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0. INTRODUCTION

The purpose of this paper is to review Diana Shelstad’s results on
endoscopy for real reductive groups ([Shl], [Sh2], [Sh3|, [Sh4]). This
impressive body of work is a part of the general Langlands program
in automorphic representation theory, where it gives the first examples
of Langlands’ (local) functoriality principle. It establishes a transfer
of orbital integrals between a real reductive group G(R) and one of its
endoscopic groups H (R). With hindsight, and somewhat artificially, it
is easiest for us to break down the difficulties Shelstad encountered into
two parts. Her first problem was to find the correct definition of the
transfer factors; the second problem was to show that they indeed give
the transfer of orbital integrals. In her series of papers on the subject,
these two problems are intertwined, since the second one obviously
gives necessary conditions for the first. Moreover, the definitions of the
transfer factors grew more elaborate and conceptual as increasingly
general situations were considered. Finally, Shelstad’s work in the real
case served as a guide to the (perhaps definitive) treament of transfer
factors for all local fields in [LS], and [KS| for the twisted case. In
[LS2], a somewhat indirect argument shows that, up to a global sign,
the transfer factors of [LS], when specialized to the real case, are the
same as those in [Sh4].

For anybody who wants to study the subject today in some depth,
the natural path would be first to absorb the definitions in [LS], spe-
cialize them to the real case, and then use [Shl], [Sh2], [Sh3] and [Sh4]
to establish the transfer of orbital integrals. This requires substantial
effort, and it is this effort we want to reduce as much as possible. Our
point of view is to take [LS], [LS2] and [KS] as the foundations of the
theory of endoscopy, and this will be our starting point. We explain
in some detail how the definitions there specialize to the real case.
Then we reduce the proof of the transfer of orbital integrals to a set
of properties of the transfer factors (Proposition 4.4 and Lemma 4.6).
Some of these properties are already established in [LS], [LS2] or [KS],
and we don’t repeat the proofs here. Other properties are extracted
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from Shelstad’s articles. We hope that the treament given here is sim-
pler. It follows the lines of [R], where the transfer of orbital integrals
is established for real groups in the context of twisted endoscopy.

In the general setting of twisted endoscopy, as formulated in [KS]
and specialized to real groups, one starts with a datum (G, 6, w) where
G is an algebraic reductive group defined over R, ¢ is an algebraic R-
automorphism of GG, and w a quasicharacter of G(R), the group of real
points of G. Shelstad’s series of papers, culminating in [Sh4], deals
with the case § = 1, w = 1. In [R], we deal with the case w = 1 and
0 is of finite order. In this paper, we take # = 1, but we allow w to be
non-trivial. The technical complications it induces are minor (unlike
the case where 6 is non-trivial). It could be argued that the results of
[R] and those here could be combined to give the general case. But our
motivation here is to simplify the existing litterature, so we won’t go in
this direction. Another difference with Shelstad’s approach is that we
work with the space of compactly supported smooth functions rather
than the Schwartz space. For this, we use Bouaziz’ results on orbital
integrals of such functions ([B1]).

For a general discussion of endoscopy and the Langlands functoriality
principle, we refer to [LTF], [Kn], [G].

Let us now describe in more detail the contents of the paper. The
first section introduces the basic notions : reductive algebraic groups
defined over R, their L-groups, the Langlands classification of irre-
ducible representations, stable conjugacy and finally the definition of
endoscopic data. The second section describes the correspondences of
points (or rather conjugacy classes) between an algebraic group G de-
fined over R and one of its endoscopic groups H. The main notion
here is that of Cartan subgroups of H(R) originating in G(R). When a
Cartan subgroup 7% (R) of H(R) originates in G(R), there is an isomor-
phism Ty (R) ~ T(R) with a Cartan subgroup of G(R), compatible
with the correspondence of regular conjugacy classes. Some properties
are established : if Ty (R) originates in G(R), all Cartan subgroups
in H(R) smaller than T (R) in the Hirai order also originate in G(R)
(Lemma 2.10), and for a Cartan subgroup immediately bigger than
Ty (R) in the Hirai order, a necessary and sufficient condition is given
in terms of Cayley transforms (Lemma 2.12).

In the third section, we recall properties of orbital integrals. The
space of orbital integrals on G(R) is defined. It is a locally convex
topological vector space, and its dual is isomorphic to the space of
(conjugation-) invariant distributions on G(R). It can be viewed as
the space of smooth compactly supported functions on the “variety” of
conjugacy classes in G(R). Cartan subgroups are transversal to regu-
lar orbits and regular elements are dense in G(R). This explain why
orbital integrals are characterized by the properties of their restrictions
to Cartan subgroups ([B1]). Stable orbital integrals on H(R) are also
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introduced. The main theorem of the paper is then stated (Theorem
3.6) : starting from an orbital integral on G(R), one can define a func-
tion on a dense open set of regular elements in H(R), by a formula
involving the so-called transfer factors. This formula can be extended
smoothly to all regular elements, and it gives a stable orbital integral on
H(R). In the fourth section, we reduce the proof of the main theorem
to a set of properties of the transfer factors. This is purely formal, as
the transfer factors are not even defined at this point. This is done in
the next section, where the definitions of [LS] are specialized to the real
case. In the last section, we prove the desired properties of the transfer
factors. In an appendix, we recall the Langlands correspondence and
the Tate-Nakayama duality for real tori, since these are ingredients of
the definition of transfer factors.

1. NOTATION AND BASIC DEFINITIONS

1.1. Notation for group actions. Let A be a group, and X a set on
which A acts. For all subset B in X, set:

Z(A,B)={a€ A|VYbeE B, a-b=10}
N(A,B)={ac A|Vbe B, a-be B}.

Different actions of a group on itself will be considered, so unless oth-
erwise stated, the above notations will refer to the usual action by
conjugation. The inner automorphism of A given by an element a € A
is denoted by Inta and A* := {b € A|Inta(b) = aba™' = b}. If A is
a topological group, the connected component of the trivial element in
A is denoted by Ag. The center of A is denoted by Z(A).

1.2. Weil group. Let I' = {1,0} = Gal(C/R) be the Galois group of
C over R. The Weil group Wg is a non-split extension

1-C*—=Wr—T-—1.

More precisely, Wg is the group generated by C* and an element j
which projects to o € I' with relations

=1 jz=z

1.3. Reductive algebraic groups over C. For the proof of the re-
sults in this paragraph, we refer to [ABV], Chapter 2. Let G be a
connected reductive algebraic group defined over C. The group G is
identified with the group of its complex points.

Following [LS], by a pair in G, we mean a couple (B,T') where B is
a Borel subgroup of G and T' a maximal torus in B, and by a split-
ting of G, we mean a triple spl, = (B,T,{X,}) where (B,T) is a
pair in G and {X,} a collection of non-zero root vectors, one for each
simple root a of T in B. Two spittings spl, = (B,T,{X,}) and
spl; = (B',T',{X/}) are conjugate under G by an element uniquely
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determined modulo Z(G), two pairs (B,T') and (B’,T") are conjugate
under G by an element uniquely determined modulo 7', and two Borel
subgroups B and B’ are conjugate under GG by an element uniquely
determined modulo B.

Associated to a pair (B,T), there is a based root datum
U(G, B, T)=(X"(T),A(B,T), X.(T),A"(B,T))

where X*(T') is the group of algebraic characters of T', X, (T") the group
of 1-parameter subgroups of T, A(B,T) are the simple roots of the
positive root sytem R(B,T) of T in B, and A™(B,T) are the simple
coroots. The structure on this datum is the lattice structure of X*(7')
and X, (T), together with the perfect pairing

X*(T) x X.(T) — Z,

the containment A(B,T) C X*(T) and A" (B,T) C X.(T) and the
bijection a <= a” between roots and coroots. By an automorphism of
U(G, B,T) we mean a bijective map respecting this structure.

Since two pairs (B,T) and (B’,T") are conjugate under G by an ele-
ment uniquely determined modulo 7', there is a canonical isomorphism
between ¥(G, B,T) and ¥(G, B',T"). Let us define

Ue = (X5, A, X,, A)

as the projective limit of the W(G, B,T). Thus, for each pair (B, T),
there is a canonical isomorphism between ¥V (G, B,T) and Wg. There
is an exact sequence :

1—-IntG — AutG — Aut Vg — 1

where Aut G denotes the group of complex algebraic automorphisms

of GG.

1.4. L-group data. The dual of ¥ is by definition U™ = (X,, A", X* A).
AA dual group for G is a connected reductive algebraic complex group
G such that ¥, ~ Ug7. It is unique up to isomorphism.

Let us consider extensions (of topological groups) of the form
1-5G—G5We— L
A splitting of this extension is a continuous homomorphism
s: Wp— G

such that pos is the identity of Wg. Each splitting defines a homomor-
phism 7, of Wg into the group of automorphism of G. A splitting will
be called admissible if for all w € Wrg, 1s(w) is complex analytic and the
associated linear transformation of the Lie algebra of G is semisimple.
It will be called distinguished if there is a splitting sply = (B, T, {X.})
of G such that elements of C* C Wy acts trivially on G, and 7,(j) is
an automorphism of G preserving spls (recall that j is an element of
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W such that Wg = C*[[jC*). Two distinguished splitting will be
called equivalent if they are conjugate under G.

Following Langlands we consider the category &" whose objects are
extensions of the above type, with G a connected reductive algebraic
group defined over C, together with an equivalence class of distin-
guished splittings (called special). A morphism in this category be-
tween two extensions :

1—>C¥—>Q£>WR—>1.

1—>é’—>g’£>WR—>1.
is an equivalence class of L-homomorphisms, ie. continuous group
morphisms £ : G — G’ such that p’ o £ = p, such that the restriction of
£to G (with value in G ) is a morphism of complex algebraic groups and
such that & preserves admissible splittings. Two L-homomorphisms &;
and & as above are in the same class if there exists g € G such that

§2=1Intgo&;.

Suppose now that G is a connected reductive algebraic group defined
over R. The group G is identified with the group of its complex points.
Let o be the non trivial element of I' = Gal(C/R). We will denote
by o¢ the action of o on G, by G(R) the group of real points of G.
The automorphism og on G induces an automorphism a, of Vs via
the isomorhisms Vg ~ V(G, B,T), V¢ ~ VY(G,06(B),06(T)) and
oc: Y(G,B,T) ~V(G,06(B),06(T)). The automorphism a, of ¥g
induces an automorphism of W™ that we still denote by a,.

If we fix a splitting sply = (B,7,{A,}) of G, we can transfer the
automorphism a, from V¥4 to W(@ , B, T) via the canonical isomorphism
Ve~ \II(GY, B,T). Then there is a unique algebraic automorphism o
of G preserving spls and inducing a, on \II(CA;, B,T). (Notice that o
is an algebraic automorphism, while o¢ is not).

An L-group datum for G is an object

1-G >G5 W — 1.

in &, such that the action of 7,(j) on H coincide with o constructed
as above from a special splitting spl.

A realization of the L-group “G of G is then a semi-direct product
G % o Wr, where the action pg of Wg on G factors through the pro-
jection on Gal(C/R), with o acting by o, where o4 is constructed as
above from a special splitting. Two realizations of “G given by two
different choices of a splitting of G are isomorphic as objects in &.

Remark. Suppose that G is a split extension of Wi by G, i.e. that we
have a split exact sequence

(1.1) 1-G—G—Wg—1.
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Then G is not always an L-group for some real form of G. Nethertheless,
we can attach to G an L-action pg of Wg on G as follows. If ¢ :
Wr — G splits (1.1), then for w € Wg, Intc(w) acts by conjugacy
on G. Composing with an inner automorphism of @, we obtain an
automorphism pg(w) preserving spls. It is straightforward to check
that pg doesn’t depend on the choices (for instance, if we fix a splitting
spls of G from which we construct “G with L-action pa, and if G
is another realization of the L-group obtained from another choice of
splitting, we get pg = pg). This will be used in the definition of
endoscopic data.

1.5. Inner forms. The group G is quasi-split if and only if it has an R-
splitting, i.e. one preserved by og. Two connected reductive algebraic
groups G and G* defined over R are inner forms if there exists an
isomorphism ¢ : G — G* defined over C, and an element u, € G*
such that

(1.2) Yoo(d) " =yoogoy T oog =Intu,

This define an equivalence relation between real forms of connected
algebraic reductive groups defined over R. Every equivalence class
contains a quasi-split form ([ABV], Proposition 2.7). It is easy to
check that up to isomorphism, “G depends only on the inner class of
real forms of G.

1.6. Langlands classification. Let us denote by HC the category of
finite length Harish-Chandra modules of G(R) (technically this requires
the choice of a maximal compact subgroup K (R) of G(R), but we will
ignore this and quite often we will loosely refer to this category as the
category of representations of G(R)). We denote by II(G(R)) the set
of irreducible representations of G(R).

A Langlands parameter is an L-morphism ¢ : W — ZG. A G-
conjugacy class of Langlands parameters is then a morphism in the
category 8" Let us denote by ®(G) the set conjugacy classes of Lang-
lands parameters, and by [¢] the conjugacy class of ¢. . To each
[¢] € ©(G) is attached a packet IL; (sometimes empty) of representa-
tions, with the following properties :

- the I14, with [¢] running over ®(G) form a partition of II(G(R)),

- each packet II, is finite,

- all representations in a packet have same central and infinitesimal
character,

- if a representation in some II, is in the discrete series (resp. is
tempered), then all representations in I, are in the discrete series
(resp. are tempered).

