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Abstract. Let f : U → C be a regular function on a smooth quasi-projective vari-
ety U . We compute the limit mixed Hodge structure (when t→∞) of the cohomol-
ogy of the fibers f = t in terms of the Fourier transform of the Gauss-Manin system
associated to f .
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Introduction

Let f : U → C be a regular function on a smooth quasi-projective variety U . For
t ∈ C, the cohomology spaces H•(f−1(t),Q) underly a natural mixed Hodge structure
(see . [6] for t generic and [7] if f−1(t) is singular). Steenbrink and Zucker [27] (see
also [8]) have constructed a limit mixed Hodge structure when t→∞.

This mixed Hodge structure can also be obtained [25] by compactifying f as a map
F : X→ P1 with X smooth, and by constructing a mixed Hodge module structure on
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the nearby cycles at t =∞ of the sheaf Rκ∗QU , if κ : U ↪→ X denotes the inclusion:
one obtains the Steenbrink-Zucker limit by taking the global de Rham complex of this
mixed Hodge module on F−1(∞).

This paper proposes to recover this limit mixed Hodge structure using Fourier
transform techniques. The main object is the DX[τ ]〈∂τ 〉-module κ+E−τf , where E−τf
is OU [τ ] equipped with the natural DX[τ ]〈∂τ 〉-action twisted by e−τf , and κ still
denotes the inclusion U × SpecC[τ ] ↪→ X× SpecC[τ ]. This module is holonomic but
not regular in general, so does not enter in the frame of mixed Hodge module theory.
However, as κ+OU is regular on X (Grothendieck comparison theorem), κ+E−τf is
regular along τ = 0, so one may compute the vanishing cycles along τ = 0 of its
de Rham complex using the Malgrange-Kashiwara filtration and apply a procedure
analogous to the one of [24].

In § 1 some known facts concerning Fourier transform with parameters of sheaves
are recalled. In § 2 Fourier transform with parameters of holonomic D-modules is
introduced and a proof of a comparison theorem between both kinds of Fourier trans-
forms is given, in the case of regular holonomic modules and their de Rham complex
(such a theorem is also proved in [5] in a more general situation and the case without
parameters is treated in [15]).

The main result of § 3 is that one may apply the theory of Malgrange-Kashiwara
filtration to Fourier transforms of regular holonomicD-modules to compute the nearby
and vanishing cycles along τ = 0.

Section 4 is dedicated to Hodge theory of vanishing cycles at τ = 0 of the Fourier
transform relative to f of κ+OU (and also the nearby cycles), namely the DX-module
φmod
τ κ+E−τf . A filtration naturally defined in terms of a natural filtration on κ+E−τf

is put on this object (following the method developed by M. Saito [24] using the
Malgrange-Kashiwara filtration) and it is shown that the isomorphisms of §§ 1,2 iden-
tify this filtered module with the mixed Hodge module of nearby cycles at infinity
pψ1/F (Rκ∗QU ) defined by M. Saito.

In § 5 applications are given to the computation of the limit mixed Hodge structure
of Steenbrink and Zucker in terms of the Fourier transform of the Gauss-Manin system
of f .

The reader is referred to the appendix for the notation which is not defined in the
main course, in particular for the conventions used concerning perverse functors.

I thank B. Malgrange for simplifying and clarifying some statements and proofs of
a previous version of the paper.

1. Sheaf-theoretical Fourier transform

We review here some variants of well-known facts concerning the Fourier transform
of non-necessarily homogeneous sheaves (see [15] and the references given there, see
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also e.g. . [11, chap. III] for the Fourier-Sato transform of homogeneous sheaves on
a vector space and [4, 12] for the `-adic analogue).

Some notation. In the following, A1 will denote the affine line with affine coordinate t
and Ǎ1 the affine line with coordinate τ . In this section they will come equipped with
their analytic topology. Let P1 = A1 ∪ {∞} be the projective line and let ε : P̃1 → P1

be the real oriented blowing-up of P1 at ∞. We have P̃1 = A1 ∪ S1 and we denote
θ = arg t the coordinate on S1. Consider the following diagram

A1 × Ǎ1 � � k̃ // P̃1 × Ǎ1 q̌
//

ε× Id
��

Ǎ1

A1 × Ǎ1 � � k //

p
��

P1 × Ǎ1

p
��

q̌
// Ǎ1

A1 � � k // P1

Denote i : {∞} ↪→ P1 (resp. ı̃ : S1 ↪→ P̃1) the complementary inclusion of k
(resp. k̃); denote similarly ı̌ : {0} ↪→ Ǎ1 and ǩ : Ǎ1 − {0} ↪→ Ǎ1 the complementary
inclusions in the space Ǎ1. We keep the same notation after taking the product with
Ǎ1 (for i and ı̃) or with A1 (for ı̌, ǩ).

Denote L′+ the closed set of S1 × Ǎ1 defined by Re(eiθτ) > 0 and let L− be its
complement in P̃1× Ǎ1 (L− contains A1× Ǎ1 as an open set). Notice that the fibre of
L′

+ over τ = 0 is equal to S1, so the corresponding fibre of L− is empty.
Let QL′+ be the constant sheaf on the closed set L′+ extended by 0 on P̃1 × Ǎ1.
Let QL− be the constant sheaf on the open set L− extended by 0 on P̃1 × Ǎ1. In

particular, the restriction of QL− to P̃1 × {0} is equal to the extension by 0 of the
constant sheaf QA1 .

We hence have a triangle of D(Q
P̃1×Ǎ1

)

QL− −−→ Q
P̃1×Ǎ1 −−→ QL′+

+1−−−−→ .

Fourier transform. Let X be an analytic manifold. We use the same notation for the
diagram obtained from the previous one after taking the product with X. We will use
the two following functors of triangulated categories

FX : D+(QX×A1) −→ D+(Q
X×Ǎ1), FX(F) = Rq̌∗(Rk̃∗p−1F [1]⊗QX×L−)(1.1)

Fir
X : D+(QX×A1) −→ D+(Q

X×Ǎ1), Fir
X (F) = Rq̌∗(Rk̃∗p−1F ⊗QX×L′+)(1.2)

which come in a triangle of D+(Q
X×Ǎ1)

π̌−1Rπ∗F −−→ Fir
X (F) −−→ FX(F) +1−−−−→(1.3)
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where π (resp. π̌) denotes the projection of X× A1 (resp. X× Ǎ1) onto X.

Remark. Denote α : A1 × Ǎ1 ↪→ L− the open inclusion and q̌− : L− → Ǎ1 the
restriction of q̌ to L−, and keep the same notation after taking the product by X.
The formula for FX can also be written

FX(F) = Rq̌−! Rα∗p
−1F [1].(1.4)

1.5. Fourier transform relative to a meromorphic function. Let F : X → P1 be a
meromorphic function on X. Consider the following diagram of maps (and the same
one after taking the product by Ǎ1):

X �
� k̃F // X̃

F̃ //

ε
��

�

P̃1

ε
��

F−1(A1) := X �
�

kF
// X

F
// P1

where X̃ is the fibre product X×P1 P̃1 and X denotes the restriction of X over A1.
Let L−F ⊂ X̃ × Ǎ1 be the inverse image of L− ⊂ P̃1 × Ǎ1 by F̃ × Id. The Fourier

transform relative to F is the functor

FF : D+(QX) −→ D+(Q
X×Ǎ1), FF (F) = Rε∗(Rk̃F∗p−1F [1]⊗Q

L−
F

).(1.6)

Considering the following diagram

X × Ǎ1 � � αF //

i′F
��

L−F
� � βF

//

����

�

X̃× Ǎ1 ε //

��

X× Ǎ1

X× A1 × Ǎ1 � �

α
// X× L− �

�

β
// X× P̃1 × Ǎ1

q̌
// X× Ǎ1

where i′F is the composition of the graph embedding X ↪→ X × A1 ( × Ǎ1) and kF ,
one has FF (F) = R(ε ◦ βF )!RαF∗p

−1F [1] and one shows that

FF = FX ◦Ri′F∗.

We also put Fir
F := Fir

X ◦Ri′F∗ so that the triangle (1.3) becomes

π̌−1RkF∗F −−→ Fir
F (F) −−→ FF (F) +1−−−−→ .(1.7)

Let j : U ↪→ X be a Zariski open set (in the analytic sense). Put κ := kF ◦ j and
κ̃ = k̃F ◦ j. One has

(1.8) FF (Rj∗pQU ) = Rε∗

(
Rκ̃∗

pQ
U×Ǎ1 ⊗Q

L−
F

)
= R(ε ◦ βF )!R(αF ◦ j)∗pQU×Ǎ1 .
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1.9. Nearby and vanishing cycles. We will consider the functor of vanishing cycles
at t = ∞ shifted by −1 (see §A.2 for the conventions made in this paper) which we
denote pψ1/t. This is a functor from the category Db

c(QX×A1) (bounded complexes
with constructible cohomology) to the category Db

c(Q[T, T−1]X) (bounded complexes
with constructible cohomology as sheaves of Q-vector spaces and Q[T, T−1]-modules).
Here, T denotes the monodromy along a positively oriented circle in the variable 1/t.
We will also denote T∞ = T−1 the monodromy along a positively oriented circle of
big radius in the variable t.

Denote L the local system on A1∗ = A1−{0} with fibre Q[T, T−1] and monodromy
(in the first sense) given by the multiplication by T . We keep the same notation for
its inverse image on a product space like X× A1∗. For an object F of Db

c(QX×A1) we
have (see e.g. . [4])

pψ1/tF = i−1Rk∗(F ⊗ L).

Identifying the constant sheaf on A1∗ with L/(T − 1)L, the natural morphism

i−1Rk∗F [−1] −→ pψ1/tF

is obtained from the morphism of complexes

L T − 1
//

Id
��

L

��

L // 0
We will also consider the functors pψτ and pφτ of nearby and vanishing cycles at

τ = 0, as functors from Db
c(QX×Ǎ1) to Db

c(Q[Ť , Ť−1]X). They are defined using the
local system Ľ on Ǎ1 − {0} (see e.g. . [4, 11]).

1.10. Theorem. Let X be a smooth complex analytic manifold.
(1) The functors FX and Fir

X send Db
c(QX×A1) in Db

c(QX×Ǎ1) and induce exact func-
tors from the abelian category Perv(QX×A1) to Perv(Q

X×Ǎ1).
(2) There are isomorphisms between

(a) the functor pψ1/t of nearby cycles along t =∞ and the composed functor
pψτ ◦ Fir

X from Db
c(QX×A1) to Db

c(Q[T, T−1]X) after the identification Ť = T ,
(b) the functors i−1Rk∗ and ı̌−1Fir

X from Db
c(QX×A1) to Db

c(QX),
which are compatible with the canonical morphisms of functors i−1Rk∗F [−1] →
pψ1/tF and ı̌−1Fir

X (F)[−1]→ pψτ ◦ Fir
X (F).

(3) The variation var : pφτ ◦ Fir
X → pψτ ◦ Fir

X is an isomorphism.

