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Constant scalar curvature and extremal Kähler

metrics on blow ups

Frank Pacard ∗

Abstract. Extremal Kähler metrics were introduced by E. Calabi as best representatives
of a given Kähler class of a complex compact manifold, these metrics are critical points of
the L2 norm of the scalar curvature function. In this paper, we report some joint works
with C. Arezzo and M. Singer concerning the construction of extremal Kähler metrics on
blow ups at finitely many points of Kähler manifolds which already carry an extremal
metric. In particular, we give sufficient conditions on the number and locations of the
blow up points for the blow up to carry an extremal Kähler metric.
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1. Introduction

In [6], [7] E. Calabi has proposed, as best representatives of a given Kähler class [ω]
of a complex compact manifold (M,J), a special type of metric baptized extremal.
If ω is a positive Kähler form on M and if s(ω) denotes the scalar curvature of (the
riemannian metric associated to) ω, E. Calabi proposed the study of the functional

ω̃ ∈ [ω]+ 7−→
∫
M

s(ω̃)2dvolω̃ ,

where [ω]+ denotes the set of positive Kähler forms in the Kähler class [ω]. The
corresponding Euler-Lagrange equation reduces to the fact that the vector field

Ξs := Xs − i J Xs , with Xs := J ∇s ,

is a holomorphic vector field on M . Obviously, if s(ω) is a constant, then Ξs ≡ 0
and so the set of extremal metrics contains the set of constant scalar curvature
Kähler ones (and in particular the set of Kähler-Einstein metrics). Conversely, if
(M,J) admits no non-trivial holomorphic vector field, then every extremal Kähler
metric has constant scalar curvature. However, E. Calabi also proved that some
extremal metrics with non constant scalar curvature do exist [6].
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01 grant.
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C. LeBrun and S. Simanca [20] have proved that the set of Kähler classes hav-
ing an extremal representative is an open subset of H1,1(M,C) ∩ H2(M,R). In
the presence of holomorphic vector fields, if a Kähler class [ω] contains a metric of
constant scalar curvature, then every nearby Kähler class will contain an extremal
metric but these will not in general have constant scalar curvature. Another illus-
tration of this phenomenon will be given in Proposition 4 below. Finally, recall
that X.X. Chen and G. Tian [9] have proved the uniqueness of extremal metrics
in a given Kähler class up to the action of automorphisms.

E. Calabi’s intuition for looking at extremal metrics as canonical representatives
of a given Kähler class has found a number of important confirmations and also
(unfortunately) nontrivial constraints [22], [11]. E. Calabi himself proved that
an extremal Kähler metric must have the maximal possible symmetry allowed by
the complex manifold M , and, as observed by C. LeBrun and S. Simanca [19], this
symmetry group can be fixed in advance. More precisely, the identity component of
the isometry group of any extremal metric g must be a maximal compact subgroup
of Aut0(M,J), the identity component of Aut(M,J), the group of biholomorphic
maps of M to itself. This group thus contains the complexification of the isometry
group, but may be strictly larger (the blow-up of P2 at a point is the simplest
example of such a situation).

Also, the important relationship between the existence of extremal metrics and
various stability notions of the corresponding polarized manifolds (algebraic if the
class is rational, analytic otherwise) has been deeply investigated for example by
S. Donaldson [11], [14], T. Mabuchi [25], G. Tian [33], [34] and G. Szekelyhidi
[31]. Yet, a complete understanding of the existence theory for extremal metrics
is still missing. Given this last fact, one interesting problem is to give sufficient
conditions for the existence of an extremal Kähler metric on the blow up at finitely
many points of a manifold which already carries an extremal Kähler metric. Also,
we would like to characterize the Kähler classes on the blown up manifold for which
we are able to find such an extremal metric. The aim of the present paper is to
present various results which were obtained along these lines in [1], [2], [3] and [4].

2. Statement of the result

Let (M,J, g, ω) be a Kähler manifold with complex structure J and Kähler form ω
and let g denote the Riemannian metric associated to the Kähler form ω, so that

ω(X,Y ) = g(J X, Y ) .

