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Chapter 1

A Gallery of Models

In physics, the term “plasma” refers to a state of matter analogous to a gas,
except that a significant fraction of its microscopic constituents are not electri-
cally neutral. Typically, a plasma will contain a non negligible quantity of ions
and electrons, in addition to atoms and molecules.

Plasma dynamics is a branch of physics which is of paramount importance in
several contexts, such as astrophysics, astronomy or atmospheric sciences. All
stars are made of a plasma; the interplanetary, or interstellar or even intergalac-
tic medium is a plasma. The solar wind is an important example of plasma.
Several atmospheric phenomena (lightning, aurorae borealis) involve plasmas.
Plasmas are also encoutered in a great variety of industrial applications, such as
plasma displays, ion thrusters, discharges, chemical vapor deposition, controlled
thermonuclear fusion...

As a consequence of this great variety of physical contexts, plasma dynamics
is extremely intricate, and involves many different mathematical models. The
present chapter will introduce only a few of them.

1.1 Kinetic Formalism

Consider a system of identical point particles. If the total number of such
particles per unit volume is large enough, the state of the system at time t
can be described statistically in the single particle phase space, by considering
the distribution function f ≡ f(t, x, v) that is the number density of particles
which are located at the position x and have velocity v at time t. Henceforth
we assume that x, v ∈ Rn, the cases of dimension n = 2 or 3 being of practical
interest.

If Ω and V are (measurable) subsets of the Euclidian space Rn, the total
number NΩ,V(t) of particles to be found in Ω with velocities in V at time t is

NΩ,V(t) =

∫∫
Ω×V

f(t, x, v)dxdv .

1
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This relation can be viewed as a definition of f .
More generally, if φ(x, v) is an additive physical quantity for a particle lo-

cated at x ∈ Rn with velocity v ∈ Rn, the corresponding quantity for the
portion of the particle system to be found in Ω at time t is

ΦΩ(t) =

∫∫
Ω×Rn

φ(x, v)f(t, x, v)dxdv .

For instance, denoting bym the mass of one particle, the momentum of a particle
with velocity v is φ(v) = mv, so that the total momentum of the portion of the
particle system located in Ω at time t is

PΩ(t) =

∫∫
Ω×Rn

mvf(t, x, v)dxdv .

Likewise, the kinetic energy of a particle with velocity v is φ(v) = 1
2m|v|

2 so
that the total energy of the portion of the particle system located in Ω at time
t is

EΩ(t) =

∫∫
Ω×Rn

1
2m|v|

2f(t, x, v)dxdv .

Another example is the angular momentum about the origin for a particle with
velocity v located at the position x, that is φ(x, v) = x× (mv) (with the usual
notation a× b for the cross product of two vectors a, b ∈ R3); in that case, the
total angular momentum of the portion of the particle system located in Ω at
time t is

LΩ(t) =

∫∫
Ω×Rn

x×mvf(t, x, v)dxdv .

All these quantities PΩ(t), EΩ(t), LΩ(t) are referred to as “macroscopic observ-
ables” defined by the distribution function f that is a statistical quantity at the
microscopic scale. The macroscopic observables are the quantities of physical
interest, which can be measured in practice, unlike the distribution function
itself.

On the other hand, the evolution of the distribution function is usually rather
well known and follows from theoretical considerations.

Assume that each particle in the system under consideration is subject to
an acceleration field a ≡ a(t, x, v) ∈ Rn. In other words, particle trajectories
are solutions of the differential system{

Ẋ(t) = V (t) ,

V̇ (t) = a(t,X(t), V (t)) .

Henceforth, we denote by

t 7→ (X(t, t0, x0, v0), V (t, t0, x0, v0))

the solution of the differential system above satisfying

X(t0, t0, x0, v0) = x0 , V (t0, t0, x0, v0) = v0 .
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Assume for simplicity that the transformation

(x0, v0) 7→ (X(t, t0, x0, v0), V (t, t0, x0, v0))

preserves the Lebesgue measure in Rn ×Rn — i.e. is volume-preserving in the
single particle phase space Rn ×Rn.

We shall also assume that the effect of collisions between particles can be
neglected.

For each open subset Ot0 of Rn ×Rn, consider

Ot := {(X(t, t0, x0, v0), V (t, t0, x0, v0)) s.t. (x0, v0) ∈ Ot0} ,

for all t ≥ t0.
During the evolution of the particle system under consideration, there is no

destruction or creation of particles; therefore, the total number of particles to be
found in the portion Ot0 of phase space at time t0 is equal to the total number
of particles to be found in Ot at time t ≥ t0. In other words∫∫

Ot0
f(t0, x0, v0)dx0dv0 =

∫∫
Ot
f(t, x, v)dxdv , t ≥ t0 .

In the integral on the right hand side of this equality, substitute X(t, t0, x0, v0)
to x and V (t, t0, x0, v0) to v:∫∫

Ot0
f(t0, x0, v0)dx0dv0 =

∫∫
Ot0

f(t,X(t, t0, x0, v0), V (t, t0, x0, v0))dx0dv0

— notice that the Jacobian of this transformation, assumed to be volume-
preserving in the single particle phase space Rn ×Rn, is ±1 .

Since this equality is assumed to hold for each open subset Ot0 of Rn×Rn,
we conclude that

f(t0, x0, v0) = f(t,X(t, t0, x0, v0), V (t, t0, x0, v0))

for all t ≥ t0, and all x0, v0 ∈ Rn, assuming that both sides of the equality
above are continuous in (x0, v0).

If moreover f is a smooth (C1 being enough) function of its arguments, and
if the acceleration field a ≡ a(t, x, v) is of class C1, one has{

X(t, t0, x0, v0) = x0 + ∆t v0 + o(∆t) ,

V (t, t0, x0, v0) = v0 + ∆t a(t0, x0, v0) + o(∆t)

as ∆t→ 0, with the notation

t− t0 = ∆t .

Therefore

f(t0, x0, v0) = f(t0 + ∆t, x0 + ∆t v0, v0 + ∆t a(t0, x0, v0)) = f(t0, x0, v0)

+∆t (∂tf(t0, x0, v0) + v0 · ∇xf(t0, x0, v0) + a(t0, x0, v0) · ∇vf(t0, x0, v0))

+o(∆t) ,
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and since must be true for all ∆t, all x0, v0 ∈ Rn and all t0, we conclude that
the distribution function f must satisfy the partial differential equation

∂tf(t, x, v) + v · ∇xf(t, x, v) + a(t, x, v) · ∇vf(t, x, v) = 0 .

This equation is usually referred to as the “Liouville equation” in the Hamilto-
nian case — i.e. when the vector field (v, a(t, x, v)) driving the particle system
is Hamiltonian — and as the “Vlasov equation” when it is coupled to another
equation — or system of equations — modeling the effect of the particle system
on the acceleration field a.

Specifically, Vlasov models for particle systems are kinetic models where each
particle is subject to the acceleration field created by all the other particles in
the system. In other words, Vlasov models are models where the acceleration
field a(t, x, v) is a functional of the unknown particle distribution function f
itself.

In the sequel, we give some examples of Vlasov type models, mostly in the
context of plasma dynamics.

