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Abstract

A dynamic model of the settling process in the secondary settler of a wastewater
treatment plant is given by a nonlinear scalar conservation law for the sludge concen-
tration under the form of a partial differential equation (PDE). A numerical algorithm
is given which also includes a mathematical model of the aeration tank. Theoretical
and numerical simulations are then compared with real data. The evolution of the
shock corresponding to the rising of a sludge blanket is described by an ordinary differ-
ential equation (ODE). As a consequence, regulation strategies of the rising of a sludge
blanket in case of important water admission to the plant are proposed. We end briefly
with two possible extensions. A model with two classes of particles in interaction is
introduced to take into account the particle size change, as well as a model giving the
distribution of residence times to take into account its effect on the velocity.

Key words. clarification, conservation numerical scheme, control, entropic solution,
hyperbolic equation, mathematical modeling, secondary settler, thickening, waste water
treatment plant.
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1 Nomenclature

A(x) = area of the settler at depth x (L2)
c = solids concentration in the settler

(ML−3)
cb = big particles concentration

in the settler(ML−3)
cs = small particles concentration

in the settler(ML−3)
cf = solids concentration in the

aeration tank(ML−3)
ǫ1[ǫ2] = smoothing parameter

of the flux function
around the feed point(L)
[around the surface and bottom(L)]

H = Heaviside function
Hǫ = approximation ofH
k = specific rate of small particles

concentration decay by collision
(M−1L3T−1)

λb[λs] = factor of the sludge velocity
for big particles
[for small particles]

mi = rate of sludge production by
bacteriological action(MT−1)

Ω = volume of the aeration tank(L3)
p = depth of the sludge blanket(L3)
φf = feed flux (ML−2T−1)
Qe = effluent flow (L3 T−1)
Qi = inflow to treatment plant

(from aeration tank) (L3 T−1)

Qf = inflow to settler (L3 T−1)
Qo = output flow (L3 T−1)
Qr = return sludge flow (L3 T−1)
Qw = waste sludge flow (L3 T−1)
v(c) = gravity induced sludge velocity (LT−1)
xf = depth of the feed point (L)
xb = total depth of the settler (L)
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2 Introduction

The paper is organized as follows. After a brief description of the plant, we introduce in
Section 3 the mathematical dynamic model. We detail the physical meaning of the different
terms involved in each zone of the settler, namely above the surface, between the surface
and the feed point, between the feed point and the bottom and finally under the bottom.
We obtain a nonlinear scalar conservation law ct + ψ(t, x, c)x = 0, where the flux function
ψ(t, x, c) presents discontinuities in reason of the distinct physical mechanisms in each zone.
This specific form of equation imposes, to a certain extent, the numerical algorithm and this
is what we point out in Section 4. Indeed, too simple algorithms may fail to adequately
reproduce the dynamic behaviour of the settler. In particular, two specificities of the settler
are critical to the numerical analysis: the flux function is not convex and there is a disconti-
nuity for the flux at the feed point. Section 5 is devoted to the mathematical description of
the evolution of the sludge blanket depth. We will propose an ordinary differential equation
that reproduces the dynamic behavior of the position of a shock between pure water and
concentrated sludge. This makes possible for us to formulate certain control laws to stabilize
this sludge blanket at a prescribed depth. In Section 6, two extensions of the model are
briefly presented. The first one takes into account the evolution of the sizes of particles with
a model having two classes of particles, each with its own settling velocity, in interaction
(“small” particles flocculate into “big” ones with a simple rule). The second extension takes
into account the residence time of particles in the settler and leads to an original model.
Section 7 contains various numerical simulations as well as comparisons with real data. We
end this paper with a summary of major conclusions on both papers in Section 8.

3 A PDE model of settler

The Figure 1 represents a small plant. Concerning the volumes flows, we introduce Qw for
applications to real time control (see Section 5) although Qw is usually taken as 0 so that
Qo = Qr.

In this section, we set the mathematical partial differential equation describing the dy-
namic settling process in the settler. What we learn by this mathematical approach is
existence and uniqueness of a solution (not very interesting for applications but more for
simulations) and a hint at numerical algorithms in connection with the hyperbolic nature of
the equation (interesting and sometimes crucial for simulations).