Further assume that g is an extremal metric. Since the automorphism group of
any blow up of M can be identified with a subgroup of Aut(M,J), and in light of
the above mentioned result of Calabi-LeBrun-Simanca about the isometry group
of any extremal metric, our strategy is to fix a priori a compact subgroup K
of Isom(M, g) and work K-equivariantly. The identity component of K will be
denoted by K0.
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Such a K will then be contained in the isometry group of the extremal metric
we are seeking on the blow up of M at any set of points p1, . . . , pn ∈M in Fix (K0),
the fixed locus of K0. We also require that {p1, . . . , pn} is globally invariant under
the action of K. We will denote by k the Lie algebra associated to K0. Observe
that elements of k vanish at the points p1, . . . , pn to be blown up and hence these
vector fields can be lifted to the blown up manifold.

In order to produce extremal metrics on the blown up manifold, we have to
identify, among all smooth functions on the blown up manifold, those who gen-
erate real-holomorphic vector fields, since these can arise as scalar curvatures of
extremal metrics. To this aim, we define h to be the vector space of K-invariant
hamiltonian real-holomorphic vector fields on M or equivalently, the Lie algebra of
the group H of holomorphic exact symplectomorphisms commuting with K. The
correspondence between real-holomorphic vector fields and the scalar functions on
M can be encoded in a compact way in a moment map for the action of H

ξω : M −→ h∗ ,

uniquely determined by requiring the Hamiltonian functions to have mean-value
zero. More explicitly, the function f := 〈ξω, X〉 associated to the vector field X ∈ h
is defined to be the unique solution of

−df = ω(X, ·) ,

whose mean value over M is 0.

In general, K is not necessarily connected and h is not necessarily included in
k. There is a natural orthogonal decomposition

h = h′ ⊕ h′′ ,

where

h′ := h ∩ k ,

is the subspace of K-invariant real-holomorphic vector fields in k and where the
scalar product is taken to be

(X, X̃)h :=

∫
M

〈ξω, X〉 〈ξω, X̃〉dvolω .

Under the above assumptions, in the following general result, we give sufficient
conditions for the existence of an extremal Kähler metric on the blow up of M at
finitely many points :

Theorem 1. [4] Assume that k contains the vector field Xs and assume we are
given p1, . . . , pn ∈ Fix (K0) such that {p1, . . . , pn} is invariant under the action of
K and :

(i) The projections of ξω(p1), . . . , ξω(pn) onto h′′ ∗ span h′′ ∗.
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(ii) There exist a1, . . . , an > 0 satisfying

n∑
j=1

am−1
j ξω(pj) ∈ h′ ∗ ,

and aj1 = aj2 if pj1 and pj2 belong to the same K-orbit.

(iii) There is no nontrivial element of h′′ which vanishes at p1, . . . , pn.

Then, there exists ε0 > 0 and, for all ε ∈ (0, ε0), there exists a K-invariant
extremal Kähler metric gε on M̃ , the blow up of M at p1, . . . , pn, whose associated
Kähler form ωε lies in the class

π∗[ω]− ε2 (a1 PD[E1] + . . .+ an PD [En]) ,

where π : M̃ −→ M is the standard projection map, the PD[Ej ] are the Poincaré
duals of the (2m − 2)-homology classes of the exceptional divisors of the blow up
at pj.

Finally, the sequence of metrics (gε)ε converges to g (in the smooth topology)
on compacts, away from the exceptional divisors.

It is important to stress that our analytical construction does not give one ex-
tremal metric but a family converging to the starting metric on the base manifold.
Observe that we assume that Xs ∈ k and hence Xs ∈ h′ := k ∩ h. Since p1, . . . , pn
are fixed by K0, we conclude that the vector Xs vanishes at each p1, . . . , pn. In
particular, it can be lifted to M̃ . This is an important property since our result
is perturbative away from the exceptional divisors of M̃ and hence it is natural to
be able to lift Xs to M̃ to guarantee that our construction will be successful.

Conditions (i) and (ii) which appear in the statement of Theorem 1 are known
to be related to T. Mabuchi’s T -stability [25] and to G. Szekelyhidi’s relative K-
stability [31] in the same way the analogous conditions for constant scalar curvature
metrics are related to the asymptotic Chow semi-stability along the line of ideas
described by R. Thomas in [32] (pages 27 and 28) [30], [10].

Remark 1. When h′ = {0}, and in particular g is a constant scalar curvature
metric (since Xs ∈ h′), then Theorem 1 yields constant scalar curvature metrics
[2].