1.2 The Vlasov-Poisson Model

Consider a gas of identical charged particles, with mass m and charge q in space
dimension 3. The electrostatic force exerted at time t on a particle with charge
q located at the position x by a distribution of point charges qρ ≡ qρ(t, y) is

F (t, x) =
q2

4πε0

∫
R3

x− y
|x− y|3

ρ(t, y)dy ,

where ε0 is the vacuum permittivity. Notice that this force is repulsive between
charges of identical signs.

The electrostatic force can be recast as

F (t, x) = qE(t, x) ,

where

E(t, x) =
q

4πε0

∫
R3

x− y
|x− y|3

ρ(t, y)dy .

Since x
|x|3 = −∇ 1

|x| , one has

E(t, x) = −∇xφ(t, x) ,

where

φ(t, x) =
q

4πε0

∫
R3

1

|x− y|
ρ(t, y)dy .

The scalar φ(t, x) is the electrostatic potential created at the position x and at
time t by the distribution of charges qρ.
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In space dimension n = 3, the function

G(x) := 1
4π

1

|x|

is the unique fundamental solution of the operator −∆ converging to 0 at infinity
(see Theorem 8.3.1 in [6]): {

−∆G = δ0 ,

G(x)→ 0 as |x| → ∞ .

Thus, the Vlasov-Poisson system takes the form

∂tf(t, x, v) + v · ∇xf(t, x, v)− q
m∇xφ(t, x) · ∇vf(t, x, v) = 0 ,

−∆φ(t, x) = 1
ε0
qρf (t, x) ,

ρf (t, x) =

∫
R3

f(t, x, v)dv .

In writing this system, one assumes implicitly that the force exerted on one of
the charged particles at the position x at time t by all the other particles is

F (t, x) =
q2

4πε0

∫
R3

x− y
|x− y|3

f(t, y, v)dydv .

In other words, the distribution function of the system of the charged particles
other than the particle at the position x subject to the force F is approximated
by the distribution function of the total particle system. This approximation,
which is typical of all mean field models, is equivalent to assuming that the
effect of each individual particle is negligible when compared to the collective
effect of the whole particle system. Indeed, all the models considered here are
valid only for systems involving a large number of particles — large enough so
that the methods of statistical mechanics can be applied.

The Vlasov-Poisson model written above is somewhat unrealistic since all
the particles have the same charge q, so that the particle system under consid-
eration is not electrically neutral, which is physically irrealistic. In practice, one
considers systems of charged particles of different species, indexed by α ∈ A.
Assuming that the particles of species α have mass qα and mass mα, and de-
noting by fα the distribution function of particles of species α, the electrostatic
potential created by the total system of charged particles is

φ(t, x) =
1

ε0

∑
α∈A

qα

∫∫
R3×R3

fα(t, y, v)dydv

|x− y|
.
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The Vlasov-Poisson system for this system of charged particles takes the form

∂tfα(t, x, v) + v · ∇xfα(t, x, v)− qα
mα
∇xφ(t, x) · ∇vfα(t, x, v) = 0 , α ∈ A,

−∆φ(t, x) = 1
ε0

∑
α∈A

qαρα(t, x) ,

ρα(t, x) =

∫
R3

fα(t, x, v)dv .

In other words, there is a Vlasov equation for each species of particles, coupled to
a single field equation — the Poisson equation — for the electrostatic potential.
Notice that each Vlasov equation takes the form

∂tfα + divx(vfα)− qα
mα

divv(fα∇xφ) = 0 .

Therefore, if fα and φ are both of class C1 and decay rapidly enough as (x, v)→
∞, one has

d

dt

∫∫
R3×R3

fα(t, x, v)dxdv = −
∫∫

R3×R3

divx(vfα)(t, x, v)dxdv

+ qα
mα

∫∫
R3×R3

divv(fα∇φ)(t, x, v)dxdv = 0

so that ∫∫
R3×R3

fα(t, x, v)dxdv = Const. , α ∈ A .

In particular, if the particle system is globally neutral at time t = 0, i.e. if∑
α∈A

qα

∫∫
R3×R3

fα(0, x, v)dxdv = 0 ,

it remains globally neutral for all t ≥ 0, since∑
α∈A

qα

∫∫
R3×R3

fα(t, x, v)dxdv =
∑
α∈A

qα

∫∫
R3×R3

fα(0, x, v)dxdv = 0 .

There is a variant of the Vlasov-Poisson model that appears in cosmology.
In that case, f(t, x, v) is the distribution function of a system of identical, elec-
trically neutral point particles with mass m. Each particle is subject to the
gravitation force field created by all the other particles. The force exerted on a
particle with mass m at the position x and at time t by a the population of all
the other particles with distribution function f is

F (t, x) = −Γm2

∫∫
R3×R3

x− y
|x− y|3

f(t, y, v)dydv ,
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where Γ is Newton’s gravitation constant. Notice that, at variance with the
case of the electrostatic force, this interaction is attractive.

Arguing as above, this force field is recast as

F (t, x) = m∇xΦ(t, x)

where

Φ(t, x) = Γm

∫∫
R3×R3

f(t, y, v)dydv

|x− y|
= 4πΓm

∫
R3

G(x− y)ρf (t, y) ,

with

ρf (t, x) =

∫
R3

f(t, x, v)dv ,

and where G denotes as above the fundamental solution of the Laplacian con-
verging to 0 at infinity.

Therefore, the gravitational Vlasov-Poisson system (sometimes referred to
as the “Liouville-Newton system”) takes the form

∂tf(t, x, v) + v · ∇xf(t, x, v) + 1
m∇xΦ(t, x) · ∇vf(t, x, v) = 0 ,

−∆Φ(t, x) = 4πΓmρf (t, x) ,

ρf (t, x) =

∫
R3

f(t, x, v)dv .

As in the electrostatic case, there are also variants of this model involving
different species of particles with different masses. However, there is obviously
no analogue of the global neutrality condition in this context.

The mathematical theory of the Vlasov-Poisson system is slightly more in-
volved in the gravitational case than in the electrostatic case, because the non-
linearity in the gravitational case is associated to an attractive interaction, pro-
moting mass concentration.

1.3 The Vlasov-Maxwell Model

Charged particles at rest or in motion generate an electric field; charged particles
in motion also generate a magnetic field. When the typical speed of charged
particles in the system under consideration is sufficiently large, the contribution
of the magnetic field to the electromagnetic force must be taken into account.

We recall that the Lorentz force exerted by an electric field E and a magnetic
field B on a particle with charge q located at the position x and moving with a
velocity v at time t is

F (t, x, v) = q(E(t, x) + v ×B(t, x)) .
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The electromagnetic field (E,B) generated by a system of moving identical
charged particles with electric charge q is governed by the system of Maxwell’s
equations recalled below:


divxB = 0 , (no magnetic charges)

curlxE = −∂tB , (Faraday’s equation)

divxE = 1
ε0
qρ , (Gauss’ equation)

curlxB = µ0qj + 1
c2 ∂tE , (Ampère’s equation)

In these equations, the constants ε0 and µ0 are respectively the vacuum permit-
tivity and magnetic permeability, while

c2 =
1

ε0µ0

is the speed of light in vacuum. The source terms in the right hand sides of
the Gauss and the Ampère equations are the charge density qρ and the current
density qj.

