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1. Introduction

The classical models of fluid dynamics, such as the Euler or Navier—Stokes equations,
were first established by applying Newton’s second law of motion to each infinitesimal
volume element of the fluid considered, see, for instance, Chapter 1 of [75]. While this
method has the advantage of being universal — indeed, all hydrodynamic models can be
obtained in this way — it has one major drawback: equations of state and transport co-
efficients (such as the viscosity or heat conductivity) are given as phenomenological or
experimental data, and are not related to microscopic data (essentially, to the laws govern-
ing molecular interactions). As a matter of fact, a microscopic theory of liquids is most
likely too complex to be of any use in deriving the macroscopic models of fluid mechanics.
In the case of gases or plasmas, however, molecular interactions are on principle much
more elementary, so that one can hope to express thermodynamic functions and transport
coefficients in terms of purely mechanical data concerning collisions between gas mole-
cules.

In fact, the subject of hydrodynamic limits goes back to the work of the founders J. Clerk
Maxwell and L. Boltzmann, of the kinetic theory of gases. Both checked the consistency of
their new — and, at the time, controversial — theory with the well-established laws of fluid
mechanics. Interestingly, while the very existence of atoms was subject to heated debates,
kinetic theory would provide estimates on the size of a gas molecule from macroscopic
data such as the viscosity of the gas.

Much later, D. Hilbert formulated the question of hydrodynamic limits as a mathemat-
ical problem, as an example in his 6th problem on the axiomatization of physics [68]. In
Hilbert’s own words “[...] Boltzmann’s work on the principles of mechanics suggests the
problem of developing mathematically the limiting processes [...] which lead from the
atomistic view to the laws of motion of continua”. Some years later, Hilbert himself at-
tacked the problem in [69], as an application of his own fundamental work on integral
equations.

There is an ambiguity in Hilbert’s formulation. Indeed, what is meant by “the atomistic
view” could designate two very different theories. One is molecular dynamics (i.e., the
N-body problem of classical mechanics with elastic collisions, assuming for simplicity
all bodies to be spherical and of equal mass). The other possibility is to start from the
kinetic theory of gases, and more precisely from the Boltzmann equation, which is what
Hilbert himself did in [69]. However, one should be aware that the Boltzmann equation is
not itself a “first principle” of physics, but a low density limit of molecular dynamics. In
the days of Maxwell and Boltzmann, and maybe even at the time of Hilbert’s own papers
on the subject, this may not have been so clear to everyone. In particular, much of the
controversy on irreversibility could perhaps have been avoided with a clear understanding
of the relations between molecular gas dynamics and the kinetic theory of gases.

In any case, the problem of hydrodynamic limits is to obtain rigorous derivations of
macroscopic models such as the fundamental partial differential equations (PDEs) of fluid
mechanics from a microscopic description of matter, be it molecular dynamics or the ki-
netic theory of gases. The situation can be illustrated by the following diagram.
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IMOLECULAR DYNAMICS| — [KINETIC THEORY |

S

|[HYDRODYNAMICS |

Throughout the present chapter, we are concerned with only the vertical arrow in the dia-
gram above. As a matter of fact, this is perhaps the part of the subject that is best understood
so far, at least according to the mathematical standards of rigor.

The other arrows in this diagram correspond with situations that are only partially un-
derstood, and where certain issues are still clouded with mystery. Before starting our dis-
cussion of the hydrodynamic limits of the kinetic theory of gases, let us say a few words
on these other limits and direct the interested reader at the related literature.

Although beyond the scope of this chapter, the horizontal arrow is of considerable inter-
est to our discussion, being a justification of the kinetic theory of gases on the basis of the
molecular gas dynamics (viewed as a first principle of classical, nonrelativistic physics).
A rigorous derivation of the Boltzmann equation from molecular dynamics on short time
intervals was obtained by Lanford [77]; see also the very nice rendition of Lanford’s work
in the book [28]. Hence, although not a first principle itself, the Boltzmann equation is rig-
orously derived from first principles and therefore has more physical legitimacy than phe-
nomenological models (such as lattice gases or stochastic Hamiltonian models). Besides,
the Boltzmann equation is currently used by engineers in aerospace industry, in vacuum
technology, in nuclear engineering, as well as several other applied fields, a more complete
list of those being available in the Proceedings of the Rarefied Gas Dynamics Symposia.

On the other hand, “formal” derivations of the Euler system for compressible fluids from
molecular dynamics were proposed by Morrey [98]. Later on, S.R.S. Varadhan and his col-
laborators studied the same limit, however with a different method. Instead of taking mole-
cular dynamics as their starting point, they modified slightly the N-body Hamiltonian by
adding an arbitrarily small noise term to the kinetic energy; they also cut off high velocities
at a threshold compatible with the maximum speed observed on the macroscopic system.
Starting from this stochastic variant of molecular gas dynamics, they derived the Euler sys-
tem of compressible fluids for short times (before the onset of singularities such as shock
waves); see for instance [120] and the references therein, notably [104], see also [33], and
the more recent reference [44]. The role of the extra noise term in their derivation is to
guarantee some form of the ergodic principle, i.e., that the only invariant measure for the
Hamiltonian in the limit of infinitely many particles is a local Gibbs state (parametrized
by macroscopic quantities). At the time of this writing, deriving the Euler system of com-
pressible fluids from molecular gas dynamics without additional noise terms as in [104]
and for all positive times seems beyond reach.

For these reasons, we have limited our discussion to only the derivation of hydrody-
namic models from the kinetic theory of gases, i.e., from the Boltzmann equation. For a
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The Boltzmann equation and its hydrodynamic limits 5

more general view of the subject of hydrodynamic limits, the reader is advised to read the
excellent survey article by Esposito and Pulvirenti [41], whose selection of topics is quite
different from ours.

This chapter is organized as follows: in Section 2 we review the classical models of fluid
mechanics. Section 3 introduces the Boltzmann equation and discusses its structure and
main formal properties. In Section 4 we discuss the dimensionless form of the Boltzmann
equation and introduce its main scaling parameters. Sections 5 and 6 explain in detail
the formal derivation of the most classical PDEs of fluid mechanics from the Boltzmann
equation by several different methods. Section 7 recalls the known mathematical results
on the Cauchy problem for the PDEs of fluid mechanics. In Section 8 we review the state
of the art on the existence theory for the Boltzmann equation. Sections 9-11 sketch the
mathematical proofs of the formal derivations described in Sections 6 and 7; here again,
we present three different methods for establishing these hydrodynamic limits and discuss
their respective merits.

We have chosen to emphasize compactness methods, leading to global results, and espe-
cially the derivation of global weak solutions of the incompressible Navier—Stokes equa-
tions from renormalized solutions of the Boltzmann equation. There is more than a simple
matter of taste in this choice. Indeed, it is a nontrivial question to decide whether these
hydrodynamic limits are intrinsic properties of the microscopic versus macroscopic mod-
els governing the dynamics of gases, or simply an illustration of more or less standard
techniques in asymptotic analysis. The second viewpoint leads to derivations of hydrody-
namic models that fall short of describing any singular behavior beyond isolated shock
waves in compressible gas dynamics. The first viewpoint uses the specific structure of the
Boltzmann equation to design convergence proofs that are based on only the a priori esti-
mates on this equation that have an intrinsic physical meaning; these convergence proofs
are insensitive to whether singularities appear in finite time on the limiting hydrodynamic
model.

2. Fluid dynamics: A presentation of models

Usually, one thinks of a fluid — more generally, a continuous medium — as a set of material
points which, at any given time ¢, fill a smooth domain in the Euclidean space RY, where
N =1, 2, 3 are the dimensions of physical interest.

The purpose of fluid dynamics is to describe the state of the fluid at any instant of time
with a small number of fields — such as the velocity or temperature fields — defined on the
domain filled by the fluid.

These fields are governed by several partial differential equations that share a common
structure which we briefly recall below.

Consider the motion of a continuous medium, and denote by

X(t,s;a) e RN

the position at time ¢ of the material point which occupied position a at time s.

-
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The kinematics of such a medium is based on the parallel transport along the family of
curves t — X (¢, s; a) indexed by a (s, being the origin of times, is kept fixed). The infini-
tesimal description of this parallel transport involves the first-order differential operator

D—8+ (t )V—8+XN: i(t,x)0
Dt_ t ull, x x — Ut . 1”] , X Xjo
]:
where the velocity field u(z, x) is defined in terms of the particle paths X (¢, s; a) by the
formula

iX(z sa)=u(t, X(t,s;a))
dt ,8,a)=u\it, ,8,4)).

The operator % is usually called the material derivative, and using it allows one to elimi-
nate the trajectories X (¢, s; a). In other words, instead of following the motion of each ma-
terial point, one looks at any fixed point in the Euclidean space R", say x, and observes,
at any given time ¢, the velocity u(t, x) of the material point that is located at the posi-
tion x at time ¢. This is called the Eulerian description of a continuous medium, whereas
the description in terms of X (¢, s; a) is called the Lagrangian description. Interestingly,
the connections between the kinetic theory of gases (or plasmas) and fluid dynamics are
always formulated in terms of the Eulerian, instead of the Lagrangian description, although
the latter may seem more natural when dealing with the motion of a gas at the atomic or
molecular level.

Fluid dynamics rests on three fundamental laws — or equations:

e the continuity equation,

e the motion equation, and

e the energy balance equation.

The continuity equation states that the density p of the fluid is transported by the flow,
i.e., that the measure p(#, x)dx is the image of the measure p(s,a)da under the map
a+> X(t,s;a). The infinitesimal formulation of this fact is

Dp
— = —pdiv, u. 2.1
Dt P A1V 2.1
The motion equation states that each portion of the fluid obeys Newton’s second law
of motion (i.e., %(momentum) = force). The acceleration is computed in terms of the

material derivative, and the infinitesimal formulation of the motion equation is

D _ div, § + pf 2.2)
— =div \ .
Y Dr x 1Y

where f is the external force field (e.g., gravity, Lorentz force in the case of a plasma...)
and S is the stress tensor. The meaning of S is as follows: at any given time ¢, isolate a
smooth domain 2 in the fluid, denote by 952 its boundary, by n, the unit normal field
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on 052 pointing toward the outside of £2, and by do (x) the surface element on 952. Then,
the force exerted by the fluid outside §2 on the fluid inside £2 is

/ S(t, x)n,do(x).
082

Finally, the energy balance equation involves the internal energy of the fluid per unit of
mass E; the total energy per unit of mass is %|u|2 + E (the sum of the kinetic energy and
the internal energy). It states that the material derivative of the total energy of any portion
of fluid is the sum of the works of the stresses and of the external force f, minus the heat
flux lost by that portion of fluid. Its infinitesimal formulation is

D /1
pE<§|u|2+E> = —divy Q +divy(Su) + pf - u, (2.3)

where Q is the heat flux.

In the motion and energy balance equations, f is a given vector field, while the density p,
the velocity field u, the internal energy E, the stress tensor S and the heat flux Q are un-
known. However, these quantities are usually not independent, but are related by equations
of state that depend on the fluid considered.

Equations (2.1)—(2.3) are Galilean invariant. Specifically, let v € [R3; define the Galilean
transformation

x'=x+t, u’(t,x’):u(t,x)—i—v, ¢'(t,x’)=¢(t,x)

forp =p, S,f, E, Q. Then, setting
A
R N VA
Dr ot Vs

one deduces from (2.1)—(2.3) that

’
—p' =—p' divy i,
Dtp P x

D/
p’Eu’ =divy S + p'f’,

D /1
p’E <5|u’|2 + E’) = —divy Q' +divy (S'u’) + p't' - u'.

2.1. The compressible Euler system

An ideal fluid is one where the effects of viscosity and thermal conductivity can be ne-
glected. In this case, Q = 0 and the stress tensor is of the form

S=-pl,

-
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where the scalar p is the pressure. Hence the system consisting of the continuity equation
the motion equation and the energy balance equation becomes

9 p +divy(pu) =0,
P+ (u - Viu) = —Vep + pf. 24)
p(B,E + (u - Vx)E) =—pdivyu+ pf - u.

Thus, the unknowns are the density p, the velocity field u, the pressure p and the internal
energy E. However, the quantities p, p and E are not independent, but are related by
equations of state.

Choosing the density p and the temperature 6 as independent thermodynamic variables,
these equations of state are relations that express the pressure p and the internal energy E
in terms of p and 6

p=p(p,0), E=E(p,0). 2.5)

Hence (2.4) is a system of N + 2 partial differential equations for the unknowns p, u and 6;
notice that there are in fact N 4 2 scalar unknowns, p and 8, plus the N components of the
vector field u.

The case of a perfect gas is of particular importance for the rest of this chapter. In this
case, the equations of state are

k6

where k is the Boltzmann constant (k = 1.38 - 107> J K~') and y > 1 is a constant called
the adiabatic exponent. For a perfect gas whose molecules have n degrees of freedom

2
y=1+-.
n

For instance, in the case of a perfect monatomic gas, each molecule has 3 degrees of free-
dom (the coordinates of its center of mass); hence y = 5/3. In the case of a diatomic gas,
each molecule has 5 degrees of freedom (the coordinates of its center of mass and the
direction of the line passing through the centers of both atoms); hence y =7/5.

From now on, we choose a temperature scale such that k = 1.

Adding the continuity equation to the motion equation and to the energy balance equa-
tion, one can recast (2.4) in the form

d;p + divy (pu) =0,
9 (pu) + divy (pu @ u) + Vi (p8) = pf, 2.7)

1 1 , 1
3 <p<§|u|2 + v )) + div, <pu<§|u|2 + %9)) = of - u.
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In the absence of external force, i.e., when f =0, (2.7) is a hyperbolic system of conserva-
tion laws.

2.2. The compressible Navier—Stokes system

If the fluid considered is not ideal, the viscous forces and heat conduction must be taken
into account.

In the case of moderate temperature gradients in the fluid, heat conduction is usually
modeled with Fourier’s law: the heat flux Q is proportional to the temperature gradient,
ie.,

Q = _KVX99

where the coefficient « is called the heat conductivity. Usually, « is a function of the pres-
sure and the temperature. Because of the equation of state for the pressure, one has equiv-
alently k =« (p,0) > 0.

The viscous forces are modeled by adding a correction term to the pressure in the stress
tensor S. In the case where the gradient of the velocity field is not too large, this correction
term is linear in the gradient of the velocity field — by analogy with Fourier’s law. Usually,
the fluid under consideration is isotropic, and this implies that this correcting term is a lin-
ear combination of the scalar tensor (div, #) and of the traceless part of the symmetrized
gradient of the velocity field

2
D(M) = qu + VXMT — N(lex M)I

In other words, the stress tensor takes the form
S=—pl+ p(divyu)l +A1D(u),

where A and p are two positive scalar quantities referred to as the viscosity coefficients.
Again, A and u are functions of the pressure and temperature, which, by the equation of
state for the pressure, can be transformed into A = A(p, ) and u = u(p, 0).

Inserting this form of the stress tensor in the motion and energy balance equation, one
finds the system of Navier—Stokes equations for compressible fluids

drp + divy(pu) =0,
p(du + (u-Vu) ==V, p(p,0)

+ pf + divy (A(p, 0) D)) + Vi (u(p, 0) divy(u)), (2.8)
,o(8tE(,o, )+ (u-Vy)E(p, 9)) =—p(p,0)divy u + diVX(K(G)VXG)

+ %A(p, 0)D(u) : D(u) + (p, 0)(divy ).
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This is a degenerate parabolic system of partial differential equations in the unknowns
p, u and 0. Observe that there is no diffusion term in the first equation, which is clear
on physical grounds. Indeed, the meaning of the continuity equation is purely geomet-
ric — namely, the fact that the measure p dx is transported by the fluid flow — and cannot
be affected by physical assumptions on the fluid (such as whether the fluid is ideal or
not).

2.3. The acoustic system

The acoustic waves in an ideal fluid are small amplitude disturbances of a constant equi-
librium state. Therefore the propagation of acoustic waves is governed by the linearization
at a constant state (p, i, ) of the compressible Euler system. Without loss of generality,
one can assume by Galilean invariance that i = 0. The density, velocity and temperature
fields are written as

0=0+8,

I
1N

p=p+0p, u

where the letters adorned with tildes designate small disturbances of the background equi-
librium state (p, 0, 8). In the case of a perfect gas, and in the absence of external force (i.e.,
for f = 0), the acoustic system takes the form

0p + pdivyii =0,
0 ~
0t + =V, p+ V6 =0, 2.9)
0
1
y—1

30 + 0 divy ii =0.
By combining the first and the last equation in the system above, one can put it in the form

5 6
&<@+5)+yﬁwﬂza
p y (2.10)
~ o 6
p 0

Splitting the fluctuation of velocity field & as the sum of a gradient field and of a solenoidal
(i.e., divergence-free) field

i=-Vyp+i, div, u® =0,

one deduces from the system (2.10) — together with boundary conditions, or conditions at
infinity, or else conditions on the mean value of the fields, whose detailed description does
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not belong here — that

_ 5 6
(att - y@AX)<% + 5) =0,
(3 —y0A)p =0, (2.11)
8[”5 =0.

In other words, the acoustic system can be reduced to two independent wave equations
for (p/p + 6/6) (the relative pressure fluctuation) and ¢ (the fluctuating stream function),
while the solenoidal part of the velocity fluctuation u* is a constant of motion.

2.4. The incompressible Euler equations

Consider next the case of an incompressible, homogeneous ideal fluid. The evolution of
such a fluid is governed by the system (2.4) with p = const. The continuity and motion
equations in (2.4) reduce to

div, u =0,
(2.12)
o+ (u-Vo)u=—-V,m +f,

where m = p/p. At variance with the compressible Euler system, there is no need of an
equation of state to determine 7. Indeed, taking the divergence of both sides of the motion
equation leads to

— A7 =divy (u - Viu) — divy f = trace((Vou)?) — div, £,

so that 7w can be expressed in terms of u by solving the Laplace equation. In other words,
7 must be thought of as the Lagrange multiplier associated to the constraint div, u = 0.

The incompressible Euler equations arise in a different context, namely in the description
of incompressible flows of compressible fluids (such as perfect gases, for instance).

The dimensionless number that monitors the compressibility is the Mach number, i.e.,
the ratio of the length of the velocity field to the speed of sound. In the case of a perfect
gas with adiabatic exponent y, our discussion of the acoustic system above shows that the
speed of sound in the gas at a temperature  is ¢ = /¥, so that the Mach number in that
case is

|

Ma = Nk (2.13)

With this definition, the Mach number is a local quantity, since # and 6 are in general
functions of x and ¢. But one can replace |u| and 0 in the definition above by constant
quantities of the same order of magnitude, for instance by averages of |u| and 6 over large
spatial and temporal domains.

-
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12 FE Golse

Flows of perfect gases are incompressible in the small Mach number limit. Setting
& = +/Ma < 1, consider the rescaled density, velocity and temperature fields defined by

ps(t,X)=p<£,x>,
&

1 t
ug(t,x) = gu(g,x>, (2.14)

O.(t, x) :9<£,x),
£

assuming (o, u, 0) is a solution of the compressible Euler system (2.7), with f= 0 for
simplicity. Hence (pg, u¢, 0;) satisfies

0 pe + divy (peus) =0,
Pe (Brtte + (ue - Viue) + ngx(pg@a) =0, (2.15)
00 +ug - Vibe + (y — 16 divy u, =0.

The leading-order term in the momentum equation is the gradient of the pressure field,

which suggests that, in the limit as ¢ — 0, p.0, =~ C(¢); then, combining the continuity
and temperature equations above leads to

ydivy ue = —09; In(p:0:) — e - Vi In(pg0;) =~ %(lnC(t)).
In many situations — for instance, if the spatial domain is a periodic box, or in the case of
a bounded domain £2 with the usual boundary condition u, - n, =0 on 952 — integrating
in x both sides of this equality leads to the incompressibility condition

div, u, >~ 0 in the limit as ¢ — 0.
Hence the continuity equation reduces to

0rpe + e - Vype =0
so that, if the initial data for p, is a constant p, then

pe(t,x) >~ p in the limit as ¢ — 0.

Then, the momentum equation reduces to

1
O + (g - Vy)utg >~ ——ZVXGs = gradient field
£

-
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The Boltzmann equation and its hydrodynamic limits 13

in the limit as ¢ — 0. This discussion suggests that, in the small Mach number limit, flows
of a compressible fluid such as a perfect gas are well described by the incompressible Euler
equations.

2.5. The incompressible Navier—Stokes equations

Next, we start from the compressible Navier—Stokes system (2.8), and assume that the
density p is a constant. As above, the continuity equation in (2.8) reduces to the incom-
pressibility condition div, u = 0. Moreover, assuming that the viscosity A is a constant, we
find that the momentum equation reduces to

p((’)tu + (u - Vx)u) + Vip =pf+ LA u.

Defining the kinematic viscosity to be
A
V= —
o

and setting 7 = p/p, we arrive at the incompressible Navier—Stokes equations

divyu=0,
(2.16)
oru+ w-Vou+Ver =f+vA,u.

We leave it to the reader to verify that the incompressible Navier—Stokes equations can be
viewed as the small Mach number limit of the compressible Navier—Stokes system, as was
done in the case of the incompressible Euler system. The scaling law is slightly different
from the Euler case: for ¢ = /Ma, set

r x
pS(ta-x)zp _27_ 5
& &

Uo(f, x) = lu( ! f), 2.17)

e \e2' ¢
t
eg(t,x)ze(—z,f),
& &

where (p, u, 0) is a solution to the Navier—Stokes system (2.8), with f = 0. Then, to leading
order as £ — 0, u, satisfies (2.16) with f=0.

So far, we have said nothing about the temperature field in incompressible flows; this
will be the subject matter of the next subsection.

-
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14 F. Golse
2.6. The temperature equation for incompressible flows

Going back to the Navier—Stokes system (2.8) for a perfect gas with adiabatic exponent y,
we see that, in the incompressible case where p = const, the third equation reduces to

ﬁp(i)t@ Fu-V,0) = dive (k(O)V,6) + %w(u) : D). (2.18)

On the right-hand side of (2.18), the first term represents the divergence of the heat flux
due to thermal conduction, as described by Fourier’s law, while the second term represents
the production of heat by intermolecular friction and is called the viscous heating term.

In some models that can be found in the literature, the viscous heating term is absent
from the temperature equation. Whether the viscous heating term should be taken into
account or not depends in fact on the relative size of the fluctuations of velocity field about
its average value, and of the fluctuations of temperature field about its average values.

If the fluctuations of velocity field are of a smaller order than the square-root of the
temperature fluctuations, then a straightforward scaling argument shows that the viscous
heating term can indeed be neglected in (2.18). If however, the fluctuations of velocity
field are at least of the same order of magnitude as the square-root of the temperature
fluctuations, then the viscous heating term cannot be neglected in (2.18). We shall discuss
this alternative further in the description of the incompressible hydrodynamic limits of the
Boltzmann equation.

2.7. Coupling of the velocity and temperature fields by conservative forces
In our discussion of the incompressible flows as low Mach number limits, we have ne-
glected so far the external force f. Split it as the sum of a gradient field (i.e., of a conserva-
tive force) and of a solenoidal field

f=—-V.¢+f15, div, 5 =0.

Scale ¢ and f* as

1 r x 1 r x
¢€(t7x)=_¢(_2’_>5 fES(t’x)Z_fS(_’_>’ (219)
& & & &

g3 \g?
and assume that p, and 6, have fluctuations of order ¢ about their constant average values
Pe =P + EPe, 08:9-+8§€'

In that case, the leading order in ¢ of the momentum equation in the Navier—Stokes sys-
tem (2.8) reduces to

Vi (80 +0¢) + pVrpe =0,

-
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The Boltzmann equation and its hydrodynamic limits 15
or in other words,
)
Pe % % s o, (2.20)
0 0 0

an equality known as Boussinesq’s relation. In many cases, the boundary conditions (or
decay at infinity, or else periodicity conditions) entail that C(t) = 0.
The next order in ¢ of the momentum equation in the Navier—Stokes system is

,5(8tu8 + (ug - Vx)ug) + peVie =~ LA ue + pfe + gradient field

and one expresses the action of the conservative force p, V, ¢, as

< o~ P 1 2
Pe Ve = Fi <9€Vx¢€ + 2VX(¢3))

so that the momentum equation reduces to
Oc :
O + (Ug - Vy)ug — gvﬂps ~vA,ug +f; + gradient field. (2.21)

As for the temperature equation, one should refrain from using directly (2.18). Indeed, this
equation has been derived from (2.8) in the purely incompressible case where p = const,
while in the present case p = const modulo terms of order ¢.

In the present case, we must go back to the Navier—Stokes system (2.8) and write the
continuity and energy equation in terms of the fluctuations of density and temperature

€(0Pe + Ue - Vi pe) + pdivy ue = 0(e),

1 ~ ~ _ ) _ -
18(8,95 + ug - VXOS) +60divy u, = ¢edivy <&_)Vx98) + o(g).
Y- o

Next we must eliminate div, u, between both equations above; indeed, we only know that
div, u, ~ 0 to leading order in &, and it may not be true that div, u, = o(¢e). Dividing the
first equation above by p and the second by 6, one arrives at

1 60 pe\ _ «@ (6
8(8;+M8'Vx) —_— = — = —ETAX - +0(8).
y—16 »p o 6

We further eliminate the fluctuation of density by Boussinesq’s relation, and eventually
arrive at

y _ _
ﬁp(atgs +ug - Vi) + putg - Vi K(Q)Axge- (2.22)
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Collecting both equations (2.21) and (2.22), we arrive at the coupled system in the small
& limit

0
8,u—|—u~qu—|—5VX¢+Vxn:vAxu, divy,u=0,

- (2.23)

00 +u-V,0+ u-Vip =kA0,

where

y —1k(©®)
y b

It is interesting to compare the temperature equation in (2.23) with (2.18); notice that the
heat conductivity in (2.23) is 1/y that in (2.18). Besides there is no viscous heating term in
the temperature equation in (2.23), at variance with (2.18). This, however, is a consequence
of the scaling considered in the discussion above: indeed, the fluctuations of velocity and
temperature fields are of the same order of magnitude, so that viscous heating is a lower-
order effect. On the contrary, if one sets the temperature fluctuations to be of the order of
the squared fluctuations of velocity field, one recovers a viscous heating term in (2.23).

The material in this section is fairly classical and can be found in most textbooks on
fluid mechanics; more information can be gathered from the excellent introductory section
of [86]; see also the classical treatise [75].

3. The Boltzmann equation and its formal properties

The Boltzmann equation is the model that governs the evolution of perfect gases in kinetic
theory. While fluid dynamics describes the state of a fluid with a few scalar or vector fields
defined on the domain filled by the fluid, such as the temperature or velocity fields, kinetic
theory describes the state of a gas with the number density (also called the distribution
function) F = F(t,x,v) > 0 that is the density of gas molecules which, at time ¢ > 0,
are located at the position x € R? and have velocity v € R3. Put in other words, in any
infinitesimal volume dx dv centered at the point (x, v) € R? x R3 of the single particle
phase space, one can find approximately F(z,x, v)dx dv like particles at time ¢. In the
classical kinetic theory of gases, the molecular radius is neglected, except in the collision
cross-section: this has important consequences, as will be seen later.
The Boltzmann equation takes the form

&F +v-V.F =B(F, F), @3.1)

where B(F, F) is the collision integral. This collision integral B(F, F) is a quadratic inte-
gral operator acting only on the v-argument of the number density F, and takes the form

B(F, F)(t,x,v) = // (F'F] — FF)b(v — vy, ) dwdvy, (3.2)
R3xS?

-
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The Boltzmann equation and its hydrodynamic limits 17

Fig. 1. The pre- and post-collision velocities in the reference frame of the center of mass of the particle pair.

where the notations F, Fy, F’ and F, designate respectively the values F(z,x,v),
F(t,x,vy), F(t,x,v") and F(t, x, v}), with v/ = v'(v, vy, ®) and v}, = v} (v, v, ®) given
in terms of v, v, and w by the formulas

V=v— (V=1 0o, U, = vy + (U — vy) - 0, (3.3)

where @ € S? is an arbitrary unit vector. These formulas represent all the solutions
(', v)) € R? x R? of the system of equations

VA=t V|0l = P el (34)

where (v, v,) € R3 x R3 is given. If (v, v,) are the velocities of a pair of like particles
before collision, and (v’, v;) are the velocities of the same pair of particles after collision —
or vice versa, equalities (3.4) express the conservation of momentum and kinetic energy
during the collision.

Only the binary collisions are accounted for in Boltzmann’s equation. Indeed, since the
molecular radius is neglected in the kinetic theory of gases, one can show that collisions
involving more than two particles are events that occur with probability zero, and therefore
can be neglected for all practical purposes.

Moreover, kinetic energy is the only form of energy conserved during collisions. In
fact, the Boltzmann collision integral (3.2) applies only to monatomic gases. Polyatomic
gases can also be treated by the methods of kinetic theory; however this require using
complicated variants of Boltzmann’s original collision integral that involve vibrational and
rotational energies in addition to the kinetic energy of the center of mass of each molecule;
besides, these additional energy variables are quantized in certain applications. While such
considerations are important for understanding some real gas effects, they lead to heavy
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18 FE Golse

technicalities which do not belong to an expository article such as the present one. For these
reasons, we shall implicitly restrict our attention to monatomic gases and to the collision
integral (3.2) in the sequel.