Condition (iii) can be removed at the expense of leaving some freedom on
the weights of the exceptional divisor on the blown up manifold. More precisely,
Theorem 1 still holds without assuming (iii) but in this case, the only information
we have about [ωε] reads

[ωε] = π∗[ω]− ε2 (ã1 PD[E1] + . . .+ ãn PD [En]) ,

where ã1, . . . , ãn > 0 depend on ε and satisfy

|ãj − aj | ≤ c εκ ,

for some constant κ > 0 only depending on m. In other words, by removing (iii),
we slightly loose the control on the Kähler classes.

There are special important situations to which Theorem 1 applies. Let us
describe some of them.
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2.1. The non-obstructed case. Assume that g is a constant scalar cur-
vature Kähler metric and that there exists K a discrete subgroup of Isom (M, g)
such that h = {0}. Then, conditions (i), (ii) and (iii) become vacuous and the
result applies to any finite of points p1, . . . , pn ∈ M which are globally invariant
under the action of K to produce constant scalar curvature Kähler metrics on the
blow up of M at these points [1], [2].

If the scalar curvature of g is not zero then the scalar curvatures of gε and
of g have the same signs. Also, if the scalar curvature of g is zero and the first
Chern class of M is non zero, then one can arrange so that the scalar curvature
of gε is also equal to 0. This last result complements in any dimension previous
constructions which have been obtained in complex dimension m = 2 and for zero
scalar curvature metrics by J. Kim, C. LeBrun and M. Pontecorvo [17], C. LeBrun
and M. Singer [21] and Y. Rollin and M. Singer [28].

As an application, let us consider (M,J, g, ω) to be the projective space Pm
endowed with the Kähler form ωFS associated to a Fubini-Study metric. We let
(z1, . . . , zm+1) be complex coordinates in Cm+1 and we agree that ωFS is nor-
malized so that [ωFS ] = PD[Pm−1], where Pm−1 ⊂ Pm is a linear subspace. We
consider the group K generated by

[z1 : . . . : zm+1] 7−→ [±z1 : . . . : ±zm+1] ,

and
[z1 : . . . : zm+1] 7−→ [zσ(1) : . . . : zσ(m+1)] ,

where σ ∈ Sm+1 is any permutation of {1, . . . ,m+1}. We consider the set of fixed
points of K

p1 := [1 : 0 : . . . : 0], . . . , pm+1 := [0 : . . . : 0 : 1] .

In this case, the space h = {0} and, as a consequence of the result of Theorem 1,
we obtain constant scalar curvature Kähler metrics on the blow up of Pm at the
points p1, . . . , pm+1 whose associated Kähler form ωε lies in the class

π∗[ωFS ]− ε2 (PD[E1] + . . .+ PD[Em+1]) .

2.2. The obstructed case. Another important application of Theorem 1
is when g is a constant scalar curvature Kähler metric and when K = {Id}. In
this case h′ = {0} and h′′ = h. The following results show that there is a large set
of possible applications of Theorem 1.

Lemma 2. [2] Assume that n ≥ dim h then, the set of points p1, . . . , pn ∈ M , all
distinct, such that condition (i) is fulfilled is an open and dense subset of Mn.

When n ≥ dim h, it is well known that, for a choice of blow up points p1, . . . , pn
in some open and dense subset of Mn, the group of automorphisms of M blown
up at p1, . . . , pn is trivial (observe that dim h is also equal to the dimension of
Aut0(M)). In view of all these results, one is tempted to conjecture that condition
(i) is equivalent to the fact that the group of automorphisms of M blown up at
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p1, . . . , pn is trivial. However, this is not the case since these two conditions turn
out to be of a different nature. For example, let us assume that h = Span {X} for
X 6= 0. If we denote by f := 〈ξω, X〉, it is enough to choose p1, . . . , pn not all in
the zero set of f for condition (i) to hold, while the group of automorphisms of M
blown up at p1, . . . , pn is trivial if and only if one of the pj is chosen away from
the zero set of X, which corresponds to the set of critical points of function f .

Condition (ii) is more subtle and more of a nonlinear nature. It can be proven
that this condition is always fulfilled for some careful choice of the points, provided
their number is chosen to be larger than some value ng ≥ dim h + 1.

