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Abstract

We construct motives over the rational numbers associated with symmetric power
moments of Kloosterman sums, and prove that their L-functions extend meromor-
phically to the complex plane and satisfy a functional equation conjectured by
Broadhurst and Roberts. Although the motives in question turn out to be “classical,”
we compute their Hodge numbers by means of the irregular Hodge filtration on their
realizations as exponential mixed Hodge structures. We show that all Hodge numbers
are either zero or one, which implies potential automorphy thanks to recent results of
Patrikis and Taylor:
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1. Introduction

This article is devoted to the study of a family of global L-functions built up by
assembling symmetric power moments of Kloosterman sums over finite fields. We
prove that they arise from potentially automorphic motives over the rational num-
bers, and hence admit a meromorphic extension to the complex plane that satisfies
the expected functional equation. The exact shape of the latter was conjectured by
Broadhurst and Roberts.
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1.1. L-Functions of symmetric power moments of Kloosterman sums

Let p be a prime number, let F, be the finite field with p elements, and let Fp be
an algebraic closure of F,. If g is a power of p, then we denote by F; the subfield
of F,, with ¢ elements and by trg, /¢, : Fg — F its trace map. Let ¥ : F, — C*
be a nontrivial additive character. For each a € F ;‘, the Kloosterman sum is the real
number

Kly(a;q) = Z ¥ (tre, /v, (x + a/x)). (1.1)

X
x€Fg

As an application of the Riemann hypothesis for curves over finite fields, Weil [62]
proved that there exist algebraic integers g, B, of absolute value ,/g satisfying
Klx(a;q) = —(aq + Ba) and o, B, = q. For each integer k > 1, we define the kth
symmetric powers of Kloosterman sums as

k
SymK L
K™ (a:q) = ol i
i=0

and, summing over all a, we form the moments

mi@) = 3 K™ (a:q).

X
acFy

Note that this convention makes Kliyml (a;q) opposite to Klp(a;q). Contrary to
Kloosterman sums and their symmetric powers, the moments m’zc (g) are rational
integers that do not depend on the choice of the additive character. We pack them into
the generating series

o0 Tn
Zi(p:T) =exp( Y mb (p") =),
k(s Ty =exp(Y_m3(p")—
n=1
which in fact turns out to be a polynomial with integer coefficients. The first few

cases are easy to compute: both Z;(p;T) and Z,(p;T) are equal to 1 — T, and the
equalities

. P
Za(p:1) = (1-D)(1-(5)p°T).

=T if p=2,
Zalp:T) = {(1 —T)Y(1-p2T) ifp>2,

hold, where (p/3) stands for the Legendre symbol. From this one may already infer
that the polynomial Zy(p;T) is always divisible by 1 — T'. Other so-called trivial
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factors appear when k is a multiple of 4 or when k is even and p is small compared
with k (see Section 5.1.1 below). Better behaved than Z(p;T) is the polynomial
M (p; T') obtained by removing these trivial factors, since all its roots then have the
same absolute value p~*+1/2,

We shall now build a global L-function over Q with the above polynomials as
local Euler factors. We first discuss the case of odd symmetric powers, say of the
form k =2m + 1. Let S be the set of odd prime numbers smaller than or equal to k.
For all p ¢ S, define the local factor at p as L (p;s) = My (p; p~*)~!, and consider
the Euler product

Li(s) = [ Le(p:s),

DES

which by the previous remark about the roots of My (p;T) converges absolutely on
the half-plane Re(s) > (k 4 3)/2. This function is expected to have meromorphic
continuation to the entire complex plane and satisfy a functional equation relating its
values at s and k +2 —s. As usual, the functional equation has a neat formulation after
completing the L-function by adding local factors at p € S, as we shall do in (5.13)
below, and gamma factors at infinity. We set 9 = 135; - - - ks, where ng denotes the
square-free part of an integer n (i.e., the product of all prime numbers p such that the
p-adic valuation v, (n) is odd), and we consider the complete L-function

Ak(s) = (%)S/z_lﬂ[r(s;j) [T Letpss).

j=1 P prime

THEOREM 1.2
Assume that k is odd. The function Ly (s) admits a meromorphic continuation to the
complex plane and satisfies the functional equation

Ar(s) = Ap(k +2—5).

A similar result holds for even symmetric powers, except that we were unable to
make the local invariants explicit at p = 2. To formulate the statement, we write either
k =2m + 4 or k = 2m + 2 with m an even integer, and we define S as the set of all
prime numbers smaller than or equal to k /2. The local factors at odd primes in S are
described in (5.22) below. Besides, we set ‘ﬁ;c = 2,4,6y---k,, where n, denotes the
odd part of the radical of an integer n (i.e., the product of all odd primes dividing 7).
We then complete the L-function outside the prime 2 as follows:

Mo = (Y T (52) T Letoior

J= p#2
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THEOREM 1.3

Assume that k is even. The function Ly (s) meromorphically extends to the complex
plane. Moreover, there exists a sign e € {£1}, an integer ry > 0, and a reciprocal of
a polynomial with rational coefficients Ly (2; T) such that, setting

Ak(s) =282 Li(2:27°) A (s),
the following functional equation holds:

Ax(s) =epAx(k +2—35).

The above formulas for A (s) match the numerical observations made by Broad-
hurst and Roberts in [4, (128)], [5], and [47], up to replacing their variable s with s —2
due to a Tate twist. For even k, they also conjecture that the elusive invariants take the
values rp = |k/6] and g = (—1)', with f;, given by the formula

no=1k/8]+ Y Lk/2pl+ Y Lk/4p)+Ssuk),

p=1(mod4) p=3(mod4)

where Jgz is the characteristic function of multiples of 8. We explain in Section 5.3.1
below how the last three terms above fit with the local computations at odd primes
in S and at infinity.

Theorems 1.2 and 1.3 were previously only known for & < 8. The first four cases
are straightforward, as the L-function is trivial for k = 1,2, 4 and agrees, for k = 3,
with the shifted Dirichlet L-function L ()3, s —2) of the nontrivial quadratic character
modulo 3. In the next four cases, the L-function can be expressed in terms of a Hecke
cusp form for some congruence subgroup I'g(N) of SL,(Z), as indicated in Table 1.

Table 1. Modularity for k = 5,6,7,8.

k Ly (s) Modular form References
5 L(f3,s—2) f3 € 83(Tp(15),(-/15)) Livné [39], Peters, Top, and van der Vlugt [45]
6| L(fi,5—2) 71 € 84(To(6)) Hulek et al. [29]
7| L(Ad(g),s —2) | g € S35(T0(125),(-/21)x5), conjectured by Evans [17];

x5 Dirichlet character proved by Yun [64]

modulo 5 with x5(2) = —i
8| L(fs,5—2) f6 € S6(I'0(6)) conjectured by Evans [16];
proved by Yun [64]

1.2. Cohomological interpretation

After Deligne [8], Kloosterman sums arise as traces of Frobenius acting on an étale
local system on the torus Gy, r,,. Let £ be a prime number distinct from p, and let Q
be an algebraic closure of the field of £-adic numbers. Once we view the character
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¥ as taking values in Q, by choosing a primitive pth root of unity in this field,
there is a rank-1 {-adic local system % on the affine line A%p with trace function
z > Y (trg, /v, (2)), the so-called Artin-Schreier sheaf. The Kloosterman sheaf Kl
is then defined by pulling back and pushing out .Zy, through the diagram

nF
m,
% T
e o (1.4)
G, AL
where, if x and z are coordinates on (GﬁLFp, the function f is given by x +z/x and &

stands for the projection to the z-coordinate. That is, we set
K12 = Rngf*fw[l].

Deligne showed that the object Kl, is concentrated in degree 0, and that it is a
rank-2 lisse sheaf on Gy, p » tamely ramified at zero, wildly ramified at infinity, and
pure of weight 1. Indeed, the “forget supports” map Ry f*.% — Ry f*.% is an
isomorphism. Grothendieck’s trace formula and base change yield the equalities

Kly(a,q) = —tr(Frob, | Kly) = —(agq + Ba),

where o, and B, are the eigenvalues of Frobenius acting on a geometric fiber of Kl,
above a. In the same vein, symmetric powers of Kloosterman sums are local traces of
Frobenius on the symmetric powers Symk Kl,. To obtain the moments, we consider
the action of the geometric Frobenius F, on the étale cohomology with compact
support of Symk Kl,. Since it is concentrated in degree 1, invoking the trace formula
again we get the equality

Zi(p:T) =det(1 — F, T | Hj (G, f, . Sym* Klp)). (1.5)

ét,c

It follows that Z (p; T') is a polynomial with integer coefficients of degree minus
the Euler characteristic of Symk Kl, which, by the Grothendieck—Ogg—Shafarevich
formula, is equal to its Swan conductor at infinity. Fu and Wan computed it for odd
primes p in [21], completing partial results by Robba [46]:

@—L%-F%J if k odd,

deg Zi (p: T) = SWoo(Sym* Kl,) = {k2 .
35— |5, if k even.

The remaining case p = 2 was treated by Yun [64], who proved that the Swan con-
ductor is equal to (k + 1)/2 if k is odd and to | (k + 2)/4] if k is even. Observe that,
when p is large compared with k, the degree takes the uniform value |(k 4+ 1)/2].
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The sets S from Section 1.1 consist exactly of those prime numbers p at which the
degree drops.

From this perspective, the trivial factors of the polynomial Zj(p;T) are
accounted for by the invariants and the coinvariants of the inertia action at zero
and infinity. By “removing them,” we mean replacing étale cohomology with com-
pact support on the right-hand side of (1.5) with middle extension cohomology, which
is defined as

Hét,mid (Gm,ip ’ Symk Klz)

=im[H{ (G

ét,c

m,F > Sym* Klpp1) — Hel:t(ijp ,Sym* Kl 11)].

The terminology is coherent with the fact that, letting j : G,, < P! denote the inclu-
sion, the above image agrees with the cohomology on P! of the intermediate (i.e.,
middle) extension sheaf ji, Symk Kl,. By definition, My (p; T) is the polynomial

My (p:T) =det(1 = FpT | H} (G, 5, Sym* Klp)).

Since the étale cohomology and the étale cohomology with compact support of
Symk Kl, have weights at least k + 1 and at most k + 1, respectively, by the main
theorem of Weil II [10], the middle extension cohomology is pure of weight k + 1.
What was called m in Section 1.1 above is the degree of My (p;T), that is, the
dimension of the middle extension cohomology forall p ¢ S.

1.3. Exponential Hodge structures and irregular Hodge filtration
Theorems 1.2 and 1.3 are proved by constructing a compatible system of potentially
automorphic Galois representations

ree: Gal(Q/Q) —> GL» (Qy), (1.6)

with £ running over all prime numbers, such that r¢ ¢ is unramified at primes p # {
outside S and has traces of Frobenius

—m&(p)—1 if 41k

S uU{}). 1.7
k-1 g e PESUE) 0D

tr(rk,¢(Frob,)) = {

The search for such Galois representations was initiated by Fu and Wan, who showed
in [22] that L-functions of symmetric power moments of Kloosterman sums can be
realized as Hasse—Weil zeta functions of virfual schemes over SpecZ. An actual
Galois representation with traces (1.7) was first constructed by Yun [64] as a sub-
quotient of the étale cohomology of a smooth projective variety over Q cut off the
affine Grassmannian of GL,.
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Our construction is instead inspired by the theory of exponential motives, as
developed by the first author and Jossen [19]. In a nutshell, this is a theory of motives
for pairs (X, f) consisting of a smooth variety X over Q and a regular function f
on X that enriches the de Rham cohomology of the vector bundle with connection
E/ =(Ox.d+df); thatis,

- N d+df _q d+df _,
R(X,EN)=H"(X,0x — Qy —> Q% —> ).

We shall also consider the de Rham cohomology with compact support H, (X,E f )
and the middle de Rham cohomology Hg q(X, E /), which is defined as the image
of the latter in the former under the “forget supports” map. When f is the zero func-
tion, H} (X, E 7 is the usual de Rham cohomology of X and one can indeed prove
that Nori motives, one of the candidates for the abelian category of mixed motives,
form a full subcategory of exponential motives. However, the function does not need
to be identically zero for an a priori exponential motive to be classical. For instance,
this is always the case for an exponential motive of the form H” (X x A',zf). If the
zero locus Z = {f = 0} is smooth, then it is isomorphic to H*~2(Z)(—1), which
should be thought of as a cohomological shadow of the identity

o0
/ / eV wdr = 2ni/Resz(w/f),
0 JT(y) Y

where o is a differential form on the complement of Z and 7T'(y) is the tube of a
chain y in Z. In general, the existence of square roots of the Tate motive Q(—1)
prevents exponential motives from having realizations in mixed Hodge structures, but
they do realize into certain mixed Hodge modules over the affine line that Kontsevich
and Soibelman [36] call exponential mixed Hodge structures. It will be enough for
our purposes to work in this category, whose main properties are summarized in the
appendix.

In analogy with the £-adic setting, the Kloosterman connection Kl, on G, over
a field of characteristic O is defined by keeping the same diagram (1.4) but replacing
the Artin—Schreier sheaf with the differential equation of the exponential. Then the
pullback f*.%, becomes E/ = (Ogz2.d +df) and one sets

Kl, =7 E/,

which can be thought of as the family of exponential motives H! (G, x + z/x)
parameterized by z € Gy,. Over the complex numbers, Kl is the rank-2 vector bundle
with connection associated with the modified Bessel differential equation

dzy/dz2 +(1/z)dy/dz—y =0,
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which is indeed the one the exponential periods of H! (G, x + z/x) satisfy. Note that
this equation has a regular singularity at zero and an irregular singularity at infinity.
We can then form the symmetric powers Symk Kl, and consider the various flavors
of de Rham cohomology

Hig(Gm. Sym*Klp),  Hlg (Gum,Sym*Klz),  Hl 1ig(Gin, SymF K1),

where the last space agrees again with the cohomology of the intermediate exten-
sion computed on P! (see Corollary 2.15). These vector spaces admit an exponential
Hodge-theoretic interpretation as de Rham fibers of exponential mixed Hodge struc-
tures, respectively denoted by

H'(Gp, Sym*Kly),  HY(Gp,Sym*Kly),  HL., (G, SymF Kly).

As such, they carry an irregular Hodge filtration, constructed in [50, Section 6] by
extending an idea of Deligne [12]. On the other hand, we shall prove in Theorem 3.2
that these exponential mixed Hodge structures are indeed classical mixed Hodge
structures. When this is the case, the irregular Hodge filtration agrees with the usual
Hodge filtration, as we show in Proposition A.13, so we can rely on the geometric
interpretation of the former to compute the latter.

THEOREM 1.8

The mixed Hodge structure H (G, Symk Kl,) has weights at least k + 1 and the
following numerical data.

(1 For odd k, it is mixed of weights k + 1 and 2k + 2, with

dimH" (G, Sym* Kl,)?

1 ifp+g=k+1landpe{2,4,....k—1},
=31 ifp=gq=k+1,

0 otherwise.

(2)  For even k, it is mixed of weights k + 1 and 2k + 2 if k = 2 mod 4, and of
weights k + 1, k + 2, and 2k + 2 if k = 0 mod 4, with

dimH" (G,,, Sym* Kl,)?7

ifp+q=k+1and min{p,q} €{2,4,...,2|(k —1)/4]},
ifp=q=k/2+1andk =0 mod 4,
fp=q=k+1,

otherwise.

S = =
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Furthermore, the mixed Hodge structure Hrlnid (G, Symk Kl,) is pure of weight k + 1
and is equal to Wy 1H (G, Symk Kly).

To prove that H! (G,,, Sym* K1) carries a mixed Hodge structure and d compute its
Hodge numbers, we first establish the analogous result for the pullback K12 of Kl, by
the double cover of G,. The symmetric power Sym Klz turns out to be the restriction
of the Fourier transform of a 2-module on A! that underlies a pure Hodge module
and, as we explain in Section A.7, the theory of mixed Hodge modules endows its
cohomology with a mixed Hodge structure whose numerical invariants can be com-
puted in terms of nearby cycles. On the other hand, seeing the cohomology of sym-
metric powers as the alternating part of the cohomology of tensor powers and using a
refined form of the Kiinneth formula, we get an isomorphism

Hlg (G, Sym* Klo) ~ Hp (G, KISF)sien ~ HEFL(GEFT /i ysien, (1.9)

where f is the function xq + -+ + xx + z(1/x1 + --- + 1/x) and sign denotes the
eigenspace on which the symmetric group Gy, acts through the sign. After pullback by
the cover f > z = 2 and the change of coordinates x; = ty;, the function fj takes the
form ]7;; = 1g®* where g is the k-fold Thom-Sebastiani sum g(y1) +--- + g(Vk)
of the function g(y) = y + 1/y with itself. The cohomology group (1.9) is hence also
given by the invariants of

Hly (Gu, Sym* Klp) ~ HL (GE+1, pre™ysien (1.10)

under the action of i, coming from the cover. On toric varieties such as a compactifi-
cation of Gﬁ adapted to the function f, the work of Adolphson and Sperber [1] and
the results of [15] and [63] lead to a geometric interpretation of the irregular Hodge
filtration that, once we know the Hodge numbers of (1.10), enables us to complete the
proof of Theorem 1.8.

From this circle of ideas we also see that the Hodge structure H. ., (G, Symk Kl,)
has motivic origin, in the sense that it is cut out of the cohomology of an algebraic
variety. Indeed, replacing with A! the copy of G, with coordinate ¢ in GK*! and
combining the Gysin and the localization long exact sequences, we obtain the follow-
ing description in Theorem 3.8. Let % C G¥ be the zero locus of g®¥, on which the
group S X w, acts by permuting the coordinates and sending y; to —y;. Then there
is an isomorphism of pure Hodge structures
(G, Sym* Klp) == gr}V | HF 1 (Up)sien iz (1), (1.11)

m1d

For odd k, the hypersurface J# is smooth and we also obtain an isomorphism

HL. (G, SymF Klp) == grfV” | HF =1 (pysienrz (1),
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The right-hand side of (1.11) is the Hodge realization of a pure motive My over Q
and the Galois representations ri ¢ from (1.6) arise as its £-adic realizations.

That a paper seemingly about L-functions bears the title “Hodge theory of
Kloosterman connections” may come as a surprise. The reason for this choice is
that we see Theorem 1.8 as the crux of our contribution. Once we know that all
Hodge numbers are either zero or one (equivalently, that the Galois representations
Ik, are regular), a recent theorem of Patrikis and Taylor [44], building on previous
work of Barnet-Lamb et al. [2], implies that the r; ¢ are potentially automorphic,
and hence that their L-functions meromorphically extend to the complex plane and
satisfy a functional equation. As expounded in the sequel paper [20], our approach
also explains the relation, numerically checked to high precision by Broadhurst and
Roberts in many examples, between special values of the L-functions at critical
integers and certain determinants of Bessel moments

o0
[ Io(2)*Ko(2)F 20 dz )z,
0

where Io(z) and Ky(z) are the modified Bessel functions of the first and the second
kind.

1.4. Overview

Briefly, the paper is organized as follows. In the preparatory Section 2, we gather
the main properties of Kloosterman connections and their symmetric powers. The
mixed Hodge structures are constructed in Section 3, where we also exhibit their
avatars over finite fields. Section 4 is devoted to the proof of Theorem 1.8. Finally,
in Section 5 we compute the étale realizations of the motives and pull everything
together to prove Theorems 1.2 and 1.3. The paper is supplemented by an appendix
concerning exponential mixed Hodge structures and the irregular Hodge filtration.

2. Symmetric powers of Kloosterman connections

In this section, we gather the properties of Kloosterman connections and their sym-
metric powers that are relevant for the construction of the mixed Hodge structures in
the next sections. We refer the reader to Appendix A.l for the notation and results
from the theories of Z-modules and mixed Hodge modules that are used in what fol-
lows, and to [32, Section II] for the notion of slopes of a meromorphic connection at
an irregular singularity.

2.1. Structure of Kloosterman connections

Let n > 1 be an integer. We first define Kloosterman connections Kl, 4+ generalizing
Kl, from the introduction. For simplicity, we work over the base field C, although all
results remain valid over a field of characteristic 0. Let G, denote the 1-dimensional
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torus. We endow the product G” ! with coordinates (z, x) = (z, x1,. .., X,) and con-
sider the diagram

n+1
Gm

RN
Gm Al

where 7 is the projection (z, x) — z to the first factor and f is the function

fE.x)=xi++xu+ (2.1

'xl e xn

We define Kl, 4 as the bounded complex of g, -modules
Kl =n E7, (2.2)

where E/ = (ﬁGg+l ,d 4+ df) is the connection attached to the exponential of f.
After identifying the global sections I'(G,, , Og,, ) with C[z,z71], we can see Kl 11
as a complex of C[z,z71](zd,)-modules.

Besides, we consider the cyclic Galois cover

n+1]: Gny — G,
induced by z — t"*1, which has Galois group i, 41, and we set
Klysr = [ + 1] Ky ~ 74 E7

with7(t,x) =t and f(¢,x) = f(t"*1, x). The group ftn+1 acts on Kl, 41, and hence

~

on the pushforward [n + 1]4+Kl,+1, and the original complex can be retrieved as the
invariants

Klpy1 = ([I’l + 1]+§1n+1)un+1 .

Let g: G — Al be the function defined as

g(ylﬂ"'ayn):f(15y15"'7yn)=y1 +"'+yn+ (2‘3)

Vi Vn

Since the change of variables (7, x) — (¢,y) = (¢, x/t) on G"*! turns finto tg(y)
and is compatible with projections to the first factor, we also get

ﬁ]nH — 'ﬁ+Etg(y)_



1660 FRESAN, SABBAH, and YU

PROPOSITION 2.4
The complex Kl,, 41 is concentrated in degree 0, that is, the equality

Kl = #°n ES

holds. Moreover, Kl,, 11 has the following properties:

(1) Kl 41 is the irreducible free Og, -module of rank n + 1 with connection asso-
ciated with the hypergeometric differential operator (z9,)" ! — z.

2) Kl,+1 has a regular singularity at z = 0 with unipotent monodromy and a
single Jordan block, and an irregular singularity of pure slope 1/(n + 1)
at z = oQ.

(3)  Let Kl be the Og, -module dual to Kl, 11 endowed with the dual connec-
tion, and let 1, denote the involution z — (—1)" z. There is an isomorphism

v ot
Kln—i—l =~ Ln—i—l Kln+1 )

4) Ian+1 is the restriction to Gy, of the Fourier transform of a regular holonomic
Dy1-module.

Proof

The arguments of [8, Theorems 7.4, 7.8] can readily be transposed to the complex
setting to show that K1, is a free 0, -module with connection sitting in degree 0.
Instead, we give a proof based on the following recursive description. Let inv be the
involution z — 1/z on Gy,, and consider the localized Fourier transformation

g = ]()+ FT j0+ : DEOl(@Gm) — DEOI(@Gm)'

Recall that this functor preserves holonomic modules, and sends regular holonomic
modules to smooth holonomic modules on G, with a regular singularity at the origin
and a possibly irregular singularity with slopes in {0, 1} at infinity. For the sake of the
induction, it will be convenient to set Kl; = j0+ E?Y and start with n = 0.

LEMMA 2.5
For n > 0, there is an isomorphism Kl,, 42 ~ Z invt Kl,, 1 1.

Proof
Wesetz' =1/z and xg = z/x1---Xp, so that p,» = 1/xg - x, and
iIlV+ K1n+1 = pz/+Ex0+m+x".

Hence, denoting by { a coordinate on a new factor G, and by m¢ the corresponding
projection,

ﬁ*inv-i- Klygq = 7T§+EXO+...+xn +¢z' _ n§+Ex0+..-+xn +&/x0Xxn ~Klyto. O
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Let us now show (1) and (2). Since Kl; is a holonomic %, -module, the same
goes for each Kl, 4+ by induction. That Kl,,4; is isomorphic to the free g, -module
of rank n + 1 with connection defined by L = (z9,)"*! —z is clear for n = 0. Assum-
ing it true for Kl, 1, Lemma 2.5 implies that K1, is isomorphic to

Finvvt (%, /e, L) ~ F(Zs,,/ V6, ((—20;)" 'z — 1))
= @Gm/@(}m((zaz)n+2 - Z)’

where the first isomorphism is given by inversion and multiplication by z on the right.
With respect to a suitable basis, the matrix of zd, acting on Kl,; is thus given by

o0 .- 0 z
1 0 0 0
0 1 0 o}’
0 0 1 0

which shows that z = 0 is a regular singularity with unipotent monodromy and a
single Jordan block. It also follows from this description that z = oo is an irregular
singularity of slope 1/(n + 1), and that K1, 1 ; is irreducible. Indeed, jo inv™ Kl
agrees with the intermediate extension joi4 invt Kl,4, because invt Kl,,; has
slope 1/(n + 1) at 0; it is thus an irreducible &,1-module, and Fourier transforma-
tion preserves this property.

We note that property (3) is true for n = 0. Assuming it holds for Kl,, 41, we prove
it for Kl,, +». Fourier transformation commutes with duality of Z,1-modules up to ¢y,
as follows from [40, Lemme V.3.6], and the latter duality corresponds to the duality
of free U, -modules with connection through the pair of functors j0+ and jot4. Thus
Lemma 2.5 yields (3).