For further details about the Langlands classification, we refer to
[L1], [Bo] or [ABV].
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1.7. Quasicharacter. The action of W on Z(G) is well defined, and
so is H'(Wg, Z(G)), where it is understood that only continuous cocy-
cles are to be considered. There is an action of H'(Wg, Z(G)), defined

as folows. If ¢ is a Langlands parameter, and if a € H'(Wg, Z(G)),
one a[¢] to be the class of

ap(w) = a(w)p(w), (w e W),
where a is any choice of a cocycle representing a (it is easily checked
that the class of a¢ doesn’t depend on the choice of a). Thus it also acts
on the set of L-packets. To describe this, we recall a construction made
in [L1], before Lemma 2.12 : to each a € H'(Wg, Z(G)) is attached a
quasicharacter w, of G(R), satisfying the following property :

Iy @ wa :={m @uwa| Ty} =1ap.

Our interest is in the study of L-packets Il of irreducible admissible
representations of G(R) such that

(13) H¢> = H¢> X Wa = Ha¢.

Since all representations in a L-packet have same infinitesimal char-
acter, we see that this forces w, to have trivial infinitesimal character.
Thus we suppose that w, is trivial on G(R)p. Set G(R)T = ker ws.
This is an normal open subgroup of G(R) and one can view w, as a
character of the finite group G(R)/G(R)*.

1.8. Endoscopic data. Let GG be a connected reductive algebraic group
defined over R. We fix a quasi-split group G* in the inner class of real
forms of G with an inner inner twist ¢» : G — G* and an element u, in
G* as in (1.2).

We denote by G the universal covering of the derived group G4,
of G*, and if T is a maximal torus in GG, T;. denote the inverse image
of T'N Gy, in G4 under the natural projection. We will often identify
elements in G, or T,. with their image in G or 1" without comment.

The group G* being quasi-split, let us fix once for all a R-splitting
splg- = (B, T, {X,}). Let us also fix a splitting sply = (B, 7T, {A,}) of
G, from which we construct a realization of the L-group of G. Finally,
let a € H'(Wg, Z(G)) and let w = w, bethe quasicharacter of G(R),
attached to it as in 1.7.

Definition 1.1. Following [KS], we call the quadruple (H,H, s, &) an
endoscopic datum for (G, a) if :

(1) H is a quasi-split connected reductive algebraic group defined over
R.

(1) s is a semi-simple element in G.

(iii) H is a split extension of Wr by H such that for a choice of a
splitting spl, of H, pn and py; coincide (see remark 1.4). (Both pgy
and py depend on the choice of spls, but not the property py = py.)
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(iv) £ : H — G is an L-homomorphism.

(v) Int so& = a- & where a is a 1-cocycle of Wy in Z(G) representing
a.
vi) € maps isomorphically H into (G*).

The purpose of endoscopic data for (G, a) is to study reprsentations
of G(R) in L-packets satisfying (1.3). But II, = Il,, if and only if there
exists g € G such that

Int g o ¢ = ag,
i.e. theset Sy ={g € G |Int g o ¢ = a¢} is not empty. Assume g € S,
has Jordan decomposition g = su. Then s € Sy and u € Cents(¢)o,
a connected group which acts by translations on S;. Therefore, every
connected component of S, contains a semisimple element.

Assume that s € Sy is semisimple, so that H:= @8 is reductive. Let
H be the subgroup of “G generated by H and the image of ¢, endowed
with the induced topology, and let ¢ be the inclusion of H in “G. Then
there is a split exact sequence

1—>ﬁHHHWR—>1.

Define py as in remark 1.4, and construct an L-group “H from H, PH
and a choice of a splitting spl;. Let H be a quasi-split reductive group
defined over R with L-group “H. Then (H,H,s,&) is an endoscopic
datum for (G,a). If H is isomorphic to LH, then ¢ : Wi — LG, which
factorizes through H, gives a Langlands parameter

§H2WRHH.

In lines with Langlands functoriality principle, there should a transfer
from Ily, to Ily, i.e. a way to relate characters of representations
in Il4, to characters of of representations in II4. This relationship
between characters of the two groups will be obtained from a dual
transfer of orbital integrals from G(R) to H(R). The goal of the paper
is to explain how this transfer of orbital integrals is obtained. When H
is not an L-group for H, the situation is more complicated. We need
the notion of z-pair introduced below, and we get a tranfer of orbital
integrals from G(R) to some extension H;(R) of H(R).

Definition 1.2. The endoscopic data (H,s,H,§) and (H',s',H', &)
are isomorphic if there exists g € G’, an R-isomorphism « : H — H’
and an L-isomorphism (5 : H' — H such that :

- The maps induced by o and 8 on the based root data, Uy = Uy

and WUy, 2oy 7 are dual to each other.

-IntgofofB=¢.

-gsg™' =5 modulo  Z(G)Z(&)y, where Z(¢£') is the centralizer
in G of the image of H' under ¢’
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We may replace (s,€&) by (gsg~!,Intgo§) for any g € G and get
another equivalent endoscopic datum. Thus, up to equivalence, we can
assume that s € 7. Then Ints- (B,7) = (B,7). Making another such

replacement with a g € (GS)O, we may also assume that :
(1.4) £(By) =BN(G%) and &(Ty) =17T.

For the rest of the paper, we fix G, G, a splitting splgy = (B, T,{X}),
an endoscopic datum (H,H, s, &), and a splitting spl; = (Bu, Ty, {Xu})
of H. We assume that s € 7 and that (H,H, s, &) satisfies (1.4).

1.9. z-pair. Since H is not necessarily an L-group for H (see [KS],
§2.1) we need to introduce a z-extension H; of H. We recall the defi-
nition ([K]):

Definition 1.3. A z-extension of a connected reductive algebraic quasi-
split real group H is a central extension H; of H:

1—-71—->H —H—1

where H, is a connected reductive algebraic quasi-split real group whose
derived group is simply-connected and Z; is a central torus in Hq,
isomorphic to a product of Resc/rR*.

Note that since H'(T', Z;) = {1}, we have also :
1— Z(R) — Hi{(R) — HR) — 1.
Dual to the exact sequence in the above definition we have
1—>f]—>lffl—>ZAl—>1,

so we regard H as a subgroup of H,. This inclusion can be extended
to a L-homomorphism &g, : H — “H; (see [KS| lemma 2.2.A).

Definition 1.4. By a z-pair for H, we mean a pair (Hi,{y,) where
H, is a z-extension of H and &g, : H — “H; a L-homomorphism that
extends H — H;.

Observe that {, determines a character Ay, of Z;(R). This charac-
ter has Langlands parameter:

(15) WRgHﬂLHl —>LZ1,

where ¢ is any section of H — Wg and *H, — ©Z; is the natural
extension of H; — Z;. For a discussion of the significance of A\p,
in terms of Langlands functoriality principle, see [KS], end of section
2.2. Let us just say here that if H is not an L-group, then there is
no matching between compactly supported smooth functions on G(R)
and compactly supported smooth functions on H(R). Instead, we will
establish a matching between compactly supported smooth functions
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on G(R) and smooth functions on H;(R), compactly supported mod-
ulo Z;(R) and transforming under translations by elements of Z;(R)
according to Ag, .

2. CORRESPONDENCES OF POINTS

2.1. Correspondences of semi-simple conjugacy classes. Recall
the inner twist ¢ : G — G* and the element u, € G* such that
Yo(¢)™t = Intu,. Then ¢ induces a bijective map Ag g+ from conju-
gacy classes in G to conjugacy classes in G* which is defined over R.
Let us denote by Ag-+ ¢ its inverse.

We recall now the points correspondences between H and G. We
have fixed splitings splys. = (B,7,{X}) and sply = (Bu, Ty, {Xu}).

Theorem 2.1. ([LS] 1.3.A4) There is a canonical map defined over R:
(21) -AH/G . CZSS(H) — CZSS(G)

between semi-simple conjugacy classes in H and semi-simple conjugacy
classes in G.

This map is obtained in the following way: suppose (Bg,Tq) is a
pair in H and that (B, T) is a pair in G*. Attached to (By,Tx) and
(By, Tp) is an isomorphism Ty ~ Tz and attached to (B, T) and (B, T)
is an isomorphism 7' ~ 7. We have therefore a chain of isomorphisms:

THZTHiTZT

which yields Ty ~ T'. This isomorphism transports the coroots of Ty
in H into a subsystem of the coroots of T" in G* and the Weyl group
Wy = W (H,Ty) into a subgroup of the Weyl group W := W (G*,T),
and so induce a map :

TH/WH — T/W

Therefore we have:

Ac*.q

yielding the map (2.1).

If Ty is defined over R, we may choose (B, T') and By such that both
T and Ty ~ T are defined over R (see [LS], 1.3.A). An R-isomorphism
n: Ty — T as above will be called an admissible embedding of Ty
in G*. It is uniquely determined up to A(7)-conjugacy, that is up to
composition with Int g where g lies in

AT) ={9€ G : oc-(9) g €T}
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2.2. Norms. Let 6 € G(R) be a semi-simple element. Recall that ¢ is
regular (resp. strongly regular) if (G°), (resp. G°) is a maximal torus
of G.

Let us denote by O, the conjugacy class of an element v € H, and
by Os the conjugacy class of an element o € G.

Definition 2.2. An element v € H is G-regular (resp. strongly G-
regular if Ay, (O,) is a regular (resp. stronly regular) conjugacy class

in G.
Lemma 2.3. ([KS],3.5.C)

(i) G-regular implies regular,
(ii) strongly G-regular implies strongly regular.

Definition 2.4. The stable conjugacy class of a strongly regular ele-

ment § € G(R) is Os N G(R).

We extend this definition for regular elements. Let § € G(R) be
such a element. Suppose that & = gdg~' € G(R). Then we have
oc(g9)tg € G°. Let us denote Ts = (G?),. Since § is regular, Tj is a
torus.

Definition 2.5. In the above setting, we say that ¢’ is in the stable
conjugacy class of ¢ if and only if og(g)~tg € T;.

We will see below the reason for this requirement. Note that if J is
strongly regular, then G° = T; and the two definitions agree.

Definition 2.6. Let v € H(R) be G-regular, and let Ty be the maxi-

mal torus of H containing . Fix an admissible embedding Ty - T of
Ty in G*. We say that v is a norm of § € G(R) if :

(i) 6 lies in the image of O, under Ap/q.

Then, by definition, there exist z € G* and ¢* € T such that * =

2(6)x~! and & = n(y).
(ii) Intz o : Ty — T is defined over R.

We will see in the proof of the next theorem that if v is strongly
G-regular, then the condition (ii) is automatically fulfilled. When it is
not possible to find such an element §, we say that v is not a norm.

Theorem 2.7. Let v € H(R) be G-reqular. Then v is a norm of
exactly one stable conjugacy class in G(R) or is not a norm.

Proof. Recall that
¥ =Intu, oog 0 oog = Intu, o o),
thus o(Int z o) = Int (o (z)u, ') 0 .
Therefore, Int x 04 : Ts — T is defined over R if and only if
o(Int z 0 ¢) = Int (6 (2)u,; ') op = Int x 0 7).
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Set v, = zu,0q-(x)~. Thus Intx o 1 is defined over R if and only
if Int vt is trivial on T, i.e. v, € T.
Furthermore, since

Uy 1070, = 06+ ()u, () us06- ()7 = o6 (2)o () (0)og-(z)
= oG+ (5*) ="

we get v, € (G*)7.
From this discussion, we see that if v is stronly G-regular, then 0* is
strongly regular, (G*)°" =T and Intz 04 : Ts — T is defined over R.
Suppose now that 9, is stably conjugate to d, i.e. there exists g € G,
with §; = gdg™' € G and og(g)~'g € Ts. Suppose also that 7 is a
norm for . Then we compute

5 = x(g) " (d0) (x(g) )
We want to prove that v is a norm for d;, so we have to check that
Int (z¢p(g) ') oo : Ts, — T is defined over R. From the discussion
above, this is the case if and only if Int (x¢)(g) tu,oq- (x¢(g)~1)™1) is
trivial on 7. We compute :
2(9) " ugo (2(9) ™) T = (2(9) T o) (ug Y (06 (9) e o ()

= 29 06(9))ueoe ()"

= 2(g " o6 (9))x ™ v,

Since 7 is a norm for ¢, Int v, is trivial on 7', hence we only have to
check that Int (z¢)(g tog(g))z™t) is trivial on T, i.e. Int (g tog(g)) is
trivial on Ts. This is now obvious by the definition of stable conjugacy
and the requirement that g~'og(g) € Ts.

