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Abstract. We introduce the notion of alternate product of Frobenius mani-
folds and we give, after [2], an interpretation of the Frobenius manifold struc-

ture canonically attached to the quantum cohomology of G(r, n + 1) in terms

of alternate products. We also investigate the relationship with the alternate
Thom-Sebastiani product of Laurent polynomials.

Introduction

It is known that the Frobenius manifold structure attached canonically to the
quantum cohomology of the complex projective space Pn can also be obtained, in
a canonical way, by considering the Laurent polynomial f(u1, . . . , un) = u1 + · · ·+
un + 1/u1 · · ·un on the torus U = (C∗)n and its associated Gauss-Manin system
(cf. [1]).

The main result of [2] applied to the case of the complex Grassmann variety
G(r, n + 1) of r-planes in Cn+1 explains how to compute the Frobenius manifold
structure canonically attached to the quantum cohomology of G(r, n+ 1) in terms
of that of Pn.

In this article, we introduce the notion of alternate product of Frobenius man-
ifolds and we give an interpretation of the previous result in terms of alternate
products.

On the “mirror side”, let us consider the following data:

• the affine variety U (r) obtained as the quotient of the r-fold product Ur by
the symmetric group Sr,

• the function f (⊕r) on U (r) induced by the r-fold Thom-Sebastiani sum
f⊕r : Ur → C,

• the rank-one local system L on the complement of the discriminant (image
of the diagonals) in U (r), corresponding to the signature sgn : Sr → {±1}.

We show that the Gauss-Manin system attached to these data is the r-fold alter-
nate product of that of f , making these data a candidate for being “mirror of the
Grassmannian”.

The contents of the article is as follows: Section 1 recalls the correspondence
between Frobenius and Saito structures on a manifold. The point of view of Saito
structures (primitive forms) enables us to use the results of Hertling and Manin [7]
to generate Frobenius manifold structures.
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This construction is applied to tensor and alternate products in Section 2. We
express the quantum cohomology of the Grassmannian, as a Frobenius manifold,
in terms of the alternate product of that of the projective space in Theorem 2.13,
which is mainly a reformulation of [2, Th. 4.1.1(a)] in this context.

In Section 3, we show that the Gauss-Manin system, with coefficients in the
local system L, of the function f (r) considered above, can be obtained as the r-fold
alternate product of the Gauss-Manin system of f .

In Section 4, we recall the notion of canonical Frobenius manifold attached to
a Laurent polynomial satisfying generic assumptions, and we conclude that the
Gauss-Manin system of the pair (f (⊕r),L) on U (r) is also obtained from the quan-
tum cohomology of the Grassmannian.

Acknowledgements. The authors thank the referee for his careful reading of the
manuscript.

1. Saito and Frobenius manifold structures

In this section, we will work in the category of punctual germs of complex ana-
lytic manifolds, although most of the results can be extended to simply connected
complex analytic manifolds. We denote by OM the local algebra of M , by m its
maximal ideal and by ΘM the tangent bundle of M .

1.a. Pre-Saito structures. We refer to [14, §VI.2.c] for more details on what
follows. By a pre-Saito structure (without metric) on M we mean a t-uple
(M,E,∇, R∞,Φ, R0) where

• E is a vector bundle on M ,
• ∇ is a connection on E,
• R0, R∞ are OM -linear endomorphisms of E,
• Φ : ΘM ⊗OM

E → E is a OM -linear morphism,

which satisfy the following relations:

∇2 = 0, ∇(R∞) = 0, Φ ∧ Φ = 0, [R0,Φ] = 0

∇(Φ) = 0, ∇(R0) + Φ = [Φ, R∞].

In particular,∇ is flat and Φ is a Higgs field. These conditions are better understood
by working on the manifold M × A1, where A1 is the affine line with coordinate z.
Let π : M × A1 → M denote the projection. Then, on E := π∗E, the connection
∇ defined by

(1.1) ∇ = π∗∇+ zΦ + (R∞ − zR0)
dz

z

is flat if and only if the previous relations are satisfied. We will also denote a
pre-Saito structure by (E,∇).

Let us fix local coordinates x1, . . . , xm on M and let e be a ∇-horizontal basis
of E. We also set1

R∞(e) = e · (−B∞), Φ∂xi
(e) = e · C(i)(x), R0(e) = e ·B0(x).

1The use of −B∞ instead of B∞ is done to keep a perfect correspondence with [14, Chap. VI].
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Then the previous relations reduce to the constancy of B∞ and to

(1.2)

∂C(i)

∂xj
=
∂C(j)

∂xi
,

[C(i), C(j)] = 0,

[B0, C
(i)] = 0

C(i) +
∂B0

∂xi
= [B∞, C(i)].

1.b. Universal deformation. Let f : N → M be a holomorphic map and
let Tf : ΘN → f∗ΘM be its tangent map. Then the pull-back of a t-uple
(M,E,∇, R∞,Φ, R0) is defined by

• f∗E = ON ⊗OM
E,

• for any section η of ΘN , (f∗∇)η = (Lη⊗Id)+∇Tf(η) and (f∗Φ)η = ΦTf(η),
• f∗R∞ = Id⊗R∞, f∗R0 = Id⊗R0,

where ∇ and Φ are understood to be linearly extended to f∗ΘM , and Lη denotes
the Lie derivative with respect to η.

If (M,E,∇, R∞,Φ, R0) is pre-Saito structure onM , then so is its pull-back onN .
If f is a closed immersion, then we say that (E,∇) is a deformation of f∗(E,∇).

Example 1.3 (of a deformation). Let us start with a pre-Saito structure on a point,
that is, a triple (Eo, R∞, R

o
0), where Eo is a finite dimensional vector space and

R∞, R
o
0 are two endomorphisms of Eo. We consider the following “trivial” one-

parameter deformation (A1, E = OA1 ⊗C E
o,∇, R∞,Φ, R0) (parametrized by the

complex line A1 with coordinate x), with:

∇ = d,

R∞ = Id⊗R∞,

R0(x) = ex(R∞+Id) · (Id⊗Ro
0) · e−xR∞ = ex(ad R∞+Id)(Id⊗Ro

0),

Φ = −R0(x)dx.

The only non-trivial relation to be checked is

Φ∂x +
∂R0

∂x
+ [R∞,Φ∂x

] = 0,

which follows from the definition of R0, as Φ∂x = −R0. Let us remark that,
according to this relation, any one-parameter deformation with Φ∂x = −R0(x) is
isomorphic to the previous one.

One can also remark that the eigenvalues of R0(x) are ex times the eigenvalues
of Ro

0.
Last, let us notice that, if R∞ is semisimple with integral eigenvalues, we can

define the family in an algebraic way with respect to the variable λ ∈ C∗, by
replacing ex with λ.

Remarks 1.4 (on Example 1.3).
(1) From the point of view of the data (E,∇), the construction of Example 1.3

only consists of a rescaling in the variable z. On Eo we have the connection
∇o = dz +(R∞− zRo

0)dz/z and, if E = C[λ, λ−1]⊗CE
o, we consider on E

the trivial connection ∇′ = dλ + ∇o = d + (R∞ − zRo
0)dz/z. Let us now

consider the rescaling

ρ∗ : C[λ, λ−1, z] −→ C[λ, λ−1, z], λ 7−→ λ, z 7−→ λz.
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The inverse image of ∇′ by this rescaling is d+(R∞−λzRo
0)(dλ/λ+dz/z). It

has Poincaré rank one along z = ∞ (we are not interested in the behaviour
when λ→ 0 or λ→∞). Up to now, the construction is algebraic. However,
we need to change the trivialization so that ∇ gets the Birkhoff normal
form. In order to do so, we pull-back (E,∇) by the uniformization C → C∗,
x 7→ λ = ex, and we change the trivialization using exR∞ . Let us also
notice that the uniformization λ = ex is not needed if R∞ is semisimple
with integral eigenvalues.

(2) The construction of Example 1.3 can be done starting from any pre-Saito
structure (M,OM ⊗C Eo, d, R∞,Φ, R0) to produce a pre-Saito structure
(M × A1,OM×A1 ⊗C E

o, d, R∞, Φ̃, R̃0) with

R̃0 = ex(Id + ad R∞)(Id⊗R0),

Φ̃ = ex(Id + ad R∞)(Id⊗Φ)− R̃0dx.

If the kernel of Id+ adR∞ is non zero, then there could exist other pre-Saito
structures (i.e., other Φ̃) with the same R̃0.

(3) The construction of Example 1.3 can be iterated, using (2), but this does
not lead to any interesting new deformation.

Let i : M → N be an immersion. We say that a pre-Saito structure (EN ,∇N ) on
N is a universal deformation of its restriction (E,∇) := i∗(EN ,∇N ) if any other
deformation of (E,∇) comes from (EN ,∇N ) by a unique base change inducing
the identity on M .

If (M,E,∇) is a vector bundle with flat connection, then there is no loss of
information by fixing a horizontal trivialization (E,∇) ' (OM ⊗C E

o, d), where
Eo = ker∇ is the space of ∇-horizontal sections of E, which can also be identified
with E/mE.

Let (M,OM⊗CE
o, d, R∞,Φ, R0) be a pre-Saito structure. Let ωo be any element

of Eo and let ω = 1M⊗ωo denote the unique∇-horizontal section determined by ωo.
Then Φ defines a morphism ϕω : ΘM → OM ⊗C E

o, ξ 7→ −Φξ(ω), which can be
regarded as a section of Ω1

M ⊗C E
o, and which is called the infinitesimal period

mapping attached to ωo. The conditions dΦ = 0 and dω = 0 imply dϕω = 0 ∈
Ω2

M ⊗C E
o.

Proposition 1.5 (Hertling-Manin [7]). Let (M,OM⊗CE
o, d, R∞,Φ, R0) be a germ

at o ∈M of pre-Saito structure. Let us assume that there exists ωo ∈ Eo such that
ωo and its images under the iteration of the maps Ro

0 : Eo → Eo and Φo
ξ : Eo → Eo

(for all ξ ∈ Θo
M ) generate Eo. Let us set ω = 1M ⊗ ωo.

Let N be a germ of complex analytic manifold along M and let i : M ↪→ N denote
the immersion. Then, there is a one-to-one correspondence between deformations
(N,ON⊗CE

o, d, R′∞,Φ
′, R′0) of the pre-Saito structure (M,OM⊗CE

o, d, R∞,Φ, R0)
parametrized by N and germs ϕ ∈ Ω1

N ⊗C E
o such that

(∗)

{
i∗ϕ = ϕω,

dϕ = 0,

the correspondence being given by

(∗∗) (N,ON ⊗C E
o, d, R′∞,Φ

′, R′0) 7−→ ϕ = ϕ1N⊗ωo .

Proof. We set OM = C{x} with x = (x1, . . . , xm) and ON = C{x, y} with y =
(y1, . . . , yn). On the one hand, it is easy to check that ϕ defined by (∗∗) satisfies
Properties (∗). Let us thus start, on the other hand, with ϕ satisfying (∗). Clearly,
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if a deformation exists, then 1N ⊗ ωo is horizontal. We can therefore argue by
induction on n and assume that n = 1. We will thus set y = y1. Let us also remark
that, under the assumption on ωo, the images of ω under the iteration of the maps
R0 : OM ⊗CE

o → OM ⊗CE
o and Φξ : OM ⊗CE

o → OM ⊗CE
o generate OM ⊗CE

o

as a OM -module.
Let us fix a basis eo of Eo. We then get matrices C(i)(x), B0(x) and B∞

satisfying (1.2). If the desired pre-Saito structure exists, it must have 1 ⊗ eo as
horizontal basis. So, we search for C ′(i)(x, y), D′(x, y), B′0(x, y) (and we set B′∞ =
B∞) satisfying (1.2) with one variable more (where D′ is the component of C ′ on
dy). One sets C ′(i)(x, y) =

∑
k>0 C

′(i)
k (x)yk, etc. and one computes inductively the

coefficients C ′(i)k (x), D′k(x), B′0,k(x).