Let now F : X → P1 as in § 1.5 and let F be in Db
c(QX). Property (3) above is

equivalent to ı̌!Fir
F (F) = 0, so from (1.7) we get

ı̌!FF (F)[1] ' ı̌!π̌−1RkF∗F [2] = RkF∗F
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as π̌ is smooth. In particular, when F is in Perv(QX), the object ı̌!FF (F)[1] is in
Perv(QX). In such a situation we have two exact sequences in Perv(QX)

0 −→ pφτ,1 ◦ FF (F) var−→ pψτ,1 ◦ FF (F) −→ ı̌!FF (F)[1] −→ 0(1.11)

0 −→ pψ1/F,1RkF∗F −→ ΞFF −→ RkF∗F −→ 0(1.12)

where ΞF is the Beilinson functor (see e.g. . [25, § (2e)] and below).

1.13. Corollary. There exists a functorial isomorphism of Db
c(Q[T, T−1]X)

pψ1/FRkF∗F ' pφτFF (F) for F in Db
c(QX)

and for the eigenvalue 1 of monodromy and for F ∈ Perv(QX) it is part of a functorial
isomorphism between the two exact sequences above.

Proof. For the first part, according to the theorem, it is enough to prove that the
morphism (1.3) induces an isomorphism pφτ ◦ Fir

X → pφτ ◦ FX. This follows from
pφτ (π̌−1G) = 0 for G in Db

c(QX).
Consider now the cartesian square

X× A1 � � k // X× P1

X �
� kF //

i′F

OO

X

iF

OO

where iF is the graph embedding relative to F and i′F as in § 1.5. Let jF be the inclu-
sion complementary to iF and, for F in Db

c(QX), put G = k−1jF !j
−1
F π−1RkF∗F [1]

with π : X× P1 → X. We have a triangle of Db
c(QX×A1)

Ri′FF −−→ G −−→ π−1RkF∗F [1] +1−−−−→(1.14)

with now π : X×A1 → X. By definition, ΞFG = pψ1/t,1G, so from the theorem we get

(1.12) = pψ1/t,1(1.14) = pψτ,1 ◦ Fir
X (1.14).

We now use the following commutative diagram, where the morphisms come from
(1.7) or (1.14):

pφτ,1 ◦ FF (F) var // pψτ,1 ◦ FF (F)

��
pφτ,1 ◦ Fir

F (F)

o
OO

var o
��

pψτ,1 ◦ FX(G)

pψτ,1 ◦ Fir
F (F) // pψτ,1 ◦ Fir

X (G)

OO
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The right upper vertical arrow is an isomorphism because for F ′ in Db
c(QX) the

Fourier transform FX(π−1F ′) is supported on X× {0} ⊂ X× Ǎ1 and the lower one is
an isomorphism because Rπ∗G = 0. Both facts are left to the reader.

Proof of Theorem 1.10. It is enough to prove the first part of the theorem over the
field C. It is then a consequence of the comparison Theorem 2.2 of the next section
and of the Riemann-Hilbert correspondence [9, 16] (see also [3]). The third part
follows from

1.15. Lemma. We have ı̌−1Fir
X (F) = i−1Rk∗F and ı̌!Fir

X (F) = 0, (which is equivalent
to Fir

X (F) = Rǩ∗ǩ
−1Fir

X (F)).

Proof. Notice first that we have

Rk∗p
−1F = p−1Rk∗F and Rk̃∗p

−1F = p−1Rk̃∗F ;

indeed, these equalities are obtained from [11, Prop. 2.6.7] by duality, since p is
smooth. The first point is then easy, denoting π (resp. π̃) the projection of X × P1

(resp. X× P̃1) on X:

ı̌−1Rq̌∗(Rk̃∗p−1F ⊗QX×L′+) = Rπ̃∗ ı̌
−1(Rk̃∗p−1F ⊗QX×L′+) (q̌ proper)

= Rπ̃∗ ı̌
−1 ı̃−1Rk̃∗p

−1F (the fibre of L′+ at τ = 0 is S1)
= Rπ̃∗ ı̃

−1Rk̃∗F (previous remark)
= Rπ∗i

−1Rk∗F = i−1Rk∗F .

To prove the second point, it will be convenient to consider also the real blowing
up of Ǎ1 at τ = 0. Put ˜̌A1 = Š1 × [0,+∞[ and let θ̌ be the coordinate on Š1. We
denote now ˜̌ı : S1 ↪→ ˜̌A1 and ˜̌k its complementary inclusion in ˜̌A1 (and similarly after
taking a product with X or X× P̃1).

Let L̃′
+
⊂ S1 × ˜̌A1 be defined by the equation cos(θ + θ̌) > 0. We have L̃′

+
=

Z × [0,+∞[ with Z ⊂ S1 × Š1. Let ř : L̃′
+
→ L′

+ be induced by the real blowing up
of τ = 0. Then the natural morphism QL′+ → Rř∗QL̃′+ is an isomorphism: indeed,
it is enough to verify this above τ = 0 (because ř is an isomorphism above τ 6= 0); the
assertion comes from the fact that the fibre of ř above (θ, 0) is the set of θ̌ satisfying
cos(θ + θ̌) > 0, hence is a closed interval.

It follows from this remark that we may compute Fir
X (F) using X × P̃1 × ˜̌A1 and

X × L̃′
+

with a formula analogous to (1.2). After a little manipulation, we see that
it is enough to show the following, taking for G the inverse image of the complex
ı̃−1Rk̃∗F by the natural map X× Z → X× S1 induced by the first projection:

Given any R-constructible complex G on X × Z, consider its inverse image η−1G
by the projection η : X× Z × [0,+∞[→ X× Z. Then ˜̌ı!η−1G = 0.

By duality it is enough to verify that ˜̌ı−1
η!G = 0 for any such G. But for an open

set of the form W = V × [0, ε[ in X × Z × [0,+∞[, we have Rη!QW = 0 since the
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cohomology with compact support of a semi-closed interval is equal to 0. Hence

RΓ(W, η!G) = RΓ(V,Rη∗RHom(QW , η!G))
= RΓ(V,RHom(Rη!QW ,G)) (e.g. . [11, Prop. 3.1.10])
= 0

and this concludes the proof of the lemma.

Let us now sketch the proof of the second point of the theorem. Using notation of
§ 1.9 we have

pψτF
ir
X (F) = ı̌−1Rǩ∗(ǩ−1Fir

X (F)⊗ Ľ).

We will compute this complex using X× ˜̌A1 and the projection formula for the direct
image ˜̌π : X× Š1 → X. First, the local system Ľ extends naturally to a local system ˜̌L
on ˜̌A1. We then have

pψτF
ir
X (F) = Rπ̌∗̃ ı̌

−1(
R
˜̌
k∗
˜̌
k
−1

Fir
X (F)⊗ ˜̌L).

Denote F̃ir
X the functor defined as in (1.2) using ˜̌A1 instead of Ǎ1. The proof of Lemma

1.15 shows that ˜̌ı!F̃ir
X (F) = 0, so

F̃ir
X (F) = R

˜̌
k∗
˜̌
k
−1

Fir
X (F) and pψτF

ir
X (F) = Rπ̌∗̃ ı̌

−1 (
F̃ir
X (F)⊗ ˜̌L) .

Using the projection formula for X× P̃1× ˜̌A1 → X× ˜̌A1 and denoting πZ : X×Z → X

the projection, we get
pψτF

ir
X (F) = RπZ∗

(
p−1Rk̃∗F ⊗ ˜̌L ⊗QX×Z

)
.

On the other hand, with analogous notation, we have for an object F of Db
c(X×A1):

pψ1/tF = i−1Rk∗(F ⊗ L)

= Rπ̃∗ ı̃
−1Rk̃∗

(
F ⊗ k̃−1L̃

)
= Rπ̃∗ ı̃

−1
[
Rk̃∗F ⊗ L̃

]
= RπZ∗r

−1 ı̃−1
[
Rk̃∗F ⊗ L̃

]
= RπZ∗

[
p−1Rk̃∗F ⊗ L̃ ⊗QX×Z

]
where r : X× Z → X× S1 denotes the projection, and using the isomorphism Id ∼−→
Rr∗r

−1, proved as for ř.
The assertion follows now from the identification on Z of the two local systems ˜̌L

and L̃: denote γ (resp. γ̌) the generator of S1 corresponding to T (resp. the one of
Š1 corresponding to Ť ); the fundamental group of Z is the free group generated by δ
and the inclusion Z ↪→ S1 × Š1 maps δ to γγ̌.
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The compatibility of the canonical morphisms claimed in 1.10-(2) is a direct conse-
quence of the previous proof and the description of these morphisms given in § 1.9.

2. Fourier transform of regular holonomic D-modules and a comparison
theorem

In this section X denotes a smooth quasi-projective variety equipped with its Zariski
topology, or an analytic manifold. The lines A1 and Ǎ1 will be equipped with their
Zariski topology, so for instance DX×A1 -modules will be DX[t]〈∂t〉-modules.

We consider the Zariski topology when dealing with O or D-modules and the
analytic topology when dealing with constructible sheaves.

2.1. Fourier transform of D-modules on the affine line. Recall the notion of Fourier
transform (or better Laplace transform, the kernel being e−tτ ) of a holonomic C[t]〈∂t〉-
module (see [15] for details). Let M be a left C[t]〈∂t〉-module of finite type. Identify
the two rings C[t]〈∂t〉 and C[τ ]〈∂τ 〉 via the isomorphism t 7→ −∂τ , ∂t 7→ τ . Denote M̂
the module M when viewed as a left C[τ ]〈∂τ 〉-module via this isomorphism. Then M̂
is the Fourier transform of M .

Assume that M has only regular singularities, even at infinity. Then M̂ has sin-
gularities at τ = 0 and τ = ∞ only, the singularity at τ = 0 being regular. The
singularity at τ = ∞ is not regular if M has singularities at t 6= 0,∞. Recall the
notation of projections

A1 × Ǎ1

p

{{

p̌

##

A1 Ǎ1

Let M [τ ] = M ⊗C C[τ ] = p+M be the inverse image of M on A1 × Ǎ1 with its
natural structure of C[t, τ ]〈∂t, ∂τ 〉-module andM [τ ]⊗e−tτ be the same C[t, τ ]-module
with the following twisted action of ∂t and ∂τ , for m ∈M [τ ]:

∂t(m⊗ e−tτ ) = [(∂t − τ)m]⊗ e−tτ , ∂τ (m⊗ e−tτ ) = [(∂τ − t)m]⊗ e−tτ .

The direct image p̌+(M [τ ]⊗ e−tτ ) is the complex

M [τ ] ∂t − τ−−−−−−→M [τ ]

where the right hand term has degree 0, and this complex has cohomology in degree
0 only, the cokernel of ∂t − τ being identified with M̂ by the map

M [τ ] −→ M∑
i

miτ
i 7−→

∑
i

∂itmi.

We shall write M̂ = p̌+(M [τ ]⊗ e−tτ ) = p̌+(p+
1 M ⊗ e−tτ ).
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Analogous results hold for a bounded complex M• with regular holonomic coho-
mology (regularity is used here only to analyse the singularities at finite distance
of M̂•).