The function b = b(V, w) is the collision kernel, an a.e. positive function that is of the
form

b(V,w) = VIZ(IV],]|cos(V, )|), (3.5)

where X' is the scattering cross-section (see Section 3.5 for a precise definition of this
notion).

We shall discuss later the physical meaning of the function X, together with the usual
mathematical assumptions on the collision kernel . For the moment, assume that b is
locally integrable on R3 x S2, and consider a number density F' = F(t, x,v) which, at
any arbitrary instant of time ¢ and location x, is continuous with compact support in the
velocity variable v. Then, the collision integral B(F, F)(t, x, v) can be split as

B(F, F)(t,x,v) =BL(F, F)(t,x,v) — B_(F, F)(t,x,v), (3.6)

where

By (F, F)(l,x,v):// F'F.b(v — vy, 0) do dvy,
R3xS?
(.7)
B_(F, F)(t,x,v):// FF.b(v — vy, w) dw dv,
R3xS?

are called respectively the gain term and the loss term in the collision integral B(F, F).
The physical meaning of both the gain and loss terms — and that of the collision integral
itself — can be explained in the following manner:

e B_(F, F)(t, x,v)dv is the number of particles located at x at time ¢ that exit the vol-
ume element dv centered at v in the velocity space by colliding with another particle
with an arbitrary velocity v, located at the same position x at the same time ¢, and

e Bi(F, F)(t,x,v)dv is the number of particles located at x at time ¢ that enter the
volume element dv centered at v in the velocity space as the result of a collision
involving two particles with pre-collisional velocities v and v}, at the same time ¢ and
the same position x.

Notice that, in this model, collisions are purely local and instantaneous, which is another
consequence of having neglected the molecular radius. Moreover, it is assumed that the
joint distribution of any pair of particles located at the same position x at the same time ¢
with velocities v and v, and that are about to collide is the product

F(t,x,v)F(t,x,vy).

In other words, such particles are assumed to be statistically uncorrelated; however, this as-
sumption, which is crucial in the physical derivation of the Boltzmann equation, is needed

-
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only for particle pairs about to collide — and is obviously false for a pair of particles having

just collided.
Going back to the Boltzmann equation (3.1) in the form

O F=—v-VF+B(F,F),
it follows from the above discussion that the first term on the right-hand side represents
the net number of particles entering the infinitesimal phase-space volume dx dv centered
at (x, v) as the result of inertial motion of particles between collisions, while the second

term represents the net number of particles entering that same volume as the result of
instantaneous and purely local collisions.

3.1. Conservation laws
Throughout this subsection, it is assumed that the collision kernel b is locally integrable,
beLj (RxS?). (3.8)

The first major result about the Boltzmann collision integral is the following proposition.

PROPOSITION 3.1. Let F = F(v) € Cc(R?) and ¢ € C(R3). Then

/ B(F, F)(v)¢(v)dv
]R3

N l/f/ (F'FL = FF.)(¢ + ¢ —¢' — ¢.)b(v — v, 0) dvdv, do,
4 R3xR3xS2

This result is essential to understanding the Boltzmann equation and especially its rela-
tions to hydrodynamics. For this reason, we shall give a complete proof of it.

PROOF OF PROPOSITION 3.1. The second relation in (3.4) and the fact that F' is com-
pactly supported shows that the support of (v, vy, w) — F'F, — FF, is compact in
R3? x R3 x S2. Hence both integrals

1

- /// (F'F— FF) (¢4 ¢x — 9" — ¢})b(v — vy, 0) dvduy do
4 R3xR3 x§?

and

/ B(F, F)(v)¢ (v)dv
R3

:.///" X S2(F’F; — FF)¢b(v — vy, w) dv dv, do
R3xR3 x
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are well defined since F and ¢ are continuous and b satisfies (3.8). In the latter inte-
gral, apply the change of variables (v, vy) > (v, v), while keeping w fixed: (3.3) show

that (v/, v) is changed into (v, v’), so that the expression (F'F, — FF,) is invariant,
while (3.5) shows that the collision kernel satisfies b(vs — v, @) = b(v — vy, w). Hence

///R3 . Sz(F/F;< — FF)¢b(v — vy, w) dvdv, dw
X X

= ///3 s Sz(F’F; — FFy)$:b(v — vy, 0) dv dv, do
R xR x

1
2 /// (F'F, — FE)(@ + ¢:)b(v — vy, 0) dvdv, do.
2 R3xR3xS?

Now in the latter integral, for a.e. fixed w € S?, apply the change of variables (v, vy) -
(v, v,) defined by (3.3). It is easily seen that this transformation is an involution of
R3 x R3, so that this change of variables maps (v', v,) onto (v, v4): hence F'F,, — FF, is
transformed into its opposite F F, — F’F,. Formulas (3.3) also show that

[V —vi|=v—v, and (V=) 0=—(-v) ®
so that, by (3.5), one has b(v' — v}, ®) = b(v — v, ®). Finally, this change of variables is an

isometry of R? x R3 by the second relation of (3.4), and therefore preserves the Lebesgue
measure. Eventually, we have proved that

///]1@ . SZ(F/F;—FF*)(¢+¢*)b(v—v*,w)dvdv*da)

:—f//RS . S2(F/F;—FF*)(qb/—i—qb;)b(v—v*,w)dvdv*dw

N l/// (F'F,— FF)(¢+¢x— ¢ — $.)b(v — s, ) dvdu, do
2 R3xR3xS2

and this entails the announced formula. O

Notice that it may not be necessary to assume that F' has compact support in Proposi-
tion 3.1. For instance, the same result holds for all F' and ¢ € C (R3 ) if there exists m > 0
such that

‘(b(v)’ + f2 b(v,w)dw = O(|v|m) while F(v) = O(|v|_")
S

as |[v| > 400, withn > 2m + 3. 3.9)

An important consequence of this proposition is the following corollary.
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COROLLARY 3.2. Under the same assumptions as in Proposition 3.1 or (3.9), one has
/ B(F, F)(v)dv=0 (conservation of mass),
R3
/ wB(F, F)(v)dv=0 (conservation of momentum),
R3
1 5 .
3 [v|“B(F, F)(v)dv=0 (conservation of energy),
R3

fork=1,2,3.

When applied to a solution of the Boltzmann equation F' = F (¢, x, v), these five re-
lations are the net conservation of mass — equivalently, of the total number of particles —
momentum and energy in each phase-space cylinder dx x Ri, where dx is any infinitesimal
phase-space element in the space of positions Ri.

PROOF OF COROLLARY 3.2. Assuming that ¢(v) is one of the functions 1, v; for
k=1,2,3,and %|v|2, one has

P+ o) — (V) —p(v)) =0

for each (v, v, w) € R? x R3 x S?, because of (3.4). Applying Proposition 3.1 shows the
five relations stated in Corollary 3.2. O

Let F = F(¢,x,v) be a solution of the Boltzmann equation; assume that F (¢, x, -) is
continuous with compact support on Rg a.e.in (f,x) € R x R3, or satisfies (3.9). Then
Corollary 3.2 implies that

8,/ de—i—divx/ vFdv=0,
R3 R3
81/ Ude—I-diVx/ vuvFdv=0, (3.10)
R3 R3
1 2 . 1 2
0y —|v|*F dv + div, v=|v|*Fdv=0.
R32 R3 2

These equalities are the local conservation laws of mass, momentum and energy in space—
time divergence form.
Assume further, for simplicity, that for a.e. (¢, x) € R} X R3,

/ F(t,x,v)dv > 0;
R3

-
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define then
p(t,x) :/ F(t,x,v)dv (macroscopic density),
R3
u(t,x) = vF(t,x,v)dv (bulk velocity), 3.11)
p(t,x) Jr3
1

1
O(t,x) = /R3 §|v —u(t, x)|2F(t, x,v)dv (temperature).

o, x)
With these definitions, the local conservation laws (3.10) take the form
0o +divy (pu) =0,

0r(pu) +divy (pu @ u) + Vi (00) = —div, / A(v—u)F dv,
R3

oo Lz +260)) +ai Lu+ 26
| o 2u 7 vy | pu 2u 3

=—divxf B(v—u)de—divx/ A(w—u)-uFdv,
R3 R3

(3.12)

where
L 1. 2
AR =z@z =3l B(z)=§(|z| -5)z.

The left-hand side of the equalities above coincides with that of the compressible Euler
system (2.7) with y = 5/3 (the adiabatic exponent for point particles, i.e., for particles
with 3 degrees of freedom). The right-hand side, on the contrary, depends on the solution of
the Boltzmann equation F and is in general not determined by the macroscopic variables p,
u and 6.

However, in some limit, it may be possible to approximate the right-hand side of (3.12)
by appropriate functions of p, u and 0, thereby arriving at a system in closed form with
unknown (p, u, 0).

For instance, deriving the compressible Euler system (2.7) as some asymptotic limit of
the Boltzmann equation would consist in proving that the right-hand side of the second and
third equations in (3.12) vanishes in that limit. Deriving the Navier—Stokes system (2.8)
from the Boltzmann equation would consist in finding some (other) asymptotic limit such
that

/A(v—u)de:—)LD(u) and /B(v—u)de:—KVXQ,
R3 R3

and so on.
The problem of finding such closure relations is the key to all the derivations of hydro-
dynamic models from the Boltzmann equation.
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3.2. Boltzmann’s H-theorem

We have seen in the last subsection how the symmetries of the Boltzmann collision integral
entail the local conservation of mass, momentum and energy.

Another important feature of these symmetries is that they also entail a variant of the
second principle of thermodynamics, as we shall now explain.

PROPOSITION 3.3 (Boltzmann’s H-theorem). Assume that the collision kernel b satis-
fies (3.8), that F € C(R3) is positive and rapidly decaying at infinity, and that, for some
m > 0, one has

/ b(v, w)dw + |1n F(v)| =O(|v|m) as |v| — +oo.
S2
Then

/ B(F, F)In Fdv
R3

1 I nl F/Fﬂi
=—- (F F*—FF*)ln b(v — vy, w)dvdv, dow < 0.
4 R3xR3xS2 FF*

Moreover, the following conditions are equivalent
@) fR3 B(F, F)In Fdv=0,
(i) B(F, F)(v) =0 forallveR,
(iii) F is a Maxwellian distribution, i.e., there exists p,0 > 0 and u € R3 such that
F = M(p.u,6), where

Mpu0y(V) == e~ =4/ for each v € R, (3.13)

_P
(2nH)3/2
As was already the case of Proposition 3.1, Boltzmann’s H-theorem is so essential in

deriving hydrodynamic equations from the Boltzmann equation that we give a complete
proof of it.

PROOF OF PROPOSITION 3.3. The assumptions on F and b are such that F, b and
¢ =In F satisfy the assumption (3.9). Applying Proposition 3.1 implies that

/ B(F, F)In F dv
R3

1 - F'F]
=—- (F F*—FF*)ln b(v — vy, w)dvdv, dw.
4 R3 xR3 xS2 FF,

(3.14)
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Since the logarithm is an increasing function, one has

(f—g)ln(?)=(f—g)(lnf—lng)>0 for each f, g > 0,

so that the expression on the right-hand side of (3.14) is nonpositive.
If that expression is equal to zero, the integrand must vanish a.e., meaning that

F'F,=FF, forae. (v,vs, )€ R3 x R3 x 2,
since the collision kernel b is a.e. positive. This accounts for the equivalence between
conditions (i) and (ii). That (iii) implies (i) is proved by inspection; for instance, one can
observe that, if F' is a Maxwellian distribution, In F' is a linear combination of 1, vy, va,
v3 and |v|2, so that

InF' +InF,—InF —InF,=0 forall (v,v4,0) € R} x R? x §,

because of the microscopic conservation laws (3.4). Finally, (i) implies (iii), as shown by
the next lemma, and this concludes the proof of Boltzmann’s H -theorem. O

LEMMA 3.4. Let ¢ >0 a.e. be such that (1 + |v|*)¢ € LY(R3). If
'PL=pps forae. (v,vs, w) €R® x R® x §2,
then ¢ is either a.e. 0 or a Maxwellian (i.e., is of the form (3.13)).

The following proof is due to Perthame [105]; Boltzmann’s original argument can be
found in Section 18 of [16].

PROOF OF LEMMA 3.4. After translation and multiplication by a constant, one can always
assume that

/R3¢(v)dv=1, /R3 v (v)dv =0 (3.15)

unless ¢ = 0 a.e. Denoting by ¢3 the Fourier transform of ¢, our assumptions implies that,
for a.e. w € S2, one has

$EP(E) = / / o () (v))e 6V qu du,
R3xR3

- / / P () (vx)e VTV dy o,
R3xR3

= // ()P (U*)e—ié~v—i€*-v*ei((E—E*)w)((v—v*)-w) dvdu,.
R3xRR3
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(Notice that the second equality follows from the same change of variables (v, vy) >
(v, v},) as in the proof of Proposition 3.1.) In fact, this relation holds for all w € S? since
both sides of the equality above are continuous in w.

Since the left-hand side of the equality above is independent of w, one can differentiate
in @ to obtain that

= v/‘\/R:; R3 ¢(v)¢(U*)e_iE‘U—iS*‘U* (U — U*) N dv dv*

for any £ # &, € R? and wg € S? such that wg L (€ — &,). In other words,
woL(E—&) = (Ve—Ve)pE)p(E) L.
This implies that, for all & # &, € R3, one has
(Ve = Ve )$E)PE) || (& — &) (3.16)
Applying this with &, = 0 leads to
Veh(®) || £,
on account of the normalization condition (3.15). Hence ¢ is of the form
P& =y (E°), EeR’.
Writing (3.16) with this form of ¢, one finds that
Y (1E1P)V (16:1%) — &v (IE7) ¥ (1&2) || € — &

Whenever & and &, are not colinear, i.e., for a dense subset of all £, &, € R3, this implies
that

v (1E17) Y (1E17) = v (1E17) v (&)

Since ¢ € L'((1 + |v| ) dv), gb € C2(R) and the normalization conditions (3.15) imply
that ¢(0) =1 and q) (0) =0; hence ¥ € C (Rz) and the relation above holds for each
(€, &) € R? x R3. This relation implies in turn that v is of the form

Y=,
Hence qg is of the form
&) =e K2,
so that ¢ is of the form ¢ = M 1.0.9)- O

At this point, it is natural to introduce the notion of collision invariant.
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DEFINITION 3.5. A collision invariant is a measurable function ¢ defined a.e. on R? that
satisfies

pW) + ¢ ) — $(V) —p(v) =0 ae.in (v, v, ),
where v/ = v/ (v, vy, ®) and v}, = v, (v, v, @) are defined by (3.3).
For instance, in the proof of Boltzmann’s H -theorem, Maxwellian densities are charac-
terized as the densities whose logarithms are collision invariants.

A variant of Lemma 3.4 characterizes collision invariants.

PROPOSITION 3.6. A function ¢ is a collision invariant if and only if there exists five
constants ap, i, az, a3, a4 € R such that

¢(v) =ag+ ajvy + arvy + azvs +a4|v|2 ae. inR>.

See Section 3.1 in [28] for a proof of the proposition above.

3.3. H-theorem and a priori estimates

We conclude with the main application of Boltzmann’s H -theorem, i.e., getting a priori
estimates on the solution of the Boltzmann equation. We shall discuss four different cases.

Case 1: The periodic box. Consider the Cauchy problem

@ F+v-ViF=B(F,F), (t,x,v)eR% xT?xR?,

Fli—g= F™,
Let F be a solution of the Boltzmann equation such that, for a.e. (f, x) € Ry x T3, F(t,x,-)
satisfies the assumptions of Proposition 3.3. Then the number density F satisfies the lo-

cal entropy inequality (3.26). Integrating this differential inequality on [0, 7] x T3, one
arrives at

// FlnF(t,x,v)dxdv
T3 xR3

1 ! F/F/
+_// ./// (F/FL_FF*)IH * )b dv dv, dwdx ds
4Jo Jrs R3 xR3xS§? FF,

://w . F™" In FI"(x, v) dx dv (3.17)
X

for each t > 0.
The following definition explains the name “H -theorem”.

-
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DEFINITION 3.7. Let F > 0 a.e. be an element of Ll(?l'3 X R3) such that

/f |FlnF(x, v)| dx dv < +o0.
T3 xR3

One denotes by H (F) the quantity

H(F):// Fln F(x,v)dxdv.
T3 xR3

Whenever there is no risk of ambiguity, we use the notation H(¢) to designate
H(F(t,-,-)), when F is a solution of the Boltzmann equation. Equality (3.17) implies
that H (F) is a nonincreasing function of time; it was this property that Boltzmann called
“the H-theorem”. Moreover, H(F) is stationary only if F is a Maxwellian (see Sec-
tion 3.4.2). Hence, from the physical viewpoint, it is natural to think of H(F (¢, -, )) as
minus the entropy of the system of particles distributed under F(z, -, -).

In order to obtain a bound on the entropy production, it is convenient to introduce another
(closely related) concept of entropy.

DEFINITION 3.8. Let F >0 a.e. and G > 0 be two measurable functions on T3 x R3: the
relative entropy of F' with respect to G is

H(F|G)=// (Fln<£> —F+G) dx dv.
T3 xR3 G

Notice that the integrand in the definition of H (F|G) is an a.e. nonnegative measurable
function, so that the relative entropy H (F|G) is well defined as an element of [0, +00].
Letp,0 >0andu € R3, then

2
v_
V= Ul p gy do

H(FIMpag)) = H() + /f

T3 xR3 20

1Y

Hence, if F € L'(T? x R3; (1 + |v|?)dvdx) and if H(0) is finite, then H (¢) is finite for
eacht >0, and

p ul® + 1 >
(‘ln<(2n9)3/2)‘+ 6 )/fma““v' JFdvds =

SH() < H(0).

On the other hand, F also satisfies the local conservation of mass, momentum, and en-
ergy (3.10), so that, integrating these local conservation laws on [0, 7] x T3, one arrives at
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the global variant of these conservation laws

/f F(t,x,v)dvdx:// F(, x,v)dvdx,

T3 xR3 T3 xR3

// vF(t,x,v)dvdx:// vF (0, x,v)dvdx, (3.19)
T3 xR3 T3 xRR3

1 1
// —|v|2F(t,x,v)dvdx:/f —|v]?F(0, x, v) dv dx.
T3xR3 2 T3xR3 2

Since
)
// v —ul Fdxdv
T3><]R3 29
=— (|v| + |u| )Fdxdv—— u-vFdxdv,
29 T3 <R3 9 T3 xR3
one has
H(F(t) |M(p7u,9)) = H (t) + globally conserved quantities
so that

H(F®)|Mpu0) — H(F©O)|Mpuo)=H)— H(O).

Hence, the global entropy relation (3.17) is recast in terms of the relative entropy as

L F'F]
_// /.// (F'F.— FF)ln * )b dvdv, dwdx ds
4JoJm ) ) JRoxrixs? FF,

= H(FO)|Mpu0)—H(FO)|Mpup) (3.20)

for each p,6 > 0 and each u € R3. This implies, in particular,
o the relative entropy bound

0< H(F0)|Mpue) <HFO|Mpug), =0
o the following entropy control

1% |14|2+1 // 2\ 1in
—(h 1 F'dydx —
(‘ “((2n0>3/2>‘+ 0 ) e (| T 1OF) P dvdr =

S H(F)(1) < H(F)(0);
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e the entropy production estimate

1 [t
—/ / //f (F'F,— FF,)In
4Jo  JrJJIR3xRIxs?

< H(FO)|Mp,u0)-

F'F;
bdvdv,dwdxds
FF,

Case 2: A bounded domain with specular reflection on the boundary. The periodic box
is a somewhat academic choice of a spatial domain for studying the Boltzmann equation.
The next case that we consider now is very similar but more realistic. Let £2 be a smooth,
bounded domain of R3. Starting from a given number density F™ at time r = 0, we con-
sider the initial boundary value problem

O F+v-ViF=B(F,F), (x,v)e xR,
F(t,x,v) = F(t, x,Ryv), (x,v)€dR x R,
F|t=O= Fina

where R, designates the specular reflection defined by the outward unit normal 7y
atxe 082

Ryv=v—2(v-ny)n,.

Assume that the initial boundary value problem above has a solution F satisfying the as-
sumptions of Proposition 3.3. One multiplies the Boltzmann equation above by In F' + 1
and integrates first in v to obtain the identity (3.26), and then integrates in x, which leads to

d
—// Flanxdv—}—// FInFv-n,do(x)dv
dr J Joxrs 92 xR3

1 o F'F,
=—— (F F*—FF*)ln b(v — V4, w)dvdv, do.
4 R3xR3 xS§? FF;

Changing the v variable in the boundary term by v — w = R,v, one sees that
w-ny = —v - ny, while the specular reflection condition satisfied by F on 952 implies
that F(f, x, v) = F (¢, x, w); besides this change of variables preserves the Lebesgue mea-
sure dv since Ry is an isometry. Hence

// Flan~nxdo(x)dv=—// FInFw-n,do(x)dw=0
02 xR3 902 xR3

and therefore

dHFt
SHE®

= 1/// (F'F,— FF)1 FE, b( )dvdv,d
=72 [ « «)In FF, UV — Uy, @) AV AV, dw.

(3.21)
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Proceeding similarly with the local conservation laws (3.10) shows that

d
—// Fdxdv——/f —|v| Fdxdv=0. (3.22)
dr J Joxr3 2xR3 2

At this point, we apply the formula (3.18) in the case where u = 0 and deduce from (3.22)
that

H(F|M,0,0)) = H(F) + globally conserved quantities.

Notice that, at variance with the case of the periodic box, the total momentum is not con-
served, so that the formula above only holds with centered Maxwellians (i.e., Maxwellians
with zero bulk velocity).

Therefore, as in the case of the periodic box, one has, for each p, 6 > 0,

1 ! F/F/
_///// (F'F, = FF)ln = )bdv dv, dwdx ds
4JoJel ) Jrxmixs FF,

= H(F(0)[M,00) — H(FO|M00) (3.23)

for each ¢ > 0. Again we obtain
o the relative entropy bound

0< H(FO|Mpuo) <HFO[Mpun), 120

o the following entropy control

) A

S H(F)(1) < H(F)(0);

e the entropy production estimate

L (G

H(F(0)|Mp.u0))-

)bdv dvy dowdx ds

Case 3: The Euclidean space with Maxwellian equilibrium at infinity. Next we study
cases where the spatial domain is unbounded. The simplest of such cases is that of a cloud
of gas which is in Maxwellian equilibrium at infinity. Therefore, we consider the Cauchy
problem

#F+v-ViF=B(F,F), (t,x,v)eR: xR} xR’
F(t,x,v) = Mp.u.6) |x] = 400,

Fli=o = F™.
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We shall assume that F' converges to the Maxwellian state M, , gy rapidly enough so that
the relative entropy

H(F(t)|M(p,u,0))

F
= Fln[ ——— |- F+M ,,9>dxdv<+oo
//RMRS( (Mm,u,e)) ot

for each t > 0. We claim that the same entropy relation as in the case of the three-torus
also holds in the present situation

L - F'F]
— (F F*—FF*)ln bdvdv,dwdxds
4 Jo Jgr3 R3 xR3 xS2 FF,

= H(F0)|Mp.u0) = H(F©)| M) (3.24)

for each ¢ > 0. However, this equality is not obtained in the same way, since neither the
globally conserved quantities nor the H-function itself are well-defined objects in this
case (these quantities involve divergent integrals because of the Maxwellian condition at
infinity).

Observe instead that, by the same argument as in the case of the three-torus, one has

F
Fln[— ) —F+M ,,9>du
/RS< (M(p,u,e)) Pt®

1
= | FlnF — 2 OF
/]12{3 n dv+29/R3(|v| +|u|) dv

1 o
— = -vFd 1+In| ———— Fd
G/Rs” v v+< " n<(2ﬂ9)3/2>)/R3 Ve
/ (m ( F ) Ft M )d
v nf —— ) - w0 | dv
R3 Mp,u0) (P00

1
:/R3 vFlanv-I—%/RSU(|U|2+|M|2)F(1U

1 14
_5/1%’;1)”dev+<1+1n<W))'/Rstdv

In other words,

F
Fln| ——— | = F+ M0 >dv
/J;@( (M@,u,e)) ot

= / FIn F dv + locally conserved quantity
R3

while

© 00 N O g~ O N =



© 00 N O OO~ O N =

A B A B B B W OW W W W W W W WWN N NN NN NN DNDDNND S S22 dd
a A W NV - O © O N OO O M O DN -+ O © 0N OO OO M O DN -4 O © N OO oo » WO DN = O

dafermos2 v.2005/04/29 Prn:8/06/2005; 8:46 F:dafermos203.tex; VTEX/Lina p. 32

32 FE Golse

while
[ o(rm(h ) o)
v nf| — | — w0 | dv
R M(p,u,@) (p,u,0)
= / vF In F dv + flux of that locally conserved quantity
R3

so that

F
a/ <Fln<7)—F+M ,,9>dv
t R M(p,u,e) (p,u,0)

F
+ div f v<Fln<4>—F+M , ,9>dv
X B3 M(p,u,e) (po,u,0)

=8tf Flanv—i—diVx/ vFIn Fdv
R3 R3

so that

F
[ (o)~ s i)
t R M(p,u,@) (p,u,0)
+di / (Fl ( F ) F+M )d
1v v nf—1— u,0 v
x B3 M paut) (p,u,0)

1 o F'F;
=—— (F F*—FF*)ln bdvdv, do.
4 R3xR3x§? FFy

Integrating further on [0, #] X R3, one arrives at (3.24).
To summarize, we deduce from (3.24) that
e the relative entropy bound

0< H(Ft)|Mpus) < H(Fin|./\/l(p,u,9)) for each t > 0;

e the entropy production estimate

1 +00 F/F/
_/ / /.// (F/F;_FF*)IH * )b dv dvy dwdx ds
o Jw) ) IRmixe? FF,

< H(F® | Mp.u0))-

Case 4: The Euclidean space with vacuum at infinity. Finally, we consider the case of a
cloud of gas expanding in the vacuum. As we shall see, this case is slightly different from
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the previous ones. Consider the Cauchy problem

WF +v-VoF=B(F,F), (t,x,v)eR: xR} xR’
F(t,x,v) =0, |x], [v] = o0,

Fli—o = F™,
We shall assume that F vanishes rapidly enough at infinity so that the relative entropy
H(F(t) |g) < +oo foreacht >0,

where G is the centered reduced Gaussian
G(x,v) = SIS
’ (2m)3
Assume that

//3 3Fi“(|lnFi“| + x> + [v* + 1) dx dv < +o0.
R xR

We claim that, for each > 0,

/[Rs R3 b = 10l x, ) dxdy = //}Rs R3 I F (0, x,v) dv dv. (3.25)
X X

Indeed
d 2
— |x —tv|“F(t,x,v)dx dv
dr R3xRR3
:// 8,(|x—tv|2F(t,x,v))dxdv
R3xR3
=// 3 +v- Vo) (|x — tv]*F(t,x,v)) dx dv
R3xR3
=// Ix — 10| + v - Vo) F(t, x,v)dx dv
R3xRR3
=/ (/ Ix — tv]®?B(F, F)(t, x, v) dv) dx = 0.
R3 R3
Observe that

H(FIG)=H(F)+1// (Ix* + [v|*) F dx dv
2 R3xR3

+(3ln(2u)—1)// Fdxdv+1.
R3xR3
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Because of (3.25), one has

// |x|?F(t) dx dv
R3xR3
gz// |x —tv|2F(t)dxdv+2t2// |v|?F(r) dx dv
R3xR3 R3xR3

=2// |x|2F(0)dxdv+2t2// lv]? F(0) dx dv
R3xR3 R3xR3

so that
. 1 )
—// [x|>F"dx dv — (—+t2) // [v|?F™ dx dv
R3xR3 2 R3xR3
~ (3In@2mn) - 1) f/ F'dxdv— 1 < H@t) < H(O).
R3xR3

Integrating on [0, #] x R3 the local entropy equality (3.26), one arrives at the equality

H(0) — H(t)

L[ ' oot
- (F'F,— FF.)In
4 Jo Jr3 R3xR3xS2

gc(1+t2)// (1 +x1* + [v]* + | In F™[) F" dv dx.
R3xR3

F'F,
bdvdv,dwdxds
FF,

As we shall see below, Cases 1-3 are the most useful in the context of hydrodynamic
limits. Case 4 is also interesting, although not for hydrodynamic limits: it provides one
of the important estimates in the construction of global weak solutions to the Boltzmann
equation by R. DiPerna and P.-L. Lions (see further).

Another case, which we did not discuss in spite of its obvious interest for applications,
is that of a spatial domain that is the complement in R3 of a regular compact set, assuming
specular reflection of the particles at the boundary of the domain. This case is handled by
a straightforward adaptation of the arguments in Cases 2 and 3.

Let us now briefly discuss some of the main consequences of Boltzmann’s H -theorem.