One sets first C ′(i)0 (x) = C(i)(x) and B′0,0(x) = B0(x). One also must have∑
i C

′(i)(ωo)dxi +D′(ωo)dy = −ϕ.
If C ′(i)6k (x), B′0,6k(x) and D′6k−1(x) are found (satisfying (1.2) mod yk), the

generating assumption and the desired commutation ofD′ with C ′(i) and B′0 implies
that D′6k(ωo) (which is determined by ϕ, hence known) uniquely determines such
a D′6k. Let us also notice for future use that, modulo yk+1, D′6k belongs then to

the commutative algebra generated by the classes modulo yk+1 of the C ′(i)6k and
B′0,6k(x).

Then C ′(i)6k+1 and B′0,6k+1 are uniquely determined by their initial value and the
equations

∂C
′(i)
6k+1

∂y
=
∂D′6k

∂xi
,

∂B′0,6k+1

∂y
= [B∞, D′6k]−D′6k.

That all desired relations at the level k + 1 are satisfied is then easily verified. It
remains to prove convergence. This is done in [7]. �

Remark 1.6. Let us assume that the conditions of the proposition are fulfilled.
Given ϕω ∈ Ω1

M ⊗C E
o satisfying dϕω = 0, an extension ϕ =

∑
i ϕidxi +

∑
j ψjdyj

as in the proposition is determined in a unique way from ψ =
∑

j ψjdyj provided
that ψ is dy-closed. Therefore, there is a one-to-one correspondence between the
deformations (N,ON ⊗C E

o, d, R∞,Φ′, R′0) as in the proposition (with a chosen
projection N → M), and the set of Ψ ∈ ON ⊗C E

o satisfying Ψ(x, 0) = 0: one
associates to Ψ the unique Φ′, R′0 defined by ϕ, where ϕ is determined by ψ = dyΨ.

In particular, if we fix ϕ̃ =
∑

i ϕω,i(x)dxi +
∑

j ψj(x, 0)dyj , that is, if we fix
ψ(x, 0), there exists ψ(x, y) which is dy-closed and restricts to ψ(x, 0) at y = 0.
Therefore, given any such ϕ̃, there exists a deformation (N,ON⊗CE

o, d, R∞,Φ′, R′0)
such that ϕ1⊗ωo|y=0 = ϕ̃.

Corollary 1.7 (Hertling-Manin [7]). Let (M,E,∇, R∞,Φ, R0) be a germ of pre-
Saito structure with ωo ∈ Eo satisfying the assumptions of Proposition 1.5. If
moreover ϕo

ω : Θo
M → Eo is injective, then (M,E,∇, R∞,Φ, R0) has a universal

deformation parametrized by the germ Ẽo = (Eo, 0).

Proof. As above, let us identify (E,∇) with (OM ⊗C E
o, d). For any N as above,

we can therefore identify a section of ON ⊗C E
o vanishing at o with a morphism

N → Ẽo, where Ẽo is the analytic germ of the C-vector space Eo at the origin.
For ϕ as in the proposition, we have dϕ = 0, hence ϕ = dχ where χ ∈ ON ⊗C E

o is
uniquely determined by the initial condition χ(o) = 0. We regard χ as a morphism
χ : N → Ẽo. In particular, to ϕω we associate χω : M → Ẽo.
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From Proposition 1.5, one deduces that giving a deformation of the pre-Saito
structure (M,E,∇, R∞,Φ, R0) parametrized by N is equivalent to giving a com-
mutative diagram

M
χω //

_�

��

Ẽo

N

χ

99sssssssssss

and, given a base change ν : N ′ → N inducing the identity on M , the pull-back
ν∗(M,E,∇, R∞,Φ, R0) corresponds to χ′ = χ◦ν. In particular, (N,χ) is universal
if and only if for any (N ′, χ′) there exists a unique ν : N ′ → N inducing the identity
on M such that χ′ = χ ◦ ν. The assumption on ϕo

ω means that χω is an immersion.
The universal deformation must then correspond to the diagram

M
� � χω //

_�

χω

��

Ẽo

Ẽo

Id

99ttttttttttt

�

From the last point in Remark 1.6, we get:

Corollary 1.8. Let (M,E,∇, R∞,Φ, R0) be a germ of pre-Saito structure with
ωo ∈ Eo satisfying the assumptions of Proposition 1.5. Given any smooth analytic
germ N ⊃ M together with an isomorphism ϕ̃ : i∗ΘN → E restricting to ϕω on
ΘM ⊂ i∗ΘN , there exists on N a universal deformation of (M,E,∇, R∞,Φ, R0)
such that ϕ1⊗ω|M = ϕ̃. �

Such a deformation is not unique, but one can obtain any such deformation from
a given one through a unique base change N → N , and it is tangent to the identity
when restricted to M .

Concerning uniqueness, one also obtains:

Corollary 1.9. Under the assumptions of Corollary 1.7, let us consider two de-
formations of (M,E,∇, R∞,Φ, R0) with parameter spaces N,N ′ ⊃ M being two
smooth analytic germs, for which the corresponding χ, χ′ : N,N ′ → Ẽo are im-
mersions with the same image. Then these two deformations are isomorphic, i.e.,
one comes from the other by a base change inducing an isomorphism on tangent
bundles. �

Example 1.10. In the situation of Example 1.3, let us assume that Ro
0 has a cyclic

vector ωo ∈ Eo. If d = dimC E
o, then ωo, . . . , (Ro

0)
d−1(ωo) is a basis of Eo. The

generating condition of Proposition 1.5 is satisfied, hence there exists a univer-
sal deformation of the one-parameter pre-Saito structure defined in Example 1.3,
parametrized by Ẽo. Setting ω = 1⊗ωo, and denoting by x1 the coordinate on A1,
the map

ϕω : ΘA1 −→ OA1 ⊗C E
o

is given by

ϕω(∂x1) = −Φ∂x1
(ω) = R0(x1)(ωo) = ex1(Id + ad R∞)(Ro

0)(ω
o),

and we have

χω(x1) =
ex1(Id + ad R∞) − Id

(Id+ adR∞)
(Ro

0)(ω
o).
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Using the notation of Remark 1.6, let us set ϕ̃ =
∑d−1

j=0 R0(x1)j(ωo)dxj . It defines
an isomorphism ΘA1×(Cd−1,0)|A1 → OA1 ⊗C E

o, and induces a local biholomorphic
map χ : A1 × (Cd−1, 0) → Eo. If (x0, . . . , xd−1) denote the coordinates on A1 ×
(Cd−1, 0), we thus have Φ∂xj

(1⊗ ωo)|A1 = R0(x1)j(ωo).
Let us consider the case where ωo and Ro

0(ω
o) are eigenvectors of R∞ with

respective eigenvalues δ0, δ1. Then

ϕω(∂x1) = e(δ1−δ0+1)x1Ro
0(ω

o) and χω(x1) =
e(δ1−δ0+1)x1 − 1
δ1 − δ0 + 1

Ro
0(ω

o).

In such a case χω is a parametrization of the line C · Ro
0(ω

o) minus the point
(−1/(δ1 − δ0 + 1))Ro

0(ω
o) (if δ1 = δ0 − 1, this point is at infinity, so does not have

to be deleted). Moreover, for any xo ∈ A1, the analytic germ (Eo, χω(xo)) is the
universal deformation of the germ at xo of the pre-Saito structure constructed in
Example 1.3. In the local coordinates (x0, . . . , xd−1), we have Φ∂xj

|A1 = R0(x1)j :
indeed, this holds when applying both operators to ωo; as ωo is a cyclic vector
for R0(x1) for any x1, and as Φ∂xj

|A1 commutes with R0(x1), we get the desired
assertion.

If δ1 = δ0−1, then χω(x1) = x1R
o
0(ω

o) defines a closed embedding A1 ↪→ Eo. We
will mainly consider this case later on, and we will then denote by Ẽo the analytic
germ (Eo,C ·Ro

0(ω
o)).

1.c. Pre-Saito structures with a finite group action. Let M be a punctual
germ of complex manifold and let us assume that M is acted on by a finite group
W of automorphisms. For w ∈ W, we denote by w : M → M the corresponding
automorphism and by w∗ : OM → OM the associated morphism of C-algebras.
The fixed subspace MW is also a smooth analytic germ.

If E is a free OM -module, we say that the action of W lifts linearly to E if, for
any w ∈ W, there exists an isomorphism aw : E → w∗E and, for any w,w′ ∈ W,
the following diagram commutes:

E

aw
!!DD

DD
DD

DD
aw′w // w∗w′∗E

w∗E
w∗aw′

99ttttttttt

In particular, the restriction E|MW is equipped with a linear action of W . For
instance, there is a canonical linear lifting of the W-action to the tangent bundle
ΘM , if we set aw = Tw : ΘM → w∗ΘM , and we have ΘMW = (ΘM |MW )W .

Given a pre-Saito structure (M,E,∇, R∞,Φ, R0), we say that the W-action
on M lifts linearly to (M,E,∇, R∞,Φ, R0) if it lifts linearly to E and each aw in-
duces an isomorphism of pre-Saito structures. If we fix the horizontal trivialization
(E,∇) ' (OM ⊗C E

o, d), then we must have aw = Id⊗ao
w, with ao

w′w = ao
w′a

o
w for

any w,w′ ∈ W. If we fix coordinates (x1, . . . , xm) on M , we get, setting wj = xj ◦w,

ao
wR∞(ao

w)−1 = R∞,

ao
wR0(x)(ao

w)−1 = R0(w(x)),

ao
wΦ∂xi

(x)(ao
w)−1 =

∑
k

∂wk

∂xi
(x) · Φ∂xk

(w(x)).

In particular, W acts C-linearly on Eo and ao
w commutes with R∞ and Ro

0.
Let ω =

∑
i ωi(x)⊗ eo

i be a section of E. We have w∗ω =
∑

i ωi(w(x))⊗ eo
i and

aw(ω) =
∑

i ωi(x) ⊗ ao
w(eo

i ). We say that ω is W-equivariant if, for any w ∈ W,
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we have w∗(ω) = aw(ω). If ω is W-equivariant, then its restriction to MW is W-
invariant. Conversely, assume that ωMW is a flat W-invariant section of E|MW . Let
ω be its flat extension to E. Then ω is W-equivariant. Similarly, if ωo ∈ Eo is
W-invariant, then its flat extension ω is W-equivariant.

If ω is W-equivariant, then the following diagram commutes:

(1.11)

ΘM
ϕω //

Tw

��

E

aw

��

w∗ΘM
w∗ϕω // w∗E

Moreover, Ẽo is naturally equipped with a W-action (coming from the linear action
on Eo) and χω : M → Ẽo is W-equivariant.

W-equivariant version of Proposition 1.5 and Corollary 1.7. Let (M,E,∇, R∞,Φ, R0)
be a pre-Saito structure with W-action and let ωo ∈ Eo. Let us assume that ωo is
W-invariant and let ω be its flat extension, which is W-equivariant.