Relative Fourier transform. We denote E−tτX the D
X×A1×Ǎ1 -module O

X×A1×Ǎ1e
−tτ and

we usually forget the subscript.
Let M be a holonomic DX×A1 -module (or a bounded complex with such a coho-

mology). Its Fourier transform is the object

FX(M) := p̌+(p+M⊗E−tτ )

of Db
hol(DX×Ǎ1). When M is a single holonomic DX[t]〈∂t〉-module, FX(M) is the

single holonomic DX[τ ]〈∂τ 〉-module obtained fromM as in § 2.1.
Let F : X→ P1 be a rational function and still denote F its restriction F|X : X →

A1. For M holonomic on X, define FF (M) = kF+
(
p+M⊗E−τF

)
, with E−τF =

(F|X × Id)+E−τt = O
X×Ǎ1e

−τF . We have FF (M) = FX(i′F+M).
For j : U ↪→ X the inclusion of a Zariski open set, we denote f = F|X ◦ j = F|U ,

and we have FF (j+OU ) = κ+E−τf with κ = kF ◦ j and E−τf = O
U×Ǎ1e

−τf .

2.2. Theorem. LetM be a holonomic DX×A1-module or an object of Db
hol(DX×A1) such

that k+M has DX×P1-regular holonomic cohomology. We have a functorial isomor-
phism

pDRan
FX(M) ' FX

pDRan(M) in Db
c(CX×Ǎ1).

2.3. Remarks
(1) It is possible to extend this theorem to the case where X is analytic. One

needs to define the Fourier transform as a functor from holonomic DX×P1 -modules
which are also DX×P1 [∗(X×∞)]-modules to holonomic D

X×P̃1
-modules which are also

D
X×P̃1

[∗(X×∞)]-modules. These tools have been developed in [1].

(2) This theorem is proved (but not stated explicitely, and for the solution complex
instead of the de Rham complex) in [5, §§ 3.3, 3.4, 3.5] under a weaker assumption:
k+M should be “1-specializable” along t = ∞. This is an assumption of regularity
along t = ∞. We will give below another proof by reduction to dimension 1 in the
regular holonomic case, analogous to the one of [23, Th. 5.1].

(3) When considering f : U → A1 and the DU -module OU , this comparison theo-
rem gives a rational structure on pDRan(κ+E−τf ) by the isomorphism

pDRan
FF (j+OU ) ' FF (Rj∗pQU )⊗

Q
C.

(4) The Fourier functor commutes with direct image for morphisms X → Y of
smooth projective varieties. In particular, the Fourier transform of the Gauss-Manin
system f+OU is equal to p̌+κ+E−τf , if p̌ denotes here the projection X× Ǎ1 → Ǎ1.
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(5) The weight filtration. Assume now that X − U is a divisor with normal cross-
ings in X. Then the perverse complex Rj∗

pQU is filtered by perverse subobjects
W•Rj∗

pQU in the category of perverse sheaves on X ([6] and [2]). This filtration cor-
responds to the filtration by the number of polar components on the regular holonomic
DX -module j+OU = OX [∗(X − U)], via the functor pDRan.

The Fourier transform of HiF+(W•j+OU ) is equal to Hip̌+
(
W•j+OU ⊗ E−τF

)
,

and, by functoriality, the Fourier transform of the filtration

W•Hif+OU := image HiF+(W•j+OU ) −→ Hif+OU
is equal to the filtration

W•Hif̂+OU := image Hip̌+
(
W•j+OU ⊗ E−τF

)
−→ Hip̌+E−τf .

Notice also that when U is quasi-projective, such a filtration does not depend on
the choice of a quasi-projective compactification X → A1 of f because this is the
weight filtration of the mixed Hodge module associated with f+OU [25].

Proof of Theorem 2.2
(1) As pDRan commutes with direct image by p̌ (see e.g. . [20, II.5.5]), it is enough

to find a functorial isomorphism
pDRank+(p+M⊗E−τt) ∼−→ Rε∗

(
Rk̃∗p

−1pDRan(M)[1]⊗QX×L−
)
.

We first lift the LHS as a complex pDRmodk+(p+M⊗E−τt) on X× P̃1× Ǎ1 such that

Rε∗
pDRmodk+(p+M⊗E−τt) = pDRank+(p+M⊗E−τt).(2.4)

It will then be enough to find a morphism
pDRmodk+(p+M⊗E−τt) −→ Rk̃∗p

−1pDRan(M)[1]⊗QX×L−(2.5)

and to prove that it is an isomorphism.
Let Amod

P̃1×Ǎ1
be the sheaf on P̃1 × Ǎ1 of functions which are holomorphic on A1 × Ǎ1

and have moderate growth along S1 × Ǎ1, where S1 = ε−1(∞). This is a flat module
over ε−1Oan

P1×Ǎ1 (the proof is identical to the one of Prop. 2.8 in [22]). This sheaf comes
also equipped with a natural ε−1Dan

P1×Ǎ1 -module structure. Let F be the projection of
X×P1× Ǎ1 on P1× Ǎ1. Then F−1Amod

P̃1×Ǎ1
⊗ε−1F−1O

P1×Ǎ1
ε−1M has a natural structure

of a left ε−1Dan
X×P1×Ǎ1 -module ifM is a left D

X×P1×Ǎ1 -module. Moreover we have

Rε∗Amod
P̃1×Ǎ1 = Oan

P1×Ǎ1 [∗({∞} × Ǎ1)](2.6)

(see [15, lemme 3.4] in dimension 1 and the proof of Th. 5.1 in [23] for the case
considered above).

We put for a D = Dan
X×P1×Ǎ1-module N

pDRmodN = RHomε−1D

(
ε−1O, F−1Amod

P̃1×Ǎ1 ⊗
ε−1F−1Oan

P1×Ǎ1

N
)
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which satisfies Rε∗
pDRmodN = pDRan(k+k

+N ) by the projection formula and (2.6).
(2) Let γ : L′+ ↪→ P̃1 × Ǎ1 (× X) be the closed inclusion complementary to β (see

§ 1.5). To obtain the morphism (2.5) it is enough to prove that

γ−1pDRmodk+(p+M⊗E−τt) = 0.(2.7)

This is a local problem on Xan. If this is proved, one has, putting K =
pDRmodk+(p+M⊗E−τt),

K ∼←− β!β
−1K −→ β!Rα∗α

−1β−1K = β!Rα∗k
−1K ' β!Rα∗p

−1pDRan(M)

and this last term is exactly the RHS in (2.5). Now, the fact that this morphism is
an isomorphism is also a local problem on Xan.

(3) When X = pt, (2.7) and the fact that (2.5) is an isomorphism is essentially
proved in [15, §V.3]. As k+M is regular and as the problem is local on S1 × Ǎ1,
one first reduces to the case where (k+M)an is a rank one meromorphic connection
near ∞, and locally on S1 × Ǎ1 one may reduce to the trivial meromorphic con-
nection O[∗∞] because tα defines a local invertible section of Amod. Let t′ = 1/t
be the local coordinate on a disc near ∞. The statement is then equivalent to
pDRmod(Oan

D×Ǎ1e
−τ/t′) = CL− [2], or in other words, the single complex made with

the following double complex

Amod
D̃×Ǎ1

e−τ/t
′ ∂τ //

∂t′
��

Amod
D̃×Ǎ1

e−τ/t
′

∂t′
��

Amod
D̃×Ǎ1

e−τ/t
′ ∂τ // Amod

D̃×Ǎ1
e−τ/t

′

has cohomology in degree 0 only, if the upper left corner has bidegree (0, 0).

(4) We will now reduce the problem to the case X = pt by taking a local direct
image by the projection F : X × P1 → P1. Let D be a small disc around ∞ ∈ P1

and B(xo, ρ) the closed ball of radius ρ > 0 (for some metric) centered at xo ∈ X

and denote Fxo,ρ : B(xo, ρ) ×D → D the restriction of F . Recall (see Th. 9.4.1 and
Cor. 9.4.2 in [10]) that, given a regular holonomic module or bounded complex N an,
the local direct image Fxo,ρ+N an has DD-regular holonomic cohomology for ρ and D
small enough. Remark also that, if N an = N an[t′−1], each cohomology module N is
a meromorphic connection on D with pole at ∞, i.e., is equal to N [t′−1]. It follows
that forM as above, the cohomology modules of

Fxo,ρ+(p+k+M⊗E−τt)an =
(
p+Fxo,ρ+(k+M)an)⊗ E−τ/t′

(where p+ is taken in the analytic sense in the RHS) are meromorphic connections
on D× Ǎ1 with poles along t′τ = 0. Notice that step (3) gives the isomorphism (2.5)
for Fxo,ρ+(k+M)an.
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As Fxo,ρ is proper and according to the description of (2.5) given in step (2), it is
then enough to find an isomorphism

RFxo,ρ∗
pDRmod(p+k+M⊗E−τt)

∼−→ pDRmodFxo,ρ+
(
p+k+M⊗E−τt

)an
.

This is done as for the analytic de Rham complex (see e.g. . [20, § II.5.5]).

3. Regularity of FF (j+OU ) along τ = 0

We keep notation of section 2. We shall show in this section that the D
X×Ǎ1-module

FF (j+OU ) (and more generally FX(M) forM holonomic on X×A1 and k+M regular
on X × P1) is strongly regular along τ = 0. To this end, we first recall the main
properties of the Malgrange-Kashiwara V -filtration of a holonomic D-module along
τ = 0 as well as a criterion of regularity along τ = 0, which allows one to express the
nearby and vanishing cycles pψτ pDRanFF (j+OU ) and pφτ pDRanFF (j+OU ) as de Rham
complexes of holonomic DX-modules computed in terms of the V -filtration.

Remark however that FF (j+OU ) = κ+E−τf is not a regular D-module, but its
irregularity is concentrated along F−1(∞) × Ǎ1 in a neighbourhood of τ = 0. The
nontrivial part of the monodromy of pψτ pDRanFF (j+OU ) comes from the monodromy
around τ = 0 of the irregularity sheaf of FF (j+OU ).

3.1. The Malgrange-Kashiwara filtration of a holonomic D-module. Let X be a
smooth algebraic or analytic variety and let DX be the corresponding sheaf of
differential operators on X. Let V•DX[τ ]〈∂τ 〉 be the increasing filtration indexed by
Z such that

V0DX[τ ]〈∂τ 〉 = DX[τ ]〈τ∂τ 〉,
VkDX[τ ]〈∂τ 〉 = Vk−1 + ∂τVk−1 for k > 1,
VkDX[τ ]〈∂τ 〉 = τ−kV0DX[τ ]〈∂τ 〉 for k 6 0.

LetM be a holonomic DX[τ ]〈∂τ 〉-module. There exists a unique increasing filtration
V•M, called the Malgrange-Kashiwara filtration of M, which is indexed by a finite
number of lattices α + Z ⊂ C (in general one has to fix a total order on C, but, for
our purpose, it will be enough to assume that the lattices are contained in Q, i.e.,
that the roots of the corresponding Bernstein polynomial are rational) which satisfies
the following properties:

(1) For each α, the filtration Vα+kM, (k ∈ Z), is good with respect to V•DX[τ ]〈∂τ 〉;

(2) for every β, there exists locally on X an integer δβ such that (τ∂τ + β)δβ VβM⊂
V<βM, where V<β = ∪

β′<β
Vβ′ .

We shall denote grVβ M the quotient VβM/V<βM. This is a holonomic DX-module
equipped with a nilpotent endomorphism N induced by the action of τ∂τ + β.
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Remark. In [21] or [24] the filtration denoted V is the previous filtration shifted by 1.
The choice made here will be convenient for our purpose.