Finally, the pullback IZ],,H of Kl,,+1 by the finite morphism [r + 1] is also con-
centrated in degree 0 and is smooth of rank n 4 1 on Gp,. Consider the Z,1-module

Mpiy = g4 Ocy,.
Letting jo: G, < A! denote the inclusion, we claim that there is an isomorphism
Kyt jo" FT Myt (2.6)

of C[r,17](rd;)-modules. This will yield (4). We first observe that Kl, 11 is isomor-
phic to jo+ FT(g+0gn). Indeed, denoting the projections by p;: Gy ; X Al - G s
and pr: Gy xAl — Al and writing @ asId xg: Gy X G — Gy, x A' composed
with p;, the projection formula gives isomorphisms

T4 E'® ~ pry ((1dxg)+ E'®) ~ pry (pf g+ Ocp ® E'™) =~ ji FT(g+Ocp).

The claim then follows from the fact that ﬁnH is concentrated in degree 0. O
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2.2. Cohomology ofSymk Kl 41

In what follows, we work in the abelian tensor category of vector bundles with con-
nection on G,. For each k > 1, we define the kth symmetric power Sym* K1,
(resp., Symk Ian+1) as the invariants of the tensor product Klf’fl (resp., ﬁ,?fl) under
the action of the symmetric group Gy. There are isomorphisms

KI®* ~[n+ 11T K%K,

SymF Kl g1 = [ + 1]7 Sym* Kl 11,

KI®K =~ ([n + 1]LKISK )t

Sym* Klyp1 2 ([ + 114 Sym* Kl,, 1)+,

n
[+ 114 KIS¥, ~ P/ KISk,
i=0

n
[n + 1]4 Sym* Kl, 4 ~ @Z”””LU Sym* Kl,41,
i=0

where z//+1D & denotes the Kummer twist (Cg,,,d + n+1 dz/z) ® & of a vector
bundle with connection &. This follows from the decomposition

n
[n+1]4+0g, = @(ﬁﬁm,d+ - l
i=0

1dz/z)

into eigenspaces for the action of the Galois group p,+1 of the cover [n + 1]. Note
the equality

~ k
rk Sym¥ Kl 1 = rk Sym¥ Klppq = <”Z )
PROPOSITION 2.7
The connections Symk Kl,+1 and Symk Kl,+1 are irreducible.

Proof

For each integer n > 1, the differential Galois group of Kl,4; and Izlnﬂ is equal
to SL,4+1(C) if n is even and to Sp,,(C) if n is odd (see [32, Corollary 4.4.8]
taking Proposition 2.4(1) into account). Since any symmetric power of the standard
representation of these groups is irreducible (see, e.g., [24, Sections 15.3, 17.3]), it
follows that Sym Kl,+1 and Sym Kln+1 are irreducible. O
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Let us consider the Laurent polynomial
. kn+1 1
fk—Z(Zxﬂ—i-ZH ).Gm"+ AL (2.8)
=1 i=1 i=1

and let g : G’r;”“ — G, denote the projection to the coordinate z. With the above
notation, the equalities f; = f and wr; = 7 hold. Let us consider the Cartesian square

[n+1]

G§n+1 G{;"'H
ﬁk l l -
[n+1]

Gm,t Gm,z

and set ]7;; = [n + 1]* fx, so that we have again ]7; = ]7 Making the change of vari-
ables (¢, y;;) = (¢,x;;/t) as in the previous section, we can write fi as

fe=1-g%, 2.9)

where g is the k-fold Thom—Sebastiani sum of the Laurent polynomial g given
by (2.3) with itself. There is a natural action of 1,41 on J#°[n + 1]4 E/k such that

ET¢ = (A°[n + 1] ETe)rt1.
PROPOSITION 2.10
There are isomorphisms

KI®* ~ o mp Efe = (ETe and KIZE, ~ % ETx =T ETr.

Proo
We f{;st prove the statement about Klf?fl Recall the equality f;; =t - g% and con-
sider the complex of .@A% -modules with regular holonomic cohomology
Mrgl-ci-)l = gf Ogkn
Arguing as in the proof of Proposition 2.4, we get an isomorphism
77’k+Eﬁ‘ ~ jo FT Mn(li)1
Let sp: Al x--- x Al — A! be the sum map. Writing g% = sk o(gx-xg),we

can identify M, ( )1 with the k-fold additive *-convolution of M, +1 with itself. Since
Fourier transformation exchanges additive x-convolution and derived tensor product
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on A} (as recalled in Section A.1), we deduce upon localization an isomorphism of
complexes of C[t,¢~1]-modules with connection

L
k 1
JE FTM®, ~ (ji FT MY )8,

where the tensor product is taken over the coordinate ring Clt.t7!] of Gy - Now,
recall from the proof of Proposition 2.4 that the complex jo FTM (1)1 is concentrated
in degree 0 and is a free C[¢,7~!]-module isomorphic to Kln+1 It follows that the

above derived tensor product is an ordinary tensor product, isomorphic to Kln 1

Let us now consider the case of Kl,?fl From the equality

aro(Idx[n +1]) =[n + 1] o 7,
along with the first part, we deduce p,1-equivariant isomorphisms
[+ 11+ KIBK, = [+ 13 Far B = mp (1 x[n + 1]) EF)
= s ((1dx[n + 1), ETF).
Moreover, the action on the rightmost term comes from that on (Id x[n + 1])+ E fk,

whose invariant submodule is E /% . Taking p,+1-invariants on the extreme terms, we
deduce the first isomorphism of the statement. O

COROLLARY 2.11
There are isomorphisms

HéR(Gma 1®k1) ~ Hkn+1(Gkn+1 Efk)

HéR(Gm’KI(@kI) ~ Hkn+1(Gkn+1 Efk)

Proof
Letting ¢ and g denote the structure morphisms of Gy, ; and Gy, 4, respectively, we
deduce isomorphisms of complexes

q+ KIZ = (qom) 4 ETx, quKISf, ~ GoFi) 4 ET*

from Proposition 2.10 along with the isomorphisms of functors (q o 7g )+ >~ g+ 0 7 4
and (¢ o )+ >~ G+ o Tr+. The statement then follows by taking cohomology in
degree 0. O

Since the dual of E/k is E~/k Poincaré—Verdier duality yields a commutative
diagram
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HER P (@GR Efi) @ HIg T (GEnHY BTy ———— HRR"P2 (@GR =C

l |

H FH G BT @ Hg T G B0 HR PG =C

in which the horizontal arrows are nondegenerate pairings. Denote the image of the
first vertical arrow by HEZTL(GEn+1 EJk). Consider the involution ¢ on GK”+1

given by

(z.xji) — ((=1)" 'z, —x;).
Since (4 Efk = tESfk = E_fk, it induces an isomorphism from the de Rham coho-
mology and the de Rham cohomology with compact support of £/ to those of E~/k,

from which we deduce a self-nondegenerate pairing

HE L (GEr BTy @ HEREL (GEM ! BT — €. (2.12)
This pairing is (—1)*"*!-symmetric since ¢ acts trivially on Hﬁ{{fé“(@ﬁl”“). There

is a similarly defined pairing on H/gﬁ’,;ild (Gkr+1E f;‘), which induces (2.12) by taking

Un+1-1nvariants.

In what follows, we consider objects acted upon by one of the groups Sj
and S X n+1, and we use the uniform notation y: G — {£1} for the sign charac-
ter if G = S and the product of the sign character on & and the trivial character
on fy+1 if G = Gk X up4+1. We also set y, = x" for n > 1. Given a representationV’
of G over a field K of characteristic 0, we let VG-X denote the x,-isotypic part
of V, defined as the image of the idempotent

1
— > ta(0)o
|G|
oeG
in the group ring K[G] acting on V.
PROPOSITION 2.13

The de Rham cohomology of Symk Kl,4+1 and Symk IZI,,_H is concentrated in
degree 1. Moreover, there are isomorphisms

Hg (G, Sym* Kl 41) ~ H§£+1(G§”+1,Efk)6k,xn
~ HEPHL(GEnHL | i) Siodtntrdn,

Hlg (Gun, SymF Klp 1) ~ HEH (GEn | B TiySican
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Proof

Since G, is an affine curve, there is no cohomology in degree greater than 1 and
it suffices to prove that HgR vanishes. This cohomology space being given by the
invariants under the action of the differential Galois group, the vanishing follows from
the fact that Symk Kl;+; and Symk Ian+1 are nontrivial irreducible representations
(see Proposition 2.7).

Notice, however, that the actions of o € & on the left- and right-hand sides of
each of the isomorphisms in Proposition 2.10 commute up to the sign y, (o), which
can be seen, for example, by representing elements as differential forms (this is sim-
ilar to the discussion on the determinant of H' in [19, Section 12.3.1]). By taking
the G -action on the isomorphisms of Corollary 2.11 into account, the desired isomor-
phisms are then clear. U

Let j: G, < P! denote the inclusion. In addition to the meromorphic exten-
sion jy Symk Kl,+1, we consider the following Zp1-modules that also extend the
D,,-module Sym* K1, 1 to P':

Jj+ Sym* Kl, 41 = D ji Sym* K1Y,
~ L;:_+1Dj+ Symk Kl,+1 (after Proposition 2.4(3)), (2.14)
Ji+ Sym* Kl 1 = im[js Sym* Kl 1 —> j4 Sym* Kl 41],
where D denotes the duality of Z-modules. The equality
Hig (G, Sym* Kl 4.1) = Hg (P, j Sym* Kl 1)

holds, and we set

Hig (G, Sym* Kl,11) = Hig (P, j; Sym* Kl 1),

Hg mia (G, Sym* Kl 41)

= im[Hfg (G, Sym* Kl,41) —> Hig (G, Sym* Kl 41)].

COROLLARY 2.15
The de Rham cohomology with compact support HSR,C(Gm,Symk Kl,+1) and the

middle de Rham cohomology Hig :4(Gm, Symk Kl,+1) vanish for r # 1. Moreover,
there are isomorphisms

HéR,c(Gm Symk Klpy1) >~ Hﬁﬁ’jl(({}’;”ﬂ’ Efk)Gkan

:ngg’jl(GﬁnJrl’Eﬁc)e’kxl/«n+ls)(n, (2.16)

H;R,mid (Gm, Symk Kly+1) = HéR(]P’l, Ji+ Symk Kly+1),
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and a perfect (—1)*" 1 _symmetric pairing
1 k 1 k
HdR,mid(Gm Sym*Kl,+1) ® HdR,mid(Gm Sym® Klp41) — C

induced by Poincaré duality. The same statement holds for Symk Ian+1.

Proof
Combining Poincaré duality for Zp1-modules, the isomorphism (2.14), and the fact
that L: 1 induces an isomorphism on de Rham cohomology, we get

Hlg (G, Sym* Klypq) > Hig (1,0, D j Sym* Klypq)
~ HE" (G, Sym* Kl 41),

and hence the vanishing of the left-hand side for r # 1 by Proposition 2.13. This
immediately implies the vanishing of Hig :4(Gm, SymF Kl,41) for r # 1. The first
two isomorphisms are proved in the same way as those of Proposition 2.13.

To shorten notation, we write H" = H’ (P!, j4 Sym* Kl,,41). From the fact that
the intermediate extension jt4 Symk Kl,,+1 is self-dual up to ¢, 1, we get an isomor-
phism H” ~ (H27")V similarly as above. Since the morphism

J+ Sym* Kl 1 —> j Sym* Kl

factors through the module j;4 Symk Kl, +1, to prove (2.16) it suffices to show that
the map Hy, (G, SymX Kl,, 1) — H! is surjective, which then implies the injectiv-
ity of H' - Hl; (G, Symk Kl +1) by duality. The former appears in the long exact
sequence associated with

0 —> ker[j Sym* Kl 41 —> jir4 Sym* Kl 11]
— ji SymF Kl y —> jig SymF Kl y —> 0

and, since the kernel has punctual support by [34, Proposition 2.9.8], we get the sur-
jectivity.

Finally, we observe that the pairing (2.12) is compatible with the induced actions
of the symmetric group Gy, which moreover acts trivially on the target C. Taking the
Xn-isotypic parts yields the desired self-duality for HéR,mid(Gm’ Symk Kl,+1). The
proof for Sym* Kl is completely parallel. O

2.3. The inverse Fourier transform of Symk I’Zln_H

Let jo: Gy <> A! denote the inclusion. Recall that Symk IZL,H is the restriction
to G, of the Fourier transform of a regular holonomic &, 1 -module. Applying inverse
Fourier transformation to the exact sequence
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0—> jot+ Sym* Kly 41 —> joi Sym* Kl .y — Cpp — 0, (2.17)

where C; k,n 18 supported at the origin, we thus get an exact sequence of regular holo-
nomic #-modules on the dual affine line A!. Set

M =FT ' (joi+ Sym* K, 41). (2.18)

The endofunctor IT: N +— N x jo+Og, on the category of regular holonomic
P1-modules, where “x” stands for additive *-convolution (see Section A.l), is
a projector onto the full subcategory of those with vanishing global de Rham coho-
mology, and the functors IT o FT~! and FT !0y joJr are canonically isomorphic

(see [34, Proposition 12.3.5]). Therefore, the equality
T1(M) = FT~' (o4 Sym* Kly11) (2.19)
holds, and we get an exact sequence of regular holonomic Z,1-modules
0—M—TI(M)— M —0, (2.20)

where M’ is constant (i.e., a sum of copies of the trivial Z,1-module & 1).

As recalled in Section A.3 of the appendix, the projector IT lifts to a projector on
the category MHM(A!) of mixed Hodge modules on the affine line A!, denoted in
the same way.

PROPOSITION 2.21
The exact sequence (2.20) underlies an exact sequence

0— M" — (M"Y — M'" —0

in the category MHM(A'). More precisely, MY s the pure Hodge module
Win TI(MY) of weight kn and M'Y is a mixed Hodge module of weights at least
kn + 1, which is pure of weight 2k + 1 ifn = 1.

Proof

Set U = Gg”, and recall the Laurent polynomial g&¥: U — Al. We consider the
associated Gauss—Manin system %ngfk Oy and its localized Fourier transform
j(;" FT(#° g%k Oy ). The second isomorphism of Proposition 2.10 reads

KI®* ~ jFFT(°gF* o).

The Laurent polynomial g is convenient and nondegenerate with respect to its Newton
polytope, and hence so is gEHk. The argument of [13, (3.6), (3.9)(c)] extends to the
complex setting and shows that the cone of the natural morphism g%ﬂk Oy — g%k Ou
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has constant cohomology, and hence the same holds for the kernel and cokernel of

the induced morphism
jfog?k Oy — %Ogélfk Oy.
Letting .7#7° gJErEf Oy denote its image, it follows that the induced morphisms
(g7 o) (07" — (A0 o[0T — (g ou)[a7 ],
after inverting d., are isomorphisms. We finally obtain a morphism
H°gEE 6y — FT7' (jo+ KI®E )

whose kernel and cokernel are constant Z,1-modules.

Recall from Section A.2 that the mixed Hodge module PQ?] is pure of weight
kn = dimU and that the associated perverse sheaf and filtered 2y -module are
Qulkn] and Oy together with the trivial filtration jumping at the index 0. As
mixed Hodge modules on A!, the proper pushforward #%;gP*PQl has weights
at most kn, the pushforward 7y g™ ""Q‘?, has weights at least kn, and the image
Oy g!EEkaI({] of the former in the latter is pure of weight kn, by [54, (4.5.2)]. Away
from its singularities, %”OHgEkPQ}l} corresponds to a polarizable variation of pure
Hodge structures of weight kn — 1.

The symmetric group Sy acts on Gﬁ” by permuting the index j in the coor-
dinates y;; and this action preserves g®k_ Therefore, & acts on .#° g%k Oy and
hence on its Fourier transform FT #° g%k Oy and its localized Fourier transform
Jjof FT#°¢ 2k 6. Through the identification

Sym* Klyt1 = jo FT(#° g3 07) %,
we obtain a morphism
(°gEE Oy) Sk — FT7 (jou Sym“ Kly 1) = (M) (2.22)

inducing an isomorphism after inverting d,, a property which implies the isomor-
phisms

(M) ~ T1((#° g5 0y) k%) = T g oy ) Skoxn, (2.23)

'Indeed, since # = g BX is convenient and nondegenerate with respect to its Newton polytope, it can be extended
to a proper morphism A5 : Y5, — Al on a smooth toroidal variety Ys; such that R’ (h2|7‘§ )« C is constant for
each i and each cone o of the regular fan X. Setting D = Y5y ~ (Gl/fl", it follows that R’ (hxp)«C is constant
for each i, and thus the assertion for 4 reduces to that for &y, which holds because Yy is smooth and Ay is
proper and locally acyclic except at a finite number of points.
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LEMMA 2.24
The D 41-module M is irreducible and is equal to the image of (2.22).

Proof

Since Symk IZInH is irreducible by Proposition 2.7, so are jot+ Symk IﬁnH and its
inverse Fourier transform M. Besides, the left-hand side ]\% of (2.22) underlies a pure
Hodge module ]\7/0H on the affine line, which decomposes as a direct sum AZH ® llf/\l;H
in which the Z-module M, underlying M is the maximal constant submodule of
M. The i image of (& 22) is thus isomorphic to the Z-module M, underlying M, MH.
Since M2H is pure, M, is a direct sum of irreducible Z-modules, and hence FT(MZ)
as well. It follows that FT(MZ) is an intermediate extension at the origin, in the sense
that the equahty FT(Mz) = JO—H_]O FT(MZ) holds. On the other hand, (2.23) gives
the equality j, FFT(M,) = Sym* Kl,+1, from which we get

FT(M2) = joi+ Sym Kl 41 = FT(M),

as we wanted to show. |

The y,-isotypic component (7 yg |*kaH )S#:Xn is a pure object of weight kn
of MHM(A'). Upon application of the projector I1, we obtain an object

(g EkPQL ) Skoxn

of MHM(A!) whose underlying C[](d,)-module is H(ﬁ ). The image of the lift of
(2.22) to MHM(A!) is a pure Hodge module of weight k7 that lifts M to MHM(A)
and is denoted by MH. Therefore, (g ZkPQit ) Sicoxn = = TI(M") holds. We
denote by M MM the quotient object in MHM(Al)

It remains to check the weight properties. The equality M MY = W, TI(M™)
holds. Otherwise, the nonzero quotient object Wy, IT(M H) /M H, which is constant,
would be a direct summand of Wy, H(]T[ ), and hence H(]T/f ) would have a nonzero
constant submodule, which contradicts the vanishing of its global de Rham coho-
mology. It follows that MM has weights at least kn + 1 and it remains to show that
it is pure of weight 2k + 1 if n = 1. This is equivalent to showing that the nearby
cycles at infinity v, /rﬁ "H have weight 2k (note that MM extends smoothly at infin-
ity). By [41, Proposition A.1], although II(M*Y) is mixed, the weight filtration W
on Y /T,IH(H ") is nevertheless identified with a shifted monodromy filtration,
namely the monodromy filtration centered at k. Moreover, V¥ /TM M s identified
with the primitive part Py grzk Y1z, IH(MH) (see [41, proof of Proposmon A3]),
and hence is pure of weight 2k, since the monodromy of yry /. ; [T(M H) has only one
Jordan block, by Corollary 4.10 below. O



HODGE THEORY OF KLOOSTERMAN CONNECTIONS 1671

3. Motives of symmetric power moments of Kloosterman connections

The main goal of this section is to prove that the middle de Rham cohomology of the
connection Symk K1, is the de Rham realization of a Nori motive over Q (see [28]).
The expressions of the various cohomology spaces obtained in Section 2.2 naturally
exhibit them as the de Rham fibers of certain exponential mixed Hodge structures,
and we first show in Theorem 3.2 that they are in fact usual mixed Hodge structures.
Building on this result, we then obtain in Theorem 3.8 a geometric description of the
middle mixed Hodge structure in terms of a hypersurface .%2° C Gﬁ” acted upon by
the group & X 4y, +1. This leads us to define the middle motive My of Symk Kl,, 41 as

—_ 6 n sAn
Mg = grf, [HE = (o) (—1)] Tt o xe 3.1)

where on the right-hand side W, stands for the weight filtration, which exists at the
motivic level by [28, Theorem 10.2.5]. In the second part, we establish the coun-
terpart of these results for the étale cohomology of symmetric powers of the £-adic
Kloosterman sheaf and the rigid cohomology of symmetric powers of the Klooster-
man F-isocrystal on Gy, over a finite field. They turn out to be easier to prove because
a full formalism of weights is at hand regardless of the ramification of the coefficients,
whereas in the Hodge setting we need to resort to the interpretation of Symk Kl, 41 as
the localized Fourier transform of a mixed Hodge module in order to remain within
the framework of exponential mixed Hodge structures.

3.1. The mixed Hodge structures attached to Symk Kl 41
Throughout this section, we work in the abelian category EMHS of exponential mixed
Hodge structures, which is a full subcategory of the category of mixed Hodge mod-
ules over the affine line A! (see Section A.3 for a review). It contains the category of
mixed Hodge structure as a full subcategory (see Lemma A.12) and objects H" (U, f),
H’ (U, f),and H! (U, f) associated with a regular function f: U — A! and an inte-
ger r, whose de Rham fibers are the cohomology spaces Hg (U, ET), Hig (U, ET),
and Hip :q(U, E/), respectively (see Section A.5).

Recall from (2.8) the Laurent polynomial f; on the torus Gk”H with coordinates
(z xj;) and its pullback fk to the torus Gk”H with coordinates (¢, x;;) by the map

> t"*1 The group &) X 41 acts on Gk"‘H = Gm, x (G")k by permutation
of the copies of G, and multiplication on the coordinate 7. As this action leaves the
function f} invariant, the objects H¥"t1(GEn+1 £y and HEnt1(GEn+1 | 7)) of the
category EMHS inherit an action of &y X fty41.

For ? = &, ¢, mid, we define the objects

H,} (Gm, Symk K1n+1) = H]?cn_‘_l(((}ﬁn""l7 fk)GkaXn

_ Hl?cn+1 (Gﬁn-l-l 7 }‘;)Gk Xint1:Xn
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1 k 17 k 1 k 1 7\& S
H}(Gy, Sym* Kl 4 1) = HY"TH(GE T, fi)Sroan

of the category EMHS, the de Rham fibers of which are H;R,?(Gm, Sym* Kl,,4 1)
and HéR,?(Gm, Symk ﬁn+1) in view of Proposition 2.13 and Corollary 2.15.

THEOREM 3.2
The exponential mixed Hodge structures

H' (G, Sym*Klo11),  H(Gpn,Sym“Klpy1),  and
HL. i (G, Sym* Kl,y1.1)

are usual mixed Hodge structures of weights at least kn + 1, at most kn + 1, and
kn + 1, respectively, and the natural morphisms between them are morphisms of
mixed Hodge structures.

Moreover, the induced map

g7 H (G, Sym* K1) —> g, H' (G, Sym* K1) (3.3)

is an isomorphism, and H! . (G, Symk Kl,+1) is equal to its image. This pure Hodge

)kn+1

structure of weight kn + 1 is equipped with a (—1 -symmeltric pairing

H! . (G, Sym* Kl 1) ® HL (G, SymF K1, 11) — Q(—kn — 1). (3.4)

The same results hold for Symk IZI,,_H.

Proof

Once we know that H! (G,,, Sym* K1, ) and H'(G,,, Sym* Kl,,1 ) are both mixed
Hodge structures, the natural morphism between them is a morphism of Hodge
structures since MHS is a full subcategory of EMHS by Lemma A.12. Its image
H,Imd(Gm, Symk Kl,,+1) is therefore a usual mixed Hodge structure as well. The pair-
ing (3.4) is induced by Poincaré duality and the involution ¢, 4+ as in Corollary 2.15
for the de Rham fiber.

Since the exponential mixed Hodge structures attached to Symk Kl,+:1 and
Symk IZ],,H are defined as the y,-isotypic components of H’;"H(Gﬁ”“, j‘;) for
the action of Gy x u,+1 and Gy, respectively, it suffices to prove the result for the
latter. For HF#+1(Gkn+1 7y and HEn+1(GEn+1 7)) we apply Theorems A.24(2)
and A.24(3), respectively, with V = G¥", MP=0}, f= j’;, and r = kn + 1. The
weight properties follow from Proposition A.19, taking Lemma A.12 into account.

We will prove that the analogue of the map (3.3) for Symk 1’51,,+1 is an isomor-
phism and deduce the result for Symk Kl,+1 by taking p,41-invariants. According
to Proposition A.19, it suffices to establish the equality
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Hy iy (G, Sym* Kl 1) = Wiy 41 H' (G, Sym* Kl 1.1). (3.5)

The inclusion C follows from the purity of H..,(Gy, Sym* Kl,,11). Since we only
deal with weight properties, we may as well work with the de Rham fibers of the corre-
sponding exponential mixed Hodge structures. Recall that the &, 1-module M defined
in (2.18) underlies a pure Hodge module M"Y of weight kn by Proposition 2.21. Let-
ting joo: Al < P! denote the inclusion, the map

Hig mia (G, Sym* Kip 41) = Hj (G, Sym* Kl 4 1)
decomposes as
Hl (P}, joot+ FT M) > Hig (AL, FT M) — Hlz (AL, FTTI(M)).