Combining the Gauss and Ampère equations, one finds that

∂t(qρ) + divx(qj) = ε0∂t divxE +
1

µ0
divx(curlxB − 1

c2 ∂tE)

= ε0∂t divxE −
1

µ0c2
divx ∂tE = 0

which is the local conservation of electric charge. The local conservation of
charge can be viewed as a necessary compatibility condition for ρ and j to be
the source terms in Maxwell’s system of equations.

In fact, the equation written by Ampère related the magnetic field B created
by an electric current density qj in a permanent regime, so that

curlxB = µ0qj .

Maxwell’s idea is that, in general, one must add to the current density qj a
displacement current −ε0∂tE, so that the last equation in Maxwell’s system
takes the form

curlxB = µ0 (qj + ε0∂tE) .

Therefore, the Vlasov-Maxwell system for the particle distribution function
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f ≡ f(t, x, v) and the electromagnetic field (E,B) ≡ (E,B)(t, x) is

∂tf + v · ∇xf +
q

m
(E + v ×B) · ∇vf = 0 ,

divxB = 0 ,

∂tB + curlxE = 0 ,

divxE = 1
ε0
qρf ,

1
c2 ∂tE − curlxB = −µ0qjf ,

ρf =

∫
R3

fdv ,

jf =

∫
R3

vfdv .

Observe that

divv(v ×B) = (curlv v) ·B = curlv(∇v 1
2 |v|

2) = 0 ,

so that the Vlasov equation can be put in the form

∂tf + divx(vf) = − q

m
divv((E + v ×B)f) .

Integrating in v both sides of this equality, assuming that f , E and B are of
class C1 and that f decays rapidly enough as |v| → ∞, we see that

∂tρf + divx jf = 0 ,

so that the local conservation of charge is a consequence of the Vlasov equation
— as well as of the Maxwell system. In other words, the Vlasov equation implies
the local conservation of charge, which is a necessary compatibility condition to
be satisfied by the charge and current densities in order for the Maxwell system
to have a solution.

On principle, the speed or massive particles should not exceed the speed of
light, but this is not guaranteed in the model above. There is another variant
of the Vlasov-Maxwell system, referred to as the “relativistic Vlasov-Maxwell
system” in which the particle speed is less than the speed of light.

In this model, the particle distribution function is given in terms of the
momentum variable ξ ∈ R3, instead of the velocity variable v. In other words,
the distribution function f ≡ f(t, x, ξ) is the density of particles at the position
x with momentum ξ at time t. The energy of a particle with mass m and
momentum ξ is

e(ξ) :=
√
m2c4 + c2|ξ|2 ,

and the corresponding velocity is

v(ξ) := ∇e(ξ) =
c2ξ√

m2c4 + c2|ξ|2
.
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Observe that |v(ξ)| < c if m > 0.
With this notation, the relativistic Vlasov-Maxwell system takes the form

∂tf + v(ξ) · ∇xf + q(E + v(ξ)×B) · ∇ξf = 0 ,

divxB = 0 ,

∂tB + curlxE = 0 ,

divxE = 1
ε0
qρf ,

1
c2 ∂tE − curlxB = −µ0qjf ,

ρf =

∫
R3

fdξ ,

jf =

∫
R3

v(ξ)fdξ .

Here again, the local conservation of charge is a consequence of the Vlasov
equation. Indeed

divξ(v(ξ)×B) = (curlξ v(ξ)) ·B = (curlξ∇e(ξ)) ·B = 0 .

Therefore, the Vlasov equation takes the form

∂tf + divx(v(ξ)f) = −q divξ((E + v(ξ)×B)f)

and, assuming that f , E and B are of class C1 and that f decays rapidly enough
as |ξ| → ∞, we conclude that

∂tρf + divx jf = ∂t

∫
R3

fdξ + divx

∫
R3

v(ξ)fdξ = 0 .

In this case again, one should consider different species of particles, labelled
by α ∈ A, with distribution functions fα. Denoting by mα and qα respectively
the mass and electric charge of particles of species α, the relativistic Vlasov-
Maxwell system takes the form

∂tfα + vα(ξ) · ∇xfα + qα(E + vα(ξ)×B) · ∇ξfα = 0 ,

divxB = 0 ,

∂tB + curlxE = 0 ,

divxE = 1
ε0

∑
α∈A

qαρα ,

1
c2 ∂tE − curlxB = −µ0

∑
α∈A

qαjα ,

ρα =

∫
R3

fαdξ ,

jα =

∫
R3

vα(ξ)fαdξ ,
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where

vα(ξ) :=
c2ξ√

m2
αc

4 + c2|ξ|2
.

Here again, the Vlasov equation implies that

∂tρα + divx jα = 0 ,

by the same argument as in the single species case. Combining all these identities
shows that

∂t
∑
α∈A

qαρα + divx
∑
α∈A

qαjα = 0 ,

that is the local conservation of charge to be satisfied in order for the Maxwell
system to have a solution. (This verification is left to the reader as an easy
exercise.)

1.4 The Vlasov-Darwin Model

If the typical speed of charged particles is very small when compared to the
speed of light, the Maxwell system of equations reduces to the equations of elec-
trostatics, and the Vlasov-Maxwell system to the much simpler Vlasov-Poisson
system. Unfortunately, magnetic effects disappear in this approximation.

There is however another approximation of the Vlasov-Maxwell system, the
Vlasov-Darwin system, that retains the magnetic part of the particle interaction.
In the Vlasov-Darwin system however, the potential created by each charged
particle is transmitted instantaneously to all the other particles as in the Vlasov-
Poisson model. In other words, the field equation is a Poisson equation, instead
of Maxwell’s system of equations — which is equivalent to a wave equation.

Given an electromagnetic field (E,B), write the Helmholtz decomposition
of the electric field

E = Esol + Eirr , with divxEsol = 0 and curlxEirr = 0 .

The Darwin approximation of electromagnetism is based on the assumption

(HD) |∂tEsol| � |∂tEirr| .

Under this assumption, the Ampère equation in Maxwell’s system takes the
form

curlxB = µ0qj + 1
c2 ∂tEirr .

In other words, the Darwin system of equations for the electromagnetic field
takes the form 

divxB = 0 ,

curlxE = −∂tB ,
divxE = 1

ε0
qρ ,

curlxB = µ0qj + 1
c2 ∂tEirr .
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As in the case of the original Maxwell system, using the relation

ε0µ0 =
1

c2

shows that

∂t(qρ) + divx(qj) = ε0∂t divxE +
1

µ0
divx(curlxB − 1

c2 ∂tEirr)

= ε0(∂t divxE − divx ∂tEirr) = 0 ,

since
divxE = divxEirr .

In other words, the local conservation of charge is verified by ρ and j also in the
case of the Darwin system. As in the case of the original Maxwell system, the
local conservation of charge is a necessary compatibility condition to be satisfied
by the source terms ρ and j in the Dariwn system.

Then

−∆xB = curlx(curlxB)−∇x(divxB)

= curlx(curlxB) = µ0q curlx j + 1
c2 curlx ∂tEirr = µ0q curlx j .