The moderate nearby or vanishing cycle functor ψmod
τ or φmod

τ for holonomic D-
modules is defined by

ψmod
τ,λ M = φmod

τ,λ M = grVαM with α ∈ ]0, 1[ and λ = exp(2iπα) 6= 1
ψmod
τ,1 M = grV0 M, φmod

τ,1 M = grV1 M
ψmod
τ M = ⊕

λ∈C∗
ψmod
τ,λ M, φmod

τ M = ⊕
λ∈C∗

φmod
τ,λ M

which is a functor from holonomic DX[τ ]〈∂τ 〉-modules to DX[T, T−1]-modules which
are DX-holonomic, where T = λ exp(−2iπN) : ψmod

τ,λ M → ψmod
τ,λ M or φmod

τ,λ M →
φmod
τ,λ M. There are morphisms

can : ψmod
τ,1 M−→ φmod

τ,1 M and var : φmod
τ,1 M−→ ψmod

τ,1 M

defined by can = −∂τ
∑
n>1

(2iπ)n

n! ·(−τ∂τ )n−1 and var = τ , such that can ◦ var = T−Id

and var ◦ can = T − Id. For λ 6= 1 we also define can = T − Id : ψmod
τ,λ M→ ψmod

τ,λ M
and var = Id.

Assume that X is algebraic and let Xan be the underlying analytic manifold. For
a DX-module M, let Man = Oan

X ⊗OX
M. The two possible V -filtrations on Man

coincide:

3.2. Lemma. ForM holonomic over DX[τ ]〈∂τ 〉, we have

Oan
X×Ǎ1 ⊗

OX×Ǎ1
V•M = V•Man.

Proof. By flatness of Oan
X×Ǎ1 over OX×Ǎ1 one verifies that the LHS is a good filtration

ofMan (with respect to V•Dan
X×Ǎ1), satisfying the same properties as the RHS, so we

get the lemma using the uniqueness of such a filtration.

In particular, we have for all β,(
grVβ M

)an = grVβ Man.

Regularity along a smooth hypersurface. Let us keep notation as above. Let ǩ : X ×
Ǎ1∗ ↪→ X×Ǎ1 and ı̌ : X×{0} ↪→ X×Ǎ1 denote the complementary inclusions. Following
Mebkhout [19], we say that M is regular along X × {0} if one of the following two
equivalent conditions is satisfied:

(1) the natural morphism pDRan(ǩ+ǩ
+M) → Rǩ∗ǩ

−1pDRan(M) is a quasi-
isomorphism;

(2) the natural morphism ı̌−1pDRan(M)[1]→ pDRan(̌ı†M) is a quasi-isomorphism.
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Remark. The first definition can be used to define regularity along a non necessarily
smooth hypersurface.

For λ ∈ C∗, let Nλ be the rank one meromorphic connection on X×A1 with poles
along X× {0} generated by τα, where e2iπα = λ (such a connection depends only on
λ and not on the choice of α).

We shall say thatM is strongly regular along X× {0} ifM⊗Nλ is regular along
X× {0} for any λ ∈ C∗.

Remarks
(1) It is not known if both conditions (regularity and strong regularity along X×

{0}) are equivalent, but this is a reasonable conjecture.
(2) Regularity (or strong regularity) ofM along X×{0} is equivalent to regularity

(or strong regularity) of the localized moduleM[τ−1].

One can define in an analogous way the notion of regularity or strong regularity for
a bounded complex with holonomic cohomology. Thanks to the theorem of Mebkhout
[19], saying that the irregularity complex along X×{0} of a holonomic D-module is a
perverse complex, the regularity (or strong regularity) of such a bounded complex is
equivalent to the regularity (or strong regularity) of each of its cohomology modules
(for the strong regularity statement, one uses the fact that Nλ is O-flat).

Regularity or strong regularity is stable under direct image by (g× Id)+ of D
X×Ǎ1 -

modules, if g : X → X′ is proper and (in the analytic case) if M is generated by a
coherent OX[τ ]-module. We have (see e.g. . [21], [18, § 4], [13])

3.3. Theorem (Comparison theorem for nearby and vanishing cycles)
Let M be a holonomic DX[τ ]〈∂τ 〉-module. Assume that M is strongly regular

along τ = 0. Then there are functorial isomorphisms Db
c(C[T, T−1]X)

pDRan(ψmod
τ M) ∼−→ pψτ

pDRan(M) and pDRan(φmod
τ,1 M) ∼−→ pφτ,1

pDRan(M)

compatible with the morphisms can and var.

3.4. Proposition. Let M be a holonomic DX×A1-module such that k+M is a regular
DX×P1-module. Then FX(M) is strongly regular along τ = 0.

3.5. Corollary. The complex pDRanφmod
τ FF (j+OU ) admits a natural Q-structure:

pDRanφmod
τ FF (j+OU ) ' pφτ [FF (Rj∗pQU )]⊗ C

(and the same result holds for ψmod
τ,1 and pψτ,1). Moreover, for different compactifica-

tions, the Q-structures are compatible in a natural way.

Proof of Proposition 3.4. It is equivalent to prove the result for FF (M), if F : X→ P1

is a meromorphic function and M a holonomic DX -module. Using resolution of
singularities and a standard “dévissage”, we may assume that M = κ+N , where
N is O-locally free on a Zariski open set U of X, and that X − U is a divisor
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with normal crossings. Moreover the question is local on X and the result is true
in a neighbourhood of each point of X := F−1(A1) = X − F−1(∞). So it is
enough to prove the result for the D[τ ]〈∂τ 〉-module C{x, y, z}[x−1, y−1, τ ]·xaybe−τ/xm

where (x0, . . . , xp, y1, . . . , yq, z1, . . . , zr) (p > 0) are local coordinates on Cn+1, m =
(m0, . . . ,mp) ∈ (N − {0})p+1, a = (a0, . . . , ap) ∈ Cp+1, b = (b1, . . . , bq) ∈ Cq,
p + q + r = n and D = C{x, y, z}〈∂x, ∂y, ∂z〉 denotes the ring of germs of differ-
ential operators on (Cn+1, 0). Moreover, the strong regularity being a local analytic
property and depending only on the localized module along τ = 0, it is enough to
consider C{x, y, z, τ}[x−1, y−1, τ−1]xayb ·e−τ/xm . We shall now forget the coordinates
y, z and put p = n (it is easy to reduce to this situation). After a sequence of blowing-
up of Cn+2, we are reduced to prove the following: if z = (z′, z′′) are coordinates on
Cn+2, then C{z}[z−1] ·zce−1/z′µ

′

is strongly regular along {f(z′′) = 0} where f is any
monomial in the variables z′′. In this situation, the holonomic module is the external
product of a strongly regular holonomic module (in the variables z′′) along f−1(0) by
a holonomic module in the variables z′. It is not difficult to conclude in this case.

4. Fourier transform and Hodge filtration

We now come back to the situation considered in the introduction, namely a regular
function f : U → A1 on a smooth quasi-projective variety U . We fix a projective
compactification X of U such that

(1) there exists a rational function F : X→ P1 extending f ,

(2) X− U = D ∪ F−1(∞) is a divisor with normal crossings.
We keep notation of § 1.5. Remark that Rj∗

pQU is a perverse sheaf on X and
j+OU = OX [∗D] is a single holonomic DX -module.

Fourier transform for j+OU . Let us summarize the results of the previous sections for
j+OU . Recall that iF denotes the graph embedding of F . In the following, we forget
for simplicity the symbol iF+ or RiF∗ and we use pψ1/t instead of pψ1/F . We have
constructed an isomorphism in Perv(QX) compatible with the monodromy action

pφτFF (Rj∗pQU ) ∼−→ pψ1/t(Rκ∗pQU )(4.1)

where we view the RHS as an object on X after taking its direct image by the inclusion
F−1(∞) ↪→ X. This isomorphism is strict with respect to the filtrations

W•
pψ1/t(Rκ∗pQU ) := pψ1/t(RkF∗W•Rj∗pQU )

W•
pφτFF (Rj∗pQU ) := pφτFF (W•Rj∗pQU )

where W•Rj∗pQU is the weight filtration of Rj∗
pQU in Perv(QX) (recall that pψ1/t

and pφτFF are exact functors from Perv(QX) to Perv(QX)).
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We also have a diagram of isomorphisms in Perv(CX)

pφτFF (Rj∗pCU )
(4.1)⊗ C

// pψ1/t(Rκ∗pCU )

pDRanφmod
τ FF (j+OU )

o
OO

pDRanψmod
1/t (κ+OU )

o
OO

where the left vertical arrow is given by Theorems 2.2 and 3.3 and the right
one by Theorem 3.3. By construction, the isomorphism pDRanφmod

τ FF (j+OU ) '
pDRanψmod

1/t (κ+OU ) that we get is compatible the the Q-structures of both terms.
According to the Riemann-Hilbert correspondence saying that pDRan is an equiv-

alence between Modhr(DX) and Perv(CX), we get an isomorphism

φmod
τ FF (j+OU ) ' ψmod

1/t (κ+OU )

which is compatible with the monodromy action, so for any λ ∈ C∗ we have an
isomorphism

φmod
τ,λ FF (j+OU ) ' ψmod

1/t,λ(κ+OU )(4.2)

compatible with the action of the nilpotent endomorphism N defined in § 3.1.
We still denote W• the filtration induced by W•j+OU on κ+OU , ψmod

1/t (κ+OU ),
ψmod
τ,λ FF (j+OU ) and φmod

τ,1 FF (j+OU ). By exactness, we have W•ψ
mod
1/t (κ+OU ) =

ψmod
1/t (W•κ+OU ), etc, and (4.2) is strictly filtered with respect to W•.
By [25] the relative monodromy filtration M•(N,W•) exists for N : ψmod

1/t κ+OU →
ψmod

1/t κ+OU so it does exist for N : φmod
τ FF (j+OU )→ φmod

τ FF (j+OU ).
Analogous results hold for ψmod

τ,1 FF (j+OU ) using the Beilinson functor ΞF and [25,
§ 2.e] instead of ψmod

1/t .

Filtrations. Denote W•κ+OU the weight filtration of κ+OU = OX[∗(X − U)] and
consider the increasing filtration F• by the order of the pole (functions with a pole of
order 6 1 are in F0 and F−1 = 0). This is a filtration by OX-coherent submodules.
Denote FH• κ+OU := F•[−dU ]κ+OU the Hodge filtration, with dU = dimU . We will
also put n = dU − 1.

We will also need the filtration F ′• counting only the order of the pole along D:
this is a filtration by OX[∗F−1(∞)]-coherent submodules.

The DX×A1 -module iF+κ+OU comes also equipped with an increasing filtration F•
in a natural way. Let V•iF+κ+OU be the Malgrange-Kashiwara filtration along
X × {∞}. Then F•iF+κ+OU induces on each grVα iF+κ+OU (α ∈ [0, 1[) an increas-
ing filtration F•ψ

mod
1/t,λ(κ+OU ) with λ = exp(2iπα). There we put FH• = F•[−n].

In the same way the module ΞF (κ+OU ) comes equipped with a Hodge filtration
FH• ΞF (κ+OU ) (see [25, § 2.e]).