3.4. Further remarks on the H-theorem

3.4.1. H-theorem and the second principle of thermodynamics. 'To begin with, let F be a
solution of the Boltzmann equation such that, for a.e. (¢, x) € Ry x R3, F (t, x, -) satisfies
the assumptions of Proposition 3.3. Multiplying both sides of the Boltzmann equation by
In F + 1 and applying Proposition 3.3 and Corollary 3.2 with ¢ = 1, one arrives at the
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identity

8,/ Flanv—I—diVx/ vFIn Fdv
R3 R3

1 L F'F,
— (F F*—FF*)ln b(v — vy, w) dvdv, do
4 R3xR3xS2 FFy

<0. (3.26)

It is interesting to compare the equality (3.26) with the second principle of thermodynamics
applied to any portion of a fluid in a smooth domain 2. Denoting by n, the outward unit
normal field on 952, and by s the entropy per unit of mass in the fluid, one has

d q(t,x)
a/ﬂps(t,x) dr > _fzm psu(t,x) -nydo(x)— /39 S -nydo (x),

where p is the density of the fluid, u the velocity field, 8 the temperature, ¢ the heat flux
and do (x) the surface element on 9£2. The infinitesimal version of this inequality is

3 (ps) + div, <psu + %) >0, (3.27)

which is obviously analogous to (3.26). In particular,

the quantity — /R \ F1In F dv is analogous to ps
and

the quantity — /R . vF In F dv is analogous to psu,
while the quantity

1 ! -/ F/Fﬂi
- (F F, — FF*) In b(v — vy, w)dvdvy do
4 R3xR3xS2 FF>,<

is the local entropy production. Notice that fluid dynamics does not in general provide any
expression of the entropy production in terms of p, u, 6, s and g. On the contrary, in the
kinetic theory of gases, the entropy production is given in terms of the number density by
the integral above.

3.4.2. Relaxation towards equilibrium. One application of the second principle of ther-
modynamics is the relaxation towards equilibrium for closed systems. Assume that a gas
described by the Boltzmann equation is enclosed in some container §2 that is a smooth,
bounded domain of R3. At the microscopic level, we assume that the gas molecules are
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reflected on the surface of the container without exchanging heat. One model for this is
the ideal situation where each molecule impinging on the boundary of the container is
specularly reflected, this being Case 2 of Section 3.3.
Starting from a given number density F'™ at time t = 0, we consider the initial boundary

value problem

&F+v-VeF=B(F,F), (x,v)e xR,

F(t,x,v) = F(t,x,Rev), (x,v) €32 x R,

Fli—o = F™,

where R, designates the specular reflection defined by the outward unit normal n, at
x €082

Riv=v—2v - nyny.
Now pick any sequence t, — +o0o such that
F,(t,x,v) . =F(t+1t,,x,v)—> E(t,x,v) (3.28)

in a weak topology that is compatible with the conservation laws (3.22). Then, by weak
convergence and convexity, the bound on entropy production obtained in Case 2 of
Section 3.3 implies that E(f, x,v) is a local Maxwellian — meaning that the function
v E(t,x,v) is a.e. a Maxwellian with parameters p, u, 6 that are functions of ¢, x —
which satisfies

(BE+v-VeE)t,x,0) =0, (x,v)eR xR,
(3.29)
E(t,x,v) = E(t, x, Ryv), (x,v) €982 x R3.

Whenever £2 is not rotationally invariant with respect to some axis of symmetry, the only

local Maxwellians that solve the system of equations (3.29) are the global Maxwellians of
the form

E(t,x,v) =M 06)(v) forsome constant p,8 > 0. (3.30)

Since we assumed that the conservation laws (3.22) are compatible with the topology in
which the long time limit holds, the constants p and 6 are given by

in _ l in _é
F"dxdv=p|$2], F"dxdv=—-p0|82]|.
2xR3 2xR3 2 2

However, if £2 is rotationally invariant around some axis of symmetry, the system (3.29)
has other solutions than the global Maxwellians (3.30), namely all functions of the form

E(t, x,v)= M(p’(),@)(v)e)‘(kx(X—Xo))-v’
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where A # 0 is a constant, while the axis of rotational symmetry for §2 is the line of
direction k € S? passing through xo.

In fact, Lions proved in Section V of [84] that the convergence (3.28) is locally uniform
in t with values in the strong topology of L!(£2 x R3).

Let us mention that, in spite of his apparent simplicity, the problem of relaxation to-
ward equilibrium for the Boltzmann equation is still open, in spite of recent progress by
Desvillettes and Villani [35]. The main issue is the lack of a tightness estimate in the
v variable for |v|?>F (¢, x, v) as t — +oo that would apply to all initial data of finite mass,
energy and entropy. Short of such an estimate, the part of the argument above identify-
ing the temperature in terms of the initial data fails. The only cases where such estimates
have been obtained correspond to initial data that are already close enough to some global
Maxwellian, or that are independent of the space variable (i.e., the space homogeneous
case).

However incomplete, this discussion shows the importance of Boltzmann’s H -theorem
whenever one seeks to estimate how close to the class of local Maxwellians a given solution
of the Boltzmann equation may be. This particular point is of paramount importance for
hydrodynamic limits.

3.5. The collision kernel

So far, our discussion of the Boltzmann equation — in fact, of the Boltzmann collision
integral — did not use much of the properties of the collision kernel ». Indeed, we only
took advantage of the symmetries of b in (3.5) and some additional bounds such as (3.8)
or (3.9).

However, the derivation of hydrodynamic limits requires further properties of the colli-
sion integral, for which a more extensive discussion of the collision kernel becomes neces-
sary.

First we recall some elementary facts concerning the two-body problem. Consider two
points of unit mass subject to a repulsive interaction potential U = U (r), where r is the
distance between these two points. In other words, assume that U satisfies the properties

UeC (R+) is decreasing, r1_1)r61+ U(r)=+o0, r_l}riloo U(r)y=07".

It is well known that both points stay in the same plane for all times. Pick a Galilean
frame where one of the points is at rest; then, the trajectory of the moving point is easily
expressed in polar coordinates (r, 8) with the fixed point as origin. Choosing the origin of
polar angles to be the line asymptotic to the trajectory of the moving particle in the past,
the trajectory is determined as follows. Let v be the speed of the moving particle at infinity,
and let & be the impact parameter defined by

vh=r2()0@), teR,

this quantity being a well-known first integral of the motion (see Figure 2). In other words,
h is the distance between the line asymptotic to the trajectory of the moving particle in the

-
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Fig. 2. Deflection of a particle subject to a radial repulsion potential from a particle at rest.

past and the parallel line going through the particle at rest (see Figure 2). Let z, > 0 be the
unique solution to

and set

. Tx dZ
re«=— and 0" = .
Zx 0 V1—-22—4/02U(h/z)

(3.31)

The point of polar coordinates (7., 85) is the apse of the trajectory, i.e., the closest to the
particle at rest. Then the trajectory of the moving particles is given in polar coordinates by
the equation

h/r d
. 0 W for 6 € (0,6y] and r > ry,
20, — [/ ——9____ for0 €[6,,20,) and r > r,.

N 1-22-4/v2U (h/z)

Notice in particular that the moving particle is deflected of an angle 26.,.

Next we recall the notion of scattering cross-section. Pick an arbitrary relative speed v
at infinity, and consider the deflection angle x, = 1 — 26, as a function of the impact
parameter /. It is easily seen that

X« 18 decreasing, lim x4(h)=7n" and lim x.(h)=0".
h—0F h—+00

Because the two-body problem is invariant by any rotation around the line D passing
through the particle at rest that is parallel to the asymptote in the past to the trajectory

-
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S(v, @) siny dy dep

Fig. 3. The scattering cross-section corresponding to the relative speed v and in the direction x corresponding to
the impact parameter /.

of the moving particle, consider the map

R?\ {0} =~ R* x [0,27) — (0, 7) x [0,27) ~S?\ {N, S},

(3.32)

(h, ) = (x:(h), 9),
where the first identification is through polar coordinates in the plane orthogonal to D
with origin & = 0 (the intersection of D with that plane), while the second identification is
through spherical coordinates, with D as the polar axis and S> N D = {N, S}, see Figure 3.
The image of the Lebesgue measure under this map is a surface measure on S> of the form

S(v, x)sin x dx do,

and S(v, x) is the scattering cross-section in the direction x corresponding to the relative
speed v. Because S is the density with respect to the Euclidean surface element on the unit
sphere (which is dimensionless) of the image of the two-dimensional Lebesgue measure
(which has the dimension of a surface) under the map (3.32), it has the dimension of a
surface, which justifies the name “cross-section”.

The scattering cross-section clearly depends upon the computation of the deflection an-
glein (3.31)

h

S, X)=——7>-= ’
sin x| x5 (M |y, )=y

Here are the scattering cross-sections for a few typical interactions:
e in the case of a hard sphere interaction,

Ur)y=0 ifr>dy and U(r)=400 if0<r <dy.
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In this example, U is not decreasing but only nonincreasing and has finite range.
Therefore, the definition of the scattering cross-section must be modified as follows.
The map (3.32) is replaced with
B(0, dp) ~ (0, do) x [0,2m) — [0, ) x [0,21) ~§*\ {N, 5},
(3.33)
(h, ¢) = (xx(h), $),

and S(v, x) sin x dx d¢ is the image under the above map of the restriction to the disk
B(0,dy) C R? of the Lebesgue measure. With this slightly modified definition, it is
found that

1 2
S(v,x)=1d0;

if U(r) =kr=° with s > 0, set

10 dz

V() = ,
1—22-2(z/D)

where [ = (v2/2k)'/5h, and where ¢ (1) is the only positive root of the denominator of
the integrand above; set ¥ — A (1) to be the inverse of [ — ¥ () so defined. Then

Bl —x)/2)

S(, x) = Qk)*Sv™4s Sy

where B(¢) = A(%)A'(?). One finds that 8 is singular near & = /2, which corre-
sponds to x =0 and [ — +o00, i.e., to collisions with small deflection angles, or
equivalently to the case of grazing collisions

T—

. —1-2/s
O)~C|l—=—-—906 0 -,
B©O) (2 ) as 6 — -

while 8(8) = O(8) for § — 0.

Although the usual definition of the scattering cross-section involves the deflection an-
gle x, one might find it easier to use instead the angle 6 = (1w — x)/2 (see Figure 2). It
is easily seen that the scattering cross-section S as above can be expressed in terms of a
function ¥ = ¥ (v, u) defined on R4 x [0, 1) by the formula

1
E(v, |cos6|) = ES(U’ T —26)| cosb|.

This function X has the following geometric interpretation: the mapping

S\ (N, S} = (0, 1) x [0, 21) — S*\ {N},
w = (0, ¢) — (—cos(20), sin(20) cos ¢, sin(20) sin p)
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(0]

Fig. 4. The double cover 6 — .

is a double cover (see Figure 4) and the image of the surface measure X' (v, |cos6]|) x
sinf df d¢ under the above mapping is 2S5(v, x) sin x dx d¢.
Then, the collision kernel b is given by

b(V,0)=|VIZ(1V],]|cos(V, w)]).

With the formulas for the scattering cross-section given above, one sees that
e in the case of hard-spheres with radius ry,

1
b(V,w) = Er§|v ol (3.34)
e in the case of an interaction potential U (r) = kr—* for s > 0,

with 6 = (V, w) (3.35)

1 g1 1—a/s BO)
b(V,w) = 1(2")2/‘ NG fm

with 8(0) = 0(0) as & — 01 while B(0) =O((/2 — )" "2/%)as § — n~/2;

e whenever s = 4, the collision kernel b is independent of |V |; such potentials are usu-
ally referred to as Maxwellian potentials, and considerably facilitate the analysis of
the collision integral;

e for s = 1, which is the case of a repulsive Coulomb potential, one has

0 -3
b(v,w)=k2|vr3@ with @) =0 (Z -0 as0— = (3.36)
sinf 2 2
Observe that, for any inverse power-law potential U (r) = kr—*,

/Szb(v,w) dw = +00 (3.37)
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because of the singularity at & = /2, so that our earlier assumption (3.8) is violated
by such potentials. In particular, whenever the particle interaction is given by an inverse
power-law potential, one cannot split the collision integral as

B(F,F)=By(F,F)—B_(F, F)

as was done earlier in this section. One way around this is to define B(F, F) in the sense
of distributions, as follows

(B(F, F), )

1

- _/// (F'F. = FF)(¢ +¢s — &' — ¢/)b(v — vs, 0) dvdv,do
4 R3IxR3xS2

for each F € C!(R3) and ¢ € C!(R?). Then

(F'F,— FF)(¢+ e — ¢ —¢,) =O(|(v — v) - [

so that the integrand in the right-hand side above is O((xt/2 — 6)!=%/%). This procedure
can handle all inverse power-law potentials U (r) = kr —* for s > 1; however, the Coulomb
case s = 1 remains excluded.

Observe that, in addition to the singularity in the deflection angle at & = = /2, the col-
lision kernel of the Coulomb potential also has a |[v — v,| ™ singularity in the velocity
variable. Physicists deal with the latter singularity by introducing a further truncation near
V = 0; the dependence upon this truncation parameter of the collision integral is only loga-
rithmic, so that the result does not depend “too much” on the truncation parameter. In other
words, the collision integral is computed modulo a scaling factor known as the Coulomb
logarithm (see [76], Section 41).

Another way of avoiding the singularity of the collision kernel at & = 1t/2 consists in
assuming that the interaction potential is truncated at large distance, in other words, that

U(r)=U(rc) wheneverr >rc. (3.38)
In this case (as in the hard sphere case), U is not decreasing but only nonincreasing, and the
definition of the scattering cross-section must be modified as in (3.33) with rc in the place

of dy. Call b¢ the collision kernel corresponding to the potential truncated as in (3.38),
and Sc, X¢ the associated scattering cross-section. Then

27 pTU
/ bC(V,w)dw:|V|/ / Zc(IV1, cos b)) sin6 do dgp
S? 0 0
27 T
=|V|/0 /0 Sc(IV1, x)sin x dx d¢

re P21
=|V|// hdhdp = |V|nrg
0 JOo
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since Sc(v, x) sin x dx d¢ is the image under the map (3.33) of the Lebesgue measure on
the two-dimensional disk of radius rc. Hence the truncation (3.38) leads to a collision ker-
nel whose integral over the angle variables is finite, thereby avoiding the divergence (3.37)
that occurs for any infinite range, inverse power law potential.

Yet another way of avoiding the singularity of the collision kernel at 6 = 1t/2 was pro-
posed by Grad [64]. He considered molecular force laws for which the collision kernel
satisfies the condition

b(V, ») .
msc(wwm ), (3.39)

where C > 0 and ¢ € (0, 1). Comparing the case of a power law potential U (r) = kr—*
with Grad’s assumption above, we see that the collision kernel in (3.35) satisfies (3.39)
provided that one modifies the function § near 6 = 1t/2 so that §(6) = O(wt/2 — ). One
possibility is to replace g with

B©) = B(O)Lo<q,, (3.40)

where 6y € (0, %) is some arbitrary value. Then, the associated truncated collision kernel
b satisfies the bounds

- _ 1 _
b(V,w)<Cb(1+|V|)l 4/s and / b(V,a))da)} C—(1+|V|)1 4/s
S? b
3.41)

for some positive constant Cy. The potential U is called a hard cut-off potential if s > 4,
and a soft cut-off potential if s < 4.

Grad defined more general classes of hard and soft cut-off potentials; specifically, a gen-
eral hard cut-off potential corresponds to the condition

4
1+1V]

/ b(V,w)dw >
SZ

while a soft cut-off potential is defined by the condition
/ b(V,w)dw <c(1+|V[F)
S2

for some ¢ > 0 and ¢ € (0, 1), in addition to the bound (3.39). In the sequel, we shall mostly
restrict our attention to those hard cut-off potentials that satisfy the same bound (3.41) as
in the inverse power law case.

The terminology “cut-off potential” attached to Grad’s cut-off prescription, is somewhat
unfelicitous. Indeed, it is not equivalent to truncating the potential at large intermolecu-
lar distances as in (3.38). Indeed, the angular truncation (3.40) prohibits grazing collisions

© 00 N O g~ O N =

43



© 00 N O OO~ O N =

A B A B B B W OW W W W W W W WWN N NN NN NN DNDDNND S S22 dd
a A W N = O © ®©® N O O B ON = O © 0N O OO & W N = O © 0w N O OO h W N = O

dafermos2 v.2005/04/29 Prn:8/06/2005; 8:46 F:dafermos203.tex; VTEX/Lina p. 44

44 FE Golse

with deflection angle less than a threshold 7 — 26, that is independent of the relative veloc-
ity V. On the contrary, with a potential truncated as in (3.38), there exist grazing collisions
with deflection angle arbitrarily small for large enough relative velocity |V|. Hence, it
would be more appropriate to refer to Grad’s procedure as leading to a “cut-off scattering
cross-section” rather than a “cut-off potential”. Yet the latter terminology is commonly
used in the literature, so that changing it would only cause confusion.

Let us conclude this subsection with a few words on the physical relevance of Grad’s
cut-off assumption. Grad observed that, in gases of neutral particles with short range inter-
actions, grazing collisions are not statistically dominant as in the case of plasmas, where
the long range effect of the Coulomb interaction must be accounted for. The latter case
requires using a mean-field description of the long-range interaction potential, in addition
to the Landau collision integral, an approximation of Boltzmann’s collision integral in the
regime of essentially grazing collisions.

That the Coulomb potential, probably the best known interaction in physics, is a sin-
gular point in the theory of the Boltzmann collision integral may seem highly regrettable.
However, in view of the remark above, the reader should bear in mind that the Boltzmann
equation is essentially meant to model collisional processes in neutral gases with short-
range molecular interactions, and not in plasmas, so that the Coulomb potential is not
really relevant in this context.

3.6. The linearized collision integral

Let p and 0 > 0, and pick u € R3; the linearization at M p,u,6) of Boltzmann’s collision
integral is defined as follows

LMy S ==2M) 9 BMp.0), Mp.u0) /), (3.42)

where B is the bilinear operator obtained by polarization from the Boltzmann collision
integral. In other words,

[’M(ﬂﬂuﬁ)f = /t/l‘@ < (f + fe = f/ - fx:)b(v — Us, w)M(p,u,Q)(U*) dv, do,
(3.43)

where fi, f’ and f, are the values of f at v,, v" and v, respectively, and where v’ and v},
are determined in terms of v, v, and w by the usual collision relations (3.3).

The dependence on the parameters p, u and 6 of the linearized collision integral is
handled most easily by using the translation and scaling invariance of L.

3.6.1. Translation and scaling invariance of L4, , - We introduce the following nota-
tion for the actions of translation and scaling transformations on functions defined on R3:

T f) = fv—u), mxf(v)=A3f<§)- (3.44)
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For instance, with these notations
Mpu0) = ,Om\/g‘[u./\/l(l,o,]). (3.45)
Given a collision kernel b = b(z, w), we denote by B” Boltzmann’s collision integral de-

fined by this collision kernel. With the notation so defined, a straightforward change of
variables in the collision integral leads to the following relation

B8 (@, @) = B (1,0, 7, @),
(3.46)
my B (@, @) = )3 B™L (my &, my D)

for each continuous, rapidly decaying @ = @ (v), where, in the expression m; b, it is un-
derstood that the scaling transformation acts on the first argument of b, i.e., on the relative

velocity. The analogous formula for the linearized collision operator is

b 3/2 Mg
m 5Tl o, = PO 127 Mfw) (m sgTup). (3.47)

This relation shows that it is enough to study the linearization of the collision integral at
the centered reduced Gaussian

M= Mqa,o.1
with an arbitrary collision kernel b.

3.6.2. Rotational invariance of L, - The orthogonal group O3(R) acts on functions
on R3 by the formula

fr@) = f(R™v), ReO3R),veR’ (3.48)
likewise its action on vector fields is defined by

Ur(v) = RU(R"v), Re O3(R),veR’ (3.49)
while its action on symmetric matrix fields is given by

Sr(v) =RS(R"v)R", Re O3R),veR’. (3.50)
The Boltzmann collision integral is obviously invariant under the action of O3(R) —indeed,
the microscopic collision process is isotropic. In fact, an elementary change of variables in

the collision integral shows that

B(Pr, Pr)=B(P, P)r (3.51)

-
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for each continuous, rapidly decaying @. Since the centered unit Gaussian M = M o,1)
is a radial function, this rotation invariance property goes over to Ly,

Ly (Pr) = (LyuP)r. (3.52)
Extending £ to act componentwise on vector or matrix fields on R3, one finds that

Ly(Ug) =(LmU)R (3.53)
for continuous, rapidly decaying vector fields U and

Ly (Sr)=LmSr (3.54)
for continuous, rapidly decaying symmetric matrix fields S, where the notations Ug and Sg
are as in (3.48)—(3.50).

As we shall see below, this Oz (R)-invariance of L3 has important consequences: it

implies in particular that the viscosity and heat conductivity are scalar quantities (and not
matrices).

3.6.3. The Fredholm property. Henceforth, we assume that the collision kernel b satisfies
a hard cut-off assumption in the sense of Grad [64], i.e., there exists « € [0, 1] and Cp, > 0
such that, for a.e. z € R3 and w € S?, one has

0<b(z,®) <Cp(1+12)* and
(3.53)

1 o
b(z,w)dw > —(1 .
/§2 (z, w)dw Cb( +1zl)

Consider L, the linearization of the Boltzmann collision integral at the centered, reduced
Gaussian state M above. (Notice that we have discarded the dependence of £ on b and M
for notational simplicity.) From (3.43), we infer that £ can be split as the sum of a local
(multiplication) operator and of an integral operator, as follows

L) =a(lv])p ) — Ko (v), (3.56)

where a is the collision frequency

a(jv]) = b(v — Vs, 0) M, dvy do. (3.57)
R3xS?

The nonlocal operator K is further split into two parts

K¢ =Ki¢9 — K29, (3.58)
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where
IC1¢:// Gxb(V — vy, ) M dvy dw
R3x§?

Kagp = / / (9" + ¢L)b(v — vy, ) M dvy do (3.59)
R3x§?

=2// ¢'b(v — vy, )M, dv, do.
R3xS?

(This last formula is not entirely obvious; it rests on a change of variables that will be
explained later.) It is clear that K is a compact operator on L?(M dv); that IC, shares the
same property is much less obvious, and was proved by Hilbert in the hard sphere case.
Fifty years later, Grad introduced the cut-off assumption which now bears his name and
used it in particular to extend Hilbert’s result to all cut-off potentials.

LEMMA 3.9 (Hilbert [69], Grad [64]). Assume that b is a collision kernel that satisfies the
hard cut-off assumption (3.55). Then the operator K is compact on L*(M dv).

We shall not give the proof of the Hilbert—Grad lemma here, since it is rather long and
technical; the interested reader is referred to the lucid exposition by Glassey [50], or to the
treatise by Cercignani, Illner and Pulvirenti [28] for the hard sphere case.

Instead, we shall digress from our discussion of the linearized collision integral and
mention a new result by Lions which can be viewed as a nonlinear analogue of the Hilbert—
Grad result.

LEMMA 3.10 (Lions [84]). Assume that b is the collision kernel of a hard sphere gas:
b(z, w) = |z - w|, and consider the gain term in the Boltzmann collision integral

By (F, F)=// F'F]|(v — vy) - 0| dvy do.
R3xS?

2
comp

(R3) continuously into H, L (R3).

Then By maps L loc

Actually, this is not exactly Lions’ result; in the reference [84], only compactly supported
collision kernels are considered. The proof in [84] is based upon the L?-continuity of
Fourier integral operators of order 0. The statement above was later proved by Bouchut
and Desvillettes [17] by a very simple and elegant argument.

Deriving the Hilbert—Grad lemma from the Lions lemma would require additional es-
timates in order to handle contributions from large |v|. Since obtaining these estimates
requires essentially as much work as does the proof of the Hilbert—Grad lemma, we do not
claim that the Lions lemma leads to a simpler proof of the compactness of K; it is however
of great independent interest.

-
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The main properties of £ are now summarized in the following theorem.
THEOREM 3.11. Assume that the collision kernel b satisfies the hard cut-off assump-
tion (3.55). Then L is an unbounded self-adjoint nonnegative Fredholm operator, with do-
main D(L) = L?(a*M dv) (a being the collision frequency defined in (3.57)). Its nullspace
is the space of collision invariants

Ker £ = span{1, vy, v2, v3, [v[*}.

Finally, L satisfies the following relative coercivity property on (Ker L) there exists
Co > 0 such that, for each ¢ € L*>(aM dv) — the form domain of L — one has

/R . dLOM dv > Cy /R (9- I¢)’aM dv, (3.60)

where IT is the L>(M dv)-orthogonal projection on Ker L.

SKETCH OF THE PROOF. Let us briefly explain how these various facts are established. It
follows from the Hilbert—Grad lemma that K is a compact operator on L?(M dv). Hence
L =a — K is an unbounded Fredholm operator with domain D(£) = L?(a>M dv). That

L is self-adjoint comes from the symmetries of Boltzmann’s collision integral, especially
from the computation of

/ B(F, F)¢ dv
R3

as explained in Proposition 3.1. By the same argument, one sees that
1
dLOM dv = — f/f (P+¢s—9 — ¢;)2bM duM, dv.dw >0
R3 4 R3 xR xS?
(3.61)

so that £ is a nonnegative operator; moreover, if £L¢ = 0, the integral on the right-hand
side of the above equality vanishes, so that

¢+¢/_¢/_¢;:0 a.e. inv, vy, 0.

Hence ¢ is a collision invariant (see Definition 3.5) and this characterizes Ker £, see Propo-
sition 3.6. As for the last inequality, the spectral theory of compact operators implies that
L has a spectral gap in L>(M dv)

/ SLOM dv > C* / (¢ — IT$)*M dv. (3.62)
R3 R3
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On the other hand, by continuity of K on L2(M dv), one has
[ ocoman= [ @~ norco - moma
]R3 ]R3

> [ @-neraman =ik [ ¢ morma,
R3 R3
Combining both inequalities leads to the announced estimate. (]

The improved spectral gap estimate above is due to Bardos, Caflisch and Nicolaenko [6].
Also, an elegant explicit estimate for the L2(M dv) spectral gap can be found in [5].

In fact, it is interesting to notice that the weighted spectral gap estimate (3.60) is in some
sense more intrinsic than the unweighted one. Indeed, in the case of soft cut-off potentials,
(3.62) is false, but (3.60) (which is of course a weaker statement since the collision fre-
quency vanishes for large velocities in the soft potential case) holds true: this was proved
in [58], based on decay estimates on the gain term in the linearized collision integral due to
Grad and Caflisch [23]. In other words, while the spectral gap estimate (??) holds for hard
potentials only, the weighted spectral gap estimate holds for hard as well as soft potentials,
in the cut-off case.

An important consequence of Theorem 3.11 is that the integral equation

Lo=v, ¢el’>(Mdv), (3.63)

satisfies the Fredholm alternative:
e cither i L Ker £, in which case (3.63) has a unique solution

bo € Lz(azM dv) N (Ker£)*:
then any solution of (3.63) is of the form
¢ =¢o+ @1, where ¢ is an arbitrary element of Ker L;
e or y ¢ (Ker £), in which case (3.63) has no solution.
ExXAMPLE. Consider the vector field
B(v) = %(|v|2 —5)
and the matrix field
AV)=v®@v — é|v|21.

Clearly

AjxLKerl, B LKerl, Aj LB, j.klI=123. (3.64)
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In fact, more is true
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/ A@) f(v*)M dv =0,
]R3

/'AwnyamﬂMdvza
R3

/'B@NUMQMdv=Q
R3

f B()-vMdv=0.
R3

F:dafermos203.tex; VTEX/Lina p. 50

The second and third formulas are obvious since A is even and B odd. As for the first
formula, observe that A is an isotropic matrix, in the sense that A(Rv) = RA(v)RT for
each R € O3(R) — with the notation (3.50) for the action of O3(R) on symmetric matrices,
AR = A for each R € O3(R). Hence the matrix

A;AwnﬂmﬂMm

commutes with any R € O3(R) — as can be seen by changing v into Rv in the above

integral — and is therefore a scalar multiple of the identity matrix. But

tmm/1A@Uﬂm%Mdv:/?Ummumem%Mdvzo
R3 R

and hence this scalar multiple of the identity matrix is null. The fourth and last formula is

based on the following elementary recursion formula for Gaussian integrals

/|MMMM=M+D/‘M“%MM n>=2
R3 R3

(to see this, use spherical coordinates and integrate by parts).
In particular, the Fredholm alternative implies the existence of a matrix field A and of a
vector field B such that

LA=A

and A L Ker L,

LB=B and B | KerL.

Observe that

XRL Ker £ forall R € O3(R),
§R 1 KerL forall R € O3(R),

(3.65)

(3.66)
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so that, by the uniqueness part in the Fredholm alternative

Ar=A and Br=B forall R € O3(R).
An elementary geometric argument (see [34]) shows the existence of two scalar functions

a:Ry — R, b:Ry - R
such that

A@w)=a(v?)A(w) and B(v) =b(v|*)B(). (3.67)
As we shall see further, the viscosity and heat conductivity of a gas are expressed as
Gaussian integrals of the scalar functions a and b, and therefore are scalar quantities them-
selves.
4. Hydrodynamic scalings for the Boltzmann equation
This short section introduces in particular the Knudsen number, Kn, a dimensionless pa-
rameter of considerable importance for the derivation of hydrodynamic models from the
kinetic theory of gases.
4.1. Notion of a rarefied gas
Think of a monatomic gas as a cloud of A/ hard spheres of radius r confined in a container

of volume V; we shall call excluded volume the volume V, that the A/ gas molecules would
occupy if tightly packed somewhere in the container (as oranges in a grocery store). Clearly

4
g./\/'nr3 < Ve SN@r)3,

and we shall call a perfect gas one for which V. « V. It is well known that the equation of
state for a perfect gas is given by the Boyle-Mariotte law

p=kpo,

where p, p and 6 are the pressure, the density and the temperature in the gas, while k des-
ignates the Boltzmann constant (k = 1.38 - 1072 7K.