Going back to the Helmholtz decomposition of the electric field, we first
observe that

−∆xEirr = curlx(curlxEirr)−∇x(divxEirr) = −∇x(divxEirr) = − 1
ε0
q∇xρ .

On the other hand

−∆xEsol = curlx(curlxEsol)−∇x(divxEsol)

= curlx(curlxEsol) = curlx(curlx(E − Eirr))
= curlx(curlxE) = − curlx(∂tB)

= −∂t curlxB = −µ0q∂tj − 1
c2 ∂

2
tEirr

Now
Eirr = 1

ε0
q∆−1

x ∇xρ

and the relation 1
c2 = ε0µ0 shows that

1
c2 ∂tEirr = µ0q∇x∆−1

x ∂tρ = −µ0q∇x∆−1
x divx j .

Here we have used the local conservation of charge in the last equality above.
Therefore

−∆xEsol = −µ0q∂tj − 1
c2 ∂

2
tEirr = −µ0q∂t(j −∇x∆−1

x divx j) .

In the end, the Darwin system can be put in the form
−∆xB = µ0q curlx j ,

−∆xEirr= − 1
ε0
q∇xρ ,

−∆xEsol= µ0q∂t∆
−1
x curlx(curlx j) .
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This formulation of the Darwin system makes it clear that it is an elliptic system
of equations, at variance with the original Maxwell system, which is known to
be hyperbolic. (In fact, the Maxwell system can be reduced to a system of wave
equations, and is a fundamental example of an hyperbolic system of PDEs.)

The Vlasov-Darwin system is therefore

∂tf + v · ∇xf +
q

m
(E + v ×B) · ∇vf = 0 ,

divxB = 0 ,

curlxE = −∂tB ,
divxE = 1

ε0
qρ ,

curlxB = µ0qj + 1
c2 ∂tEirr .

As explained in the presentation of the Vlasov-Maxwell system, the Vlasov
equation implies the relation

∂tρf + divx jf = 0

which is a necessary compatibility condition to be satisfied by the source terms
in order for the Darwin system to have a solution, as observed earlier in this
section.
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Chapter 2

Transport Equations

All the kinetic models considered in this course involve transport equations.
Transport equations are linear PDEs of order 1. An important feature of 1st
order PDEs is the method of characteristics, which reduces their study to that
of ODE systems. The present chapter discusses the method of characteristics
for transport equations.

2.1 Transport Equations with Constant Coeffi-
cients

As a warm-up, we first treat the constant coefficient case.
Let v ∈ RN \ {0} be given. The transport equation is

∂tf + v · ∇xf = 0 ,

where the unknown is the function f ≡ f(t, x) ∈ R, defined for all (t, x) in
R×RN .

Definition 2.1.1 The characteristic curve of the transport operator ∂t + v ·∇x
passing through y ∈ RN at time t = 0 is the set

{(t, γ(t)) | t ∈ R}

where γ is the solution of the differential system (systems of characteristics
associated to the transport operator ∂t + v · ∇x){

γ̇(t) = v ,

γ(0) = y .

In the constant coefficient case considered here, one has obviously

γ(t) = y + tv

15
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so that the set
{(t, γ(t)) | t ∈ R} = {(t, y + tv) | t ∈ R}

is the straight line in the affine space RN+1 with direction defined by the vector
(1, v) ∈ RN+1 and passing through the point (0, y). (As we shall see later, in
the variable coefficient case, characteristic curves are no longer straight lines in
general, so that the terminology “characteristic curves” is justified.)

The interest of the notion of characteristic curve for solving the free transport
equation is explained by the following observation.

Let f ∈ C1(R+ × RN ) be a solution of the free transport equation, and
let γ be a solution of the system of characteristics associated to the transport
operator ∂t + v · ∇x. The map t 7→ f(t, γ(t)) is of class C1 on R+, being the
composition of the maps f and t 7→ (t, γ(t)), which are both of class C1. By
the chain rule

d

dt
f(t, γ(t)) = ∂tf(t, γ(t)) +

N∑
k=1

∂xkf(t, γ(t))γ̇k(t)

= ∂tf(t, γ(t)) +

N∑
k=1

vk∂xkf(t, γ(t))

= (∂tf + v · ∇xf)(t, γ(t)) = 0 .

Therefore
f(t, γ(t)) = Const.

In other words, each C1 solution of the free transport equation is constant along
all characteristic curves of the transport operator ∂t + v · ∇x. This observation
leads to the following existence and uniqueness theorem.

Theorem 2.1.2 For each f in ∈ C1(RN ), the Cauchy problem for the transport
equation {

∂tf(t, x) + v · ∇xf(t, x) = 0 , x ∈ RN , t > 0 ,

f(0, x) = f in(x) ,

has a unique solution f ∈ C1(R+ ×RN ). This solution is given by the explicit
formula

f(t, x) = f in(x− tv) , x ∈ RN , t ≥ 0 .

Proof. Following the argument before Theorem 2.1.2, if f ∈ C1(R+ ×RN ) is
a solution of the free transport equation above, then the map t 7→ f(t, y + tv)
is constant on R+ for each y ∈ RN . Therefore

f(t, y + tv) = f(0, y) = f in(y) for all y ∈ RN and t ≥ 0 .

With the substitution x = y + tv, i.e. y = x− tv, one finds that

f(t, x) = f in(x− tv) , x ∈ RN , t ≥ 0 .



2.2. TRANSPORT EQUATIONS WITH VARIABLE COEFFICIENTS 17

This proves the uniqueness part of the theorem.
Conversely, consider the function

f : R×RN 3 (t, x) 7→ f in(x− tv) ∈ R .

This function is of class C1 on R × RN , being the composition of f in and
(t, x) 7→ x− tv which are both of class C1. By the chain rule

∂tf(t, x) = ∇f in(x− tv) · (−v) , and ∇xf(t, x) = ∇f in(x− tv) ,

so that

∂tf(t, x) + v · ∇xf(t, x) = 0 , x ∈ RN , t ∈ R .

On the other hand, the initial condition f
∣∣
t=0

= f in is an obvious consequence

of the explicit formula giving f in terms of f in. This proves the existence part
of the theorem.

Exercise 2.1 Let a ∈ C1(R+ ×RN ), S ∈ C1(R+ ×RN ) and f in ∈ C1(RN ).
Solve the Cauchy problem for the transport equation with amplification or damp-
ing rate a and source S:{

∂tf(t, x) + v · ∇xf(t, x) + a(t, x)f(t, x) = S(t, x) , x ∈ RN , t > 0 ,

f(0, x) = f in(x) .

Prove the existence and uniqueness of a solution f ∈ C1(R+ × RN ), that is
given by the explicit formula

f(t, x) = f in(x− tv) exp

(
−
∫ t

0

a(s, xtv + sv)ds

)
+

∫ t

0

S(s, x− tv + sv) exp

(
−
∫ t

s

a(τ, xtv + τv)dτ

)
ds ,

for all x ∈ RN and t ≥ 0.