On the other hand, let G•DX[τ ]〈∂τ 〉 be the increasing filtration “degree of operators
in DX + degree in τ”, so that G0DX[τ ]〈∂τ 〉 = OX [∂τ ].
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We put

Gpκ+E−τf :=
∑
q+r6p

GqDX[τ ]〈∂τ 〉 ·
(
F ′rOX[∗(X− U)]e−τf

)
.

This filtration induces on each grVα (κ+E−τf ) (α ∈ [0, 1]) a filtration denoted
G•φ

mod
τ,λ FF (j+OU ) (λ = exp(2iπα), α ∈ ]0, 1]) or G•ψmod

τ,1 FF (j+OU ) (α = 0).

4.3. Theorem. We have isomorphisms compatible with the monodromy action[
ψmod

1/t (κ+OU ), FH• ,M•(N,W )[n], pψ1/t(Rκ∗pQU )
]

'
[
φmod
τ FF (j+OU ), G•[−n],M•(N,W )[n], pφτFF (Rj∗pQU )

]
[
ΞF (κ+OU ), FH• ,M•(N,W )[n+ 1],ΞF (Rκ∗pQU )

]
'
[
ψmod
τ,1 FF (j+OU ), G•[−(n+ 1)],M•(N,W )[n+ 1], pψτ,1FF (Rj∗pQU )

]
which makes the RHS a mixed Hodge Module, and the following sequence is an exact
sequence of mixed Hodge Modules isomorphic to [25, (2.22.1)] forM = κ+OU :

0
↓[

φmod
τ,1 FF (j+OU ), G•[−n],M•(N,W )[n], pφτ,1FF (Rj∗pQU )

]
↓[

ψmod
τ,1 FF (j+OU ), G•[−(n+ 1)],M•(N,W )[n+ 1], pψτ,1FF (Rj∗pQU )

]
↓[

κ+OU , FH• ,W,Rκ∗
pQU

]
↓
0

We will give the proof for φmod
τ , letting the proof for ψmod

τ,1 to the reader. To prove
the theorem we will compute locally the V -filtration for the modules involved and will
show first that there exist locally strict isomorphisms between both terms in (4.2).
To show that the isomorphism (4.2) is indeed strict, we will use a trick due to M.
Saito [24] (see § 4.21).

Let us analyse the structure of the V -filtration of κ+E−τf along τ = 0 in an analytic
neigbourhood of a point on F−1(∞). So we choose local coordinates (x, y, z) on Xan

compatible with the divisor D ∪ F−1(∞), where x = (x0, . . . , xp), y = (y1, . . . , yq),
z = (z1, . . . , zr), such that p, q, r > 0 and p + q + r = n. In these coordinates we
have D =

{∏q
j=1 yj = 0

}
and we may also assume that F (x, y, z) = 1/xm, with

m = (m0, . . . ,mp) and mi > 0 for all i = 0, . . . , p.
We shall denote D the ring of differential operators with coefficients in C{x, y, z}

and E the free rank one C{x, y, z}[x−1, y−1, τ ]-module generated by e−τ/x
m with
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its natural structure of a D[τ ]〈∂τ 〉-module. We will also use e = e−τ/x
m

x0 · · ·xn
or

e′ = e−τ/x
m

x0 · · ·xn · y1 · · · yq
(we put y1 · · · yq = 1 if q = 0) as a generator of E as a

C{x, y, z}[x−1, y−1, τ ]-module and e′ as a generator of E as a D[τ ]〈∂τ 〉-module.
Let G•D[τ ]〈∂τ 〉 be the increasing filtration by “total degree in ∂x, ∂y, ∂z + de-

gree in τ” and let G•E be the increasing filtration of E induced by the filtration of
C{x, y, z}[x−1, y−1, τ ] by “total pole order in y + degree in τ” (here, the pole order
is taken in the sense of [6, § 3.1.10], i.e., with a shift). For a multiinteger b we will
denote |b| =

∑
j max(bj − 1, 0). Hence

G−1E = {0}, G0E = C{x, y, z}[x−1] · e′,

and more generally, for k > 0,

GkE =
∑

ν∈Nq, `∈N
|ν|+`6k

C{x, y, z}[x−1] · y−ντ ` · e−τ/x
m

.

The following is easy to prove:

4.4. Lemma. We have G•E = G•D[τ ]〈∂τ 〉 · e′.

Hence G•E is a good G•D[τ ]〈∂τ 〉-filtration.
We denote W•E the increasing filtration of E by the number of polar components

along D:

WkE =
∑

J⊂{1,...,q},#J=k

C{x, y, z}[x−1, y−1
J , τ ] · e−τ/x

m

.

4.5. Proposition. For all α ∈ [0, 1],

(1) the monodromy filtration of N : grVα E → grVα E relative to W• grVα E exists and
we denote it M(grVα E , N,W );

(2) for all i, k and `, the morphism grM` grWk grVα E → grM`−2i grWk grVα E induced
by N i strictly shifts by i the filtration induced by G•E on each term.

Remarks
We denote W• grVα E (resp. G• grVα E) the filtration induced by W•E (resp. G•E)

on grVα E , namely Wk grVα E = Wk ∩ Vα(E)/Wk ∩ V<α(E) (resp. . . . ). Note that V•E
induces on WkE the Malgrange-Kashiwara filtration V (WkE).

The filtration induced by G•E on grM` grWk grVα E is the filtration successively in-
duced on each graded term.

The definition and the properties of the relative monodromy filtration are given in
[27]. Recall that N shifts it by −2 and that for each i > 0 the induced morphism
N i : grMk+i grWk → grMk−i grWk is an isomorphism.
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Part one of Proposition 4.5 is in fact a consequence of [27] or [25] if one uses the
isomorphism (4.1) for α ∈ ]0, 1] and its analogue with ΞF for α = 0. The computation
that we need to do will show it also.

Computation of the V -filtration. In order to prove Proposition 4.5, we shall give an
explicit presentation of grVα E .

4.6. Lemma. Let e′ as above. Then e′ is a generator of E as a D[τ ]〈∂τ 〉-module, which
satisfies the following equations:

τ∂τe
′ = − τ

xm
e′

∂xie
′ = −mi

xi

(
τ∂τ + 1

mi

)
· e′ i = 0, . . . , p

∂yje
′ = − e

′

yj
j = 1, . . . , q

∂zke
′ = 0 k = 1, . . . , r

τ

(
p∏
i=0

∂mixi

)
· e′ = −(−m)m

(
p∏
i=0

mi∏
k=1

[
τ∂τ − 1 + k

mi

])
· τ∂τ · e′.

Consequently the order of e′ with respect to the V -filtration of E is 6 0, so we have
V0(D[τ ]〈∂τ 〉) · e′ ⊂ V0(E).

We shall now introduce a family of polynomials of one variable s indexed by a
rational number α and a multiindex a = (a0, . . . , ap) ∈ Zp+1. For α ∈ Q we put

Pa,α(s) = ca,α

p∏
i=0

∏
[miα]<`6ai

(
s+ `

mi

)
where ` is an integer, [miα] denotes largest integer 6 miα and we take the convention
that the product indexed by the empty set is 1. The constant ca,α is chosen so that
Pa,α(−α) = 1.

For a ∈ Zp+1 and α ∈ Q, put Pa,<α(s) = Pa,β(s) for β < α and β close to α. Let
dmiαe := −[−miα] be the smallest integer bigger than or equal to miα. We hence
have

Pa,<α(s) = ?

p∏
i=0

∏
dmiαe6`6ai

(
s+ `

mi

)
where ? is a nonzero constant. There exists δa,α ∈ N and a nonzero constant ? such
that Pa,<α(s) = ?(s+ α)δa,αPa,α(s). We have

δa,α = # {i | miα ∈ Z and ai > miα}

hence we have δa,α 6 p+ 1 6 n+ 1.
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We define a correction term Qα(s) by

Qα(s) =
{

1 if α > 0
s(s− 1) · · · (s− k + 1) if k ∈ N∗ and α ∈ [−k,−k + 1[.

The following properties are easily verified:

4.7. Lemma

(1) The family (Pa,αQα) of ideals of C[s] is increasing (with respect to the usual
partial ordering of (−Z)p+1×Q), i.e., Pa,αQα is a multiple of Pa′,α′Qα′ if −ai 6 −a′i
for all i and α 6 α′.

(2) Pa,α(s)Qα(s) = qα(s) · Pa+m,α+1(s − 1)Qα+1(s − 1) where qα is a constant if
α > 0 and qα(s) = const · s (const ∈ Q∗) if α < 0.

(3) gcd(Pa,α(s)Qα(s), Pa−m,α(s+ 1)Qα(s+ 1)) = Pa,α+1(s)Qα+1(s).

In order to compute the V -filtration, we shall use another presentation of E :

4.8. Lemma. E is the C{x, y, z}[x−1, y−1, τ∂τ ]-module generated by e−τ/x
m and, as

such, is free of rank one. The filtration G•E is the filtration by “total pole order in
y + degree in τ∂τ”.

Proof. One considers the map C{x, y, z}[x−1, y−1, τ∂τ ] → C{x, y, z}[x−1, y−1, τ ] de-
fined by ∑

fk(x, y, z)(τ∂τ ) · · · (τ∂τ − k + 1) 7−→
∑

fk(x, y, z)
(
− τ

xm

)k
.

One verifies that this is an isomorphism of C{x, y, z}[x−1, y−1]-modules, which gives
the result.

4.9. Lemma. For α ∈ Q, let

UαE =
∑

a∈Zp+1

C{x, y, z}[y−1, τ∂τ ] · x−aPa,α(τ∂τ )Qα(τ∂τ ) · e′.

Then U•E is equal to the Malgrange-Kashiwara filtration V•E.

Remark. We can replace e′ with e = y1 · · · yqe′ in the previous expression of Uα. Using
the fact that e−τ/xm = x0 · · ·xm · e, the previous expression can be written

VαE =
∑

a∈Zp+1

C{x, y, z}[y−1, τ∂τ ] · x−aPa−1,α(τ∂τ )Qα(τ∂τ ) · e−τ/x
m

.

Proof. Remark first that, thanks to Lemma 4.7, U•E is an increasing filtration which
is in fact discretely indexed, τ ·Uα ⊂ Uα−1 with equality for α < 0 (this follows from
4.7-(2)), and Uα + ∂τUα = Uα+1 (4.7-(3)). Let us show that each Uα is stable under
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the action of V0D[τ ]〈∂τ 〉 = D[τ ]〈τ∂τ 〉. The only point which is not completely evident
is the stability under ∂xi . We have

∂xi
(
x−aPa,α(τ∂τ )Qα(τ∂τ ) · e′

)
= −x−a−1i(miτ∂τ + ai + 1)Pa,α(τ∂τ )Qα(τ∂τ ) · e′

= (miα− ai − 1)x−a−1iPa+1i,α(τ∂τ )Qα(τ∂τ ) · e′(4.10)

and the last term is clearly in UαE .
There exists δα such that (τ∂τ + α)δα · Uα ⊂ U<α and we may choose δα 6 n+ 1

for α 6∈ −N and δα 6 n+ 2 for α ∈ −N.
It is then enough to show that some Uα is of finite type over D[τ ]〈τ∂τ 〉 to conclude

that U•E is a good filtration which moreover satisfies the same properties than V•E
does, hence both filtrations coincide. But a simple computation shows that U0 =
V0D[τ ]〈∂τ 〉 · e′.