Let us now prove the other inclusion, and so suppose that ~ is a
norm for 4, d1, i.e. there exist ¢* in 7" and z, x; € G%,. such that

§ = 2(8)r = z(6))a !
We are lead to :
Oy =4 a w)o (g (2 )
We have then to show that wlog(w) € Ts, where w = ¥~ !(z] z).
This is equivalent to : Intz o ¥)(wlog(w)) € T, and:
Int 2 o Y(w tog(w)) = og-(v1) Log- (v),

where v = v, as above and v; = T u,0q-(x1)"'. This is a product
of elements in T, hence Intx o ¢¥(w 'og(w)) € T. The proof of the
theorem is now complete. O

Remark. Suppose that v is a norm of 4, and that n : Ty — T,
0* = n() and x are fixed as in the definition. We may replace z by an
element x, = tz with t € (G*)®", provided that Int z; 01 is defined over
R. As we have seen in the proof of the theorem, this is equivalent to
Int v} trivial on T, with v} = tru,0q-(x) " tog-(t)~1. Since t € (G*)*,
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t normalizes T and since v, is trivial on T, we get that tog-(t)~! must
act trivially on T, i.e. tog-(t)™' € T.

2.3. Admissible embeddings in G. Let Ty be a maximal torus of
H defined over R. If there exists a G-regular element v € T (R) which
is the norm of an element § € G(R), we say that Ty originates in
G. Recall this means that given an admissible embedding Ty —> T of
Ty in G* defined over R, there exist z € G7%, and 0 € T such that
§* = zp(6)x~t, 6* = n(v) and

Intxovy:Ts—T

is defined over R. Let us denote Ty by Tg.

Let 74 € Ty be another G-regular element, 6" = n(y;) € T and
01 € Tg such that Intx o ¢(0;) = 6;". Since Intz oy : Tg — T
is defined over R, v, is a norm of §;. Conversely, for every regular
element d; in Tz (R), there is a G-regular element 7, of Ty (R) which is
a norm of d;.

We summarize the discussion.

Proposition 2.8. Let Ty as above be a mazimal torus of H defined
over R originating in G and let v € Ty(R) be a G-regular element
which is a norm of a regular § € G(R). Let T the mazimal torus G
containing 9o, and fir T', n and x as above. Then there is an isomor-
phism defined over R :

N - TH - Tg, Ne = (Il’lt:(f © w>_1 on,

such that n;(61) is a norm of 8, for all regular element 6, € Tg. As
suggested by the motation, this isomorphism does not depend on the
initial choice of & and v but only on the admissible embedding n of Ty
i G* and the element x. We call such an isomorphism an admissible
embedding of Ty in G.

Graphically,

Ty 5 T 2 1,

Suppose that we are in the setting above, i.e. v € Ty(R) is a norm
of a regular element in G(R). Then v is a norm of exactly one stable
conjugacy class O°" in G(R). Let us denote by X, a system of represen-
tatives for the conjugacy classes in G(R) contained in O%. Let us first
fix an admissible embedding 1 of T in G*. Then, for all §; € X, let
us choose z; € G* such that x; and n define an admissible embedding
Ne, © 1w — Ts, as above. Put T ,; = Tj,. Suppose that «; is another
G-regular element in Tz (R). Then, we have seen that 7 is a norm of
the 517,' = 7’]961(’)/1)

Lemma 2.9. The set {01} forms a system of representatives for the

conjugacy classes in G(R) contained in the stable conjugacy class of
elements in G(R) for which v, is a norm.
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Proof. This is straightforward and more or less contained in the proof
of Theorem 2.7.

If Ty originates in G, a set of isomorphisms 7, as in the lemma will
be called a complete system of admissible embeddings of Ty in G.

2.4. Admissible embeddings in G(R)*. Suppose that the maximal
torus Ty of H originates in GG. Let us fix a complete system of admis-
sible embeddings 7, : Ty — T} as in the previous paragraph. We say
that T (we should say Ty (R)) originates in G(R)™ if one of the Car-
tan subgroups Tj(R) of G(R) is contained in G(R)*. We first remark
that if one of the T;(RR) is contained in G(R)", then all of them are.
Indeed, the T};(R) are conjugate under G, so a well known result asserts
they are conjugate under G(R). Since G(R)™ is normal in G(R), this
proves the assertion. The same argument also proves that the notion
”originates in G(R)™” does not depend on the choices of the 7,,.

2.5. Roots originating in H. Suppose that we have a maximal torus
Ty of H defined over R, and an admissible embedding

n: Ty —T.

We say that o € R(G*,T) originates in H when there exists a root
ay € R(H,Ty) such that n(ayg) = a.
Another way to say this is to notice that

ag € R(H,Ty) C X.(Ty) ~ X*(Ty) ~ X*(T) ~ X.(T),

but, as it is obvious from the definition of an endoscopic datum, we
get R"(H,Ty) C R (G,T). Thus o originates in H if it coincide with
a root ay through these identifications.

Let v € Ty be G-regular, and 0* € G* such that n(y) = J§. We have
then :

(2.2) ap(y) = a(d")

Let n, : A : =Ty — Ty be an admissible embedding of Ty in G.
We can define roots of R(G,Tg) originating in H in a similar way. It
is clear from the construction that the set of coroots in R°(G,T) (or
R (G,Tg)) originating in H form a subsystem of coroots.

2.6. Cayley tranforms. Let g be a real reductive Lie algebra and
gc its complexification. We denote by o the conjugation of gc with
respect to g. Let b C g be a Cartan subalgebra. Let o € R(gc, bc) be
an imaginary root, choose a root vector X, for a and fix a root vector
X_, of —a such that [X,, X_,] = H,, where H, is another notation
for the coroot a” € be. Then s¢c =C- X, +C-X_,+C- H, is a simple
complex Lie algebra invariant under conjugation, o(H,) = —H, = H_,
and o(X,) = cX_, for some ¢ € R*. If ¢ < 0, we can renormalize to get
0(Xy) =—=X_4orif ¢ >0, to get 0(X,) = X_,. In the former case, a
is compact, s = s% ~ su(2). In the latter case, v is non-compact and
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s ~ sl(2,R). Suppose that « is non-compact. We define a standard
Cayley transform with respect to a to be an element of the adjoint
group of s¢ of the form ¢, = exp(—im(X, + X_4)/4), where X,, X_,
are normalized as explained above (they are unique up to a scalar factor
of absolute value 1, and all the standard Cayley transforms for a are
conjugate in the adjoint group of s¢). We have :

bc =kera®C- H,
b=kera), ®iR- H,.

Let ac :=co-bec =kera®C- (X, — X_,). This is a Cartan subalgebra
defined over R and

a=kerajp®iR- (Xq —X_4).

The root 3 := ¢, - of R(gc, ac) isreal and ¢o-Hy = Hg = i(Xo—X_4).
Furthermore :

o(ca) = exp(in(Xq + X_4)/4) = ;.

A standard Cayley transform is a particular case of a generalized Cayley
transform defined by Shelstad (see [Sh1], §2), in particular, as it is easy
to check, o(cy)teq = 2 realizes the Weyl reflection s, with respect to
the root a.

It will be useful to reverse the process, and define Cayley transforms
with respect to real root. If ac is a Cartan subalgebra of gc defined
over R, and 3 a real root, we take root vectors Xz and X_g in g such
that [Xg, X_g|] = Hp and define cg := exp(in(Xz + X_p)/4). The root
cg - B of be 1= cp - ac is imaginary non-compact and we can make the

choices such that ¢z = ¢

2.7. Jump data. Let us denote by gc (resp. g) the Lie algebra of G
(resp. G(R)). We say that z € G(R) is semi-regular when the derived
algebra of g” is isomorphic to sl(2,R) or su(2). Suppose it is sl(2, R).
Let b be a fundamental Cartan subalgebra of g*, and £« the roots of
bc in g¢: they are non-compact imaginary and satisfy

det(Id — Adz‘l)‘gg = 0.

Let ¢, be a Cayley transform with respect to v as in the previous section
and let us also denote by a the maximally split Cartan subalgebra of
g” obtained from the Cayley transform (ie. ac = ¢, - bc). Let B(R)
and A(R) be the Cartan subgroups corresponding respectively to b and
a. We refer to these notations by saying that (z, B(R), A(R),¢,) is a
jump datum for G(R). Jump data for the group H(R) are defined in
the same way.
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2.8. Jump data and admissible embedding. Let (yo, 7w, T, Cay)
be a jump datum on H.

Lemma 2.10. (see [Shl], §2) If Ty does not originate in G, neither
does T};.

Proof. Suppose that T}, does originates in G. We want to prove that
Ty also originates in G.

Our hypothesis is that there exist a maximal torus 7" of G* defined
over R, with an admissible embedding n’ : T}, — T, elements v € T},
§*' € T" such that '(y') = §*', an element x € G*,, a maximal torus

sc?

T}, of G defined over R and an element ¢’ € T/ (R) such that §*' =
2(6")x~! and

Intzot: Th=G)—T
is defined over R (see section 4). From these data, we get an admissible
embedding :

ne : Ty — T,

Let us denote by By the real root of R(G,T};) obtained by taking the
Cayley transform ¢, , -ag, and by [ the corresponding root of R(G, T¢,).
Since 1’ is defined over R, it is clear that [ is real.

Set 0o = 12(70) € TE(R) and §5 = n(y0). We take a standard Cayley
transform cg with respect to 3 and and define tgc = ¢5 - tgc. Let
T be the corresponding torus of G. We need also to introduce the
corresponding roots and Cayley transforms in G*. Let us denote these

by 5%, cg...
The map Intz o ¢ realizes isomorphisms from G% onto (G*)% and
from T onto T'. The following diagram is easily seen to commute :

T(/; Int zop T

llnt cg l Integ«

TG Int zotp T

From this, we conclude that Intxz o : Tz — T is defined over R.
Indeed, since Int zoy) : T/, — T is defined over R and since o(cg) = cgl,

o(cg) = cgl, this amounts to

Int cg*l(lnt z o), Int cg = Int g (Int z 0 )7, Int cgl,
or equivalently
(2.3) Int cgf(lnt 0 )y, Int ¢ =(Intxo )i,

But the action of 052 on T is given by the action of the Weyl group
reflection sg- € W(G*,T) and the action of ¢} on Tg is given by the

action of the Weyl group reflection sz € W(G,T¢). It is thus obvious
that (2.3) holds.
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We define 1 by the following commutative diagram:

77/
T, 1T

lInt CBy llnt cg*

TH L)
It remains to check that n is defined over R to complete the proof of
the lemma. The argument is similar to the one just given.

og+(n) = og-(Int cg- on’ o Int cg;)
= Int (0+(c3+)) © 0 (1) o (Int o (2
= Int ¢z o' o (Int cg,, )
= Int ¢g+ 0 54 01 0 55, 0 Int c5!
= Intcg- o oInt ezl =7
U
Corollary 2.11. If Ty does not originates in G(R)™, neither does Ty;.

Proof. If Ty does not originate in G, this is clear from the previ-
ous lemma. Suppose that T}, does originate in G(R)" and that Ty
originates in G, but not in G(R)*. Fix an admissible embedding
Ne : Ty — Tg. This means that some connected components of T (RR)
are not in G(R)*. Suppose T}, originates in G(R)" and fix an admis-
sible embedding 7, : T} — T¢, with T5(R) € G(R)". We can arrange
the choices such that T¢, is obtained from Ty by a standard Cayley
transform. But then it is well known that all connected components of
Te(R) intersect T, (R), and we would get To(R) C G(R)™, and obtain
a contradiction. Thus T}, does not originate in G(R)™. O

2.9. Let (y0,Twu, T}, Cay) be a jump datum on H and suppose now
that Ty does originate in GG. Fix a complete system of admissible
embeddings {% : Ty — TGl} Set 50,2' = 77%(70) and a; = nmi(aH>7
and set

L, :={i|a; is imaginary non-compact }

Lemma 2.12. T}, originates in G if and only if L, # 0.

Proof. Suppose T}, originates in G, and let n, : Ty — T; be an
admissible embedding. Let us denote by [y the real root in R(7y;, H)
which is obtained from ay by the Cayley transform c,,, and denote
by [ the corresponding real root in R(T},G). By the construction
made in the previous paragraph, we get an admissible embedding 7, :
Ty — Tg, and a non compact imaginary root 3 in R(Tg, G). Since
our system of admissible embedding 7,, was complete, there is one ¢
such that n, is conjugate in G(R) to 7,,, and so «; is imaginary non-
compact. Conversely, suppose that I, is not empty, and for some
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© € I, consider the data attached to the admissible embedding 7,,.
We want to construct from it an admissible embedding 77, — T¢. It is
straightforward to check that the construction in the proof of lemma
2.8 can be adapted to the present situation, by exchanging the role of
Ty and Ty, the Cayley transforms being with respect to non-compact
imaginary roots rather than real roots. This will be refined below in
lemma 2.14. O

In the setting above, suppose I,; is not empty.