Lemma 3. [2] Assume that n ≥ dim h + 1, then the set of points p1, . . . , pn ∈ M
(all distinct) for which (i) and (ii) hold is an open (possibly empty) subset of Mn.
Moreover, there exists ng ≥ dim h + 1 such that, for all n ≥ ng the set of points
p1, . . . , pn ∈M (all distinct) for which (i) and (ii) hold is a nonempty open subset
of Mn.

In contrast with condition (ii), it is easy to convince oneself that condition
(i) does not hold for generic choice of the points. For example, assume that h =
Span {X} for X 6= 0, we denote by f := 〈ξω, X〉 and we choose n ≥ 2. Then
(ii) holds provided f(p1), . . . , f(pn) are not all equal to 0 and (i) holds provided
f(p1), . . . , f(pn) do not all have the same sign. Clearly, the set of such points is a
nonempty open subset of Mn.

As an application, let us again consider the projective space Pm endowed with
the Kähler form ωFS associated to a Fubini-Study metric. In this case dim h =
m2 + 2m and it is proven in [2] that the set of points p1, . . . , pn ∈ Pm (all distinct)
for which (i) and (ii) hold is a nonempty open subset of (Pm)n provided n ≥
2m (m+ 1) (Let us point out that this last result is certainly not sharp).

2.3. Extremal versus constant scalar curvature metrics. The
proof of Theorem 1 is based on a perturbation argument and, if the initial manifold
has an extremal metric with non-constant scalar curvature, the extremal metrics
we construct on the blown up manifold still have non-constant scalar curvature. In
the case where the manifolds we start with have constant scalar curvature metrics,
it might well be that the extremal metrics we obtain have in fact constant scalar
curvature. There is a simple criterion involving the points p1, . . . , pn and the
parameters a1, . . . , an, which ensures that this is not the case.

Proposition 4. Under the assumptions of Theorem 1, further assume that the
metric g has constant scalar curvature. If the points and weights are chosen so
that

n∑
j=1

am−1
j ξω(pj) 6= 0 ,

then the metrics gε we obtain on M̃ are extremal with non-constant scalar curva-
ture.
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2.4. The case of projective spaces. We now emphasize the conse-
quences of the above result for projective spaces.

As above, we consider the projective space Pm endowed with the Kähler form
ωFS associated to a Fubini-Study metric and we let (z1, . . . , zm+1) be complex
coordinates in Cm+1. We now consider the group K = S1 × . . . × S1, to be the
maximal compact subgroup of PGL(m+ 1), whose action is given by

K × Pm −→ Pm

((α1, . . . , αm+1), [z1 : . . . : zm+1]) 7−→ [α1z1 : . . . : αm+1zm+1] ,

and we consider the set of fixed points of K

p1 := [1 : 0 : . . . : 0], . . . , pm+1 := [0 : . . . : 0 : 1] .

In this case, the space h is spanned by vector fields of the form

< (za ∂za − zb ∂zb) ,

and we have k = h = h′ and h′′ = {0}. As a consequence of the result of Theorem 1,
we obtain extremal Kähler metrics on the blow up of Pm at the points p1, . . . , pn,
for any n = 1, . . . ,m+ 1.

It is worth emphasizing that the special structure of the points which can be
blown up on Pm has its origin in the fact that we are starting from a specific choice
of a Fubini-Study metric and hence, away from the blow up points the extremal
Kähler metric ωε is close to ωFS . This example shows the Riemannian nature of
our results. Now, if q1, . . . , qn ∈ Pm are linearly independent one can find extremal
metrics on the blow up of Pm at q1, . . . , qn but this time the metric will be close
to ψ∗ωFS away from the blow up points, where ψ is an automorphism of the
projective space such that

ψ(pj) = qj .

Since [ψ∗ωFS ] is independent of ψ and of the choice of the Fubini-Study metric,
we have obtained the following :

Corollary 1. [2], [4] Fix 1 ≤ n ≤ m + 1. Given q1, . . . , qn ∈ Pm linearly in-
dependent points and a1, . . . , an > 0, there exists ε0 > 0 and for all ε ∈ (0, ε0)
there exists an extremal Kähler metric gε on the blow up of Pm at q1, . . . , qn whose
associated Kähler form ωε lies in the class

π∗[ωFS ]− ε2 (a1 PD[E1] + . . .+ an PD[En]) .

In addition, the Kähler metrics gε do not have constant scalar curvature unless
n = m+ 1 and a1 = . . . = am+1.