2.2 Transport Equations with Variable Coeffi-
cients

Let V ≡ V (t, x) ∈ RN be a time dependent vector field defined on [0, T ]×RN

for some T > 0. We are concerned with the Cauchy problem{
∂tf(t, x) + V (t, x) · ∇xf(t, x) = 0 , x ∈ RN , 0 < t < T ,

f(0, x) = f in(x) ,

where f in ≡ f in(x) ∈ R is given while f ≡ f(t, x) ∈ R is the unknown.
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We shall assume that the vector field V satisfies the following conditions:
first, each component Vi of the vector field V has partial derivatives with respect
to the variables xj for j = 1, . . . , N , and

(H1) V ∈ C([0, T ]×RN ; RN ) and ∇xV ∈ C([0, T ]×RN ;MN (R)) .

Moreover, we assume that there exists κ > 0 such that

|V (t, x)| ≤ κ(1 + |x|) for all (t, x) ∈ [0, T ]×RN .

Definition 2.2.1 Let γ be the solution of the differential system{
γ̇(s) = V (s, γ(s))

γ(t) = x .

The set
{(s, γ(s)) | s ∈ [0, T ]}

is called the characteristic curve of the transport operator ∂t+V (t, x)·∇x passing
through x at time s = t.

The method of characteristics for the transport equation with variable coef-
ficients is split in two steps:

(a) defining the flow associated to the ODE system of characteristic curves;
(b) using this flow to solve the transport equation.

2.2.1 The Characteristic Flow

The existence, uniqueness and regularity of the solution of the differential system
of characteristics is summarized in the following statement.

Theorem 2.2.2 Assume that the vector field V satisfies the conditions (H1)-
(H2). Then, for each t ∈ [0, T ] and each x ∈ RN , the ODE system{

γ̇(s) = V (s, γ(s))

γ(t) = x .

has a unique solution s 7→ γ(s) that is of class C1 on [0, T ].
This solution is henceforth denoted by

γ(s) =: X(s, t, x) .

The map X satisfies the following properties

(a) X ∈ C1([0, T ]× [0, T ]×RN ; RN );
(b) the cross partial derivatives ∂s∂xjX(s, t, x) and ∂xj∂sX(s, t, x) exist for all
(s, t, x) ∈ [0, T ]× [0, T ]×RN and all j = 1, . . . , N , and for all j = 1, . . . , N ,

∂s∂xjX(s, t, x) = ∂xj∂sX(s, t, x) for all (s, t, x) ∈ [0, T ]× [0, T ]×RN .
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Besides ∂s∂xjX ∈ C([0, T ]× [0, T ]×RN ; RN );
(c) finally, if V satisfies the additional condition

(H3) V ∈ Ck([0, T ]×RN ; RN ) and ∇xV ∈ Ck([0, T ]×RN ;MN (R)) ,

for some k ≥ 1, then one has

X ∈ Ck+1([0, T ]× [0, T ]×RN ; RN ) .

Proof. Since V satisfies the condition (H1), it satisfies the assumptions of the
Cauchy-Lipschitz theorem. Therefore, the differential system of characteristics
has a unique C1 maximal solution γ that is defined on some open interval
I(t, x) ⊂ [0, T ] such that t ∈ I(t, x).

For all s ∈ I(t, x), one has

|γ(s)| ≤ |x|+
∣∣∣∣∫ s

t

|V (τ, γ(τ))|dτ
∣∣∣∣ ≤ |x|+ κ

∣∣∣∣∫ s

t

(1 + |γ(τ)|)dτ
∣∣∣∣

so that, by Gronwall’s inequality

|γ(s)| ≤ (|x|+ κT )eκT , s ∈ I(t, x) .

Thus
sup

s∈I(t,x)

|γ(s)| <∞ , and therefore I(t, x) = [0, T ] .

Properties (a) and (b) of the map X follow from the differentiability prop-
erties of the solution of a differential equation with respect to the initial data or
the parameters in the equation. Property (c) is obtained by applying properties
(a) and (b) to any partial derivative of order k of X, i.e. ∂α(t,x)X with α ∈ NN+1

and |α| = k.

As suggested by the proof above, assumption (H2) is essential so that the
differential system of characteristics has global solutions. If the vector field V
fails to satisfy (H2), it may happen that the characteristic curves are not defined
on the same time interval, as shown by the following exercise.

Exercise 2.2 Pick N = 1 and set V (t, x) := x2. Prove that the Cauchy problem
for the Riccati equation {

γ̇(s) = γ(s)2 ,

γ(t) = x ,

has a unique maximal solution, given by the formula

γ(s) :=
x

1− (s− t)x

for 
s < t+

1

x
if x > 0

s > t+
1

x
if x < 0
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As explained in the proof of Theorem 2.1.2, in the constant coefficient case,
solving the transport equation by the method of characteristics involves the
substitution (change of variables) γ(0) 7→ γ(t). While this substitution is trivial
in the constant coefficient case, its analogue in the variable coefficient case is
not, and is based on the following theorem.

Theorem 2.2.3 Assume that the vector field V satisfies the conditions (H1)
and (H2). Then

(a) the map X satisfies the flow property:

X(t3, t2, X(t2, t1, x)) = X(t3, t1, x) for all x ∈ RN and t1, t2, t3 ∈ [0, T ] ;

(b) for each s, t ∈ [0, T ], the map RN 3 x 7→ X(s, t, x) ∈ RN , denoted by
X(s, t, ·), is a C1-diffeomorphism of RN onto itself;
(c) set J(s, t, x) := det(DxX(s, t, x)); then J is the solution of the Cauchy
problem{

∂sJ(s, t, x) = divx V (s,X(s, t, x))J(s, t, x) , x ∈ RN , s, t ∈ [0, T ] ,

J(t, t, x) = 1 ;

(d) for each s, t ∈ [0, T ], the diffeomorphism X(s, t, ·) is orientation preserving.
Moreover, if

divx V (t, x) = 0 for all x ∈ RN and t ∈ [0, T ] ,

then the diffeomorphism X(s, t, ·) leaves the Lebesgue measure L N of RN in-
variant. In other words, for each φ ∈ Cc(RN ), one has∫

RN

φ(X(s, t, x))dx =

∫
RN

φ(x)dx , for all s, t ∈ [0, T ] .

Proof. By definition of the map X, observe that both maps

t3 7→ X(t3, t2, X(t2, t1, x))

and
t3 7→ X(t3, t1, x)

are integral curves of the vector field V passing through X(t2, t1, x) for t3 = t2.
Since V satisfies the assumptions of the Cauchy-Lipschitz theorem because of
the condition (H1), there exists at most one solution of the Cauchy problem
for the differential system defined by the vector field V , so that both integral
curves above must coincide. This proves (a).

Statement (a) implies that

X(t, s, ·) ◦X(s, t, ·) = X(s, t, ·) ◦X(t, s, ·) = idRN

for each s, t ∈ [0, T ], so that X(s, t, ·) is one-to-one and onto. Since X(s, t, ·) ∈
C1(RN ; RN ) for all s, t ∈ [0, T ] by statement (a) in Theorem 2.2.2, we con-
clude that X(s, t, ·) is a C1-diffeomorphism from RN to RN , with inverse
X(s, t, ·)−1 = X(t, s, ·). This proves (b).
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By statements (a) and (b) of Theorem 2.2.2,

∂sDxX = Dx∂sX ∈ C([0, T ]× [0, T ]×RN ;MN (R))

and
∂sJ(s, t, x) = ∂s det(DxX(s, t, x))

= det(DxX(s, t, x)) trace(DxX(s, t, x)−1∂sDxX(s, t, x)) .