EXAMPLE. For a monatomic gas at room temperature and atmospheric pressure, about
N =102 molecules with radius 10~ c¢m are to be found in a volume V of 1 cm?. Hence,
the excluded volume satisfies Ve <1029 (2-1078)3 =8 - 10~* cm?, so that V. < V.

-
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Another important notion is that of mean free path: it is the average distance between
two successive collisions for one gas molecule picked at random. There is more than one
precise definition of that notion, in particular, because there are several choices of proba-
bility measures for computing the mean. One choice could be to use the empirical notion
of mean: Pick a typical particle, wait until after this particle has collided n >> 1 times with
other particles; the ratio of the distance traveled by the particle between the initial time and
the last collision time to the number n of collisions should converge, in the large n limit,
to one notion of mean free path. This definition, however, does not provide us with an easy
way of estimating the mean free path, because it is fairly difficult to compute the trajectory
of one particle in the cloud of the A — 1 other particles.

Intuitively, one expects that the larger the number of particles in the container, the
smaller the mean free path; likewise, the bigger the particles, the smaller the mean free
path. This suggests using the following formula to estimate the order of magnitude of the
mean free path,

1
WN/(V = Ve)) x A

mean free path ~

where A is the surface area of the section of the particles. A mathematical justification of
the above formula for the mean free path can be found in [111]; see also [39].

EXAMPLE. For the same monatomic gas as above, N = 102 molecules, V — Vo >~
V =1 cm?, while A= m- (10782 cm?. This gives a mean free path of the order
of 3- 1072 ¢cm <« 1 c¢m (the size of the container). Hence, a gas molecule will bump
into roughly 10* other particles when traveling a distance comparable to the size of the
container.

The example above shows that even in the case of a perfect gas (i.e., for an excluded
volume negligible when compared to the size of the container) any given particle can col-
lide with a large number of other particles. See, for instance, [2] for more information on
the importance of the excluded volume in this context.

EXAMPLE. For the same monatomic gas as above, lower the pressure from p = 1 atm to
p = 107* atm. Then, only A = 10'® molecules are to be found in the container, which
gives a mean free path of the order of 0.3 cm, comparable to the size of the container.

These examples suggest that the natural way of measuring the degree of rarefaction in
the gas is by using the Knudsen number, Kn, defined as the ratio of the mean free path to
the size of the container, or more generally, as

mean free path
Kn=

macroscopic length scale’

In other words,
e ararefied gas is a gas for which Kn 2 1, while
e a gas in hydrodynamic regime satisfies Kn < 1.

-
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4.2. The dimensionless Boltzmann equation

In the discussion above, the introduction of the Knudsen number was based on physical
arguments. We shall see below that it also appears naturally when writing the Boltzmann
equation in dimensionless variables.
Choose a macroscopic length scale L and time scale 7', and a reference temperature ©.
This defines rwo velocity scales:
e one is the speed at which some macroscopic portion of the gas is transported over a
distance L intime 7T, i.e.,

L
U=—;
T

e the other one is the thermal speed of the molecules with energy %k@; in fact, it is
more natural to define this velocity scale as

m being the molecular mass, which is the speed of sound in a monatomic gas at the
temperature ©.
Define next the dimensionless variables involved in the Boltzmann equation, i.e., the di-
mensionless time, space and velocity variables as

~ n X ~ v
t=—, X=— and v=-.
L c

t
T
Define also the dimensionless number density

A L33
(t,)?,f)) = FF(Z‘,X,U),

where  is the total number of gas molecules in a volume L>. Finally, we must rescale the
collision kernel b. As mentioned earlier, b(z, ®) is the relative velocity multiplied by the
scattering cross-section of the gas molecules; define

~ 1
bz, 0)=——5b(z,0) withZ= E,
Cc X Ttr c

where r is the molecular radius.
If f satisfies the Boltzmann equation

B,F—I—v-VxF:// (F'F] — FF)b(v — vy, ®) dvy do,
R3 xS?
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then

L
c

Nrr? o
L“zr // (F'F = FE)b(D — by, ) db, dov.
R3xS?

3;ﬁ+ﬁ-v);ﬁ=

~

The factor multiplying the collision integral is

N x wur? L 1
L x = = —,
L3 mean free path  Kn

where Kn is the Knudsen number defined above. The factor multiplying the time derivative

A/ xL_ o

Cc

is called the kinetic Strouhal number (by analogy with the notion of Strouhal number used
in the dynamics of vortices). Hence the dimensionless form of the Boltzmann equation (see
Section 2.9 in [115]) is

~ ~ 1 ~~, A
Sto;F +190- Vi F = —// (F'F, — FF)b(d — Uy, ») db, do. 4.1
Kn J Jr3xs?

There is some arbitrariness in the way the length, time and temperature scales L, T, @ are
chosen. For instance, if F'™ = F™(x, v) is the initial number density (at time t = 0), one
can choose

U [fgosps Ve F™ dx dv

L_ ffR3XR3 Fi“dxdv
Jgs | fgs vF™ dv| dx
- ffR3XR3 Fi“dxdv ’
o 1/(3k) [[s g mIv[> F™ dx dv
ffR3XR3 Fndx dv
and define 7 = L/U. In addition to Sone’s book [115], we also refer to the Introduction
of [10] for a presentation of the Boltzmann equation in dimensionless variables.

All hydrodynamic limits of the Boltzmann equation correspond to situations where the
Knudsen number, Kn, satisfies

)

U

’

Kn<«1.

In other words, the Knudsen number governs the transition from the kinetic theory of
gases to hydrodynamic models, just as the Reynolds number in fluid mechanics governs
the transition from laminar to turbulent flows, except that the hydrodynamic limit is much
better understood than the latter situation.

-
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But there is no universal prescription for the Strouhal number in the context of the hy-

drodynamic limit; as we shall see below, various hydrodynamic regimes can be derived
from the Boltzmann equation by appropriately tuning the Strouhal number.

5. Compressible limits of the Boltzmann equation: Formal results
In this section, we study the dimensionless Boltzmann equation (4.1) in the case where
Kn=¢e«1, St=1.

The dimensionless Boltzmann equation takes the form
1
81F£+U'Vsz:gB(Fav Fe), 5.1
where
B(F,F)= // (F'F, — FF)b(v — vy, ®) dvy do.
R3xS?
The collision kernel b is assumed to satisfy Grad’s hard cut-off assumption

o 1 o
0 <b(z.®) < Co(1+12)*  and f2b<z,w)dw> (1) (52)
S b

fora.e. z € R? and w € S?, where « € [0, 1] and Cp, > 0.

5.1. The compressible Euler limit: The Hilbert expansion

In [69], Hilbert proposed to seek the solution of (5.1) as a formal power series in ¢,

Fot,x,0) =) " Fi(t,x,v) (5.3)
k>0

with Fi € C®(Ry x R3; S(R?)) for each k > 0.

The equations governing the coefficients F are obtained by inserting the right-hand side
of (5.3) in (5.1) and equating the coefficients multiplying the successive powers of €.
Order ¢~'.  One finds

0= B(Fy, Fy),

hence Fy is a local Maxwellian, meaning that there exists p = p(¢,x) > 0,0 =0(t,x) >0
and u = u(z, x) € R3 such that

Fo(t,x,v) = Mo(t,x),ut,0),00,0) (V) a.e.
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Order €°.  One finds
(0 +v - Vy) Fo = B(F1, Fo) + B(Fo, F1)

which can be recast in terms of the linearization at the local Maxwellian F{ of the collision
integral (see (3.42)) as

F
gF()(F(l)) — (3 +v-V)InFp. (5.4)

This is precisely an integral equation for Fi/Fj of the form (3.63) studied above.
Let us compute the right-hand side of the above equality, i.e., the expression

0y +v-Vy)In Fy.

For convenience, we shall denote by V the vector

1
V=—wW-—u).

N

Then
O +v- V) In M, 40
1 31
=—O+v-Vy)po— -0 +v-Vy)d
0 26

v—u |v—u|2
7 @ +v-Vou+ %T(atﬁ—v-vx)e.

+

We shall rearrange the right-hand side of the above equality and express it as a linear
combination of the functions

1
1, v, §(|V|2—3), A(WV)u and B(V)j, j.k1=1,2,3.
One finds that
(O +v- Vo) In Mpu0)
1

= ;(8,p+u-Vx,0+,odivxu)

1 0
+ﬁV~<8,u+u'qu+Vx0+;pr)
L, oo 1 2, .

+§(|V| —3)5 0,0 +u - Vi + 26 divu

+ A(V): Veu+2B(V) - VA0, (5.5)
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Because of the orthogonality relations (3.64), the last two terms on the right-hand side
of (5.5) belong to (Ker £ FO)J-, while the first three terms there are in Ker Lp,. Therefore,
the solvability condition for the Fredholm integral equation (5.4) consists in setting to 0
the coefficients of the functions 1, V; and %(| \%4 |2 —3),1i.e.,

orp+u-Vyp+pdivyu =0,

0
ou+u-Vyu+ V0 +—Vyp =0,
P

2
0,0 +u-V.0+ §9divxu =0,
or in other words,

9 p + dive (pu) =0,

1

Ou +u - Vyu+ —Vyi(p) =0, (5.6)
P
2

8,9+u-Vx9—|—§9d1vxu=0.

We recognize the system of Euler equations for a compressible fluid (2.7), in the case of a
perfect monatomic gas; i.e., for y = 0, so that the pressure law and the internal energy are
given respectively by

3
pressure = pf and internal energy = 59.

Assuming that p, u and 6 satisfy these Euler equations, we solve for F| the Fredholm
integral equation (5.4) to find

Fi = —%Fo(a(é), IVI)A(V) - Veu+2b(6, |[VI)B(V) - Vo0

o1 1 L, 5 91)
+Fo<—+—V~u1+— viE-3)2).
[ N/] 2( )0

The second term on the right-hand side of the formula giving F) represents the arbitrary
element of Ker L, that appears in the general solution of the integral equation (3.63),
while the scalar quantities a(@, V) and b(6, V) satisfy (see (3.67))

Lr(a(0,1VI)A(V))=A(V) and Lpg (b(6,|V])B(V))=B(V).
More precisely, let b be the collision kernel satisfying (5.2) considered in this chapter.

Applying the notation in Section 3.6.1, and especially (3.44), we define scalar functions
a(d,-) and b(0, -) as in (3.67) with a collision kernel ml/ﬁb.
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Order ¢'.  One finds that
0 F1 +v -V F| — B(F1, F1) =2B(Fop, F»)

which can be put in the form

F, FF 1
2)—0p (2 ) - =@, +v-VOF
EFO(F()) QF()(FO F()) F()( i+ v x) 1

and this is therefore a Fredholm integral equation of the type (3.63). Here QF, is the Boltz-

mann collision integral intertwined with the multiplication by the local Maxwellian Fy,
1.e.,

Qr, (0, ¢) = Fy ' B(Fop, Foo).

For this equation to have a solution, one must verify the compatibility conditions

1 1
8,/ v Fldv—i—divx/ vV v Fidv=0.
R3\ 1,2 R3 10,2
2|v| 2|U|

These five compatibility conditions are five PDEs for the five unknown functions pp, u
and 6.

Order &". One finds

O Fy+v-ViF, — > B(F. Fi)=2B(Fo. Fuy1)
k+l=n,1<k,l,<n

which is a Fredholm equation of the same type as above.
Here again, the compatibility condition reduces to

1 1
8,/3 v Fndv+divx/3v® v F,dv=0.
A gl ® 3lvP?

More generally, the compatibility condition at order n 4+ 1 (to guarantee the existence
of F,11) provides the system of five equations satisfied by that part of F,, which belongs
to the nullspace of Lp,. See [115] or Chapter V, Section 2 in [27] for more on Hilbert’s
expansion.

Conclusion. The Hilbert expansion method shows that the leading order in ¢ of Hilbert’s
formal solution (5.3) of the scaled Boltzmann equation (5.1) with Strouhal number St =1
and Knudsen number Kn = ¢ < 1 is a local Maxwellian state whose parameters are gov-
erned by the Euler equations of gas dynamics (for a perfect monatomic gas).
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In general, one cannot hope that Hilbert’s formal power series (5.3) has a positive radius
of convergence. Yet, Hilbert’s expansion method can be used to obtain a rigorous derivation
of the Euler equations of gas dynamics from the Boltzmann equation, as we shall see in
Section 9.

5.2. The compressible Navier—Stokes limit: The Chapman—Enskog expansion

In this subsection, we shall seek higher-order (in ¢) corrections to the compressible Euler
system. The Hilbert expansion presented above is not well suited for this purpose, because
linear combinations of collision invariants (i.e., hydrodynamic modes) appear at each order
in ¢ instead of being all concentrated in the leading order term.

For that reason, we shall use a slightly different expansion method, the Chapman—
Enskog expansion. Thus, we seek a solution of the scaled Boltzmann equation (5.1) as
a Chapman—Enskog formal power series,

Fe(t.x,v)=Y e"FP[P(t.x)]). (5.7)

n=0
parametrized by the vector P of conserved densities of F,.

NOTATION. F ”[ﬁ(t,x)](v) designates a quantity that depends smoothly on P and any
finite number of its derivatives with respect to the x-variable at the same point (¢, x), and
on the v-variable.

In particular, F ”[ﬁ(t,x)](v) does not contain time-derivatives of P: the Chapman-—
Enskog method is based on eliminating 3P in favor of x-derivatives via conservation
laws satisfied by P.

That P is the vector of conserved densities of F, means that

1

f FO[Plm| v |dv=P,
R3 1,12
§|U|
(5.8)
1
f FOIPJ| v |dv=0, n>1
R3 11,2
2 v
These conserved densities satisfy a formal system of conservation laws of the form
0P =) e"div, @™[P], (5.9)

n>0
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where the formal fluxes @™ are obtained from the local conservation laws associated to
the Boltzmann equation by the formulas

1
o ™[] = _f vo | v | FO[Fw) v (5.10)
B 3lol?

forn > 0.
Let us analyze the first orders in ¢ of the Chapman—Enskog expansion.

Order 0. One has

B(FO[P],FO[P])=0 andthus FO[P]=Mus),

here
p pu
P= pu . @O[P]=—| pu®+p01
PGlul +30) pu(Llul® +36)

Hence the formal conservation law at order 0 is
8 P =divy ®P[P] mod O(e)
whose explicit form is
op~+u-Vip+pdivyu =0,

1
oru+ (u-Vou+ —V(p8) =0 mod O(e), (5.11)
P

2
8,0+M~Vx9+§0divxu=0.

In other words, the Oth order of the Chapman-Enskog expansion gives the compressible
Euler system, as does the Hilbert expansion.
The Hilbert and Chapman—-Enskog methods differ at order 1 in ¢, as we shall see below.

Order 1. One has
@ +v-VoFO[P]=28(FO[P], FV[P)). (5.12)

Using the formal consgrvation law at order 0, we eliminate 9, F’ (0)[15] and replace it with
x-derivatives of F(O[P], by using (5.5) and the conservation laws at order O (5.11) (i.e.,
Euler’s system) as follows

(0 +v- Vx)M(p,u,G)
= Mp.u6)(AV): D) +2B(V) - Viv/0) +O(e) (5.13)
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with the notation

vV—Uu

N

V =

I 5 1 )
A(V):V®V—§|v| I, B(V):EV(|V| -5),
and where D (u) is the traceless part of the deformation tensor of u

1 r 2.

D(u) = 3 Veu + (Viu)' — 3 divyul ).

In view of (5.12) and (5.13), F(D[P] is determined by the conditions

FO[p
AWV): D@ +2B(V) - VerB = Lo, (J)
Mp.u.6)
) 1
/F“>[P](v) v | dv=0.
1 2
§|U|

By Hilbert’s lemma, L4, , , is a Fredholm operator on L?(M dv); thus
FO[P]() = =M1.u0)(a(6. [VI)A(V) : D) +2b(6, |V)B(V) - V,:/8),
where we recall that the scalar functions a and b are defined by
LM s (@@, IVI)A(V))=A(V) and a(6,|V])A(V)LKerLy,,,
while
LMus (0O, IVI)B(V))=B(V) and b(6,|V[)B(V) L KerLp,,, -

Hence the first-order correction to the fluxes in the formal conservation law is

0
oM[P]= ( w(0) D) ) .
@) D) -u+«(@)Vyi0

Therefore, the formal conservation law at first order is

9P =divy ®O[P] +ediv, ®V[P] mod O(?),

61
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i.e., the compressible Navier—Stokes system with O(e) dissipation terms

9 p +divy(pu) =0,
3 (pu) + divy (pu @ u) + Vi (p0) = edivy (uD(u)) mod 0(82),

1 14
G (p<§|u|2 + %(9)) + divy <,0u<%lu|2 + %9)) ©14

=edivy (k Vy60) + e div, (/,LD(M) . u)

The viscosity ¢ and heat conduction « are computed as follows
2
0 - a(0, V1) Aij (VA (VIM 0y dv = w@)| 8ixdji + 8idji — 551,/5“ ,
0 /R3 b(@, |V|)B,’(V)B./(V)M(1,u,9) dv=«(0)d;;,

or in other words,

2 +oo 2, dr
0)=—0 a0, ryre™ 17—,
nO) =15 /0 ©.r) VT
e . (5.15)
2 _,2pp ar
K(9)=—0/ b@, r)rt(r* —5) e P —.
6 Jo ( ) V27

In the hard sphere case, one finds that the viscosity and heat conduction are of the form
p® =povo, k(O =koVo,
where o and vy are positive constants.

Conclusion. The Chapman-Enskog expansion method shows that the first-order (in &)
correction to the compressible Euler system in the limit of (5.1) — with St =1 and
Kn = ¢ — 0 —is the compressible Navier—Stokes system (5.14).

Notice that the class of Navier—Stokes systems obtained in this way is by no means the
most general: only the equation of state of a perfect monatomic gas can be obtained in this
way, as in the case of the compressible Euler limit of the Boltzmann equation. In addition,
the viscous dissipation tensor obtained in this way involves only one viscosity coefficient
instead of two.

Finally, the Chapman—-Enskog expansion can be pushed further to obtain higher-order
corrections to the compressible Euler equations. For instance, the second-order correction
to the compressible Euler equations is a system known as the Burnett equations; further
corrections have also been computed and are known as the super-Burnett equations. See
Chapter 5, Section 3 in [27] and Section 25 in [63] for more material on the Chapman—
Enskog expansion, as well as for a comparison with Hilbert’s expansion.
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It should be noted however that these further corrections to the Euler system, beyond
the Navier—Stokes system, i.e., the Burnett and super-Burnett equations, are in general
not well posed, so that their practical interest in fluid mechanics is unclear. Therefore, we
shall not pursue this line of investigation. However, Levermore recently proposed a subtle
modification of the Chapman—Enskog expansion which leads to well-posed variants of the
Burnett systems [82].

5.3. The compressible Euler limit: The moment method

We shall now present a method for deriving hydrodynamic equations from the Boltzmann
equation that differs from either the Hilbert or Chapman—Enskog expansions. It consists of
passing to the limit as the Knudsen number vanishes in the local conservation laws of mass,
momentum and energy that are satisfied by “well-behaved” solutions of the Boltzmann
equation. We describe this method on the derivation of the compressible Euler equations

from the scaled Boltzmann equation (5.1).
Start from the Cauchy problem for the Boltzmann equation in the periodic box

1
W Fe+v-ViFo=-B(F, F), (t,x,v) eR} x T x R?,

& (5.16)
Fg|[:0 = M(pin’uin’ein).

As before, the collision kernel b in the Boltzmann collision integral satisfies the cut-off
assumption (5.2).

THEOREM 5.1. Let ,0in >0 a.e., u™ and 0™ > 0 a.e. be such that
in in in|2 in in in
/Tgp (14 [a®[) ("> + 6™ + [1n o] + [ 1n6™]) dx < +oc.

For each ¢ > 0, let F, be a solution of (5.16) that satisfies the local conservation laws of
mass, momentum, and energy, as well as the local entropy relation. Assume that

F.— F a.e.

as well as
/ F.dv— Fdv in C(R+; D’(']T3)),
R3 R3
/ vF,dv— vF dv in C(R+;D/(']I‘3)),
R3 R3

/R3|v|2F5dv—>/R3|v|2de in C(Ry; D'(T?)),

-
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while
/ v®vFedv—>/ vRvFdv  inD'(R% x T?),
R3 R3
f wﬁadw»/zmﬁF® in D' (R% x T?),
R3 R3

/ F.InF.dv— FlnFdv inD/(Rix']I‘3),
R3 R3

/ vF.InF.dv — vFInFdv inD'(RY x ']I‘3),
R3 R3

as ¢ = 0. Then
F=Mqp.uo:
where (p, u, 0) is an entropic solution of the compressible Euler system

9 p +divy(pu) =0,
9 (pu) + divy (pu @ u) + Vi (p8) =0, (5.17)

o (oSt +26)) +a NP+ 20) ) =0
= = iv —|u = =0,
|\ P ) u 2 x| puU 5 )
that satisfies the initial condition
(0, u,0)li=0 = (p™, u™, 6™). (5.18)

PROOF. The moment method involves three steps.

Step 1 (Entropy production bound implies convergence to local equilibrium).  The entropy
relation in the 3-torus implies the entropy production bound

1 [! F'F’
— F/F!, — F,F.,)In| =%
4/0/11‘3//>/R3XR3XSZ( o ¢ 8*) n<F8Fs*)bdvdv*dw

gSH(M(pin’uin!ginﬂM), (519)
where M is any global Maxwellian state, for instance, one could choose
M=M G m

where

sz p"(x)dx,
T3
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un=— [ p"u"(x)dx,
,Om T3
oin=— [ p"™(=[u™—u|"+6™)(x)dr.
Ioln T3 3

Next we apply Fatou’s lemma: assuming that F, — F a.e. on Ry x T3 x R?, one has

t F/F/
/ /_ *k
0<// /// (F'F, FF*)ln bdvdv,dwdxds
T3 R3xR3xS§? FF,
hm////:/ — F,Fey)In Fs/Fe/* bdvdv,dodxd
F/F., o vdvu, dew s
£—0 T RXXRXXSZ FeFey

Hence F is a local Maxwellian, i.e.,

F(t,x,v) = Mo(,x),u(,x).60,x) (V)
for some p(r,x) >0, 0(t, x) >0 and u(z, x) € R3.

Step 2 (Passing to the limit in the local conservation laws). For each positive ¢, the num-
ber density F satisfies the local conservation laws recalled below

8,/ ngv—i—divx/ vF,dv=0,
R3 R3

8,/ vngv—i—divx/ v uvF.dv=0, (5.20)
R3 R3

/ —|v|*F, dv+d1vxf —|v|*F, dv=0.
R3 R3

It follows from our assumptions and Step 1 that

/ ngv—>/ M(p,u’g) dv =p,
R3 R3

A; vF,dv — /}R3 VM (p.u,6)dv = pu,

A@v@vngv—)A.@v®vM(p,u,9>dv=p(u®u+91),

1 5
/ U|U|2Fsdv—>/ U|U|2M(p,u,9)dv:,Ou(—|u|2—|——9),
R3 R3 2 2
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in the limit as ¢ — 0. Hence the functions p and 6, and the vector field u satisfy the system
of PDEs (5.17). It also satisfies the initial condition (5.18) because the convergence of the
conserved densities is locally uniform in ¢.

Step 3 (Passing to the limit in the local entropy relation). Finally, we recall the local
entropy relation

0; / F.In F; dv + div, / v F In F; dv = —local entropy production rate < 0.
R3 R3

It follows from our assumptions that
/ F.InF,dv — / ./\/l(p,u,g) ln./\/l(p,u)e) dv
R3 R3

0 3

/R3 vF.InF,dv— /R3 VM (p,u,6) In M 10y dv

0 3
= pu ln<m> — 5(1 + ln(2n))pu,

so that, by passing to the limit in the local entropy relation, on account of the continuity
equation in (5.17), one arrives at the differential inequality

o . J
0y <pln(m>) + div, (puln(m>) <0. (5.21)

In other words, (p, u, 0) is a solution of the compressible Euler equations that satisfies the
Lax—Friedrichs entropy condition. g

Theorem 5.1 and its proof are taken from [7].

5.4. The acoustic limit

Start from the Boltzmann equation with the same scaling as before, but with initial data
that are small perturbations of a uniform Maxwellian equilibrium. By Galilean invariance,
one can assume without loss of generality that this uniform equilibrium is the centered
reduced Gaussian

2
o102

M) =Ma,o01(v) = Q)2
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Thus, the problem (5.16) reduces to

1
W Fe+v-ViFe=-B(F., F), (t,x,v) eR} x T xR’

’ (5.22)
Feli=0= M 11p pin euin, 14n,0m)

where 0 < ¢ < 1 and 0 < 1, < 1. The same moment method as above shows that the
limiting behavior of the solution to (5.22) under these assumptions is governed by the
acoustic system.

THEOREM 5.2. Assume that p™™, u™ and 6™ belong to L*(T>) and that n, — 0 as ¢ — 0.
For each ¢ > 0, let F; be a solution of (5.22) that satisfies the local conservation laws of
mass momentum and energy, as well as the local entropy relation.

Assume that

Fe—M , o
8e = ———— — g in the sense of distributions,
neM
while
neB(Fe — M, Fe — M) — 0 in the sense of distributions,
as well as
/ geMdv— | gMdv in C(R+;D’(’JI‘3)),
R3 R3
/ vggMdv—>/ vgM dv in C(R4+; D'(T?)),
R3 R3
/ lv>g:. M dv — / lv>’¢Mdv in C(Ry; D’(T3)),
R3 R3
and

/v@vggMdvﬁ/ v® vgM dv inD’(RixT3),
R3 R3
/v|v|2g€Mdv—>/ vjv[*gMdv  in D'(RY x T%)
R3 R3
as & — 0. Then

1 2
gt,x,v)=p,x)+u(t,x) v —H9(t,x)§(|v| — 3),
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where (p, u, 0) is the solution of the acoustic system

orp+divyu=0,
oru—+ Vyi(p+60)=0, (5.23)

3
58,9 +divy u =0,

that satisfies the initial condition
(.1, D=0 = (o™, u™, ™). (5.24)

The proof of this theorem is an easy variant of the formal compressible Euler limit, and
is left to the reader. See [53] for the missing details of this formal proof.
6. Incompressible limits of the Boltzmann equation: Formal results
So far, we have discussed various limits of the kinetic theory of gases leading to hydrody-
namic models for compressible fluids that satisfy the equation of state of perfect gases. As
we shall see in this section, incompressible hydrodynamic models describing incompress-
ible flows of perfect gases can also be derived from the Boltzmann equation.

6.1. The incompressible Navier—Stokes limit

The scaling on the Boltzmann equation that leads to the incompressible Navier—Stokes
equations in the hydrodynamic limit is defined by

Kn=St=¢e<1.
However, this scaling is not sufficient by itself: as in all long time scalings, one should

assume that the length and time scales L and T that enter the definition of St capture the
speed of the fluid motion. In other words, situations where

L
|u(t, x)} > T must be excluded,

where u is the bulk velocity of the gas, i.e.,

ng vF dv

t, = .
u( X) fR3 Fdv

In other words, since St = (L/T)/speed of sound, one must take

Ma = O(St).

-
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The case Ma ~ St corresponds to the largest possible velocity field compatible with
the above condition, and therefore leads to the Navier—Stokes equation, while the case
Ma = o(¢) leads to the linearized version of the Navier—Stokes equations, i.e., the Stokes
equations.

Hence the complete Navier—Stokes scaling is

Kn=St=Ma=¢ < 1. 6.1)

We consider therefore the scaled Boltzmann equation posed on the spatial domain R with
uniform Maxwellian equilibrium at infinity — without loss of generality, this Maxwellian
equilibrium is assumed to be the centered reduced Gaussian distribution

1 2
_ _ ~1o?/2
M@ =Maon® =555 ‘

The problem to be studied is therefore

1
e Fe+v-ViFe = ~B(Fe, Fy), (t,x,v) eR: x R? x R?,
&
(6.2)
F.(t,x,v) > M as|x| — 4o0.

That Ma = O(e) is seen on the number density F, and not on the Boltzmann equation
itself. Here is an example of number density with Ma = O(e).

EXAMPLE 1. Take F; of the form
Fe(t, x,v) = M1, 6u(,x),1) (V).
Indeed,

Jr3 vFedv .
I Fd = eu.

The speed of sound for the state of the gas described by F; is ,/ %9 where

w13 —eul*Fedv
- fo ngU N

6(t,x):

Hence the Mach number for the state of the gas associated to F; is

elu(t, x)|

V(5/3)0(t, x)

Here is another example that also involves fluctuations of temperature.

=0(e).