Lemma 2.13. If for some i € I, the reflection s,, is realized in the
group G(R)%: then the same is true for all j in I,

Proof. Suppose n; € G(R)%: realizes s,,. Take an arbitrary j € I,
and let us take g € G such that g-Tg, = Tg, with og(g) 'g =t € Tg,;.
Then,

oc(gnig™") = oc(g)nioa(g)™" = gt~ 'nitg™

= g(Sa; -t )tg™"
Set t = exp X for some X € t;;. We get
(Sai ’ t_1>t = eXp<X — Sa; ° X) = eXp(ai(X>Hai>‘
Since (- a;)(t) = (—a;)(t) = a;(t71) because q; is imaginary, and that
on the other hand
(0 )(t) = ai(oa(t) = as(t™),

we see that o;(t) = e®*) € R. Thus a;(X) = 0 or 7 mod (27). Let
us now use the fact that «; is imaginary non-compact to rule out the
case a(X) =7 mod (27). Let us choose a sly-triple (X,,, X_o,, Ha,)

with 06(X,,) = X_,, as we may, since «; is imaginary non-compact.
Set

1= gnmi_lt_lnitg_l

7

(Xaj’X—Olj’Haj) = (g ) Xaiag ) X_Oli’g ) Hai)'
We have

06(Xa,) = 0a(9) X0, = 06(9)g™" - X_a,

=gt X o, =gt X 0)g T = ((ma) (7)) X, = a(t) X,
Since «; is imaginary non-compact, a;(t) must be positive, and thus
a(X) = 0 mod (2r). We can now conclude that exp(a(X)H,,) =

0 since 2nZH,, is in the kernel of the exponential map, and finally,
oc(gnig™") = gnig. Then s, is realized by n; = gn;g~" € G(R)%:, O

2.10. Suppose that dy € Ti(R) is semi-regular, such that the roots
+a of tgc in g%) are imaginary. Let H, € itg be the coroot of o, and
3, = dpexp(ivH,) € T¢(R). Then for v sufficiently small and non-zero,
6, is a regular element in Tg. Let w, € (G*), be an element realizing
the Weyl reflection s, with respect to . We have then :

wo g exp(ivH, )w, " = exp do(—ivHy,).
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Hence, 6, and §_, are stably conjugate, and there are two possibili-
ties: either they are in the same conjugacy class in G(R), or they are
not. Let us consider the second case.

Let v be small enough and non-zero, so that ¢, is regular. Let
v =n;(6,), and ., be a set of representatives of conjugacy classes
under G(R) in the stable conjugacy class of elements for which ~, is a
norm. Then we may assume that §, and d_, are in X, .

We can construct another admissible embedding:

Nepwst)y - Tn — Ta
fyl/ —s 5—11

using the same admissible embedding Ty —> T of Ty in G* and the
element z1)(w,). It is indeed easy to show that (Int (zt)(wa)) o V)1,
is defined over R from the fact that (Int x o 4);z,, and the reflection s,
on T are defined over R. We will denote 7,(w,) by 7, for short.

In the situation of Section 2.9, suppose that for all @ € I,,, the
reflection s,, is not realized in G(R)%: (see Lemma 2.13). Replacing
some admissible embeddings in the complete system {7,, } by conjugate
ones, we can choose a subset J,, consisting of half the indices 7 € I,
such that :

{nl‘i}iELYO = {nxja ﬁxj }jEJ’Yo .
If the reflections s,,, i € I,,, are realized in G(R)%, we set J,, = I,,.

Lemma 2.14. In the setting of Section 2.9, let us suppose that L, is
not empty. For all j € J,,, construct an admissible embedding n;j :
Ty, — T as in the end of the proof of lemma 2.12. Then the set
{ng, Yier,, is a complete system of admissible embeddings of Ty in G.

Proof. First, let us notice that that constructions of lemmas 2.8 and
2.12 are inverse of each other in an obvious sense. Notice also that
if o is real or non-compact imaginary, and if w, is an element in G%
realizing the reflection s, we can always define 7, as above, replacing
x by z¢(w,). But it is clear that when w, can be realized in G(R)®,
7, is conjugate to n,. This is always the case if « is real. The result
follows easily. O

3. TRANSFER OF ORBITAL INTEGRALS

3.1. Normalization of measures. In order to define the transfer of
orbital integrals we have to normalize invariant measures on the various
groups in a consistent way. We chose Duflo-Vergne’s normalization,
defined as follows: let A be a reductive group (complex or real), and
pick an A-invariant symmetric, non-degenerate bilinear form s on a.
Then a will be endowed with the Lebesgue measure dX such that
the volume of a parallelotope supported by a basis {Xj,...,X,} of

a is equal to \det(f@(Xi,Xj)\% and A will be endowed with the Haar
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measure tangent to dX. If M is a closed subgroup of A, such that k is
non-degenerate on m, we endow M with the Haar measure determined
by k as above. If M’ C M are two closed subgroups of A such that « is
non-degenerate on their respective Lie algebras, we endow M /M’ with

the M-invariant measure, which is the quotient of the Haar measures
on M and M’ defined as above. We will denote it by drn.

3.2. Orbital integrals on G(R). Let f € C°(G(R)). Its orbital
integral is the function defined on G(R),4 by :

Je (@) = | det(ld — AdaV) 0| / flgzg™) dg

G(R)/T(R)

where T'(R) is the Cartan subgroup of G(R) containing = and dg is
the invariant measure on G(R)/7T'(R) normalized with our conventions.
Note that if x is strongly regular, then G*(R) = T'(R). These objects
have been studied in [HC1] and later in [B1]. We recall their properties
and for this we need some notation.

Recall that if T'(R) is a Cartan subgroup of G(R) we have a decom-
position :

gc=tc® Z gﬁ

BER(gc,tc)

where R(gc, tc) is the root system of t¢ in gc and gg is the root space
for the root f3.

Let P be a system of positive imaginary roots in R(gc,tc). We
introduce Harish-Chandra normalizing factor bp on T'(R),e,:

_ [l.cpdet(Id — Ada™") g
| [1.cpdet(Id — Ada™) g

Definition 3.1. Let T'(R) be a Cartan subgroup of G(R). We will
denote by T(R) ey (resp. T(R)rp—rey) the set of a € T(R) such that
the root system of tc in g¢ has no imaginary (resp. non-compact imag-
inary) roots. This implies (in both cases) that t is a maximally split
Cartan subalgebra of g°.

bp(a)

With notations as above, we denote by S(t¢) the symmetric algebra
of t¢, and we identify it with the algebra of differential operators on
T'(R) which are invariant under left translations by elements of T'(R).
We denote by d(u) the differential operator corresponding to u € S(tc).

Let A(R) be a Cartan subgroup of G(R), y € A(R) and ¢ a function
on A(R),e,. Let B be a imaginary root of ac in gc¢, and Hg € ia its
coroot. Then, when the limits in the following formula exist we set:

[9]5(y) = lim oy exptitls) + lim G(yexptitly).
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Definition 3.2. Let Z(G(R)) be the subspace of C*°(G(R),¢,) of func-
tions ¢ which are constant on the conjugacy classes and have the prop-
erties Iy, I, I3, I, which we now define :

I, : if A(R) is a Cartan subspace of G(R), for all compact subset K
of A(R) and for all u € S(ac) we have:

sup [0(u) - Yiam)(a)| < oo.

a€Kreg

I, : if A(R) is a Cartan subspace of G(R), for all system P of posi-
tive imaginary roots in R(ac, gc), bpt|am) has a smooth extension on
A(R)n—reg- This is equivalent to:

I5 © 4am) has a smooth extension on A(R);_,¢y, and for all semi-
regular element x € A(R) such that the roots +a of ac in g¢ are
compact imaginary, for all u € S(ac),

[0(w) - Pram)a(z) =0
I3 : for all jump data (z, A(R), A;(R), ¢s) and for all u € S(ac),

[0(w) - hiam)a () = d(2) Aca - u) - ra, @) (),
where d(z) is equal to 2 if the reflection s, € W(G, A) is realized in
G(R)* and 1 otherwise.

I, : if A(R) is a Cartan subspace of G(R), Supp (¢a)) is a compact
subspace of A(R).

The space Z(G(R)) is endowed with a topology of an inductive limit
of Fréchet spaces, and we denote by Z(G(R))’ its dual.

Theorem 3.3. ( Bouaziz [B1]) The map Jomw) is linear, continuous
and surjective from C°(G(R)) onto Z(G(R)), and its transpose Jaw)
realizes a bijection from Z(G(R))" onto the space of invariant distribu-
tions on G(R).

3.3. Twisted orbital integrals on G(R). Recall the character w of
G(R) with Langlands parameter a € H'(Wg, Z(G)).

Definition 3.4. Let x € G(R) be a regular element and let T'(R) be
the Cartan subgroup of G(R) containing x. For all f € C*(G(R)),
define J¢ g (f)(2) as follows. If T(R) is not included in G(R)*, put

S (f)(x) = 0.
If T(R) is included in G(R)™, put

T (F)() = | det(d — Adz)g e / w(g) Flgeg™) dg.

G(R)/T(R)
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Remarks. 1 - Suppose that JE(R) is not always 0. Thus there is a

Cartan subgroup of G(R) in the kernel of w. Let us decompose gc as
the sum of its center and its semi-simple part gc = c¢c @ g&". Since w
is a character, its differential dw is 0 on gde” and since ¢c C {¢, dw is
also 0 on ¢c. Thus dw is 0 on g¢, and w is 0 on G(R)g. Thus G(R)™*
a normal open subgroup of G(R). This condition was already noticed
in Section 1.7 from other considerations.

2 - Let us fix a system of representatives {gi, ..., g.} for the cosets of
GR)* in G(R). If T(R) is included in G(R)" and = € T'(R) is regular,

Tem (N (@) = w(g:) Jow: (f% (@)

i=1
where f9 ' is the function z — flgizg ).

3.4. Stable orbital integrals on H;(R). Recall the z-pair (Hy,&p,)
from Section 1.9, the resulting central extension of H(R) :

1—-Z1(R) - Hi(R) - HR) — 1

and the character Ay, of Z;(R) (see Eq. 1.5).
Let C%, (H1(R), Mg, ) be the space of smooth functions f** on H;(R)
with compact support modulo Z;(R) and such that:

F(zh) = Ay ()7 (R) (€ Hi(R)reg, 2 € Z1(R))

The orbital integral of such a function is given by :

Ty (F1) (1) = | det(Id — Ady; )y, e, |2 / f(hyih™") dg
Hi(R)/T1(R)
where v, € Hy(R) is regular and dh is the invariant measure on Hy (R) /T (R)
normalized with our conventions. This is a well-defined converging in-
tegral since Supp f N O,, is compact.
The stable orbital integral of the function f € C2% (Hi(R), Ay, ) is
defined by :

o (F) (1) ZJﬂl (f™) (%)

where the sum is taken over a system of representatives of conjugacy
class in H;(R) in the stable conjugacy class of 7.

In [B1], A. Bouaziz gave a characterization of stable orbital integrals
of compactly supported functions on a real algebraic reductive con-
nected group. We rephrase his results for functions in C2%, (H1(R), Ax,),
indicating briefly how the proof can be adapted.

The map v, — Jf}l(R)(le)(vl) is smooth on H;(R),.,, stably in-
variant (i.e. constant on stable conjugacy classes) and satisfies for all
h € Hl(R)rega S Zl(R)

(3.1) it (F) () = A, (2) T3, (F1) ().
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Let Z°(H,(R), Mg, ) be the subspace of C*(H;(R),¢,) of functions
which are constant on the stable conjugacy classes satisfing the prop-
erties I§* = I, I3*) IS, I, IS

I5t: if A(R) is a maximal torus of H; defined over R, for all system
P of positive imaginary roots in R(ac, bic), bptjamr) has a smooth
extension on A(R)g—rn—reg, Where A(R)g—ry—rey is the set of a € A(R)
such that all elements in A(R) stably conjugate to a are in A(R)ry,—reg-
Note that this rather subtle definition is not really necessary here since
for Hy quasi-split, we have A(R)g_rn—reg = A(R);_rey ([Shl], prop.
4.11). So in fact 15" reduces to :

Igt/: Y1ar) has a smooth extension on A(R);_ycg.
It for all jump data (z, A(R), A;1(R), ¢,), and for all u € S(ac),
[0(u) - Yam)a (¥) = 20(ca - u) - )4, w)(2)
Note that the right-hand side is well defined because © € A(R)1 ;_yeg-

I3t if A is a maximal torus of Hy defined over R, Supp (¢am)) is a
compact subspace of A(R) modulo Z;(R).

It for all h € Hi(R), z € Z;(R):

(3.2) U(2h) = Au, (2)" ()

The space Z° (H; (R), Ay, ) is endowed with a topology of an inductive
limit of Fréchet spaces and we denote by Z5(H;(R), Ay, )’ its dual. For
all functions f™ € C% (Hi(R), Ay, ), Jf_}l(R)(le) € I5(H1(R), Am,)
(see [Sh1] and [B1] §6 for the case H; = H, i.e. orbital integrals of
smooth functions with compact support, and see below for an argument
of how this can be adapted to the general case). The last property is
a easy consequence of (3.1).

We can now define stable distributions on H;(R) as the closure of the
subspace of C2%, (H1(R), Ay, ) generated by distributions of the form

f=Ji, () (@)
for regular x in H;(R). We will denote this space by Dist(H;(R), Ay, )*".
Theorem 3.5. (see [Bl], théoréme 6.1) The map :
Ji Co% (Hi(R), Apr,) — I (H1(R), Apr,)

is linear, continuous, surjective and its transpose 'J ﬁ}l realizes an iso-

morphism between T (H(R), A\g,) and the space of stable invariant
distributions Dist(Hy(R), Ay, ).