By a W-equivariant deformation of (M,E,∇, R∞,Φ, R0) we mean a deformation
parametrized byN ⊃M with a W-action, such thatM is left stable by the W-action
on N , and which restricts (with W-action) to (M,E,∇, R∞,Φ, R0). Proposition
1.5 extends as follows:

Corollary 1.12. With the assumptions of Proposition 1.5, let us moreover assume
that

(1) ωo is W-invariant,
(2) the W-action on M extends to a W-action on N .

Then, under the correspondence of Proposition 1.5, W-equivariant deformations of
(M,E,∇, R∞,Φ, R0) parametrized by N correspond to W-equivariant closed sec-
tions ϕ ∈ Ω1

N ⊗C E
o (i.e., the diagram corresponding to (1.11) commutes).

Proof. Starting from a W-equivariant deformation, and as ωo is W-invariant, the as-
sociated ϕ is easily seen to be W-equivariant. Conversely, if ϕ is W-equivariant, then
we have two deformations of (M,E,∇, R∞,Φ, R0) defined in coordinates x on N by
R∞, R0(x) and Φ∂xi

(x) on the one hand, and by (ao
w)−1R∞a

o
w, (ao

w)−1R0(w(x))ao
w

and
∑

k
∂wk

∂xi
(x) · (ao

w)−1Φ∂xk
(w(x))ao

w on the other hand. That ϕ is W-equivariant
means that the ϕω associated to each of these deformations coincide. By uniqueness
in Proposition 1.5, these deformations coincide. �

Corollary 1.13. With the assumptions of Corollary 1.12, let us moreover assume
that ϕo

ω : Θo
M → Eo is an immersion. Then the W-action on Ẽo coming from the

linear action on Eo can be lifted as a W-action on the universal deformation of
(M,E,∇, R∞,Φ, R0) given by Corollary 1.7 and this action restricts, through χω,
to the given one on (M,E,∇, R∞,Φ, R0). �

W-invariant version of Proposition 1.5 and Corollary 1.7. Let us consider the case
where W acts trivially onM . We will say that the action is linearized. In particular,
Eo has a W-action and Ro

0 and the Φo
ξ commute with this W-action.

One can define the notion of a deformation with linearized W-action, and that
of a universal deformation with linearized W-action. The results of Hertling and
Manin extend as follows:

(1) In Proposition 1.5, one assumes that ωo is W-invariant and that the images
of ωo under the iteration of the maps Ro

0 and Φo
ξ generate the invariant
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subspace (Eo)W. Then ω is a section of EW. The W-invariant version of
Proposition 1.5 is that there exists a one-to-one correspondence between
the set of deformations with linearized W-action and the set of ϕ ∈ Ω1

N ⊗C
(Eo)W satisfying (∗).

For the proof, one notices that, by induction, the matrices C ′(i)k , D′k and
B′0,k commute with the W-action.

(2) If moreover ϕo
ω is an immersion Θo

M ↪→ (Ẽo)W, then (Ẽo)W is the base space
of a universal deformation with linearized W-action of (M,E,∇, R∞,Φ, R0)
(same proof as for Corollary 1.7).

(3) Corollaries 1.8 and 1.9 extend in the same way.

Remark 1.14. Let (M,E,∇, R∞,Φ, R0) be a pre-Saito structure with a (not lin-
earized) W-action, and let ωo ∈ Eo be W-invariant. Let us assume that ωo fulfills
the conditions in Corollary 1.7. Then the universal deformation with parameter
space Ẽo comes equipped with a (non linearized) W-action. The restriction of
this deformation to the subspace (Ẽo)W has therefore a linearized W-action. How-
ever, it may not be, as such, a universal deformation with linearized W-action of
(M,E,∇, R∞,Φ, R0)|MW , as the images of ωo under the iterates of Ro

0 and the Φo
ξ

(ξ ∈ Θo
MW) may not generate (Eo)W. One can ask whether there exists an interest-

ing smooth subspace contained in (Ẽo)W so that (M,E,∇, R∞,Φ, R0)|MW is the
universal deformation with linearized action of its restriction to this subspace.

1.d. Metric.

Definition 1.15. A pre-Saito structure (M,E,∇, R∞,Φ, R0, g) (with metric) of
weight w consists of the following data:

(1) A pre-Saito structure (without metric) (M,E,∇, R∞,Φ, R0) as in §1.a,
(2) a nondegenerate symmetric OM -bilinear form g on E

which satisfy the following relations, denoting by ∗ the adjoint with respect to g:

∇(g) = 0, R∞ +R∗∞ = −w Id, Φ∗ = Φ, R∗0 = R0.

Let us notice that Φ∗ = Φ means that for all ξ ∈ ΘM , (Φξ)∗ = Φξ.

Example 1.16. In the situation of Example 1.3, if we moreover have a nondegenerate
symmetric bilinear form go on Eo such that Ro∗

0 = Ro
0 and R∗∞ + R∞ = −w Id,

then, setting g = Id⊗go (i.e., extending trivially go, so that g is ∇-flat) we still
have R∗∞ +R∞ = −w Id and

R∗0 = e−xR∗
∞Ro∗

0 e
x(R∗

∞+Id) = exR∞ ewx IdRo
0 e

(1−w)x Ide−xR∞ = R0,

so the deformed pre-Saito structure remains of weight w.

Corollary 1.17 (Hertling-Manin [7]). Let (M,OM ⊗C E
o, d, R∞,Φ, R0) be a pre-

Saito structure with ωo ∈ Eo satisfying the conditions of Proposition 1.5. Let
(N,ON ⊗C E

o, d, R∞,Φ′, R′0) be any deformation of (M,OM ⊗C E
o, d, R∞,Φ, R0).

Assume that g is a flat metric on OM ⊗C E
o giving (M,OM ⊗C E

o, d, R∞,Φ, R0)
weight w and let g′ be the unique d-flat metric on ON ⊗C E

o extending g.
Then (N,ON ⊗C E

o, d, R∞,Φ′, R′0, g
′) is a pre-Saito structure of weight w.

Proof. In the proof of Proposition 1.5, let us choose the basis eo so that it is
orthonormal with respect to go. Assume, by induction, that the matrices C ′(i)6k ,
B′0,6k and D′6k−1 are symmetric. Then D′6k is symmetric, as it can be expressed

as a polynomial in C
′(i)
6k , B

′
0,6k modulo yk+1, then ∂C

′(i)
6k+1/∂y and ∂B′0,6k+1/∂y

are symmetric, hence also C ′(i)6k+1, B
′
0,6k+1. �
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Remark 1.18. The adaptation of the previous result with W-action is straightfor-
ward.

1.e. Frobenius manifolds. We still assume that M is a punctual analytic germ.
Let us recall well-known results (see e.g., [14, Chap. VII]).

Definition 1.19. A Frobenius manifold structure (M,?, g, e,E) of weight D con-
sists of

(i) A symmetric nondegenerate OM -bilinear form g on ΘM , with associated
Levi-Civita (i.e., torsion free) connection ∇ : ΘM → Ω1

M ⊗OM
ΘM ;

(ii) A OM -bilinear product ? on ΘM ;
(iii) Two sections e and E of ΘM ;

subject to the following relations:
(a) ∇ is flat ;
(b) ? is commutative and associative;
(c) e is a unit for ? and is ∇-horizontal;
(d) LE(e) = −e, LE(?) = ?, LE(g) = Dg for some D ∈ C;
(e) If c ∈ Γ(M,Ω1

M
⊗3) is defined by c(ξ1, ξ2, ξ3) = g(ξ1 ? ξ2, ξ3), then ∇c is

symmetric in its four arguments.

Let (M,E,∇, R∞,Φ, R0, g) be a pre-Saito structure. Let ω be a ∇-horizontal
section of E. It defines a OM -linear morphism ϕω : ΘM → E by ξ 7→ −Φξ(ω).

Definition 1.20. Given a pre-Saito structure (M,E,∇, R∞,Φ, R0, g) of weight w,
we say that a ∇-horizontal section ω of E is

(1) primitive if the associated period mapping ϕω : ΘM → E is an isomor-
phism,

(2) homogeneous of degree q ∈ C if R∞ω = qω.
A pre-Saito structure (M,E,∇, R∞,Φ, R0, g) of weight w equipped with a primitive
homogeneous section ω is called a Saito structure.

If ω is primitive and homogeneous, ϕω induces a flat torsion free connection ω∇ on
ΘM , and an associative and commutative OM -bilinear product ?, with e = ϕ−1

ω (ω)
as unit, and ω∇e = 0.

The Euler field is E = ϕ−1
ω (R0(ω)). It is therefore a section of ΘM . We have

ω∇E = ωR∞ + q Id, with ωR∞ = ϕ−1
ω ◦R∞ ◦ ϕω − Id. In particular, ω∇ω∇E = 0.

Remark 1.21. We have LE(e) = −e, LE(?) = ?. If we set D = 2q+ 2−w, we have,
for ωg induced by ϕω as above:

LE(ωg) = D · ωg.

Proposition 1.22. Let (M,E,∇, R∞,Φ, R0, g) be a pre-Saito structure of
weight w. To any homogenous primitive section ω of E having weight q is
associated canonically on M , through the infinitesimal period mapping ϕω, a
Frobenius manifold structure of weight D = 2q + 2− w.

Conversely, any Frobenius manifold structure (M,?, g, e,E) defines a Saito struc-
ture (M,E,∇, R∞,Φ, R0, g) having e as homogeneous primitive form.

Proof. Let us give the correspondence (M,?, g, e,E) 7→ (M,E,∇, R∞,Φ, R0, g). We
define:

• E = ΘM ,
• ∇ is the Levi-Civita connection of g,
• Φξ(η) = −(ξ ? η),
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• R0 = E ? = −ΦE,
• R∞ = ∇E− Id,
• q = 0, w = 2−D. �

Remark 1.23. Let (M,E,∇, R∞,Φ, R0, g) be a pre-Saito structure. If ω is a prim-
itive homogeneous section of E, then so is λω for any λ ∈ C∗. It gives rise to the
Frobenius manifold structure (M,?, λ2g, e,E). In particular, ω and −ω give the
same Frobenius manifold.

Definition 1.24. Let (M,E,∇, R∞,Φ, R0, g) be a pre-Saito structure of weight w.
Let ω ∈ E be a∇-horizontal section. We will say that ω is pre-primitive if it satisfies
the following properties:

(1) ωo and its images under the iterates of Φo
ξ (ξ ∈ Θo

M ) generate Eo,
(2) ϕo

ω : Θo
M → Eo is injective.

We say that ω is strongly pre-primitive if it satisfies moreover
(3) ω 6∈ Imϕω.

The third condition will only be useful when considering tensor products. Let
us notice that, because of this condition, a primitive section is not strongly pre-
primitive. Let us also notice that the generating condition is somewhat stronger
than what is needed to apply the results of Hertling and Manin, as Ro

0 is not used
in 1.24(1). This will also be useful when considering tensor products. On the other
hand, adding a new parameter as in Example 1.3 enables us to skip Ro

0 in the
generating condition of Hertling and Manin.

From Corollary 1.7 we get:

Corollary 1.25. Let (M,E,∇, R∞,Φ, R0, g) be a pre-Saito structure of weight w.
Let ω be a ∇-horizontal pre-primitive section of E. Let us moreover assume that ω
is homogeneous with respect to R∞. Then, on the base space N of any universal
deformation of (M,E,∇, R∞,Φ, R0, g) exists a canonical Frobenius manifold struc-
ture. The Frobenius manifold structures on two such deformations N and N ′ are
isomorphic by an isomorphism which induces the identity on M .