Proof of Proposition 4.5. Put dmαe = −[−mα]. For a ∈ Zp+1 such that a > dmαe
(i.e., ai > dmiαe for all i) we put Iα(a) = {i | ai = dmiαe} and xIα(a) = (xi)i∈Iα(a).
For b ∈ Nq put J(b) = {j | bj = 0} and define yJ(b) in an analogous way.

For α ∈ [0, 1], it will be convenient to denote

δa,α(+1) =
{
δa,α if α ∈ ]0, 1]
δa,α + 1 if α = 0.

4.11. Lemma. Let α ∈ [0, 1].

(1) Every element ε ∈ VαE can be written in a unique way ∑
a>dmαe

∑
b>0

∑
λ>0

ga,b,λ(xIα(a), yJ(b), z) · x−ay−b · (τ∂τ + α)λPa−1,α(τ∂τ )

 · e−τ/xm
where, for all a, b, λ, ga,b,λ ∈ C{xI(a), yJ(b), z}, and ga,b,λ ≡ 0 or ga,b,λ(0, 0, z) 6= 0.

(2) We have ε ∈ V<αE if and only if (ga,b,λ 6= 0⇒ λ > δa−1,α(+1)).

(3) We have

ordG ε = max
{(a,b,λ)|g

a,b,λ
6=0}
|b|+ λ+ degPa−1,α

ordW ε = max
{(a,b,λ)|g

a,b,λ
6=0}

#J(b).

Proof. We consider on the set of tuples Zp+1 × Zq × N the lexicographic order. This
allows one to define on C{x, y, z}[x−1, y−1, τ∂τ+α] (hence on E) a filtration F indexed
by Zp+1×Zq×N: an element φ has order (a, b, d) if a0 is the pole order along x0 = 0,
then a1 is the pole order along x1 = 0 of the coefficient of x−a0 , etc. and d is the
degree with respect to τ∂τ + α.
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Remark also that we have Pmax(a−1,dmαe−1),α = Pa−1,α. Hence each element of
VαE can be written

ε =

 ∑
a>dmαe

ha(x, y, y−1, z, τ∂τ + α)x−aPa−1,α(τ∂τ )

 · e−τ/xm
and if we decompose the ha we obtain an expression

ε =

 ∑
a>dmαe

∑
b>0

ha,b(x, y, z, τ∂τ + α)x−ay−bPa−1,α(τ∂τ )

 · e−τ/xm
with ha,b ∈ C{x, y, z}[τ∂τ + α]. We will show that the dominant term ε(a(ε),b(ε),d(ε))
of ε with respect to F can be written

g(a(ε),b(ε),λ(ε))x
−a(ε)y−b(ε)(τ∂τ + α)λ(ε)Pa(ε)−1,α(τ∂τ ) · e−τ/x

m

with d(ε) = λ(ε) + degPa(ε)−1,α, so in particular is in VαE . In other words, we will
have ε ∈ VαE if and only if this is so for ε(a(ε),b(ε),d(ε)) and ε− ε(a(ε),b(ε),d(ε)).

For this, consider first the term of highest pole order a0(ε) along x0 = 0. It is also
the dominant term of the previous sum indexed by the (a, b) such that a0 > a0(ε).
This sum can hence be written H(x0, x

′, y, z, τ∂τ +α) ·x−a0(ε)
0 Pa0(ε)−1,α(τ∂τ ) ·e−τ/xm

with x′ = (x1, . . . , xp) and Pa0−1,α = ca0−1,α
∏

[m0α]<`6a0−1(τ∂τ + `/m0). Moreover,
H admits a similar expression with one variable less and we have H(0, x′, y, z, τ∂τ +
α) 6= 0 so that in this case we may replace H with H(0, x′, y, z, τ∂τ +α) 6= 0 in order
to compute the dominant term. We then get the result by induction on the number
of variables x and y.

We deduce from this fact the existence and uniqueness of the decomposition 4.11-
(1), as well as the fact that ε ∈ V<αE if and only if λ > δa−1,α (+1) if ga,b,λ 6= 0 (i.e.,
4.11-(2)).

For ε ∈ VαE we have at our disposal two Newton polyhedra: the first one N(ε) is
attached to any ε ∈ E , using the unique decomposition

ε =

 ∑
a>dmαe

∑
b>0

∑
d>0

ha,b,d(xIα(a), yJ(b), z)x−ay−b(τ∂τ )d
 · e−τ/xm

with ha,b,d 6= 0 ⇒ ha,b,d(0, 0, z) 6= 0; then N(ε) is the convex hull of the points
(a, b, d)− (Np+1×Nq×N) for which ha,b,d 6= 0; the second one Nα(ε) is defined in the
same way using the decomposition 4.11-(1) of ε. One shows by induction on (a, b, d)
that both polyhedra coincide. The filtrations G and W being defined only in terms
of the polyhedron N , we see that on Vα both filtrations can be defined in terms of
Nα, which gives the third point of the lemma.
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We deduce from the lemma that if [ε] denotes the class of ε in grVα E , then [ε] has
a canonical representative ε defined by the formula ∑
a>dmαe

∑
b>0

∑
06λ<δ

a−1,α(+1)

ga,b,λ(xIα(a), yJ(b), z) · x−ay−b · (τ∂τ + α)λPa−1,α(τ∂τ )

·e−τ/xm
and that if [ε] 6= 0 we have

ordG[ε] = ordG ε = max
{(a,b,λ)|g

a,b,λ
6=0 and λ<δa−1,α(+1)}

|b|+ λ+ degPa−1,α

ordW [ε] = ordW ε = max
{(a,b,λ)|g

a,b,λ
6=0 and λ<δa−1,α(+1)}

#J(b).

Denote M ′• = M ′(N)• the monodromy filtration of N = τ∂τ + α on grVα E cen-
tered at 0. Then using the fact that the order of Nλ with respect to the filtration
M ′•C[N ]/N δ is equal to δ−1−2λ, we have [ε] ∈M ′` grVα E if and only if the only possi-
ble nonzero terms in ε are such that 0 6 λ < δa−1,α(+1) and δa−1,α(+1)−1−2λ 6 `.

We deduce easily from this remark the following consequences, hence 4.5-(1):

(1) For all ` ∈ N, the morphism N ` : grVα E → grVα E is strict with respect to the
filtration W• grVα E .

(2) The relative monodromy filtration M• = M•(grVα E , N,W ) exists and is equal
to the convolution (M ′• ? W•) grVα E (see [27, Prop. (2.11)]).

(3) We have grM` grWk grVα E = grM ′`−k grWk grVα E (see [27, Cor. (1.6)]).

One verifies in the same way that ε ∈ VαE has a nonzero class in grM` grWk grVα E if
and only if there exists (a, b, λ) such that a > dmαe, #J(b) = k, 0 6 λ < δa−1,α(+1),
δa−1,α(+1)− 1− 2λ = `− k and ga,b,λ 6= 0. The order of the class of ε with respect
to the filtration induced by G is the order of the canonical representative, namely the
max of |b|+λ+degPa−1,α on such tuples (a, b, λ). This gives immediately the second
point of 4.5.

From this description we also deduce

4.12. Proposition. On κ+E−τf , the filtrations V•, W• and G• are compatible.

Proof. This means that for all k, d, α we have

Wk ∩ [Gd ∩ Vα + V<α] ⊂ [Wk ∩Gd ∩ Vα] + V<α(4.13)

and this implies that the possible tri-graded objects obtained by permuting the fil-
trations are all equal. In order to show (4.13), remark that, for ε ∈ VαE , we have
ε ∈ Gd∩Vα+V<α if and only if the canonical representative ε is inGd. The same equiv-
alence holds forWk∩Vα+V<α, so we see that ε ∈ [Gd ∩ Vα + V<α]∩ [Wk ∩ Vα + V<α]
if and only if ε ∈ Gd ∩Wk, hence the result.
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Computation of the primitive part. Let α ∈ [0, 1] and consider the following filtered
DX-module, denoted

OX[∗(F−1(∞) ∪D)] · “F−α” or also OX[∗(F−1(∞) ∪D)]α.

This is the free OX[∗(F−1(∞) ∪D)]-module of rank one with one generator “F−α”,
and the structure of DX-module is obtained by twisting by F−α the usual one on
OX[∗(F−1(∞) ∪D)]. This module comes equipped with the following filtrations:

• W• is the filtration by the number of components of D along which a local
section has poles;
• if ϕ is a local section of OX[∗(F−1(∞) ∪ D)], we say that ϕ · “F−α” has a
pole along a component of F−1(∞) if F−α has an integral multiplicity along this
component and if ϕF−α has a pole along this component; then W ′• counts the
number of components of F−1(∞) which are polar for ϕ“F−α” and W• is the
convolution of W ′ and W ;
• the filtration F• is defined by

ordF (ϕ“F−α”) = ordF (xdmαeϕ)

where the RHS is the pole order in C{x, y, z}[x−1, y−1] as in [6, § 3.1.10].

4.14. Proposition. For α ∈ [0, 1] we have local filtered isomorphisms(
P grM`(+1) grWk grVα E , G•

)
∼−→
(
grW`+1 grWk OX[∗(F−1(∞) ∪D)]α, F•

)
.

In the LHS, we put `(+1) = ` if α ∈ ]0, 1] and `(+1) = `+ 1 if α = 0.

Proof. We keep notation as above. From 4.5-(2) follows that the filtration
G• grM` grWk grVα E is compatible with the Lefschetz decomposition. Assume that
ε has multiorder (`, k, α) with respect to the filtration MWV . Then the class of ε in
grM` grWk grVα E is in the primitive part

P grM` grWk grVα E := KerN `−k+1 : grM` grWk grVα E −→ grM2k−`−2 grWk grVα E

if and only if the canonical representative of this class is∑
b>0

#J(b)=k

∑
a>dmαe

δa−1,α(+1)=`−k+1

ga,b,0(xIα(a), yJ(b), z)x−ay−bPa−1,α(τ∂τ ) · e−τ/x
m

.

Now, each element h ∈ C{x, y, z}[x−1, y−1]α has a unique decomposition

h =
∑

a>dmαe

∑
b>0

ha,b(xIα(a), yJ(b), z)x−ay−b

with ha,b 6= 0 ⇒ ha,b(0, 0, z) 6= 0. The filtrations on C{x, y, z}[x−1, y−1]α can be
expressed as follows:

• ordW h = maxh
a,b
6=0 #J(b);

• ordW′ h = maxh
a,b
6=0 (δa−1,α) and ordW h = maxh

a,b
6=0
(
δa−1,α + #J(b)

)
;
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• ordF h = maxh
a,b
6=0 |a− dmαe|+ |b|.