The case corresponding to n = 1 in Corollary 1 was already obtained by E.
Calabi in more generality (i.e. for all Kähler classes) [6] and the case where Pm is
blown up at m+ 1 linearly independent points q1, . . . , qm+1 and a1 = . . . = am+1
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was already mentioned in Section 2.1 where constant scalar curvature metrics were
obtained [2].

In the case where Pm is blown up at more than m + 1 points in general posi-
tion the resulting manifolds do not have nonzero holomorphic vector fields, hence
extremal metrics are forced to have constant scalar curvature and the existence of
some constant scalar curvature Kähler metrics follows from [2] and [28].

The conditions n = m+ 1 and a1 = . . . = am+1 being necessary and sufficient
to get constant scalar curvature metrics among our family of extremal ones fits
exactly with the more familiar picture of the Futaki invariants. E. Calabi has in
fact proved that an extremal metric has constant scalar curvature if and only if
its Futaki invariant vanishes [7], and, using T. Mabuchi’s result [24] relating the
Futaki invariant to the coordinates of the barycenter of the convex polytope of a
toric variety, one can show that the above conditions are indeed equivalent to the
vanishing of the Futaki invariants for blow ups of Pm.

2.5. The blow up of P2 at two points. Applying Theorem 1 to P2,
P1×P1 and BlpP2 as base manifolds leads interesting examples of extremal metrics.
To begin with, we can apply Theorem 1 to the blow up of P2, endowed with a
Fubini-Study metric, at two points. This shows that :

Corollary 2. On Blp1,p2P2, the Kähler classes

π∗[ωFS ]− ε (a1 PD[E1] + a2 PD[E2]) ,

have extremal representatives provided a1, a2 > 0 are fixed and ε ∈ (0, ε0), where
ε0 > 0 is small enough.

Next, Theorem 1 can be applied to the blow up of BlpP2, endowed with E.
Calabi’s extremal metric, at one point. This shows that :

Corollary 3. On Blp1,p2P2, the Kähler classes

π∗[ωFS ]− (a1 PD[E1] + ε PD[E2]) ,

have extremal representatives provided a1 ∈ (0, 1) is fixed and ε ∈ (0, ε0), where
ε0 > 0 is small enough.

Finally, recall that, for p1 6= p2 ∈ P2, Blp1,p2P2 contains three (−1)-curves, the
two exceptional divisors E1, E2 and the proper transform L of the line in P2 passing
though p1 and p2. Contracting (blowing down) L we get a manifold biholomorphic
to P1 × P1 where the rulings correspond to the pencils of lines through p1 and p2.
So Blp1,p2P2 is biholomorphic to Blq(P1 × P1) for some choice of q ∈ P1 × P1. We
set

A1 = [P1 × {pt}], A2 = [{pt} × P1] ,

and we denote by E the exceptional divisor in Blq(P1×P1). It is easy to check the
correspondence between the class a1 PD[A1] + a2 PD[A2]− ε PD[E] and the class
(a1 + a2 − ε)π∗[ωFS ] − (a1 − ε)PD[E1] − (a2 − ε)PD[E2]. Applying Theorem 1
to the blow up of P1×P1, endowed with a product of Fubini-Study metric, at one
point, this shows that :
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Corollary 4. On Blp1,p2P2, the Kähler classes

π∗[ωFS ]−
(

a1−ε
a1+a2−ε PD[E1] + a2−ε

a1+a2−ε PD[E2]
)
,

have extremal representatives provided a1, a2 > 0 are fixed and ε ∈ (0, ε0), where
ε0 > 0 is small enough.

Corollary 1 has been used by X.X. Chen, C. LeBrun and M. Weber [8] and W.
He [16] to prove that all Kähler classes on M := Blp1,p2(P2) of the form π∗[ωFS ]−
ε2a(PD[E1] + PD[E2]) have an extremal representative. This last result implies
the existence of Einstein (non-Kählerian) metrics of positive scalar curvature on
M .

2.6. The case of toric varieties. The previous Corollary can be under-
stood as a special case of the existence of extremal metrics on the blow up of toric
varieties. If (M,J, g, ω) is a m-dimensional toric variety whose associated metric
is extremal, one can take K to be the maximal torus T giving the torus action. In
this case, h = k and hence h′′ = {0}. One can then apply Theorem 1 to get :

Corollary 5. Assume that (M,J, g, ω) is a toric variety whose associated metric
is extremal, and let K be the maximal torus T giving the torus action. Given
p1, . . . , pn ∈ Fix (K) and a1, . . . , an > 0, there exists ε0 > 0 and for all ε ∈ (0, ε0)
there exists an extremal Kähler metric gε on the blow up of M at p1, . . . , pn whose
associated Kähler form ωε lies in the class

π∗[ω]− ε2 (a1 PD[E1] + . . .+ an PD[En]) .