Proof. Suppose that the extension
(3.3) 1—Z(R)— Hi(R) - HR) — 1

is split, and let ¢ : H(R) — H;(R) be a section. This section provides
an isomorphism :

Restr : €27 (H1(R), Aw,) — CZ(H(R))
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by restricting a function to ¢(H(R)) ~ H(R).
Thus C, (H1(R), Apr,)" ~ Distr(H(R)) and we have the following
commuting diagram :

Restr

Cozn (H1(R), A,) —— CZ(H(R))

st st
lJHmR) lJH(R)

Restr

I*(Hy(R), Any) —— I*(H(R))

The results follow easily from Bouaziz’ results in this case.

When (3.3) is not split, we use the fact that H;(R) ~ Hj 4.,(R) X
Z(H1)(R)/F where F is a finite subgroup and Z(H;)(R) is the center
of Hi(R). The theorem is established for functions in C2%, (Hi ger(R) X
Z(Hy)(R), Asr;). We deduce the statement for Z5/(H;(R), Ay, ) from
the following commutative diagram :

2%, (H ger(R) X Z(H1)(R), Airy) ——— C(Hy(R), Aar,)
JJ;;MH-(R)XZ(HD(R) JJ?%(R)
T (Hy gor(R) X Z(Hy)(R), Apr,)  ——— T(Hy(R), Ay
where M(¢)(v) = > ,cp ¢(v2) for any function ¢ on Hy 4e,(R) x Z(H;)(R).
]

Let Ty, (R) be a Cartan subgroup of H;(R) with projection Ty (R)
on H(R). There is an exact sequence:

(3.4) {0} =31 —= b —b—{0}

of Lie algebras, with 3; central in h;. Since such a sequence always
splits, we may, by fixing a section of 3.4 identify h with a subalgebra
of by, and :

(3.5) bhi=3@h
This decomposition (3.5) induces:
(3.6) tr, =31 Sty

Furthermore, the decompositions:

bic=tu,c® Z bic

aER(THl JH1)

be = tuc @ Z be
a€R(Ty ,H)
provide identification between R(Ty,, H) ~ R(Ty, H) and b ¢ ~ bg.
Let 1 € Tw, (R) and 7 its projection on Ty (R). Let o € R(Ty,, Hy) =~
R(Ty, H); then a(7y1) = (). Thus, if P is a system of positive imag-
inary roots in R(Ty,, H1) ~ R(Ty, H), we get bp(y1) = bp(7).
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We end this section by the following remark concerning differential
operators from S(tg, c). It is clear that for all smooth function ¢ on
H;(R),, satisfying (3.2) and for all u € S(31,¢),

O(u) - ¥ = X, (u)

i.e. 1 is a eigenfunction for all u € S(31,c). Thus, to check properties
5t It 15T we have only to consider differential operators coming from

S(tH@) (Sil’lCG (36) yields S(tHl,(C> = S(tH’(C) &® 5(317(;)).

3.5. Transfer of orbital integrals. If v, is an element in H;(R), ~
will denote its prjection on H(R). Notion and terminology relative to
H(R) will be transfered to H;(R) using the projection. (For instance,
the notion of G-regular element.) Langlands and Shelstad have defined
absolute transfer factors A(vyi,d) where v, € Hi(R) is G-regular and
A(~1,6) = 0 if v is not a norm of § € G(R). This transfer factor is
a product of four terms Ay, A;r, Ayrp, and Ajrp, (we omit their term
Ajpy since it is already included in our definition of orbital integrals).
We will recall the properties of these transfer factors when we need
them.

We say that the function f € C*(G(R)) and the function f7r €
C*(H(R), Ag,) have matching orbital integrals if

(3.7) Tih e (F) () = D A, 0)JE(f)(6)

e,

for every G-regular v; € Hi(R). The sum (which might be empty, in
which case the right-hand side is 0) is taken over a set of representative
of conjugacy classes under G(R) of elements § € G(R) for which = is a
norm and such that the unique Cartan subgroup in G(R) containing o
is contained in G(R)™.

In this case, we can rewrite (3.7) it as

T

(3.8) Jih @ (F) () = Z A(71,9) Zw (96) T+ (f% (8).

0eX, =1
The principal result of the whole theory is that for every function
f € C*(G(R)), there is a function f#' € C*(H;(R),\py,) having
matching orbital integrals with f. Using the terminology of the previ-
ous paragraphs, we can rephrase it in the following form :

Theorem 3.6. For all f € CX(G(R)), there is a function ff €
CX(H1(R), Ag,) having matching orbital integrals with f, ie. there ex-
ists an element Trans (f) € Z°(H1(R), Ag,) such that :

(3.9) Trans (f)(11) = Y A(y1,8) Y w(gi)v'(9)

sex, i=1
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for all G-regular element v, of Hy(R) originating in G(R)™, with * =
Jg(R)Jr(fg;l), and

(3.10) Trans (f)(y1) =0

If 1 does not originate in G(R)™. Futhermore, Trans (f) is defined on
reqular, non-G-regular elements of Hi(R) by smooth extension.

The next section will be devoted to the proof of theorem 3.6.

4. PROOF OF THEOREM 3.6

4.1. We sketch briefly the proof of the theorem before going into de-
tails. Let us first remark that the right-hand side of (3.9) is well defined,
i.e. does not depend on the choices of representatives in ¥.. This is a
consequence of the following lemma :

Lemma 4.1. ([LS], Lemma 4.1.C).

A(1,0) = A(11,0)

when 6 and &' are conjugate in G.

The fact that Trans(¢)) is constant on stable conjugacy classes is
proved in the same lemma of [LS] :

Lemma 4.2. A(yy,9) is unchanged when -, is replaced with a stably
conjugate element in Hy(R).

We will show how Trans (f) is defined on regular element of H;(R)
(but not G-regular) by a smooth extension of (3.9). This is lemma 4.3
of [Sh2].

To prove the theorem, we have to establish that properties I5*, ... I
hold for Trans(f). As notations suggest, properties I, ... I for
Trans (1)) are consequences of properties I, ..., I; for the ¢'. Some

are immediate I5%) I5', I3, the other one I3 requiring extra work. The
last property I5, is established by the following lemma:

Lemma 4.3. ([KS], lemma 5.1.C)
A(z271,0) = Apr, (2) P A(71,6) where v, € Hi(R) is a reqular element
and z € Z1(R).

4.2. Transfer of differential operators. If T (R) originates in G(R)™,
then there exist a Cartan subgroup T (R) in G(R), and an isomor-
phism :

Ne s LTy — Ta
defined over R such that 7, (§) is a norm of § for all regular § € Tg(R).
Recall that this map depends on the choice of a admissible embedding
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Ty 5 T of Ty in G* and an element z € G*. Differentiating and
complexifying, we get isomorphisms over R :

(4.1) tuc - to itz toc
Let us denote by 7, again the isomorphism between the extreme terms
of (4.1) and also for the induced isomorphism between S(tgc) and
S(tmc). This will enable us to transfer differential operators.

Let ¢ be a smooth function defined on an open subset V of T¢(R)
and let ¢ be its pull-back on by 7, Take u € S(tyc) and v’ = n,(u) €
S(tgc). It is clear that we have for all § € V:

(4.2) (') - $(8) = 8(u) - 6(n; *(9))-

4.3. Local behaviour of transfer factors. We continue in the set-
ting of the previous paragraphs, ie. Ty, (R) is a Cartan subgroup of
H,(R) with projection Ty (R) on H(R) originating in G(R)*. Let yo;
be an element in Ty, (R). We need to study ¢r,, () in a neighborhood
of 701. Let vy be the projection of 77 in Ty(R). Fix an admissible
embedding 7, of Ty in G and let dy = 1n,(7) € T(R).

Because of the property £ of ¢, it is sufficient to study its restriction
in a neighborhood U, of vy in

Yo1 €XP tH,R C TH1 (R)
It is clear that the projection map induces a local topological isomor-
phim
(4.3) Yo1 €xp ty — Yo exp ty.
Suppose that U, is sufficiently small, so that the above local isomor-
phism restrict to a topological isomorphism from U, onto its image
that we call U,,. Let us still denote by 7, the embedding of U, in
Te(R) obtained from the composition (4.3) and n, : Ty — T and call
Vs, its image. Then, for any regular element § € Vs,, we define
A, Vs, —C
§ = A(n;'(6),9)
We will need the following properties of this function :

Proposition 4.4. In the setting above :
(1) A, is smooth on (Vs,)req. For all compact subset K of Vs,, Ay,
is bounded on Key. There exists A € tf; ¢ and ¢ € C such that
A, (dpexp X) = ¢

for all X € tg such that §gexp X € (Vs,)reg. Furthermore, A, has a
smooth continuation on (Vs,)i—req- Let T\ be the algebra automorphism
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of S(te.c) mapping X € tgc to X + AN(X). We have the following
identity of differential operators on Tg(R) : for all u € S(tgc)

Iu)o A, = A, 00(1x(u)).

Suppose 0y is semi-reqular element, such that the roots £a of toc
n g?co are 1maginary. Let H, € itg be the coroot of o, and 6, =
doexp(ivH,). For v small enough and non-zero, 6, is reqular. Set
Yo =1, (0,) € Hi(R).

(i) if o is compact and o € Tr(R),eq, then

li A vy 51/ =—1l A vy 51/ )

lim Aly1,,0,) = = im Ay, 0)

(iii) if o is compact and 7y is semi-reqular in H(R), then
li A ) 5,/ = 1li A 28] 51/ )
g, Al 0) = limm A, 6)

(iv) if a is non-compact and vy € Ty (R),ey, then the reflection s,
with respect to the root o is not realized in G(R)%, i.e. §, and 5_, are
not congugate in G(R). Furthermore

y]ir(l)1+ A(”Yl,m 611) = - V]il’(l)li A(f}/l,ln 51/>7

A(%J/, 51/) = _A(’}/l,w 5—1/)’
(v) if a is non-compact imaginary and o is semi-reqular, then

lim A = lim A
lim A(y,,0,) = lm Ay, 6),

A(fyl,vv 51/) = A(Vl,ua 5—1/)7

The proof relies on the fine analysis of the local properties of transfer
factors. It is postponed to Section 6.

4.4. Smooth extension to H;(R),.,. In the setting of the previous
sections, suppose that vy € H(R) is regular but not G-regular. If Ty (R)
does not originate in G(R)™ then by definition, the restriction of ¢ to
G-regular elements in Ty, (R) is zero, and there is a smooth extention
of O|T, (R) around ;9. Since g is regular, there is a neighborhood U
of 19 in T, (R) such that H;(R)-U is a neighborhood of 7,9 in H;(R).
Thus, by invariance, ¢ is zero in a neighborhood of 4.

Suppose that T (R) originates in G(R)*. Fix a complete system of
admissible embeddings 7,, : Ty — T;. Put do; = 1,(70)-

Suppose that one of the &g ; is in 7j(R);_,¢. Then it will be the case
for all of them. To see this, take two of them, say d; and dg . Then,
they are conjugate by an element ¢ € G, such that Int g sends G%
isomorphically onto G%#* and t;¢ isomorphically onto t; ¢, this latter

being defined over R. Thus Int g sends the roots of t; ¢ in gg“ bijectively

onto the roots of t; ¢ in gf:o’k, respecting their types (real, complex or
imaginary). It follows from proposition 4.4 (i) and property I, of the 1’
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for all ¢ = 1,...,r that there is a smooth extension of ¢, (r) around
710-

Now suppose that &y ; & T;(R);_rey. We want to study the behaviour
of §; — (Anzj erj(R))(éj) around &y ;. We drop locally the indices ‘i’
and ‘j’, since we are working with only one of them at a time. Assume
that g is semi-regular. Then the roots +a of t¢ in g%o are imaginary.
Suppose they are of compact type. Then for all u € S(tyc), setting

u' = Nz (u)>
[0(w) - (Ay, Yir@))]a (%)
= i () - (A, ) (8) — lm ) - (A, vyr)()

v—0—

= VILI(I# Ay, (6,)0(7A(u)) - ¢|T(R)(5I/) - Vli)%{ Ay, (6,)0(ma(u)) - ¢|T(R)(5I/)

- (hm Am(éu)) O(r (W) - Yoy = 0

v—0t

We have used Proposition 4.4, (i), (ii) and property I5 of the . Thus,
the contribution of 7, to the right-hand side of (3.9) is smooth around
do-

Let us see what happens in the other case, i.e. when the roots +«
are non-compact. Lemma 4.4 (iv) asserts that in that case 9, and §_,
are not conjugate in G(R), i.e. the reflection s, with respect to the
root « is not realized in G(R)%.

Then, we are in the situation considered at the end of paragraph
2.10. To check that ¢ has a smooth extension around 7y, we have to
look at the contributions the right-hand side of (3.9) of 1, and 77,. We
need the following lemma :

Lemma 4.5. Let v’ = n,(u) and @' =7,(u). Then @ = (u')%
The proof is obvious. Let us resume our computation :
Tim, O(u) - (A, Yyre)(3,) — lim O(w) - (Ao, Yyrie) (5.)
+ lim @) - (Ag,tire)(0-,) — lim o) - (Ag, ) (0-,) =
Tim Ay, (6,) O () - Yirey (5) = Tim Ay, (6,) A (W) - Yireey (5,)

+ lim Ay, (0,)0(a(W)) - e (6,) = lim A, (8,)0(Ta (@) - Yrree) (3).

