored by C with the
action of the monodromy on Hiy (U, f), by an argument similar to that of Varchenko
[81]. The Hard Lefschetz property implies then the desired equality (22). O

Remark 5.10. In [14], one finds various combinatorial properties of the Hodge numbers
and the spectrum attached to a convenient nondegenerate Laurent polynomial.
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