(Indeed, we recall the classical formula

(D det)(A) ·B = det(A) trace(A−1B) ,

for all A ∈ GLN (C) and B ∈MN (C).) Thus

∂sJ(s, t, x) = ∂s det(DxX(s, t, x))

= J(s, t, x) trace(DxX(s, t, x)−1Dx∂sX(s, t, x))

= J(s, t, x) trace(DxX(s, t, x)−1Dx(V (s,X(s, t, x))))

= J(s, t, x) trace(DxX(s, t, x)−1(DxV )(s,X(s, t, x))DxX(s, t, x))

= J(s, t, x) trace((DxV )(s,X(s, t, x))DxX(s, t, x)DxX(s, t, x)−1)

= J(s, t, x) trace((DxV )(s,X(s, t, x)))

= J(s, t, x) divx V (s,X(s, t, x)) ,

since trace(AB) = trace(BA) for all A,B ∈ MN (R). Finally X(t, t, x) = x so
that DxX(t, t, x) = I. Therefore J(t, t, x) = 1, and this completes the proof of
(c).

By statement (c), one has

J(s, t, x) = exp

(∫ s

t

divx V (τ,X(τ, t, x))dτ

)
> 0 ,

so that the diffeomorphism X(s, t, ·) preserves the orientation. Besides

divx V ≡ 0⇒ J(s, t, x) = 1 for all s, t ∈ [0, T ] and x ∈ RN .

In this case, the diffeomorphism X(s, t, ·) preserves the Lebesgue measure L N

on RN , by the usual change of variables formula.

2.2.2 Solving the Transport Equation

With the properties of the flow X associated to the vector field V obtained in the
previous section, we can state our main result on the solution of the transport
equation.

Theorem 2.2.4 Assume that the vector field V satisfies the conditions (H1)
and (H2), and let f in ∈ C1(RN ). Then the Cauchy problem for the transport
equation {

∂tf(t, x) + V (t, x) · ∇xf(t, x) = 0 , x ∈ RN , 0 < t < T ,

f(0, x) = f in(x) ,
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has a unique solution f ∈ C1([0, T ]×RN ). This solution is given by the formula

f(t, x) = f in(X(0, t, x)) , for all t ∈ [0, T ] and x ∈ RN .

Proof. The proof of this result closely follows the argument for the constant
coefficients case.

Step 1: uniqueness. If f ∈ C(R+ ×RN ), the map

[0, T ] 3 t 7→ f(t,X(t, 0, y)) ∈ R is of class C1

being the composition of the C1 maps f and X(·, 0, y). By the chain rule

d

dt
f(t,X(t, 0, y)) = ∂tf(t,X(t, 0, y)) +∇xf(t,X(t, 0, y)) · ∂sX(t, 0, y)

= ∂tf(t,X(t, 0, y)) +∇xf(t,X(t, 0, y)) · V (t,X(t, 0, y))

= (∂tf + V · ∇xf)(t,X(t, 0, y)) = 0 .

Therefore the map t 7→ f(t,X(t, 0, y)) is constant on [0, T ], so that

f(t,X(t, 0, y)) = f(0, y) = f in(y) .

Next we set
x := X(t, 0, y) , so that y = X(0, t, x)

by statement (b) in Theorem 2.2.3. Thus

f(t, x) = f in(X(0, t, x)) , for each (t, x) ∈ [0, T ]×RN .

Step 2: existence. First, we check that the formula

f(t, x) = f in(X(0, t, x))

defines an element of C1([0, T ]×RN ). Indeed, the function f so defined is the
composition of the maps f in and (t, x) 7→ X(0, t, x) which are both of class C1

— see statement (a) in Theorem 2.2.2.
Obviously this function satisfies f

∣∣
t=0

= f in.
It remains to prove that the formula above defines a solution of the transport

equation. This is much less obvious than in the constant coefficient case. The
key observation is the following lemma.

Lemma 2.2.5 One has

∂tX(s, t, x) + (V (t, x) · ∇x)X(s, t, x) = 0 , x ∈ RN , s, t ∈ (0, T ) .

Taking Lemma 2.2.5 for granted, consider the inner product of each side of
the identity above with ∇f in(X(0, t, x)). Observe that, by the chain rule

∇f in(X(0, t, x)) · ∂tX(0, t, x) = ∂t(f
in(X(0, t, x))) ,
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while
∇f in(X(0, t, x)) · (V (t, x) · ∇x)X(0, t, x)

= 〈df in(X(0, t, x)), DxX(0, t, x)V (t, x)〉
= Dx(f in(X(0, t, x)))V (t, x)

= V (t, x) · ∇x(f in(X(0, t, x))) .

Hence

(∂t + V (t, x) · ∇x)(f in(X(0, t, x)))

= ∇f in(X(0, t, x)) · (∂tX(0, t, x) + (V (t, x) · ∇x)X(0, t, x) = 0 .

(In fact, one could also deduce the first equality above directly from the chain
rule, by considering (∂t+V (t, x) ·∇x) as a first order linear differential operator,
i.e. the derivation along the vector field (1, V (t, x)) ∈ RN+1.)

Proof of Lemma 2.2.5. Start from the flow property in statement (a) of
Theorem 2.2.3:

X(t3, t2, X(t2, t1, x)) = X(t3, t1, x)

and differentiate both sides of this identity with respect to the variable t2. Since
the right hand side is independent of t2, one finds that

∂tX(t3, t2, X(t2, t1, x)) +DxX(t3, t2, X(t2, t1, x))∂sX(t2, t1, x)

= ∂tX(t3, t2, X(t2, t1, x)) +DxX(t3, t2, X(t2, t1, x))V (t2, X(t2, t1, x)) = 0 .

Set t2 = t1 = t and t3 = s in the identity above leads to

∂tX(s, t, x) +DxX(s, t, x)V (t, x) = 0 ,

which is precisely the desired equality.

2.3 Conservative Transport and Weak Solutions

We first recall the notion of transportation of measures.

Definition 2.3.1 Let (X,A) and (Y,B) be measurable spaces (meaning that A
and B are σ-algebras of subsets of X and Y respectively). Let T : X → Y be an
(A,B)-measurable map, and let µ be a positive measure on (X,A). The formula

ν(B) := µ(T−1(B))

defines a positive measure on (Y,B), denoted

ν =: T#µ ,

and referred to as “the push-forward of the measure µ under the map T”.
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The definition of ν = T#µ can be equivalently recast as follows:∫
Y

1B(y)ν(dy) =

∫
X

1T−1(B)(x)µ(dx) =

∫
X

1B(T (x))µ(dx)

since

1T−1(B) = 1B ◦ T .

This formula is easily generalized in the next proposition.

Proposition 2.3.2 Let (X,A) and (Y,B) be measurable spaces, let T : X → Y
be an (A,B)-measurable map, and let µ be a positive measure on (X,A). Set
ν := T#µ. Then

φ ∈ L1(Y, ν)⇒ φ ◦ T ∈ L1(X,µ)

and ∫
Y

φ(y)ν(dy) =

∫
X

φ(T (x))µ(dx) .