We have lim, o+ Ag, (6,) = lim,_o+(A,,)(0,) (Proposition 4.4, (iv)).
Hence, if 0(7\(v')) = O(ma(@)) = O(ma(u'))®>, the whole expression
cancels. To complete the proof, it remains to check what happens
when J(7y(u')) = —0(m\(@')) = —I(7a(u'))®>, the general case being
deduced by linearity. Under this latter assumption we use Proposition
4.4(iv) to obtain :

[0(u') - (A, Yire@)]a (o) = (Hm Ay (6,))[0(ma () - Yimem))a (90)

v—0+
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and a well-know principle of Harish-Chandra ([HC1]), asserts that this
is zero. For the same reason,

[0@) - (Ag, Yirem)la (00) = 0.

To conclude, we have proved that if oy ; ¢ Tj(R);_re, is semi-regular
for one j, then the same is true for all of them, and that the various
contributions to the right-hand side of (3.9), when suitably grouped,
extends to smooth functions around the dy;’s. Another principle of
Harish-Chandra ([HC2]) asserts that these results still hold if the &g ;s

are not semi-regular. Thus, Trans (1)) = ¢ has a smooth extension to
Hi(R)eg.

4.5. Properties I, I5', I5'. Let Ty, be a maximal torus of H; defined
over R. If Ty, (R) does not originate in G(R)™*, then the support of
@1y, (r) 18 empty. If T, (R) originates in G(R)™, we choose a complete
system of admissible embeddings of Ty. For each Cartan subgroup
Te(R) in G(R) (and contained in G(R)*) in this complete system,
the restriction of the " to Tz(R) has compact support (Iy), for all
1 =1,...,r. It follows easily from the definition that the support of
|y 18 compact.

The two other properties are local, so it is sufficient to check them in

the setting of Proposition 4.4. Then, they are immediate consequences
of Iy, I, for the 9" and Proposition 4.4 (i).

4.6. Jump relations. In thissection, we will prove the jump relations
for ¢ = Trans (f). Let (v10, 7w, (R), T, (R), cayy) be a jump datum on
H(R).

Corollary 2.11 asserts that if Ty does not originate in G(R)", nor
does Ty In that case, 7, =0 and Py, = 0, and I3 is satisfied at
Y10-

We suppose now that Ty, does originate in G(R)". We fix a complete
system of admissible embeddings {7.;} : Ty — T, as before. We
suppose first that do; = 7, 1(79) is semi-regular (recall that if one is,

all of them are) and we denote by +a; the roots of (t;¢) in g?cj’o. It
means that ay and a; have corresponding coroots through 7, ;. Recall
that d;, = 0;0exp(ivH,,). Let v, = n;'(d;,) = 7o1 exp(ivHy,,).

Lemma 2.12 asserts that if for all j, d;0 € T} rn—reg, then Ty does
not originate in G. It is then easily check that the two side of the jump
relation are 0, and so that I5' is satisfied.

We are now dealing with the case where both Tp, and T}, originate
in G(R)*. Let v € S(tyc) and v; = 1,,(u). We have then :

[0(w) - Pry, @), (10) = D wlgi) Y 10(v;) - (A V), (550)
i J
As in the previous paragraph, thanks to Proposition 4.4 (ii), if d,0 €
T(R) 15—reg the contribution of this term to the right-hand side is 0, so
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we are left only with the ones such that the root a; is imaginary and
non-compact in A(tj,c,gfcj'o), ie. with the set 1,,.

A general principle of Harish-Chandra asserts that if O(u)®~r =
—0(u), then the jump relations are satisfied, the jump being 0. In
the following computations we assume that d(u)**# = J(u), the gen-
eral case being deduced by linearity. In particular, in the second case
considered above, we have v; = 7;. Assuming that J, is ‘half of I, , ie.
that the reflections with respect to the relevant roots are not realized
in the real groups, we compute

(4.4)
[0(1) * s, @)y (Vo1) = D> wlgi) > _[0(v;) - (A, Yiz, @), (350)

(4.5) = ZW(gi) > 10(vs) - (A, i), (350)

j€Ly,

(4.6) = Zw(gz’) Z (lm Ay, (3,)) O(ca, = 7a(v))) - iz (350)
+(lim Ay, (8;,)) 9o, - () - Uiy (350)
(47 = wle) Y 2(lim Ay, (05,)) 0o, - T(v5)) - iz (9i0)

i €

(48) = D wle) Y 20(ca; - ) - (g, Yirys) Gr0)

€Ty

(4.9) =2 0(cay - 1) - Ppy, @ (Y01

Let us make some comments on these computations. The first line
(4.4) is obtained by using the local expression of ¢ around ~p;. The
contribution of the indices not in I, being 0, we get (4.5). To get
(4.6) and then (4.7), we use Proposition 4.4 (i) and (iv) and the jump
relations I3 for the v"’s. Lemma 2.14 and the following Lemma yield
(4.8). A similar computation proves the jump relations when J,, = L.

Lemma 4.6. We have

lim A, (d5.,) = Ay, (350)

v—0
and (n;j)_l(caj : 'Uj) = Cay " U.

The proof is also postponed to Section 6.

So far, we have supposed that the J,¢’s are semi-regular. A well-
known result of Harish-Chandra enable us to relax this asumption.
Thus the ¢ satifies the jump relations, and complete the proof of the-
orem 3.6. U
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5. TRANSFER FACTORS

We will give in this section some details on the definition of transfer
factors in [LS], in order to be able to establish some of their properties
that we need to complete the proof of the transfer. This also makes
this paper more self-contained. On the other hand, we will need also
to use some other properties of transfer factors that are established
in [LS], [LS2] or [KS|. For these, we simply recall the results and we
refer the reader to these papers for the proofs. We also take advantage
of the fact that our base field is R to give somehow simplier or more
explicit expressions for the various factors. In particular, the general
definitions of [LS], [LS2] or [KS] use the notions of a-data and y-data
which are redundant in our case. Indeed let (B, T) be a pair for G*,
with T" defined over R. Let us now explain how we fix the a-data and
x-data on R(T,G*) or R(T,G*). If o € R(T, G*) is imaginary positive
(ie. if « € R(T, B) and or(a) = —a), set a, = i, a_, = —i, and for
all z € C*, xa(2) = 2/|2], x—a(2) = Z/|z|. If a is not imaginary, set
aq = 1. and x,(z) = 1. Take h € G* such that (B,T) = Inth- (B, T)
and transport x and a-data to R(T,G*).

It will be convenient to use the following notation : if z = expw € C*,
and if « € R(T,G*), we sometimes write z* for exp(wH,).

5.1. An overview of the transfer factors. In this section, we
briefly discuss the role of the various factors in the tranfer of orbital
integrals, as a motivation for the definitions to come, but also to shed
some light on the path Shelstad took to find them.

Recall from the statement of theorem 3.6 that we want to match
certain orbital integrals on G(R) (or rather some linear combination of
orbital integrals in a stable orbit) to stable orbital integrals on H;(R),
that orbital integrals are determined by their restrictions to Cartan sub-
groups, and that we have a correspondence between Cartan subgroups
of G(R) and of H{(R). From definition 3.2, we see that restriction of
orbital integrals to Cartan subgroups become more regular when mul-
tiplied by a certain factor (denoted bp there). It is therefore natural
to multiply orbital integrals on G(R) and H;(R) by the corresponding
factors, to make them as smooth as possible. The quotient of this fac-
tor for G(R) and the one for H;(R) is essentially what is called Aj;
below, and we see it appears as a requirement from invariant harmonic
analysis.

The basic idea of endoscopy is that we should put some weights on
different orbital integrals on G(R) belonging to a single stable orbit,
to form a linear combination which should match some stable orbital
integrals on Hi(R). Conjugacy classes in a stable conjugacy class are
parametrized by some first cohomology group and the weights will be
given by a pairing (Tate-Nakayama) between this cohomology group
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and a group obtained from the endoscopic data. The corresponding
transfer factor is denoted Ay, below.

As mentionned in section 1.8, the transpose of the transfer of orbital
integrals, which is a map from stable invariant distributions on H;(R)
to invariant distributions on G(R), should induce a correspondence of
characters of representations of H;(R) in some L-packet to characters
of representations of G(R) in the corresponding L-packet for G. Con-
sideration of infinitesimal characters of representations of these packets
shows that one need to incorporate a correction character (in Shelstad’s
terminology) to match orbital integrals. This character (of a Cartan
subgroup) is the Ay, factor.

So far, all the factors are there to deal with the behaviour of orbital
integrals on a given Cartan subgroup. The most subtle factor is the
remaining one, A;, which deals with the compatibility between pairs
of adjacent Cartan subgroups, i.e. jump relations. This factor is just
a sign, again given by a Tate-Nakayama pairing as for Ay, but it
accomplishes a miracle : not only jump relations will be satisfied, but
also the global transfer factor A will become canonical, independent of
all the choices made to define each factor.

5.2. Some general constructions. G* is quasi-split and spl,. =

{B, T, {X,}} is a splitting over R. Then I" acts on the Weyl group

W(G*, T) by automorphisms and one can form the semi-direct product
W(G*, T)xT.

For all § € W(G*, T) x I' one can lift  to an element n(f) in G* x I’
as follows :

e For all simple root a in R(T,G*) notice that its coroot H, and
the element X, which are part of the splitting spl,. determines an sl,-
triple { X, X_4, H,} and an embedding of sl, in the Lie algebra of G*.
This embedding exponentiates to a homomorphism ¢, : SLy — G*.

Set
n(sa):qﬁa( _(1) (1))

It is clear that Intn(s,) realizes the reflection s, on T. Another ex-
pression for n(s,) is

n(sq) = exp X, exp X_, exp X,,.
o If w=s,,...54, is a reduced decomposition in W(G*,T), set
n(w) =n(sq) - -n(Sqa,)-

A well-known result of Chevalley-Steinberg implies that n(w) is inde-
pendent of the choosen reduced decomposition of w.

o If 0 = w x ¢, set n(f) = n(w) x e.

There is an exact sequence

I1-T—>NGT)xI - WG T)xI =1
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and n : W(G*,T) xI' »— N(G*,T) x I' is a section. This gives a
2-cocycle t from W(G*,T) x I" with values in T, defined by

n(@l)n(é’g) = t(91,92)n(9192), 91,92 € W(G*,T) x I
Lemma 5.1. [LS] Lemma 2.1.A. The cocycle t is given by

t(6y,60,) = 1T exp(inH,), 61,6, € W(G*, T)x T

a>0,02a<0,0102a>0

Notice that since exp(2imH,) = 1, t(61,05) 7" = t(6y, 65).

5.3. Definition of an invariant. Let (B,T) be a pair for G*, with
T defined over R. Choose h € G* such that (B,T) = Inth - (B,T).
Denote by or both the action of I' on T and its transport to T by
Int h. Let w(or) € W(G*,T) be the class of h™'og«(h). Then on T,
or = w(or) xo. By Lemma 5.1 n(or) := n(w(or) x o) = n(w(or)) x o
satisfies

n(or)o(n(or)) = H exp(irH,) = 0z,

a>0,07a<0

Ty = H exp <igHa> ,

a>0,07a<0

where

the product being over positive roots a in R(T, G*) such that opra =
—a. Then

me = xen(or)

is a 1-cocycle of I' in N(G*,T). Because z, lies in T', the image of m,,
in W(G*,T) coincide with w(or), therefore

hmgog(h)™' = h(mgog-(h)'h)h ™!

lies in 7" and is evidently a 1-cocycle. Let us denote by A(7T') its class in
HY(T,T). Tt is readily verified that A\(T) doesn’t depend on the choice
of h, which is defined modulo left translation by an element in 7. Thus
A(T') depends on the choice of B and the choice of splg. only.

Lemma 5.2. The cohomology class \(T) in H*(I',T) does not depend
on the choice of B. If sple. is replaced by splg. = g-splg« with g € G*
such that gog-(9)~" € Z(G*), then N(T') is replaced by N (T) = \N(T)g
where g is the class of gog(g)~" in HY(T,T). Suppose that g € A(T)
and T" = g-T. Let g be the class of the cocycle og-(g)~tg in HY(T,T).
Then

MT")=glIntg-(\T)) € H\(T,T").
Proof. See [LS] (2.3).
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5.4. Embeddings of L-groups. We continue with a pair (B,T) in
G*, with T defined over R.

If w € Wg, let us write w = wq X €,, with €, = 1 or ¢ and wy € C*.
Define

r(w) = [T (wo/lwo)™.

a€R(T,B),07a<0
Lemma 5.3. The coboundary of r is the inflation of t to Wrg.

Proof. Or(w,y) = r(w)w - r(y)r(wy)™?

= IT  (wo/lwol)™ew - ((y0/1901)) ((wy)o/|(wy)ol) ™

a€R(T,B),ora<0

This equals 1ifw=wyxlory=yyx1and (1) * if w=wy x 0o
and y = yo X 0. U

We want to construct a L- homomorphism &7 : T — LG such that

& maps T’ isomorphically onto 7, this isomorphism being the one
attached to the pairs (B,T) and (B, 7).
To specify &7, we have only to give a homomorphim

w = &r(w) = &p(w) x w,

where £0.(w) € N(G,T), and where, in addition, if w = wy X o, then
Int &(w) acts on 7 as the transport by &7 of the action o on T and
if w = wy x 1, then &r(w) acts trivially on 7. As above, we write
or = w(or) x o in W(G,T) x .