In other words, one can blow up any set of points contained in the fixed-point
set of the torus-action and the weights aj > 0 can be chosen arbitrarily.

Since blowing up a toric variety at such points preserves the toric structure, one
can apply inductively the last Corollary. Therefore, we obtain extremal metrics on
any such iterated blow up. This last Corollary can be applied to the one parameter
family of extremal metrics found by E. Calabi on the blow up of Pm at one point,
producing then a wealth of open subsets of classes in the Kähler cone which have
extremal representatives.

Remark 2. A more general result for constant scalar curvature metrics on toric
surfaces follows from S.K. Donaldson’s work on Abreu’s equation [12], [14] and
[13].

3. Overview of the construction

Recall that the Riemannian metric g, Kähler form ω and complex structure J are
related by the relation ω(X,Y ) = g(J X, Y ). A vector field X is said to be a
hamiltonian vector field if there exists a smooth real valued function f satisfying

X = J ∇f .
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In this case we will write X = Xf . Using the above relation between ω and g, we
see that this equation is always equivalent to

−df = ω (Xf , ·) ,

or also

−∂̄f = 1
2 ω(Ξf , ·) .

Let us now define the second order operator

Pω : C∞(M) −→ Λ0,1(M,T 1,0)

f 7−→ 1
2 ∂̄ Ξf ,

where

Ξf := Xf − iJXf ∈ T 1,0 . (1)

Observe that the operator Pω depends on the Kähler metric g. Also, with this
definition, a metric ω is extremal if and only if Pω(s(ω)) = 0.

Clearly, any smooth, complex valued function f , solution of

P ∗ω Pω f = 0 ,

on M , gives rise to a holomorphic vector field Ξf defined by (1) since integration
over M of this equation multiplid by f̄ implies that ‖∂̄ Ξf‖L2(M) = 0. We recall
the following important result which shows that the converse is also true :

Proposition 5. [7], [19] A vector field Ξ ∈ T 1,0 is a holomorphic vector field with
zeros if and only if there exists a complex valued function f solution of P ∗ω Pω f = 0
such that −∂̄f = 1

2 ω(Ξ, ·).

In addition, we have the following result which follows from a theorem of Lich-
nerowicz (see Besse [5], Corollary 2.125 and [19]) :

Proposition 6. [5], [19] A vector field X is a Killing vector field with zeros if
and only if there exists a real valued function f solution of P ∗ω Pω f = 0 such that
ω(X, ·) = −df .

In other words, if Ξ is a holomorphic vector field, the function f given in
Proposition 5 can be chosen to be real valued when X = <Ξ is a Killing vector
field and if X is a Killing vector field with zeros, then Ξ = X−iJX is a holomorphic
vector field. Finally, recall that a vector field X is real-holomorphic if and only if
X − iJX is a holomorphic section of T 1,0M . In particular, any Killing vector field
is automatically real-holomorphic.

3.1. Perturbation of extremal metrics. It is proven in [19] and [5]
that the linearization of the mapping

f 7−→ s(ω + i∂∂̄f) ,
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is given by the formula

Lω := − 1
2 (∆2

g + 2 Ricg · ∇2
g) ,

where Ricg stands for the Ricci tensor of the metric g associated to ω. On the
other hand,

P ∗ω Pω = ∆2
g + 2 Ricg · ∇2

g − J Xs + iXs ,

where Xs is the hamiltonian vector field associated to the scalar curvature s(ω).
Observe that, in general, this is a complex valued operator.

With these formulas, we can write :

Lω = − 1
2P
∗
ω Pω − 1

2 J Xs + i
2 Xs .

We can see from this equality that, working equivariantly with respect to a compact
group K whose Lie algebra contains Xs has an important effect. Indeed, under
such an assumption Xs f = 0 for all f which are K-invariant and the last term
in (3.1) disappears. Therefore, when acting on K-invariant functions Lω is a real-
valued operator. From the analytical point of view, this is the reason why we have
asked that Xs belongs to the Lie algebra of K.