Proof. We already know that the sought formula is true whenever φ = 1B with
B ∈ B. By linearity, it is also true whenever φ is a linear combination of finitely
many indicator functions of the form 1Bi for i = 1, . . . , N . By density of the
linear span of integrable indicator functions in L1(Y, ν), the formula holds for
all φ ∈ L1(Y, ν).

Exercise 2.3 Let f ∈ L1(RN ) satisfy f ≥ 0 a.e. on RN , and T : RN →
RN be a C1-diffeomorphism. Compute the push-forward measure T#(fL N ).
(Answer: f ◦ T−1| det(DT ◦ T−1)|−1L N . Hint: use the change-of-variables
formula.)

In the sequel, we shall often need the notion of “weak solution” of 1st order
PDEs equations. The notion of weak solution of a PDE is most easily defined
within the theory of distributions. However, in the case of 1st order PDEs,
and especially in the context of statistical mechanics, it is most convenient to
consider weak solutions that are measures, instead of more general distributions.
One reason for this is that the solutions or 1st order PDEs that we are interested
in are distributions functions of particles systems, which are nonnegative by
definition. Since a positive distribution is of order 0, and thus is identified
with a Radon measure (see for instance Theorem 3.2.11 in [6]), solutions of
Liouville type equations of physical interest in statistical mechanics cannot be
more singular than positive measures.

Definition 2.3.3 Let V ∈ C([0, T ] × RN ), and let µin ∈ M(RN ). A weak
solution of the Cauchy problem for the conservative transport equation{

∂tµ+ divx(µV ) = 0 ,

µ
∣∣
t=0

= µin ,
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is an element of µ of1 C([0, T ];w −M(RN )) that satisfies the initial condition
and the equality∫ T

0

∫
RN

(∂tφ(t, x) + V (t, x) · ∇xφ(t, x))µ(t, dx)dt = 0

for each φ ∈ C1
c ((0, T )×RN ).

This notion of weak solution and the classical notion of solution are related
as follows.

Proposition 2.3.4 Let f ∈ C1([0, T ]×RN ). Then

∂tf + divx(fV ) = 0 on [0, T ]×RN

if and only if∫ T

0

∫
RN

(∂tφ(t, x) + V (t, x) · ∇xφ(t, x))f(t, x)dxdt = 0

for each φ ∈ C1
c ((0, T )×RN ).

Proof. Consider the vector field

W : (t, x) 7→ (φf, φfV )(t, x)

defined on [0, T ]×RN with values in R×RN . By construction, W ∈ C1
c ((0, T )×

RN ; R×RN ), so that, by Green’s formula applied in the domain (0, T )×RN ,
one has

0 =

∫∫
(0,T )×RN

divt,x(fφ, fφV )(t, x)dxdt

=

∫∫
(0,T )×RN

(∂tφ(t, x) + V (t, x) · ∇xφ(t, x))f(t, x)dxdt

+

∫∫
(0,T )×RN

φ(t, x)(∂tf(t, x) + V (t, x) · ∇xf(t, x))dxdt .

Therefore ∫∫
(0,T )×RN

(∂tφ(t, x) + V (t, x) · ∇xφ(t, x))f(t, x)dxdt

= −
∫∫

(0,T )×RN

φ(t, x)(∂tf(t, x) + divx(f(t, x)V (t, x)))dxdt

1The notation w −M(RN ) designates the set of Radon measures on RN equipped with
its weak topology, i.e. the topology defined by the family of seminorms

Cc(R
N ) 3 φ 7→

∣∣∣∣∫
RN

φ(x)µ(dx)

∣∣∣∣ .
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for each φ ∈ C1
c ((0, T )×RN ).

Thus, if the integral on the left hand side of the inequality above is 0 for all
φ ∈ C1

c ((0, T )×RN ), we conclude that the continuous function ∂tf + divx(fV )
satisfies ∫∫

(0,T )×RN

φ(t, x)(∂tf(t, x) + divx(f(t, x)V (t, x)))dxdt = 0

for each φ ∈ C1
c ((0, T )×RN ), so that

∂tf + divx(fV ) = 0 on (0, T )×RN .

Conversely, if ∂tf + divx(fV ) = 0 on (0, T )×RN , the integral on the right
hand side is zero for all φ ∈ C1

c ((0, T )×RN ), so that∫∫
(0,T )×RN

(∂tφ(t, x) + V (t, x) · ∇xφ(t, x))f(t, x)dxdt = 0

for each φ ∈ C1
c ((0, T )×RN ), which means precisely that f is a weak solution

of the transport equation above in (0, T )×RN .

Notice that we consider here the 1st order PDE

∂tµ+ divx(µV ) = 0 ,

instead of

∂tµ+ V · ∇xµ = 0

as in the previous section. The former PDE is referred to as being “in conser-
vative form” for reasons that will be explained below.

Theorem 2.3.5 Let V ≡ V (t, x) ∈ RN satisfy assumptions (H1)-(H2), and let
µin ∈M+(RN ) (the set of positive Radon measures on RN ). Then the Cauchy
problem {

∂tµ+ divx(µV ) = 0 ,

µ
∣∣
t=0

= µin ,

has a unique weak solution µ. This weak solution is given by the formula

µ(t) = X(t, 0, ·)#µin , t ∈ [0, T ].

In particular, µ(t) ∈M+(RN ) for all t ∈ [0, T ], and if µin is a bounded measure,
then µ(t) is a bounded measure for all t ∈ [0, T ] and one has∫

RN

µ(t, dx) =

∫
RN

µin(dx) .

Proof. As in the proof of Theorem 2.2.4, we split the proof in two steps.
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Step 1: existence. Let φ ≡ φ(t, x) be an element of C1
c ((0;T )×RN ); by state-

ment (a) in Theorem 2.2.2, the function

t 7→
∫
RN

φ(t,X(t, 0, y))µin(dy)

is of class C1 on [0, T ]. Denoting µ(t) := X(t, 0, ·)#µin, one has

d

dt

∫
RN

φ(t,X(t, 0, y))µin(dy)

=

∫
RN

(∂tφ(t,X(0, t, y)) +∇xφ(t,X(t, 0, y)) · ∂tX(t, 0, y))µin(dy)

=

∫
RN

(∂tφ(t,X(0, t, y)) +∇xφ(t,X(t, 0, y)) · V (t,X(t, 0, y)))µin(dy)

=

∫
RN

(∂tφ(t, x) + V (t, x) · ∇xφ(t, x))µ(t, dx) ,

after substituting x to X(0, t, y). Integrating both sides of the equality above
with respect to the variable t, one finds that

0 =

[∫
RN

φ(t,X(t, 0, y))µin(dy)

]t=T
t=0

=

∫ T

0

(
d

dt

∫
RN

φ(t,X(t, 0, y))µin(dy)

)
dt

=

∫ T

0

∫
RN

(∂tφ(t, x) + V (t, x) · ∇φ(t, x))µ(t, dx)dt ,

so that µ is a weak solution of the conservative transport equation. Since it
obviously satisfies the initial condition, µ is a weak solution of the Cauchy
problem.