-
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EXAMPLE 2. Take F; of the form

F.(t,x,v) =M

u(r.x) ()
(1—e6(z,x), 119(;.x)* =005

with 0 € LR, x R3) and €]|0]|.~ < 1. One easily checks that

Jr3 vFedv

ar =0,

while

Jr3(1/3) v —eu(t, x)/(1 — g0(t, x))|* Fo dv

IR =1+¢6 +0(s?).

Hence the Mach number is

cu + 0(&?) B
V(5/3)(1 + &6 + O(e2))

(e).
More generally, if F; is a number density of the form

1
Fe=M(1+sg;) suchthat g.>—- ae., (6.3)
&

one can check that, provided that ||g. ||z = O(1), the Mach number for the state of the
gas defined by F; is O(¢).

Hence, we shall supplement the scaled Boltzmann equation (6.2) with the initial condi-
tion

Feli=o=M (v), 6.4)

i sui“‘(x) L
(1—e6™(x), 1—e0in(x)’ 1—501"0'))

where
div, '™ = 0.
For each ¢ > 0, define the number density fluctuation

_F.-M
e ="om

In terms of the number density fluctuation g., the Boltzmann equation (6.2) takes the form

1
edige+v- Vige + —Luge = Quge, 8), 1>0,x,v€ R3, (6.5)
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where Q) is the collision integral intertwined with the multiplication by M
Qu($.¢)=M""'B(Mp, M) (6.6)

We shall also need notation for moments
()= / ¢ (V)M (v) dv.
R3

Hence the local conservation laws of mass momentum and energy satisfied by F; take the
form

£0;{ge) +divy (vge) =0 (mass),
&0 (vge) +divy (v Q@ vge) =0 (momentum), 6.7)

1 1
g 81<§|v|2g8> + divx<v§|v|2gs> =0 (energy).

THEOREM 6.1 (Bardos, Golse and Levermore [8,9]). For each € > 0, let F, be a solution
of (6.2)—(6.4). Assume that

F.—M
eM

— g in the sense of distributions on R’ x R3,

and that Fy satisfies the local conservation laws of mass, momentum and energy, and that
(vge) — (vg) and ((|v]* —5)ge)— ((Iv]* = 5)g) in C(Ry+,D'(R?))
while
Lyge — Lmg inD'(RY x R3)

and all formally small terms vanish in the sense of distributions as ¢ — 0. Assume further
that

(V®vge) > (V®vg),  (Bge) — (Bg)
(AOM(ge. 80)) = (AQu (g, g0)) and (A ®vge)— (A ® vg),
(BOM(8e. 8)) = (BOwm(ge. 80)) and (B ®vge)—

in the sense of distributions on R x R3.
Then g is of the form

gt x,v)=u(t,x) v +9(t,x)%(|v|2 -5),
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where (u, 0) satisfy the incompressible Navier—Stokes—Fourier system

du +divy(u @u) + Vip =vA,u, divy u =0,

(6.8)
(8,9 + div, (u@)) =KkA,0,
where
1, ~ 2 [t d
v=—(A:A)= _/ a(l,r)rfe "2
10 15 0 V2T (6 9)
2~ 1 [t d '
k=—(B-B)= —/ b(1, r)r*(r® — 5)2642/2 i
15 15 Jo V27
We recall that
[ 1 2
A(v)=v®v—§|v| 1, B(v)=§(|v| —S)v, (6.10)
and that there exists A and B € L2(R3, M dv) uniquely determined by
LyA=A,  ALKerLly,
~ - (6.11)
,CMB =B, BJ_KCI‘,CM.
Furthermore, there exists two scalar functions a and b such that
A()=a(l,[v])A(v) and B(v)=b(1, |v])B(v). (6.12)

PROOF OF THEOREM 6.1. We shall use the moment method, although either the Hilbert
or the Chapman—Enskog expansions would also lead to the incompressible Navier—Stokes
limit. However, the moment method is the closest to a complete (instead of formal) con-
vergence proof for global solutions without restriction on the size of the initial data.

Step 1 (Asymptotic form of the fluctuations). Multiply the Boltzmann equation (6.5) by ¢,
so that

2 9i8e +ev - Vige + Large =£Qu (e ge)-
Passing to the limit as ¢ — 0 in the above equation, we arrive at
EMg =0.

Hence, for a.e. (f,x) e Ry x R3, g(t, x,-) € Ker Ly, which means that g is of the form

g(t,x,v) = p(t, x) +u(t,x)-v +9(t,x)%(|v|2 -3). (6.13)
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Step 2 (Passing to the limit in the local conservation laws). Passing to the limit in (6.7)
we arrive at

divy(vg) =0,
div, (v ®vg) =0,
div,(v|v]g) = 0.

Together with the relation (6.13), the first and the last relation reduce to the incompress-
ibility condition for u

div, u = 0. (6.14)
Together with the relation (6.13), the second relation gives

Vi(p+6)=0.
Since g € L*°(R4; L2(R3, M dv)), this implies the Boussinesq relation

p+6=0. (6.15)
With this last relation, the asymptotic form of g becomes

g(t,x,v)=u(t,x)-v+0(t,x)%(|v|2—5). (6.16)

It remains to derive the motion and heat equations from the local conservation laws. To
do this, we recast the local conservation law of momentum as

o1 1/1
0 (vge) +divy —(Age) + vxg<§|v|2gs> =0,

and we combine the local conservation laws of mass and energy into
1, » .1
{5 (10 = 5)ge ) +diva —(Bge) = 0.
One easily checks with (6.16) that

(vge) — (vg) =u,

(3007 = 5)ac) = {5002 = 5)¢) = 20

6.17)

in C(Ry; D'(R)) as ¢ — 0.
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Next we pass to the limit in the flux terms. Since £ is self-adjoint, one has

1 1 ~ ~1
g(Ag.s) = g<(£MA )gs) = <AELM88>-

Then we eliminate the term éﬁ Mm&e With (6.5)
~1 - -
A-Luge)= (AQu(ge. ge)) — (A(ed; +v - Vi)ge)

so that, passing to the limit as £ — 0 leads to

§<Aga> — (AQu(g. ) — (Av-V.g) inD' (R} xR?). (6.18)
Likewise

§<ng> — (BQu(g.8))— (Bv-Vig) inD'(R} x R?), (6.19)
ase — 0.

With (6.16), one easily finds that

— 2
(Av-V, g)= V(qu + (Vo) — g(divx u)1>,
5 (6.20)
(Ev . ng) = EKVXG,
where v and « are given by (6.9).
The nonlinear term is slightly more difficult. Its computation involves in particular the

following classical lemma.

LEMMA 6.2. Let ¢ € Ker Ly, then

Qu (¢, ) = %LM(&).
PROOF. Differentiate twice the relation
BMpu00s Mp,u0)) =0
with respect to p, u and 6. See, for instance, [25] or [9] for the missing details. Il

Then

_ 1~ 1, - 1 1
(AQum(g.8)= §<A£M (g%))= E((EMA)82> = E(Agz) —uQu-— §Iu|21,
6.21)
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and likewise
~ La o oo L a5 1, 50 5
(BOm(g. 9)= E(BﬁM(g )= 5((ﬁMB)g )= E(Bg )= S0 (6.22)

Observe that
. | . 1 )
divilu @ u — §|u| I)=divy(uQu) — §Vx|u| ,
while

2 2
div, (qu + (Vo) — g(divx u)I) = Ayu + Vi(divyu) — gvx(divx u)
= Au,

because of the divergence-free condition on u.
Gathering (6.17)—(6.22), we arrive at

oru 4+ divy (u ® u) —vAyu =0 modulo gradients,
0;0 + divy (uf) — kA0 =0. O

6.2. The incompressible Stokes and Euler limits
By the same moment method, one can derive other incompressible models from the Boltz-
mann equation. We just state the results below without giving the proofs (which are anyway
simpler than that of the Navier—Stokes limit).
6.2.1. The Stokes limit. The Stokes—Fourier system is the linearization about ¥ = 0 and
6 = 0 of the Navier—Stokes—Fourier system. Thus, in order to derive the Stokes—Fourier
system from the Boltzmann equation, one keeps the same scaling as for the incompressible
Navier—Stokes limit on the Boltzmann equation, i.e.,

Kn=St=¢<«1
and one scales the Mach number as

Ma =n. =o(e).

In other words, we start from the following Cauchy problem

1
edFe+v-ViF = -B(F, F), (t,x,v) eR* xR’ x R?,
&

(6.23)
F.(t,x,v) > M as|x| — 400,
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with initial condition

Feli=o=M (6.24)

(1—7j¢0in, 1w 1
1=ngf™ 1—neo™

In this subsection, the number density fluctuation g, is defined to be

_Fg—M
8e = M .

THEOREM 6.3 (Bardos, Golse and Levermore [9]). For each ¢ > 0, let F, be a solution
of (6.23)—(6.24). Assume that

Fo—M

i — g in the sense of distributions on R, x R,
Ne

that F satisfies the local conservation laws of mass, momentum and energy, and that
(vge) > (vg) and ((Jv]* —5)ge) = ((Iv]> = 5)g) in C(R4, D'(R?))
while
Lyuge — Lug inD'(RY x R?)

and all formally small terms vanish in the sense of distributions as ¢ — 0. Assume further
that

(v ®vge) = (V®ug), (Bge) = (Bg),
(X@ vga) — (Z@ Ug) and <§® vg8> — (§® vg)

in the sense of distributions on R x R3.
Then g is of the form

Lo o
g(t,x,v):u(t,x)-v+9(t,x)§(|v| _5)’
where (u, 0) satisfy the incompressible Stokes—Fourier system

oiu + Vip=vAu, divyu =0,
(6.25)
819 ZKAXG,

with v and k given by formula (6.9).
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6.2.2. The incompressible Euler limit. The incompressible Euler equations are formally
the inviscid limit of the Navier—Stokes equations. Thus, in order to derive the incompress-
ible Euler equations from the Boltzmann equation, one chooses a scaling that increases the
strength of the nonlinear term. In other words, one takes

St=Ma=¢ while Kn=r1n, =o0(e).

In fact, this is consistent with the von Karman relation, which relates the Mach, Knudsen
and Reynolds numbers as follows

Ma
Kn=

- (6.26)

Indeed, one gets Re = ¢/n, — 400 as ¢ — 0: therefore, the limiting equation obtained in
this way is incompressible (since Ma — 0) and inviscid (since Re — +00).
In other words, we start from the following Cauchy problem

1
e Fo+v-ViFo=—B(F, F), (t,x,v) eR% xR* x R?,
e (6.27)

F.(t,x,v) > M as|x| — 400,
with initial condition

Feli=o=M (6.28)

B in
(1—gpin, &2 1
1—efN " [—gp

In this subsection, the number density fluctuation g, is defined to be

_F-M
8e = M

THEOREM 6.4 (Bardos, Golse and Levermore [9]). For each ¢ > 0, let F, be a solution
of (6.27)—(6.28). Assume that

Fe—M

i — g in the sense of distributions on R’ x R?,
e

that F; satisfies the local conservation laws of mass, momentum and energy, and that

(vge) = (vg) and ((jv]* = 5)ge) > ((Iv]* = 5)g) in C(Ry, D'(R?))
while

Lyge — Lyg in D/(Ri X R3)

-
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and all formally small terms vanish in the sense of distributions as ¢ — 0. Assume further
that

(v®uvge) = (v®uvg),  (Bge) — (Bg),
(AOwm (ger g0)) — (AQm(ge, g0)) and (BOwm(ge, ge)) — (BOm(ge, g2))

in the sense of distributions on R%_ x R3.
Then g is of the form

glt,x,v)=u(t,x) v +0(t,x)%(|v|2 — 5),

where (u, 0) satisfy the system

oru +divy(u @u) +Vyp=0, divy u =0,
(6.29)
0:60 + divy, (u8) =0.
6.3. Other incompressible models
There are many possible variants of the incompressible Navier—Stokes—Fourier limit de-

scribed above. To begin with, it is possible to include a conservative force in the Boltzmann
equation. The scaling is as follows. Start from equation

1
£0iFe +v-ViFe —eVip(x) - Vo Fe = gB(Fs, Fe),

where ¢ = ¢(x) is a given (smooth) potential. Writing the (x, v)-derivative in the
Boltzmann equation above as a Poisson bracket, i.e.,

v ViFy —eVip(x) - Vo Fp = {%w +e(x); F}
suggests to seek the solution F; in the form

Fe(t,x,v) =e DM @) (1 + ege (1, x, ).
Indeed,

et M (v) = eIV /2—ep(x)

(27[)3/2

is both a Maxwellian and an element of the nullspace of the Poisson bracket {%|v|2 +

ed(x); -}.
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The same formal argument as above shows that
ge(t,x,v) > u(t,x) v+ 9(t,x)%(|v|2 -5),
where u and 0 satisfy
oru +divy(u @ u) +Vyip — 0V =vAsu,
0,0 + divy (ub) + %u - Vi = kA6,

with

as in the incompressible Navier—Stokes—Fourier limit theorem above. Of course, this is in
agreement with the discussion in Section 2.7. We refer the interested reader to [8] for more
details on the formal derivation.

In still another variant of the Navier—Stokes—Fourier limit presented above, it is possible
to recover viscous heating terms as in Section 2.6. As explained in that subsection, viscous
heating terms should appear when the fluctuations of velocity field are of the order of the
square root of temperature fluctuations. In [13], Levermore and Bardos used the following
very elegant approach: start from the Boltzmann equation in the Navier—Stokes scaling
(6.2) and seek the number density F; as

Fo(t,x,v) = M(v)(1 +eg; (1, x,v) + gl (t, x,v)),

where g_ is odd in v while g;" is even in v. Because the Boltzmann collision integral is
rotation invariant (see Section 3.6.2 and especially (3.51)),

B(@T,®") and B(®~, @) are even in v, while
B(@~,®") and B(®@T, ®7) are odd in v.

Levermore and Bardos gave a formal argument showing that
g (t,x,v) = u(t,x)-v,
while
gh(t, x,v) > p(t,x) + %(|u(z,x)|2 + 39(t,x))(%|v|2 - 1)

1 —
=+ EA u(t,x)Q@u(t,x) —A:Veu(t,x),

-
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where p, u and 6 satisfy the relations

divyu =0, p=p+80,
oru +divy(u @u) + Vip =vA,u,

o( 26+ Liup? + di Y04 Lup
; > 3 u p Wyl U ) ) u
5 . T
= EKAXQ + ,dele((VxM + (Vyu) ) M)

In the system above, v and k are given by the same formulas as in the Navier—Stokes—
Fourier limit theorem, i.e., (6.9).

7. Mathematical theory of the Cauchy problem for hydrodynamic models

In this section we have gathered a few mathematical results bearing on the various hy-
drodynamic models that appear as limits of the Boltzmann equation. We shall leave aside
the compressible Navier—Stokes system, since its derivation from the Boltzmann equation
leads to dissipation terms that are of the order of the Knudsen number, and therefore van-
ish in the hydrodynamic limit. Put in other words, the compressible Navier—Stokes system
is an asymptotic expansion of the Boltzmann equation in the Knudsen number, and not a
limit thereof. Hence, a mathematical treatment of this limit would involve existence results
on the compressible Navier—Stokes system that are uniform in the Reynolds and Péclet
numbers, which is beyond current knowledge on this model at the time of this writing.

7.1. The Stokes and acoustic systems

We begin with the simplest hydrodynamic models
e the Stokes—Fourier system, and
e the acoustic system,
which are variants of the heat and the wave equations.

7.1.1. The Stokes—Fourier system. Consider the Stokes—Fourier system

Ou+Vip=vAyu, div, u =0, (l,x)eRj_xRS,
00 =Kk A0,
(u7 9)|T=O: (uinvein)’

where v and k > 0.

THEOREM 7.1. For each (u™,6™) € L*(R3) such that div, u™ = 0, there exists a unique
solution (u, 0) of the Stokes—Fourier system such that

(u,e)eC(R+;L2(R3)) and peC(Ri;L%H@)/R).
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In addition, the pressure p is constant and

(,0) € C®(R% x RY).

PROOF. Applying the divergence to both sides of the motion equation gives

since for each ¢ > 0 the function p(z,-) € L*(R?) /R is harmonic, it is a constant in
variable x. Since the divergence operator commutes with the heat operator on R3, the
Stokes—Fourier system above reduces to a system of uncoupled heat equations, whence the

Ayp=0;

announced result.

0

7.1.2. The acoustic system. Consider the acoustic system

0o+ divy u =0,

du+ Vi(p+0) =0,

3
§3t9+divxu=0,

(t,x) e R x R?,

(,O, u, 9)|t=0 — (pin’ uin’ ein).

THEOREM 7.2. For each (p™, u™, 0'™) € L2(R?), there exists a unique solution (p,u, 0)

of the acoustic system such that

(p.u,0) € C(Ry; L*(R?)).

PROOF. Applying the Helmholtz decomposition to u(t, -) gives

u(t’ ) = us(tv ) - qu’)(tv ')’

Hence the acoustic system becomes

Hence

0p—Axp=0,
d¢p—p—0=0,
d¢p—p—0=0,

div, ug =0.
3
3 00 — Ax¢p =0,
3,145 =0.

5
3 (p+0) — gquﬁ =0,

-
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Therefore, letting ¥ = p + 6, we arrive at

5
att¢ - §Ax¢ =0,

5
3tt1ﬁ - EAxW =0.

This is a system of two uncoupled wave equations; then, (p, u, 0) is reconstructed from
Yand u=pux)=p,x)— %G(I, x) by the formulas

(t )_3 (t,x) 2 (x)
p(t,x —glﬂ , X +§Mx,
2

01, %) = < (¥ (1, %) = p(®)),
while
u(t,x) =u®@0,x) — Vyp(t,x).

Applying the classical theory of the Cauchy problem for the wave equations satisfied by
¢ and ¥ leads to the announced result. O

7.2. The incompressible Navier—Stokes equations

Next, we consider the incompressible Navier—Stokes equations. The mathematical theory
of the Cauchy problem for these equations was developed by J. Leray in the early 1930s.
Here is a quick summary of his results, see for instance [30,45,86] for more information
on this subject.

Consider the Navier—Stokes equations

Oru+divy(u @ u) + Viep =vAsu, div,u=0, (1,x)eR} x RP,

U= = u,

where v > 0.
We begin with the three-dimensional case.

THEOREM 7.3 (Leray [80]). For each u™ € L*(R3) such that div, u™ = 0, there exists

a solution in the sense of distributions to the Cauchy problem for the Navier—Stokes equa-
tions such that

ueC(Ry;w—L*(RY)) N L*(Ry: H'(R?)).
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Moreover, the function t — |lu(t,-)||;2 is nonincreasing on Ry and satisfies, for each
t > 0, the Leray energy inequality

1 ! 1, .
5||u(t)||iz+/0/]RDv|vxu(s,x)|2dxds< E““"’Hiz-

A solution of the Navier—Stokes equations in the sense of distributions that belongs to
C(Ry; w—L*R*))NL*R,; H'(R?)) and satisfies the Leray energy inequality is called
a “Leray solution”.

In fact, a modification of Leray’s original argument allows constructing weak solutions
that satisfy the local energy inequality

1 1 1
at5|u|2 + div, (u(5|u|2 +p)> + 1| Vul? < vAx<5|u|2> (7.1)

in the sense of distributions on R x R3.

It is not known whether Leray solutions are uniquely determined by their initial data;
however, Leray was able to prove that regular solutions of the Navier—Stokes equations are
unique within the class of Leray solutions.

THEOREM 7.4 (Leray [80]). Let u™ € L>(R?) such that div, u™ = 0. Assume that there
exists a classical solution,

ve C'(Ry; H'(RY)) N C(Ry; HA(R?))  suchthat Vive L®(Ry x R?),
of the Navier—Stokes equations with initial condition

Vim0 = u™.
Then, any Leray solution u of the Navier—Stokes equations with initial data

Ul = u
coincides with v a.e.

Whether the space dimension is D = 2 or D = 3 leads to fundamental differences in the
regularity theory for the Navier—Stokes equations.

THEOREM 7.5 (Leray [79]). Let u™ € L2(R?) such that divy u™ = 0. Then there exists a
unique weak solution u to the Navier—Stokes equations with initial data

U= = u
such that

u € C(Ry; L*(R?)) N L*(Ry; H'(R?)).

-
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Furthermore, this solution is smooth fort > 0
[e'e) * 2
ueC (]R T xR )

and satisfies the energy equality

1 2 ! 2 Ly 2
§||u(t)||L2+/(;/RDV|qu(s,x)| dXdSZEH"‘m“]}
foreacht > 0.

In space dimension 3, it is an outstanding open problem to determine whether Leray
solutions with C initial data remain C*® for all times.

What is known to this date is the following partial regularity theorem which improves
on an earlier result by Scheffer [112].

THEOREM 7.6 (Caffarelli, Kohn and Nirenberg [21]). In space dimension 3, let u be a
Leray solution of the Navier—Stokes equations that satisfies the local variant of Leray’s
energy inequality (7.1). Let the singular set of u be

S(u) = {(t, x)eRy x R3 } u is not bounded in a neighborhood of (t, x)}.
Then, S(u) has parabolic Hausdor{f dimension less than 1.

This definition of the singular set S(x) comes from a bootstrap argument due to
Serrin [113] showing that, if a Leray solution u of the Navier—Stokes equations is bounded
in B((t, x), R), then u is C*° in B((t, x), R/2).

The parabolic Hausdorff dimension is defined through coverings with translates of
(—r2,r?) x B(0,r) in R x R3 (the usual Hausdorff dimension being defined with balls
for the Euclidean metric of R*).

This result implies that the singular set S(z) must be smaller than a curve in space—
time: in other words singularities of solutions to the Navier—Stokes equations in space
dimension 3 are rare (if they exist at all).

7.3. The incompressible Navier—Stokes—Fourier system

By mimicking the compactness method in the proof of the Leray existence theorem, we
can also treat the case of the Navier—Stokes—Fourier system

u+div,(u Qu) + Vyp =vA,u, div,u=0, (r,x)eR} x R3,
30 +div, (ud) =k A0, (1,x) e R} x R,

(W, 0)=o = (™ ™),
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where k > 0 and v > 0.
The analogue of Leray’s theorem for the Navier—Stokes—Fourier system is the following
one.

THEOREM 7.7. For each (u™, 0™) € L2(R3) such that div, u™™ = 0, there exists a solution
in the sense of distributions to the Cauchy problem for the Navier—Stokes—Fourier system
such that

,0) € C(Ry;w— L*(RY)) N L*(Ry; H'(R?)).

This solution satisfies, for each t > 0
1 2 ! 2 Ly inn2
e+ [ [ vlvaenf ards < 3]

1 ! 1, .
5||9(t)||iz+/0/RD;<|vx9(s,x)|2dxcls< 5“91“”22-

7.4. The compressible Euler system

The compressible Euler system is a quasilinear hyperbolic system. The existence and
uniqueness theory for this system is not entirely satisfying in its present state, especially in
space dimension greater than or equal to 2. More information on the theory of hyperbolic
system of conservation laws can be found for instance in [32,78] and [19].

Consider the Cauchy problem for the compressible Euler system (with perfect mon-
atomic gas equation of state)

9 p +divy (pu) =0,
9 (pu) + divy (ou @ u) + Vi (p0) =0, (71.2)

1 3 . 1 5
d (p(§|u|2 + 59)) + div, <p<§|u|2 + 59)) =0.

We begin with a local existence and uniqueness result which is a particular case of a gen-
eral theorem on quasilinear symmetrizable systems. The theory of symmetric hyperbolic
system was developed very early by Friedrichs; the importance of the notion of symmetriz-
able systems was recognized by Godunov [52], and then by Friedrichs and Lax [43] — see
also [46] and [81] for more information on the theory of hyperbolic systems. The result
below comes from [91]; the case of general systems is studied in [78] and [72].

THEOREM 7.8. Let D > 1 and (pi“, ul" oMy € H™(RPY) with m > D /2 + 1. There exists
T > 0 and a unique solution (p,u,0) € C([0, T); H™(RP)) N C' ([0, T); H" ' (RP)) of
the compressible Euler system in the sense of distributions on (0, T) x RP.
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Such solutions are regular (since H™ (RP) c C"=P/2(RP) by Sobolev embedding).
In general, one does not expect that regular solutions to (7.2) may exist for all times. Sin-
gularities — such as shock waves — are expected to appear in finite time for a large class of
smooth initial data. Here is an interesting result in this direction, due to Sideris [114].

THEOREM 7.9. Let D =3, and let R > 0. Pick the initial data (p™, u™, 6™) € C*(R?)
to be such that p™, 6™ > 0 on R3 with

supp(,oin —1) C B0, R), supp(ui“) C B(0, R),

32

supp(6™ —1) C B(O,R) and p™ > (6™)"" onR>.

Assume further the existence of Ry € (0, R) such that

2
/ M(p‘“(x)—l)dx>o
|x|>r

|x|

and

2_ 2y )
/ %pm(x)x u™(x)dx >0
|x|>r

for each r € (R, R). Then the life-span T of the C" solution to (7.2) with such initial data
is finite.

In dimension greater than or equal to 2, there is no satisfying theory of weak solutions
that could extend classical solutions after blow-up time.

At variance, in the one-dimensional case, there is a rather complete theory of weak solu-
tions, that are obtained as superpositions of interacting Riemann problems (i.e., a Cauchy
problem for (5.6) whose initial data is a step function with only one jump). Liu studied
the compressible Euler system in space dimension 1 written in Lagrangian coordinates.
Denoting by a the Lagrangian particle label, this system reads

0;V —09,U =0,

®
3,U+Ba V =0,

) 1U2+3@ +9 ou =0
t 2 2 a V — Y,

(V, U, @)|t:0 — (Vil’l’ Uin’ @in)’

(7.3)

with the notation

1

Ve = o)
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U(t,a)=u(t, X(t,0,a)),
O(t,a)=0(t,X(1,0,a)),

where ¢ — X (¢, 0, a) is the path of the particle which is at the position a at time t = 0.

The following existence result is based on Glimm’s algorithm [51] for constructing
BV solutions to hyperbolic systems of conservation laws in the one-dimensional case that
are global in time for initial data of small total variation.

THEOREM 7.10 (Liu [89]). Assume that (VI",u™, 6™) € BV(R) with 6™ > 6, > 0 while
V< V* on R. There exists no > 0 such that the Cauchy problem (7.3) has a global weak
solution provided that TV(V'™, u™, 6™) < no. Moreover, this solution is “entropic”, i.e.,

3 In(Vv¥30) > 0.

(In other words, the entropy density cannot decrease along particle paths.)

7.5. The incompressible Euler equations

There are essentially two main directions in the mathematical theory of the incompressible
Euler equations:

e the PDE viewpoint, and

e the geometric viewpoint.
In the geometric viewpoint, Euler’s equations for incompressible fluids in the periodic
box TP are the equations of geodesics on the group of volume preserving diffeomorphisms
of TP, endowed with the metric defined by the kinetic energy. We shall say nothing of
this part of the theory, for which we refer the reader to the beautiful book by Arnold and
Khesin [4].

Instead, we shall just recall a few results on the Euler equations as nonlinear PDEs
on TP. The reader is advised to read [92] and [86] for more information on that topic.

The incompressible Euler equations are

du +dive(u @ u) + Vep =0, diviu=0, (t,x) eR% x TP,
u|t=O=’/lin-

We begin with a local existence result for classical solutions in the three-dimensional
case, due to Kato.

THEOREM 7.11 (Kato [71]). Let u™ € H™(T?), m € N, m > 3, such that div, u™ = 0.
Then, there exists T > 0 and a unique local solution u of the incompressible Euler equa-
tions with initial data u™, such that

ue C([0,T); H™(T*)) NACioc ([0, T); H™'(T?)).
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Whether the life-span of such solutions is finite is an outstanding open problem in the
theory of nonlinear PDEs. What is known is that the blow-up time, if finite, does not depend
on the regularity index m, as shown by the following beautiful result.

THEOREM 7.12 (Beale, Kato and Majda [15]). Under the same assumptions as in the
previous theorem, if T is finite, then
e cither

T
/(; | curly u(, )| o di = +o0,

e orucC([0,T]; H™(T?)).
(In the second case, the solution u can be extended to an interval of time [0, T') with
T'>T.)

In the two-dimensional case, there is global existence and uniqueness of a classical so-
lution to the Cauchy problem for the incompressible Euler equations.

THEOREM 7.13 (Yudovich [123]). Ler u™ € H™(T*), m € N, m > 3, such that
divy u™ = 0. Then there exists a unique global solution u of the incompressible Euler
equations with initial data u™ such that

ueC(Ry; H™(T?)) N C'(Ry: H™1(T?)).

A good reference on the two-dimensional case of the incompressible Euler equations
is [29].

In view of the importance of the vorticity field curl, u for the regularity of the solution
to the incompressible Euler equations, the main difference between the two- and the thre-
dimensional cases comes from the following observation.

If one considers the two-dimensional flow as given by a three-dimensional velocity field
u of the form

u(t, x1,x2)
u(t,x)=| ua(t,x1,x2) |,
0
the vorticity field is
0
curly u(t, x) = 0 ,
(t, x1, x2)

where

w(t, x1,x2) = Oy uz(t, x1,X2) — Oy, u1(t, X1, X2).
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The scalar quantity o satisfies the transport equation
0w +u-Vyw=0.