To get a mathematical model, the basic equation to write is one of mass conservation for
the sludge in the settler. For simplicity, we will assume that all the quantities involved only
depend on the depth x and time t. Let us emphasize the fact that the x-axis is directed
downward.
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3.1 Main assumptions on the settling process

We make the following assumptions concerning the settling process:

1. all the quantities involved only depend on the depth x and time t, in particular we
define the density of sludge mass c(t, x) at time t and depth x,

2. the mass transport is only due to advection and not to diffusion,

3. above the surface and below the bottom of the settler, the advection is only due to the
water velocity, supposed to be vertical,

4. between the surface and the bottom, that is in the settler itself, there is an additional
speed due to gravity (settling velocity v) which we assume to depend only on the
concentration c, that is v = v(c), except in narrow layers of size ǫ2 around the surface
and the bottom where this velocity is progressive,

5. this latter settling velocity v(c) is an analytical function, rapidly decreasing as well as
all its derivatives, satisfying

v′(c) < 0 , ∀ c > 0 (1)

6. the introduction of sludge in the settler is located in a narrow layer of size ǫ1 around
the feed point with feed concentration cf and positive input flow (Qf > 0),

7. water pours out of the settler at the surface (Qe ≥ 0).

These assumptions call for some comments. We neglect the diffusion in order to focus on the
shock phenomenon rather than fine adequacy with real data (our approach thus differs from
that in [Laikari, 1987, Laikari, 1989]. Above the surface and below the bottom of the settler,
the velocity of the water is reasonably vertical in a small layer. It is a classical assumption
that the settling velocity depends only upon the concentration (see [Diehl et al., 1990]).
It is natural to require that this function be decreasing since the more the particles are
concentrated the greater the viscosity forces are. The growth assumption is technical and
implies in particular that v(c) goes quickly enough towards 0 at infinity.

3.2 A PDE model of the settler

It is very classical to write the following conservation law

A(x)
∂c

∂t
+

∂

∂x
(A(x)cV (t, x, c)) = s(t, x), (2)

where, by our assumptions, the speed function V (t, x, c) is of the form

V (t, x, c) = α(x)(−Qe(t)/A(x))

+ (1 − α(x))(Qo(t)/A(x))

+ γ(x)v(c)
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and the coefficients α(x) and γ(x) take the values 0 or 1 according to x. The source term
s(t, x) is located at the feed point. In reason of the narrow layers (of sizes ǫ1 and ǫ2) around
the surface, the feed point and the bottom, we need to connect different flux functions by
smoothing the previous coefficients α(x) and γ(x) as follows.

Let us denote by δǫ(x) a regular positive function whose support is included in [−ǫ, ǫ],
with δǫ(x) > 0 in (−ǫ, ǫ), and whose integral over R is 1. This is an approximation of the
Dirac distribution and, using this function, we build

Hǫ(x) =

∫ x

−∞

δǫ(s)ds (3)

which is an approximation of the Heaviside function H defined by H(x) = 0 if x < 0 and
H(x) = 1 otherwise.

Now, we smooth the function V (t, x, c) by

Vǫ(t, x, c) = Hǫ1(x− xf )(Qo(t)c/A(x))
−Hǫ1(xf − x)(Qe(t)c/A(x))
+Hǫ2(x)Hǫ2(xb − x)cv(c)

(4)

where ǫ = (ǫ1, ǫ2). We choose to smooth the source term function s(t, x) in the same way by

sǫ(t, x) = Qf (t)cf (t)δǫ(x− xf )

= Qf (t)cf (t)
∂Hǫ1

∂x
(x− xf )

(5)

Now, equation (2) can be re-written as

A(x)
∂c

∂t
+

∂

∂x
ψǫ(t, x, c) = 0 , ∀ x ∈ R (6)

where the flux function ψǫ is given by

ψǫ(t, x, c) = (Hǫ1(x− xf )Qo(t)

− Hǫ1(xf − x)Qe(t))c

+ Hǫ2(x)Hǫ2(xb − x)A(x)cv(c)

− Hǫ1(x− xf )cf (t)Qf (t)

where ǫ = (ǫ1, ǫ2). We have extended continuously the function A(x) by A(x) ≡ A(0) for
x < 0 and A(x) ≡ A(xb) for x > xb.