From Proposition 2.21 and Corollary A.31(3), we deduce that the second inclusion
induces an equality between the subspaces Wy, 4. Corollary A.31(1) identifies the
weight filtration of Hi; (A}, FT M) with that of

coker|Ny: Ve M — w,,lﬁH(—l)].

Recall also that the weight filtration on Wz,lﬁ H is the monodromy filtration associ-
ated with N; centered at kn — 1 (kn is the pure weight of M "), Then the graded
space gr'’ coker Ny is the direct sum of the primitive parts of the Lefschetz decom-
position of gr’ Wr,lﬁ H(—1). The weight of the component corresponding to the
primitive part Py (Jordan blocks of N of size 1) is kn + 1, and the weight for the
component corresponding to P; (fori > 1)iskn +1+1.

Proving the equality (3.5) amounts therefore to proving

dimHY, (P!, joot+ FT M) = dimPy.

It will be easier to deal with codimensions. Note that the cokernel of the morphism
Joot+ FTM — Joo+ FTM is a .@P} -module supported at t = oo, and hence takes
the form C[d;] for some finite-dimensional vector space C, where ¢’ denotes the
coordinate 1/ at infinity. Then dim C is the codimension of Hl, (P}, jeot+ FT M) in
Hl (A}, FT M) = H; (P}, joot FT M), and we aim at proving the equality

dimC =) dimP;. (3.6)

i>1

Since M is irreducible (see Lemma 2.24), it is an intermediate extension at the origin.
Therefore, ) ;- ; dimP; is the number of Jordan blocks of N acting on the vanishing
cycle space

¢r,11f\7=im[ﬁ,: lﬂr’lﬁ—> wr,lm
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and, with an argument already used for ¥, M. , the following equality holds:

ZdimPi = dim coker[N, : ¢,,1ﬁ—> gbt,lj\\/f].

i>1

On the other hand, the module C[d;/] can be computed by replacmg Joot FT M
with its formalization at infinity (jeo+ FT M MM = C[t'] ®cper] Joot FT M. Decom-
posing the latter as the direct sum of its regular and irregular parts and taking the
equalities

(joot FT M)}, = (joot FT M)}, = (joor+ FT M)},

into account, we see that the irregular part does not contribute to C[dy], hence an
isomorphism

C x~ COker[(ibt/ 1(]OOT+ FTM)reg — ¢t/ 1(]OO+ FT M)reg]

The target of this morphism is isomorphic to ¥/ 1 (joo+ FT M )reg and, by definition
of the intermediate extension, the source is isomorphic to the image of

L Y11 oot FT M)y —> Y71 (oot FT M),
the morphism above being the inclusion. Therefore, we get the equality
dim C = dimcoker[Ny : ¥y 1 (joos FT M)reg —> V11 (Joo+ FT M)reg]
Finally, the stationary phase formula identifies the pair (¢ 1 M , N,) with
(V17,1 (oot FT M)}, Ny)

since (oot FT M )reg is the microlocalization of M at the origin (see, e.g., [48, Propo-

sition 2.3]). This implies the equality (3.6), thus concluding the proof. O
Remark 3.7
For k = n = 1, there are isomorphisms
H' (Gm.Kl2) = H*(G},. x + ) = Q(-2),
H! (G, K1) ~ HA(G2, x + y) ~ Q(0)
by the change of variables (x, z) — (x,y) = (x, z/x) and Example A.22. Hence, the

middle Hodge structure H! ., (G, Kl») vanishes.

THEOREM 3.8
Assume that kn > 2. Consider the hypersurface ¥ C Gf;” over Q defined as the zero
locus of the Laurent polynomial
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k n n
Bk
¢ =Y (X v+ [T1/vii), (3.9)
j=1 i=1 i=1

on which the group Sy X w11 acts by permuting the indices j in y j; and by the map

-1
Yji = 8§ yji for each § € piny1.
There is a canonical isomorphism of pure Hodge structures

— S XUn+15Xn
H.o (G, SymF Kl 1) = grf L [HE 1 () (1) F !
~ grlt[;+1 H%H(Gﬁ")gk XPn+1:Xn
If X is smooth, then the last term is also isomorphic to

— 6 n AN
gr[?;ﬂ-l[Hkn 1(%)(_1)] kXMn41:X )

Proof
Consider the open immersion (GK*+1, ;) € (A} xGX", f;) of pairs compatible with
the action of G X Wy+1. On noting the isomorphism

1 kn 7 kn+l 7\ o ok
(At XGmnvfk)\(Gmn ’fk)—(Gmn’O)’
we obtain a diagram with exact rows and a commutative square

s HETHGE) (—1) > HE (A} X GE?, fio) = HEHLGEM Y, i) = HE GEM)(—1) = 0

e

o< HETHI(GET) <— BT (AL X GEY, i) < HEMTL@RTH FO) <— I @) <— o

as in Example A.20 from the appendix. Exactness at the rightmost term of both rows
follows from the fact that A} x GX” is an affine variety of dimension k7 + 1. In the
above diagram, the four terms involving G’I;” on the corners are pure of weights 2k n
(top left), 2kn + 2 (top right), 2 (bottom left), and 0 (bottom right). Moreover, by
Proposition A.19 the two middle upper terms have weights at least kn + 1 and the
middle lower terms have weights at most kn + 1. Since W, is an exact functor, the
commutative square yields a commutative square with isomorphisms

et HEHL AL X GRY f) ——= el HETHLGE )

| O |

g HEPHA X G, fi) =—— enf (HE"PH G fi)
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of pure Hodge structures of weight kn + 1 that are equivariant with respect to
the action of G x p,4+1. After taking the y,-isotypic components, the right ver-
tical map is an isomorphism by Theorem 3.2, with source and target isomorphic
to HL.,(Gp, Sym* Kl,,41). The same then holds for the remaining map.

Recall that the change of variables (¢, x) — (¢, y) on GQ”H givenby xj; =1ty;;
transforms the Laurent polynomial /:;;;(t, x) into 1g®¥(y). On the new coordinates,
Gy permutes the indices j in y;; and leaves ¢ invariant, while { € j,41 acts through

t+Ctand y;; — {1y ;. Applying Example A.27, we obtain isomorphisms
HE LAY x GRP, o) ~ HE" (A x ) ~ HE(AY) @ HE" 1 (7))
~ HE () (—1)

and these isomorphisms are equivariant since j,+1 acts trivially on H2(A!). Simi-
larly, Example A.27 gives an equivariant isomorphism

Hkn+l(A1 % Gﬁ]n’ fk) ~ Hk;+l(G§1n),
and the right-hand side is also isomorphic to H*”~1(_#)(—1) if .# is smooth. (]

Remark 3.10

The hypersurface .#  has at worst isolated singularities, its Q-singular points being
those with coordinates y;; =¢; forall 1 < j <k and 1 <i <n, where {; € ;41
are roots of unity satisfying Zf’:l ¢; = 0. (This is reminiscent of the computation
of the Swan conductor at infinity of the analogue of Symk Kl +1 over finite fields
in [21, Theorem 3.1].) For example, if n 4 1 is a prime number, then " is singular
if and only if k is a multiple of n + 1; this includes the case n = 1, in which ¢ is
singular if and only if k is even.

3.2. The case of characteristic p
In this section, we prove an analogue of Theorem 3.8 for the étale and rigid cohomol-
ogy of symmetric powers of Kloosterman sheaves over finite fields.

3.2.1. Etale cohomology of symmetric powers of £-adic Kloosterman sheaves

Let p and £ be distinct prime numbers, let F,, be an algebraic closure of the finite
field F, and let Q, be an algebraic closure of the field of £-adic numbers Q. All
weights of {-adic sheaves are understood to be considered with respect to a fixed
isomorphism from Q, to C. Let ¢ be a primitive pth root of unity in Qy, and let
¥ : Fp — Qu(£)™ be a nontrivial additive character. The Artin—Schreier sheaf .y, is
the rank-1 lisse étale sheaf with coefficients in Qg (¢) on the affine line A%‘p on which
geometric Frobenius acts as multiplication by ¥ (trg, /r, (7)) at each closed point y
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defined over F,. Given a regular function 4: X — A on a smooth algebraic variety
X over F), we set Ly =h*.2Ly.

Recall the function f: G**! — Al from (2.1) and the projection to the first
coordinate 7 : anH — Gp 7, which we now view as defined over F,. Foreachn > 1,
we define a complex of £-adic sheaves with coefficients in Q(¢) on Gy, in a similar
way as we did in (2.2); namely,

Kl 41 = Rme 2y (r)lnl.

Deligne proved in [8, Théorémes 7.4, 7.8] that Kl, is a lisse sheaf of rank n + 1
concentrated in degree O that is pure of weight n; we shall call it the £-adic Klooster-
man sheaf. At each closed point z € Gy, (Fy), the action of geometric Frobenius has
trace (—1)" Kl,+1(z; q), where

Kly+1(z:q) = Z Y (trp, jr, (X1 + o+ + Xp + 2/X1 -+ xp))

is the Kloosterman sum in many variables generalizing (1.1). Similarly, we define
Klyp1 = [n+ 1]*Klyqy = R7.Z, 7 lnl.

where f(7,x) = f(t"*1,x) and 7 is the projection (¢, x) > ¢. Note that K4 is
also concentrated in degree 0. If p divides n + 1, say n + 1 = p"m with (p,m) =1,
then the cover [n + 1] of G, factors as the composition of the étale cyclic cover [m]
and the purely inseparable cover [p”]. The latter induces an equivalence of categories
of étale covers (see, e.g., [ 18, Proposition 3.16]), and hence does not change the coho-
mology. In that case, the action of ©,41 on IZI,,H factors through 1y, .

The proof of Proposition 2.10 adapts verbatim to this setting. Indeed, IZI,,H is the
localized Fourier transform jj FTy of Rg.«Qg(¢ )gkn [n], which has thus nonconstant
cohomology only in degree 0. From the fact that Fourier transformation exchanges
tensor product and additive convolution (see, e.g., [37, Proposition 1.2.2.7]), we
obtain isomorphisms IZI;?L o~ Rﬁk*fw( ) and, arguing as in Corollary 2.11 and
Proposition 2.13,

H} 9(G,5,.Sym* Ky 1) > HEP (G 2

1 ~ )kaun+1,){n
ét,? m,F, v (k)

for ? = @, ¢, mid. The fact that Symk Kl,+1 has cohomology concentrated in degree 1
still holds for odd p orif p =2 and n is odd, since in those cases the geometric mon-
odromy group of Kl,, 11 is either SL, 4+ or Sp,, ,; over Q¢({) by [33, Theorem 11.1].
However, if p =2 and n is even, then the geometric monodromy group is either
SO, +1 or G, and the symmetric powers of the standard representation may contain a
copy of the trivial representation.
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Besides, the natural morphism from étale cohomology with compact support to
usual étale cohomology fits into a Gal(F »/F p)-equivariant long exact sequence

(Sym* Kl 1) @ (Sym Kl 41)1
1
— Hét,c

— Hét(Gm,Fp ,Sym* Kl,,41)

— ((Sym* Kl 41)7),, (=) @ ((Sym* Kl 41)5),_(=1), (3.11)

(G, > Sym* Klyt1)

mFp

where [y and I, stand for the inertia groups at zero and infinity acting on a geomet-
ric generic fiber of Symk Kl,+1 (see, e.g., [33, (2.0.7)]). Since this sheaf is pure of
weight kn, it follows from Weil II [10, Lemme 1.8.1] that the leftmost term in the
exact sequence is mixed of weights at most k n. By duality, the rightmost term is then
mixed of weights at least kn + 2, hence an isomorphism

&ne1 Hae(Gr i, SYM* Klu 1) —> g, Hi (G, g, . Sym* Klyp),

the image of which is the étale middle cohomology of Symk Kl,,+1 (this is also proved
in [64, Lemma 2.5.4]).

Let % C ng be the hypersurface over F, defined by the same equation as
in (3.9). From the Gysin long exact sequence for étale cohomology and the local-
ization exact sequence for étale cohomology with compact support, we get as in the
proof of Theorem 3.8 an isomorphism

1 k ~ W kn+1 1 k A\SkXn+1:Xn

Hét,mid(ijp,Sym Kl 4+1) =grkn+1Hétf’C+ ((A X Gmn)ip"’iﬂwfk)) kXMn+1

~ W kn+1 1 k _\SkXMUn41,Xn

= grin 1 He" T (AT x Gmn)ipvfw(fk)) AR
Finally, taking into account that #g®¥ vanishes at A! x .#, the localization exact
sequence associated with the closed immersion A! x .7 <> Al x GX" reads

kn+1 1 k
..—>H n ((A X (Gmn \%))Fp,gw(tgﬂak))

ét,c

kn+1
Hét,c

(A" X GiE, Ly gny)
— HEZH (AT x g, . Qu(D)
(

ét,c

kn+2
Hét,c

(A X R N )5, Ly giiny) — -+

Since g®* is invertible on the complement Gﬁl” ~ , the change of variables
(t,yji) v+ (s,vi) = (tg®*, y;;) and the Kiinneth formula yield an isomorphism
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1 k
Ho (AT X (G N )5 - Ly g0))
= Hi (A" X G~ )5, Ly )

~ P HE (AL L) @HE (GRS~ )5, QuD),
a+b=r

which shows the vanishing of these groups in all degrees r since the Artin—Schreier
sheaf %y, has trivial cohomology with compact support. Therefore,

HEZH (A x Gﬁn)n’gw(tgﬂﬁk)) =~ HEP (A x )i, Qe(0))

ét,c ét,c
~ pkn—1
= Hg!o ' (. Qu(D) (=1).
A similar argument involving the localization sequence for usual étale cohomology
gives an isomorphism

HE (AT X GRE, Ly eh) = HEE! (G Qu(©),

A,

and the right-hand side is isomorphic to Hgn_l(%p,Qg@ ))(—1) if 2 is smooth.
Passing to the y,-isotypic components and pulling everything together, we have thus

proved the following result.

THEOREM 3.12
Assume that kn > 2. There is a canonical isomorphism of Gal(F p/F p)-modules

- S XMUn41,Xn
Hemia G, Sym* Kl s1) = g, [REET (A, Qu@) (=]
~ oW kn+1 k S Xn41:Xn
= 8kn+1 Hétflep (Gmn’ Q (C)) g b
If % is smooth, then the last term is also isomorphic to

gr]?;l+1 [Hgn—l (%p’ Q((f))(—l)]GkXM”H sXn )

3.2.2. Rigid cohomology of symmetric powers of Kloosterman F -isocrystals

Let 61, be an algebraic closure of Q,, and let w € 61, be an element satisfying
wP~! = —p. As such elements are in bijection with primitive pth roots of unity
in 61,, this amounts to choosing a nontrivial Q p-valued additive character on F .
The analogue of the Artin—Schreier sheaf is then Dwork’s F-isocrystal .27, which
is the rank-1 connection d + @ dz with Frobenius structure exp(w (z? — z)) on the
overconvergent structure sheaf of Al over K = Q,(w). Given a regular function
h: X — A! on a smooth algebraic variety X over F,, we set Ly = h* Ly . We
refer the reader to Kedlaya’s paper [35] for a summary of the properties of rigid



1680 FRESAN, SABBAH, and YU

cohomology of overconvergent isocrystals that are used below, namely the fact that
these groups carry a weight filtration for which the main results of Weil II hold.
The Kloosterman F -isocrystal K1, 41 is the overconvergent F-isocrystal

Klyt1 = Rﬂrig*gwf [n],

which has rank n 4 1 and is pure of weight n (see [0, Section 1, namely 1.5] for a
detailed discussion). Similarly to the £-adic case, writing Kl,+; = [n + 1]*Kl,4+; as
a localized Fourier transform jj FT yields isomorphisms

Hl}ig,?((Gm/I{7 Symk Kln+1) — Hkn-‘rl (G]r;n_'_l/K, vfw—ﬁ)Gk XUpn+1:Xn (313)

rig,?

for 7 = @, ¢, mid, and combining the analogue of the long exact sequence (3.11) relat-
ing rigid cohomology and rigid cohomology with compact support (see [35, (2.5.1)])
with the fact that the local contributions from O and oo are mixed of weights at
most kn by [35, Proposition 5.1.4], we get

rig,c

Hrlig,mid(Gm/K’ Symk Kln+1) ~ gr]?;+1 Hkn-i—l((chnn-l-l/l{7 gwﬁ)ekxl/vn—ﬁ—ly)(n'
(3.14)

Finally, the same argument as in the £-adic case, considering the localization exact
sequences for rigid cohomology and rigid cohomology with compact support (see
[38, Proposition 8.2.18(ii)]) and the Gysin isomorphism (see [61, Theorem 4.1.1]),
allows one to express the right-hand side of (3.14) in terms of the hypersurface %",
obtaining

HYy mia Con/ K. Sym* K1) = gl [HES! (OF /KO (=D)] 70

rig,c

~ W kn+1 kn Sy X X
=grkn+1 Hrig’j{//K(Gm /K) K ntl ™,

which is isomorphic to g | [HE? =1 (2 / K)(—1)]Sk>*knt1:Xn if ¢ is smooth.
4. Computation of the Hodge filtration

From now on, we focus on the case n = 1. In this section, we construct a basis of the
de Rham cohomology of the symmetric power Symk Kl, that is well enough behaved
with respect to the Hodge filtration for us to be able to prove Theorem 1.8.

4.1. Structure of Klj, 1?12, and their symmetric powers

In preparation for the proof, we first make some of the statements of Section 2 more
precise for n = 1. Among other things, this will allow us to compute the irregularity
number (as defined, e.g., in [40, Chapitre III]) of Symk Kl, and Symk 1212 at infinity.
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Explicit bases of Kl, and Kl,

Recall that K1, is a rank-2 C[z, z~!]-module with connection that has a regular singu-
larity at z = 0 and an irregular singularity with slope 1/2 at z = co. It is the localized
Fourier transform Kl, = .Z (E!/?) of the rank-1 C[y, y~!]-module with connection
E'/¥ generated by e!/” . Arguing as in the proof of Proposition 2.4, this interpretation
shows that the generator vy = e!/?/y of E'/¥, viewed as an element of jo  FT EYVY,
satisfies

(zaz)2v0 = zZvyp.

We set vy = 20, vy, so that v; = e'/?/y? holds. Then {vo, v} is a C[z, z~!]-basis
of Kl, and the matrix of the connection in this basis is given by

20z (vo, v1) = (vo, 1) ((1) (Z)) “4.1)

Besides, by its definition as #°7 E/ with f(z,x) = x+z/x and 7(z,x) = z,
the C[z, z~!]-module Kl is equal to the cokernel of the relative de Rham complex

d+3xfdx
_—>

Clx,x7 1, z,z71 Clx,x™ ', z,z7"]dx.

The elements vy and v; are respectively given by the classes of dx/x and x dx/x in
this cokernel.
The basis {vo, v1} lifts to a C[t,7!]-basis {7y, 1} of Kl, satisfying

| 1. ~

Etatv():'l)], Etatvl :[21)(). (42)
Duality
Let {vy, vy} denote the basis of K1y dual to {vg, v }. The matrix of the dual connec-

tion in this basis is equal to —(g 6), and hence there is an isomorphism Kl, AN K1y

given by (vg,v1) — (vy’,—vy). It induces a nondegenerate skew-symmetric pairing
(,): Kl ®Kl, — C[z,z7], (vo,v1) = —(v1,v0) =1,

which is compatible with the connection. There is a similar formula for K.

Structure at infinity

Recall the cover [2]: Gy — Gy, induced by ¢ — z = t2. Since the irregular sin-
gularity of Kl, at z = oo has slope 1/2, the formal stationary phase formula (see
[49, Theorem 5.1]) gives the formal structure at infinity

Kl = C((z™") ®cpz -1 Klo = 24 (E* @ L),
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where L_; is the rank-1 C((z~!))-module with connection
L= (CE™).d+ 50/,
with monodromy —1. Let i be a square root of —1, and let
Li= (C().d+ a1/

denote the rank-1 meromorphic connection with monodromy i around oo, so that the
equality L_; = [2]" L; holds. Then there is also an isomorphism

Kl, ~ ([2]+ E*) ® Li. (4.3)

The pullback Kl, = [2] K, has slope 1 at # = oo and unipotent monodromy with
one Jordan block at the origin. Its formal structure is given by

Kl =C((t™) ®cpu-11 Kb =217 (24 E*) @ Loy ~ (E* @ E™*) ® L_;.

The module IZIZ carries the pp-action induced by ¢ — —¢ that exchanges both sum-
mands; the invariant submodule is identified with [2] 1 E?* as a C((z~'))-module.

1?12 as a localized Fourier transform

Recall the map g: G, — Ai defined by y > y + 1/y. Its critical points are y = +1
and its critical values are = =£2. There is a decomposition g4 0g, = Oy1 & M>,
where M, is an irreducible C[z](d;)-module with regular singularities at 7 = 2
and 7 = oo. In fact, M, is a rank-1 free C[r, (t & 2)~!]-module with connection,
with monodromy —Id around each point T = 42 and monodromy Id around ooc.
Its Fourier transform FT(M>) is then an irreducible C[¢]({d;)-module with a regular
singularity at ¢ = 0 and an irregular singularity of slope 1 at t = co. Equation (2.6)
gives, in particular,

Ky = ji FT(g+65,) = ji FT(M>).

Therefore, Kl is an irreducible C[t,t!]-module with connection and FT(M,) is
equal to the intermediate extension joi4 1'512. It follows from the formulas (4.1)
and (4.2) for the connection on Kl, and K1, that the monodromy of the nearby cycles
¥, Kl and w,ﬁz (2-dimensional vector spaces) is the unipotent automorphism with
one Jordan block of size 2.

Bases ofSymk Kl, and Symk 1'512

Out of the bases {vg,v1} of Kl and {vp,v7} of Kl,, we obtain a Cl[z,z™!]-basis
{uato<a<k of Symk K1, and a C[t, 1~ !]-basis {14 }o<a<k Of Symk IZIZ by considering
the monomials
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Ug = v’oc Y and Uy =Tk 97,2 (0<ac<k). 4.4

In the bases {14} and {i,}, the connections of Sym* Kl, and Sym”* Kl are given by

z0ug = (k—a)ugy1 +azug—q,

. _ N 4.5)
S!la = (k —a)ilas1 + at*ig_y,

with the convention up, =up =0forb <0or b > k.
We gather in the following proposition the properties of Symk Kl; and Symk Kl,.

PROPOSITION 4.6

The free C|z, z 1]-module with connection Sym* K1, and the free C[t,t™]-module

with connection Sym K12 sansfy the following properties.

(1) rk Sym Kl, =1k Sym K12 =k + 1 and the monodromy ofSym Kl, around
z =0 (resp., of Sym K12 around t = 0) is unipotent with only one Jordan
block of size k + 1.

2) Symk Kl, and Symk 1?12 are endowed with a (—1)¥ -symmetric nondegenerate
pairing.

3) The formal structure of Symk Kl, at infinity is given by

Svm* Kl ~ DI ((24 2701 @ 1L8* if k is odd,

Y 2= L®k€B€Bk/2 Y([2]4 E2@i- k)t)®L®k ifk is even.
In particular, the irregularity number of Symk Kl, at infinity is equal to
irroo(Symk Kly) = [(k + 1)/2] and, for odd k, Symk Kl, is purely irregular
at infinity.

Proof
(1) This follows from the property that the kth symmetric power of the standard rep-
resentation of s, is an irreducible representation of dimension £ + 1.

(2) The (—1)*-symmetric nondegenerate pairings of Symk Kl, and Symk Kl, are
induced by the skew-symmetric self-duality of Kl, and Kl,, respectively.

(3) The formal structure of Kl, at infinity given by (4.3) implies the following
lemma.

LEMMA 4.7
There is an isomorphism SymfKl, ~ Symf([2]+E?) ® L{@k. Moreover,
SymX ([2]+ E?") is the invariant submodule of

2" Sym® ([2]+ E%) = Sym* ([2]* 2]+ E*')
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under t + —t. The latter C((t~'))-module with connection decomposes as
k
@ E2(2j—k)t'
=0

We know that SymX ([2] E2’) is the invariant part of @I;EO E?@i=0) ynder
¢t +> —t. On the one hand, the invariant part of E4' @ E~% is [2]4 E?" = 2]+ E~%
for a # 0. On the other hand, the invariant part of (C((z7!)),d) is (C((z™1)),d).
Therefore, there is an isomorphism

(k=1)/2 225 —k)t : :
Sym* ([2]+E2t) ~ j=o  I2]+E ]k . if k is odd,
(C((z7).d) & B2 214 E2@0"if k is even,

from which Proposition 4.6(3) follows. O

It follows from the proposition that the formal regular component (Symk I/(\lz)reg
has rank O for odd k and rank 1 for even k, and in the latter case the formal mon-
odromy has eigenvalue 1 if and only if K = 0 mod 4. From the proof, we also get the
irregularity number

~ [k+1 ifkisodd,
irrog (Sym* Klz):{k+ ;fk: :Ven (4.8)

Similarly, the formalization of Symk I?lz at infinity is given by

k
Sym* K1, > (P E>®/ 9" @ L2F
j=0

both for odd and even values of k.
COROLLARY 4.9

Let jo: G —> Al and joo: G > A
(D) The natural morphism

1

1z denote the inclusions.