The maximum principle holds for the transport equation above, so that
ol oo, xm2) = [@ (O, )| Loo(T2)"

Hence, in the two-dimensional case, if u™™ is sufficiently regular, the vorticity is globally
bounded and therefore, by the Beale—-Kato—Majda criterion, the regularity of the initial data
is propagated for all times.

In the three-dimensional case, the vorticity curly u is a vector field that satisfies the
analogue of the scalar transport equation above for vectors

orcurl, u + (u - Vy) curly u = Vyu - curly u.

The length of the vector curl, u can be amplified, or damped, by the matrix Vu: this mech-
anism is called “vortex stretching” and so far, there is no satisfying method for controlling
it. Therefore, there is no a priori bound on the vorticity as in the two-dimensional case, and
this is why the question of global existence or finite-time blow-up for classical solutions to
the incompressible Euler equations in the three-dimensional case remains very much open.

Finally, we conclude this section with an important class of global solutions on the
periodic box to the incompressible Euler equations. Choose

u(t, x1,x2)
Ut,x) = | ua(t,x1,x2) |, (t,x) e Ry x T2,
w(t, x1, Xx2)
where
ui(t, x1,x2)
u(t,x1,x2) =
uz(t, x1,x2)

is a C!-solution of the two-dimensional incompressible Euler equations on Ry x T2 If
w satisfies the transport equation

dw +divy(wu) =0, (r,x) e RY x T?,

the vector field U solves the three-dimensional incompressible Euler equation on R x T?3.
Such solutions are referred to as 2D-3C solutions of the incompressible Euler equations —
see, in particular, Section S4.3, pp. 150153 of [86] for an interesting application of 2D-3C
solutions to the problem of a priori estimates on the Euler equations.

-

© 00 N O g~ O N



© O N O o » O N =

A B A B B B W OW W W W W W W WWN N NN NN NN DNDDNND S S22 dd
a A W NV - O © O N OO O M O DN -+ O © 0N OO OO M O DN -4 O © N OO oo » WO DN = O

dafermos2 v.2005/04/29 Prn:8/06/2005; 8:46 F:dafermos203.tex; VTEX/Lina p. 90

90 F. Golse
8. Mathematical theory of the Cauchy problem for the Boltzmann equation
8.1. Global classical solutions for “small” data

In this subsection, we briefly review two early existence theories for the Boltzmann equa-
tion:

e Ukai’s theory for perturbations of uniform Maxwellian states; and

o the Illner—Shinbrot theory for small perturbations of the vacuum state.

Consider the Cauchy problem for the Boltzmann equation

#F +v-VoF=B(F, F), (t,x,v)eR: xR} xR’

Fli—o = F™.

8.1.1. Small perturbations of the vacuum. The collision kernel b in the collision integral
is supposed to satisfy

0<b(z,w)<C(1+z]) forae. (z, )€ R3 x S%.

THEOREM 8.1 (Illner and Shinbrot [70]). Pick ¢ > 0; there exists n > 0 such that for each
C € (0, n) and each initial data F™ satisfying

0< Fin(x, v) < Ce ¢ PHPP) e R3,

then the Cauchy problem for the Boltzmann equation with initial data F™ has a unique
global (mild) solution.

The key to this result is to dominate the solution F of the Boltzmann equation with a
Maxwellian traveling wave e =/~ o

Obviously this result is not useful in the context of incompressible hydrodynamic limits:
it bears on rarefied clouds of gas that expand in the vacuum, and therefore never approach
any global Maxwellian equilibrium.

8.1.2. Small perturbations of a global Maxwellian state. The following result, due to
Ukali, is the first global existence and uniqueness result proved on the (space inhomoge-
neous) Boltzmann equation. It bears on the dynamics of a gas whose state is a perturbation
of a global Maxwellian equilibrium. It uses a detailed spectral analysis of the linearization
of the collision integral at the background Maxwellian state, see [40].

THEOREM 8.2 (Ukai [116]). Assume that b(z, w) = |z-w| (hard sphere case). Let s > 3/2,
and B > 3; define

1 ls.p = sup (1+ 107 £60) ] oy

veR3
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and let
Hy={f e L. (R); H}) |1 flls.p < +o00}.

There exists n > 0 such that, for any f™* = fi"(x, v) satisfying

Hfin”x,ﬂ<’7 and fhl?_le/,zo,l)’

the Cauchy problem for the Boltzmann equation with initial data
Fin =M M1/2 in
=Ma.on+Mionf
has a unique solution F such that

FeL™(Ry Hy) NC(R Hy~E) N CH Ry HYZ|~5)

&

for each ¢ > 0.

Ukai’s theory describes the evolution of number densities that are close to a uniform
Maxwellian state, and therefore, one could think of using it in the context of incompressible
hydrodynamic limits. However, one should bear in mind that the parameter n that monitors
the size of the initial number density fluctuation is not uniform in the Knudsen number, so
that applying Ukai’s ideas to derive, say, the incompressible Navier—Stokes equations from
the Boltzmann equation requires nontrivial modifications, due to Bardos and Ukai [14].

Hence, for the purpose of deriving hydrodynamic models from the Boltzmann equation,
it is desirable to have at one’s disposal a global existence theory based on a priori estimates
that are uniform in the Knudsen number. The only such existence theory so far is the
DiPerna—Lions theory of weak solutions of the Boltzmann equation that is described below.

8.2. The DiPerna—Lions theory

As already mentioned in our presentation of the Boltzmann equation, the collision integral

islocal in # and x and an integral operator in v. In other words, the collision integral acts as

a multiplication operator in the variables (z, x), and as kind of convolution in the variable v.
On the other hand, the natural a priori bound for the number density is

FeL®(LInL,).

For such an F, expressions like

F? or F/ Fdv
R3

-
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are defined only as measurable functions, and not as distributions. Hence the collision
integral does not define a distribution for all number densities that satisfy the natural a priori
bounds on solutions of the Boltzmann equation.

To get around this, DiPerna and Lions proposed to use the following notion of solution.

DEFINITION 8.3. A nonnegative function F € C(R; L! (R3 X R3)) is a renormalized
solution of the Boltzmann equation if

B(F, F)
Vv1+F

and if, for each I € C'(R..) such that

€ L}, (drdxdv),

C
I''2Z)< —— forall Z >0,

V1+Z

one has
O +v-VOI(F)=T"(F)B(F, F)
in the sense of distributions on Rj x R3 x R3.

In this subsection, we shall consider collision kernels that satisfy the following weak
cut-off assumption

1
lim 72/ fb(v—v*,w)dwdv*:o foreach R > 0. (8.1)
lol=>+oo 14 v]* Jjy,|<r Js2

The following result was proved by DiPerna and Lions in [37].

THEOREM 8.4. Let F" = F(x,v) >0 a.e. on R® x R3 satisfy
// (1+ x>+ [v]* + | In F|) F™ dx dv < +o0.
R3xR3

Then, there exists a renormalized solution of the Boltzmann equation such that F|,—y = F™.
This renormalized solution satisfies
e the continuity equation (local conservation of mass)

8,/ de—i—divxf vF dv=0;
R3 R3

e the global conservation of momentum: for each t > 0,

// vF(t)dvdx:// vF™ dydx;
R3xR3 R3xR3

-
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e the energy inequality: for each t > 0,

1 2 1 2 r-in
—|v|“F(t)dvdx < —|v|*F"dvdx;
R3xR3 2 R3xR3 2

e and the H inequality: for each t > 0, one has

/:/ FlnF(t)dvdx
R3xR3
[ F'F’
+// /// (F/F*:_FF*)IH * Vb dv dvy dwdx ds
0 JR3J JJRIXRIxR3 FF,

< / / F™n F" du dx.
R3xR3

A complete description of the proof of the DiPerna—Lions theorem is beyond the scope
of the present work. We shall just explain the main ideas in it.

8.2.1. The role of the normalizing nonlinearity. Assume that F = F(¢,x,v) > 0 a.e. on
Ry x R3 x R3 satisfies

// (1+ v F(t,x,v)dvdx <C forae.t>0, (8.2)
R3xR3

and

T F'F’
[ (22
0 JR3 R3xR3 xR3 FFy
for each T > 0. A solution to the Boltzmann equation satisfies the first inequality (by
the global conservation law of energy) and the second estimate by the entropy production

bound deduced from Boltzmann’s H -theorem.
Then

)bdv dv,dodxds <Cr (8.3)

IB(F, F)
V1+F

Indeed, we first recall the elementary inequality

€L (Ry x R? x RY).

1
(VX - VY ) < Z(X=Y)InX —InY) foreachX.¥ >0.

Then

FF - FE| = (JFF +FE )~ /FF|

< (VF'F,—VFF.) +2/FF,|JF'F, - J/FF,|.
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Hence

T
|B(F, F)]|
————=dvdxds
/O /l;/l;;<R N1+ F

T
<///// (W_ﬁ)zbdvdv*dwdxds
0 JR3 R3IxR3xR3
' 2 1/2
+2<///.// (‘/F/—F’;_\/F—F*) bdvdv*da)dxds)
0 JR3 R3 <R3 xR3

T 1/2
X </ f/ F*<// b(v—v*,a))dwdv>dv*dxds> .
0 R3xR3 [v|<R,|w|=1

By using the entropy production bound (8.3) and the weak cut-off assumption above on
the collision kernel b, this inequality becomes

/T// |B(Fi’Fﬂdvdxdt
0 JR3 i<k 1+ F

<Cr+2yCr

T 1/2
X </ // F*(// b(v—v*,w)dwdv>dv*dxds>
0 R3xR3 [v|<R,|w|=1

172
CT+2\/CT</ // 1+|v*| )dv*dxds>
RXXRX
< Cr +2/C70(0).

In the sequel, we restrict our attention for simplicity to the case of bounded collision kernels
0<b(z,0)<Cp, (z,0) R xS (8.4)

8.2.2. Compactness by velocity averaging. A renormalized solution of the Boltzmann
equation is obtained as a limit point of the sequence F) of solutions to the regularized
Boltzmann equation

B(Fy, F)

0 Fy+v-ViFy = :
o T4 (1) [ Fydo

. (8.5)
Fn|t=0 =F"

in the weak topology of LIIOC(RJF; L'(R3 x R3)). As in the case of all nonlinear PDEs,
the main difficulty is to pass to the limit in the nonlinear term — here, in the collision
integral. This requires a class of compactness results on the Boltzmann equation that are
somehow adapted to the collision integral. In particular, since the collision integral acts as a
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convolution operator in the variable v and a multiplication operator in the variables ¢ and x,
one should seek compactness “with respect to the ¢ and x variables only” — a notion which,
of course, remains to be defined.

The appropriate class of compactness theorems was discovered a few years before being
applied to the Boltzmann equation. They are known as “velocity averaging results”, and
were first introduced by Golse, Perthame and Sentis in [56] within the context of the diffu-
sion approximation of the neutron transport equation. (Independently, analogous regularity
results for the coefficients of the spherical harmonic expansion of the solution to the free
transport equation were announced in [1].)

Obviously, whatever compactness in the strong topology of LllOc is to be found on a
sequence of solutions to the Boltzmann equation (regularized or not) has to come from the
streaming (free transport) operator d; + v - V.

Being hyperbolic, the transport operator v - V, propagates singularities along charac-
teristics. Therefore, at first sight it seems hopeless that one might obtain any regularizing
effect from the free streaming part of the Boltzmann equation, or of any other similar ki-
netic model. One can think of the following elementary example.

EXAMPLE. Let f € L2(R); for a.e. x, v € R?, define F(x, v) = f(vax| — vix2). Clearly,
F e L120C (R? x R?) and v - V, F = 0. However, since f can be any function in L?(R),

F ¢ HS (R? x R?) for any s > 0, although v - V, F € L} (R? x R?).

loc

The key to obtaining regularizing effects from the transport operator v - V, is to seek
those effects not on the number density itself, but on velocity averages thereof, in other
words, on the macroscopic densities. Here is the prototype of all velocity averaging results.

THEOREM 8.5 (Golse, Perthame and Sentis [56]). Let F, be a bounded family in Lz(RD X
RP). Assume that the family v - Vi F, is also bounded in L2(RP x RD). Then, for each
¢ € L>(RP), the family of moments p, defined by

ps(X)Z/RD Fe(x,v)¢ (v) dv

. . . 2 D
is relatively compact in Li, .(R").

PROOF. Set G, = F, + v -V, F¢, and let 1?8 and 68 denote respectively the Fourier trans-
forms of F; and G, in the x variable only. The assumptions on F, imply that the family
G, is bounded in L2(R? x RP), and that

[ G v dy
Ps(f)—/ W

We need to study how p. (&) decays for |&| large. By the Cauchy—Schwarz inequality

) I .
15:®)[> < @[R G (6. )| dv,

-
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with

! :/ 6 @)I* dv :/ |6 ()I? dv
mE) " Jro 1+w-EP  Jro 1+ v 0§
where w = £/|€| € SP-1 for all £ eRP \ {0}. The latter integral is a decreasing fam-
ily indexed by |&| of continuous functions of w; this family vanishes pointwise in w

as |£| — 400 by dominated convergence. By Dini’s theorem, it vanishes uniformly in
w € SP~!, and therefore m(£) — +oc as || — +o0. Since the family

f |6(6)|*m (&) d <// |Ge (€, v)|* dg dv
RP RP xRP

is bounded by Plancherel’s theorem, p is relatively compact in leOC (RP) (by a variant of

Rellich’s compactness theorem). O

Since the operator (I + v - V,)~! (which maps G on the solution F of F+v-V,F =G)
is a contraction mapping on both L' (R? x RP) and L>®°(RP x RP), the velocity averaging
result above also holds in L? for all p € (1, +00) by interpolation. However, it fails in L,
as the following example shows. (It also fails in L™, see [55], p. 124.)

EXAMPLE ([55], pp. 123-124). Consider G, a bounded family of L' (R? x RP), and for
each ¢, let F; be the solution to F; + v - V, F; = G,. Assume that G, — Jg ® §, weakly,
where |v*| = 1. Then both F, and v - V, F, are bounded in L' (R? x RP) and

+00
pg(x)zf Fs(x,v)dvzf / e 'Ge(x —tv,v)dvdt
RD o Jrp

so that, for any test function ¢ € C, (RD ),

+00
/ pg(x)¢(x)dx—>/ e g(rv*)dr
RP 0

as ¢ — 0. Hence p, converges weakly to a density carried by the half-line R v*, so that in
particular the family p, is not relatively compact in LllOC (RP).

This example rests on the possible build-up of concentrations in F, and v - V, F,. If
such concentrations are ruled out, the same interpolation argument as above entails the
following L' variant of velocity averaging.

PROPOSITION 8.6 (Golse, Lions, Perthame and Sentis [55]). Let F, be a family of mea-

surable functions on RP x RP such that, for each compact subset K of RP, both families
F, and v - V F, are uniformly integrable on K x RP . Then the family p; defined by

pa(x):/ Fe(x,v)dv
RD
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is relatively compact in LllOC (RD).

PROOF. Let x = x (x) belongs to C° (RD). Set
Ge(x,v) = x(xX)Fe(x,v) + v Ve (x () Fe (x, v))

and, for each A > 0, decompose xp. as follows

XPe = XPy.e + XPie

with

Xp)is :/ +v- Vx)il(stl\ngk) dv +/ x Fedv,
[v]<A

[v|>A

XPE,A,5=/ (I +v- V) (Gelig, 1<) dv.
lvI<A

The assumptions on F; imply that G, is uniformly integrable, so that G;1g,|>» — 0 and
X Felpp=1 — 0in LY(RP x RP) uniformly in & as A — +oo; thus xps— 0in LY(RD)
uniformly in ¢ as . — +-00.

On the other hand, for each A, the family G.1,G, |- indexed by ¢ is bounded in L%(RD);
thus, by velocity averaging in L2, XP;. is relatively compact in L*(RP) — and therefore
in L' (RP), since it has support in supp x which is compact.

Hence x p; is relatively compact in L' (R?). Since y is arbitrary, this eventually implies
that p; is relatively compact in LllOC (RP). (]

In fact, by a further interpolation argument, one can get rid of the assumption of uniform
integrability on derivatives.

THEOREM 8.7 (Golse and Saint-Raymond [60]). Let F; be a family of measurable func-
tions on RP x RP such that, for each compact subset K of RP, the family F, is uniformly

integrable on K X RP, while v - V. F, is bounded in L' (K x RP). Then the Sfamily p,
defined by

Pe(X) =/ Fe(x,v)dv
]RD

is relatively compact in LllOC (RP).

PROOF. Without loss of generality, assume that all the F, are supported in K x R?. Write
pe(x) = A/ O +v- V) Fo(x, v)dv
RD

+/ W +v-V) (- Ve Fo)(x,v)dv.
RD
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Since

1
-1

|1 +v- Vo) ”E(L}w) S 3

the second term on the right-hand side of the equality above is O(1/A) in L}C uniformly
in &, while the first term is strongly relatively compact in L! for each A > 0 by the previous
proposition. Hence the family p, is strongly relatively compact in L )lc U

There are several extensions and variants of the velocity averaging results recalled here,
see for instance [36,38,47-49,106]. Except for the extension of the above results to the
evolution problem, which is needed in the construction of renormalized solutions to the
Boltzmann equation, we shall not discuss these extensions in the present notes, but refer
the interested reader to Chapter 1 of [18] for a survey of that theory as of 2000.

Here is the analogue of the L'-variant of velocity averaging for evolution problems.

THEOREM 8.8. Consider F, = F¢(t,x,v), a family of measurable functions on Ry x
RP x RP such that, for each T > 0 and each compact K C RP | F, is uniformly integrable
on [0, T1 x K x RP while (3; + v - Vi) Fs is bounded in L' ([0, T] x K x RP). Then the
Sfamily p. defined by

pe(t, %) =/ Fut, x, v)dv
RD

is relatively compact in LllOC (R4 x RP).

The proof is a straightforward variant of the arguments for the steady transport operator
v - V, given above.

8.2.3. Conclusion. Letus briefly explain how the renormalization procedure is combined
with compactness by velocity averaging in the proof of the DiPerna—Lions theorem.
Choose as normalizing nonlinearity the function

1
I5(Z)=5In(1+82). >0,

and consider the truncated Boltzmann equation (8.5). We leave it to the reader to verify
that, under the condition (8.4), the map
B(F, F)
F—
1+ (1/n) [gs Fdv

is Lipschitz continuous on L' (Ri X R%), so that the truncated Boltzmann equation (8.5)
has a global solution. Because the truncation factor

1
1+ (1/n) [ Fdv
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is independent of v, the symmetries of the collision integral that imply the local conserva-
tion laws of mass, momentum and energy, and the H-theorem hold also for the truncated
collision integral

B(F, F)
1+ (1/n) [ps Fdv

so that, in particular,

// (1 +x — tv]* + [v[*) Fu (7, x, v) dx dv
R3xR3
=// (1+ 1x1? + [v]?) F(x, v) dx dv
R3xR3

for all r > 0, while

// FnlnFn(t,x,v)dxdv<// F" In F"(x, v) dx dv.
R3xR3 R3xR3

As explained in Case 4 of Section 3.3, this implies the existence of a positive constant C
such that

f/ (1+ x>+ [v[*) Fa(t, x,v)dxdv < C(1+ %) and
3 3
R>xR (86)
// FylIn Fy|(t, x,v)dxdv < C(1 +¢%) forallt > 0.
R3xR3

Hence F,, is weakly relatively compact in LllOC (R4 x R3 x R?) by the Dunford—Pettis
theorem. Since, for each § > 0, one has

I's(Z)< Z foreachZ >0,

the sequence of functions I's(F},) is also weakly relatively compact in Lllo Ry L'(R3 x
R3)). On the other hand, the discussion in Section 8.2.1 shows that

B(Fy, F)
(1+8F)(1+ (1/n) [ Fydv)

0 +v-V)Is(Fy) =

is bounded in Lll0 Ry x R3 x R3). By velocity averaging (Theorem 8.8), this implies that
the sequence

/ I5(Fy)dv
R3
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is strongly relatively compact in LllOC (R4 ; L'(R3)). On the other hand, because of the
bound (8.6),

/Fndv—/ I's(F,)dv—0
R3 R3

Ry; L! (R?)) as § — 0, uniformly in n > 1. Hence we conclude that the sequence

/ F,, dv
R3

is strongly relatively compactin L! (R.; L' (R?)).

loc
Hence, modulo extraction of a subsequence

. 1
n Lloc

F, — F weakly in LIIOC(RJr x R x ]R3)
while

f F,dv— Fdv strongly in LIIOC(R+ X R3).
R3 R3

Since the collision integral acts as a convolution in the v-variable and a multiplication op-
erator in the ¢ and x variables, this compactness theorem implies that, for each ¢ € CC(R3),

/ B(F,, F,)¢dv — / B(F, F)¢pdv inmeasure on [0, T] x K
R3 R3

for each T > 0 and each compact K C R3. At first sight, this is not enough to pass to the
limit in the sense of distributions in both sides of the truncated Boltzmann equation (8.5).

Instead, one integrates the truncated Boltzmann equation along characteristics by treat-
ing the gain term in the truncated collision integral as a source term. One easily sees that
the limit F is a supersolution of the limiting Boltzmann equation integrated along charac-
teristics; notice that this does not make use of the renormalization procedure. That F is a
subsolution is more involved, we refer to [37] for a complete proof.

8.3. Variants of the DiPerna—Lions theory

The original DiPerna—Lions theorem considers a cloud of gas that expands in the vacuum,
without any restriction on its degree of rarefaction, i.e., for an initial number density of
arbitrary size that has finite mass, energy, second moment in x and entropy. As explained
in Section 8.1.1, this kind of situation is not compatible with incompressible hydrodynamic
limits.

For that purpose, we describe below two variants of the DiPerna—Lions theory that are
particularly relevant in the context of incompressible hydrodynamic limits.

-
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8.3.1. The periodic box. The first variant of the DiPerna—Lions theory that we discuss
here is the case of the spatial domain T? (the periodic box). The collision kernel b satisfies

the weak cut-off condition (8.1). Let M be the centered reduced Gaussian

—v|?/2

M@W) = )

We shall say that F € C(Ry; LY(R3 x R3)) is a renormalized solution of the Boltzmann
equation

WF+v-ViF=B(F,F), (t,x,v)eR} xT? xR,

Fli—o=F™,
relative to M if and only if, for each normalizing nonlinearity I" € C' (R, ) such that

o< ——. z>0,

Vi+Z’

one has
F S F

in the sense of distributions on Rj_ x T3 x R3.

THEOREM 8.9. Let F™™ > 0 a.e. be a measurable function such that H(F™|M) < +oc.
There exists a renormalized solution F relative to M of the Cauchy problem for the Boltz-
mann equation with initial data F™. This solution satisfies

e the continuity equation

8,/ de+divx/ vFdv=0;
R3 R3

o the following variant of the local conservation of momentum
8,/ dev+diVx/ v vFdv+div,m =0,
R3 R3

where m € L*° (Ry; M(T3, M5(R))) with values in nonnegative symmetric matrices;
o the following energy relation

1, 1
—|v|“F(t,x,v)dxdv+ = trace(m(t))
T3xR3 2 2 J Jm3xr3

1 .
= —|v]?F™(x, v) dx dv
T3xR3 2
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for eacht > 0;
e and the H inequality: for each t > 0, one has

1 ! ! ! F/Fﬁ:
- (F F*—FF*)ln bdvdv, dwdxds
4Jo J13J J JR3xRIXR3 FF,

< H(F™M)—H(F(1)|M)— %/traee(m(t)).

The above result — especially the existence of the defect measure m — is due to Lions
and Masmoudi [88].

8.3.2. The Euclidean space with uniform Maxwellian state at infinity. The next variant
of the DiPerna—Lions theory that we consider is the case of a spatial domain that is the
Euclidean space with uniform Maxwellian equilibrium at infinity. Consider the Cauchy
problem

#F+v-VoF=B(F, F), (t,x,v)eR: xR} xR’

F(t,x,v) > M as|x|— 400,

Fli=o = F™,

where M is the centered reduced Gaussian

_ —[v|?/2
M) = SRR .

Here again, the collision kernel b satisfies the weak cut-off assumption (8.1). The notion
of “renormalized solution relative to M of the Cauchy problem above is the same as in
the case of the periodic box.

THEOREM 8.10 (Lions [83]). Let F™ > 0 a.e. be a measurable function such that
H(F™™ M) < 4o00. There exists a renormalized solution F relative to M of the Cauchy
problem for the Boltzmann equation with initial data F™. This solution satisfies

e the continuity equation

8,/ de—i—divx/ vFdv=0;
R3 R3

e and the H-inequality: for each t > 0, one has

1 ! ! / F/F>i/<
- (F F*—FF*)ln bdvdvydwdxds
4 Jo Jr3) J JR3IxR3 <R3 FF;

< H(F™M)—H(F@)|M).
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9. The Hilbert expansion method: Application to the compressible Euler limit
In this section we describe a first method for deriving hydrodynamic models from the
Boltzmann equation. In spite of its numerous shortcomings (which we shall discuss at the
end of the present section), this method is extremely robust, and can be applied to various

kinetic models other than the Boltzmann equation.
Start from the Boltzmann equation in the compressible Euler scaling

1
3 Fe+v-ViFe=-B(F, F), (t,x,0)eR" x T xR’ 9.1
&

For simplicity, we only consider in this section the case of a hard sphere gas, so that the
collision kernel 4 in Boltzmann’s collision integral 5 is given by the expression

bz o)=z 0|, (z,0)eR xS~
Consider next the compressible Euler system for a perfect monatomic gas

0rp +divy (pu) =0,
0 (pu) + divy (pu @ u) + Vi (00) =0,

9.2)
9 l|u|2+§9 + divy [ pu l|u|2+§9 =0
t p 2 2 X p 2 2 — Y,
(p,u,0)li=o = (o™, u™, 0™),
where
p™, u™ and 6™ € H>(T?), p">0 and 6">0 onT>. 9.3)

Let (p, u, ) be the solution to (9.2) predicted by Theorem 7.8 under the assumption (9.3),
and call T > 0 its lifespan. Finally, define the local Maxwellian

E(t,x,v) = Mot x).ut,x),6(1,x))-
THEOREM 9.1 (Caflisch [22]). There exists ey such that, for each ¢ € (0, &g), there is a

unique solution F, of the Boltzmann equation (9.1) on [0, T) x T> x R> satisfying the
estimate

sup [ F(t,-,) = E(t, -, )| 2 qs g3y = Oe) ase — 0"
0<r<T’

foreach T' <T.

We shall not give a complete proof of this result, which is fairly technical. Instead, we
simply discuss below the main ideas in it.
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First, the solution F is sought as a truncated Hilbert expansion, plus a remainder term

6
Fo(t.x,v) =Y " Fu(t. x.v) + & Re(t. x, v), 9.4)
k=0

such that the last term in the truncated expansion satisfies

1

/ ( v )Fﬁdv=0. 9.5)
R\ Juf?

We recall from our discussion in Section 5.1 that the projection of a term Fj in Hilbert’s
expansion on the space of collision invariants is determined by postulating the existence of
the next term in that expansion, i.e., Fi41. In the truncated expansion above, we obviously
do not postulate the existence of a F7, so that there is a certain amount of arbitrariness in
the choice of Fg, which is resolved by condition (9.5). The other terms Fi, k =0, ..., 5,
are computed as in Section 5.1.

Next we write an equation for the remainder R,: inserting the right-hand side of (9.4) in
the scaled Boltzmann equation (9.1) we arrive at

6
2
3 +v-Vo)R: = ~B(Fo. Re) + 2B(Zsk—1Fk, RS> +&*B(Re. Re)
e
k=1
+ Y MB(E B — 2@ +v- Vi) F. 9.6)
k4+1>7
Indeed, for k =0, ..., 5, the terms F} are chosen as explained in Section 5.1, so that

5
(at+v-Vx)Zska= Z T 1B(F, Fp).
k=0 I+m<6

Notice that, in (9.6), the nonlinear term is multiplied by an €2 factor: hence (9.6) is a
weakly nonlinear equation. However, the linear term in (9.6) is

2
EB(F()v RS)

at leading order, which defines a nonpositive operator in a weighted L> space in the
v-variable. Specifically, the operator R — B(Fy, R) is self-adjoint in L?(R*; F;” L dv).
A slight difficulty in this setting is that the weight FO_l depends on (, x).

To avoid this, we use a slightly different definition of the linearized collision integral
than in Section 3.6. Define

Lu¢=—-2M""2B(M, M'?¢),

-
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where M is a Maxwellian density. As in Section 3.6, the operator L, is split into
Ly ) =a(lv])¢) — Ky ),

where

aM(|v|)=// |(v—v*)oa)|M*dv*dw
R3xS?
and

KM¢>(v)=f/]R3 Sz(x/ﬁqb*—\/ﬁ;d—\/M¢;)|(v—v*)-w|JEdv*dw.

The properties of Ly, are summarized in the following theorem.

THEOREM 9.2. The operator Ky is compact on LZ(R3), while ap(|v]) ~ a*|v|
as |v| — 400. Hence the operator Ly is an unbounded self-adjoint Fredholm operator
on L>(R3) with domain L*(R3; (1 + |v|) dv) and nullspace

KerL :span{vM,val,vaz,va3,vM|v|2}.