Proof. The ∇-horizontal extension ωN of ω on any universal deformation space N
(whose existence is granted by Corollary 1.7) is primitive and remains homoge-
neous. It defines therefore a Frobenius manifold structure on N . Given another
deformation with base space N ′, it is obtained by pull-back by ν : N ′ → N . We
have EN ′ = ON ′ ⊗ON

EN and ωN ′ = 1 ⊗ ωN . Keeping notation of the proof of
Corollary 1.7, we have χωN′ = χωN

◦ ν, hence ϕωN′ = ϕωN
◦Tν, and the structures

on ΘN ′ and ΘN correspond through the isomorphism Tν (for the metric, one uses
Corollary 1.17). �

Remark 1.26. For (M,E,∇, R∞,Φ, R0, g) and ω pre-primitive and homogeneous,
there is a meaning to speak of the Frobenius manifold structure determined by the
pre-primitive homogeneous section ω on the universal deformation.

Example 1.27. Let (Eo, R∞, R
o
0, ω

o) be as in Example 1.10 with rkEo > 2. Then ω
is strongly pre-primitive. Indeed, we have ϕωo(∂x) = Ro

0(ω
o) 6∈ C ·ωo as rkEo > 2.

Assume moreover that ωo and Ro
0(ω

o) are eigenvectors of R∞ with respective
eigenvalues δ0 and δ1 = δ0−1. Then the germ Ẽo = (Eo,C ·Ro

0(ω
o)) gets equipped

with the structure of a Frobenius manifold. The Euler vector field E is tangent to
the line M = C ·Ro

0(ω
o) and, in the coordinates x0, . . . , xd−1 considered in loc. cit.,

E|M = ∂x1|M . The subsheaf of algebras OM [E|M ] ⊂ (Θ eEo|M , ?) is isomorphic to
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OM [y]/p(e−x1y), if p denotes the characteristic polynomial of Ro
0 and the inclusion

above is in fact an equality.

Example 1.28 (Quantum cohomology of the projective space). Let us consider the
pre-Saito structure (Eo, R∞, R

o
0, g

o) equipped with the pre-primitive form ωo given
by the following data:

• Eo is Cn+1 with its canonical basis ωo = ωo
0, ω

o
1, . . . , ω

o
n,

• the matrix of Ro
0 is

(n+ 1)


0 · · · · · · 0 1
1 0 · · · · · · 0
0 1 0 · · · 0
...

. . . . . . . . .
...

0 · · · 0 1 0


and that of R∞ is −diag(0, 1, . . . , n),

• we have go(ωo
k, ω

o
` ) = 1 if k + ` = n and 0 otherwise.

The germ of universal Frobenius manifold defined by (Eo, R∞, R
o
0, g

o, ωo) is equal
to that defined by the quantum cohomology of Pn (cf. [10, §II.4]). Let us denote
by t0, . . . , tn the flat coordinates corresponding to the basis ωo

0, . . . , ω
o
n.

The trivial deformation parametrized by A1 is given by the linear map χω(x) =
(n+1)xωo

1, and the Frobenius manifold structure is defined along this line. Working
in the flat coordinate t1 = (n + 1)x, the pre-Saito structure at the point t1 is
(Eo, R∞, R0(t1), go), with

R0(t1) = (n+ 1)


0 · · · · · · 0 et1

1 0 · · · · · · 0
0 1 0 · · · 0
...

. . . . . . . . .
...

0 · · · 0 1 0

 = −(n+ 1)Φ∂t1
(t1).

Moreover, by construction, we have Φ∂ti
(ωo)|A1 = −ωo

i for any i, and therefore,
denoting now Φ∂ti

= −∂ti
? , we get

(∂ti
? )|A1 = (∂t1 ? )i

|A1 i = 0, . . . , n.

In this example, Ẽo denotes the germ of Eo along A1 = C · ωo
1, equipped with the

flat coordinates (t0, . . . , tn), and we have an isomorphism of sheaves of algebras
(Θ eEo|A1 , ?|A1) ∼−→ OA1 [y]/(p(t1, y)), with p(y) = yn+1 − et1 , given by ∂tk

7→ [yk].

Let us also note that the Frobenius manifold structure on Ẽo is invariant by
translation of t1 by 2iπZ.

2. Application to tensor products and alternate products

2.a. Tensor product of two Frobenius manifolds. Let us show how the previ-
ous results enable us to recover existence and uniqueness results concerning tensor
products of Frobenius manifolds (see [8] and also [10, §III.7]).

Let us start with pre-Saito structures. The tensor product of two pre-Saito
structures (M,E,∇, R∞,Φ, R0, g) and (M,E′,∇′, R′∞,Φ′, R′0, g′) on a given mani-
fold M , of respective weights w and w′ is (M,E′′,∇′′, R′′∞,Φ′′, R′′0 , g′′), with

• E′′ = E ⊗OM
E′,

• ∇′′ = ∇⊗ Id+ Id⊗∇′,
• R′′∞ = R∞ ⊗ Id+ Id⊗R′∞,
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• Φ′′ = Φ⊗ Id+ Id⊗Φ′,
• R′′0 = R0 ⊗ Id+ Id⊗R′0,
• g′′(e⊗ e′, f ⊗ f ′) = g(e, f)g′(e′, f ′).

This produces a pre-Saito structure of weight w′′ = w + w′. Let us note that,
from the point of view of the connection ∇ defined in (1.1), the tensor product is
associated to the tensor product connection on E ⊗OM [z] E′. Given r > 2, we can
similarly define the r-fold tensor product, the r-fold symmetric product and the
r-fold alternate product of a pre-Saito structure. From the point of view of (E,∇),
they correspond respectively to the natural connection ∇ on

⊗r
OM [z]E, Symr

OM [z]E, ∧r
OM [z]E.

Let us now consider two pre-Saito structures (Mi, Ei,∇i, R∞,i,Φi, R0,i, gi) of
weights wi (i = 1, 2). Let us denote by p1, p2 the projections M1 ×M2 →M1,M2.
The external tensor product of these pre-Saito structures is, by definition,

p∗1(M1, E1,∇1, R∞,1,Φ1, R0,1, g1)⊗OM1×M2
p∗2(M2, E2,∇2, R∞,2,Φ2, R0,2, g2),

where the pull-back p∗i (i = 1, 2) has been defined in §1.b. The external tensor
product has weight w1 + w2. We will denote it by �.

Lemma 2.1. Assume that ω1, ω2 are strongly pre-primitive horizontal sections of
E1, E2. Then ω = ω1 � ω2 ∈ E1 � E2 is a strongly pre-primitive horizontal section
of E1 � E2.

If moreover ω1, ω2 are homogeneous of respective degrees q1, q2, then ω is homo-
geneous of degree q1 + q2.

Proof. If we denote by x the coordinates on M1 and by y that on M2, we remark
that Φ∂xi

(ω) = (Φ1,∂xi
(ω1)) � ω2 and a similar result for Φ∂yj

(ω). Therefore, ω
and the iterates of Φξ (ξ ∈ ΘM1×M2) acting on ω generate E1 � E2.

Moreover, ωo
1 ⊗ ωo

2 does not belong to the vector space generated by the
ϕωo

1
(∂xi)⊗ωo

2 and the ωo
1⊗ϕωo

2
(∂yj ), which clearly form part of a basis of Eo

1 ⊗Eo
2 ,

hence the strong pre-primitivity.
Lastly, the homogeneity condition for ω directly follows from the formulas above.

�

The reason to impose the third condition in the definition of a strongly pre-
primitive section is to insure that, in the previous lemma, ϕω remains injective.
Otherwise, if we set ei = ϕ−1

ωi
(ωi) ∈ ΘMi

(i = 1, 2), and if we denote similarly the
corresponding vector field on M1 ×M2, then ϕω(e1 − e2) = ω1 � ω2 − ω1 � ω2 = 0,
so ϕω is not injective. Let us also notice that the lemma holds if only one of both
pre-primitive sections ω1 and ω2 is strong.

In conclusion, the tensor product is well-defined for pre-Saito structures equipped
with a strongly pre-primitive homogeneous section. We will say that the Frobenius
manifold structure associated according to Corollary 1.25 to this tensor product
is the tensor product of the Frobenius manifold structures corresponding to each
term, although this is incorrect, strictly speaking. (Another approach of the tensor
product is given in [8], see also [10, §III.7]).

Example 2.2. Let (Eo, R∞, R
o
0) and (E′o, R′∞, R

′o
0 ) be two pre-Saito structures

(without metric), with underlying manifold M,M ′ reduced to a point. We define



14 BUMSIG KIM AND CLAUDE SABBAH

their tensor product (E′′o, R′′∞, R
′′o
0 ) as an object of the same kind:

E′′o = Eo ⊗C E
′o,

R′′∞ = R∞ ⊗ Id+ Id⊗R′∞,
R′′o0 = Ro

0 ⊗ Id+ Id⊗R′o0 .

Assume that there exist ωo ∈ Eo and ω′o ∈ E′o such that the (Ro
0)

k(ωo)
(k > 0) generate Eo, and similarly with “prime”. Then, by Corollary 1.7, there
exists a universal deformation of (Eo, R∞, R

o
0) and (E′o, R′∞, R

′o
0 ). However, the

(Ro
0 ⊗ Id+ Id⊗R′o0 )k(ωo ⊗ ω′o) may not generate Eo⊗CE

′o, and the same corollary
cannot be applied to the tensor product.

We can use Example 1.3 to overcome this difficulty. Indeed, let us denote by
(M,E,∇, R∞,Φ, R0) and (M ′, E′,∇′, R′∞,Φ′, R′0) the one-parameter deformations
of (Eo, R∞, R

o
0) and (E′o, R′∞, R

′o
0 ) defined there. The external tensor product is

defined as above on M ′′ = M×M ′ and E′′ = p∗E⊗OM′′ p
′∗E′ (p, p′ the projections

from M ′′ to M,M ′), adding the relations

∇′′ = ∇⊗ Id+ Id⊗∇′, Φ′′ = Φ⊗ Id+ Id⊗Φ′′.

We thus have

Φ′′∂x|x=x′=0 = −Ro
0 ⊗ Id, Φ′′∂x′|x=x′=0

= − Id⊗R′o0 .

Let us note that the flat extensions of ωo and ω′o are now strongly pre-primitive.
From Lemma 2.1, we conclude that the flat extension ω′′ of ωo⊗ω′o is strongly pre-
primitive, and therefore the generating condition of Proposition 1.5 is fulfilled (even
without using R′′0 ), so a universal deformation of (M ′′, E′′,∇′′,Φ′′, R′′0 ) does exist.
Moreover, according to Example 1.27 and if metrics go, g′o do exist, giving weights
w,w′, the tensor product of the corresponding Frobenius manifold structures is
well-defined if we moreover assume that ωo, ω′o are homogeneous.

2.b. Symmetric and alternate product of a Frobenius manifold. Let us fix
a pre-Saito structure (M,E,∇, R∞,Φ, R0, g) of weight w. For any r > 1, we can
consider the r-fold external tensor product as in §2.a, with base space Mr and
vector bundle �rE. Assume that ω is a strongly pre-primitive (resp. homogeneous)
flat section of E. Then, we have seen that �rω is so for �rE.

Moreover, we have a natural action of the symmetric group W = Sr on the
pre-Saito structure �r(M,E,∇, R∞,Φ, R0, g), and �rω is W-invariant.

It follows from Corollary 1.25 that ⊗̃rEo is equipped with the r-fold tensor
product Frobenius manifold structure, and the natural action of W is compatible
with this structure.