Joot+ Sym* Klp —> joot Sym* Kl,

is an isomorphism if k # 0 mod 4. The same result holds for Symk Kl, if
k #£ 0 mod 2.

(2)  Let N be a proper C[z]{0;)-submodule of jo+ Symk Kl, satisfying the equal-
ity jJ‘N = Symk Kl,. Then N = joi+ Symk Kly holds. The same result is
true for Symk Izlz.
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Proof

Statement (1) follows from Proposition 4.6(3). For (2), the question is local analytic
around the point z = 0. Set E = v, 3 Symk Kl,, and let N denote the nilpotent endo-
morphism on nearby cycles (see Section A.1). Giving N is equivalent to giving a sub-
space F of E stable by N, together with two morphisms E AFSE commuting
with N such that var o can = N and such that var is the natural inclusion. Hence, there
is an inclusion F D imcan = imN. Since N has only one Jordan block, its image im N
has codimension 1 in £ and since F # E by the properness assumption, this implies
F =imN, as wanted. O

The inverse Fourier transform of Symk 1'512

Some results of Section 2.3 can be made more explicit for n = 1. Namely, applying
the vanishing cycle functor at = 0 to the exact sequence (2.17) with n = 1 we find
the exact sequence

0 —> 1.1 jot+ (Sym* Klp) —> ¢ 1 jo+ (SymF Klp) —> ¢ 1 C.g —> 0.

By definition of the functors jo4+ and jot4, the middle term ¢y 1 jo+ (Sym* Kl) is
canonically identified with the nearby cycle module v 1 jo+ (Symk Ile), and the van-
ishing cycle module ¢; 1 joi+ (Symk IZIZ) is then identified with the subspace imN,
where N is the nilpotent endomorphism acting on ¥, 1 jo+ (Symk 1’512). Since N has
only one Jordan block of size k + 1, it follows that ¢,,15k,1 is 1-dimensional, and
that N acting on 1.1 jor+ (SymF Kl,) has only one Jordan block of size k.

Let us consider the exact sequence (2.20) in the present setting. The origin t =0
is a s1ngu1ar point for M and H(M ) if and only if the formal regular component
of Sym K12 at infinity is nonzero, and then dim qﬁr = dim qﬁ,H(M ) is equal to
the rank of this formal regular component. Arguing as for Kl,, this rank is equal to
zero if k is odd and to one if k is even, and in the latter case the eigenvalue of the
corresponding formal monodromy is (—1)¥.

Let us summarize the properties of M and H(ﬁ ).

COROLLARY 4.10

Let M be the inverse Fourier transform of joi+ Symk IZlnH.

(1) H(ﬁ) is a regular holonomic C[t]{d;)-module, generically of rank k + 1 with
singularities at the points t =2(2j —k) for j =0,...,k. The vanishing cycle
space at each of these singularities has rank 1 with local monodromy equal
to (—1)*1d. At v = oo, the monodromy is unipotent, with only one Jordan
block of size k + 1.

2) Misa regular holonomic C[t]{0;)-module, generically of rank k, with sin-
gularities at the points t = 2(2j — k) for j =0,...,k. The vanishing cycle
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space at each of these singularities has rank 1 with local monodromy equal
to (—1)*1d. At v = oo, the monodromy is unipotent, with only one Jordan
block of size k.

4.2. De Rham cohomology on Gy,

As we saw in Proposition 2.13, the de Rham cohomology of Symk Kl is concentrated
in degree 1. Thanks to the analogue of the Grothendieck—Ogg—Shafarevich formula
for vector bundles with connection (see, e.g., [34, Theorem 2.9.9]), the dimension
of Hlx (G, Sym* Kl,) is equal to the irregularity number of Sym* K1, at infinity.
From Proposition 4.6(3), we thus obtain

L)

dim Hg (G, Sym¥ Klp) = irree (SymF K1) = L :

(4.11)
Similarly, using (4.8) we get

k+1 ifkisodd,

dim HéR(Gm, Symk 1’512) = iITeo (Symk 1'512) =
k if k is even.

By self-duality (Proposition 4.6(2)) and Poincaré duality, there are isomorphisms
Hlg o (G, Sym* Kl) ~ Hig (G, Sym* K1),

Hlg (G, Sym* Klp) ~ Hip (G, Sym* K1) Y.

We consider the intermediate extension Zpi-modules j:i Symk Kl, and
Ji+ Symk IZIZ with respect to the inclusion j: G, <> P!, which according to
Corollary 2.15 compute the middle de Rham cohomology. Recall from there that it is
also concentrated in degree 1.

PROPOSITION 4.12
Let 847, denote the characteristic function of multiples of 4. We have

k-1 ifk is odd,

2
2|_%J if k is even,

. k—1
dimHJj ,:4(Gm, Sym* K,) = LTJ — 84z (k) = {
(4.13)

k ifk is odd,

dimHY :y(Gp, Sym* Klp) =
aR,mid rm 2 k—2 ifk iseven.

Proof

We first consider the intermediate extension by jo: Gy, <> Al. Corollary 4.9(2) and

its proof imply that the cokernel of the injective morphism of C[z](d,)-modules
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ior+ SymF K1 o+ Sym* Kl
Jot+dym” Klp —> jo+ dSym™ Klp

is equal to ig+ C, where ig: {0} < Al is the inclusion. Besides, for the intermediate
extension by joo: Gy — A} /z» We note that the natural morphism

Joot+ Sym* Kl — joot Sym* Kl

is an isomorphism if the formal completion of Symk Kl, at oo is purely irregular or
has no monodromy invariants, that is, if k # 0 mod 4 according to Proposition 4.6(3).
Otherwise, since the formal regular component has rank 1 and monodromy equal to
the identity, this morphism is injective with cokernel isomorphic to is.+C, where
iso: {00} — A} /z is the inclusion. Therefore, the equality

dimH} (G, Sym* Klp) — 1 if 41k,

dimHY, (G, Sym* Kl,) =
aR,mid (-rm, SYIL 252 dimHL (G, Sym* Klp) =2 if 4k,

holds, and we conclude from (4.11). The proof for Symk ﬁz is similar. U

We can now give explicit bases of the de Rham cohomology of Symk Kl,
and Symk Kl,.

PROPOSITION 4.14
The space Hle (G, Symk Kl,) has a basis consisting of the classes

. pdz k+1
k= o< <L—J
Yo z =/ 2
and the space HéR (Gm, Symk ﬁlz) has a basis consisting of the classes

. dr k+1
tf’zT"T, 0<j <2L%J.

Proof

We will only consider the case of Sym*Kl,, that of Sym* Kl, being similar
by replacing the grading below with the one for which degs = 1. The space
Hig (Gn, Symk Kl,) is identified with the cohomology of the two-term complex

z0-

G—G, G =theC[z,z7"](zd,)-module Sym* Kl,.

Therefore, the map z0, is injective and the goal is to find a basis of its cokernel. Recall
the C[z, z~!]-basis {ug. ..., ur} of G from (4.4), and consider the C[z]-submodule

k
Gt =EPClzui 6.
i=0
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Formula (4.5) shows that G is stable under the action of zd,. In fact, the coherent
sheaf on A! associated with G is Deligne’s canonical extension of Symk Kl to a
logarithmic connection whose residue at zero has all eigenvalues equal to zero.

LEMMA 4.15
The inclusion (G*,20,) — (G,z0;) is a quasi-isomorphism.

Proof

This follows from the equality G = | J,5¢ 27" G and the fact that zd, acts invertibly

onz~C*tDGT /277 GT (with eigenvalue —(r + 1) and one Jordan block) for all > 0.
]

Letdeg: G — (Z>o, +) be the multiplicative degree map uniquely determined
by the assignments

degz =2, degu; =1i. (4.16)

(This degree is the one induced from the Newton degree associated with the Laurent
polynomial f; that naturally appears in the computation of the tensor power Kl?k ;
see Section 4.3.1 below). Then zd; is (inhomogeneous) of degree 1. Let gr G be the
associated graded module. The induced graded C-linear map zd,: grG* — gr G[1]
is C[z]-linear and we shall regard it as a two-term complex (grGt,zd,).

LEMMA 4.17
If k is odd, then H®(gr Gt,203,) = 0 and the vector space H' (gr G, z0;) is gener-
ated by the classes of z/ug, for0 < j < (k —1)/2.

Ifk is even, then HO(gr G+, z0,) and H' (er G, 20 ) are the free rank-1 modules
over the graded ring C|z] generated by Zfﬁ) (=1 (kfz)ziuk_zl- and the class of uy,
respectively.

Proof
We shall determine the structure of the endomorphism 20, on the finitely generated
module gr G over the principal ideal domain C[z]. From formula (4.5) we see that
20, induces an isomorphism of C[z]-modules
L k—1
zd;: @C[z]ui — arG T /Clz]ug (4.18)
i=0

and that, with respect to the basis {u;}, the operator E has determinant
(k12 (—z)**+D/2 if k is odd and zero otherwise. If k is odd, then the space
H!(grG*,z0,) has dimension (k + 1)/2 and coincides with the image of C[z]ug
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through the isomorphism (4.18). Therefore, z/ug, for 0 < j < (k —1)/2, form a
basis of H' (gr G+, z0,).

If k is even, then (4.18) gives an isomorphism C[z]ug = H!'(grG™*,zd,). On
the other hand, notice that the map z9, splits as a direct sum z9,” @ z9,”, where

k/2 k/2 k/2 k/2

29, @C[z]uzj — @C[z]uzj_l, 29,” @C[z]uzj_l — @C[z]uzj.
j=0 j=1 j=0

j=1

Moreover, zd, is surjective and zd,” injective, and hence H(grG*,zd,) is con-
tained in the submodule EBI;Q o Clz]uz;. The statement then follows from an inspec-

tion of the coefficients a; in the equation E/(Zfﬁ, ajug_n;) =0. O
To finish the proof of Proposition 4.14, we use the spectral sequence

zd5
EP =HP(gr, ,G* "5 ar, G = HP(G*.20;) (pe{0.1}.q20)

associated with the grading (4.16), which degenerates at the E,-page. If k is odd,
then all terms E ?’q vanish by the first part of Lemma 4.17, and the spectral sequence
yields an isomorphism of vector spaces HéR (G, Symk Kly) ~ H'(grG*,zd,). The
statement follows using Lemma 4.17 again. If k is even, then HéR (G, Symk Kl,) is
isomorphic to the cokernel of the induced map

z0,: H(erG*,z9,) — HY(er G, 29,). (4.19)

For each r > 0, the equality

k/2 k/2
z0; (z’ Zaizluk_Zi) = Z(r +)aiz M ug_y = cpz" TR 2y,
i=0 i=0

holds in H! (gr GT, E) for some ¢, € C. Therefore, the classes of the elements z7 1,
for 0 < j <k/2—1, are linearly independent in the cokernel of (4.19). Since there
are as many as the dimension of Hl (G, Symk Kl,) by (4.11), they form a basis. [

4.3. The Hodge filtration
In this section, we prove Theorem 1.8. In order to do so, we first establish the analogue
of this result for Symk Kl,, which is stated as follows.

PROPOSITION 4.20
The mixed Hodge structure H' (G, Symk Kly) has weights at least k + 1 and the
Jollowing numerical data.
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(1)  Forodd k, it is mixed of weights k + 1 and 2k + 2, with

1 p+g=k+1,pe{l,... .k},
dimH" (Gp,. Sym* KIp)? = {1 p=g=k +1,
0 otherwise.

2) For even k, it is mixed of weights k + 1, k + 2, and 2k + 2, with
dimH' (G, Sym* K1,)??

1 p+gq=k+1,pe{l,....k}, andp#k/2,k/2+1,
1 p=q=k/2+1,
|t p=q=k+1,

0 otherwise.

Furthermore, the mixed Hodge structure Hrlmd(Gm, Symk 1212) is pure of weight k + 1
and is equal to Wk+1H(11R(Gm, Symk Klp).

Proof

The weight properties of H' (G, Sym* Kl,) and the purity of H!_ (G, Sym* Klp)
were already obtained in the more general setting of Theorem 3.2. To compute
the Hodge numbers, we take up the argument in its proof for n = 1. Recall that
the C[t](d;)-module M is irreducible, generically of rank k, and underlies a pure
Hodge module of weight k (see Proposition 2.21 and Lemma 2.24). Let us describe
the Hodge filtration on MY, We start with the nearby cycles at infinity. Since the
monodromy around infinity is maximally unipotent (see Corollary 4.10), the nonzero
graded pieces of the weight filtration on v, /,ﬁ H— vy, /,,lﬁ H which is the mon-
odromy filtration associated with N centered at k — 1, are the NZPk. They are hence
of the form grg‘; Y /rﬁ H for 0 < j <k —1, and 1-dimensional. It follows that the
mixed Hodge structure ¥, /rﬁ H is of Hodge—Tate type and that

gr;‘/II/‘CﬁH:grz)WI/TWv p:Ov---ak_l,

has dimension 1. The compatibility property of [53, Section 3.2.1] between the Hodge
filtration and the Kashiwara—Malgrange filtration of the filtered Z-modules underly-
ing Hodge modules implies, in the case of smooth curves, the equality

rkgrf, M" = dim grf,. wl/,ﬁH.

Hence, gr’ M is generically a rank-1 bundle for p =0, ...,k — 1.
Recall the equality jo4+ Symk Kl, = FTII(M) from (2.19). From Proposi-
tion 2.21, we derive an exact sequence of mixed Hodge structures
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0—> H'(A!,FT M") — H! (G, Sym* Kl,) — H' (A}, FTM™) — 0

by applying the functor of Notation A.29. Since M™Mis pure of weight 2k + 1, Corol-
lary A.31(3) says that H' (A}, FT ]\7’H) is pure of weight 2k + 2. Besides, this space is
1-dimensional since Hl (A}, FT M) = HL, (A}, joi+ Sym* Kl,) has codimension 1
in HdR (G, Sym Klz) by the argument in the proof of Proposition 4.12. This yields
the lines p = ¢ =k + 1 in (1) and (2).

If k is odd, then zero is not a singular point of 7\7 so Corollary A.31(2) applies.
It follows that Hl(Al,FT M H) is pure of weight k + 1 and its Hodge numbers are
the ranks of gr? F ' MY, Since gr M™" has rank 1 for p=0,....,k—1 and is zero
otherwise, this yields the rest of (1).

If k& is even, then zero is a singular point of M and, according to Corol-
lary A.31(1), there is an isomorphism of mixed Hodge structures

H! (AL, FT M) ~ coker[N: yp s MM — v MY (—1)].

Since M is an intermediate extension at T = 0 and dim Pz M =1 by Corol-
lary 4.10(2), the vanishing N2 = 0 holds. Since M has generic rank k, the primitive
parts of the Lefschetz decomposition of gr’¥ v, ; MH are thus

. P1 = grk Yo, 1MH of dimension 1,

. grk L Ve, M"Y of dimension k — 2,

and we get the equality

gt cokerN = Py(—1) @ Py (—1).

In particular, gr}¥, , H' (A}, FT M) = gry , H (G, Sym* Kl,) corresponds to the
summand P;(—1) and has dimension 1, so is of Hodge type (k/2 + 1,k/2 + 1),
yielding the corresponding line in (2). We conclude the proof by using the equality

rkgr?™' MY = dimgrd !y, MY
= dimgrZ (P (1)) + dimgrZ (Po(~1)) + dimgr&' (P (1)),

which follows from the Hodge—Lefschetz decomposition on noting the equality
gr®*' Py = grf (NPy). The leftmost term is 1-dimensional for p = 1, ...,k and zero
otherwise. We already know that grf, (P1(—1)) is 1-dimensional for p =k /2 + 1 and
zero otherwise. Hence gr‘f,’,frl (P1(—1)) is 1-dimensional for p = k/2 and zero other-
wise and we obtain dim grf, (Po(—1)) = 1 for the remaining values of p, yielding the
first line in (2). O

We can now show that the bases of Hl (G, Sym* Kl,) and Hli (G, Sym* Kl,)
given in Proposition 4.14 are adapted to the Hodge filtration if k is odd and that the
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first half of them are so if k is even. This information will suffice to prove Theorem 1.8
at the end of this section. (A full basis of HéR’mid (G, Symk Kl,) adapted to the Hodge
filtration is constructed in [20, Corollary 3.28] by exploiting the explicit calculation of
the intersection pairing on this space.) The proof will rely on the identification of the
Hodge filtration on these spaces with their irregular Hodge filtration as de Rham fibers
of exponential mixed Hodge structures (see Theorem A.24) and on toric techniques
to compute the latter. In what follows, we still denote by F* the irregular Hodge
filtration.

PROPOSITION 4.21
With respect to the bases from Proposition 4.14:
(1) the Hodge filtration on Hli (G, Sym* K1) is given by

~ . dt
FPHig (G, Sym* Kly) =<I’T)§7 ‘051‘ <k+1 —p>

ifk is odd, or if k is even and p > k /2,
2) the Hodge filtration on HéR(Gm, Symk Kl,) is given by

i xd k+1-—
FPHjg (G, Sym* K1) = <z] vlg—z ) 0<j < L%D
z

ifk is odd, or if k is even and p > k /2.

Proof of the inclusion D
The inclusions

Hlg (G, Sym* Klp) = Hlg (G, KI®F) ~ HEFL(GE Y E /K,
Hlg (G, Sym* Klp) = Hlg (G, KI®F) ~ HEFL(GE Y, ESx)

are strict with respect to the irregular Hodge filtration and map the basis elements
zIvkdz/z of Hig (G, SymF Kly) and t/5%d¢ /¢ of H (G, SymF Kly) to

oidzdxn dxg

wj = T eHﬁ;l(GﬁJrl,Efk) and

Z X1
_ drd d >
W=t @ Dk nggl(GﬁH, E7x),
I »n Yk
respectively. It is therefore enough to prove that
()  wj liesin FFH1=2/HEFN(GE+1 EJk) for j > 0if k isodd and 0 < 2j <k/2
if k is even, B
(i) W liesin FA*1=/HEFY(GKH1 EJk) for j > 0if k isodd and 0 < j <k/2
if k is even.
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4.3.1. Proof of (i) and (ii) in the case when k is odd

We start with (i). We identify the set of Laurent monomials in z, Xx;, ..., xx with the
Z-lattice ZF ! in R**! by taking the exponents. Let {c; }*_ be the dual basis of the
standard basis of R¥*!. Regardless of the parity of k, the monomials appearing in
fr = Zf’:l Xj+z lec-zl 1/x; all lie in the affine hyperplane 7 = 1 in R¥*! defined
by the equation & = 2ag + Zle «; . Thus the Newton polytope A C R¥*1 of f; has
only one facet that does not contain the origin; it lies on the hyperplane /7 = 1. The
cone R>A is given by the 2K inequalities

k
a0+ Y gy =0, & €{0.1}.

i=1

It is straightforward to check that f; is nondegenerate with respect to A if and
only if k is odd. In this case, the irregular Hodge filtration on H’;R+ 1((Gﬁ“,E Ti)
arises from the Newton filtration on monomials R>¢A by [I, Theorem 1.4] and
[63, Theorem 4.6]. In particular, if m € R>pA is a monomial with Newton degree

h(m) such that the top form w = m9 9L ... &k

~ .+t = represents a nontrivial class in
1 Xk

k+1k+1
HES(GETL Ex), then

we FPHEIVGEYY Efiey  if  p <k 41— h(m).

In the case at hand, z/ € R A has degree h(z7) = 2, hence the assertion.
For (ii), we consider the function & = «g on the cone generated by the Newton
polytope A of the Laurent polynomial fi. If k is odd, then f; is nondegenerate.

. ~ —~ d dye - e~
Moreover, given m € R>oA such that the class @ of m< Sikee- Sk is nontrivial, @

belongs to FpHgljl(G{;H,Efk) if p<k+1 —ﬁ(m) holds. Since Fhv(t/') = j, the
result follows.

4.3.2. A toric compactification

Before proving (i) and (ii) for even k, we describe an explicit compactification
of (GﬁJrl ,ﬂ) that will allow us to understand the Hodge filtration on the cohomol-
ogy of Efk. Since the construction is also used in Section 5.1 to study the étale
realizations of the motive My, we take the base field to be Q before dealing with
Hodge filtrations in the second half of this subsection. Let (U, /') be a pair consisting
of a smooth quasiprojective variety U and a regular function f: U — Al. After
Mochizuki [43, Definition 2.6], we call a smooth compactification X of U nondegen-
erate along D if the boundary D = X ~\ U is a strict normal crossing divisor and f
extends to a rational morphism

fiX-—-»P!
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such that, locally for the analytic topology around each point of X, there is a coordi-
nate system {&1,...,&4.11,...,Mp,81,...,{c} and a multi-index e € ZZ  satisfying

D=(@n).  f=1/Eor /¢

Recall the equality fe=tgBk =1 Zf‘ 1(vi +1/y;) from (2.9) and the isomor-
phism of Proposmon 2.13 with n = 1. We first compactify (Gm, g®k). For this, let
M = EBiZl Zy; be the lattice of Laurent monomials on G¥, and let N = @le Ze;
be the dual lattice with basis e; dual to y;. Consider the toric compactification X of
Gﬁ attached to the simplicial fan F in Ng = @le Re; generated by the 3% — 1 rays

k
R.o- > eie; withe; €{0. %1} and (e1,.... &) # 0. (4.22)
i=1

There are 2Xk! simplicial cones of maximal dimension k in F, each of which pro-
vides an affine chart of X isomorphic to AF on which the function g has the same
structure. Explicitly as an example, consider the maximal cone of F generated by
the k vectors

r
E e, 1<r<k.
i=1

The affine ring associated with the dual cone in My is the polynomial ring Q[zi]f.;l
where

Zr =Yr/Yr+1, 12571 <k, and Zk = k-

On this chart X; = Spec(Q[zi]f?zl) >~ A, the equality g®% = g /z, --- z holds with

g1=1 +ZZl'“Zr—1 +zyezg er‘“zk e I'(X1,O0x,). (4.23)

The toric variety X provides an example of a nondegenerate compactification
of (Gm, g™k as in a neighborhood of X ~. GQ, the closure of the zero locus of gk
and X ~ G’I; form a strict normal crossing divisor (see also the paragraph before
Section 5.1.3).

Let us construct a nondegenerate compactification of (Gk*1, 1gBk) =~ (GE+1 | £)
starting from P! x X. For this, we order the 3¥ — 1 irreducible components
(S; )1<,<3k 1 of X N Gk corresponding to the rays (4.22) and consider the tower
X =+ > Pl x X of 3k — 1 blowups along the intersection of the proper transform
of 0 x X (on which 7g®¥ has a simple zero) and the proper transform of P! x S; (on
which 7g®¥ has a simple pole). Together with the function induced from the blowup
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maps, the resulting variety is a nondegenerate compactification of ((GgJrl , fr) if k is
odd. If k is even, then X is nondegenerate away from the ( kljz) points

k
(t,yi) = (00, &), g €{£l} Zsi:()

(note that they are defined over Q). Let x be such a point. For a suitable choice of
(analytic or étale) local coordinates zy, ..., zx of X around x, the function gEEk takes
the form z% 4 --- + z,%, which means that x is an ordinary quadratic point of the
zero locus of g%, We perform two blowups on X : first at each x and then along the
intersection of the exceptional divisor and the proper transform of co x X . Let X be
the resulting variety, and let £, and E; be the exceptional divisors from the first and
second steps, respectively. A direct computatlon reveals that X is a nondegenerate
compactification of the pair (GK*+1, fk) with ordg, fk =1 and ordg, fk =0.

4.3.3. Proof of (i) and (ii) in the case when k is even

We now start with (ii). Let X be the nondegenerate compactification of (ijJrl , ]7;;)
constructed above and D = X ~ Gk+1. Since the indeterminacy locus of the rational
map ﬁ: X --» P! has codimension at least 2 in X, one can define the pole divisor
P of ﬁ as the closure of the pole divisor of a representative of ﬁ, and similarly for
the zero divisor. The exceptional divisors £ and E; are not contained in the support
of P, and a direct computation shows that the form w; lies in

[(X. Q%" (log D)(jP — (k — j)E1 — (k — 2j) E2)).