Since these parameters ǫ1 and ǫ2 are two smoothing parameters, a solution of equation (2)
must be understood as the limit (if it exists) of solutions of (6) when those two parameters
tend to 0.

It is well known that there are some difficulties to define a solution of a nonlinear scalar
conservation law as (6) (see [Smoller, 1983]). In other words, equation (6) may present
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distinct mathematical solutions, some of them having no physical signification. To overcome
this problem, one only focuses on limits of the so called viscous solutions. These latter are
defined as solutions of the original equation with a small additional diffusion term, supposed
to account for the natural viscosity in the medium, namely:

A(x)
∂cǫ3

∂t
+

∂

∂x
ψǫ(t, x, c

ǫ3) − ǫ3
∂2cǫ3

∂x2
= 0 , ∀ x ∈ R

In [Kruzkov, 1969, Kruzkov, 1970], existence and uniqueness is proved under large assump-
tions.

A PDE model can also be found in [Diehl et al., 1990] but only for a cylindrical settler
under the feed point so that there is no explicit dependence on the depth x in the flux
function, unlike in (6). This, and the discontinuity of the flux function at the feed point,
make the mathematical analysis of (6) quite delicate.

4 The numerical algorithm

The hyperbolic nature of equation (6) imposes a particular numerical algorithm that we
briefly describe below (our main reference here is [LeVeque, 1992]).

In order to compute numerical concentrations, we have used a classical conservative finite
difference scheme applied to the regularized equation (6). Let ∆x and ∆t be the spatial and
temporal grid sizes, respectively, and let xj = j∆x and tn = n∆t be the mesh points.
Furthermore, we let un

j be the grid function approximating the solution of:















∂u

∂t
+

∂f(t, x, u)

∂x
= 0

u(t, x) = A(x)c(t, x)
f(t, x, u) = ψǫ(t, x, c)

(7)

Then, the conservative finite difference scheme reads

uj+1
i = uj

i − τ
(

φj
i+1/2 − φj

i−1/2

)

(8)

where τ = ∆t/∆x and where φj
i+1/2 is a numerical approximation of the following flux

through the line {(i+ 1/2)∆x} × [j∆t, (j + 1)∆t]:

1

∆t

∫ (j+1)∆t

j∆t

f(t′, (i+ 1/2)∆x, u(t′, (i+ 1/2)∆x)) dt′
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In Godunov’s classical scheme ([Godunov, 1959]), this numerical approximation φj
i+1/2 is

taken as:

φj
i+1/2 =



















































inf(f(j∆t, (i+
1

2
)∆x, uj

i ),

f(j∆t, (i+ 1
2
)∆x, uj

i+1))

if uj
i ≤ uj

i+1

sup(f(j∆t, (i+
1

2
)∆x, uj

i ),

f(j∆t, (i+ 1
2
)∆x, uj

i+1))

if uj
i > uj

i+1

(9)

This scheme leads to entropic solutions if f is convex and no transonic rarefaction occurs in
the solution (see [LeVeque, 1992, p.144]). Otherwise, this scheme may lead to non entropic
solutions as in our case where f is not convex and has a local minimum.

This difficulty can be overcome by replacing (9) by (see [LeVeque, 1992, p.145])

φj
i+1/2 =







































inf
u∈[uj

i
,uj

i+1
]
(f(j∆t, (i+

1

2
)∆x, u)

if uj
i ≤ uj

i+1

sup
u∈[uj

i+1
,uj

i
]

(f(j∆t, (i+
1

2
)∆x, u)

if uj
i > uj

i+1

(10)

In this latter scheme, an infimum (or maximum) over an interval has to be evaluated in (10).
For this, we have approached it by an infimum (or maximum) over three points in the interval:
the edge points and the middle point. It appears that the aberrant numerical results observed
with (9) do not occur any longer with this latter approximation. More generally, one can
find other numerical schemes which simplify the calculation of the numerical flow. In the
transonic rarefaction case, instead of minimizing f , one can minimize the function f̂ defined
by two tangent curves (see [LeVeque, 1992, p.154]). The numerical simulations performed
with this latter scheme do not sensitively differ from the previous approximate scheme.