The filtrationsW• andW• are filtrations by C{x, y, z}〈∂x, ∂y, ∂z〉-submodules: this
is well known for W• so it is enough to verify this for W ′•, and it is enough to show
that if ha,bx−ay−b ∈ W ′` and ha,b satisfies the previous properties, then

(4.15) [∂xi +miα/xi](ha,bx−ay−b) = ∂xi(ha,b)x−ay−b + (miα− ai)ha,bx−(a+1i)y−b

is in W ′`. But we have δa+1i−1,α = δa−1,α if ai 6= miα, hence each term is in W ′`.
It is also easy to verify that F• is a good filtration with respect to the usual filtration

F•C{x, y, z}〈∂x, ∂y, ∂z〉 by the total degree in ∂x, ∂y, ∂z.
If h has W -order k and W-order `+ 1, its class in grW`+1 grWk C{x, y, z}[x−1, y−1]α

is nonzero if and only if the canonical representative

h =
∑
b>0

#J(b)=k

∑
a>dmαe

δa−1,α=`−k+1

ha,b(xIα(a), yJ(b), z)x−ay−b

of this class is nonzero. The F -order of this class (with respect to the filtration
successively induced by F ) is then the F -order of the canonical representative h.

Proposition 4.14 will follow from

4.16. Lemma. Let α ∈ [0, 1]. For every k, ` the map which sends∑
b>0

#J(b)=k

∑
a>dmαe

δa−1,α=`−k+1

ha,b(xIα(a), yJ(b), z)x−ay−b

to ∑
b>0

#J(b)=k

∑
a>dmαe

δa−1,α=`−k+1

ha,b(xIα(a), yJ(b), z)x−ay−bPa−1,α(τ∂τ ) · e−τ/x
m

induces a strict isomorphism of filtered (C{x, y, z}〈∂x, ∂y, ∂z〉, F•)-modules(
grW`+1 grWk C{x, y, z}[x−1, y−1]α, F•

) ∼−→
(
P grM`(+1) grWk grVα E , G•

)
.

Proof. Once D-linearity is proved, bijectivity comes from the uniqueness of the de-
composition, and the fact that this isomorphism is strictly filtered comes from the
fact that for a > dmαe, we have degPa−1,α = |a− dmαe|.

First, one easily see that this mapping is C{z}-linear.
The main point to be shown to obtain C{x, y, z}-linearity is the fact that if a ∈ Zp+1

and b ∈ Nq are fixed, with a > dmαe, and if ϕ ∈ C{x, y, z}, then the image of the
class of ϕ · x−ay−b is the class of ϕ · x−ay−bPa−1,α · e−τ/x

m .
We can decompose

ϕ · x−ay−b =
∑

dmαe6a′6a

∑
06b′6b

ϕa′,b′ · x−a
′
y−b

′
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with ϕa′,b′ ∈ C{xIα(a′), yJ(b′), z} and ϕa′,b′ 6= 0 ⇒ ϕa′,b′(0, 0, z) 6= 0. The image of
the class of ϕ · x−ay−b is then equal to the class of∑

dmαe6a′6a

∑
06b′6b

ϕa′,b′ · x−a
′
y−b

′
Pa′−1,α · e−τ/x

m

.(4.17)

On the other hand we have for dmαe 6 a′ 6 a the equality

Pa−1,α(τ∂τ ) = Pa′−1,α(τ∂τ ) · qa,a′(τ∂τ )

with qa,a′(−α) = 1. So the class of ϕ · x−ay−b in grM`(+1) grWk grVα E is equal to∑
dmαe6a′6a

∑
06b′6b

ϕa′,b′ · x−a
′
y−b

′
Pa′−1,αqa,a′(τ∂τ ) · e−τ/x

m

and its projection in the primitive part is then equal to (4.17).
∂x-linearity for instance is obtained by comparing (4.15) with a formula analogous

to (4.10).

4.18. Corollary. For α ∈ [0, 1] any local isomorphism of DX-modules

P grM`(+1) grWk grVα E
∼−→ grW`+1 grWk OX[∗(F−1(∞) ∪D)]α

is strictly filtered with respect to the filtrations G• and F•.

Proof. Let {0, . . . , p}α ⊂ {0, . . . , p} be the set of indices i such that miα ∈ Z. For
I ⊂ {0, . . . , p}α with #I = `+ 1− k and J ⊂ {1, . . . , q} with #J = k, put EI ∩DJ =(⋂

i∈I Ei
)
∩
(⋂

j∈J Dj

)
. Then the formula above for h shows that (at least locally)

(grW`+1 grWk OX[∗(F−1(∞) ∪D)]α, F•) is equal to the filtered direct sum (over I, J as
above) of the largest submodules MI,J supported on EI ∩ DJ , equipped with the
induced filtration F•.

Any automorphism of grW`+1 grWk OX[∗(F−1(∞)∪D)]α preserves this decomposition,
hence it is enough to verify, thanks to Proposition 4.14, that any automorphism
of MI,J is strictly filtered, and showing that any such automorphism is a constant
multiple of the identity will be enough.

One can verify that pDRanMI,J is equal, up to a shift, to the direct image by
the inclusion EI ∩ DJ ↪→ X of the following sheaf: on EoI ∩ DJ := EI ∩ DJ −(⋃

i 6∈{0,...,p}α Ei

)
, this is the rank one local system with monodromy exp 2iπmiα

around Ei ∩EI ∩DJ for i 6∈ {0, . . . , p}α; it is extended by 0 on EI ∩DJ (this is also
the maximal extension). Any automorphism of this sheaf is a constant multiple of
identity, so we can conclude using the full faithfulness of pDRan.

Local comparison with the nearby cycles of f at infinity. The local computation made
in [27] for the nearby cycles at infinity (in the case of unipotent monodromy) can be
made using arguments as above. We shall sketch it below.
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Consider on X the complex Rκ∗QU and let ψ1/F (Rκ∗QU ) be the nearby cycle
complex on F−1(∞). It depends only on Rj∗

pQU and not on the extension to X that
we have chosen. So we denote it ψ1/F (Rj∗QU ).

We denote t′ the coordinate at infinity on A1. Consider on X × D′, where D′
is a disc centered at ∞ in P1 with coordinate t′, the DXan×D′-module M =
(j+OU )an[∂t′ ] · δ(t′ − F ′) with F ′ = 1/F . This is a regular holonomic module on
Xan × D′ and pDRanM is the direct image of the sheaf Rj∗

pCU by the inclusion of
the graph of F ′. In the same way, if i′ : F−1(∞) ↪→ X denotes the inclusion, we have
Ri′∗

pψ1/F (Rj∗pCU ) ' pDRanψmod
t′ (M).

This module M comes equipped with a filtration F•M good with respect to the
usual filtration F•DXan×D′ by the order of the operators: this is the filtration of
(j+OU )an[∂t′ ] · δ(t′−F ′) by the degree in ∂t′ . It comes also equipped with a filtration
W• (number of components of D along which a section has a pole).

The analogue of Proposition 4.5 is true for ψmod
t′ M: this is proved in [27] or [25] (in

proving the proposition below we shall recall the proof, which is completely analogous
to the one of 4.5).

4.19. Proposition. For all α ∈ [0, 1[ and k, ` ∈ Z we have local filtered isomorphisms(
P grM` grWk grVαM, F•

) ∼−→
(
grW`+1 grWk OX[∗(F−1(∞) ∪D)]α, F•

)
.

Proof. Let us recall the local computation of V•M analogous to the one of V•E made
above. Denote D′ = C{x, y, z, t′}〈∂x, ∂y, ∂z, ∂t′〉. Then, in the local setting of the pre-
vious section,M⊂ C{x, y, z, t′}[x−1, y−1, ∂t′ ] ·δ(t′−F ′) is equal to the D′-submodule
generated by δ′ := 1

y1 · · · yq
δ(t′ − F ′). This generator satisfies

t′δ′ = xmδ′, ∂xiδ
′ = −mi

xi
(∂t′t′)δ′, ∂yjδ

′ = − 1
yj
δ′

t′
( p∏
i=0

∂mixi

)
· δ′ = (−m)m

( p∏
i=0

mi−1∏
k=0

[
t′∂t′ + k

mi

])
· δ′.

Hence δ′ has order < 1 with respect to V•M. It can be shown that, for α < 1,

VαM =
∑

a∈Zp+1

C{x, y, z}[y−1, t′∂t′ ]xm−a−1Pa,α(t′∂t′) · δ′

=
∑

a∈Zp+1

C{x, y, z}[y−1, t′∂t′ ]x−aPa−1,α(t′∂t′) · (t′δ)

=
∑

a>dmαe

C{x, y, z}[y−1, t′∂t′ ]x−aPa−1,α(t′∂t′) · (t′δ)

with δ = δ(t′ − F ′). We then get a canonical representative of any local section of
VαM and the proof of the analogue of 4.5 can be done as above. The only difference
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comes from the shift (+1) for α = 0 which does not appear here (in fact a shift (−1)
would appear at α = 1, but it will not matter here).

Now the proof is exactly the same as the one of Proposition 4.14.

In the same way one deduces from this proposition

4.20. Corollary. For α ∈ [0, 1[ any local isomorphism of DX-modules

P grM` grWk grVαM
∼−→ grW`+1 grWk OX[∗(F−1(∞) ∪D)]α

is strictly filtered with respect to the filtrations F•.

4.21. Proof of Theorem 4.3. As the isomorphism (4.2) is strict with respect to W•
and is compatible with the monodromy, it induces an isomorphism between the cor-
responding P grM` grWk . From Cor. 4.18 and 4.20 we deduce that this one is strict for
G• and F•. According to Prop. 4.5-(2), G• (resp. F•) is compatible with the Lefschetz
decomposition, hence we conclude that grM` grWk (4.2) is strict for G• and F•, and so
is (4.2). This gives the first part of 4.3 for φmod

τ . Analogous arguments give it for
ψmod
τ,1 .
From the definition of κ+E−τf and its filtration G•, we have an exact sequence of

filtered holonomic DX[τ ]〈∂τ 〉-modules

0 −→ (κ+E−τf , G•)
τ−−−→ (κ+E−τf , G•[−1]) −−→ (κ+OU , F•[−1]) −→ 0

which induces the exact sequence of the theorem after taking the graduation by the
V -filtration. Let us show that it is strict with respect to the Hodge filtrations:

In an analytic neighbourhood of a point of X = X−F−1(∞), an easy computation
shows that φmod

τ,1 (κ+E−τf ) = 0 and the statement is clear. In an analytic neigh-
bourhood of a point of F−1(∞), the strictness follows from the local computation of
Lemma 4.11.

From the first part and Cor. 1.13 it follows that this sequence is isomorphic (with
filtrations and rational structure) to the exact sequence (2.22.1) in [25], so is an exact
sequence of mixed Hodge modules.

5. Hodge properties of the Gauss-Manin system and its Fourier
transform

We keep assumptions and notation of § 4. We will now consider Hodge properties
of the nearby or vanishing cycles of the Fourier transform R̂f∗pQU at τ = 0. Remark
first that, since the functors pφτ , pψτ,1 and ̂ preserve perversity, the cohomology

spaces Hi pφτ (R̂f∗pQU ) are equal to pφτ
̂pRif∗pQU (and the same equality for pψτ,1),

where pRif∗ denotes the ith perverse cohomology sheaf of Rf∗.
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We hence have on these spaces a filtration W•:

W•H
i pφτ (R̂f∗pQU ) = image

[
pφτ

(
pRiF∗W•(Rj∗pQU )

) ̂ −→ pφτ
̂pRif∗pQU

]
= pφτ

̂(
W•pR

if∗pQU
)

where W•
pRif∗

pQU = image
[
pRiF∗W•(Rj∗pQU )→ pRif∗

pQU
]
and the image is

taken in the perverse sense. The same description holds for pψτ,1. This filtration
is identified with the one coming from pRip̌∗(pφτFF (Rj∗pQU ),W•) as follows from
Remark 2.3.4.