From now on, we will only consider the situation of Example 1.27 (in particu-
lar, we assume that ωo and Ro

0(ω
o) below are eigenvectors of R∞ with respective

eigenvalues δ0 and δ1 = δ0− 1). Let us fix a pre-Saito structure (Eo, R∞, R
o
0, g

o) of
weight w (with base manifold M reduced to a point) with a homogeneous Ro

0-cyclic
vector ωo ∈ Eo. Let r be an integer > 2. Now, there is no difference between the
external tensor product and the tensor product over C. On ⊗rEo we have operators
denoted by ⊗rR∞,

⊗rRo
0: for instance,

⊗rRo
0 =

r∑
i=1

Id⊗ · · · ⊗ Id⊗Ro
0

i

⊗ Id⊗ · · · ⊗ Id .

These operators are W-invariant. Therefore, they induce on the symmetric product
SymrEo := (⊗rEo)W and on the alternate product ∧rEo similar operators.
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Let (A1, E,∇, R∞,Φ, R0) be the one-parameter deformation of (Eo, R∞, R
o
0) con-

structed in Example 1.3, together with the flat extension ω = 1⊗ ωo of ωo. Then,
by assumption on ωo and according to Example 1.27, ω is strongly pre-primitive
and homogeneous.

The r-fold tensor product. The external tensor product �r(A1, E,∇, R∞,Φ, R0) is
a r-parameter deformation of (⊗rEo,⊗rR∞,

⊗rRo
0), equipped with the strongly pre-

primitive homogeneous section �rω = 1 ⊗ (⊗rωo). Its germ at the origin has a
universal deformation with base manifold equal to the germ ⊗̃rEo of ⊗rEo at 0
that we denote by

(2.3) (⊗̃rEo,O⊗̃rEo ⊗C (⊗rEo), d,⊗rR∞, Φ̃, R̃0).

The tangent map ϕ�rω of the embedding χ�rω : ((A1)r, 0) ↪→ ⊗̃rEo sends the j-th
vector basis of Θo

(A1)r to

ωo ⊗ · · · ⊗ ωo ⊗Ro
0(ω

o)
j

⊗ ωo ⊗ · · · ⊗ ωo.

This universal deformation defines a Frobenius manifold structure (⊗̃rEo, ?,⊗rg, e,E)
of weight D = 2 − rw. The natural action of W on ⊗̃rEo is by automorphisms of
the Frobenius manifold structure.

Let us set d = dimC E
o. For any multi-index α ∈ {0, . . . , d − 1}r we set eo

α =
(Ro

0)
α1(ωo)⊗· · ·⊗ (Ro

0)
αr (ωo), getting thus a basis eo of ⊗rEo. We denote by (xα)

the corresponding coordinates on ⊗̃rEo.

Lemma 2.4. For any multi-index α, we have

Φ̃o
∂xα

= −(Ro
0)

α1 ⊗ · · · ⊗ (Ro
0)

αr .

Proof. If 1⊗(⊗rωo) denotes the horizontal extension of ⊗rωo on ⊗̃rEo, we have by
definition ϕo

1⊗(⊗rωo)(∂xα) = eo
α, that is, Φ̃o

∂xα
(⊗rωo) = −eo

α. On the other hand,

the images of ⊗rωo under the iteration of the operators Φ̃o
∂xj

, with j = 1, . . . , r,

generate ⊗rEo. The commutation relations [Φ̃o
∂xα

, Φ̃o
∂xj

] = 0 imply that Φ̃o
∂xα

is
determined by its value on ⊗rωo, hence the assertion. �

Remark 2.5. The previous results hold all along (A1)r ⊂ ⊗rEo and not only at the
origin, so that ⊗̃rEo can be regarded as the analytic germ of ⊗rEo along (A1)r.

The r-fold symmetric product. The space (⊗rEo)W = SymrEo has a basis obtained
by symmetrization of the basis eo of ⊗rEo. We will consider the subspace ElemrEo

generated by the symmetrization of the vectors eo
α with αj ∈ {0, 1} for any j and

αk = 1 for at least one k. It has dimension r.

Lemma 2.6. The restriction( ˜ElemrEo,O ˜ElemrEo ⊗C (⊗rEo)W, d,⊗rR∞, Φ̃, R̃0

)
is a pre-Saito structure admitting 1⊗(⊗rωo) as pre-primitive homogeneous section.

Proof. A basis of the tangent space to ˜ElemrEo at o, that is, ElemrEo, consists of
the elementary symmetric vector fields ξk =

∑
α∈Ak

∂xα
, where Ak = {α ∈ {0, 1}r |∑

j αj = k}, and k = 1, . . . , r. Any element of (⊗rEo)W can be obtained from
⊗rωo by applying a symmetric polynomial in the Φ̃o

∂xα
. By the lemma above, it

can thus be obtained by applying iterations of the elementary operators Φ̃o
ξk

. �
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Lemma 2.6, together with Corollary 1.25, endows ˜SymrEo with the structure of a
Frobenius manifold, through the infinitesimal period mapping defined by 1⊗(⊗rωo).

On the other hand, let us consider the restriction of (2.3) to ˜SymrEo or to
˜ElemrEo. The action of W on the base manifold is equal to the identity, so these

restrictions have a linearized W-action. We claim that( ˜SymrEo,O ˜SymrEo ⊗C (⊗rEo), d,⊗rR∞, Φ̃, R̃0

)
is the universal deformation with linearized W-action of( ˜ElemrEo,O ˜ElemrEo ⊗C (⊗rEo), d,⊗rR∞, Φ̃, R̃0

)
.

This follows from the W-invariant version of Proposition 1.5 and Corollary 1.7
explained after Corollary 1.13.

Remark 2.7. As in Remark 2.5, the results above hold all along the W-invariant
part of (A1)r, that is, the diagonal A1, and we can regard ˜ElemrEo or ˜SymrEo as
the analytic germs of ElemrEo or SymrEo along the diagonal A1.

The r-fold alternate product. We assume here that r < d. In order to obtain a
Frobenius manifold structure on the subvariety ∧̃rEo, we do not use the same
procedure as for ˜SymrEo, as W does not act trivially on this subvariety. We notice
however that the bundle O ˜SymrEo ⊗C (⊗rEo), and therefore O ˜ElemrEo ⊗C (⊗rEo),
is equipped with a linearized W-action. We can thus consider the anti-invariant
subbundle O ˜SymrEo ⊗C (∧rEo), which is left invariant by ⊗rR∞, R̃0 and Φ̃ξ for any

vector field ξ tangent to ˜SymrEo.
On ˜SymrEo (hence on ˜ElemrEo) exists the anti-invariant part of the restriction

of the pre-Saito structure (2.3) to ˜SymrEo, which is a pre-Saito structure that we
denote by

(2.8)
( ˜SymrEo,O ˜SymrEo ⊗C (∧rEo), d,⊗rR∞, Φ̃, R̃0

)
.

Lemma 2.9. The restriction( ˜ElemrEo,O ˜ElemrEo ⊗C (∧rEo), d,⊗rR∞, Φ̃, R̃0

)
is a pre-Saito structure admitting

1⊗ ω̃o := 1⊗
(
ωo ∧Ro

0(ω
o) ∧ · · · ∧ (Ro

0)
r−1(ωo)

)
as pre-primitive section. If Ro

0(ω
o), . . . , (Ro

0)
r−1(ωo) are eigenvectors of R∞, then

ω̃o is homogeneous.

Proof. The homogeneity condition is clear, according to the assumption. Let us
also note that, for k = 1, . . . , r,

Φ̃o
ξk

[ω̃o] = −ωo ∧ · · · ∧ (Ro
0)

r−k−1(ωo) ∧ (Ro
0)

r−k+1(ωo) ∧ · · · ∧ (Ro
0)

r(ωo),

so the injectivity condition is clear.
In order to check the generating condition, it is convenient to use the pre-

sentation of the algebra (Eo, ?) as C[y]/p(y), where y denotes Ro
0(ω

o) and p is
the minimal polynomial of Ro

0. Then ⊗r(Eo, ?) = C[y1, . . . , yr]/(p(y1), . . . , p(yr)).
Any (anti-)invariant element of ⊗rEo has a representative in C[y1, . . . , yr] which
is (anti-)invariant (by taking the (anti-)symmetrization of any representative), and
ω̃o = [1] ∧ [y] ∧ · · · ∧ [yr−1] is the class of

∏
i>j(yi − yj). Moreover, it is easy to

check that
∏

i>j(yi − yj) : C[y1, . . . , yr]W → C[y1, . . . , yr]ant is onto. On the other
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hand, C[y1, . . . , yr]W is generated by the elementary symmetric polynomials. This
gives the generating condition for ω̃o. �

Corollary 2.10. Let (Eo, R∞, R
o
0, g

o) be a punctual pre-Saito structure with
dimEo = d. Let ωo be a cyclic vector for Ro

0. Assume that ωo, . . . , (Ro
0)

r−1(ωo)
are eigenvectors of R∞ and, as above, that δ1 = δ0 − 1. Then the r-fold alternate
product of the (germ of) Frobenius manifold Ẽo is well-defined as the Frobenius
manifold attached to the universal deformation of the pre-Saito structure( ˜ElemrEo,O ˜ElemrEo ⊗C (∧rEo), d,⊗rR∞, Φ̃, R̃0,⊗rgo

)
,

with primitive homogeneous section ω̃o. �

Let us denote by ? the product on Θ⊗̃rEo given by the Frobenius manifold
structure constructed above. By Lemma 2.4, we have

ϕ⊗rωo(∂xα ? ∂xβ
) = (Ro

0)
α1+β1(ωo)⊗ · · · ⊗ (Ro

0)
αr+βr (ωo),

where, if αj + βj > d, we expand (Ro
0)

αj+βj (ωo) in terms of the (Ro
0)

k(ωo), with
k = 0, . . . , d− 1. Then, from Corollary 1.25 we can give a realization of the r-fold
alternate Frobenius structure:

Corollary 2.11. Under the assumptions of Corollary 2.10, let N be a germ of
complex manifold with ˜ElemrEo ⊂ N ⊂ ˜SymrEo such that the product with ω̃o:

? ω̃o : Θo
˜SymrEo

= SymrEo −→ ∧rEo

induces an isomorphism Θo
N → ∧rEo. Then the restriction to N of (2.8) is a

universal deformation of its restriction to ˜ElemrEo, and the primitive homogeneous
section 1⊗ ω̃o induces a Frobenius manifold structure on N , which is independent,
up to isomorphism, on the choice of N . �

Remark 2.12. As in Remark 2.7, one can notice that Corollary 2.10 holds all along
the diagonal A1 and that Corollary 2.11 holds on any open set of the diagonal on
which the isomorphism condition on ? ω̃o is satisfied.