Accordingly, if the inequalities 0 < j <k /2 hold (so that w; is holomorphic generi-
cally on the divisors E and E»), then the form w0 j lies in

T ok+1 .
(X, Q% (log D)(jP)).
In this case, we claim that there is a natural map
L(X. Q% (log D)(jP)) — FFITHENGEY ETF),

from which the statement will follow. Indeed, as described in [63, Section 4(b)] (espe-
cially in the paragraph containing dlagram (26)) one can resolve the indeterminacies
of fk by taking a tower of blowups 7 : X' >Xof X along the intersections of the
zero divisor and the irreducible components of the pole divisor of the transforms of fk
such that D' = X’ ~. (Gk +1 remams a strict normal crossing divisor and fk extends to
an everywhere defined morphism fk : X' > P'. Let P’ be the pole divisor of fk. By
[63, Proposition 4.4], the equality



1696 FRESAN, SABBAH, and YU

RF()?, (Q;?(log D)((e— p)P)+,d + dﬁ))
=RI (X', (Q% (log D")((e — p)P’),.d+df))

holds, where we use the notation

i Qi(logD)((i — p)P) i > p,
Qk(logD>((i—p>P)+={ox(°g )((i = p)P) :i

and similarly for the other complex. (In [63, Proposition 4.4], the complex on the
left-hand side is denoted by Fi,(V) and that on the right-hand side by F?(V), and
Proposition 4.4 there implies that Fif,(V) and R, F?(V) are quasi-isomorphic; see
also the proof of Theorem 4.6 in the same work. Note that the assumption that the
Laurent polynomial is nondegenerate is not needed for [63, Proposition 4.4].) On
the other hand, by the E;-degeneration of the irregular Hodge filtration proved in
[15, Theorem 1.2.2], where F? (V) is denoted by Fgu’p (R (xD"), V) instead, the
equality

H (X, (R%(og D) (e — p) P') . d +df})) = FPHE (G ETr)

holds. This completes the claim, and hence the proof of (ii).
To prove (i), we observe that the equality

Hl (Gp. Sym* K1) = HY, (G, Sym* K1, )2 (4.24)

is compatible with the Hodge filtration, so that we can check whether a form belongs
to some step of the Hodge filtration by pulling it back by the double cover [2] given
by t > z = t2. Since the pullback [2]*z/vEdz/z = 26275k d¢ /¢ maps to 2}, it lies
in FFH1-2/HL (G,,, Sym* Kl,) for all 0 < 2j < k/2 by part (ii). We thus get

. od .
2ok S e FRHI-2igL (G, SymF K1) if 0 <2) <k/2,
z
which ends the proof of the inclusion D in Proposition 4.21. O

Proof of the equality in Proposition 4.21(1)

Since t/Tkdt /¢ form a basis of HjR(Gm,Symk Kl,) and the graded pieces of the
Hodge filtration on this space are 1-dimensional by Proposition 4.20, the inclusion D
in Proposition 4.21(1) is necessarily an equality. U

Proof of the equality in Proposition 4.21(2) and of Theorem 1.8
By Proposition 4.20, the mixed Hodge structure H!(G,p,, Symk Kl,) has weights
k + 1, k + 2 (for even k), and 2k + 2, and the graded piece gr Hlx (G, Sym* Kl,)
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is 1-dimensional for p = 1,...,k + 1 (except for p = k/2 if k is even) and zero
otherwise. Since the identification (4.24) is compatible with the weight and the Hodge
filtrations, the possible weights of H! (G, Symk Kly) are k + 1, k + 2 (for even k),
and 2k + 2, with graded pieces of dimension at most 1 in the last two cases, and
all Hodge numbers are zero or one, depending on whether w, acts as multiplication
by —1 or by +1 on grf, Hi (G, Symk 1'512)

By Proposition 4.21(1), the class of z/ vgdz/z in grl;ﬂ_zj HéR((Gm, Symk Kl,)
is nonzero for all j satisfying 0 <2j <k if k isodd and 0 <2j < k/2 if k is even,

since its pullback to grl}ﬂ_zj Hli (G, SymF Kl,) is nonzero.

If k is odd, then the nonvanishing of grllc,ﬂ_zj HéR(Gm, Symk Kl,) for j satis-
fying 0 < 2j < k implies that this space is 1-dimensional, the class of z/ vlgdz /z
being a basis. Since these classes form a basis of HéR (G, Symk Kl,), all other graded
pieces grh Hlg (G, Sym* Kl,) vanish. This concludes the proof of both Theorem 1.8
and Proposition 4.21(2) for odd k.

If k is even, then the same argument shows that grf HéR(Gm,Symk Klp) is
1-dimensional for p =k + 1,k — 1,...,2[k/4] + 1. Since, by Proposition 4.20(2),
gk TV HL, (G, Sym* K,) lies in weight 2k + 2 so does gr’™! Hlg (G, Sym* K1)
and the corresponding graded piece is 1-dimensional. This yields the Hodge numbers
for the line p = ¢ = k + 1 in Theorem 1.8(2). On the other hand, since k + 1 is odd,
the space gr,I;VJrl HcllR (G, Symk Kl,) is even-dimensional by Hodge symmetry. Since
HéR((Gm, Symk Kl,) has dimension k /2 by (4.11) and gr,?i_2 H;R(Gm, Symk Kl,) has
dimension at most 1, we get the equality

0 k#£0mod 4,

dim gr,‘év_i_2 Hjg (G, Sym* K1) = {1 k =0mod 4

If Kk £ Omod 4 (so that 2[k/4] + 1 = k/2 + 2 holds), then the spaces
gr? Hlx (G, Sym* K1) lie in weight k + 1 for p =k — 1,...,k/2 + 2, and hence
the space grh Hlz (G, Sym* K1) is I-dimensional for p = 2,4,...,k/2 — 1 by
Hodge symmetry.

If kK = 0 mod 4 (so that we now have 2[k/4] + 1 = k/2 + 1), then the space
gry , Hip (G, Sym* K1) is 1-dimensional, and hence grl;/ *TTHL (G, SymF K1)
lies in weight k + 2. This gives the line p = ¢ = k/2+ 1 in Theorem 1.8(2). To get the
remaining Hodge numbers, we argue as above: the spaces grf, HéR (G, Symk Kl,)
lie in weight k + 1 for p =k — 1,...,k/2 + 3, and hence gr’ Hl, (G, Sym* Kl»)
is 1-dimensional for p = 2,4,...,k/2 —2 by Hodge symmetry. This completes the
proof of both Theorem 1.8(2) and Proposition 4.21(2) for even k. O
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5. L-Functions

In this section, we compute the L-function of the pure motive My over Q defined in
(3.1). We first compare, in Theorems 5.8 and 5.17, the traces of Frobenius at unram-
ified primes of its £-adic realization with symmetric power moments of Klooster-
man sums. These results largely overlap with Yun’s (see [64, Theorem 1.1.6]). Up to
semisimplification, the two approaches yield the same Galois representations as real-
izations of two different geometric models. In some sense, we have replaced the use
of affine Grassmannians and homogeneous Fourier transformation in [64] with that
of exponential mixed Hodge structures and the irregular Hodge filtration to obtain
the easier geometric model %" in terms of which the motive is defined (cf. [64, Sec-
tion 4.1.6]). One advantage of this point of view is that it enables us to determine
the structure of the Galois representations at ramified primes by means of the Picard—
Lefschetz formula. In addition, we show in Proposition 5.23 that the Galois repre-
sentations are crystalline at p > k when k is odd (resp., p > k/2 when k is even)
and we obtain lower bounds for the p-adic valuation of the eigenvalues of Frobenius
in Corollary 5.27. We then compute the gamma factor in Corollary 5.30. Using the
theorem of Patrikis and Taylor, we finally prove that the motives (3.1) are potentially
automorphic in the last subsection. Theorems 1.2 and 1.3 from the introduction follow
by pulling everything together.

5.1. Etale realizations

5.1.1. Cohomology ofSymk Kl; over finite fields

Recall the £-adic Kloosterman sheaf Kl, on Gy, over F,, from Section 3.2.1. In this
subsection, we gather the main properties of the étale cohomology of its symmet-
ric powers. All results below are due to Fu and Wan [21, Theorem 0.2] and Yun
[64, Lemma 4.2.1, Corollaries 4.2.3, 4.3.5], who prove them by means of a thorough
study of the structure of Symk Kl at zero and infinity. Throughout, F, denotes the
geometric Frobenius in Gal(F p»/Fp) and we consider the reciprocal characteristic
polynomials

Zi(p:T) =det(1 - F,T | Hj (G, , . Sym* KLp)).

My (p:T) =det(1 = FpT | H} 1ia(G,, 5, Sym* Klp)).

. If k is odd, then

degzk(p;T)={l,:§ N 5.1)
5l 3l p=3

and there is a factorization

Zi(p:T) =1 =T)M(p:T). (5.2)



HODGE THEORY OF KLOOSTERMAN CONNECTIONS 1699

where the reciprocal roots of My (p; T) are Weil numbers of weight k + 1.
. If k is even and p is odd, then

deg 2T =5 - |5

and there is a factorization
Zi(p;T)=(=T)Re(p; T)Mi(p: T) (5.3)

such that the reciprocal roots of My (p; T) are again Weil numbers of weight
k + 1. Above, the polynomial Ry (p;T) is given by

Re(p;T) = (1 _ (_1)(p—1)/2pk/2T)"k(P)(1 _ pk/ZT)mk(P)_nk(P)’

e e I E R

. There is also an explicit description for even k and p = 2 in [64, Lemma 4.3.4,
Corollary 4.3.5]; namely, Z (2; T') has degree | (k + 2)/4] and factors as

Zi@T) = (1 -T)1 =227y A+ 2PT Mp(2:T),  (54)
where deg My = 2| (k +2)/12] —2812z(k) and a and by are given by

C[l&]+1 k=0,8,12,16,18,20 mod 24,
1% k=2,4,6,10,14,22 mod 24,

b |l £]+1 k=6,12,14,18,20,22 mod 24,
k:
L] k=0,2,4,8,10,16 mod 24.

In all three cases, the reciprocal roots « of the polynomial My (p; T) are stable under
the transformation o > p®*+1/2¢=1 which reflects the self-duality of the middle
cohomology.

5.1.2. Galois representations of symmetric power moments

Recall from (3.9) the Laurent polynomial g% = Zle (yi + 1/y;) on the torus Gﬁl
and its zero locus .#" C G¥ . For each prime number ¢, the ¢-adic realization of the
motive My is the Qg-vector space

View = grp_y HE N (A, Qo) 27 (—1) (5.5)

ét,c

equipped with the continuous representation

ree: Gal(Q/Q) —> GL(Vi ).
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Writing k = 2m + 1 for odd k and k = 2m + 2 or k = 2m + 4 with m an even integer
for even k, the vector space V¢ is m-dimensional by (4.13).

The goal of the next two subsections is to compare the traces of Frobenius at
unramified primes with symmetric power moments of Kloosterman sums. For this,
we shall consider the toric compactification X of G introduced in Section 4.3.2
and let .# be the closure of .#" in X. We also regard these varieties as defined over
general rings (e.g., over F, Z,, and so on). We claim that  is smooth along the
strict normal crossing divisor D = X . G¥ and that each irreducible component of D
intersects .# in a smooth divisor in such a way that . ~. .# forms a relative strict
normal crossing divisor over Z. Indeed, it is enough to check these properties on each
of the 2Kk ! affine charts of X corresponding to the cones of maximal dimension of the
simplicial fan F. For example, on the chart X; = AF = Spec(Z[zi]Ll), the function
gk is given by gB* = g, /z; --- z; and the equality # N X = (g;) holds, with g,
as in (4.23). One then checks the equalities

(g1)N(z1) =2, (eNE)=(0+z1(1+z2++22:--2-1)),
(0g1/0z)N(z) =4+ z2 4422+ 2,-1)

for r =2,... k. From the first two, it follows that dg;/dz; does not vanish on (z,)
for r > 2, hence the smoothness of % along (z; - -- z, ). The smoothness of (g1) N (z,)
is also clear, and .# N (zr;) N -+- N (zy,) is smooth for any sequence of indices
2 <r; <---<r; <k, which implies the strict normal crossing property. Besides,
over Q, the variety % C Gﬁ is smooth when k is odd, while if k is even, its sin-
gular locus consists of (kljz) ordinary quadratic points with coordinates y; € {1}

satisfying Zle yi =0.

5.1.3. The L-adic case for odd symmetric powers

Let kK > 1 be an odd integer, and let p be an odd prime number. The singular locus
3 of Z over Fp consists of |k/2p + 1/2] orbits of ordinary quadratic points under
the action of G x w,. Indeed, the orbits are indexed by odd positive integers a such
that ap < k, each of them being represented by the point with coordinates y; = 1
(resp., —1)for1 <i < (ap + k)/2 (resp.,i > (ap + k)/2). Locally around this point,
writing y; = z; + 1 (resp., y; = z; — 1), the defining equation of # inZ,[z1, ..., zk]
is given by

gaak (z1,...,2k) = 2ap + Qgp + higher order terms,

where Q) is the nondegenerate quadratic form

Qap = Z Z,-2 - Z Z,~2. (5.6)

i<(ap+k)/2 i>(ap+k)/2
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Write k = 2m + 1. After choosing a place of Q above p, with each x € X is
associated a vanishing cycle class 8x in Hé‘t_l(ya, Q¢)(m) that is well defined up
to sign. Letting (,) denote the pairing obtained from the intersection form and the
identification H2*¥—2 (76, Q¢)(2m) = Qg given by the trace, these classes satisfy

ét

=H™2 ifx=y,

Bx.0y) = {0 if x # y.

By the Picard-Lefschetz formula (see [11, Exposé XV, Théoréme 3.4]), there is an
exact sequence

0— H4™ (F5,. Q) — B (5. Qo) — €D Qu(—m) — 0.

XEX

where the map y is given by taking pairings with 8.
In what follows, we keep the notation ¢ for a primitive pth root of unity in Qy,
denote by —[{] the scalar extension — ®q, Q¢({), and set

@;,r = {a > 1 odd integer | ap <k with v (a) odd},

©, = {a > 1 odd integer | ap < k with v, (a) even},

so that the following equality holds:

" |k 1

CHEACHE LEJFEJ. (5.7)

THEOREM 5.8

Let k =2m + 1 be a positive odd integer, and let p and £ be distinct prime numbers.

Let Vi ¢ denote the {-adic realization of the motive My, which is an m-dimensional

Q¢-representation of Gal(Q/Q). Fix a place of Q above p, and let 1 p be the corre-

sponding inertia subgroup of Gal(@l, /Qp) C Gal(Q/Q).

(1) The representation Vy g is unramified at 2 and the Gal(F,/F,)-module Vi elC]
is isomorphic to H}, (G, 5, Sym* Kl).

2) If p is an odd prime, then Vi g is at most tamely ramified at p. More precisely,
the restriction of Vi 4 to Gal(ﬁp /Qp) decomposes into an orthogonal sum

M & E, where
° M[é‘] = Hét,mid(Gm,F,, ’ Symk KlZ)’
. E is generated by vanishing cycles, one for each a € @; U®,, on

which the Galois group acts through the character 5 ® )(C_y'c"_l, where

£q: Gal(ap/Qp) — {1} stands for the primitive character associ-
ated with the extension
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Qp(\/(_l)(l+ap)/22ap) of Qp.

In particular, decomposing E = E* @& E~ according to whether a belongs
to ©F or ©, the invariants under inertia are VkI,‘Z =M®E " and ET isa
semisimple Gal(Fp /F p)-module with reciprocal characteristic polynomial of
Frobenius

-1 (1+ap)/22 I
det(1 - F,T | ET) = [] (1—(()—“)pm+1T),
aeG)j P

where a' = ap~?@ denotes the prime-to-p part of a and (-/ p) denotes the
Legendre symbol.

Proof
There is nothing to prove if k = 1, so we assume that k > 3. To shorten notation, we
omit the coefficients Qg from the cohomology and write G = Gy X 2, so that

Viee = gl HEL! (i) (=),
Set y(o) =  and, for each i > 1, let 70) denote the disjoint union of all i-fold
intersections of distinct irreducible components of % ~\. J#". The spectral sequence

EY =H,0Fg) = HL/ () () 20)

ét,c

computes the étale cohomology with compact support of %" over F = Q or F,.

For F = Q, the spectral sequence degenerates at E, since, 73) being a smooth
proper variety for all i > 0, the source and the target of the differentials in the second
page are pure of different weights. The graded piece of weight k — 1 is thus isomorphic
to Ey =1 and

erfl HEZ! (#g) = ker{HE™ (Fg) — HE' (7))

ét,c

=im{H5 ! (A — HE (A ). (5.9)

ét,c
where the second map is the surjective edge map from the abutment Hle‘[_c1 () to

Eg *=1 On the other hand, by Theorem 3.12, there is an isomorphism

Hi mia(Coni, - Sym* Kla) 2 gr” | HE N (A5 ) X (=D

ét,c

This cohomology group is pure of weight k 4+ 1 and has dimension m if p =2 and
m—|k/2p+1/2]if p>3by(5.1). Foreachi > 1, the variety 7%2 is smooth and
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proper. Hence, the étale cohomology Hé‘t’l’i (yg[),) is pure of weight k — 1 — i, and
sois E é’ok_l_i in the above spectral sequence for F = F,. The only contribution of
weight k — 1 is thus given by
gre_y HEl () = gy im{HET (,) — HET (5} (5.10)
Assume that p = 2. The proper variety yiz has a quadratic nonordinary iso-
lated singularity, namely the point with coordinates y; = 1. When this is the case,
the cohomology sheaf R” ® of the vanishing cycle complex on 7@ is nonzero only
in degree n = k — 1 by [30, Corollaire 2.10], which implies that the cospecialization
morphism H5 ™! (J7f,) — HE™! () is injective. From the isomorphism (5.9) and
the commutativity of the square

HEL () —— HE ()

ét,c ét,c

| |

HE N (g, — HE ' ()
we deduce an injection

. _ 1, G, _
im{HE ! (g,) — HET ()} " — e HE N (A O% = Vi), (5.11)

ét,c ét,c

Since the y-isotypic part of the left-hand side of (5.10) has dimension m = dim V ¢,
it follows that (5.11) is indeed an isomorphism, hence an isomorphism

Viw = grpy HEL (5, O (= 1)

ét,c

of representations of Gal(F,/F,). This concludes the proof of (1).
Now suppose that p > 3, and consider the G-equivariant commutative diagram
with exact rows and columns

HE () —— HICN ()

ét,c ét,c

B o

ét

J— N Y
0 — H{'(F5,) —— HE ' (Hg) —— Prex Qu(=m) — 0

1,7 ~ 1~
H T (F,) — HET(FG)
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in which the middle row is given by the Picard—Lefschetz formula. Let

A =P Qi(-m)s,

xex

be the subspace of Hé‘[_l(ya) generated by vanishing cycle classes, which is
the orthogonal complement of the image of Hlé‘t_l(yip). Let RV be the com-

plex of nearby cycles on 7Fp~ Since 8y is a generator of the local cohomology

H’{‘x_}1 (Yfp ,RW(rm)) with support {x} contained in %%p, the subspace A lies in the
image of «. The image of 8 and A being orthogonal as subspaces of H{é‘t_l (76), the

equalities
im(B)%* = gr,I;V_1 im(B)%* and im() %% =im(B)%* @ AGX

hold, with dim A%X = |k/2p + 1/2] by a dimension count and (5.2). These are the
factors M and E in part (2) of the theorem.

To compute the Galois action on E, recall the quadratic form Qg from (5.6),
and consider the projective quadric D = (2apw? + Qgp) in Plép, as well as the
hyperplane section C = D N (w). In [11, Exposé XV, Proposition 2.2.3], the space
Q¢(—m)8y is described as H{é‘t’_cl((D N C )6,7)’ which is equal to the primitive part
of H{éﬂ_l (Dﬁp) by the localization sequence for étale cohomology with compact sup-
port. As a nondegenerate quadratic form over Q,,, the defining equation of D has

discriminant d = (—1)*=47)/224p and hence Gal(GP/QP) acts on
detHg ™" (Dg, » Qe(m)) = HE }i(Dg ) (m)

via the character &, corresponding to the extension Q,(v/(—1)*+1/24d) by [56, Sec-
tion 5.2]. Noting the extra twist in the expression (5.5) of Vi ¢ in terms of Hét_l (.%/6),
this proves the first statement about E. This extension is unramified if and only if

vp(a) is odd, in which case it is equal to Q,(y/(—1)(1+4P)/224’) and the last asser-
tion in (2) follows. ]

Remark 5.12

In the case at hand, instead of invoking [56] one can directly see the action of
Gal(Q »/Qp) on the primitive cohomology of the quadric by regarding it as defined
over Z. Indeed, D has good reduction at all primes r with even v, (d) and, for exam-
ple, by point counting over F,, Frobenius acts as multiplication by (M)rm.

Chebotarev’s density theorem then implies that Gal(Q/Q) acts on HX~! (Dg)(m)

ét,prim

through the character corresponding to the extension Q(+/(—1)(112P)/224p). Note
that D has good reduction at p if v,(a) is odd.
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From Theorem 5.8 and Serre’s recipe in [57], we immediately derive the local
L-factors and the conductor of the system of Galois representations {Vx ¢}¢ associ-
ated with the motive M. For each prime p, define L (p; T) as the reciprocal of the
polynomial with integer coefficients

det(1— F,T | V,/?) M@ 1) =2

et(l1— = _1)(+ap)/2,4 .

TR Mk (p: D [eet (1 - (F=25)p™ T if p =3,
(5.13)

The L-function of M is the Euler product
Li(s) = [ [ L(p: p™).
p

which converges absolutely on the half-plane Re(s) > 1 + (k + 1)/2.

Recall from [57, (11), (29)] that the exponent of p in the global conductor
of {Vk ¢}¢ is given by the sum of the Swan conductor of the restriction of Vj ¢ to
Gal(Q »/Qp) and the codimension of VkI,Z . Since Vi ¢ is at most tamely ramified at all

primes p # £, the Swan conductor vanishes and we are left with (k — 1) /2 —dim Vkl’e’ ,
which in view of the formulas (5.1), (5.2), and (5.7) is equal to |(~);| if p is odd and
to zero if p = 2. Thus, the value of the conductor is

Me =[] p'97 = 13,5, k. (5.14)
p odd

where n¢ denotes the product of all primes p such that v, (n) is odd.

Remark 5.15
It is clear from Theorem 5.8 that both the L-factor Ly (p;T) and the conductor 91
remain unchanged if one replaces the input {Vj ¢}, with its semisimplification

{Vks’sg }6'

5.1.4. The L-adic case for even symmetric powers

Let kK > 2 be an even integer, and let p be an odd prime number. In this case, the
singular locus of g = consists of 1 + lk/2p] orbits of ordinary quadratic points
under the action of &y X @,. They are indexed by nonnegative even integers b satis-
fying bp < k, with points with coordinates y; = 1 (resp., —1)for 1 <i < (bp + k)/2
(resp., i > (bp + k)/2) as representatives. Writing y; = z; + 1 (resp., y;i = z; — 1),
locally around each singularity the defining equation of ¢ in Z,[zy.,..., z] has the
shape

2bp + Qpp + higher order terms, Qp, = Z 77— Z zZ. (5.16)
i<(bp+k)/2 i>(bp+k)/2
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THEOREM 5.17

Let k be a positive even integer, either of the form 2m + 2 or 2m + 4 with even m, and
let p and £ be distinct prime numbers with p > 3. Let Vi 4 be the {-adic realization
of the motive My, which is an m-dimensional Qq-representation of Gal(Q/Q). Fix a
place of Q above p, and let I p C Gal(ﬁp /Qp) C Gal(Q/Q) be the corresponding
inertia subgroup.

Then I, acts unipotently on Vy 4. More precisely, the equality (o —1)? = 0 holds
for each o € I, acting on Vi ¢ and there exists an isotropic subspace U C Vi ¢ of
dimension |k /2p]|, the image of the logarithm of the monodromy operator, gener-
ated by vanishing cycles and such that the equality Vkl,’g = U~ holds and such that
the induced map 0 — 1: Vi g — Vi ¢/ U is zero. Moreover, there is an isomorphism
ofGal(Fp/Fp)—modules

V216 = Hy (G, 5, . Sym* KL)/E[¢),

where E is the trivial representation Qg(0) if 4 does not divide k and an extension
of Q¢(—k/2) by Q¢(0) otherwise.

Proof

There is nothing to prove for k = 2, so we assume that k > 4. Again, we write
G = Gy X uy and we omit the coefficients Q from the étale cohomology groups.
Let us first recall from Theorem 1.8 that, in characteristic 0, the mixed Hodge
structure H*=1(#") %X / W, is pure of weight k — 1 and has dimension (k —2)/2 if
k =2 mod 4, whereas if k = 0 mod 4, it is mixed of weights k — 2 and k — 1 with
graded pieces of dimension 1 and (k — 4)/2, respectively.

Let S be the singular locus of . in characteristic 0, which consists of (kljz)
ordinary quadratic points, and let #” be the strict transform of %" inside the blowup
of Gﬁl at S. The preimage of S in J#” is a disjoint union of quadrics that we denote
by T'. Consider the commutative diagram

T c x'
\: \
S Cc X

and the corresponding commutative diagram with exact rows

H2(T) ——= HF-Y( '\ T) —— HY(#") —— HFI(T)

-

H2(§) —— HFY(# N S) —— HFY(#) —— HFL(S)
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Since k is even and at least 4, the vanishing H*=2(§) = HF~1(S) = H*"1(T) =0
holds, and hence we get an isomorphism

HF1(r)y S HF (). (5.18)

The above isomorphism remains true if one replaces H’C‘_1 (o) and Hf ~L(#¢") with
Hft () and Het . (Jiff’), respectively, for F = Q or F,.

Recall the compactification X of Gﬁ. Let # be the closure of .#” in the blowup
of X along S, and let y/(i) be the disjoint union of all i -fold intersections of distinct
irreducible components of the boundary divisor RNy 4 , with the usual convention

—(0 — . .
H ©_ ¢ . Consider the associated spectral sequence

—/(0)

(EY e =H,(OF) = Bl () () 2 0).