5.1. Proposition. On Hi pφτ (R̂f∗pQU ) and Hi pψτ,1(R̂f∗pQU ) the monodromy filtration
of the nilpotent endomorphism N relative to W• exists.

Proof. According to Th. 2.2 and Cor. 1.13 we have Hi pφτ (R̂f∗pQU ) = pψ1/t
pRif∗

pQU
and the assertion for pφτ is a consequence of [27]. For pψτ,1 one may use [25, § 2e].

The spaces Hi pφτ (R̂f∗pCU ) and Hi pψτ,1(R̂f∗pCU ) come equipped naturally with
an increasing filtration G•: the filtration G•φ

mod
τ (κ+E−τf ) introduced previously

can be used to filter the complex pDRφmod
τ (κ+E−τf ); the ith term of the complex

G•
pDRφmod

τ (κ+E−τf ) is

Ωi+n+1
X ⊗

OX

Gi+•φ
mod
τ (κ+E−τf ).(5.2)

We hence get a filtration on the hypercohomology of this complex in a natural way.
The same construction holds for pψτ,1.

Remarks
(1) The filtration G• could depend on the choice of a compactification X of f such

that X−U is a divisor with normal crossings in X. It is a consequence of the theorem
below that it does not.

(2) By the very construction of G•φmod
τ (κ+E−τf ), the filtration G•Hi pφτ (R̂f∗pCU )

is compatible with the decomposition pφτ = ⊕λpφτ,λ, in other words it is invariant
by the action of the semi-simple part of the monodromy. Moreover, the nilpotent
endomorphism N shifts it by one.

From [25, § 2.c] and Theorem 4.3 we get, after a Tate twist by n with dimU = n+1:

5.3. Theorem. For all i ∈ Z the objects[
Hi pφτ (R̂f∗pCU ), G•,M•(N,W )[i− n]•, Hi pφτ (R̂f∗pQU )(n)

]
[
Hi pψτ,1(R̂f∗pCU ), G•,M•(N,W )[i− (n+ 1)]•, Hi pψτ,1(R̂f∗pQU )(n+ 1)

]
are mixed Hodge structures. Moreover the filtration W• is a filtration by mixed Hodge
substructures.
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Remark. Since the Hodge filtration is usually decreasing, we use the convention
G• = G−• to obtain a decreasing filtration from an increasing one. The notation (k)
corresponds to the Tate twist (2iπ)k. More precisely, the first object is isomorphic to
the Steenbrink-Zucker limit pψ1/t

pRif∗
pQU after a twist by n.

The spectrum of f at infinity. Following J. Steenbrink [26], we define, for a finite
dimensional vector space H = ⊕λHλ (where the direct sum is indexed by the roots
of 1) equipped with an increasing filtration F•H = ⊕λF•Hλ, spectral polynomials in
Q[S]

SPψ(H,F•;S) :=
∏
p∈Z

∏
α∈[0,1[

(S + α+ p)hexp 2iπα,p

SPφ(H,F•;S) :=
∏
p∈Z

∏
α∈]0,1]

(S + α+ p)hexp 2iπα,p

with hλ,p = dim grFp Hλ. The polynomial SPφ is obtained from SPψ by replacing the
terms (S + p) with (S + p+ 1) without changing their exponents.

The spectral rational fraction of f at infinity is obtained by using the Hodge fil-
tration on the nearby cycles at infinity Hi(F−1(∞), pψ1/f

pCU ) = Hi pψ1/t(Rf∗pCU )
as defined by J. Steenbrink and S. Zucker [27], F. Elzein [8] or M. Saito [25]:

SP?
(
pψ1/t(Rf∗pCU );S

)
:=
∏
i

SP?
(
Hi pψ1/t(Rf∗pCU ), F•;S

)(−1)i
∈ Q(S)

with ? = ψ or ? = φ.
We define in an analogous way SP?

(
pφτ (R̂f∗pCU );S

)
by using the filtration G•.

5.4. Corollary. For ? = ψ or ? = φ we have

SP?
(
pψ1/t(Rf∗pCU );S

)
= SP?

(
pφτ (R̂f∗pCU );S

)
.

5.5. Remark. In fact, the spectral fraction of f at infinity following [26] is equal to the
rational fraction SPφ

(
pψ1/t(Rf∗pCU );S − 1

)
as defined above. Indeed, consider on

the space Hk(F−1(∞), ψ1/f (Rj∗CU )) (i.e., the limit of Hk(f−1(t),C) when t→∞)
the Hodge filtration F •H as constructed in [27] or [25], and the monodromy T∞ (see
§ 1.9). For β ∈] − 1, 0] such that exp(−2iπβ) is an eigenvalue of T∞, let νβ+p be
the dimension of grpFH of the corresponding generalized eigenspace and put SPk(S) =∏
p

∏
β∈]−1,0](S + β + n − p)νβ+p . The spectral rational fraction constructed in [26]

is then

SP(S) =
∏
k

SPk(S)(−1)n−k .

Let us show that SP(S) = SPφ
(
pψ1/t(Rf∗pCU );S − 1

)
. We have

Hk(F−1(∞), ψ1/f (Rj∗CU )) = Hk−n(F−1(∞), pψ1/f (Rj∗pCU ))
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and the mixed Hodge structure with filtration F• that we use differs from F •H by a
Tate twist (n). Hence we have

F pHHk(F−1(∞), ψ1/f (Rj∗CU )) = Fn−pH
k−n(F−1(∞), pψ1/f (Rj∗pCU )).

To define SPφ
(
pψ1/t(Rf∗pCU );S

)
we use α ∈]0, 1] such that exp(2iπα) is an eigen-

value of T−1
∞ and this explains the shift by 1.

Appendix: Convention and notation

We refer to [2] or to chapter 10 in [11] for general results on perverse sheaves.

A.1. Filtrations. To an increasing filtration F• we associate a decreasing filtration

F • := F−•.

The shift is analogous to the one defined by M. Saito, namely

F•[k] = F•−k

F •[k] = F •+k.

A.2. Perverse notation for constructible sheaves
Perversity, cohomology and duality. We denote Perv(QX) the abelian category of Q-
perverse sheaves on the manifold X. Let f : X → Y be a morphism between complex
analytic manifolds. Put δf = dimX − dimY and pQX = QX [dimX]. This is a
perverse sheaf. Let DX be the Verdier duality functor on the category Db

c(QX). We
have

DpQX := RHomQX
(pQX ,QX [2 dimX]) ' pQX .

If F is an object of Db
c(QX), we denote HjF the jth cohomology group of F (this is

a sheaf on Y ) and pHjF the jth perverse cohomology group (this is a perverse sheaf
on Y , hence a complex in general). We have

DX
pHjF = pHjDXF .

Inverse image. The inverse image is modified as follows:
pf−1 = f−1[δf ]

If f is smooth or if f is a closed immersion we have pf−1pQY = pQX . We also put
pf ! = f ![−δf ] = DX

pf−1DY .

If f is smooth, we have pf ! = pf−1.

Direct image. The direct images Rf! et Rf∗ are unchanged. We put

Rjf? = HjRf? et pRjf? = pHjRf?
with ? = ∗ or ? = !.
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Nearby and vanishing cycles. Let f : X → C. The nearby and vanishing cycles
functors are modified in the following way:

pψfF = ψfF [−1] and pφfF = φfF [−1].

Compatibilities and exact sequences. We have
pf ! = DX

pf−1DY

p(f ◦ g)−1 = pg−1pf−1

p(f ◦ g)! = pg!pf !

Rf! = DY Rf∗DX

pRjf! = DY
pRjf∗DX

R(f ◦ g)? = Rf?Rg? ? = ∗ or !
Df−1(0)

pψf = pψfDX with f : X −→ C smooth
Df−1(0)

pφf = pφfDX idem
pψf

pHj = pHjpψf idem
pφf

pHj = pHjpφf idem

Rg∗
pψg◦f = pψfRg∗ X

g−→ Y
f−→ C, g proper

Rg∗
pψg◦f = pψfRg∗ idem.

Triangles:
pi−1 −→ pψf

can−→ pφf
+1−→

pφf
var−→ pψf −→ pi!

+1−→

If i : Y ↪→ X is a closed immersion and j : X−Y ↪→ X is the complementary open
immersion (we then have pj−1 = j−1 = pj! = j!), we have triangles[

RΓY = Ri∗i
! = Ri∗

pi![δi]
]
• −→ • −→ Rj∗j

−1• +1−→

Rj!j
!• −→ • −→

[
Ri∗i

−1 = Ri∗
pi−1[−δi]

]
• +1−→

If moreover Y has codimension one in X, we have triangles

• −→ Rj∗j
−1• −→ Ri∗

pi!• +1−→

Ri∗
pi−1• −→ Rj!j

!• −→ • +1−→

Adjunction:

Rf!(F ⊗ f−1G) = Rf!F ⊗ G
Rf!(F ⊗ pf−1G) = Rf!F ⊗ G[δf ].

A.3. D-modules. Here, the category is either the algebraic category or the analytic
category, and the objects correspond each other with the functor “an”, e.g. . OX
and Oan

X .
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De Rham. We have RHomDX (OX ,DX) = ωX [−dimX]. We put

pDR(M) = RHomDX (OX ,M)[dimX] = ωX
L
⊗
DX
M.

We define in the same way the relative de Rham complex for a projection.

Duality. The duality functor (denoted D or DX) is centered in such a way that it
preserves holonomic modules.

Direct image. We put

f+M = Rf∗

(
DY←X

L
⊗
DX
M
)
.

Notice that Dpt←X = ωX , and consequently for f : X → pt we have f+M =
RΓ(X, pDRM). In the case of a projection f : X × Y → Y we have f+M =
Rf∗

pDRfM.
We define

f†M = DY f+DXM.

For f proper we have f† = f+ since in this case f+D = Df+.

Inverse image. We put f+N = DX→Y
L
⊗

f−1DX
f−1N and f†N = DXf

+DYN with

DX→Y = OX ⊗f−1OY f
−1DY , so that as a OX -module, f+ corresponds to Lf∗ (i.e.,

OX
L
⊗

f−1OY
). If f is smooth we have f+ = f†.

Moderate nearby and vanishing cycles. We have triangles (for f : X → C smooth)

i† −→ ψmod
f −→ φmod

f
+1−−−−→

φmod
f −→ ψmod

f −→ i+
+1−−−−→ .

Compatibilities. These are the same as for the sheaves, via the following correspon-
dence:

f+ ↔ Rf∗, f† ↔ Rf!, D ↔ D

f+ ↔ pf !, f† ↔ pf−1, ψmod
f (φmod

f ) ↔ pψf (pφf ).

The correpondence is given by pDR.
Adjunction (f analytic and proper or algebraic):

f+(M
L
⊗
OX

f+N ) = f+M
L
⊗
OY
N

f†(M
L
⊗
OX

f†N ) = f†M
L
⊗
OY
N .
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