2.c. Quantum cohomology of the Grassmannian as an alternate product
of a Frobenius manifold. In this paragraph, we consider Example 1.28 with its
notation and we take r 6 n. The assumptions of Corollary 2.10 are then satisfied.
The germ ˜ElemrEo is now a germ along the diagonal A1 = C · (ωo

1 ⊗ · · · ⊗ ωo
1) ⊂

˜SymrEo. We can apply the previous results all along the diagonal. We also replace
above Ro

0 with ∂t1? and we set ω̃o = ωo
0 ∧ ωo

1 ∧ · · · ∧ ωo
r−1. For any multi-index

α ∈ {0, . . . , n}r, we also set ωo
α = ωo

α1
⊗ · · · ⊗ ωo

αr
and we denote by ∂tα the

corresponding germs of vector fields on ⊗̃rEo along (A1)r. We will denote by 1i the
multi-index α with αj = δij for all j = 1, . . . , r. The infinitesimal period mapping
induces an isomorphism of algebras

(Θ⊗̃rEo , ?)|(A1)r −→ O(A1)r [y1, . . . , yr]/(p(t11 , y1), . . . , p(t1r
, yr)),

(∂tα
)|(A1)r 7−→ [yα],

(∗)

with p(t, y) = yn+1 − et.
Along the diagonal A1 with coordinate t, the tangent algebra of the r-fold alter-

nate product Frobenius manifold is
[
OA1 [y1, . . . , yr]/(p(t, y1), . . . , p(t, yr))

]ant and
1⊗ ω̃o is the class of

∏
i>j(yi − yj). Let us also remark that this Frobenius struc-

ture is invariant under the translation of t by 2iπZ.
From the main result in [2] we obtain:
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Theorem 2.13. The Frobenius manifold structure attached to the quantum coho-
mology of the complex Grassmannian G(r, n+1) of r-planes in Cn+1 is isomorphic
to the germ at to = (r − 1)iπ ∈ A1 of the r-fold alternate Frobenius manifold
structure of the quantum cohomology of Pn defined through the pre-primitive homo-
geneous section ω̃ := ρr(1⊗ ω̃o), with ρ2

r = (−1)(
r
2)/r!.

Let us note that the choice of a square root of (−1)(
r
2)/r! is not important,

according to Remark 1.23.

Proof. Let us denote by P the r-fold product of Pn. We set Eo = H∗(Pn) and
(ωo

i )i=0,...,n is the basis generated by the hyperplane class H = ωo
1. Then ⊗rEo =

H∗(P). The Frobenius structure attached to the quantum cohomology of P is known
to be the r-fold tensor product of that of Pn.

If S(Y1, . . . , Yr) is any polynomial in r variables with degrees in each variable
belonging to [0, n], we define S(ωo

0 ⊗ · · · ⊗ωo
0) ∈ ⊗rEo by replacing each monomial

Y m1
1 · · ·Y mr

r in S by ωo
m1
⊗· · ·⊗ωo

mr
. Let us denote by sλ the Schur polynomials in r

variables indexed by partitions λ having Young diagrams in a rectangle r×(n+1−r)
and let N ⊂ SymrEo be the linear subspace having ωo

sλ
:= sλ(ωo

0 ⊗ · · · ⊗ ωo
0) as a

basis. In particular, N ⊃ ElemrEo and the ordinary cup product ω̃o∪ : SymrEo =
H∗(P)W → H∗(P)ant = ∧rEo induces an isomorphism N

∼−→ H∗(P)ant.
Let us denote by ξsλ

the vector field on N corresponding to ωo
sλ

. By definition
of the product ? and the isomorphism (∗) above, and as ξsλ

is a linear combination
of the ∂tα

, the restriction ξsλ|(A1)r is sent to [sλ(y1, . . . , yr)]. Proving that the
isomorphism condition of Corollary 2.11 is satisfied for N amounts then to proving
that∏

i>j

(yi − yj) : [OA1 [y1, . . . , yr]/(p(t, y1), . . . , p(t, yr))]W

−→ [OA1 [y1, . . . , yr]/(p(t, y1), . . . , p(t, yr))]ant

induces an isomorphism on the subsheaf generated by the [sλ(y1, . . . , yr)].
The sheaf OA1 [y1, . . . , yr]/(p(t, y1), . . . , p(t, yr)) is filtered according to the total

degree in y1, . . . , yr and the graded sheaf is OA1 [y1, . . . , yr]/(p0(y1), . . . , p0(yr)) with
p0(y) = yn+1. As the action of W on OA1 [y1, . . . , yr]/(p(t, y1), . . . , p(t, yr)) strictly
preserves the filtration, taking the (anti-)invariant subsheaf commutes with grada-
tion. Lastly, the morphism induced by the multiplication by

∏
i>j(yi − yj) induces

the same morphism at the graded level.
Now, at the graded level, we recover the ordinary cup product ω̃o∪ : N → ∧rEo,

which is an isomorphism. We conclude that ω̃o ? : ΘN |A1 → OA1 ⊗C (∧rEo) is an
isomorphism, and Corollary 2.11 equips the germ of N along A1 of a canonical
Frobenius structure isomorphic to the r-fold alternate product of that attached to
the quantum cohomology of Pn.

Now, Corollary 2.11, when applied to the germ of N at to = (r − 1)iπ ∈ A1,
gives a Frobenius structure isomorphic to that attached to the cohomology of the
Grassmannian G(r, n+1) (up to the normalizing factor ρr): indeed, the main result
in [2] gives a similar statement, but working with a Novikov variable Q (the sign
change in the Novikov variables in loc. cit. amounts here to the translation of the
variable t by (r−1)iπ); from the previous considerations, we conclude in particular
that the Gromov-Witten potential onN is convergent, hence we can set the Novikov
variable to 1 in the result of loc. cit. �
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3. Alternate Thom-Sebastiani

This section, which is independent of the previous one, gives the necessary tools
for the geometric interpretation given in §4 of the alternate product of Frobenius
manifolds constructed in §2.b.

3.a. Holonomic D-modules and perverse sheaves with an action of a finite
group. Let Z be a complex manifold (resp. a smooth complex algebraic variety)
and let DZ be the sheaf of holomorphic (resp. algebraic) differential operators on Z.

Let W be a finite group equipped with a non trivial character sgn : W → {±1}.
For instance, W = Sr is the symmetric group on r letters and sgn is the signature.

Let M be a holonomic (left or right) DZ-module equipped with an action of the
group W by DZ-automorphisms. Let Mant be the biggest submodule on which any
w in W acts by sgn(w). Let aM : M→M be the antisymmetrization map

m 7−→ 1
|W|

∑
w∈W

sgn(w)w(m).

We denote by DM the dual holonomic DZ-module. It comes naturally equipped
with a dual action of W.

Proposition 3.1. We have Mant = Im aM and a decomposition M =
ker aM ⊕ Mant. Moreover, we have DaM = aDM and an isomorphism
D(Mant) ' (DM)ant.

Proof. The first point follows from the identity aM◦aM = aM and the identification
Mant = ker(aM − Id). That DaM = aDM follows from the exactness of the
contravariant functor D on holonomic modules. The second assertion is then clear.

�

Remark 3.2 (Q-perverse sheaves). The same result holds for Q-perverse sheaves G
on any reduced analytic space Z, if G is equipped with an action of W by automor-
phisms, where ker, coker and ant are taken in the abelian category of Q-perverse
sheaves. The point is that the antisymmetrization morphism aG is well-defined as
a morphism in this category, as HomPerv(Z)(G,G) is a Q-vector space.

Proposition 3.3. Let g : Z → Z ′ be a proper map (between complex analytic
manifolds or between smooth complex algebraic varieties). If M is as above, then
for any k ∈ Z, the DZ′-modules Hkg+M are naturally equipped with an action of W
by automorphisms, we have aHkg+M = Hkg+aM and (Hkg+M)ant = Hkg+(Mant).

A similar result holds for Q-perverse sheaves on reduced complex analytic spaces
and perverse cohomology sheaves of the direct image.

Proof. The first two points are clear by functoriality. We then have Hkg+ ker aM ⊂
ker aHkg+M and Hkg+(Mant) ⊂ (Hkg+M)ant, and as the sum of both modules is
equal to Hkg+M, we get the third assertion. �

3.b. Alternate Thom-Sebastiani for perverse sheaves. Let X be a reduced
complex analytic space and let f : X → C be a holomorphic function. Let F
be a perverse sheaf of Q-vector spaces on X. Consider the r-fold product Xr =
X × · · · ×X with the function f⊕r := f ⊕ · · · ⊕ f : Xr → C defined by

f⊕r(x1, . . . , xr) = f(x1) + · · ·+ f(xr),

and the perverse sheaf F�r := F � · · · � F .
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Denote by X(r) the quotient space2 of Xr by the natural action of the sym-
metric group Sr and let ρ : Xr → X(r) be the projection. The space X(r) is a
reduced analytic space (usually singular along the image of the diagonals, even if
X is smooth). The function f⊕r, being invariant under Sr, defines a holomorphic
function f (⊕r) : X(r) → C such that f⊕r = f (⊕r) ◦ ρ.

The complex G := Rρ∗F�r is a perverse sheaf (as ρ is finite) and comes equipped
with an action of Sr. We denote by F∧r = Gant its anti-invariant part (in the
perverse category). If DF denote the Verdier dual of F on X, we have

D(F∧r) = D(Gant) ' (DG)ant according to Remark 3.2,

'
(
Rρ∗(DF�r)

)ant as ρ is finite,

'
(
Rρ∗((DF)�r)

)ant = (DF)∧r.

(3.4)

The case dimX = 0. We assume that X is a finite set of points. A Q-perverse
sheaf F on X is then nothing but the data of a finite dimensional Q-vector space
Fx for each x ∈ X.

(1) If X is reduced to a point {x}, and if we set F = Fx, then X(r) is reduced
to a point and we have F∧r = ∧rF .

(2) If X is finite, we use the compatibility with the direct image X → pt to see
that Γ(X(r),F∧r) = ∧r(⊕x∈XFx). If x(r) = ρ(x1, . . . , xr) is a point of X(r),
the germ of F∧r at x(r) is the subspace of ∧r(⊕x∈XFx) generated by the
v1∧· · ·∧vr, where v1 ∈ Fx1 , . . . , vr ∈ Fxr

, that we denote by Fx1∧· · ·∧Fxr
.

Example 3.5. Assume that X is finite and dimFx = 1 for any x ∈ X. Let D ⊂ X(r)

be the image of the diagonals in Xr. Then F∧r
|D = 0. Indeed, if x1 = x2 for instance,

then Fx1 = Fx2 and Fx1 ∧ Fx2 = 0.

Restriction to a subset. Let iY : Y ↪→ X be the inclusion of a closed analytic subset.
Let F be a perverse sheaf on X. Assume that i−1

Y F is perverse up to a shift.

Lemma 3.6. Under these assumptions, we have (i−1
Y F)∧r = i−1

Y (r)(F∧r), where
iY (r) is the natural inclusion Y (r) ↪→ X(r).

Proof. Assume that i−1
Y F [k] is perverse, for some k ∈ Z. Then i−1

Y rF�r[kr] is
perverse. On the other hand, we have GY := R$∗i

−1
Y rF�r = i−1

Y (r)Rρ∗F�r =: i−1
Y (r)G,

as the diagram

Xr
ρ

// X(r)

Y r
$

//

� ?

iY r

OO

Y (r)

� ?

i
Y (r)

OO

is cartesian. Then i−1
Y (r)G[kr] is perverse. The decomposition G = ker aG ⊕ Gant in-

duces a similar decomposition after applying the functor i−1
Y (r) [kr], and we conclude

as in Proposition 3.3. �

Fibre of F∧r. Assume that, up to a fixed shift, the restriction at x1, . . . , xr of
the perverse sheaf F is a sheaf (in the following, we forget about the shift, which
applies uniformly to all the sheaves that we consider). Applying Lemma 3.6 to
Y = {x1, . . . , xr} and the case dimX = 0, we get

F∧r
ρ(x1,...,xr) ' Fx1 ∧ · · · ∧ Fxr ⊂ ∧r[Fx1 ⊕ · · · ⊕ Fxr ].