ét,c

In characteristic 0, since all 7/50 ) are smooth and proper, the spectral sequence degen-
erates at £, and one gets

1~ (1)
et HEL () = ker{HE™ () — HE (07 )}

ét,c

= im{HA ! () > HET ()}

ét,c

exactly as in the case where k is odd. The equality

Viee(1) = im(a) 6 (5.19)

1,k—2
E2

then follows by taking y-isotypic components. Moreover, the -term reads

—(2)
— HE2 (g )

Ty

k—2 7'

b ot gy TG —

244 ) ét,c Q ] X X
1m{Hét_2(% o) — HE2(

(5.20)

By (5.18), the right-hand side is isomorphic to gerszt Cl(ﬁa), and hence its
x-isotypic component has dimension 847 (k) as recalled at the beginning of the proof.
Since the singularities of 7/“ consist only of ordinary quadratic points sup-

ported on JifF’p, the Picard—Lefschetz formula and base change yield isomorphisms
(%/F )—>H (%/Q) forn <k —2,
HL(73) > W (g ) fori = 1.

In particular, the equality (Ei j)Fp = (Ei j)Q holds foralli + j =k —1 withi > 1,
hence the degeneration (E.* 2 Gox — (ELF- 2)? X By (5.20), this space vanishes
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for k =2 mod 4 and is 1-dimensional of weight k — 2 if 4 divides k. Consider again
the G-equivariant commutative diagram of Gal(Q »/Qp)-representations

k—1 ! k—1 2
HEC (] ) —— HE ()

€t,c ét,c
d |-
- - V4
0 —— HE'\(FF,) —= HE'(Hg) — Dyes Qu(—k/2)

in which the second row is exact and the map y is defined by pairing with vanishing
cycle classes 8y € H{é‘t_l (7%)((1{ —2)/2), one for each x € X. Setting

C = y(im(a)%¥)

and regarding H’éﬂ_l (7%17) as a subspace of Hé‘t_l (7/6), we obtain a diagram

im(B) %

1

0 — im(@)* NHETI (OFF,) — im(@)%x C 0

|

(Brex Qu(—k/2))%*
(5.21)

in which the row is exact and the vertical arrows are injective. We now show that both
of these inclusions are in fact equalities. Taking the identity im 8 = (E%*~1)g , into
account, the spectral sequence yields an exact sequence

1,k—27G,x 1
0— (Ey )Fp — Hét,C

(G, - Sym* Klp)(1)/ Wy —> im(B) %%/ Wy — 0

of unramified Gal(Q »/Qp)-modules (here W’ denotes the weight filtration on étale
cohomology over finite fields given by the eigenvalues of Frobenius, in order to
distinguish it from that for Gal(Q/Q)-representations). The calculation (5.3) of
the action of Frobenius on Hét,C(ijp, SymF K1) implies that the rightmost term

im(B)%:X / Wy has weights k —2 and k — 1, with graded pieces of dimensions

/ k
dimgry, im(B)%* = LZJ and
. ’ k—2 k
dimgr}” im(8)%* = — —2L5J — 84z.(k).
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In particular, im(8)©°X has dimension at least

k=2 i) — Lﬁj — dimim(a)®¥ — LiJ
2 2p 2p
and weights k —2, k — 1, and possibly zero. On the one hand, the unramified represen-
tation (P ,.cx Q¢ (—k/2))%°X has dimension |G\X| = |k/2p| and Frobenius acts on
it as multiplication by p*/2. On the other hand, taking (5.19) into account, the space
im(er)©>X is equipped with a nondegenerate Gal(Q »/Qp)-equivariant Poincaré pair-
ing with values in the unramified Tate twist Qg (1 — k) of (Frobenius) weight 2k — 2.
Since 7 is a projective variety, the equality HE! (7%,,) = w,_H5 (y%p)
holds, and hence the orthogonal complement C’ of the subspace W) _, im(B) %X

of im(ar) %X contains im(ar) %X N Hé‘t_l (y%p). From this we derive the inequalities
k . G o G P k
L—J <dim W,_,im(B)”** =dimim(a)”*/C’ <dimC < L—J
2p 2p

It follows that the right vertical inclusion is an equality, and hence the left one as
well since the dimension of the intersection im(c)%>X N HQ_I(YIFP) is then equal
to dimim(a)X — |k/2p| <im(B)C-X. In addition, let A C ngt—l(y’a) be the sub-
space generated by the vanishing cycle classes Qg ((2 —k)/2)éx for x € X. Since
dim A%X < |k/2p| and A C At =kery, we get

AGX =W _,im(B)%*  and  (AHEX =im(B)F*.

By the Picard—Lefschetz formula in [1 1, Exposé XV, Théoreme 3.4], an element
—
o of the inertia group /, actson v € Hé‘t_l(% Q) as

a(v) =v—(=D*"?1(0) Y (v, 8x)x,

xX€EX

where (v,8y) € Hgtk_z(yla)((k —2)/2) = Qu(—k/2) and t¢: 1 — lim pun (Qy) is
the fundamental tame character. From this we derive the vanishing (o — 1)? = 0 for
each o € I, acting on Vi ¢ and the equality Vkl”g = im(B)%X(—1). Observe that we
have proved that Vj , satisfies the weight-monodromy conjecture, that is, that the asso-
ciated Weil-Deligne representation is pure of weight k + 1, in the terminology of
Corollary 5.39 below. (Conversely, that corollary can be used to show that the vertical
arrows in (5.21) are equalities.) This completes the proof in the case kK = 2 mod 4.
Finally, we look at the action of Frobenius on the vanishing cycles A. Recall
that each Vy = Qu((2 — k)/2)8, corresponds to the singularity defined by the equa-
tion (5.16) for an even positive integer b. Consider the quadric C = (Qp,) C IP”E;I,
whose primitive cohomology H¥~2 (Ci,,) coincides with V. by [11, Exposé XV,

ét,prim
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Proposition 2.2.3]. The quadratic form Qj, has discriminant d = (—=1)*=bP)/2 and
therefore F, acts on the primitive cohomology as multiplication by

_1)k/2
(( D d)p(k 2/2 — (_1ybp(p=D/4 Hk=2)/2

p

4

For p = 1 mod 4, the sign is always positive, whereas, for p = 3 mod 4, there are
k/4p + 1/2] values of b such that the sign is negative. Comparing with the eigen-
values of F, in (5.3), one concludes that in the case k = 0 mod 4, the kernel of the
map B: HE= (%/F/p)G’X/ Wy — Hé‘t_l (y%p)G’X is a factor Q¢((2 — k)/2). This com-
pletes the proof. ([

ét,c

Similarly to the case of odd symmetric powers, the above theorem gives the local
L-factors and the conductor away from p = 2. Indeed, defining

Li(p:T) =det(1— F,T | V,5)™
for a prime number p, Theorem 5.17 and (5.3) imply the equalities
Li(p:T)™!
(1 — p*l2T)*l2pl My (pi T if p =1 mod 4,
N {(1 + kel tal (1 k) LG A (52 T) i p =3 mod 4.
(5.22)

The L-function of My is the Euler product

Li(s) =[] La(p: p™),
p

which again converges absolutely for Re(s) > 1 + (k + 1)/2.
As for the conductor, Serre’s recipe yields in this case that the exponent of an odd
prime p is given by |k/2p]. The conductor is thus equal to

2 [T pr2e) =27 2,4,6, -k,
p odd

where ri = SW(Vi tlga@,/q,)) +codim Vkli and n, stands for the odd part of the rad-
ical (i.e., the product of all odd primes dividing 7). Broadhurst and Roberts conjecture
that ry = |k/6].

5.1.5. The p-adic case
We keep the setting of Section 3.2.2, and let Bgr, Bcrys, and By denote Fontaine’s
p-adic de Rham, crystalline, and semistable period rings over Q. Recall from (3.13)
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and (3.14) that, for any prime p, there is an isomorphism of Frobenius modules
rlg mld(Gm/K Sym KIZ) ngVH rig, C(Gm/K Sym Klz)

By [46, Theorem B], this K-vector space has dimension | (k — 1)/2] — 847(k) for all
p >k if k is odd and for all p > k/2 if k is even.

PROPOSITION 5.23

Fix an integer k > 1, a prime number p, and a place of Q above p. The p-adic
representation Vi , of Gal(ap /Qp) is de Rham. If p is odd, then Vi p is semistable
over Q,(/=p) and there is an inclusion of Frobenius modules

HYy ia(Gm/ K. Sym* K1) — (Vi , ® B, )G1Q/Q =P g K. (5.24)

Under the extra assumption that p > k if k is odd (resp., p > k/2 if k is even), the
representation Vi, is crystalline and there is an isomorphism of Frobenius modules

l'lg mld(Gm/K Sym Klz) =~ (Vk P (24 B )Gal(ﬁp/Qp) QK.

Proof

The p-adic representations H5™!(#5.Q,)(—1) and Hg_l(y/@ Q,)(—1) arising
from the smooth proper varieties .# and 7 are de Rham (see, e.g., [3, Sec-
tions 3.3(i), 3.4]), and any subquotient of a de Rham representation is still de Rham.
Hence, the first assertion follows from (5.9) for odd k, and from (5.19) along
with (5.18) for even k.

For the remaining statements, we assume that p is odd. We first treat the case
of even k. As in the proof of Theorem 5.17, consider the resolution of singularities
" of ¢ and its compactification 77 induced from the blowup of the ambient torus
and the explicit toric compactification X over Z,. Recall from Section 3.2.2 that the
localization sequence for rigid cohomology with compact support yields

(grk lHngc (‘%/Fp/QP)GkXML )( 1)[@'] = grk+l r1g, (Gm/K Sym K12)
Besides, arguing as in (5.18), there are isomorphisms
il (U, /Qp) — HiL (A5, /Qp).

k k
Het cl (E%/ép 3 Qp) _) Het cl (‘%/Gp ’ Q[J)
of Frobenius modules and Gal(Q »/Qp)-modules, respectively.
For rigid cohomology, consider the spectral sequence

EY =H), (g, /Qp) = Hit (A, /Qp) (i) = 0).

rlg rig,c
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as we did in the £-adic setting (see [38, Propositions 8.2.17, 8.2.18(ii)]), and let

a: S (7, /Qp) — HE () /Q))

. . - 1 o I (

denote the differential from E f’k "t E 11 k=1 Since the varieties # © are smooth
and proper for all i > 1, the only contribution of weight k — 1 to the abutment of the
spectral sequence comes from the kernel of «, hence an isomorphism

grf  HE- I(Ji/F’p/QP) = gry | kera.

rig,c
Let L be the ramified quadratic extension of Q, contained in K, which is given
by L = Q,(/—p) thanks to the equality ,/—p = @ »~1/2, Since the singulari-
ties of # consist only of ordinary quadratic points supported on Ji/F/p, the p-adic

Picard—Lefschetz formula in [42, Theorem 1.1] yields a commutative diagram of
L-modules

“L 1)
HEC LA JQp)r — HET (g, /Qp) — BT (g, /Qp)L

s
/(1)

H§R1(%/Q ) — HE' (g, )L

in which the map S is injective. Hence, B induces an inclusion
1~ —/(1)
kerap —> ker{Hyg ' (# o, ) — Hig ' (H g, )L} (5.25)

Besides, over the ring of integers Z,[,/—p] of L, with uniformizer ,/=p, each
ordinary quadratic point of 7 s formally defined by an equation

0 —u-(J/=p)*

where u is some unit and Q equals Q) from (5.6) for odd k and Qp), from (5.16)
for even k. In both cases, the equation Q = 0 defines a smooth quadric in P¥~1 over
Z,[./=p]. so that the assumptions of [42, (2.3)] are satisfied. Let 7 be the blowup
of A ®z, Zp[./—p] along the ordinary quadratic points. Then A" is semistable
over Z,[,/=p] by [42, (2.3)], and hence any subquotient of H]é‘t_l(ygp,Q p) is a

semistable Gal(ap / L)-representation, for example, by [3, Section 3.3(iii)]. In par-

ticular, on noting the equalities .#; = .#}" and % /L(l) =0 /L/()

Vk,p(1) is semistable and the expression (5.19) yields

the representation
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ét,c

_ Q,/L
(e HEL (g Q) @B) M@ P oL

ét,c

_ Gal(Q,/L
= (e HEL (. Qp) ® Ba) ™'

4 — —1,~/()
= ker{Hiz ' (%o, )L — Hi ' (g, )L}

(5.26)
by the p-adic Hodge comparison theorem. In addition, since both the Frobenius struc-
ture on the L-vector space HXz 1(7/(210) L = HkT 1(y’]:) and the map B are con-
structed by means of logarithmic de Rham-Witt complexes (see the proof of [42,
Theorem 2.13]), B is compatible with the Frobenius action. The inclusion (5.24) of
Frobenius modules follows by extending scalars to K and taking y-isotypic compo-
nents in (5.25) and (5.26).

If k is even and p > k/2, then 7 is smooth. Moreover, B is induced by the
isomorphism

k— — Je— —
Hi, 1(«/ﬂi/Fp/Qp) — Hgr l(175/Qp)
and ker o is pure of weight kK — 1. By [3, Section 3.3(iii)] and a similar argument as
in the above case, we obtain the identity
Vie.p ® Berys) @0/ @) [ ] = H} (G, /K, SymF K1),

rig,mid

thus finishing the proof for even k.
In case k is odd, there is no need to perform the first resolution of singularities, so
we simply take .#” = J# in what precedes and do the same proof as for even k. [

COROLLARY 5.27

Let k > 1 be an integer, and let p be an odd prime number. The Newton polygon
of the Frobenius module Hrlig,c(Gm,F /K, Symk Kl,) lies above the Hodge polygon
ofHéR,C(Gm, Symk Klp). Incase p > k ifk isodd or2p > k ifk is even, the endpoints
of both polygons coincide.

Proof
Considered as a representation of Gal(Q »/Qp(/=P)), the p-adic étale realization
Vk,p of My is semistable, and hence the associated filtered (¢, N)-module
(Vk,p ® Bst)Gal(Qp/Q[)(H))
is (weakly) admissible. This means precisely that its Newton polygon lies above

its Hodge polygon, both having the same endpoints. Notice that these polygons are
additive with respect to the Minkowski sum (i.e., the sum of the convex sets above
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the polygons in the plane R?) for filtered Frobenius modules. Since the Frobenius
module Hrlig,mid (Gmyr, /K, Symk Kl,) injects (after extending scalars to K) into the
Frobenius module associated with Vi , by Proposition 5.23, the Newton polygon of
the former lies above that of the latter, which in turns lies above the Hodge poly-
gon of HallR,mid (Gp, Symk Kl,) by admissibility. Moreover, under the condition p > k
(resp., p > k/2) if k is odd (resp., even), the two Frobenius modules are equal by
Proposition 5.23, and hence both polygons have the same endpoints. We conclude
the proof by putting the trivial factor back, which is 1-dimensional with Frobenius
and Hodge slopes 0 if k # 0 mod 4 and 2-dimensional with Frobenius and Hodge
slopes 0 and k /2 otherwise. O

Remark 5.28
Writing Z (p; T) =Y ¢, T", this corollary implies in particular the inequality

vplen) >nn—1) (5.29)

for all p > 3. This sharpens a theorem of Haessig [25, Theorem 1.1], who obtained the
lower bound (1 —1/(p —1))n(n — 1) for all p > 5 using p-adic analysis a la Dwork.
While our article was being refereed, he managed to prove (5.29) for all p > 2 by
strengthening his previous arguments in [26]. As we explain in Remark 5.41 below,
it is also possible to obtain this lower bound in all cases except for p = 2 and even k
from the potential automorphy of the motive My. Note that, when k is even, the
Hodge polygon of H;R’C (G, Symk Kl,) lies strictly above the polygon with vertices
n(n — 1), as Figure 1 shows.

5.2. The gamma factor

We first recall Serre’s recipe in [57, Section 3] describing the conjectural shape of the
gamma factor at infinity in the complete L-function of a pure motive over Q. Let V
be a finite-dimensional vector space over C together with an R-Hodge decomposition
of weight w, that is, the data of a grading V = €p pez VP and a C-linear involution
o of V such that o (V?) = V¥~P holds. Given an R-Hodge decomposition, we set
h(p) =dim¢ V2 and

h(w/2)* = dimc{v € V*/? |o(v) = +(-1)*"?v}
if w is even and h(w/2)* = 0 otherwise. Setting
Tr(s) = 77%/2T(s/2),  Tcls) =2(27)*T(s) = Tr(s)Tr(s + 1),
the gamma factor Ty (s) of V is defined as

Ty (s) = Tr(s —w/2)" @/  T(s —w/2 + DH@D™ T Tels — p)"®.
p<w/2
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13

12 /

k=6 k=T k=28

Figure 1. The Hodge polygons of HéR Gm, Symk Klp).

COROLLARY 5.30
For each integer k > 1, the gamma factor of the motive My, is equal to

_ _—ms/2 = s—J — k-1, _ .
Li(co,s) =7 ,EIIF( ) m sz Saz (k)

2

Proof
In our geometric setting, the grading is given by

VP = grf Hig nia(Gm. Sym* K1)

and the R-structure comes from the maps o induced by complex conjugation
2 (C) — 2 (C) on the singular cohomology H*~!(_# (C)) and the singular coho-
mology with compact support H’C‘_1 (U (C)) (see [57, Section 3.3(b)]). These form
an R-Hodge decomposition of weight w =k + 1.

Observe that the middle degree factor /2 is nontrivial if and only if k = 4r +3
for some integer r > 0, in which case the weight is w = 4r + 4 and Y ®/2 has dimen-
sion 1. Assuming this, let & € {£1} denote the sign of the action of o on V¥/2,
Since V has dimension 2r + 1 and o interchanges V7 and V¥~7, the equality
deto = (—1)"¢ holds in detHéR,mid(Gm, Symk Kl,). Therefore, it suffices to compute
deto. Thanks to the orthogonal pairing (3.4), the above determinant is, up to a twist,
the de Rham realization of the rank-1 Artin motive associated with a quadratic field
extension of Q and one only needs to decide whether this field is real or imaginary.
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To do so, we look at the £-adic representation ry ¢ : Gal(Q/Q) — GL(V ¢). For each
odd prime p, the determinant of Frobenius was computed in [23, Theorem 0.1]:

det(Fp | H mia(G Sym* Kl,))

m,F e

4

‘mid
0<j=<(k—1)/2 P
pi2j+1

From this we immediately derive that, for all primes p > k, the equality

k-1)/2

det(rg. ¢ (Frob,)) = ((_3) ' 5”'(‘;1)( ! k)p("z‘“/“ = (k%)p"‘z“’/“

holds, with k!! = 3 -5-.-k. Chebotarev’s density theorem then yields the formula
detrg ¢ = (-/k) ch_ /4 1t follows that the quadratic number field which this char-
acter gives rise to through class field theory is equal to Q(+/£k!!), with the sign
adjusted by the condition that the radicand is congruent to 1 modulo 4 (otherwise, 2
would be a ramified prime). Noting that k = 4r + 3, this sign is given by (—1)"+!
and the power of the cyclotomic character appearing in detrg ¢ is even. Putting every-
thing together, one derives ¢ = —1 = —(—1)/2, and hence the missing information

h(w/2)T =0and h(w/2)~ = 1 to compute the gamma factor. O

5.3. Potential automorphy, meromorphic continuation, and functional equation

In this final subsection, we pull everything together to prove Theorems 1.2 and 1.3
from the introduction. We first compute the e-factors of the Galois representations
Vk ¢ and recall the particular case of the theorem of Patrikis and Taylor that will
imply potential automorphy.

5.3.1. Weil-Deligne representations and e-factors
For each integer k > 1, consider the system {V ¢}, of {-adic realizations of the
motive Mg. We investigate its global e-factor ei(s) by means of the information
obtained in Theorems 5.8 and 5.17. We refer the reader to [60] for an accessible
introduction to Weil-Deligne representations.

As inputs for defining the local e-factor of {V% ¢} at each place p of Q, we fix the
additive character ¥ and the Haar measure dx on Q,, as follows. If p < oo, then ¥ is
the composition

Qy — Qp/Z, =Z[1/p]/Z— C*,

where the first map is the quotient and the second map sends « to exp(2rix). The
Haar measure dx is normalized so that pr dx = 1 holds; note that it is self-dual with
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respect to Y. For p = oo, we set ¥ (a) = exp(—2rwia) for « € R, and we take as
dx the usual Lebesgue measure. Letting Aq denote the adele ring of Q, these local
characters and Haar measures are compatible in the sense that the product of the ¥’s
induces a character of Ag/Q and the compact quotient Ag/Q has volume 1 with
respect to the induced measure (see [7, Section 3.10]).

For each p < oo, let W(Gl,J /Qp) be the Weil group of Q,, that is, the subgroup
of Gal(Q »/Qp) consisting of those elements whose image in Gal(F »/Fp) is an inte-
gral power of Frobenius together with the topology making [, with its usual topology
into an open subgroup, and let F, € W(Q »/Qp) be alifting of the geometric Frobe-
nius. Local class field theory provides an isomorphism between Q7 and the maximal
abelian quotient W(G »/Q p)“b; following the convention of [7, Section 2.3], we nor-
malize it so that p is mapped to F,. For s € C, let

Wy : W(ap/Qp) —C

be the homomorphism defined by the composition of the quotient map to
W(GI,/QP)‘jlb =~ QJ, with the map from Q7 to C* sending & to [«|*, with the
normalization || p|| = 1/p.

With a continuous representation p of W(Q »/Qp) on a discrete topological vec-
tor space V' over a field of characteristic 0, to which we shall refer as a Weil represen-
tation, is associated a local e-factor g¢(p, s) = &9(p - ws,0), depending on ¥ and dx,
in [7, Théoréme 4.1]. By (5.5.2) there, the equality

£0(p.5) = ws(p*?) -£0(p.0) = p~*P* - £9(p. 0) (5.31)
holds, where a(p) denotes the conductor of p and we regard w; as a map
Q, = W(Q,/Qp)™ — C*.

A Weil-Deligne representation (p,N) on V consists of a Weil representation p
on V' as above and a nilpotent endomorphism N, called the logarithm of the unipotent
part of the local monodromy, such that the equality p(w)Np(w)~! = p~?@N holds
for all w € W(Q »/Qp), where v(w) denotes the power of F), to which w is mapped
in Gal(F »/Fp). There is a canonical way to attach a Weil-Deligne representation to
an {-adic representation r of W(Gp /Qp): by Grothendieck’s quasiunipotency theo-
rem, there exists a unique nilpotent endomorphism N satisfying r (o) = exp(t¢(0)N)
for all o in a finite index subgroup of /,, and one sets

p(oF)) =r(oF,)exp(—t¢(o)N) (5.32)
forall o € I, and all n € Z (see [7, Section 8.4]). Setting

€1 ((P, N), S) = det(—p_st | VP(Ip)/ker(N)p(Ip))’
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the local e-factor of the Weil-Deligne representation (p,N) defined in [9, above
Remarque 5.2.1] is equal to the product

8((p’N)7S) :8()(,0,S)'81((,O,N),S). (533)

Notice the equality V" (7») = ker(N)?U») from [7, Section 8.12].

Let £ be a prime number distinct from p. For s € Z, we also regard w; as a homo-
morphism to Q. We consider the Weil-Deligne representation (p, N) on Vj ¢ corre-
sponding to the £-adic representation V ¢ of Gal(Q,/Qp) and denote its e-factor
by

Sk(p,S) = 8((,0,N),S).

Suppose that k is odd. For 2 < p < oo, the representation Vi, of the inertia
group [, is tame and factors through characters of subgroups of index at most 2 by
Theorem 5.8. The associated Weil-Deligne representation (p, N) has thus N = 0 and
p equals the restriction of Vj ¢ to w(Q »/Qp), so that the equality e (p, s) = €o(p. 5)
holds in this case. By definition (see [7, (4.5.4)]), the conductor of p is given by

a(p) = dim Vi, — dim V(" = [0
and from the formulaire in [7, (4.5.4)], we find

1=¢0(p.0) - £0(p" - 1,0) - det(p)(=1) by [7. (5.4), (5.7.1)]
= £0(p.0) - 0(p - Wk 42.0) - det(p)(—1) since V', = Viee(k + 1)
= £0(p.0)% - (pI®?))~*+2) . det(p)(~1) by (5.31). (5.34)

Recall from the proof of Corollary 5.30 that det(p) is the nontrivial character asso-
ciated with the quadratic extension Q,,(~/2k!!) with positive sign if k = 1,7 mod 8
and negative sign otherwise. Therefore, det(p)(—1) is given by the Hilbert symbol
(—1, £k!) and there exists a fourth root of unity w, € u4(C) with w}z, = (—1,£k!)
such that
ek (p.s) = wp - (plOrHETD2,
Moreover, if Vi ¢ is unramified, then the equality e (p,s) = 1 holds (recall that this
includes the case p = 2). According to [9, Section 5.3], at p = oo the associated
e-factor g (00, §) is given, in the notation of Section 5.2 above, by i = +/—1 raised to
the power
- k2—1
D @—p+Dh(p)+h((k+1)/2)" = —

p=q
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Now the product formula for Hilbert symbols implies that &g (co,s) - [] p<oo Wp
belongs to {41}, and putting everything together we get

ex (S) — l_[ ex (p,S) — :l:m](ck+2)/2_s,

pP=00

where 1 is the integer defined in (5.14).

Remark 5.35
It is obvious that in this case the e-factors remain unchanged if one replaces the input
{Vk,¢}¢ with its semisimplification {V}*°, }¢.