If w=wy X e, € Wg, let us define n(w) to be n(w(or)) xwif e, = o
and 1 x w if e = 1.

From Lemma 5.1, if w; =w;o X € ', i = 1,2,

n(wy)n(wy)n(wiws) ™t = t(er, ).
Since t splits over Wx (Lemma 5.3)
w — r(w)n(w)

defines an admissible embedding &7 of T in ©'G, depending on B and
Splé.

Lemma 5.4. The G-conjugacy class of &1 is independent of the choices
of B and spls. Suppose that g € A(T) and T" = g -T. It gives an
L-isomorphism “T — LT". The G-conjugacy classes of &p and &+ are
canonically identified via this isomorphism.

Proof. See [LS] (2.4)
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5.5. Suppose that v; € Hi(R),, projects on a G-regular element y €
H(R), which is a norm of § € G(R)* (otherwise we set A(vy1,d) = 0).
Let us denote by Ty, (resp. Ty) the maximal torus of H; where 7,
(resp. ) lies. Suppose that (B, Ty) is a pair in H and that (B,T) is
a pair in G* from which we get an admissible embedding n : Ty — T of
Ty in G*. Set 0* = n(v). Let x € Gy, giving an admissible embedding
Ne : Ty — T of Ty in G and let us assume that T (R) C G(R)*. The
transfer factor A(y1,d) of [LS] is a product of four terms :

A(%, 5) = AI(%, 5)AH(71, 5)A1Hl (’Yb 5)AIIIQ (717 5)-

The last term Apy of [LS] is already included in our definition of
orbital integrals, so it does not appear here. This absolute trans-
fer factor is not canonical. What is canonical is the relative trans-
fer factor A(v1,0;94, ;) defined for two pairs of elements (v;,0) and
(71,07) as above. For all terms exept Ay, the corresponding factor
of A(v1,6d;71,07) is just the quotient of the corresponding factors of
A(v1,6) and A(v),0") respectively. Only Ay, is a genuine relative
factor. The absolute and non canonical A is obtained by fixing a pair
(71, 07) satisfying the conditions of the begining of the paragraph, and
a non zero value A(vy,67). Then for all pair (71, 6),

A(71,601) = Ay, 6371, 01 A (1, 6)-

5.6. Aj. Let us denote by or, the action of o on 7y, given by the

transport of the action of o on TH through the isomorphism TH ~ Ty
given by the pairs (By,Ty) and (Bg,7g). There is another action of
o on Ty, namely py(1 x 0) = py(l X 0) = 0. These two actions

differs by the action of an element of the Weyl group of 7y in H, thus
the action op, is induced by the adjoint action of an element h € H
normalizing 7. Let us write

f(h):gxweLG:GmpGWR

Since £(h) and w normalize 7', g also normalize 7. From the property
Intsoé =a®¢& we get

E(h)sé(h™") = sa(w).
Writting sy = £71(s), we get :
(51) 0Ty (SH) = hSHh_l = ng_l(a(w)).
Since s is central in £(H), s € T, and the preimage of s in Ty through

the isomorphisms TH ~ Tq é 7T is independent of the choice of By.
Thus its image sp in T depends only on the admissible embedding
Ty — T. Equation (5.1) is an equality in 7z. We can push it to an
equality in T and get

stlor(sr) = a(w) € Z(Q).
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Notice that the embedding of Z (G) in T is canonical. Let T,y :=
T/Z (@) It is easy to check that Tq = Ts. Furthermore, from the

previous equation, we see that the image of sy in T,y is [-invariant,
and thus define a class s in

o = 7TO(TACED = T@/(T@)o
Recall the Tate-Nakayama pairing (see Appendix 6.4)
(,.): HY(T, Tye) x mo(TE) — {£1}.
Then As(vy,0) = (ANTsc), sT), where \(Ts.) was defined in Section 5.3.

5.7. Arr. Let us denote by R;(T,G*) the set of imaginary roots in
R(T,G*), and by R;(T, B) the set of positive imaginary roots. We use
similar notation R;(Ty, H) and R;(Ty, By) for the roots of Ty in H.
Set

Arr(1,0) = H X H lom(y) = 1]
acR(T,B) ja(07) = 1] o €R(Ty,By) ap(y) —1

N A

a€R;(T,B), not from H la(6%) = 1|

The equality results from the fact that ag(y1) = a(6*) if n(ag) = a.

5.8. Ay, = A;. This is the only relative term in the transfer factors.
Let vy, v, 0, 0, x, Ty, By, T, B, T, n, n, as above and suppose we
have also data ~;, 7/, 0%, &', 2, Ty, By, T', B', T, 0, 1, satisfying the
same properties. The relative transfer factor A;(v4,d’;7v1,9) is defined
as follows. Set v, = zu,0¢+(x)™' and v/, = 2'u,0q-(2')"'. Then v,
(resp. v!) is a cochain of I" in T}, (resp. T..), which is well-defined up to
a coboundary since x and (resp. z’) is defined up to left multiplication
by an element in 7' (resp. 7"). Further, dv, = Ov. = Ou, takes value
in Z., the center of G%.. Let U be the torus

U=TexT/{(z"",2), 2 € Z}.
Then (v, ', v!) defines an element of H'(T', U) which is independent of

o Yo

the choices of u,, x and 2. Let us write this class as
inv(y1,9;71,9).

Recall that T,q is T/Z(G) and that T,y = T,.. Dually, Tog = T/Z(G)
has dual group Ts.. Then the center Z. of the simply-connected cov-
ering of the derived group of G (a finite group isomorphic to Z.) is
canonically embedded in 7. and T7,.. Set

U =T x Téc/{(z, z), 2 € Zsc}-

One checks readily that U is indeed the dual of U.
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To the endoscopic datum s, we attach sy € WO(UF). Suppose that
§ lies in the preimage of s under ’Z;C — 7. From the _isomorphisms
T ~T and and T ~ T", we obtain T ~ T%. and 7. ~ T ' . We denote
by s and Sy the images of § under these 1som0rphlsms Then sy is
the image of (57, 37+) in U. It is independent of the choice of § and it
is I-invariant. We denote by sy the image of sy in 7T0(U ). We can
now define A :

Al(’yla 57 717 5,) = <iI1V(’)/1, 57 f}/ia 6/)a SU>'

5.9. A, = As. To get a better idea of this factor, it is useful to
start with the case where H ~ “H, which makes the definition much
simplier. In this case, we take obviously (Hy,&q,) = (H,1d). Consider
data v, 6%, 9, x, Ty, By, T, B, I, n, n. as above. Then, we have the
following diagram

Ly, S Ly

| E

Ly LG
Notice that we have denoted again by 7 the L-isomorphim induced
from the R-isomorphism 7 : Ty ~ T. The L-embeddings {7 and &7,
are constructed in Section 5.4
This diagram is not commutative. Identifying ¢ in ©T with its preim-
age in “Ty, we can write

§olr, (t x w) = ar(w)ér(t X w)

for all t xw in “T. Then ar is a cocycle of Wy in T (for the of Wy action
through or), and it defines a class ap in H'(Wg, 7). Let us transport
this through the isomorphism 7 ~ T to a class in H'(Wg, T) that we
still denote by ar. Then

A2(7a 5) = <aTa 5*>

where (., .) is the Langlands pairing between T' and H'(Wg,T) (see
Appendix 6.4).

Let us now consider the general case. We cannot compare directely
the L-embeddings &7 : LT — LG and &r,, : LTy — LH as above. We
should rather compare {r and &, LTy, — LHy, but this will be
indirect. Let us first remark that sply = {By, 7y, {X}} determines a
splitting sply, = {Bug,, Tn,, {X}} of H,, and that any pair (By, Ty) in
H determines a pair (Bg,,Ty,) in H;. Thus the isomorphism Ty ~ Ty
given by these choices of pairs extends uniquely to an isomorphism
Ty, ~ Ty,. The L-embedding Ery, LTy, — LH, is the extension of
this isomorphism which was constructed in Section 5.4.
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Let us consider the subgroup U of H consisting of elements u nor-
malizing 7y and acting by conjugacy on 7y as orp, if u projects on
o € I', and trivially if u projects trivially I'. It is easy to see that U
projects surjectively onto Wg and that the kernel of this projection is
Ty, ie. we have an exact sequence

(5.2) 1-Tp—-U—-Wr—1

The restriction of &g, : H — FH; to U is easily seen to have its
image included in the image of {r,, , thus there exists an unique L-
homomorphism aq : U — *T m, such that g, = §TH1 oagon U. Let us
also set a to be the composition of g and ¢ +— ¢~ on LT, .

For u € U, write £(u) € YG as &(u) = g x w € G x Wg. Since T
and Ty are isomorphic other R, &(u) acts on 7 by conjugacy as or
if w = wy X o and trivially if w = wy x 1. Thus it is also clear that
&(U) is included in the image of &7 and therefore there exists an unique
L-embedding 3 : U — £T such that £ = &ro .

So far, we have defined

(5.3) (,B) U — Ty, x *T ~=(Ty, x T).

Let us consider the fiber product 7 := Ty, Xp, T. This is an
algebraic torus defined over R. Since Ty ~ T over R, T} ~ Ty, and

Ty =Ty, x T/{{t7 07 (t),t € Ty}
The natural projection T H, X T — T; extends to an L-homomorphism
(5.4) M Ty, x Ty) — 1.
The composition of (5.3) and (5.4) gives a L-homomorphism
Uu—rn

which has 7y in its kernel. Since U /Ty ~ Wr (Eq (5.2)), we get a
L-homomorphism

WR — LT1

or equivalently, a 1-cocycle of W in Ty. Aswe have observed, T} ~ Ty,
so we can transport this cocycle to a cocycle with value in T4,. Let ar
be its class in H*(Wg, Ty, ). We can now give the definition of A, :

As(m1,0) = (ar, 1)

where the pairing is the Langlands pairing for tori.

6. PROOF OF PROPOSITION 4.4 AND LEMMA 4.6

6.1. Proof of (i). The setting is that of Proposition 4.4. Let us fix
6 € (Vsy)regs 71 =15 () and X € tg sufficiently close from 0. The rest
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of the notation is recalled in the following diagram :

Y1 €Xp XH € TH1 (]R)

|

vexp Xy € Ty(R) —1— §*exp X* € T(R) =2 Sexp X € To(R)
The transfer factor we want to examine is :
Aexp X) := A(vyy exp Xg, 0 exp X)
= A(71exp Xp, dexp X;71,0)A(m,9)
where A(.,.;.,.) is the canonically defined relative transfer factor of
[LS].

As in before, we write A(X) as a product of four terms (recall that
the last term of [LS] has been included in our definition of orbital
integrals).

A(X) = Ar(X) A (X)A(X)Ax(X)

The term A, is a quotient ([LS], section 3.2). Because the two el-

ements vexp Xy and « lie in the same maximal torus Ty and the

numerator and denominator of A; each depend on the torus rather
than the individual elements, we find that A;(X) = 1.

Let us now examine Ay (X). It is again a quotient

Arr(y1exp Xp, 6 exp X)
Apr(m,0)
_H ald®exp X*) —1 |a(6*) — 1]
|a(6* exp X*) — 1| a(0*) —1
where the product is over the imaginary roots in R(T, B) not from H.

Let us write a(d*) = 2% and a(exp X*) = w? with 2z and w on the
unit circle. Then

a(d*exp X*) =1 |a(0*) = 1] zw(zw —zw) |2(z —2)|  w
la(0*exp X*) — 1] a(6*) =1  |zw(zw —z0)| 2(z —2)  |w|
because X is close from 0. Thus

(6.2) An(X) = 1T exp a(X*/2).

a€R;(B,T), not from H

(6.1) Ap(X) =

We now take a closer look on Ay (X) = Ay (y; exp Xy, 0 exp X;71,0).
Here, the general construction of 5.8 simplifies because 7" =T, v, = v,
and thus the class inv(y; exp Xg, d exp X; 71, 0) in HY(T', U) is the class
of the cocycle (v, v,). Since in this case sy is the class of (sr, sr) in

mo(UT), we see that

Aq(yrexp Xg,dexp X;71,0) = (inv(y; exp Xy, dexp X;71,9),sy) = 1.
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Finally, Ay(X) is obtained by evaluating the character given by the
class ar on exp Xy.

The obstruction to extend A, to a smooth function on (Vs,) comes
from the A;; term. More precisely, with notation of section 5.7, there
might be an obstruction at the point §exp X if a(d5 exp X*) = 1 with
a imaginary, not from H. Thus A, extends to a smooth function on
(Vs ) 1—reg- Since Ajy is locally bounded, A is also locally bounded. We
see also that A has the form A(X) = cexp A(X) for some constant ¢
and some \ € {¢, from direct consideration of the explicit form of the
non trivial factors A;; and Ay. This finishes the proof of (i).