2X(r) is usually denoted by SymrX, but we do not use the latter notation to avoid any

confusion with §2.b.
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If for instance F is a shifted local system of rank one, we can apply Example 3.5
to obtain that F∧r is a shifted local system of rank one on the complement of the
image of the diagonals in X(r) and is zero on this image.

Application. Let X be a complex manifold, let pQX = QX [dimX] be the constant
sheaf shifted by dimX (this is a perverse sheaf). Let us describe the perverse sheaf
pQ∧r

X . Denote by D ⊂ X(r) the image by ρ of the diagonals of Xr and by V the
open set X(r) r D (notice that it is smooth). Let δ : V ↪→ X(r) denote the open
inclusion.

As ρ∗QXr is a sheaf equipped with an action of Sr, we can also consider the
anti-invariant subsheaf (ρ∗QXr )ant (in the sense of sheaf theory). We denote it
by Q∧r

X .

Proposition 3.7.

(1) We have pQ∧r
X = Q∧r

X [r dimX].
(2) The sheaf pQ∧r

X|V is a rank-one local system on V shifted by r dimX.
(3) With respect to Poincaré-Verdier duality, the perverse sheaf pQ∧r

X is self-
dual.

(4) We have pQ∧r
X = δ!δ

−1pQ∧r
X = Rδ∗δ

−1pQ∧r
X .

Proof. Let us compute the germ of pQ∧r
X at some point x(r) of X(r). Denote by

Y = |x(r)| ⊂ X the support of x(r). This is a finite set of points. We can apply
Lemma 3.6 to it, and then we can apply Example 3.5. This shows (2) and the first
equality in (4). The second equality in (4) is a consequence of the first one and of
Poincaré duality (3).

Poincaré duality (3) follows from (3.4) and the self-duality of pQX .
Except from Poincaré duality, similar arguments can be applied to Q∧r

X , showing
that Q∧r

X = δ!δ
−1Q∧r

X . It is moreover clear that δ−1pQ∧r
X = δ−1Q∧r

X [r dimX]. This
completes the proof of (1) �

Remark 3.8. The complex pQ∧r
X is thus also equal to the intermediate extension

δ!∗δ
−1pQ∧r

X (i.e., the intersection complex attached to the rank-one shifted local
system δ−1pQ∧r

X ).

Example 3.9. Assume that X = A1. Then the space (A1)(r) is an affine space
isomorphic to Ar. Let D ⊂ Ar be the discriminant hypersurface and denote by
δ : Ar rD ↪→ Ar the open inclusion.

The sheaf δ−1Q∧r
A1 is a local system of rank one on Ar rD with monodromy equal

to − Id locally around the smooth part of D and we have

Q∧r
A1 = δ!δ

−1Q∧r
A1 = Rδ∗δ

−1Q∧r
A1 .

Example 3.10 (Vanishing cycles). Let us come back to the case of a general perverse
sheaf F on X. Denote by pφ the functor of vanishing cycles shifted by −1 (see e.g.,
[4]). This is an exact functor on Perv(X). Let C ⊂ X be the set of critical points
of f with respect to F : by definition xo ∈ C iff the germ at xo of the perverse sheaf
pφf−f(xo)F is non-zero. Let us assume that C is finite. Then, for any xo ∈ C, the
germ of pφf−f(xo)F at xo is the direct image by the embedding {xo} ↪→ X of a
finite dimensional vector space Exo (vanishing cycles of f at xo).

Let x1, . . . , xr ∈ X. According to the Thom-Sebastiani isomorphism for perverse
sheaves with monodromy (see [12, 17]),

pφ(f−f(x1))⊕···⊕(f−f(xr))(F�r)(x1,...,xr)
∼−→ pφ(f−f(x1))Fx1 � · · · �

pφ(f−f(xr))Fxr .
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It follows that Cr is the set of critical points of f⊕r (hence is finite) and that,
if we denote by pφf,totF the direct sum ⊕x∈C

pφf−f(x)F , then pφf⊕r,tot(F�r) ∼−→
(pφf,totF)�r.

For any complex number c, Rρ∗
pφf⊕r−c = pφf(⊕r)−cRρ∗ and, as pφf(⊕r)−c is an

exact functor on Perv(X(r)), it commutes with ant. It follows that the set of critical
points of f (⊕r) with respect to F∧r is contained in C(r), which is also finite. We
then get

(3.11) pφf(⊕r),tot(F∧r) ∼−→ (pφf,totF)∧r

More precisely, let us set C = {xi | i ∈ I} and let us choose some total or-
der on I. The set C(r) consists of the points xi1,...,ir = ρ(xi1 , . . . , xir ) with
i1 6 · · · 6 ir. Let us set Ei = Exi

. The critical value of f (⊕r) at xi1,...,ir
is

f (⊕r)(xi1,...,ir ) = f(xi1)+ · · ·+ f(xir ). Then, according to the previous results, the
space (pφf(⊕r)−f(⊕r)(xi1,...,ir )(F∧r))xi1,...,ir

of vanishing cycles of f (⊕r) at xi1,...,ir
rel-

atively to F∧r is the (i1, . . . , ir)-component of the alternate product ∧r(⊕i∈IEi).
Assume that all critical points of f are simple (i.e., dimEi = 1 for any i ∈ I).

Then the space of vanishing cycles of f (⊕r) at xi1,...,ir relatively to F∧r vanishes as
soon as two indices ia and ib (with a 6= b) coincide.

3.c. Alternate Thom-Sebastiani for cohomologically tame functions. Let
f : U → A1 be a regular function on a smooth affine algebraic variety U .3 Assume
that there exists an algebraic variety X in which U is Zariski dense and a projective
morphism F : X → A1 inducing f on U , such that, denoting by j the inclusion
U ↪→ X, for any c ∈ A1 the complex pφF−cRj∗

pQU is supported on a finite set of
points in U (that is, in f−1(c)). We then say that f is cohomologically tame with
respect to the constant sheaf pQU .

In the remaining of this section we will assume that f is cohomologically tame
with respect to the constant sheaf.

Lemma 3.12. If f is cohomologically tame with respect to pQU , then f (⊕r) is so
with respect to the perverse sheaf pQ∧r

U .

Proof. As pQ∧r
U is a direct summand of Rρ∗

pQUr , it is enough to prove the assertion
for the latter perverse sheaf. Using the isomorphism Rρ∗

pφF⊕r−c = pφF (⊕r)−cRρ∗,
we are reduced to proving the assertion for the Thom-Sebastiani sum f⊕r with

respect to pQUr and the partial compactification Ur ↪
jr

−→ Xr F⊕r

−→ C. The result
follows then from the Thom-Sebastiani theorem of [12, 17], applied to Rjr

∗
pQUr

and F⊕r. �

Remark 3.13. Let us assume that the critical points of f are simple. It follows
then from Example 3.10 that the restriction f (⊕r) to the open set V ⊂ U (r) is
cohomologically tame with respect to the rank-one local system Q∧r

U |V , and its
critical points are simple. However, even if f has distinct critical values, this may
not remain true for f (⊕r). Let us also notice that V is smooth but usually not
affine.

The alternate Gauss-Manin system. Let us recall how the Gauss-Manin system Gf

is defined from f . One first defines the differential system Mf on the affine line
with coordinate t by setting

Mf = Ωn(U)[∂t]
/

(d− ∂tdf∧)Ωn−1(U)[∂t] (n = dimU).

3When considering perverse sheaves, we implicitly use the underlying analytic objects.
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This is a finite C[t]〈∂t〉-module with regular singularities. From the point of view
of D-modules, it is the direct image H0f+OU , where we regard OU as a left module
on the sheaf of differential operators DU . As a consequence, the analytic de Rham
complex of Mf is the 0-th perverse cohomology of the direct image Rf∗

pCU , where
we denote as above by pCU the constant sheaf shifted by dimU .

On the other hand, Gf is interpreted as the localized algebraic Laplace transform
of Mf : we set z = ∂t, ∂z = −t, so

Gf = Ωn(U)[z, z−1]
/

(d− zdf∧)Ωn−1(U)[z, z−1].

It is a free C[z, z−1]-module, whose rank is equal to the dimension of the relative
cohomology Hn(U, f−1(c)) for a generic c ∈ A1. The Brieskorn lattice

Gf,0 := Ωn(U)[ζ]
/

(ζd− df∧)Ωn−1(U)[ζ]

is a free C[ζ]-submodule of the same rank, where we set ζ = z−1 (cf. [15]).
Let us begin with the tensor product:

Lemma 3.14 ([13]). The r-fold tensor product ⊗r
C[ζ]Gf,0 is isomorphic to the Bries-

korn lattice system of the r-fold Thom-Sebastiani sum f⊕r : Ur → A1, where we set
f⊕r(u(1), . . . , u(r)) = f(u(1)) + · · ·+ f(u(r)).

Proof. Let us recall the proof. By an easy induction on r, it is enough to prove
the result for the tensor product corresponding to cohomologically tame functions
f : U → A1 and g : U ′ → A1. We consider the complex (Ωn+•(U)[ζ], ζd− df∧). As
ζd − df∧ is the twisted differential ef/ζ ◦ d ◦ e−f/ζ , we can write this complex as
(Ωn+•(U)[ζ]e−f/ζ , d), where e−f/ζ is now a symbol denoting the twist of the differ-
ential (to follow the definition of a shifted complex, we should use the differential
(−1)nd, but it is of no use here).

We have a natural morphism of complexes

(∗) (Ωn+•(U)[ζ]e−f/ζ , d)⊗C[ζ] (Ωm−•(U ′)[ζ]e−g/ζ , d)

−→ (Ωn+m−•(U × U ′)[ζ]e−(f⊕g)/ζ , d).

It induces a surjective morphism of the corresponding H0 as C[ζ]-modules, since

H0
(
Ωn+m−•(U × U ′)[ζ]e−(f⊕g)/ζ , d

)
= Ωn+m(U × U ′)[ζ]

/
(ζd− d(f ⊕ g)∧)Ωn+m−1(U × U ′)[ζ] = Gf⊕g,0.

As we have seen above (cf. also [13, §2]), f⊕g is cohomologically tame, hence Gf⊕g,0

is a free C[ζ]-module of finite rank (cf. [15]). On the other hand, using that Gf,0

and Gg,0 are free C[ζ]-modules of finite rank (as a consequence of cohomological
tameness), we identify the H0 of the left-hand term in (∗) to Gf,0⊗C[ζ]Gg,0, which
is also free. We thus have a surjective morphism Gf,0 ⊗C[ζ] Gg,0 → Gf⊕g,0 of free
C[ζ]-modules. Moreover, a simple computation shows that their rank is the same.
Therefore, this morphism is an isomorphism. �

Example 3.15. Let us give the explicit description of the action of the symmetric
group Sr on Gf⊕r,0 coming from the isomorphism of Lemma 3.14, when U is the
torus (C∗)n with coordinates u1, . . . , un and volume form vol = du1

u1
∧· · ·∧ dun

un
. For

ω ∈ Ωn(U)[ζ], we write ω = ϕ(u) vol with ϕ(u) ∈ O(U)[ζ]. Then ω1 ⊗ · · · ⊗ ωr is
sent to

ϕ1(u(1)) · · ·ϕr(u(r)) vol1 ∧ · · · ∧ volr,



24 BUMSIG KIM AND CLAUDE SABBAH

and w(ω1 ⊗ · · · ⊗ ωr) = ωw(1) ⊗ · · · ⊗ ωw(r) is sent to

ϕw(1)(u(1)) · · ·ϕw(r)(u(r)) vol1 ∧ · · · ∧ volr .