We now suppose that k£ is even and keep notation from Theorem 5.17. For
each 2 < p < oo, there exist a basis {e;} of U and elements {e;} inducing a basis
of Vk’(/UJ‘ satisfying ker(N) = U~ and N(e}) = —(=1)%/2¢;. In this case, the
inertia group acts trivially on the Weil-Deligne representation p given by (5.32),
hence the equalities a(p) = 0 and g¢(p, s) = 1. From the identity Vk\je =Viglk+1)
as representations of Gal(Q,/Q)), we derive det(p(Fp), Vi ¢)?> = p™**+1D, and
since the duality pairing is symplectic the determinant has positive sign, so that
det(o(Fp), Vig) = p™* /2 (note that m = dim V¢ is even). Using the definition
in (5.33) and Theorem 5.17, we obtain

l35] if p=1mod 4,

(5.36)
l45] if p=3mod 4.

ex(p.s) = (=1)'» .ka/ZpJ((k+2)/2—S)’ v, = {

Besides, the computation of Hodge numbers yields

1 if k =2 mod 4
er(00,5) = U= (—1)%sz(R)
k(00.5) {(—1)<k—4>/4 ifk50m0d4} !

from which we get the value of the global epsilon factor away from p = 2:

[T ex(p.s)=(n¥oy 2,

2<p<o0

v = Z L—J—l— Z L%J-}—Ssz(k)-

p=3(4)

Remark 5.37
The factor e (s) is of the form A B~ since all its local factors are. Suppose that there
is a functional equation

Li(s) =ex(s) - Li(k +2—5).  Li(s) = Lg(00.5)- [ | La(p. p™).

p<00
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By applying it twice, we get A2 = B¥*2_ Suppose that k is even and p = 2, and let
a = a(p) be the conductor of the associated Weil-Deligne representation. The same
computation as in (5.34) gives |eo(p, 0)| = 2¢*+2)/2_On the other hand, suppose that
the quotient 122 / ker(N)?(2) has dimension r and that det(F,) acts as §. Plugging
this into (5.33), we obtain

Sk(z,s) — w//|8|2a(k+2)/22—(a+r)s

for some |w”| = 1. Under the assumption that the functional equation holds
with (5.36) we get |§| = 2"**2)/2_and hence the equality

er(s) = w- QU EFD2T gy = ()Y

Based on the numerical data, the equality a + r = |k /6], which is also the exponent
of 3 in 9, is conjectured in [5]. It is further conjectured that w” = (=1)?" with
v” = |k/8]. One possible structure fitting these data would be that Vi ; is tamely
ramified at 2, that the inertia group acts trivially on the associated Weil-Deligne rep-
resentation, and that the reciprocal characteristic polynomial of Frobenius is

det(1— BT | V) = (1 = 2K21) /81 (1 4 2k2 b ppi (2 T)

of degree (k —2)/2 — 84z(k) — |k /6], where by and My (2; T) are defined in (5.4).

5.3.2. The theorem of Patrikis and Taylor
Let m > 1 be an integer, and let S be a finite set of prime numbers. We consider a
weakly compatible system of continuous semisimple representations

re: Gal(Q/Q) —> GL. (Qy)

with £ running over all prime numbers. The notion of being “weakly compatible” is
borrowed from [2, Section 5.1] and means that the following three conditions hold:

. if p ¢ S, then for all £ # p the representation r, is unramified at p and the
characteristic polynomial of r(Frob,) lies in Q[7'] and is independent of ¢;

. each representation ry is de Rham and in fact crystalline if £ ¢ S;

. the Hodge—Tate weights of ry are independent of £.

THEOREM 5.38 (Patrikis and Taylor [44, Theorem A])

Let Z = {r¢} be a weakly compatible system that satisfies the following properties:

. (Purity) There exists an integer w such that, for each prime p ¢ S, the roots
of the common characteristic polynomial of ry(Frob,) are Weil numbers of
weight w.

. (Regularity) The representation ry has m distinct Hodge—Tate weights.
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. (0dd essential self-duality) Either each ry factors through a map to GOy, (Qy)
with even similitude character or each ry factors through a map to GSp,), Q)
with odd similitude character. Moreover, these characters form a weakly com-
patible system.

Then there exists a finite, Galois, totally real number field over which all of the ry

become automorphic. In particular, the partial L-function

LS(@.s) = [] det(1 — r¢(Frob,) p=) ™"
PES

admits a meromorphic continuation to the complex plane.

Let p and ¢ be distinct prime numbers, and let (p, N) be the Weil-Deligne rep-
resentation on V' =~ 62” associated with ry. There is a unique increasing monodromy
filtration V=° C V attached to the nilpotent endomorphism N such that, for each inte-
ger a, there is an inclusion NV=4 C VV=4=2 and such that, for each a > 0, the map
ysajy=a-l _ y=-a/y=—a-ljpduced by N¢ is an isomorphism. Recall that (p,N)
is called pure of weight w if the eigenvalues of Frobenius F), acting on V=4 /) =4~1
are p-Weil numbers of weight w + a for all a. Building on vast work on constructions
of Galois representations attached to automorphic representations, which is partly
summarized in [2, Theorem 2.1.1], Theorem 5.38 implies the following.

COROLLARY 5.39 ([44, Corollary 2.2(ii)])

Let # = {r¢} be a weakly compatible system that is pure of weight w, regular, and
odd essential self-dual. Then, for any distinct primes p and {, the Weil-Deligne repre-
sentation WD , (%) of Gal(Q »/Qp) associated with ry is pure of weight w. Moreover,
with the notation of [2, Section 5.1], the completed L-function

A(Z.5) = Loo(Z.5)- [ | L(WDp(2).5) - L%(%.5)
PES

satisfies the functional equation AN(Z,s) = e(#,s)AN(#V,1 —s).

5.3.3. Proofs of Theorems 1.2 and 1.3
For each integer k > 1, the £-adic representations

ree: Gal(Q/Q) — GL(Vi ¢ ® Qq) ~ GL,(Qy)

are pure of weight k 4 1. After choosing an embedding Q, < C, we get a filtered
isomorphism
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Vep ® BdR)Gal@p/Qp) ®C

= (gl HEL (A, Q) S92 X @ Bug) 1 (- @ €

ét,c
= g, Hig ¢ (Hq,) S (=1) ® C
= Hlg mia(Gm. Sym* K1)

by the p-adic comparison theorem. By definition, the Hodge-Tate weights of V ,
are those integers a such that the graded piece gré% HéR,mid (G, Symk Kly) is
nonzero, counted with multiplicity its dimension. As the Hodge numbers are
either zero or one by Theorem 1.8, the system {r ¢} is regular. Besides, the exis-
tence of the (—1)¥T!-symmetric perfect pairing (3.4) implies that the rk,¢ factor
through GO,,(Qy) (resp., GSp,,(Qy)) if k is odd (resp., even) with similitude
character X;y’g—l. Choose a basis of Qg(—k — 1) and regard the perfect pairing
Vi g X Vi g = Qq(—k — 1) as a compatible nondegenerate bilinear form on the mod-
ule Vi ¢ over the group ring Qg [Gal(Q/Q)] with the involution g Xc_y’é_l(g)g_l.
By [58, Theorem 4.2.1], the semisimplification r;*, also factors through GO, Q)
(resp., GSp,, (Qy)) with similitude character )(C_y]é_l. Moreover, r,is’z is de Rham at
all primes £ and crystalline if £ > k by Proposition 5.23. Therefore, the r;°, form
a weakly compatible system satisfying the assumptions of the theorem of Patrikis
and Taylor, and the partial L-function of {r;cS ,+ has meromorphic continuation and
satisfies the expected automorphic functional equation.

We now show that the L-function and the e-factor of {r,iS ¢} coincide with those
of {rx ¢}. For odd k, this was the content of Remarks 5.15 and 5.35. For even k, we
rely on the following lemma, which is certainly well known to experts. (We thank one
of the referees for suggesting the statement and sketching a proof, which we include

for lack of an appropriate reference.)

LEMMA 5.40
Let p and { be distinct prime numbers, and let 1 : Gal(ﬁp/Qp) — GL(V) be an
L-adic representation. Suppose that there exists a sequence

o=Vchc---cVe=V

of Gal(ﬁp /Qp)-stable subspaces such that the Weil-Deligne representation asso-
ciated with the induced representation 7 on V = @le Vi/Vi—1 is pure. Then the
Weil-Deligne representation associated with r is pure as well, and r and r have the
same L- and e-factors.

Proof
Let (p,N) and (5,N) be the Weil-Deligne representations associated with r and 7.
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By its defining properties (see [7, Théoreme 4.1(1)]), the factor go(p,s) in (5.33)
depends only on the semisimplification of r. Set ¢ = p(F}). It follows from the rela-
tion Ng = poN that if o is an eigenvalue of ¢ acting on V'=¢/V=4~1 with multi-
plicity s, then ap™® is an eigenvalue of ¢ acting on V=426 /7 =a=2b=1 yith mul-
tiplicity at least u for all 0 < b < a. Besides, by the uniqueness of the monodromy
of £-adic representations in Grothendieck’s quasiunipotency theorem, N restricts to
the logarithm on each V;, and hence induces the monodromy N on V. Since (5, N)
is pure and det(1 — ¢T) = det(1 — ¢T'), we conclude that the monodromy filtrations
on (p,N) and (p,N) have the same dimension on each graded piece and that (p, N)
is pure as well. In addition, the two Weil representations p|ker(n) and ply., ) have the
same semisimplification. Finally, observe that taking /,-invariants is exact on Weil
representations since /, acts through finite quotients, hence the identities

det(1 — T [ ker(N)?U”) = det(1 — ¢ T | ker(N)*»)),
det(pT | VAU ker(N)PU»)) = det(3T | V7' / ker(N)PUP))

from which the equality of the L- and the e-factors follows. O

The discussion of Section 5.3.1 above then implies that this functional equation
is, up to sign, precisely the one from Theorems 1.2 and 1.3. To conclude, we need to
show that the sign is always positive for odd k; for this we use Saito’s result in [55]
that the sign of the functional equation of the L-function of an orthogonal motive of
even weight is always positive.

Remark 5.41

As explained in [44, Corollary 2.2(ii)], another consequence of the potential automor-
phy of the weakly compatible system {r ¢} is that it is indeed strictly compatible (see
[44, p. 214] for this notion). Given a prime p, this allows one to transfer some prop-
erties of the £-adic representations ry ¢ for £ # p, to the p-adic representation r¢_,
of Gal(ap /Qp), since their associated Weil-Deligne representations pg ¢ and pg,
are isomorphic up to semisimplification. (See, e.g., [60, Section 1] for the construc-
tion of the Weil-Deligne representation associated with a p-adic de Rham representa-
tion.) In particular, the representation ry , is semistable over L = Q,, if k is even and
L =Q,(/=p)ifkisoddsince pg ¢(Ir) = {1}, where I, C Gal(GP/L) denotes the
inertia group (see Section 5.3.1). Moreover, if k is odd, then N = 0, and hence r_, is
indeed crystalline over L. This strengthens the statement of Proposition 5.23, where
semistability was only proved over Q,(,/—p). Besides, we have shown in (5.13)
and (5.22) that the polynomial My (p;T) is a factor of det(l — F,T | Vklfg ) for all
primes p if k is odd and for all primes p # 2 if k is even. From the (weak) admissi-
bility of r , and the equalities
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det(1 — F,T | V;'2) = det(1 — F, T | ker(N)?U»))
= det(1 — T | (Vk,p ® By)®Q@r/D)),

it follows that the p-adic Newton polygon of My (p; T) lies above the Hodge polygon
of Hig nig(Gm» SymF Kl,). We then recover Corollary 5.27 by adding back the trivial
factor, including also the case of p = 2 and odd k, which is not treated in [44, p. 214].

Appendix. Exponential mixed Hodge structures and irregular Hodge filtrations
In this appendix, we prove some of the theorems used in the main text concerning
mixed Hodge structures obtained from exponential mixed Hodge structures. We start
by recalling the necessary material on Z-modules, mixed Hodge modules, and expo-
nential mixed Hodge modules. Proposition A.13 then provides us with a condition for
getting a mixed Hodge structure from the irregular Hodge filtration, and a criterion
for this condition to be satisfied is proved in Theorem A.24. Finally, Theorem A.30
gives a way to compute the corresponding Hodge and weight filtrations. As it is cus-
tomary, we adopt the convention that filtrations with lower (resp., upper) indices are
increasing (resp., decreasing), and we pass from increasing to decreasing filtrations
by setting Flﬁ = Fi_r;, for any p € Q, and similarly for the ordinary Hodge filtration.
In the theory of mixed Hodge modules one usually considers increasing filtrations,
while the Hodge filtration of mixed Hodge structures is usually decreasing. We will
make use of both conventions without further explanation.

A.l. Notation and results from the theory of 2-modules
We refer the reader, for example, to [27] and [31] for this section, although the nota-
tion therein may be somewhat different.

Given an algebraic morphism #: X — Y between smooth complex algebraic
varieties, we denote by &4 (resp., h™) the derived pushforward (resp., pullback) in the
sense of Z-modules; that is, for a Zx-module or a bounded complex of Zx-modules
(resp., Yy -modules) M, we set

L L
haM =Rhy(Pyx ®gy M) (tesp, hT™M = Dx_y Qp-14, h~'M).

We denote by DR M the analytic de Rham complex of M, with M sitting in
degree 0, and by PDRM the shifted complex DR M [dim X |, which is a perverse sheaf.
We also denote by £+ the adjoint by duality of /4 (i.e., the functor iy = Dyhy Dy,
where D denotes the duality functor in the category of Z-modules), so that there is
a natural morphism h+M — hi M. In particular, given a holonomic Zx-module M
with regular singularities at infinity, the morphism 2+ M — h4 M induces the natural
morphism R/2PDRM — Rh.PDRM upon application of the shifted de Rham functor
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and taking the isomorphisms PDRA; M =~ RA’"DRM and PDRh+M =~ Rh?PDRM
into account.

Given a Zx-module M on a complex manifold (resp., smooth algebraic variety)
X, we denote by ngR (X, M) the hypercohomology in degree k of the analytic (resp.,
algebraic) de Rham complex of M. Note that here we do not shift the de Rham com-
plex as it is usually done in the theory of Z-modules. When dealing with an affine
variety X, we will identify algebraic Zx-modules with their global sections.

Let j: U < X be the open embedding of the complement of a divisor D on X.
Given a holonomic 2y -module M, the extension j+ M is the holonomic Zx-module
on which any local equation of D acts in an invertible way. We denote by j;+ M the
intermediate extension, defined as the maximal Zx-submodule of j4 M that has no
quotient supported on D. For a holonomic %y -module M with regular singulari-
ties at infinity, the inclusion jj4+ M — ji M corresponds to the natural morphism
Jj1«PDRM — Rj?PDRM via the shifted de Rham functor.

If h: X — Y is smooth, then AT sends holonomic %y -modules to holonomic
Px-modules. This functor corresponds to the usual pullback of vector bundles with
connection. If j: U <> X is an open embedding, then ;T is the usual restriction
functor from holonomic Zy-modules to holonomic % -modules.

Instrumental for the theory of mixed Hodge modules (see [54]) is the notion of
nearby cycle and vanishing cycle functors ¥ y and ¢ y along a function f': X — Al
on the category of perverse sheaves and holonomic Z-modules on X. If M is a
holonomic Zx -module, then ¥ M and ¢ r M are holonomic Zx -modules supported
on f~1(0), which are defined in terms of the Kashiwara—Malgrange filtration of M .
Both ¢y M and ¢ r M are equipped with an automorphism T and decompose with
respect to its eigenvalues. We denote by ¥ s M and ¢, M the generalized eigen-
components corresponding to an eigenvalue A € C*. If A # 1, there is an isomorphism
Y raM >~ ¢y M compatible with T, whereas for A = 1 there is a quiver

can
—

VM M

~
var

with the property that the maps exp(2mivarocan) and exp(2micanovar) coincide
with the unipotent automorphism T on v 1,1 M and ¢ £, M, respectively. The nilpotent
endomorphisms var o can and can o var on ¥ sy M and ¢ 7,1 M are denoted by N. Up to
a suitable shift, the nearby and vanishing cycles of a regular holonomic Zx-module
M correspond to the nearby and vanishing cycles of the perverse sheaf PDRM .

For a meromorphic function ¢ € T'(X, Ox (x P)) on X with pole divisor P, set

E¥ = (0x(xP),d + dg),
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and denote by e? the generator 1 € Ox (xP) of E¥. Consider the product A} x Al
of two affine lines with coordinates ¢ and 7, and denote by p; and p. the projections
to the first and the second factors, respectively. The Fourier transform of a Z-module
(or a bounded complex of Z-modules) M on the affine line A% is the complex

FT. M = p;(pf M ® E').

If M is a holonomic C[t]{d;)-module, then FT; M has cohomology concentrated in
degree O (i.e., is a holonomic C[¢]{d;)-module). This yields a functor

FT:: D}y (Z,1) — Dioy(Z,1).

If M has regular singularities everywhere, including at infinity, then the only singu-
larity of FT; M on A} is the origin, which is also regular.

Lets: Al xA! — A! denote the sum map. The additive *-convolution My *, M,
of M; and M is the object s+ (M X M) of DEOI(@AI). This operation is associative
and corresponds to the derived tensor product through Fourier transformation:

L
FT(M| x+« M) ~FT M, ® FT M, = §*(FT M; XFT M>),

where §: A! < Al x A! is the diagonal embedding. For holonomic Z-modules with
regular singularities M and M5, the cohomologies in nonzero (i.e., negative) degrees
of the complex FT M; ®" FT M, are supported at the origin of A!, so the correspond-
ing cohomologies of M x, M, are constant Z,1-modules. We refer the reader to [14,
Section 1.1] for details.

A.2. Notation and results from the theory of mixed Hodge modules

Let X be a smooth complex projective variety, and let MH = (M, FeM, Zq, o) be the
data of a regular holonomic left Zx-module M, an increasing good filtration Fe M
on M, a Q-perverse sheaf .%¢ on X, and an isomorphism o« : PDRM = Fe. As it
is customary, we shall omit ¢ from the notation. Let Sp denote the Spencer complex
of aright Zx-module. We say that M ™ is a pure polarizable Hodge module of weight
w if the associated right filtered Zx-module

(a)X ®ﬁ)( M,C!)X ®(ﬁ}( F.—dimXM)a

together with .%#¢ and the isomorphism Sp(wy ® M) =PDRM =~ % forms a pure
polarizable Hodge module of weight w in the sense of Saito [53, Sections 5.1.6,
5.2.10] (see also the introduction there). There is a similar definition for left mixed
Hodge modules, with the left-to-right correspondence We M < wy ® We M between
weight filtrations. We refer the reader to [54] for the properties of the category
MHM(X) of algebraic mixed Hodge modules, which are always assumed to be
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graded-polarizable. The derived category D®(MHM(X)) is endowed with a six-
functor formalism, and we denote the functors with a lower left index H in order to
keep the category in mind. For example, the pushforward functor g fx by a morphism
f for left mixed Hodge modules is obtained by composing the similar functor for
mixed Hodge modules with the side-changing functor. There is a similar definition for
other functors. In particular, the additive *-convolution of holonomic Z,1-modules
lifts to MHM(A!) (see formula (A.5) below). Be aware that some of these functors
may not correspond to the corresponding functors on the underlying Z-modules: for
example, y® does not correspond to ® as used above.

Assume that (M, FoM) underlies a pure Hodge module M! of weight w that
is smooth (i.e., M is an Ox-locally free module of finite rank with integrable
connection V), and consider the associated decreasing filtration FPM = F_, M.
Then the triple (M, V, F*M) is a polarizable variation of pure Hodge structures of
weight w —dim X .

Let U be a smooth complex quasiprojective variety of dimension d. We let
PQ?] denote the pure Hodge module of weight d whose underlying perverse sheaf
is PQu = Quld] and whose underlying filtered 2y -module is (Oy, FeOy) with
grg Oy = 0 except for p = 0 (it is denoted by Qg in [54]).

The duality functor gD is a contravariant anti-z-exact involution on the derived
category D*(MHM(X)), and hence preserves MHM(X). There is a natural isomor-
phism y DPQY, ~PQH (—d).

Given a morphism f: U — A}, there are functors

1 feon fi: D°(MHM(U)) — D°(MHM(A")).

For the open immersion j: U . D < U of the complement of a divisor D, the
localization functor y j«yj* is simply denoted by [* D] (and the corresponding func-
tor for Z-modules by (x D)), while the dual localization functor g jigj* is denoted
by [!D] (and by (! D), respectively). If i : D < U denotes the closed immersion, then
there are distinguished dual triangles in D*(MHM(U)) (see [54, (4.4.1)]):

wiwni MP — MM — MP[xD] 25,
1 (A.1)
MY[ID] — MY — i * MM 5,
which, for M € MHM(U), reduce to the dual exact sequences
0 —> A %iwni' MY — MY — MY[xD] — A iwni' M" — 0,

0— A Yyiwni*MPY — MU[ID] — MY — A %imi*MP — 0.
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We also make use of the nearby and vanishing cycle functors ¥ r = ¥ 71 @ ¥ 7,1
and ¢ ; on MHM(U ), with the associated nilpotent operator N. If f is smooth in the
neighborhood of #~!(0), then we regard them as taking values in MHM( £ ~1(0)).

Example A.2
Set U = Al and f =1d, and let MH be a mixed Hodge module on A!. Since we are
considering left modules, the convention for filtrations is that dim F?v r M equals
tk F? M and, if 0 is not a singular point of M, then Wy r M = s Wy 1 M.

If M" is pure, then MM = M @ M1 is the direct sum of a Hodge module M}
whose underlying Z,1-module M; has no section supported at zero and a Hodge
module M} supported at zero. Then the following hold:

AOuii  MB =0, i MI =0, A niwni' MY ~ yianit MY
Moreover, 7 i, pi' M1 is isomorphic to the mixed Hodge structure
kerN, : MY — o ME(=1)
cokerNz: ¥z,1 M V1M, )

where N denotes the nilpotent part of the monodromy operator for its eigenvalue one
on the nearby cycles of M at the origin. Indeed, considering the diagram

¢t,1M1H ¢t,1(M{_l[*O])

var l M \L var

Yo MI(=1) —— Yo (MP[x0]) (1)

where the horizontal arrows are functorially obtained from M IH - M IH [*0], the mixed
Hodge structure .7 i yi' M IH is identified with the cokernel of the upper horizon-
tal arrow, and hence of the left vertical one. Since can: ;1 M IH — gbr,lMlH is an
epimorphism and N; = var o can, the conclusion follows.

Example A.3
Given a reduced divisor D C U, define PQ%) = HaZQ?pCCC[dim D], where ap
denotes the structure morphism. Then there is an isomorphism

. H 0 - H H
Hl*pQU = Hl*pQU = pQD
and an exact sequence
. H H H

If, moreover, D is smooth, then there is also an isomorphism
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1pyH 1 _:'pH ~ pH
H! pQu[l] = " ni pQU = pQD(_l)’

and the above exact sequence can be completed to a diagram

0 PQl PQY[*D] — wikPQY(—1) — 0,
o T (A.4)

0 PQy PQy [!D]

WixPQY ~——— 0
in which the lower row is the dual exact sequence and the square commutes.

A.3. A review of exponential mixed Hodge structures

Let Aé be the affine line with coordinate 6. In [36, Section 4], Kontsevich and Soibel-
man define the category EMHS of exponential mixed Hodge structures as the full
subcategory of MHM(Aé) consisting of those objects N whose underlying perverse
sheaf has vanishing global cohomology. The assignment

NY+— g(NY)y = N w1 O .
where  stands for additive x-convolution defined as
Nt x NI = s (N RN (A.5)
and j: G, — Al for the inclusion, yields an exact functor
Mg: MHM(A}) — MHM(A}),

which is a projector onto EMHS that is left adjoint to its inclusion as a subcategory. In
particular, there is a natural morphism N® — TIg(N") in MHM(A}). Its kernel and
cokernel are constant mixed Hodge modules on Aé. More precisely, the &, 1 -module
underlying the kernel is the maximal constant submodule of N. We will also write IT
for I1g when the coordinate is clear.

Each object of EMHS is endowed with a weight filtration, defined from that in
the category MHM(A}) by the formula W,"MHSTI(NH) = TI(W, NM) for any mixed
Hodge module N* on Aj.

Remark A.6
This weight filtration has the following properties.
. If N = II(N) (and hence N = TT(N")), then there is a functorial morphism

Wy NH —s W MES NI



1730 FRESAN, SABBAH, and YU

. If NH is mixed of weights at most n (resp., at least n) in MHM(Aé), then
IT(NY) is mixed of weights at most n (resp., at least n) in EMHS; therefore,
if N is pure of weight 7, then TT(N ) (which in general is mixed of weights
at least n as an object of MHM(Ag))) is a pure object of EMHS of weight n.

. For the sake of simplicity, when there is no risk of confusion, we write
WL IT(NH) instead of WEMHSTI(NH) for the weight filtration of an exponen-
tial mixed Hodge structure IT(NH).

The category EMHS is endowed with a tensor structure induced by the additive
convolution * on MHM(A!) such that the equality

TI(VY) * TN = TI(VY « N3

holds. Moreover, the weight filtration is strictly compatible with the tensor prod-
uct (see [36, Proposition 4.3]). Note that NlH * N2H could be a complex, but its
cohomologies in nonzero degrees are constant (this is checked on the underlying
2-modules), and hence are annihilated by IT; on the other hand, the cohomology
of TI(N{") » TI(N}) is concentrated in degree 0.