Consider the nonlinear map

F : h× C∞(M)K −→ C∞(M)K ,

(X, f) 7−→ s(ω + i∂∂̄f)− 〈ξω+i ∂∂̄f , X〉 .

Here the superscripts K denote the K-invariant part of the function spaces con-
sidered.

The following is due to E. Calabi [6] and C. LeBrun and S. Simanca [19].

Proposition 7. [6], [19] Assume that ω is extremal and Xs ∈ h′, then DfF |(Xs,0),

the linearization of F with respect to f at (Xs, 0) is equal to − 1
2 P
∗
ω Pω.

Since this is one of the key points of our construction, let us briefly explain
the proof of this result. We already know the linearization of the scalar curvature
map, so we only need to know the linearization of

f 7−→ ξω+i∂∂̄f ,

with respect to f . Take any X ∈ h′. Since f is K-invariant, X is also a Killing
vector field (with zeros) for the Kähler form ω + i∂∂̄f . Hence, we can write

1
2 (ω + i∂∂̄f)(Ξ, ·) = −∂̄〈ξω+i∂∂̄f , X〉 ,

where Ξ := X − i J X, and we see immediately that ξ̇, the first variation of f 7−→
ξω+i∂∂̄f with respect to f computed at f = 0, satisfies

i
2 ∂∂̄ f(Ξ, ·) = −∂̄ 〈ξ̇, X〉 .
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Working in local coordinates and using the fact that the vector field Ξ is holomor-
phic we find

∂̄ ( i2 (Ξ f) + 〈ξ̇, X〉) = 0 .

Since, by definition, the function 〈ξ̇, X〉 + i
2 (Ξ f) is real valued and has mean 0,

we conclude that
〈ξ̇, X〉 = − i

2 Ξ f .

Now, we apply this analysis when ω is extremal, with extremal vector field Xs ∈ h′.
We obtain for any smooth function f

DfF |(Xs,0)(f) = Lωf + i
2 Ξs f with Ξs := Xs − i J Xs .

Hence

DfF |(Xs,0)(f) = − 1
2 P
∗
ω Pωf − 1

2 J Xs f + i
2 Xs f + i

2 Ξs f = − 1
2 P
∗
ω Pω f + iXs f .

Remembering that when f is K-invariant and Xs ∈ h′, we have

Xsf = 0 ,

and we conclude that DfF |(Xs,0)(f) = − 1
2 P
∗
ω Pω f . This completes the proof of

the Proposition.

3.2. The origin of the constraints. We are now in a position to explain
where the constraints in the statement of Theorem 1 come from.

We denote by Ξs the holomorphic vector field associated to Xs. We also assume
that we have chosen some compact subgroup of isometries K ⊂ Isom(M, g) and
some finite set of points p1, . . . , pn ∈ Fix(K0). Since we want to work equivariantly
with respect to K, we shall assume that {p1, . . . , pn} is invariant under the action
of K. We note that a holomorphic vector field Ξ lifts to M̃ , the blow up of
M at p1, . . . , pn, if and only if Ξ vanishes at each of the points pj . As already
mentioned, our construction of the extremal Kähler metric on the blow up being
based on a perturbation argument, it is natural to require that Ξs vanishes at all
points p1, . . . , pn and hence will lift to M̃ .

Now, if ω̃ is a putative extremal Kähler metric on M̃ its scalar curvature must
be a sum of K-invariant potentials corresponding to vector fields which vanish at
the pj , are K-invariant and are associated to isometries of the new metric, hence
they have to correspond to the lift of vector fields which are both in h and k. Thus
we introduce the lie algebra h′ ⊂ h defined by

h′ := h ∩ k .

In particular, elements of h′ vanish at all points p1, . . . , pn.
We denote by h′′ the orthogonal complement of h′ in h with respect to the

scalar product

(X, X̃)h :=

∫
M

〈ξω, X〉 〈ξω, X̃〉dvolω .
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Informally, the potentials of the form 〈ξω, X〉, for X ∈ h′, will correspond to the
good potentials which are associated to vector fields lifting to M̃ (since they vanish
at all points p1, . . . , pn). In particular, these can be used to deform the scalar
curvature of the Kähler form. In contrast, the potentials of the form 〈ξω, X〉,
when X ∈ h′′, will correspond to the bad potentials corresponding to vector fields
which do not lift to M̃ . Hence, these are the potentials which cannot be used in
the deformation of the scalar curvature of the Kähler form.