The advantage in using L, instead of the operator R — B(Fp, R) is that the former
operator is self-adjoint on the unweighted space L2(R3).
Formulating (9.6) in terms of the operator Ly, leads to an equation of the form

@ +v-Vo(ETV*R) + éLE(E_I/ZRS)

6
=e?Qp(E""?*R., ET'?R,) + 2E—1/26(ng—1Fk, R£>
k=1

+ Z HAE2B(F, F) —E7V2@, +v- V) Fs
k+1>7

1
+ 3 Re(d +v- Vi) InE, 9.7)

where E is the local Maxwellian whose parameters solve (9.2) and the quadratic operator
Qyy is defined by

Qu(d, ¢) = M~'2B(V Mg, VM¢).

The last term on the right-hand side of (9.7) is the most annoying one, since it grows like

1 LIVl
§|U| 92 R&‘a
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in particular, it cannot be controlled by the damping part of the linearized collision integral,
since ay (|v]) = O(|v]) as |[v| — 4o0.

To overcome this difficulty, R. Caflisch introduced a new Maxwellian state M defined
by

1 2 h4
M) =M, o5 @) = ———e P17/,
(1,0,0) (2].[9)3/2

where
0 =2]0| .

Hence, there exists a constant C, that depends on || p|| Lo, ||u||L and ||1/6] L such that
E <CM.

Next, one decomposes R, as

R: =VErs: + VMg,

where the new unknowns r, and g, are governed by the coupled system
1 1
(0 +v-Vyre = _ELEra + ]llv\gcgUKMCIs,

_ 1
B +v-Vi)ge = —M2r (3 +v- V) EV? — ~(am — Ly Kwge
9.8)

6
+2M1/28<28k1Fk, Ml/z(mze +q8)>
k=1

+2QM(Ur8 +ge, 01 + QE) +82S,
where
E
o =4—,
M
where c is a truncation parameter to be chosen below, and the source term s is

s=M"1/? Z H=OB(F, Fi) — eM™Y2(8, + v - V) Fe.
k+1>7

This system is solved for the initial condition

Teli=0 =¢qeli=0 =0

-
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by a fixed point argument in the norm

11l = sup (1+1E)] £ yegasy

£eR3
for s > 3/2. We refer to [22] for the complete proof.

REMARKS. Several remarks are in order.

1. The construction in Caflisch’s theorem leads to a solution of the Boltzmann equation
that exists and approximates the Maxwellian built on the solution of the compressible
Euler system for as long as the solution of that system exists and remains smooth.
This is very satisfying: should there be a blow-up in finite time in the solution of the
Boltzmann equation, it cannot happen before the onset of singularities in the Euler
system.

2. There is however a rather unpleasant feature in Caflisch’s construction: the solution
of the Boltzmann equation so constructed is, in general, not everywhere nonnegative,
and therefore loses physical meaning. This is most easily seen on the initial data for
F¢ in the form (9.4): in Caflisch’s paper, R.|;=0 = 0, so that, in the particular case
of Maxwell’s molecules, F¢|;—o is a polynomial in v that is not (at least in general)
everywhere nonnegative. It could be that an improvement of Caflisch’s ansatz with
initial layers as in [73] helps avoiding this; however, there is no mention of this diffi-
culty in either [22] or [73].

3. The interested reader is invited to compare Caflisch’s theorem with an earlier re-
sult by Nishida [103], who obtained the compressible Euler limit of the Boltzmann
equation by an abstract Cauchy—Kowalewski argument (in the style of Nirenberg and
Ovsyannikov, see, for instance, [102]). Nishida’s result is as follows: consider the
scaled Boltzmann equation (9.1) with an initial data F'* analytic in x with enough
decay in v that is a perturbation of some absolute Maxwellian. Then, there exists
a family of solutions of the scaled Boltzmann parametrized by ¢ > 0 that lives on
some interval of time independent of & > (. This family of solutions converges to
the Maxwellian built on an analytic solution of the compressible Euler system in the
vanishing ¢ limit. However, the lifespan of Nishida’s family of solutions of the scaled
Boltzmann equation is not known to coincide with the blow-up time of the limiting
smooth solution of the compressible Euler system. See also [118] for an improved
variant of Nishida’s result.

10. The relative entropy method: Application to the incompressible Euler limit

As explained in Section 9, all methods based on asymptotic expansions in the Knudsen
number apply only to situations where the solutions of both the Boltzmann equation and the
limiting hydrodynamic equation are smooth. The present section introduces a new method
for cases where only the solution of the target equation (i.e., the hydrodynamic model) is
smooth.

-
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We shall explain how this method applies to the incompressible Euler limit of the Boltz-
mann equation. Consider the Boltzmann equation in the incompressible Euler scaling

1
0 Fs +v-ViFe = —B(Fe, Fo),  (1,x,0) €RY x T? xR,
&

_ (10.1)
Feli=o = M(1, eu™, 1),

where ¢ > 1 and u'™ = u™(x) is a divergence-free vector field on T3. Here, the collision
kernel b is supposed to satisfy assumption (3.55) (i.e., to come from a hard cut-off poten-

tial) as well as the additional condition

b(z, w)

in B hCARNN (10.2)
(z.0)eR3x$? [(2/12]) - @]

Throughout this section, we denote by M the centered reduced Gaussian distribution
inv,ie.,

—[v|%/2
M) =Ma,o1(v) = (2]_[)3/26 e,

Next, we introduce a new concept of limit that is especially well adapted to all incom-
pressible hydrodynamic limits of the Boltzmann equation.

DEFINITION 10.1 (Bardos, Golse and Levermore [10]). A family g. = g.(x,v) of
L1 (T3 x R3; M dx dv) is said to converge entropically to g at rate ¢ if

loc

e 1 +eg. >0ae. onT? x R foreach & > 0,
e g. — g weakly in LIIOC(T3 x R3; M dx dv),
e and

1 1
—H(M(1+¢eg.)|M) — = // g(x,v)>dxdv
82 2 T3 xR3

as e — 0.

After these preliminaries, we can state the incompressible Euler limit theorem.

THEOREM 10.2 (Saint-Raymond [110]). Assume that u'™ € H3(T3) is a divergence-free
vector field, and let u be the maximal solution of the incompressible Euler equations

ou+u-Veu+Veyp=0, divyu =0,
u|t=0=uin

on [0,T) x T3, For ¢ > 0, let F¢ be a renormalized solution relative to M of the scaled
Boltzmann equation (10.1). Then, for each t € [0, T),

F.(t,x,v) — M(v)
eM(v)

—u(t,x)-v
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entropically at rate € as ¢ — 0.

The relative entropy method was used for the first time to derive incompressible hy-
drodynamic models from the Boltzmann equation in Chapter 2 of [18], [54] and in [88]
— however, the results obtained in these references were incomplete since the proofs used
additional controls not known to be satisfied by renormalized solutions of the Boltzmann
equation.

Of course, if u is a 2D-3C solution of the incompressible Euler equations (see Sec-
tion 7.5), then T = +o00 and the incompressible Euler limit is global.

Let us now describe the main ideas in the relative entropy method.

First, assuming that F; is a classical solution to the scaled Boltzmann equation (10.1),
we compute

d 1 1
—ZH(FsIM(l,su,n):——z/ D(u):/ (v — eu)®? F, dvdx
& T3 R3

di e
1
+ - Vip - (v—eu)F,dvdx.
& Jr3 R3

Now, this identity is not known to be true if F; is a renormalized solution. What is known
instead is the following variant of it (see Theorem 8.10); for each 7 € [0, T'), one has

1 1
S H(F Mt )0+ / trace (m, (1)
g——/f D(u) : /(v—su)®2F dvdxds (10.3)

1 1 [!
—i——// pr-/ (v—eu)ngvdxds——// D(u) :mg(s)ds.
& Jo JT3 R3 & Jo JT3

The key argument is the following lemma.

LEMMA 10.3. For each T' € [0, T) there exists Cy+ > 1 such that

t
izf// |D(u) : (v — ew)®*F,| dvdx ds
& T3 <R3

Cr
S 8T / | D) | o H (Fel M(1,60,1))(s) ds + o(1)

uniformly int € [0, Tl as e — 0.

Define

1 1
Xe(t) = —2H(F5|M(1’£u,1))(t) + - / trace(ms(t));
& & Jr3
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it follows from (10.3) and Lemma 10.3 that, for each T’ € [0, T') and each ¢ € [0, T’], one
has

'
Xe) < Cr | D g s [ Kel5)ds
1 t
+—// pr-/ (v —eu)Fedvdxds +o(1) Lo, 7)) -
& Jo JT3 R3

Hence

}(‘€ (I) < eCT’ HD(M)HLOC([O’T/JXT.?)

1 t
—// pr~/ (v —eu)F.dvdxds
& Jo JT3 R3

+ o) pooo, 7)) - (10.4)

With this inequality, one concludes as follows. The sequence of fluctuations

é(Fg — M) is relatively compact in w* — L™ (Ry; w — L' ((1 + [v]?) dx dv))
so that, modulo extraction of a subsequence

/R3 F.dv—1 in L°°(R+;L1(’]T3))

and

é/ vF.dv—>U inw*—Loo(R+;w—Ll(T3)).
]R3

Because of the local conservation of mass that is satisfied by the renormalized solution F,
one has

div, U =0.

1 t t
—/ / pr~/ (v—eu)ngvdxds—>/‘ / Vip-(U—u)dxds =0
&Jo J13 R3 0 JT3

Xe(1) >0 ase— Oforeachre[0,7T'].

Hence

so that

By convexity and weak limit, one has

1 2 "
SO = 0O 2 gs) < lim = H(Fel M) ()
e—>0¢€
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for each ¢ € [0, T']. Therefore, passing to the limit in (10.4) shows that U = u, as an-
nounced.

We shall not describe the proof of Lemma 10.3, which is really technical. In this proof,
one has to master the difficulties created by the high velocity tails of the number density;
this is done by using decay estimates due to Grad and Caflisch [23] on the gain term of the
linearized collision operator, we refer to [110] for a complete proof.

But the difficulties in the proof of Lemma 10.3 are special to the Boltzmann equation;
the main line of the relative entropy method is as described above. This method is due to
Yau [122] who used it for the hydrodynamic limit of Ginzburg—Landau models.

11. Applications of the moment method

The moment method is based on compactness results which are used to pass to the limit
in the local conservation laws of mass momentum and energy as the Knudsen number
vanishes. This method does not require estimates other than the natural bounds on mass,
energy, entropy and entropy production. On principle, it could therefore be used when both
the solutions of the scaled Boltzmann equation and of the limiting hydrodynamic equations
are not known to be regular.

First, we state the various theorems on hydrodynamic limits that can be proved in this
way.

11.1. The acoustic limit

We start from the Boltzmann equation in the acoustic scaling posed in the periodic box

1
Fe+v-ViFe=-B(F, F), (t,x,v) eR} x T3 x R?,
£

) (11.1)
Feli=o = F;".
Assume that b satisfies the weak cut-off assumption (8.1) as well as the bound
0</ b(z, w)dw < Cp(1 + |z|2)’S ae.,zeR’, (11.2)
S2

for some g € [0, 1].
We assume that

// Fi'dxdv=1,

T3 xR3

f/ vF"dx dv =0, (11.3)
T3 xR3

// l|v|2Fi“dxdv=§.
T3><R3 2 € 2

-
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Set M to be the centered, reduced Gaussian distribution

M(v) e IvP2, (11.4)

= (2n)3/2

so that

Mdxdv=1,
R3

/ vMdxdv =0,
R3
1 3

f —v*Mdxdv==.

R3 2 2
The acoustic limit of the Boltzmann equation (11.1) is given by the following theorem.
THEOREM 11.1 (Golse and Levermore [53]). Let 8, > 0 be such that

8¢ —0 and 8 |Ins.|P/* =o('/?)

as ¢ — 0. Assume that

Fi'(x,v)— M

. . o
] —>p‘“(x)—}—um(x).v+9'“(x)§(|v|2—3)

entropically at rate 8. For each ¢ > 0, let F be a renormalized solution relative to M of
the scaled Boltzmann equation (11.1) with initial data F}".
Then, for each t > 0, the family

PO DM ) +uttx) -0+ 00, 05 (0P - 3)
———— > pt,x)tut,x)-v ,x)=(Jv]F —

5. M P 2
entropically at rate 8., where (p, u, 0) is a solution of the acoustic system

0rp+divyu =0,
du+Ve(p+0)=0, (t,x)eRL x T3,

3
58¢9 +diVxM=0,

with initial data

(p.u. )= = (0™, u™ ™).
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Notice that our assumptions on the family of initial data imply that
(Ioin’ . Qin) c Lz(T3),
and that

sz p"(x)dx =0, fT} u"(x)dx =0 and /T} 6™ (x)dx =0.

In particular, the existence and uniqueness theory for the acoustic system described in
Section 7.1.2 applies here, and the solution (p, u, 0) satisfies

(p,u,0) € C(Ry; L*(T?))

and

/;r% p"(x)dx =0, /;F% u"(x)dx =0 and fw 0™ (x)dx =0.

11.2. The Stokes—Fourier limit

We start from the Boltzmann equation in the Stokes scaling posed in the periodic box

1
edFe+v-ViF = -B(F, Fo), (t,x,v) eR* xT? x R?,
£
) (11.5)
Fs |t=0 = an.
Assume that the collision kernel b comes from a hard cut-off potential, i.e., that it sat-

isfies (5.2) for some « € [0, 1]. Assume further that, for each ¢ > 0, the initial data FEin
satisfies the relations (11.3).

THEOREM 11.2 (Golse and Levermore [53]). Let §. > 0 be such that
8¢ —0 and 8:|Iné:|* =o(s)
as ¢ — 0. Assume that

F'(x,v) — M

. o
S M —>u‘"(x).v+9‘“(x)§(|v|2—5)

entropically at rate 8, where u™ satisfies

div, u™ =0

-
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and where M is the centered, reduced Gaussian distribution (11.4). For each & > 0, let
F; be a renormalized solution relative to M of the scaled Boltzmann equation (11.5) with
initial data F)".

Then, for each t > 0, the family

Fe(t,x,v) — M 1
% S u(t.x) v 40, x)§(|v|2 -5)
entropically at rate 5., where (u, 6) is a solution of the Stokes—Fourier system

du—+ Vep=vAu, diviu=0, (t,x) eR: x T3,
30 =Kk Ay,

with initial data
(u, 0)i=o = (u™, 6™).
The viscosity and heat conductivity are given by

1 - ~
V= — A:AMdv, K=— B -BMdv,
10 Jgs 15 Jgs

see also formula (6.9) for expressions of these quantities in terms of the functions a and b
defined in (6.12).

We recall that A and B are defined in terms of
[ 1 2
A(v)=v®v—§|v| I, B=§(|v| -5

by

LyA=A, A 1 KerLy,
LM§=B, Bl Ker Ly

Our assumptions on the family of initial data imply that
(uin’ 91[1) = L2 (T?’),
while

/ui“(x)dx:O and /Gin(x)dxzo_
T3 T3
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Hence, the existence and uniqueness theory for the Stokes—Fourier system described in
Section 7.1.1 applies here, and the solution (i, 6) satisfies

(u.0) € C(Ry; L*(T%)) N C™(RY. x R?)

and

/1;3 u™(x)dx =0 and /1;3 6™ (x)dx =0.

11.3. The Navier-Stokes—Fourier limit

We start from the Boltzmann equation in the Navier—Stokes scaling, posed in the Euclidean
space, with Maxwellian equilibrium at infinity
1
e0Fe+v-ViF, = -B(F, Fy), (t,x,v) eR: xR} x R?,
e
Fe(t,x,v) > M |x|— +o0, (11.6)

F8|t:0 = Fén,

where M is the centered, reduced Gaussian distribution (11.4).
Assume that the collision kernel b comes from a hard cut-off potential, i.e., that it satis-
fies (5.2) for some « € [0, 1].

THEOREM 11.3 (Golse and Saint-Raymond [61,62]). Assume that

ngn(x, v)— M

. . 1
o = um(x).v+9m(x)§(|v|2—5)

entropically at rate €, where u'™ satisfies
div, u™ =0.

For each ¢ > 0, let Fy be a renormalized solution relative to M of the scaled Boltzmann
equation (11.5) with initial data F}".
Then the family

<1 1 I 5
—/ UFE(t,x,v)dv,—/ —|v]-—1 (Fs(t,x,v)—M)dv
& JRr3 & JRr3 3

1

1oe Ry X R3), and each of its limit points as &€ — 0 is

is weakly relatively compact in L

(u.0) € C(Ry, w— L*(R?)) N L*(Ry; H' (RY)),

© 00 N O g~ O N =
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a solution of the Navier—Stokes—Fourier system

du+dive(u@u) +Vip=vAu,  divpu=0, (t,x)€eR: xT?,
0:60 + divy (ub) =k A0,

with initial data
(,0)]i=0 = (u™, ™).
The viscosity and heat conductivity are given by

1 - 2 ~
V= — A:AMdv, K=— B-BMdv
10 Jgs 15 JRs

again, see (6.9) for expressions of these quantities in terms of the functions a and b defined
in (6.12). Moreover, this solution (u, 0) satisfies, for each t > 0, the inequality

1 2 5 2 ! 2 2
E“u(t)||Lz+ZHG([)||L2+/O/R3(U|VXMI + k| V0|%) dx ds
1, : .2 5, 002
1 e PRt L

In particular, if 6™ =0, this theorem shows that any weak limit point of

&

1
—/ vF(t,x,v)dv
]R3

in Lll0 Ry x R3) as ¢ — 0 is a Leray solution of the Navier—Stokes equations with initial
data u™.

This theorem explains the following observation by Lions: “[...] the global existence of
[renormalized] solutions [...] can be seen as the analogue for Boltzmann’s equation to the

pioneering work on the Navier—Stokes equations by J. Leray” (see [84], p. 432).

11.4. Sketch of the proof of the Navier—Stokes—Fourier limit by the moment method

The proof of the Navier-Stokes—Fourier limit theorem above involves many ideas devel-
oped in a sequence of papers over the past 15 years:

e the BGL program was defined in [10]; this reference provided the general entropy and
entropy production estimates used to control the number density fluctuation and its
distance to local equilibrium; as a result, the evolution Stokes and the steady Navier—
Stokes motion equations were derived under the assumption that the renormalized
solutions to the Boltzmann equation considered satisfy the local conservation of mo-
mentum as well as a nonlinear compactness estimate (for the Navier—Stokes limit)
that will be described below in more details;

-
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e under the same assumptions as in [10], Lions and Masmoudi [87] were able to de-
rive the evolution Navier—Stokes motion equations, by a kind of “compensated com-
pactness” argument bearing on fast oscillating acoustic waves; they also introduced
a slightly modified notion of renormalized solution which led them to a complete
derivation of the evolution Stokes motion equation;

e in [11], it was observed for the first time that the local conservation law of momen-
tum could be proved in the hydrodynamic limit, thereby relieving the need for as-
suming that local conservation law at the level of the renormalized solutions of the
Boltzmann equation; this led to a complete proof of the acoustic limit for bounded
collision kernels; a more complete understanding of how the local conservation laws
of both momentum and energy could be proved in the hydrodynamic limit was even-
tually reached in [53]; the latter reference provided an essentially optimal derivation
of the Stokes motion and energy equations as well as a derivation of the acoustic sys-
tem that allowed for the most general hard cut-off potentials; however, the acoustic
system was established only under some unphysical restriction on the scaling of the
number density fluctuation;

e in [107,109], Saint-Raymond gave a complete derivation of both the Navier—Stokes
motion and energy equations for the BGK model with constant relaxation time; her
proof was based on obtaining for the first time some weaker analogue of the nonlinear
compactness assumption used in [10];

e finally, a complete derivation of the incompressible Navier—Stokes motion and heat
equations from the Boltzmann equation was proposed for the first time in [61] for
bounded collision kernels (such as occurring in the case of cut-off Maxwell mole-
cules); this reference used all the methods constructed in the previous works men-
tioned above, together with a new velocity averaging method specific to the L! case
and that amplified Saint-Raymond’s observation in [107]; this result was later ex-
tended to all hard cut-off potentials (including hard spheres) in [62].

It is this last reference that we describe below; although its scope is more general than

that of [61], it involves a new idea for handling unbounded collision kernels that actually
simplifies the discussion in [61].

11.4.1. A priori estimates. In this subsection, we quickly list the a priori estimates on
the family F of solutions of the Boltzmann equation that are uniform in ¢ > 0. As can be
seen from Theorem 8.10, the only such estimate comes from the DiPerna—Lions variant of
Boltzmann’s H -theorem,

1 ! / /
vt [ ],

F'F’
X ln<ﬂ)bdv dv, dw dx ds

et ex

< H(FM M). (11.7)

We shall further transform (11.7) with the two following inequalities.

-
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Pointwise inequalities. For each & and n € R* ,

1
(\/E—l)zgz(élné—§+l) (11.8)

while

2 1
(VE = Vi)’ < 7 —m(ng —lnp). (11.9)
Since (F; — M) /(¢ M) converges entropically at rate €, one has
H(FM M) < cle?. (11.10)

This bound and the relative entropy inequality (11.7) entail the following entropy bound
foreacht >0

H(F.(n|M) < C"e? (11.11)

and the following entropy production bounds

o - FLF,
/ /_/// (FsFa*_Fer*)ln ——— |bdvdv,dwdx dr
0 JR? R3xR3xS2 FoFey

<4Cing, (11.12)
Introducing the relative number density and relative number density fluctuations,

Fe—M
eM

F,
Ge=— and g = , (11.13)
M

the two pointwise inequalities (11.8) and (11.9) convert the entropy and entropy production
bounds into the two uniform a priori estimates

/3((\/(;8(;) C1))dx < L oing? (11.14)
R

4

and

400 )
/0 A@(((\/G’EGQ*—\/GSGS*)Z))dxdt<C“‘e“. (11.15)

The importance of the two a priori bounds above (11.14) and (11.15) in the derivation of the
Navier—Stokes limit cannot be overestimated. In fact, various analogues of these bounds
were used earlier in the context of nonlinear diffusion limits, see [12] and especially [59].
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The importance of the entropy and entropy dissipation bounds for hydrodynamic limits
of diffusive type was noticed. We recall that

() =/ ¢ ()M (v)dv,
R3

and we further introduce the notation

(@) = /// D (v, vy, w) i (v, v, W),
R3xR3 xS§?

where
du(v, vy, ®) =b(v — vy, @)M (v) dvM (vy) dv, dw.

In the sequel, we outline the main ideas in the derivation of the Navier—Stokes motion
equation in Theorem 11.3, since the derivation of the heat equation is essentially analogous.

Of course, this proof more or less follows the formal argument presented in Section 6.1.
However, several key properties of the solutions to the scaled Boltzmann equation used in
this formal argument — such as, for instance, the local conservation laws of momentum and
energy — are not known to be satisfied by renormalized solutions. Hence the proof sketched
below differs noticeably from the formal argument in several places, yet the general idea
remains essentially the same.

11.4.2. Normalizing functions. As explained in Section 8.2, the Boltzmann equation can
be equivalently renormalized with any admissible nonlinearity whose derivative saturates
the quadratic growth of the collision integral.

Throughout the proof of the Navier—Stokes limit theorem, we shall essentially use two
kinds of normalizing nonlinearities

e compactly supported nonlinearities that coincide with the identity near the reference

Maxwellian state, and

e variants of the maximal, i.e., square-root renormalization.

Nonlinearities of the first kind are used to define the renormalized form of the Boltzmann
equation in which one passes to the vanishing & limit, while the square-root normaliza-
tion is used to establish compactness properties of the family of solutions to the scaled
Boltzmann equation.

The first kind of normalizing nonlinearities is defined through the class of bump func-
tions y € C*°(R4) such that

Y32 =1, YI2,400) =0, y is nonincreasing on R . (11.16)
The Boltzmann equation is then renormalized with the nonlinearity

I'(Z) =(Z - Dy(2);

-
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later on, we denote

d
v(2)= E((Z - Dy (2))=T"(2). (11.17)

The scaled Boltzmann equation renormalized with I” is put in the form

1 1.
8t(ggye)+gv-vx(geyg)=;ngM(Gg,Gs), (11.18)

where we have denoted

ve =¥ (Ge), Ve =V(Ge),

and where Q designates the Boltzmann collision integral intertwined with the multiplica-
tion by M (see (6.6)),

9(G,G)=M"'B(MG, MG).
Later on, we shall pass to the limit in the momentum equation deduced from (11.18).

The second class of normalizing nonlinearities that we shall use to establish compactness
properties of the number density fluctuations G, is defined as

r2)=Jc+2, ¢>0,
where the parameter ¢ will later be adapted to €.
11.4.3. Governing equations for moments of g.. As explained in Theorem 8.10, renor-
malized solutions to the Boltzmann equation satisfy the local conservation of mass (i.e., the
continuity equation); in terms of the number density fluctuation g, this local conservation
law is expressed as

£0:(ge) + divy(vge) =0. (11.19)
Now, the entropy bound (11.11) implies that

(1 + |v|*)gs is relatively compact in w — L, (d¢ dx; L' (M dv)). (11.20)

Before saying a few words on (11.20), let us explain how we use it. Modulo extraction of
a subsequence, one has

ge—g inw—Li (dtdx; L'((1+[v*) M dv))
and hence

(ge) = (g) and (vge) — (vg) inw — Lj.(dtdx).
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Passing to the limit as ¢ — 0 in (11.19) leads to
divy (vg) =0,
so that, denoting
u = (vg)
the relation above is the incompressibility condition in the Navier—Stokes equations, i.e.,
div, u =0.

Let us go back to (11.20) and explain how it follows from the entropy bound (11.11),
see [10] for more details on this. Define

h(z)=0+z)In(l14+z)—z, z>-—1.

In terms of %, the entropy bound (11.11) is expressed as

= R3<h(sg£(t)))dx <cm.

If the entropy bound (11.11) was equivalent to an L” (M dvdx) bound for some p > 1,
Holder’s inequality would imply that (1 + [v])2ge is bounded in L>°(dz; L” (M dv dx)) for
some r > 1, since (1 + |v|?) € L9(M dv) for each g € (1, +00). However, the entropy
control (11.11) on g, is weaker than an L”(M dvdx) bound. But (11.20) follows from a
careful use of Young’s inequality

1
plzl < %h(8z)+ ;h*(p), p>0,z>—-1,0<e<a,

where
h*(p)=el —p—1

designates the Legendre dual of /4. The compactness (11.20) follows from replacing z
with g, and p with %(1 + [v|?) in the inequality above, letting then & — 0 in the inequality
so obtained.

Let us now explain how the motion equation in the Navier—Stokes system is derived
from the Boltzmann equation. This is of course the main part in the proof, and it involves
several technicalities.

In particular, we shall need truncations in the velocity variable at a level that is tied to €.
For each function £ = & (v) and each K > 6, we define

éKg(U)zé(U)]l\vpgK“ngp (11.21)
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Multiplying each side of the scaled, renormalized Boltzmann equation (11.18) by each
component of vk, and averaging in v leads to

. 1/1
0 (vgeve) + divy Fe(A) + V, g<§|v|%(ggays> =D (v), (11.22)
where F.(A) is the truncated, renormalized traceless part of the momentum flux

1
g(AKgg£Vs> (11.23)

F.(A) =
while D, (v) is the momentum conservation defect

1
D, (v) = 8—3<(UK€)75(G;G/8* — GsGey)))- (11.24)

Notice that truncating large velocities in the number density, or large values thereof (which
is what the renormalization procedure does) break the symmetries in the collision integral
leading to the local conservation of momentum (see Proposition 3.1): this accounts for
the defect D¢ (v) on the right-hand side of (11.22). As ¢ — 0, vk, — v while G, — 1 so
that . — 1; hence, the missing symmetries are restored in the integrand defining D, (v).
Hence, one can hope that D, (v) — 0 as ¢ — 0.

In fact, the strategy for establishing the Navier—Stokes limit theorem consists of the
following three steps.

Step 1. Prove that, modulo extraction of a subsequence
(VgeVe) > (Vg)=u inw— Llloc(dt dx),
while
P{vg.ye) — u in C(R+; D’(R3)),

where P denotes the Leray projection, i.e., the orthogonal projection on divergence-free
vector fields in L%(R3).

Step 2. Likewise, prove that
D.(v) — 0 in L} (drdx).
Step 3. Finally prove that
P(divy Fo(A)) — Pdivy(u ® u) — vAu  inD'(R% x R?).
Once these three steps are completed, one applies P to both sides of (11.22), which gives

3 P(vgeve) + P(divy Fe(A)) = PDg(v). (11.25)
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Taking limits in each term as ¢ — 0 shows that u satisfies the Navier—Stokes motion equa-
tion. As for the initial condition, observe that it is guaranteed by the uniform convergence

in ¢, i.e., by the second statement in Step 1.

11.4.4. Vanishing of the momentum conservation defect. We start with Step 2, i.e., we
explain how to prove the following proposition.