6.2. The notation is now as in the rest of Proposition 4.4. If 7, is
semi-regular, then « is not from H and A,,, has a smooth continuation
at dg. This can be rewritten

lim A(yY,6%) = lim A(yY, 8"
lim A(yy,6%) = lim A(vy,0")

proving the corresponding assertions in (zii) and (v). If 7 is regular,
we are in the opposite situation, ie. « is from H. The obstruction to
the smoothness of A, at d, comes from the factor

a(dv*) =1
a(ov*) —1
and it is easy to see that
UV, _ 1 | 2% _ 1
lim (o) — lim a(0")

pt a(07F) — 1 0 a6vr) — 1
proving the assertions in (iz) and (iv).
6.3. For the remaining assertions of Proposition 4.4, we need to com-

pare
A(v1p,6,) and A(y1,,0-,).

By [KS], Theorem 5.1.D, the quotient of these two terms is given by
the quantity
(inv(8”,67"),sr),
where inv(§V,677) € HY(T',T) is defined as follows. Let w, be an
element in G realizing the Weyl group reflection s,. We have
wed'w,t =57,
Thus w;'og(w,) is a 1-cocycle of T in T g Its class in HY(T', T )
and identifying H'(T',Ty.) ~ HYT',Tgs.) we get inv(6”,67%). The
element s € m(TT) was defined in Section 5.6. Let us identify the
cohomology class of w,'og(w,) in HY(T', Tg 4.) using the isomorphism
Hl (Pa TG,SC) =~ X*(TG,SC)_U*/(]‘ - O*)X* (TG7SC)
of Proposition B.2. For this, choose a morphism

¢ SL(2,C) — G,
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defined over R and sending the imaginary non compact root of the cir-
cle torus in SL(2,R) to . An easy computation in SL(2, C) shows that
we can choose w, such that w;'og(w,) is the image of _O _(1] ),
and thus one has w'og(w,) = exp(imH,) which get identify with
the class of a”in X, (Tgs) 7 /(1 — 0.)Xi(Tse). Using the explicit
form of the Tate-Nakayama pairing in Proposition B.2, we see that
(inv(8”,677),sr) = 1 if and only if a(s) = 1, where & is the transport
of win R(T, G*), ie. if and only if & € R(T 50, G%,) ~ R(T, G*) comes
from H. The values of the Tate-Nakayama pairing are in {£1}. Thus
A(Y1p,6,) = A(71,,0—,) when v is singular in H(R), and A(7y,,9,) =
—A(71,,0_,) when 7, is regular in H(R). In this case, by Lemma 4.1
9, and 0_, can not be conjugate in G(R). This finishes the proof of
Proposition 4.4

6.4. Proof of Lemma 4.6. The second assertion of the lemma fol-
lows from an easy computation. We concentrate now on the first. The
statement and the proof of this result is the main technical improv-
ment from Shelstad treatment in her series of papers. The reason is
that at the time, she was missing the conceptual definition of the Aj
factor, in contrast with the other factors which are already implicit in
her work. The virtue of the definition of A; is that it makes Lemma
4.6 true, and it makes the global transfer factor A independent of all
the choices. Concerning the proof of the Lemma, the approach is also
sensibly different. It becomes now a simple consequence of the descent
technique in [LS2]. Indeed, the main theorem there (Theorem 1.6.A)
allows us to reduce the proof of Lemma 4.6 to groups of rank one,
namely the centralizer of the semi-regular elements ¢ ; in the lemma.
Explicit computations for SL(2,R) are in [LS]. This finishes the proof.

APPENDIX A. LANGLANDS CORRESPONDENCE FOR REAL TORI

A.1. Characters. Let T be a torus defined over R, with character
module X*(T) and set X,(T) = Hom(X*(T),Z) for the lattice of one-
parameter subgroups. Identify T with the group of its complex points.
We have identifications t¢ = X, (T) ®z C and t§ = X*(T) ®z C such
that the canonical pairing between X*(T) and X, (T) gives the pairing
between t¢ and t&. Recall that kerlexp : t¢ — T| = 2in X.(T). Let us
denote by ¢ the Galois involution of T, by do its differential, which is a
Galois involution of t¢ = Lie(T) = X,(T) ®z C and respectively by o*
and o, the induced actions on X*(T) and X, (T). With these notations
we have

(A.1) do(X® z) = 0.(XN) ® Z.
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Set T':= T(R), the group of real points of T. An element h = exp X,
X € t¢ belongs to T' if and only if
do(X)— X € 2in X, (T).
We write X = X; + Xz where

X, = %(X — do(X)) and Xp— %(X + do (X)),

Then X € t and since do(X) — X = 2X, we find that X; € in X.(T).
Furthermore, writing X; = X® i, we see that

do(X;) = —X; =0.(N) ® —im,

and thus o, (X) = X
Thus we decompose h as a product hyhy where hy = exp(Xg) € Ty =
exp t and

(A.2) he = exp X; € F = {expinX| X € X.(T), 0.(X) = X}.
Therefore T' = Ty F', with
(A.3) ToNF = {expinX | X=p+o.(i), pe X.(T)}}

Let us prove this assertion. Suppose that expim X' = exp X with X =
Ve z et ie do(X)=0.(V)®zZ =v® z. For some € X,(T), we
have

(A.4) AT —V Rz =i ® 2iT.

Applying o, and complex conjugacy to (A.4) successively on the first
and second factor of X,(T) ® C we get:

(A.5) AXRim — 0, (V) ® 2 = 0. () ® 2
(A.6) A =T —VQRZ= [ ®—2iT.

The sum of (A.5) and (A.6) gives:

(A.7) —(0.(V)®24+1V®Z) = (0.(1) — p) @ 2im

But since 0.(V) ® Z = V' ® 2z, we have 0,(V) ® 2 = V® Z, and by (A.5)
and (A.7) we get

1
(A.8) X®im + 5(0*(/[) — 1) ® 2im = 0. () ® 24,
We conclude that X'= o, (1) + ). The converse is obvious. O

Given a pair of elements (i, \) in t& we set, for all X € t¢ such that
expX €T,

Eu )\)(eXp X) = M XR)T2M(X1)

Then £, ») is a well-defined character on 7" if and only if {(,, »)(exp X) =
1 when X € 2i7X,(T). This condition is satisfied if and only if u(Xg)+
2N(X7) € 2inZ. Set X = 2inv, with v € X, (T). From the definitions,
we get that Xr = in(v — 0.(V')) whereas X; = in(vV + 0.(V)). So a
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necessary and sufficient condition for (u, A) to define a character of T'
is that for all v € X, (T),

(A.9) p(in (v — o.(V))) + 2M(in(V + 0.(v))) € 2inZ.

An easy computation shows that this amounts to

1
(A.10) S =0 (w) + (A +0"() € X(T).
Furthermore, &, \) = {vx) if and only if
(A.11) p=p" and A\ =X € X*(T) +{v—oc*(v)|v €t}

Let us summarize what we have obtained :

Proposition A.1. The characters of the T' are all of the form &,
with p and \ satisfying
1

5(n =0 (k) + (A +07(A)) € X(T),

and &\ = & vy if and only if
pw=pu and A\ =N € X*(T)+ {v—0o"(v)|v et}

A.2. Langlands parameters. We recall some definitions. The Weil
group Wx of R is an extension of I' := Gal(C/R) = {1,0} by C*, i.e.
we have an exact sequence:

(A.12) 1-C" - Wg—-T—1

As a set Wr ~ C* x I and multiplication is defined by

(A.13)

(Ixo)(zx1)=Zxo0); zxD(1x0)=(z0); (1x0)*=(-1x1).
Let us denote by T the dual torus of T, i.e. Tisa complex algebraic

A A

torus with identifications X*(T) = X,(T) and X,.(T) = X*(T). It
particular, we have Lie(T) = €. and Lie(T)* = tc. Let 0 denote the
algebraic action on T inducing respectively ¢* and o, on X*(T) and
X,(T). The L-group of T, T is an the semi-direct product of T and

Wg, the action pr of Wk being given by
(A.14) pr(zx1)=1; pr(zx o) =04

Definition A.2. An homomorphism ¢ : Wi — T is called an L-
homomorphism if it satisfies:

(i) ¢ is continous

(ii) Let 7 be the projection from T on Wg. Then 7o ¢ = Idyy,.

The group T acts on L-homomorphisms by conjugation on the image.
A Langlands parameter is a conjugacy class of L-homomorphisms.

To specify an L-homomorphism, we need to specify two things: the
restiction ¢g of ¢ to C*, and the element ¢(1 x o). These are subjects
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to various constraints coming from the defining relations in Wx. First
of all, let us write

d(1 x o) =exp2imA x (1 x 0)
for some A in t (X is defined up to an element of X*(T)). The restric-
tion ¢y is given by a pair of (i, v) of elements of ., with u—v € X*(T),
such that
(A.15) ¢o(exp z) = exp(zu + zv).
The first two relations in Wy force
(A.16) (1 x 0)po(2)p(1 x 0)~! = ¢(2).
Using (A.15), we find that v = o*(u). The third relation in Wy gives:
(A.17) $(1 x 0)* = ¢o(—1).
Using ¢(1 x o) = exp 2imA X (1 x o), we find that the left hand side of

(A.17) is exp(2im(A + 0*(A))). The right hand side may be computed
by setting z = im in (A.15). What we obtain is:

(A.18) exp(2im(A + (X)) = exp(im(pu — o™ (w))).
Thus we find that
(A.19) (40" (V) — 01— 0" (1)) € X*(T).

We will denote by ¢, » the L-homomorphism given by such a pair (u, \).

Lemma A.3. (i) Suppose we have pairs (ju, \) and (p', ') satisfying
the congruence (A.19). Then ¢, = ¢ if and only if p = p' and
A— N € X*(T).

(11) The L-homomorphism ¢, and ¢,y define the same Langlands
parameter if and only if p = p' and A\—=XN € X*(T)+{v—o*(v)|v € .}

the proof is straightforward. Notice that (A.19) is the same as (A.10)
and that (ii) is the same as A.11 and thus that we have a bijection be-
tween Langlands parameters and characters of T this is the Langlands
correspondance for (real) tori.

Theorem A.4. (Langlands correspondence for real tori). The charac-

ters of T' are in one-to-one correspondence with the T—conjugacy classes
of L-morphisms ¢ : Wr — ET, the correspondence is given by

Em) < Oap
where A, 1 are elements in tc satisfying (A.10).

Let us remark the following equivalent definition of the set of Lang-
lands parameters.

Proposition A.5. The set of Langlands parameters is in bijection with
HY(Wg, T).

This is immediate from the definitions.
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APPENDIX B. TATE-NAKAYAMA DUALITY

We state some results as one can find them in chapter 9 of [ABV]. Let
T be an algebraic torus over C. There is a natural inclusion-reversing
bijection between subgroups of T and sublattices of X*(T). To an
algebraic subgroup S corresponds the sublattice L of characters which
are trivial on S. Dually, to a sublattice L of X*(T) corresponds the
algebraic subgroup of elements annihilating the characters in L.

Suppose that S; C Sy correspond to Ly, C L;. Then the restriction
of characters defines a natural isomorphism

(Bl) HOmalg(Sl/Sg,(C*) ~ Lg/Ll.

Suppose that S correspond to a sublattice L. Then S; the identity
connected component of S corresponds to the lattice
(B.2)

L° = {7 € X*(T) such that n7 € L for some positive integer n}.

Suppose that 6 is an algebraic automorphism of T and 6* is the
transpose automorphism of X*(T). Then T? correspond to

(B.3) (1-0X"(T)={r—6"(r), € X*(T)}

Dually the sublattice of fixed points X*(T)?" corresponds to the (con-
nected) subgroup

(B.4) (1—0T ={to(t)™, t € T} = (T,

Suppose T is defined over R, that is that we are given an Galois
action o on T. The notations are as in the previous section, and o4

will denote the algebraic action on T inducing respectively o* and o,
on X*(T) and X,(T). We consider the following component group:

(B.5) mo(Tor) = To% /(T%)o = T /(1 + o) T.
From (B.3) and (B.4) we find that
(B.6) Hom gy (0 (T7%), C*) =~ X,(T)™% /(1 — 0.) X.(T).

Let us write T/ for the subgroup of T consisting of elements of
finite order. Define

(B.7) to = X.(T) ®z Q C tc.
Then we have:
Lemma B.1. ([ABV], lemma 9.9)

(i) The normalized exponential mapping e, given by e(T) = exp(2inT)
defines an isomorphism

te/X.(T) ~ T,

(ii) The preimage of T/™ under this isomorphism is precisely tg, so
we have a natural isomorphism:

to/X.(T) ~ T/
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Consider now the following subgroups:
T-om/" = {t € T such that top(t) has finite order }
T = {t € T such that top(t) =1}
T, = {sor(s)"', s € T}

Proposition B.2. The mapping 7 — e(7/2) maps the —1 eigenspace
ty” into T-or:fin . The preimages of the subgroups Ty°T C T=°T are
the lattices

(1 —0,)X.(T) C X,.(T) 7.

There is a natural isomorphism:
X(T)™" /(1 = 0.)X.(T) = T~77 /T,

Notice that T=°7 /T, °7 is nothing but H'(T',T). From (B.6) and
(B.2) we get a perfect pairing

(B.8) mo(T%) x HY(I', T) — C*
which is the Tata-Nakayama pairing.
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