To apply a perturbation argument, we need to solve two linear problems. First,
we will need to find a function Γ, a constant λ and a vector field Y ∈ h′ solutions
of

1
2 P
∗
ω PωΓ + 〈ξω, Y 〉+ λ = −cm

n∑
j=1

am−1
j δpj , (2)

where the masses aj are positive and cm > 0 is a positive constant only depending
on the dimension m. The solvability of this problem is equivalent to the relative
moment condition :

n∑
j=1

am−1
j ξω(pj) ∈ h′ ∗ . (3)

This is precisely (ii) in the statement of Theorem 1. Observe that masses aj and
aj′ corresponding to points pj and pj′ in the same orbit with respect to the action
of K should be equal to preserve the K-invariance of the metric we will construct.

Using this, we consider a first perturbation of ω, away from the points to be
blown up. This perturbed Kähler form we consider is given explicitly by

ω̂ε := ω + i ∂ ∂̄(ε2m−2 Γ) ,

where ε > 0 is a small parameter. This Kähler form is well defined away from
balls of radius c ε centered at the points pj (provided c is fixed large enough and ε
is chosen small enough) and one can check that the associated Kähler metric has
scalar curvature given by

s(ω̂ε) = s(ω) + ε2m−2 (〈ξω, Y 〉+ λ) +O(ε4m−2) .

The final task will be to perturb this Kähler metric into an extremal metric.
To this aim, given any (smooth) function f , we need to be able to find a function
φ, a constant ν, a vector field Z ∈ h′ and parameters bj ∈ R solutions of

1
2 P
∗
ω Pω φ+ ν + 〈ξω, Z〉+ cm

n∑
j=1

bj δpj = f . (4)

The solvability of this problem is precisely equivalent to the genericity condition :

The projections of ξω(p1), . . . , ξω(pn) on h′′ ∗ spans h′′ ∗ . (5)

This is precisely (i) in the statement of Theorem 1.
The idea is now to proceed to connected sums of M with n copies of C̃m, the

blow up at the origin of Cm, endowed with a rescaled copy of a scalar flat Kähler
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metric g0 which we describe now. The metric g0 is U(m) invariant and was found
by D. Burns [18], when m = 2, and S. Simanca [29], when m ≥ 3, following a
method introduced in [6]. Away from the exceptional divisor, the Kähler form η
associated to this metric is given by

η = i ∂ ∂̄Φm(v) ,

where v = (v1, . . . , vm) are complex coordinates in Cm\{0} and where the function
Φm is explicitly given, in dimension m = 2, by

Φ2(v) := 1
2 |v|

2 + log |v|2 ,

while in dimension m ≥ 3, even though there is no explicit formula for Em we have
the following expansion

Φm(v) = 1
2 |v|

2 − |v|4−2m +O(|v|2−2m) ,

as |v| tends to ∞. Details can be obtained either in [6], [29] or in [1] for a proof of
this expansion. The scalar flat metric g0 which is used for the connected sum at

the point pj has to be multiplied ε2 a
1

m−1

j so that the asymptotics of the metrics

ε2 a
1

m−1

j η and ωε do match. Indeed, in dimension m ≥ 3, the Kähler form ω̂ε can
be expanded near pj as

ω̂ε = i ∂ ∂̄
(

1
2 |z|

2 − ε2m−2 aj |z|4−2m + . . .
)
,

while the Kähler form ε2 a
1

m−1 η can be expanded as

ε2 a
1

m−1 η = i ε2 a
1

m−1 ∂ ∂̄
(

1
2 |v|

2 − |v|4−2m + . . .
)

= i ∂ ∂̄
(

1
2 |z|

2 − ε2m−2 a |z|4−2m + . . .
)
,

after the change of variables z = ε a
1

2m−2 v. And hence, the asymptotics do match
provided we choose a = aj .

The rest of the proof of Theorem 1 is to show that these conditions and the
construction outlined above are indeed sufficient to guarantee that a perturbation
argument implies the existence of extremal metrics in the appropriate classes. This
part of the proof is rather technical and uses in a crucial way weighted function
spaces introduced by R.B. Lockhart and R.C McOwen [23], R. Melrose [27] and
R. Mazzeo [26].
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