PROPOSITION 11.4. Under the same assumptions as in Theorem 11.3,
D.(v) > 0 in L} (drdx).
First, we start from the elementary formula
GGy — GeGex

=(V/G.GL, — vV G:Gei ) (VGLGly +/GeGex)

= (VG.Gl, —VG:Ger ) +2VG:Gn(VGLGl — /G Grx )

and split the momentum conservation defect as
D, (v) =D} (v) + D(v)

with

L
D} () = {{vk, 7+ (VGGL, = v/GeGer)Y)

and

2 .
Di(v) = 8_3((UK£;/€\/G€G€*(\/G@G;* —VG:Gey)))

That D; (v) > 0in LllO - (dr dx) follows from the entropy production estimate (11.15). Set-
ting

1
Ee = 8_2\/G£Ge* (\/GQGQ* - \/GEGS*)
we further split Dg(v) as
2 2 A 2 A A AIAL N =
Dg(v) = _g<(v:ﬂ-‘y|2>K£y8:‘8» + g((v)/a(l - ya*ygys*)ds»

1 NN
+ E(((v + v*))/e)/s*yg/yg/* ES))

© 00 N O g~ O N =



© O N O o » O N =

A B A B B B W OW W W W W W W WWN N NN NN NN DNDDNND S S22 dd
a A W NV - O © O N OO O M O DN -+ O © 0N OO OO M O DN -4 O © N OO oo » WO DN = O

dafermos2 v.2005/04/29 Prn:8/06/2005; 8:46 F:dafermos203.tex; VTEX/Lina p. 124

124 FE Golse

The first term is easily mastered by the entropy production estimate (11.15) and the fol-
lowing classical estimate on the tail of Gaussian integrals

/ e_lvlz/2|v|”1|u\2>1e dv=O(RWHM/271e™R/2) as R — +c0.
RN

Observe that the integrand in the third term has the same symmetries as the original col-
lision integrand (before truncation in |v| and renormalization). It is also mastered by a
combination of the entropy production estimate (11.15) with the Gaussian tail estimate
above.

The most difficult part in the analysis of the momentum conservation defect is by far the
second term in the decomposition of Dg(v) above. That it vanishes in Llloc(dt dx)ase —> 0
ultimately relies upon the following estimate.

Nonlinear compactness estimate.

(1 + |v| is uniformly integrable on [0, T] x K x R? (11.26)

o \/G— —1 ?
()
for the measure dr dx M dv, for each T > 0 and each compact K C R3, where « is the
relative velocity exponent that appears in the hard cut-off assumption (3.55) on the collision
kernel b.

We shall not give further details on the proof that Dg(v) — 0 in LllOC (dt dx), which is
based on the above nonlinear compactness estimate together with the entropy production
bound (11.15).

Let us however say a few words on the nonlinear compactness estimate itself. The rela-
tive entropy bound (11.11) is essentially as good as an L*°(dr; L?>(M dv dx)) bound on g,
on the set of (t,x,v)’s such that G.(t, x,v) = O(1). Elsewhere, it essentially reduces to
an O(e) bound in L (dt; L' (M dvdx)), which is quite not enough for the Navier—Stokes
limit. This is why the first works on this limit assumed some variant of this nonlinear
compactness estimate. For instance, in either [10] or [87], it was assumed that

2

(1 + |v|2) ] —fEG is uniformly integrable on [0, T] x K X R3, (11.27)
&€

whereas all that was known on this quantity was the estimate

g?

2
(1+|U|)1+G€

=0(|Inel) in L{(drdx; L' (M dv))
(see [10]). This led to a decomposition of the number density fluctuation as

g =g, +egl

-
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where the “good” part of the fluctuation is

b 8¢

=%  _—0() inL*®(dst; L2 (M dvdx)),
8= 053056, oW (dr; LM dv )

while the “bad” part is

gﬁz gg
¢ 114G,

=0(1) in L®(ds; L'(M dvdx)).

In later works — for instance in [107,109] and [61] — this decomposition was slightly mod-
ified as follows. Pick a bump function y € CZ°(R% ) such that

13
J/I[%,%] =1, supp(y)C [5, 5} and0<y <1,

and define
gl =gy (Ge), ggzw&.
It was proved in [61] that
|g2 |2 is uniformly integrable on [0, T] x K x R? (11.28)

for the measure dt dx M dv, while

1 .
ggzo(ln|ln€|> in Lj,(dr dx; L' (M dv)). (11.29)

Observe the difference between these last two controls and (11.27): with the new defin-

ition of g? and gg, it is no longer true that |gg|2 < ng, while (lngF )2 < lf—"‘GF, so that
(11.27) actually entailed that the square of the good part in the old ﬂét—sharp deéomposi—
tion is uniformly integrable, even with a quadratic weight in v. In fact, the techniques in
[61] did not allow adding a quadratic weight in v as in (11.27), so that this compactness
assumption remained unproved; fortunately, it was possible to complete the proof of the
Navier—Stokes limit for cut-off Maxwell molecules with only the bounds (11.28)—(11.29),
and the weighted estimate

82

JIn|Ing|

This control shows that the set where the bad part of the number density fluctuation domi-
nates is small in weighted v-space. There is a definite lack of symmetry between the con-
trols (11.29), bearing on large values of g, and (11.30), bearing on large |v|’s. This lack
of symmetry is remedied in the most recent variant (11.26) of these nonlinear compactness
estimates (see [62]), we shall return to this when sketching the proof of (11.26).

(1+ ) (1-y(Ge) = o( ) in L (dtdx; L' (M dv)).  (11.30)
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11.4.5. The asymptotic momentum flux. With the vanishing of conservation defects
(Step 2 in the proof of the Navier—Stokes limit) settled in the previous section, we turn
our attention to Step 3, i.e., passing to the limit in the divergence of the momentum flux
modulo gradients. This is by far the most difficult part of our analysis, and does require
several preparations. In the present subsection, we reduce the momentum flux to some as-
ymptotic normal form, to which we eventually apply compactness results to be described
later.

LEMMA 11.5. Let IT be the L*(M dv)-orthogonal projection on Ker L; then, under the
same assumptions as in Theorem 11.3,

G. —1\* ~1
FE(A)=<A<H%> >—2<A8—2QM(\/G7,@)>+0(1)Lgoc<dtdx>v

where we recall that the tensor field Ais defined by
AL KerLly and EM(A)=A=U®U—§IU| 1.

The proof of this lemma is based upon splitting the momentum flux as
1 G, —1
F.(A) = —<Az<gys€—>
€ €
VG —1\?\ 2 VG, —1
=<AKE~V8(; + =(Ak e —
€ € €
=F}(A) + F{(A),
as a consequence of the elementary identity

é(Gs ~ )= 1(VG. ~1)(/G. +1)

£
1 2

= g(\/G_e— 1)+ g(\/G_8— ).

Then, one applies the following corollary of the nonlinear compactness estimate (11.26).

COROLLARY 11.6. Under the same assumptions as in Theorem 11.3,

: Gz_l —= GZ_ Lo i L*(dr dx; L2((1+ [v]*) M dv))

as € — 0.
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With the corollary above, one can show that the term Fé (A) in the decomposition of the
momentum flux is asymptotically close to

[r(m%=2))

(notice that the high velocity truncation is disposed of since I1(4/G, — 1)/& has at most
polynomial growth in v as |[v| = +00). That the second term Fg (A) is close to

(3506 v60)

uses Lemma 6.2.
Next, we explain how Lemma 11.5 is used in the proof of the Navier—Stokes limit. To
begin with, since

VGe—1 1
= = 8eVe
£ 2

one has

VG —1\? 1
<A<H+) >2 (VK, 8eVe) ® (VK, 8eVe) — §|<vKgg£V£)|2I-

On the other hand, the entropy production estimate (11.15) implies that, modulo extraction
of a subsequence, one has

1
;(\/GQGQ* - \/GSGS*) —dq

in w — L?(drdx du). Passing to the limit in the scaled, renormalized Boltzmann equa-
tion (11.18) entails the relation

'/./% o gb(v — vy, )M dv, dw
R°x

1
=v-Vyg= EA : V,u + terms that are odd in v.

Eventually we arrive at the following asymptotic form of the momentum flux.

PROPOSITION 11.7. Under the same assumptions as in Theorem 11.3, one has

1

2
Fo(A) = (vk, geVe) ® (VK geVe) — §|<vkggsys>| I

= v(Vau+ (Va)") + 0Dyt grary:
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where

u=(vg) and g=limg inw — Lj.(dt dx; L' (M dv)).

11.4.6. Strong compactness of (Vi 8sV:). In order to pass to the limit in the quadratic
term (vk, 8- ¥e) and to conclude that

) 1 2
Pdwx<<v1<sg8yg> ® (VK. e Ve) — §|<v1<ggsys>| 1)

1
— Pdivx<u®u — §|u|21)

in the sense of distributions on R x R3 as ¢ — 0, the weak convergence properties of g,
established so far are clearly insufficient. One needs instead some strong compactness
properties on the family (vk, g¢Ve).

(a) Strong compactness in the x-variable. Velocity averaging is the natural way to obtain
compactness in the space variable x for kinetic equations in the parabolic scaling (11.6).

For the purpose of studying the compactness of (vk, g¢¥e) in the x-variable, we use the
following variant of the L?-based velocity averaging theorem.

LEMMA 11.8. Let ¢, be a bounded family in L% (dt dx; L*(M dv)) such that |¢|* is
locally uniformly integrable on R x R3 x R? for the Lebesgue measure. Assume that

(88 + v - Vi) is bounded in L}, (dr dx dv).

Then, for each W € L*>(M dv), the family (¢p:V) is relatively compact in leoc (dt dx) with
respect to the x-variable, meaning that, for each T > 0 and each compact K C R3, one
has

/AOT] % |<¢8w>(t,x+y)_<¢€w)(l9x)|2dldx—)0

as y — 0 uniformly in ¢.

See [61] for the proof, which is somewhat similar to the L' case of velocity averaging
recalled in Section 8.2.2 (especially Proposition ??).
Now, we apply the lemma above to

JeEC+ G, —1

&

4’8:

since

1 Q(Gs, Gy)

€0 +v-V = —
( t X)¢6 822 /—8C—|—G€

=0

loc

(dt dx dv)
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for ¢ € (1, 2), by the entropy production estimate (11.15). Since

VeE+ G —1 1
f = Egé‘ya»

applying the velocity averaging lemma above leads to the following compactness (“in the
x-variable”) result.

PROPOSITION 11.9. Under the same assumptions as in Theorem 11.3, for each T > 0
and K C R? compact, one has

2
// [(Vk, 8eve) (1, X +¥) — (K, ge¥e)(t, X)| dt dx — 0
[0,T1xK

uniformly in € as y — 0.

(b) Strong compactness in the t-variable. It remains to obtain compactness in the time
variable. As we shall see, the solenoidal part of (vk,geye) is strongly compact in the
t-variable, but its orthogonal complement, which is a gradient field, is not because of high

frequency oscillations in .

PROPOSITION 11.10. Under the assumptions of Theorem 11.3, modulo extraction of a
subsequence, one has

P(UK58£V8> —Uu
in C(Ry;w — L2) and in L}, (dt dx) as e — 0.

PROOF. Indeed, Proposition 11.9 and the translation invariance of the Leray projection P
imply that

// |P(Ungs7/s)(t,x+y)—P(UKggs)/s)(l,x)|2dldx—>0 (11.31)
[0,T1xK

uniformly in ¢ as y — 0. On the other hand, the conservation law (11.25) implies that
31/3P(v1<ggsl/s) -Edx=0(1) in Llloc(dt), (11.32)
R

for each compactly supported, solenoidal vector field & € H3(R?), since we know from
Lemma 11.5 and the bounds (11.14) and (11.15), that F.(A) is bounded in Llloc(dt dx).
Also,

VG — 1
8eVe S (1+“/§)+
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so that (11.14) implies that
(vk,gee) =O(1) in B(Ry; L*(RY)), (11.33)

where B(X, Y) denotes the class of bounded maps from X to Y.
Since the class of H3, compactly supported solenoidal vector fields is dense in that of
all H3 solenoidal vector fields (see Appendix A of [86]), (11.33) and (11.32) imply that

P(vk,geye) 1s relatively compact in C(R+; w — LZ(R3)), (11.34)

by a variant of Ascoli’s theorem that can be found in Appendix C of [86].
As for the leoc (df dx) compactness, observe that (11.34) implies that

P(vk, gsYe) * x5 1s relatively compact in leoc(dt dx),

where xs designates any mollifying sequence and « is the convolution in the x-variable
only. Hence

P{vk,geVe) - P(VK, 8eVe) * Xs = Pu- Puxxs

inw— L] (dtdx)ase— 0.By (11.31),

P(vk, geVe) * x5 = P{vk,8eVe)

72
n LlOC

(dt dx) uniformly in ¢ as § — 0. With this, we conclude that

2 .
|P(vk.geve)|” — |Pul* inw— L (dfdx)

(drdx). O

2
loc

which implies that P(vk, g¢ye) — Pu strongly in L
Next, consider
Varte = (VK, 8eVe) — P(Vk, 8eVe)-
Since
(vk,8eVe) — u inw— L% (drdx) and divyu=0
one has
Ve =0 inw— L2 (drdx) (11.35)
as ¢ — 0. Decompose then

P diVx((”KggsVs) ® (UKggaVs))
= Pdivy(P(vk,8eve) ® P(vk,8eve)) + P divy (P (vk, geve) ® Vi)
+ P divy (Vee @ P(vg, geve)) + P dive (Ve ® Virry).
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By Proposition 11.10, the first term converges to P div,(# ® u) in the sense of distribu-
tions, while the second and third terms converge to 0 in the sense of distributions because
of (11.35).

As for the last term, let {5 = &5 x &5 » &5, where &5 is an approximate identity. One can
prove that

1 .
€0r8s *x VTl + Vs *x <§|v|2Kgg€y8> —0 in Llloc(RJr; Hl%)c(RS))’

1 5 .
£0;Ls *x <§|U|%(gg87/8> + gAxQ *y Te =0 in Llloc(R‘f‘; HILC(R3))

as a result of (11.22), the vanishing of momentum and energy conservation defects
(see Proposition 11.4 for the momentum, and proceed analogously for the energy)
and the fact that F;(A) is bounded in L! (drdx) (see Lemma 11.5, and the bounds

loc

(11.14) and (11.15)). From the above system, Lions and Masmoudi observed in [87] that
divy (Vs *y Te @ Vi ls %y 7Te)

1 23 L ?
ngx [V s *x Tel _§§S*x §|U|Kgg<9y€ +O(1)L1loc(dtdx)'

Together with the uniform compactness “in the x-variable” proved in Proposition 11.9, this
implies that

Pdiv,(Vym, ® Vi) = 0

in the sense of distributions. Collecting the observations above, we have just proved the
following proposition.

PROPOSITION 11.11. Under the assumptions of Theorem 11.3, modulo extraction of a
subsequence, one has

P divy ((vk, 8eve) ® (vk,8eye)) — P dive(u ® u)
in the sense of distributions on R x R3 as e — 0.
With this proposition, we have completed all three steps in the proof of the Navier—
Stokes limit (Theorem 11.3).
11.5. The nonlinear compactness estimate
It only remains to prove the nonlinear compactness estimate (11.26), on which the two most

important steps in the proof of the Navier—Stokes limit — i.e., the vanishing of conservation
defects and the limiting form of the momentum flux — are based.

-
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This nonlinear compactness estimate results from new ideas on velocity averaging in L';
consistently with our presentation of this subject in Section 8.2.2, we shall describe these
ideas on the steady transport equation.

We start with a definition of the notion of partial uniform integrability in a product space.

DEFINITION 11.12. Let x and v be positive Borel measures on RY; we say that a fam-
ily ¢ of elements of L' (Ri\' X R;\'; du(x) dv(y)) is uniformly integrable in the variable y if

/ <sup f|¢g(x,y>|dv<y)>du(x>—>0
RN \v(A)<nJ A

as n — 0, uniformly in €.

EXAMPLE. Assume that v is a finite measure; then, for each p > 1, any bounded family
in L1 (du(x); LP(dv(y)) is uniformly integrable in y. Indeed, if ¢, is any such family, one
has

/ <sup f|¢g(x,y>|dv<y)>du(x><n””’/ e e2 )| La gy dx
RN \v(A)<nJ A RN

where p’ = p/(p — 1), by applying Holder’s inequality to the inner integral.

As usual, we shall say that a family ¢, € L' (RY x RY; du(x)dv(y)) is locally uni-

formly integrable in y if, for each compact K € RY x RV, the family 1 ¢, is uniformly
integrable in y.

With this notion of partial uniform integrability, we can formulate an important improve-
ment of the L!-variant of velocity averaging stated in Proposition 8.6 and Theorem 8.7.

THEOREM 11.13 (Golse and Saint-Raymond [60]). Let f. be a bounded family in
LIIOC(RN x RN: dx dy) such that
e the family v - V f is bounded in LIIOC(RN x RN: dx dy), and
e the family f. is locally uniformly integrable in the variable v.
Then
(1) the family fe is locally uniformly integrable (in both variables (x, v)), and
(2) for each compactly supported ¢ € L™ (RN), the family of averages

/ fe(x, )¢ (v)dv
RN

is relatively compact in LllOC (RN dx).

This result amplifies an earlier remark by Saint-Raymond who observed in [107] that,
under the extra assumption that f; is bounded in L }C (L‘y’o), the family of averages

/ fe(x, v)¢(v)dv
RN
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is locally uniformly integrable.

SKETCH OF THE PROOF OF THEOREM 11.13. We shall explain how to prove Saint-
Raymond’s result under the assumptions of the theorem above.

Step 1. Let x = x (¢, x, v) be the solution of the free transport equation

x+v-Vex=0, (x,v)eRY xRV, 1>0,
x(0,x,v) =14(x), (x,v) e RY xRV,

Clearly, x (t,x,v) =14(x — tv) for each ¢t > 0; it can therefore be put in the form
Xt x,v) =14, (), t>0,(x,v)€ RN x RV,

where, for each ¢t > 0,
A,,xz{veRN|x—tveA}.

Further, A, , is measurable and, for each f > 0 and x € RY, one has

1 |A]
|AI’X|:/RNX(t7x’v)dv:/RN]lA(x_tv)dv:t_NANﬂA(Z)dZZI_N’

Step 2. Without loss of generality, assume that f, and ¢, in the statement of the theorem
are nonnegative, and that all the f,’s are supported in the same compact K of RY x RV,
Then

// fe(x,v)¢p(v)dvdx
AJRN

:/ / Je(x,v)¢(v)dvdx
RNJ A; x
t
—/// x(s,x,v)v - Vi fe(x,v)¢p(v)dxdvds (11.36)
0 RN xRN

as can be seen by integrating by parts the second integral on the right-hand side of the
equality above.
Pick n > 0 arbitrarily small; the second integral on the right-hand side of (11.36) satisfies

t
f// X (5.5, V)V - Vi o, 0 ) dx dvds| < 10V foll 1 [0 2o
0 RN xRN

and therefore can be made less than 1 by choosing

n
< .
Lo Vifelprlldllze

O0<t
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For this t > 0, the first integral on the right-hand side of (11.36) satisfies

f / fe(x,v)¢p()dvdx - 0
RN A[.X

as |A| — O uniformly in ¢, since f; is uniformly integrable in v and |A; x| = |A|/ N, as
established in Step 1.
Therefore, for each n > 0, there exists « > 0 such that |[A| < « implies that

// fe(x,v)¢(v)dvdx <27
AJRN

uniformly in & > 0, which entails that the family of averages

f Je(x, )¢ (v)dv
RN
is uniformly integrable. O

The nonlinear compactness estimate (11.26) will of course be obtained from state-
ment (1) in Theorem 11.13. In fact, we first observe that, for each c € (1, 2),

o (LT (o)

& &

&

satisfies
¢} =0(1) in L®(L'(Mdvdy)),
while
(60 +v-V)¢? =0() in L] (drdx M dv).

We next let § — 0 and remove the £¢ from under the square root (in that order) so that

¢y = (EY

&

In order to apply Theorem 11.13 to qbg, it remains to prove that this family is uniformly
integrable in the v-variable. In fact, we prove the following results.

PROPOSITION 11.14. Under the assumptions of Theorem 11.3, for each T > 0 and each
compact K C R3, the family

(1+ |v|)°’<@>2

&
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is uniformly integrable on [0, T] x K x R3 for the measure dt dx M dv. (We recall that «
is the relative velocity exponent in the hard cut-off assumption on the collision kernel b,

see (3.55).)

This proposition improves upon the result in [61], that applied to cut-off Maxwell mole-
cules only (i.e., to the case where o = 0). Its proof is fairly technical, so that we shall just
sketch the main idea in it.

Start from the identity

(5

&

G:.—1 JG:.—1 1
=eQM(‘/_8 ‘/_8 )— EQM(\/E&\/ES)~ (11.37)

Next, we recall the Bardos—Caflisch—Nicolaenko spectral gap for £j; in weighted space
(see Theorem 3.11)

(@Lud) = Col(1+1v])¢?), ¢ e KerLa)™
together with the following continuity estimate for Q (see [57])

” QM(¢» ¢) ||L2((l+|v|)’°‘Mdv) < C||¢||L2(Mdv) ||¢||L2((1+\v|)"Mdv)'

Using both estimates in the identity above leads to the following control

G, —1 G, —1 G, —1
(1-00| =] 0 ) [ -1
€ L2(M dv) € € L2((1+]v])* M dv)
VG, — 1]
<O0(e);2 +0() | —— .
b € L2(M dv)

This control suggests that

\/Gg_l \/Gg_l
& &

is close to its hydrodynamic projection I7

precisely in that weighted L? space that appears in the statement of Proposition 11.14.
Since the hydrodynamic projection I7 ‘/G_;_l is as regular in v as one can hope for (being
a quadratic polynomial in v), this eventually entails uniform integrability in v once the
difficulties related to the (¢, x) dependence in the estimate above have been handled. As
we already indicated above, the remaining part of the proof is too technical to be described
here, and we refer the interested reader to [62] for a complete argument.

Instead of giving more details on this proof, we comment on the differences between
the nonlinear compactness estimate (11.28)—(11.30) obtained in [61] in the case of cut-
off Maxwell molecules, and the most recent variant of such controls obtained in [62],
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namely (11.26). In fact, the main difference between these controls lies in the method for
obtaining uniform integrability in v.
In [61], the decomposition (11.37) was replaced with

+ +
A (MGE,MG£)> AT(MG:, MG) (11.38)

G, = <GS —
M(G;) M(G,)

(in fact, with a more technical variant of (11.38) involving several truncations), where

AT was the gain part of a fictitious collision operator

A+(¢>,¢)=// @' ¢ | cos(v — vy, ®)| dvy do.
R3x§?

Roughly speaking the term

B A*(MGE, MG,)
( ‘ M(G,) )

was easily controlled by the entropy production bound, while the term

AT (MG, MG,)
M(Ge)

improved the regularity and decay in v due to estimates by Grad [63] and Caflisch [23] —
that are linear analogues of the result by Lions on the smoothing properties of the gain part
in the Boltzmann collision integral (Lemma 3.10).

However, the main drawback of the decomposition (11.38) was that it naturally involved
the quantity

-y,
gs)’s+—8
£

(see (2.17) in [61]), thereby leading to a dissymmetry between the roles of large v’s and
large values of g, in the estimates (11.28)—(11.30). This, as we already mentioned, was an
obstruction in upgrading (11.28)—(11.29) with a (1 + |v|)* weight as in (11.26).

The method used in [62] essentially differs from that of [61]; to begin with, we do not
attempt to establish that the number density F; is close in some sense to its associated local
equilibrium Mg, (i.e., the Maxwellian with same local density, energy and momentum
as F,), an idea that is very natural in the context of the BGK model of the Boltzmann
equation, see [107,109].

Instead, we seek to prove that some variant of the number density fluctuation, namely
the quantity @ ~ % ge, becomes close to its associated infinitesimal Maxwellian, i.e.,
its L?(M dv)-orthogonal projection on Ker £ ;. This new approach naturally leads to using
the Dirichlet form of the linearized collision operator, whose relative coercivity transver-
sally to Ker £y provides exactly the (1 4 |v])* weight needed in the proof.
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12. Conclusions and open problems

This survey of the Boltzmann equation and its hydrodynamic limits remains incomplete
in several respects. As already mentioned in the Introduction, we have chosen to empha-
size global theories (such as the DiPerna—Lions theory for the Boltzmann equation, or the
Leray theory for the Navier—Stokes equations) for the evolution problem posed on a spa-
tial domain without boundaries. More realistic formulations of the hydrodynamic limits of
the Boltzmann equation would certainly involve boundary value problems. At the formal
level, the influence of boundaries on hydrodynamic limits is discussed at length in Sone’s
authoritative monograph [115].

More specifically, hydrodynamic limits of boundary value problems may, in some par-
ticular cases, involve boundary layer equations whose mathematical study is a subject of
its own and has inspired a considerable amount of literature. These boundary layers are
meant to forget the specific dependence of the boundary data upon the velocity variable so
as to match it with the inner form of the number density, which, as explained in this survey,
is a local Maxwellian or infinitesimal Maxwellian in the hydrodynamic limit. This is obvi-
ously not the place for a description of that theory, to begin with because these boundary
layer are essentially steady (instead of evolution) problems. The interested reader could
start with Chapter 5, Section 5 of [27] and then get acquainted with the mathematical the-
ory of half-space problems as exposed in [6,26,31,57,58,93] and [119]. These works deal
with linearized, or at best, weakly nonlinear problems. Nonlinear boundary layer equations
with nonzero net mass flux at the boundary — typically in the case of a gas condensing on,
or evaporating from a solid boundary — have been studied in depth numerically by Sone,
Aoki and their collaborators, see Chapter 7 of [115] and the references therein. At the for-
mal level, their theory is expected to agree with a general theory of boundary conditions
for the Euler system of compressible fluids, yet to be formulated at the time of this writing.

In some cases however, boundary layer are not leading order effects. This is the case
of the incompressible Stokes or Navier—Stokes limit of the Boltzmann equation for a gas
in a container with specular or diffuse reflection, or Maxwell’s accommodation condition
at the boundary; see [96], which extends to such a boundary value problems the results
in [53]. The analogue of the DiPerna—Lions theory for the boundary value problem is due
to Mischler [97], this is by no means a straightforward extension of [37]. It requires rather
subtle analytical tools because natural boundary conditions for the Boltzmann equation —
except in the case of a specular reflection of gas molecule at the boundary — do not inter-
act well with the renormalization procedure which is essential in controlling the collision
integral.

Let us conclude with a few open problems, in addition to those already mentioned in the
body of this article.

It would be of considerable interest to derive the global BV solutions constructed
by T.-P. Liu from the Boltzmann equation. As in the case of the incompressible Euler
limit of the Boltzmann equation, the entropy production bound entailed by Boltzmann’s
H -theorem does not balance the action of the streaming operator on the number density:
the compactness of hydrodynamic moments of the number density is probably to be sought
in some stability property of BV solutions of the compressible Euler system. Most likely,
such a theory should use Bressan’s remarkable results in that direction (see [19,20]).
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As an indication of the level of difficulty of this problem, let us simply mention that the
hydrodynamic limit of the Boltzmann equation leading to a single Riemann problem has
not been established so far, except in the case of a single, weak shock wave. Shock pro-
files for the Boltzmann equation were formally discussed in [25]; for the hard sphere gas,
a complete construction of these profiles in the weakly nonlinear regime can be found in
a series of important papers by Nicolaenko [99—-101]. All these constructions were based
on a deep understanding of the algebra of the linearized Boltzmann equation in connection
with the underlying saddle point structure of subsonic states in gas dynamics. They sug-
gested some topological structure that remains to be unraveled and could ultimately lead to
a construction of shock profiles of arbitrary strength. The extension to other cut-off mole-
cular interactions is due to Caflisch and Nicolaenko [24]. However, all these constructions
led to solutions of the Boltzmann equation whose positivity was not established. This latter
problem was solved only very recently by Liu and Yu [90].

Another open problem would be to improve Theorem ??, by relaxing the unphysical
assumption made on the size of the number density fluctuations §, to reach the physically
natural condition that §; — 0 as ¢ — 0. This would probably require more information
on the local conservation laws of momentum and energy for renormalized solutions of the
Boltzmann equation. Such information would most likely be an important prerequisite for
making progress on the compressible Euler limit.

Finally, we have only considered evolution problems in this survey. Although steady
problems are beyond the scope of the present book, they are perhaps even more important
in some applications (such as aerodynamics). For instance, it is well known that, for any di-
vergence free force field f = f(x) € L?(£2; R?), the steady incompressible Navier—Stokes
equations in a smooth, bounded open domain £ C R?

—VvAyu=f—Vyp—(u-Vyu, div,u=0, xe§2,
(12.1)
ulpe =0

has at least one classical solution u = u(x) € H2(£2, R?), obtained by a Leray—Schauder
fixed point argument (see, for instance, [74]). Unfortunately, the parallel theory for the
Boltzmann equation is not as advanced: for one thing, at the time of this writing, there is no
analogue of the DiPerna—Lions result for the steady Boltzmann equation with a prescribed
external force field. The reader interested in those matters is advised to read the survey
article by Maslova [94]; see also her book [95]; among classical references on the subject,
there are some papers by Guiraud (see [65—67]), and more recent work by Arkeryd and
Nouri (see, for instance, [3]). See also [117] for the case of a gas flow modeled by the
Boltzmann equation around a convex body. Finally, a rather exhaustive description of such
steady problems and their hydrodynamic limits (at the formal level) may be found in Sone’s
book [115].

In spite of the difficulties inherent to the steady Boltzmann equation, the fact that the
solutions of (12.1) are more regular than in the case of the evolution problem could be of
considerable help, at least in the context of the hydrodynamic limit.
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