Note that, for stability, we take:

2τ ≤ 1/ sup
t,x,u

|
∂f(t, x, u)

∂u
| (11)

Remark 4.1 The regularized flux function was defined for (t, x) ∈ R×R
+ but one can easily

check that, since the flux function is Qoc or −Qec outside the settler, we only need one grid

point for x < 0 and one grid point for x > xb in order to compute the numerical solution in

the settler.
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One way to improve the numerical scheme would be to solve a Riemman problem for a
discontinuous (in x) flux function. We have made a few steps in that direction and found
results for the x = 0 and x = xb boundary but the problem at the feed point is still unsolved.

To end up, we insist that this algorithm is valid for time-varying inputs, such as the input
flow, concentration or output flow.

5 The sludge blanket

In this section, we study the evolution of the depth p of the sludge blanket which marks the
separation between sludge and clear water. This mathematical description can only come
from a theoretical analysis (experiments or numerical simulations only yield approximations).
What is more, this approach provides a hint at how a sludge blanket rising is reached.

In our mathematical setting, the sludge blanket at the surface is a shock curve t 7→ (t, p(t))
with zero concentration just above the shock. If c+(t, p(t)) is the concentration just below the
shock, the slope σ of this curve, which also is the speed ṗ(t), is given by the Rankine-Hugoniot
relation [Smoller, 1983]:

ṗ(t) =
ψǫ(t, p(t), c+(t, p(t))) − ψǫ(t, p(t), 0)

A(p(t))(c+(t, p(t)) − 0)

=
ψǫ(t, p(t), c+(t, p(t)))

A(p(t))c+(t, p(t))

In this last expression, the term c+(t, p(t)) has to be computed from the PDE (6). However, it
is observed for rising sludge blankets in numerical simulations that the sludge blanket slowly
goes up along a profile which rapidly becomes stationary. This phenomenon is comforted by
theoretical arguments [Cheng, 1981]. This suggests that the term c+(t, p(t)) be replaced by
an expression cS(t, p(t)), where cS is a steady state profile corresponding to a set of operating
conditions Qf , Qo, cf as in Part I. Thus, it appears that p satisfies an ordinary differential
equation as a limit model.

5.1 Rising of the sludge blanket above the feed point

Here, we shall exhibit a specific solution of (6) with a sludge blanket located above the feed
point xf at a depth p(t) satisfying a certain ordinary differential equation.

For a cylindrical settler under the feed point, it is shown in [Diehl et al., 1990] that the
asymptotic behaviour in the settler displays a rising sludge blanket at constant speed. In the
more general case that we treat here, a precise mathematical study in [Chancelier et al., 1994]
allows us to set up the following assertions, if we assume that the concentration cf and the
flow rates Qe, Qo are fixed and such that Φ∗(cf ) < Qfcf .

1. There exists a solution of (6) with a rising sludge blanket above the feed point.
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2. This sludge blanket rises along a uniquely determined steady state profile.

3. If p(t) denotes the depth of the sludge blanket, it satisfies the following differential
equation

ṗ =
Qfcf − Φ∗(cf )

A(p)c(p)
(12)

where c(p) is given by the following implicit relation

−Qec(p) + A(p)c(p)v(c(p)) = Φ∗(cf ) −Qfcf (13)

and thus we also have:

ṗ = −
Qe

A(p)
+ v(c(p)) (14)

Such a solution is observed in numerical simulations.
Note that this last result may help for the identification of the velocity function c 7→ v(c).

Indeed, if the rising t 7→ p(t) is measured, then both c(p) and v(c(p)) can be computed from
the relations











v(c(p)) = ṗ+Qe/A(p)

c(p) =
Φ∗(cf ) −Qfcf

−Qe + A(p)v(c(p))

(15)

The rising time of the sludge blanket between the depths p0 and p1 > p0 is given by

t0 − t1 =

∫ p1

p0

A(p)c(p)dp

Qfcf − Φ∗(cf )
(16)

5.2 Fall of the sludge blanket

For a falling sludge blanket, the latter implicit equation (13) does not necessarily have a
unique solution and this is a drawback for a possible model of a falling sludge blanket.

However, it is observed in numerical simulations that there exists a solution of (6) with
a sludge blanket going down along a fixed profile after a certain period of time.

5.3 Stabilization of the sludge blanket by different control strate-

gies

The previous dynamic model gives hint at how to conceive control laws. A sole analysis of
the steady states would not be sufficient because dynamic properties would not be taken into
account.