Recall that the functor

MOGhoieg (7,1) —> Vecte, N+ Hip(Ag. N ® E°) (A7)
is exact and that HﬁR(Al,N ® EY) vanishes for j # 1. Moreover, N — TI(N)
induces an isomorphism

Hlx(AY N ® E?) — Hi (A}, TI(N) ® EY).
Let Nt be a mixed Hodge module on A}, and let TT(N!) be the associated

exponential mixed Hodge structure. Let a Al denote the structure morphism of Aé.
The de Rham fiber functor on EMHS is given by

(N") — Hip (Ag. TI(N) ® E®) = Hjp(Ag. N ® E®) =H%a,y (N ® E°).
(A.8)
An object of EMHS is zero if and only if its de Rham fiber is zero. It follows from
the exactness of (A.7) that the natural morphism
Hig (AL, WoN ® E%) — HL (A}, N ® E?) (A.9)

is injective. The filtration WoH (A}, N ® E %) is defined as its image. Then any
morphism NJ' — N} induces a strictly filtered morphism

(Hig(A}, Ny ® E?), Wa) —> (HIz (A}, N2 ® E?), Wa).
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On the other hand, letting joo: Aé — IP’é denote the inclusion, the (decreasing)
irregular Hodge filtration on jeot (N ® E?) is defined in [50, Section 6.b] out of the
Hodge filtration F*N of NH. It is indexed by Q and denoted there by F3,),
here we denote it by F,°, to emphasize the compatibility with other possible defini-

tions (see [15], [52]).

whereas

PROPOSITION A.10
The natural morphism

Hi (BY. P ot (N © E%)) —> Bl (BY. oo (N ® E%)) = Hlg (8} N © E)

is injective and, defining E;H;R(AI,N ® E?) as its image, the functor from
MHM(Aé) to bifiltered vector spaces

NU— (HiR (A}, N ® E%), F,

W) (A.11)

factors through I1. Any morphism in MHM(Aé) (or in EMHS) gives rise by means
of (A.11) to a strictly bifiltered morphism.

Proof

Injectivity is proved in [50, Theorem 6.1] for polarized Hodge modules. The case of
mixed Hodge modules is deduced from it in [15, Theorem 3.3.1] (in a more general
setting). Since the kernel and cokernel of N — TI(N!) are constant mixed Hodge
modules and HéR(A1 ,N ® EY) vanishes in all degrees j for constant N, it is clear
that (A.11) factors through IT. The last statement is obtained by successively applying
Theorems 0.2(2), 0.3(4), and 0.3(2) of [51]. O

A.4. Mixed Hodge structures as exponential mixed Hodge structures

Let MHS be the category of mixed Hodge structures, endowed with its natural ten-
sor product. We consider the open immersion jo: G, — Aé and the closed immer-
sion ig: {0} <> A}. Letting yi¢ denote the pushforward functor MHS — MHM(A ),
there is an isomorphism ¢g,1 o gio! = IdmHs. Let us now consider the composed func-
tor IT o gigr : MHS — EMHS. Then ¢p.1 © (IToyigr) > Iduns, since ¢g,1 o IT =~ ¢pg 3
(because ¢y ; of a constant object in MHM(Aé) is zero). From standard properties of
mixed Hodge modules one checks the following lemma.

LEMMA A.12

The functor Il o yigr: MHS — EMHS is compatible with tensor products and makes
MHS into a full tensor subcategory of EMHS. Moreover, if V! is a mixed Hodge
structure with weight filtration Wo V' and associated exponential mixed Hodge struc-
ture Tg(wiorVY), then the equality WeIlg(wionVH) = Mg (nioWe V) holds (see
Remark A.6 for the notation).
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PROPOSITION A.13

Let N® be an object of MHM(A}) such that TI(N™) belongs to MHS. Then the
bifiltered vector space (HéR(A1 ,N ® EY), F.;, W) is naturally isomorphic to that
associated with the mixed Hodge structure ¢g 1 N.

Proof
Let VH be a mixed Hodge structure. The vector space

(Hig(Ad,io+V ® E®), Fy

irr?

w.)
endowed with its two filtrations is easily identified with (V, F'*, W,). Taking the iso-

morphism

(Hir (Ag. Mo+ V) ® E7). Fy. Wa) = (Hig(Ag.io+ V ® E°). Fy,.

W.)
into account, we deduce an isomorphism

(Hir (Ag. Mo+ V) ® Eo), Fe.,

We) =~ (V, F*. W,). (A.14)

Now, if TT(N™) belongs to MHS, then TT(N™) = T (yig V) for some mixed Hodge
structure VY, which satisfies VH >~ ¢g | TI(N®) =~ ¢pg ; N1 Then (A.14) gives

(po,1 N, F*, Wa) = (Hix (A}, T(io+ 00,1 N) ® E?), F, Wa)
~ (Hix (A}, TI(N) ® E?), Fy,

irr?

W)
~ (Hix(A). N ® E%), Fa, W),

as we wanted to show. O

A.5. The exponential mixed Hodge structures associated with a function
Let U be a smooth complex quasiprojective variety of dimension d, together with a
regular function f: U — Aé. For each object N} of MHM(U) and each integer r,
we define the mixed Hodge modules
(N =" NG (N = A" fiNg.
(N™)ia = im[ (N} — (V)]

mid —

on Aé, and we denote by N[, N/, N ., the respective underlying Z,-modules.
: 0
Upon application of the projector Iy, they define objects of EMHS:

H (U NY, f)=TIo((NM,).,  HIU.NY, f)=Tg((N")).
H} o (U.NY, f) =TT ((N™)}) = im[HL(U.N", /) — H(U.N". f)].

mid
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Example A.15
Let ay denote the structure morphism of U. For f the zero function, the above are
the mixed Hodge structures

H (U.N",0) =H ¥ (gay«. N,  H(U.N",0) =H " (qay«. ND).

There are filtered isomorphisms between the filtered de Rham fibers
(Hip(U.Nu ® E7). ) = (Hip (Ag. NI ® E°). Fy,). (A.16)
(Hir o(U. Ny ® E7). F) = (Hig (A5 N/ ® E°). Fr).  (A17)

This follows from [52, Theorem 1.3(4)] applied to a compactification of the mor-
phism f and by taking the pushforward by the structure morphism. For the second
isomorphism, we use the equality H}p (A}, N/ ® E?) =Hl (A}, N] ® E?), which
follows from the fact that N” ® E 9 has a purely irregular singularity at co.

The natural morphism (Hy (U, Ny ® E7), F})— (HRWU,Ny ® E7), Fr)is
strict and its image Hip (U, Ny ® E /) is endowed with the quotient (equivalently,
sub-) filtration F;,.

On the other hand, the right-hand sides of (A.16) and (A.17) underlie bifiltered de
Rham fibers (Hiz (A}, NJ ® E?), F5., We) and (HY; (A}, N} ® E®), F. W), the
weight filtration W, being defined as the image of (A.9). Thanks to the last statement
of Proposition A.10, the bifiltered de Rham fiber (Hl ,q(Af. N ® E?), F2. W) is
unambiguously defined.

Definition A.18 ([36, Section 5])
Associated with a function f: U — Aé and an integer r as above are the exponential
mixed Hodge structures

H (U, f) =T (("Qy)L).  HIU. f) = Te(CQR)Y).
Hrrnid(U’ )= He((pQI—I});id)’
with corresponding bifiltered de Rham fibers

(Hi(U.ET), Fa,Wa),  (Hi (U, E7), Fy,

irr?

W.)S
(Hig mia(U. ET), Fy,

irr?

).

PROPOSITION A.19

The exponential mixed Hodge structure Hf (U, f) is mixed of weights at most d,
H? (U, f) is mixed of weights at least d, and Hr‘flid(U, f) is pure of weight d. More-
over, the following properties are equivalent:
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(1)  the natural morphism ngV HY(U, f) — grg/ HY(U, f) is an isomorphism,
and
(2)  the equality HE.,(U, ) = WyH (U, f) holds.

Proof
It follows from the standard behavior of weights with respect to pushforward functors
(here applied to mixed Hodge modules; see [54, (4.5.2)]) that the object 7%y fgpQI[{]
of MHM(Aé) has weights at most d, and hence that the object H¢ (U, 1) of EMHS
has weights at most d by Remark A.6. The argument for H? (U, f) and and(U, f)
is the same.

For the last assertion, let us denote by 7y f1.PQ}; the image in MHM(A}) of
the natural morphism 2%y fi*Q}; — #°y f,PQY}. Then the exact sequence

0 —> % fi,PQY — A4 fuPQY — NH — 0
in MHM(A), which defines the object N*, dualizes (with Tate twist —d) to
0 —> N{' — % /iPQ} — 4 fiP QY — 0,
with N = 3y D NH(—d) and the composition of the above morphisms
A fiPQY —> A ufiP QY — A £ QY
is the natural morphism. By Remark A.6, applying IT and grg’ gives exact sequences
0— Hi(U. f) — grg HU(U. f) — grf TINY) —0,
0 — gryf TI(NY) — gryf HI(U, ) — Hiy(U. f) — 0.

Property (2) is thus equivalent to the vanishing ng,V II(NH) = 0, which means that

w

gr?’ NH is constant. By duality, this is equivalent to gr d NlH being constant, and

hence to the vanishing gr”¥ TT(NM) = 0, which is precisely property (1). O
d 1

Example A.20
Let D be a divisor on which the function f vanishes. By applying g fi and the exact
functor ITg to the lower exact sequence in (A.4), we obtain a long exact sequence

o — HTY (D) —HL(U \ D, f) — H.(U, f) — H(D) —> ---  (A21)

on noting the equality H! (D,0) = H! (D) from Example A.15. If, moreover, D is
smooth, then by also applying g f« to the upper exact sequence in (A.4), we obtain a
diagram of exponential mixed Hodge structures
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= H2(D)(~1) —= (U, f) —=H (U \ D, f) —= B (D)(~1) —= -+

| e ]

H{(U. f)<=—H(U~D,f)<—H (D) =— -

- <——H{(D)
where the rows are long exact sequences and the square commutes.

Example A.22
In this example, we construct isomorphisms

HYGE xy + +x)~Q(=k)  and  HFGF.x; +-- + x0) > Q(0)

for each integer k > 1. For this, we first observe that H" (AL, x) = HZ(Al,x) =0
for all r since the pushforward of PQH by the identity map is the constant Hodge
module concentrated in degree 0, and hence is killed by the projector IT. The long
exact sequences from Example A.20 then yield

H'(Gm.x) ~H°({0})(-1) =Q(-=1)  and  H!(Gpm,x) ~H?({0}) = Q(0).

Fork >2,let f: U = Gﬁ — A! be the sum map x; + --- + xi. Then Hf*pQI({,
is the k-fold convolution product of pQXI [*0] with itself. After applying IT to the
cohomology modules, we obtain the vanishing H" (U, f) = 0 (i.e., " %y 1+PQy is
constant) for 7 % k and an isomorphism H* (U, f) ~ H!(G,, x)®* in EMHS. Since
MHS is a full tensor subcategory of EMHS by Lemma A.12 and H! (G, x) = Q(—1)
lies in MHS by the above computation, so does H* (U, f) and there is an isomorphism
of mixed Hodge structures

H(GK, x1 + -+ + xx) ~ Q(—k). (A.23)
Finally, with the above assumptions, the isomorphism
AT fiPQY =~ (DA 1 f:P Q) (—k)

implies the vanishing H. (U, f) = 0 for all r # k. From (A.23) we know that the
successive quotients of the weight filtration on 5%y fxPQ}} as an object of MHM(A')
are all constant except for one that is isomorphic to yig1Q(—k). Dually, the successive
quotients of the weight filtration on J#7  fiPQ}} as an object of MHM(A!) are all
constant except for one that is isomorphic to yig1Q(0). There is thus an isomorphism

HF(GK, x1 + -+ + x1) ~ Q(0).
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A.6. A criterion for an object of EMHS to belong to MHS

We now give a criterion ensuring that, for certain f: U — A! and N" as above, the
objects H" (U, N®, f) and H.(U, N1, f) of EMHS belong to the subcategory MHS,
that is, are usual mixed Hodge structures. This will allow us to apply Proposition A.13
to identify their Hodge and irregular Hodge filtrations.

THEOREM A.24 (see also [63, Theorem 3.3], [19, Lemma 6.5.3])

Assume that U and f are of the form U = A} x V and f = tg for some smooth
quasiprojective variety V and some regular function g: V — A, and let M II,{ be an
object of MHM(V).

(1) IfFNH = PQXZ1 X M I},I, then the exponential mixed Hodge structures

H' (UN", f) and  HI(U N, f)
belong to MHS for all r, and their bifiltered de Rham fibers

(Hx(U,Ny ® ET), F?

irr?

Wo) and  (Hy . (U.Ny®E’), Fy

irr?

W)

underlie the corresponding mixed Hodge structures.
2 IfNH= ple [%0] X M, then the exponential mixed Hodge structure
l

H"(U.N", f)
belongs to MHS for all r and its bifiltered de Rham fiber

(H'(U.Ny ® ET), E?

irr?

We)

underlies the corresponding mixed Hodge structure.
3) IfNH= ple [10] X M, then the exponential mixed Hodge structure
4

H{(U.N", f)
belongs to MHS for all r and its bifiltered de Rham fiber

W)

irr?

(Hj (U. Ny ® E7). Fy,

underlies the corresponding mixed Hodge structure.

The last statements in (1)—(3) follow from Proposition A.13. We are thus reduced
to proving the first statements.

Proof of (1)
We start with H" (U, N, f). Consider the divisor D = A} x g71(0) on U. The object
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NP =[Nl - N[ D]] of D> (MHM(U)) is supported on the zero locus of f. For
each r, there exists a mixed Hodge structure V™ such that 7274y S =ninVH
holds, and hence the object Hg(,ﬁf’_dHf*JVl]}I*) of EMHS belongs to MHS for
all r. Thanks to Proposition A.13, it suffices to prove that the de Rham fibers
Hx(U,Ny(*D) ® ET) of H' (U, N[}]I[*D],f) = Hg(N[I}I[*D]):( vanish in all
degrees r. By considering the pushforward by the map (7,g): Al x V — Al x Al
we can reduce the proof to the case V = Al and g = . We then simply write
M=M,, and we are reduced to proving

agunl 4+ (04 B M(x0)) ® E'7) =0. (A.25)

Let p;: Al x Al — Al denote the projection. The equality a Alxal =du1 0 Py
holds. We note that the complex p,+((ﬁ’Al1 X M(x0)) ® E'") is nothing but the
Fourier transform FT, (M (%0)), and in particular is concentrated in degree 0. Then,
identifying a & Al -module with connection with a C[t]-module with connection,
a4 FT. (M (x0)) is represented by the complex

[FT, (M(x0)) % FT, (M (x0))] = [M(x0) 5 M(x0)],

where e indicates the term in degree 0. Since t acts invertibly on M (x0), the left-hand
side is thus quasi-isomorphic to zero.

For HL(U,N", f), we argue similarly, considering .47, = [N{[!D] — N{j]
instead and noting that ITg(#" 4y ngVl}{!) belongs to MHS for all r. It is then
enough to prove the vanishing Hy, (U, Ny (!D) ® E7) =0 in all degrees r, which
reduces to

a xA%,T((ﬁA} X M(!O)) ® E”) =0 (A.26)
by taking the proper pushforward by (z, g). It is known that the complex
ptT((ﬁA} X M(!O)) ® E”)

is also isomorphic to FT; (M (!0)), and in particular is concentrated in degree O (see,
e.g., [40, Appendice 2, Proposition 1.7]). From the isomorphism

FT.(M(10)) ~ " D FT.((D M)(x0)),
where ¢ is the involution # — —¢, we thus get the vanishing
a1+t DFT((DM)(x0)) = Da, | FT((DM)(x0)) ~ 0

by the first part of the proof applied to D M. O
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Proof of (2)

As in (1), we reduce to the case where V = A% and g = 7, so that f = ¢t, and
we simply denote the pushforward yg.M; by M™ € D*(MHM(AL)). We extend the
functor I, to an endofunctor of D*(MHM(A.!)) that commutes with taking cohomol-
ogy, and we consider the morphisms

ﬁf;} [*0) X MH — ﬁf;} [%0] X T (MM) «— ﬁgt] X I, (M)

in D°(MHM(A} x Al)) and their pushforwards

Hf*(ﬁj;l 0] X MH) — Hf*(ﬁf;} [*0] K TT (M ™)) «— Hf*(ﬁj;l X I (M)

in Db(MHM(Aé)). We will prove that, after applying the projector Iy, they induce
cohomology isomorphisms in EMHS. Since the projections of the cohomologies of
the rightmost term belong to MHS according to (1) (note that (A.25) holds for a
complex M if it holds for its cohomology modules), then so will the projections of
the cohomologies of the leftmost term.

For the left morphism, we note that the cohomologies of the simple complex asso-
ciated with the double complex MY — 1, M" are constant mixed Hodge modules.
Indeed, by [59, Theorem 4.20], it is enough to check that the underlying Z-modules
are constant, and this follows from the long exact sequence in cohomology, upon not-
ing that an extension of constant QA% -modules is constant. We are thus reduced to
proving that, for any constant mixed Hodge module M" on A! and any j, the mixed
Hodge module %fo*(ﬁgl [*0] X M™) on A} is constant. Again, it is enough to
prove that the underlying @t—module is constant, which amounts to proving that the
de Rham fiber (A.8) of its projection to EMHS is zero. This fiber is isomorphic to

Hayian (0,0 (x0)RM) © E'F).
By first projecting to A}, we find
Pe+ (0, (+0) B M) ® E') = 6,y (+0) ® FTo(M) =0,

because the Fourier transform of a constant Z-module is supported at zero.

For the right morphism, a similar argument reduces the proof to showing that
the cohomology of the double complex that it defines has constant cohomology or,
equivalently, that the cohomology of the double complex

{au [f+(0, RI(M)) ® E°] —> a1 [ f+(6,) (+0) R T (M)) ® E°]}
= {aA,‘ xA%,+((ﬁA} X (M))® E')

— @yt 4 (0 GO R TI(M)) ® E'7))
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= {ay) 4 FTe (T (M) —> ay (0,1 (x0) ® FT(TT:(M)))}

is zero. This follows from the equality FT,(I1;(M)) = ﬁAtl (%x0) ® FT (I1,(M)),
which is readily checked from the definition of I1; (see [34, Proposition 12.3.5]). O

Proof of (3)

The dual mixed Hodge module gD (N g) is of the form considered in (2), and there
is an isomorphism y fiN{] >~ yDy fiuD (N{}) in D°(MHM(A})). Therefore, each
cohomology (in MHM(A})) of y fiN{} is dual to some cohomology of y fiu D (N§}).
We can then conclude by using the fact that the projection ITo (M ") of a mixed Hodge
module M™ € MHM(A}) belongs to MHS if and only if TTy (D M™) does. Indeed,
the former property is equivalent to FTg(M )(x0) being a constant flat bundle with
connection and, letting ¢ denote the involution 6 — —6, there is an isomorphism

(FTg(D M))(x0) ~ FTo(tT M) (x0)". O

Example A.27
Let us apply Theorem A.24 to M} =PQt}. Setting %" = ¢71(0), the divisor D in its
proof is given by D = A} x J#". The vanishing

HI (A} x (VN ), tg) =H (A} x (V \.¢),1g) =0
holds for all by (A.25) and (A.26). Then, according to the exact sequence (A.21), the

mixed Hodge structure HZ (A} x V,1g) provided by Theorem A.24(1) is isomorphic
to H. (A} x .¢'). Furthermore, by the Kiinneth formula, there is an isomorphism

HI (AT x ) = HZ(AD) @ H{2 () = H{2 () (= 1),
so that, finally, we obtain an isomorphism of mixed Hodge structures
HE (A7 x V.1g) = HIZ2()(-1).

On the other hand, let i ,» and j » be the complementary closed and open immersions
attached to the divisor A! x .# on A! x V. Applying 1(1g)« to the triangle

. .1 H H . % pH +1
Hlf,*HlJ/pQAlxy — pQAIXV — H]%,*HJfPQAl)(V —

in D°(MHM(A! x 1)) (see [54, (4.4.1)]) and noting that (g) 0 i_¢ « is the zero map,
the vanishing of H" (A} x (V ~\ ¢),tg) for all r yields an isomorphism of mixed
Hodge structures

Hr(Atl xV, tg) ~ 1&; x%(Atl X V) ~ HSg(V)

If % is smooth, then the rightmost term is also isomorphic to H"~2(.#")(—1).
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A.7. Computation of the Hodge and the weight filtrations
Let M" be a mixed Hodge module on the affine line A7, and let N* =PQ!, K M™.
t

According to Theorem A.24(1), the exponential mixed Hodge structures
H (A} x AL, N® rt)  and  HI(A; x AL, N" t7)

are usual mixed Hodge structures. As already noticed in the proof of Theorem A.24,
writing a Alxal = @y1 0 pr we get the following result.

LEMMA A.28

The de Rham fibers of HH'I(AZ1 x AL NH 17) and HgH(Atl x AL, N 17) are,
respectively, HC{R(AI,FT M) for j =0,1and H({R’C(AI,FT M) for j = 1,2, and zero
otherwise.

Notation A.29

We denote by H/(Al,FT M") and HZ(A!,FT M") the mixed Hodge structures
H/ LA} x AL NH t7) and H/t! (Al x AL, N" 1), respectively. Their asso-
ciated bifiltered de Rham fibers are, respectively, (H({R (Al,FT M), F:,W,) and
(Hig (AL FT M), F, Wa).

A priori, there might be a source of ambiguity in the notation for the irregular
Hodge filtration, since FT M also underlies an irregular mixed Hodge module on IP’}
in the sense of [51], by means of which H'c{R (A}, FT M) acquires an irregular Hodge
filtration. However, due to the known E-degeneration results for the irregular Hodge
filtration, both filtrations on HéR (A!,FT M) agree. We shall not use this property.

THEOREM A.30
Let ig: {0} — Al be the inclusion. For each mixed Hodge module M™ on the affine
line, the mixed Hodge structures H/ (A},FT M™) and H/ (wi{ M™) are isomorphic.

Proof

Let us first consider the case where M ™ is supported at the point 0; that is, MH is

isomorphic to yig V! for some mixed Hodge structure VY. Set NH = pQXI X MH,
t

and let f: A] x Al — A} be the function (r,7) + r7 = 6. Then N* is supported
on f =0and g fu NH[—1] ~ 'y fu N! is supported at § = 0 and is isomorphic
to uio,« V'™ (here ig denotes the inclusion of 0 in A}). Therefore, H' (A} x AL, N}, 1)
is isomorphic to V' and all other cohomologies vanish.

Now, for a general object M of MHM(A.!), we consider the exact sequence (A.1)
for the divisor D = {0}. According to (A.25), the vanishing

Hig (A X A, (0,1 B M(x0)) @ E'T) = 0
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holds for all j . Setting H/ (wigM™) = V!, for j = 0,1, and N}! = PQY, Muio V],
t

we thus get an isomorphism of mixed Hodge structures
H/T1(A) x ALP 2} R M" t1) ~H' (A} x AL N} 17)
and the right-hand side underlies VJH by the first part of the proof. O

COROLLARY A.31
Assume that MY is a pure object of MHM(AL) of weight w whose underlying
@A% -module M has no nonzero section supported at the origin (in particular, M is

an intermediate extension at the origin). Then Hé; ! (AL,FT, M) =0 for j #0and
(1) H!(A!, FT; M%) is isomorphic to the mixed Hodge structure

coker[N: Yo MM — v i MP(=1)];

2) if 0 is not a singular point of M, then H' (A}, FT, MY is a pure Hodge struc-
ture of weight w + 1 and the equality dim gr’lfﬂhT HéR (Al FT, M) =1k grj?,_1 M
holds.

If, moreover, M has no nonzero constant submodule, then there is an exact sequence

0— MY -1, (MY — M" -0

in MHM(A), where M"Y is a constant mixed Hodge module on Al of weights at
least w + 1 with
3)  dimgrf er) Hi (A}, FT, M) =1k g gl M, forall €, p € Z.

Proof

The assumptions on M imply that the semisimple @Atl -module FT; M has no con-
stant submodules, and hence its de Rham cohomology in degree 0 vanishes. State-
ment (1) follows from Theorem A.30 and Example A.2. If 0 is not a singular point
of M, then ;1 M = ¢, MH and the operator N is identically zero, so (1) identi-
fies H' (A}, FT, M™) with the mixed Hodge structure v/ M (—1), which is pure of
weight w + 1 and satisfies

dimgrf, Hii (A} FT, M) =dimgr} y. M (-1) = rkgrh ' M

by the formulas recalled at the beginning of Example A.2. This proves (2). The state-
ment about weights in the last point follows from the same argument we used in
the proof of Proposition 2.21: were the inclusion M C Wy, IT1,(M™) not an equal-
ity, I1;(M) would have a nonzero constant submodule, which contradicts the van-



1742 FRESAN, SABBAH, and YU

ishing of its cohomology. Finally, (3) is obtained by applying Example A.2 once
again. O
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