Therefore, after dividing by vol1 ∧ · · · ∧ volr, the action of Sr on Gf⊕r,0 amounts
to the usual action induced by that on O(Ur).

We are now interested in the alternate product ∧r
C[ζ]Gf,0, that is, the antisym-

metric submodule of Gf⊕r,0. In the situation of Example 3.15, it is isomorphic
to O(Ur)ant[ζ]. We will now give another interpretation of this antisymmetric
submodule, or at least of the corresponding submodule of the Gauss-Manin sys-
tem Gf⊕r , as the Gauss-Manin system attached to the morphism f (⊕r) induced
by f⊕r on the quotient variety U (r) = Ur/Sr, with respect to the perverse sheaf
pC∧r

U = C∧r
U [r dimU ] described by Proposition 3.7. Let us note that the quotient

variety U (r) is affine, but usually singular.
Let us consider the 0-th perverse cohomology pH0Rf

(⊕r)
∗

pC∧r
U . This is a perverse

sheaf on A1, which corresponds to a unique (up to isomorphism) regular C[t]〈∂t〉-
module that we denote by M∧r

f .

Proposition 3.16. The localized algebraic Laplace transform of M∧r
f is isomorphic

to ∧rGf .

Sketch of proof. Let us choose an embedding U (r) ↪→ U into a smooth affine variety
and let us still denote by ρ the finite morphism Ur → U×A1 obtained by composing
ρ : Ur → U (r) with the graph embedding ι : U (r) ↪→ U × A1 of f (⊕r).

We will work with right D-modules and we denote by ωU the right DU -module
Ωdim U

U . The DUr -module �rωU is Sr-equivariant, so ρ+(�rωU ) has an action of Sr.
Taking Spencer complexes (which plays the role of the de Rham complex for right
D-modules), we have an isomorphism Sp•U×A1(ρ+(�rωU )) = ρ∗

pCUr which is com-
patible with the Sr-action. Therefore,

Sp•U×A1(ω∧r
U ) = ι∗

pC∧r
U .

Using the compatibility with direct images we find

Rf
(⊕r)
∗

pC∧r
U = Sp•A1

(
f

(⊕r)
+ (ω∧r

U )
)

= Sp•A1

(
(f⊕r

+ (�
rωU ))ant)

)
.

Therefore,

Sp•A1 M∧r
f := pH0Rf

(⊕r)
∗

pC∧r
U ' Sp•A1

(
H0(f⊕r

+ (�
rωU ))ant

)
.

If we set M⊕r
f = H0(f⊕r

+ (�rωU )), we thus have M∧r
f ' (M⊕r

f )ant. On the other
hand, by definition, the localized Laplace transform of M⊕r

f , with its Sr-action, is
isomorphic, by Lemma 3.14, to ⊗r

C[z,z−1]Gf with the natural action of Sr. �

4. Alternate Thom-Sebastiani and Frobenius manifolds

In this section, we consider a function f : U → A1 satisfying the assumptions of
§3.c.

4.a. The canonical pre-Saito structure. We denote by Gf the C-vector space
Gf on which the action of C[z, z−1]〈∂z〉 is modified by a sign: we set, for any
g ∈ Gf , z · g = −zg and ∂z · g = −∂zg. In other words,

Gf = Ωn(U)[z, z−1]
/

(d+ zdf∧)Ωn−1(U)[z, z−1]

equipped with the action of ∂z defined by ∂z[ω] = [fω] for any ω ∈ Ωn(U). The
Brieskorn lattice Gf,0 is defined similarly.
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We will use the following two results (cf. [15]):
(1) Poincaré duality for the morphism f induces a canonical nondegenerate

(−1)n-Hermitian sesquilinear pairing

Sf : Gf ⊗C[z,z−1] Gf −→ C[z, z−1]

which is compatible with the action of ∂z (that is, ∂z(Sf (g′, g′′)) =
Sf (∂zg

′, g′′)− Sf (g′, ∂zg
′′)). This pairing induces a perfect pairing

Sf : Gf,0 ⊗C[ζ] Gf,0 −→ ζnC[ζ].

(2) The limit mixed Hodge structure on limc→∞Hn(U, f−1(c),Q) enables one
to produce, through a construction due to M. Saito [16], a canonical C-
vector space Eo

f of Gf,0, such that Gf,0 = C[ζ] ⊗C E
o
f , and in which ∂z =

−ζ2∂ζ takes the form

−Ro
0 +

R∞
z
,

where Ro
0 and R∞ are two endomorphisms of Eo

f . Moreover, restricting Sf

to Eo
f ⊗C E

o
f gives a symmetric nondegenerate pairing

go : Eo
f ⊗C E

o
f −→ C.

Lastly, on the one hand, R∞ is semisimple and its spectrum is the opposite
of the spectrum at infinity of f ; if R∗∞ denotes its go-adjoint, we have
R∞ + R∗∞ = −n Id. On the other hand, through the isomorphism Eo

f →
Gf,0/ζGf,0 = Ωn(U)/df ∧ Ωn−1(U), Ro

0 corresponds to the endomorphism
induced by the multiplication by f on Ωn(U) and satisfies Ro∗

0 = Ro
0. Its

eigenvalues, counted with multiplicity, are the critical values of f counted
with multiplicity.

In other words, to any such function f is associated (mainly using Hodge
theory related to it) a canonical pre-Saito structure (Eo

f , R∞, R
o
0, g

o) of weight
w = dimU = n with base manifold reduced to a point.

4.b. The trivial deformation. We now show that the trivial deformation, as
constructed in Example 1.3, of the pre-Saito structure (Eo

f , R∞, R
o
0, g

o) defined
above can be obtained from a deformation of f itself.

Let C∗ be the one-dimensional torus with coordinate λ. Later, we will consider
the analytic uniformization λ = ex to be compatible with Example 1.3. For f as in
§3.c, we consider the unfolding

F : U × C∗ −→ A1, (u, λ) 7−→ λf(u).

The Gauss-Manin system GF of F is a one-parameter deformation of that of f . We
set (still denoting by d the differential with respect to the U -variables only)

GF,0 = Ωn(U)[λ, λ−1, ζ]
/

(ζd− λdf∧)Ωn−1(U)[λ, λ−1, ζ].

The action of ζ2∂ζ is induced by the multiplication by λf on Ωn(U)[λ, λ−1] (and
extended with the Leibniz rule). The action of ζ∂λ is induced by the multiplication
by −f on Ωn(U)[ζ] (and extended with the Leibniz rule).

Let us denote by π the map (λ, z) 7→ λz and by π∗ : C[z] → C[λ, λ−1, z] or
C[ζ] → C[λ, λ−1, ζ] the corresponding morphism of algebras, defined by z 7→ λz
and ζ 7→ λ−1ζ. Then GF,0 = π+Gf,0, where π+ means π∗ of the C[ζ]-module
and the natural lifting of the connection. Regarding C[λ, λ−1, ζ] as a C[ζ]-module
through π∗, we have GF,0 = C[λ, λ−1, ζ]⊗C[ζ] Gf,0 and

ζ2∂ζ(1⊗ g) = λ⊗ (ζ2∂ζg), ζ∂λ(1⊗ g) = −1⊗ (ζ2∂ζg).
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Using the space Eo
f ⊂ Gf,0 given by Hodge theory and M. Saito’s procedure for f ,

we get the trivialization GF,0 = C[λ, λ−1, ζ]⊗CE
o
f , and we get a pre-Saito structure

by changing the trivialization as in Remark 1.4 (using here the variable ζ instead
of z). From Remark 1.4 we obtain:

Proposition 4.1. Let (Eo
f , R∞, R

o
0, g

o) be the canonical pre-Saito structure of
weight n attached to f . Then, for any x ∈ A1, the canonical pre-Saito struc-
ture of weight n attached to exf is the fibre at x of the trivial deformation of
(Eo

f , R∞, R
o
0, g

o) constructed in Example 1.3 (plus Example 1.16 for the metric).
�

4.c. Frobenius manifold structure. In order to obtain a Frobenius manifold,
we need a pre-primitive homogeneous section ωo, canonically associated to the
geometry. Such a section exists when U is a torus, so we will only consider this
case.

Assumption 4.2. U ' (C∗)n is a torus with coordinates u1, . . . , un and f : U → A1

is a Laurent polynomial such that:
(1) f is convenient and nondegenerate with respect to its Newton polyhedron

(cf. [9]),
(2) the critical points of f are simple and the critical values are distinct.

As a consequence, the Jacobian algebra O(U)/(∂f) is finite dimensional, and
the multiplication by f induces on it a regular semisimple endomorphism, whose
eigenvalues are the critical values of f . Moreover, f is cohomologically tame with
respect to the constant sheaf. We can apply to it the results indicated above (cf. [5,
§4]).

The class ωo of the volume form du1
u1
∧· · ·∧ dun

un
belongs to the canonically defined

vector space Eo
f and is homogeneous of degree 0 with respect to R∞. Moreover, it

is a cyclic vector for Ro
0. It is thus pre-primitive and homogeneous. Therefore, the

data (Eo
f , R∞, R

o
0, g

o, ωo) define a canonical Frobenius manifold structure on Ẽo
f

of weight n. Let us note that any other coordinate system on the torus, obtained
from (u1, . . . , un) by a monomial change of coordinates, leads to a new volume form
equal to ±ωo. According to Remark 1.23, the Frobenius structure does not depend
on the choice of the coordinate system on the torus.

Let us now consider the r-fold alternate product. From Proposition 3.16, we get:

Corollary 4.3. The restriction to A1 of the differential system (F o,∇o) on P1 as-
sociated to the r-fold alternate product of the canonical Frobenius manifold attached
to f is the Gauss-Manin system ∧rGf of the pair (f (⊕r), pC∧r

U ) on U (r). �

Example 4.4. Let f(u) = u0 + u1 + · · ·+ un, where we have set u0 = 1/(u1 · · ·un).
The canonical pre-Saito structure (Eo

f , R∞, R
o
0, g

o, ωo) is obtained in the following
way (see for instance [6] with all the weights set to one). The space Eo

f is the
C-vector space generated by ωo

0 = ωo, ωo
1, . . . , ω

o
n, where, for k > 1, ωo

k is the class
of u0 · · ·uk−1

du1
u1

∧ · · · ∧ dun

un
. In this basis, the matrices of R∞, Ro

0, g
o are those of

Example 1.28.4

From Theorem 2.13 and Corollary 4.3 we conclude that the Gauss-Manin sys-
tem of the pair (e(r−1)iπ/(n+1)f (⊕r), pC∧r

U ) can also be obtained from the Frobenius
manifold attached to the quantum cohomology of the Grassmannian at its origin.

4A similar computation can be done with weights, for instance by setting u0 = 1/(uw1
1 · · ·uwn

n )

with w1, . . . , wn ∈ N∗ (cf. [6, 11, 3]).
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Remark 4.5. It would be desirable to give an interpretation of ∧Eo
f and of the

metric induced by ⊗rgo purely in terms of (f (⊕r), pC∧r
U ) (by using Hodge theory

at f (⊕r) = ∞), so that the canonical process of §4.a could be directly applied to
(f (⊕r), pC∧r

U ).
On the other hand, it would also be desirable to define a suitable small defor-

mation of f (⊕r) which would be enough to recover the r-fold alternate product of
the pre-Saito structure attached to f . A natural choice would be the deformation
induced by the deformation of f⊕r by the elementary symmetric functions of the
f(u(i)) (i = 1, . . . , r), but this deformation usually introduces new critical points,
which would have to be eliminated in some way.
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