Here, we propose different strategies to stabilize the sludge blanket with Qw, waste sludge
flow and Qr, return sludge flow, as control variables. The control laws are based upon
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the previous differential model (12)-(13) although we assumed all flows to be constant to
establish this model in the former study. However, these laws will be validated by numerical
simulations on the partial differential model (6).

First, the dynamic model (6) of the settler has to be completed with a simple mathemat-
ical description of mass and volume balances in the aeration tank.

5.3.1 A simplified model of the whole plant

Our main assumptions on the whole plant are the following:

1. the concentration in the aeration tank is uniform and thus equal to the feed concen-
tration of the settler,

2. sludge in the aeration tank is produced by bacteriological action at a constant rate mi

per unit of time,

3. the volume Ω of water and sludge in the aeration tank is stationary,

4. the volume of water and sludge in the settler is stationary,

5. a part Qr of the output flow Qo is recycled in the aeration tank while the rest Qw is
taken out of the plant.

As seen in Figure 1, the dynamic of cf is given by a mass conservation balance

Ωċf (t) = mi + c(t, xb)Qr(t) −Qf (t)cf (t)

where c(t, xb) is the concentration at the bottom of the settler The volume balance in the
aeration tank and in the settler imply

Qf (t) = Qi(t) +Qr(t) and Qf (t) = Qe(t) +Qo(t)

The complete model of both aeration tank and settler is therefore given by:



























0 = A(x)
∂c

∂t
+

∂

∂x
ψǫ(t, x, c)

Qo(t) = Qr(t) +Qw(t)
Ωċf (t) = mi + c(t, xb)Qr(t) −Qf (t)cf (t)
Qf (t) = Qi(t) +Qr(t)
Qf (t) = Qe(t) +Qo(t)

(17)

We notice that this model is non stationary, hence valid for time varying input and output
flows as long as the volume balances are more rapidly established that the other dynamic
phenomena.
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5.3.2 Control strategies

Assume that the settler is in a state where the sludge blanket is rising as in (12)-(13). We
consider the complete model (17) and consequently obtain a two dimensional model with
state variables cf and p







ṗ =
α(cf , Qf , Qr, Qw)

A(p)c(p)

Ωċf = mi +Qrc(x
+
b ) − (Qr +Qi)cf

(18)

where α(cf , Qf , Qr, Qw) is given by

α(cf , Qf , Qr, Qw)

= Φ∗(cf ) − (Qr +Qi)cf

= −(Qi −Qw)c(p) + A(p)c(p)v(c(p))

= (Qr +Qw)c(x+
b ) −Qfcf

where we recall that Φ∗(cf ) depends upon cf and Qr +Qw.
We assume that the flow rate Qi, the concentration cf and the sludge blanket depth p

are measured.
If the concentration c(p) at the sludge blanket is measured, then the control law Qw =

f1(p, c(p), Qi) given by

−
Qe

A(p)
+ v(c(p)) = −k1(p− p)

that is, with perturbation Qi and control variables Qw,

Qw = Qi − A(p)v(c(p)) − k1A(p)(p− p)

is such that ṗ = −k1(p− p). Thus, we see that p(t) converges to p.
Thus, a theoretical possibility to stabilize the depth of the sludge blanket exists by using

sludge extraction flow or any similar device to remove temporarily some sludge from the
plant.

For the concentration in the aeration tank, we can use Qr to stabilize cf by a feedback
law Qr = f2(p, c(p), cf , Qi, Qw) given in implicit form by

mi +
Qr

Qr +Qw

k1(p− p)

A(p)c(p)
− (Qr +Qi)cf = −k2(cf − cf )

since then Ωċf = −k2(cf − cf ) and cf (t) converges to cf when k2 > 0.
In these control laws, it must be checked that Qw ≥ 0 and Qr ≥ 0.
Numerical simulations are currently being launched. The first results are encouraging

but these laws remain to be evaluated and tested in view of real experiments.

11



6 Two extensions

6.1 Evolution of particles’ sizes

As will be seen in the numerical simulations, the dynamic model (6) provides concentration
profiles with good monotonicity but with underestimated steepness above the feed point
and overestimated steepness below the feed point. This was noticed in an equivalent model
and attributed to the growing size of sludge particles from surface to bottom [Laikari, 1987,
Laikari, 1989]. In [Takács et al., 1991], the authors propose a new form for the settling
velocity to take into account the dispersion in the particles sizes. However, they still keep
only one class of particles and the settling velocity remains a function of the concentration.

Here, we propose another form of dynamical model which should capture this previously
unmodeled phenomenon of size growth. We consider that particles in the settler are divided
in two classes, the “small” ones with concentration cs and the “big” ones with concentration
cb. Two effects are now taken into account: big particles have a more important settling
velocity than the small ones and small particles have a tendency to become big ones by
aggregation.

Our main assumptions for this new model are the following:

1. concerning the transport phenomenon, small and big particles obey the same law as
in Section 3, but each class with its own settling velocity, denoted respectively by
vs(cs + cb) and vb(cs + cb),

2. these latter functions are of the form vs(c) = λsv(c) and vb(c) = λbv(c) with λs < λb,

3. the number of small particles decays by collision, these latter being in first approxima-
tion proportional to cs × cs, that is proportional to opportunities of meeting,

4. the decay of the concentration of small particles is counterbalanced by the growth of
the concentration of big particles.

The form of the settling velocities vs(c) and vb(c) is justified by the observation in [Li and Ganczarczyk, 1987]
that the settling velocity for a given class of particles is a linear function of their cross-
sectional diameter. The expression of the decay of the number of small particles as being
proportional to cs×cs is inspired by the classical two-species mathematical models of Volterra
(see [Beltrami, 1987] for instance).

Now, defining ψs
ǫ and ψb

ǫ as follows

ψs
ǫ (x, cs, cb) =

(Hǫ1(x− xf )Qo

−Hǫ1(xf − x)Qe)cs

+λsHǫ2(x)Hǫ2(xb − x)A(x)csv(cs + cb)

−Hǫ1(x− xf )cfQf
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ψb
ǫ(x, cs, cb) =

(Hǫ1(x− xf )Qo

−Hǫ1(xf − x)Qe)cb

+λbHǫ2(x)Hǫ2(xb − x)A(x)cbv(cs + cb)

−Hǫ1(x− xf )cfQf

we obtain the following mathematical model:



























A(x)
∂cs
∂t

+
∂

∂x
ψs

ǫ (x, cs, cb) − kc2s = 0

A(x)
∂cb
∂t

+
∂

∂x
ψb

ǫ(x, cs, cb) + kc2s = 0

c = cs + cb

(19)

The terms λs and λb are the factors of the sludge velocity respectively for small particles and
for big particles. The term k is the specific rate of small particles concentration decay by
collision.

The analytical study of (19) is not easy. This is why we shall validate it by numerical
simulations in Section 7.

6.2 Residence time of particles in the settler

A certain number of problems remain unsolved with our previous approach in Section 3. One
of them concerns the time spent by particles in the settler.

For the discussion, let us assume that we are in a situation where there exists a sludge
blanket above the feed point. First, it is important to notice that a steady state is not
stable in the sense that a little modification of the inputs does not lead to another steady
state with a sludge blanket above the feed point but rather empties the settler or makes it
overflow. Moreover, in our former model in Section 3, particles of sludge which are located
above the feed point remain there as long as the sludge blanket is above this point. This is
not satisfying since the quality of the sludge certainly evolves with time so that the sludge
cannot stay forever above the feed point unchanged.

In order to take these remarks into account, we have built another model. Our main
assumption is the following: as time goes on, the quality of the sludge evolves and this in
turn implies some changes in the settling velocity. More precisely, we will now assume that
the settling velocity does not only depend on the concentration of sludge but also on the
quality of this sludge. We will assume that this quality is a function of the time spent by
the sludge in the clarifier. Therefore, we have to introduce another coordinate a (as age)
to characterize the sludge and we introduce a function u(t, a, x) which represents, at time
t > 0, the concentration of particles of age a > 0 at depth x (more precisely u(t, a, x)da
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represents the concentration of particles of age between a and a + da). At time t, the total
concentration of particles at depth x is now given by

c(t, x) =

∫ +∞

0

u(t, a, x)da

Writing the mass conservation leads to a new model as follows



















A(x)
∂u

∂t
+ A(x)

∂u

∂a
+
∂(A(x)V (t, a, x, c)u)

∂x
= 0

∫ +∞

0

u(t, a, x)da = c(t, x)

with the initial data u0(a, x) and the boundary condition u(t, 0, x) = cf (t)δ(x−xf ). This last
boundary condition expresses the fact that, at the feed point, all the particles introduced in
the settler are new particles whose settling characteristics are uniform (this can be discussed
since the particles come from the aeration tank). Such equations have received little attention
and are currently under investigation [Kubo and Langlais, 1991].

Let us emphasize that now the settling velocity v(a, c) depends both upon a and upon
the total concentration of particles at depth x. With our former notations we have

V (t, a, x, c) = α(x)(−Qe(t)/A(x))

+ (1 − α(x))(Qo(t)/A(x))

+ γ(x)v(a, c)

7 Numerical simulations and

comparisons with experiments

To test whether the previous theoretical results offer a reasonable description of a settler
functioning, we conducted numerical simulations with data corresponding to experiments
performed by the LCPC (Water Division at Nantes) on a conical settler with the following
characteristics.
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A(0) = 35.25m2

A(xb) = 0.5m2

cf (0) = 3.46 gl−1

k = 0.1 kg−1m3h−1

λs = 1.0
λb = 5.0
mi = 2.0 kg h−1

Ω = 150.0m3

Qi = 40.0m3h−1

Qr = 35.0m3 h−1

Qw = 0.0m3 h−1

xf = 2.77m
xb = 4.17m

The gravity induced sludge velocity is given by the following expression

v(c) = 14.5e−0.47c

7.1 Steady states

Steady states profiles are difficult to obtain experimentally and this is why the Figure 2
only reproduces numerical simulations. One observes that the profiles generated by the two
particles classes model (19) (model 2) are more accentuated than those generated by the
one particle class model (6) (model 1). But experimental data seem to indicate that, above
the feed point, the real profiles are steeper than those generated by both models but that,
below the feed point, they are comparable with those generated by the two particles classes
model (19) (model 2) [Laikari, 1987, Laikari, 1989].

7.2 Evolution of the sludge blanket

In Figure 3, one observes by the profiles calculated with the PDE model (6) that the sludge
blanket rises along a stationary profile as noted in paragraph 5.1.

In the Figures 4 and 5, one plots the evolution of the sludge blanket with respect to time,
respectively calculated with the PDE model (6) and with the ODE model (12)-(13), as well
as real data.

8 Conclusion

In these two papers, we have analyzed in detail certain mathematical properties of a dynamic
model of settler.

• We provide a mathematical basis for the limiting solids flux theory for cylindrical
settlers, as well as an extension to general shapes of settlers and velocity functions.
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• The characterization of the settler steady states may be of some help in questions of
static dimensioning. However, some measurements (with optic sensors) should be made
to estimate the shape of the real profiles and compare them with the theoretical results.

• We point out numerical algorithms adapted to two specificities of the settler which
are critical to the numerical analysis: the flux function is not convex and there is a
discontinuity for the flux at the feed point. Indeed, too simple algorithms may fail to
adequately reproduce the dynamic behaviour of the settler. A simulation software is
available and allows to test various scenari and compare them with real data or evaluate
them.

• We exhibit a reduced model (an ordinary differential equation) for the evolution of the
position of the interface between pure water and concentrated sludge.

• We propose certain control laws to stabilize this sludge blanket at a prescribed depth.

• We propose extensions of the model, taking into account the evolution of the sizes of
particles or the residence time of particles in the settler.

Acknowledgements: The authors are indebted to Melle Orlane BAILLARD for her
help and for fruitful discussions.
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Birkhäuser, Basel.

[Li and Ganczarczyk, 1987] Li, D. and Ganczarczyk, J. (1987). Stroboscopic determination
of settling velocity, size and porosity of activated sludge flocs. Water Research, 21:257–262.

[Smoller, 1983] Smoller, J. A. (1983). Shocks Waves and Reaction-Diffusion Equations.
Springer-Verlag, New York.
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Figure 1: A water treatment plant
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Figure 2: Models with one or two classes of particles
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Figure 3: Rising of the sludge blanket along a steady state profile
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Figure 4: Height of the sludge blanket calculated with the PDE model
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Figure 5: Height of the sludge blanket calculated with the ODE model
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