Step 2: uniqueness. Let µ be a weak solution of the Cauchy problem, and let
ψ ∈ C1

c (RN ). Set
ν(t) := X(0, t, ·)#µ(t) .

We compute
d

dt

∫
RN

ψ(x)ν(t, dx) in D′((0, T )) .

Let χ ∈ C∞c ((0, T )); then

−
∫ T

0

χ′(t)

(∫
RN

ψ(x)ν(t, dx)

)
dt = −

∫ T

0

∫
RN

χ′(t)ψ(X(0, t, y))µ(t, dy)dt .

By Theorem 2.2.4, we already know that the map (t, x) 7→ ψ(X(0, t, y) is of
class C1 on [0, T ]×RN and satisfies

(∂t + V (t, x) · ∇x)ψ(X(0, t, x)) = 0 , for all (t, x) ∈ [0, T ]×RN .
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Consider then the function Ψ defined by the formula Ψ(t, y) = χ(t)ψ(X(0, t, y));
obviously Ψ ∈ C1([0, T ]×RN ) and

(∂t + V (t, y) · ∇y)Ψ(t, y) = χ′(t)ψ(X(0, t, y)) , for all (t, y) ∈ [0, T ]×RN .

If we knew that supp(Ψ) is compact in (0, T )×RN , we would conclude that

−
∫ T

0

χ′(t)

(∫
RN

ψ(x)ν(t, dx)

)
dt

= −
∫ T

0

∫
RN

(∂t + V (t, y) · ∇x)Ψ(t, y)µ(t, dy)dt = 0 ,

since µ is a weak solution of the transport equation.Therefore, the continuous
function

[0, T ] 3 t 7→
∫
RN

ψ(x)ν(t, dx)

satisfies
d

dt

∫
RN

ψ(x)ν(t, dx) = 0 in D′((0, T )) .

This function is therefore a constant on [0, T ] so that∫
RN

ψ(x)ν(t, dx) =

∫
RN

ψ(x)ν(0, dx) =

∫
RN

ψ(x)µ(0, dx) =

∫
RN

ψ(x)µin(dx) .

Since this identity holds for each ψ ∈ C1
c (RN ), we conclude that

ν(t) = X(0, t, ·)#µ(t) = µin ,

so that

µ(t) = X(t, 0, ·)#µin , for all t ∈ [0, T ] .

It remains to prove that supp(Ψ) is compact in (0, T ) × RN . As already
observed in the proof of Theorem 2.2.2, the condition (H2) on the vector field
V implies that

|X(s, t, y)| ≤ (|y|+ κT )eκT , for all y ∈ RN and s, t,∈ [0, T ] .

Thus

supp(ψ) ⊂ B(0, R)⇒ supp(ψ ◦X(0, t, ·)) ⊂ B(0, (R+ κT )eκT )

for all t ∈ [0, T ]. Since χ has support in [ε, T − ε] for some ε > 0, we conclude
that

supp(Ψ) ⊂ [ε, T − ε]×B(0, (R+ κT )eκT ) ,

which concludes the proof.

Finally, we specialize Theorem 2.3.5 to the case of C1 initial data.
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Theorem 2.3.6 Let V ≡ V (t, x) ∈ RN satisfy assumptions (H1), (H2) and
(H3) with k = 1, and let f in ∈ C1(RN ). Then the Cauchy problem{

∂tf(t, x) + divx(f(t, x)V (t, x)) = 0 ,

f
∣∣
t=0

= f in ,

has a unique solution f ∈ C1([0, T ]×RN ). This solution is given by the formula

f(t, x) = f in(X(0, t, x))J(0, t, x) , (t, x) ∈ [0, T ]×RN .

In particular, f(t, ·) ∈ L1(RN ) for all t ∈ [0, T ] if f in ∈ L1(RN ), and one has∫
RN

f(t, x)dx =

∫
RN

f in(x)dx .

Proof. As above, the proof is split in two steps.

Step 1: uniqueness
Since the equation is linear, the uniqueness of the solution reduces to the

following statement: let g ∈ C1([0, T ]×RN ) satisfy{
∂gf(t, x) + divx(g(t, x)V (t, x)) = 0 ,

g
∣∣
t=0

= 0 .

Then g = 0.
Expanding the second term on the left hand side of the transport equation,

one has
(∂t + V (t, x) · ∇x)g(t, x) = −g(t, x) divx V (t, x) .

Let (s, t, y) 7→ X(s, t, y) be the characteristic flow of the transport operator
∂t + V (t, x) · ∇x above. The function defined as follows

(0, T )×RN 3 (t, y) 7→ g(t,X(t, 0, y))

is of class C1 and satisfies
d

dt
g(t,X(t, 0, y)) = (∂tg + V · ∇xg)(t,X(t, 0, y)

= −g(t,X(t, 0, y))(divx V )(t,X(t, 0, y)) ,

g
∣∣
t=0

= 0 .

This is a linear ODE with variable amplification or damping rate, and one checks
easily that implies that

g(t,X(t, 0, y)) = 0 , 0 < t < T and y ∈ RN .

Since X(t, 0, ·) is a C1-diffeomorphism for all t ∈ [0, T ], we conclude that

g(t, x) = 0 , for all x ∈ RN and all t ∈ [0, T ] .
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This proves the uniqueness of the solution.
Step 2: Conversely, split f in as follows:

f in = f in1 − f in2 , with f in1 :=
√

1 + (f in)2 and f in2 := f in1 − f in .

By Theorem 2.3.5, the transported measures

µ1(t) := X(t, 0, ·)#(f in1 L N ) and µ2(t) := X(t, 0, ·)#(f in2 L N )

are both weak solutions of the transport equation in conservation form

∂tµ+ divx(µV ) = 0 ,

with the initial data prescribed above. By linearity of this equation, the signed
measure-valued function t 7→ µ1(t) − µ2(t) that is defined for all t ∈ [0, T ]
satisfies {

∂t(µ1 − µ2) + divx((µ1 − µ2)V ) = 0 ,

(µ1(0)− µ2(0)) = f in .

On the other hand,

µ1(t) := X(t, 0, ·)#(f in1 L N ) = f1(t, ·)L N

with f1(t, x) = f in1 (X(0, t, x))J(0, t, x) ,

µ2(t) := X(t, 0, ·)#(f in2 L N = f2(t, ·)L N

with f2(t, x) = f in2 (X(0, t, x))J(0, t, x) ,

and this gives the formula for f = f1 − f2.
Together with assumption (H3) on V with k = 1, these formulas show that

f ∈ C1([0, T ]×RN ).
So far, we only know that f(t, ·)L N is a weak solution of the conservative

transport equation and that its is given by the formula above. Since we already
know that f ∈ C1([0, T ]×RN ), we conclude from Proposition 2.3.4 that f is a
classical solution of the conservative transport equation.



Chapter 3

From Particle Systems to
Mean Field PDEs

3.1 A general formalism for mean field limits in
classical mechanics

We first introduce a formalism for mean field limits in classical mechanics that
encompasses all the examples discussed above.

Consider a system of N particles, whose state at time t is defined by phase
space coordinates ẑ1(t), . . . , ẑN (t) ∈ Rd. For instance, zj is the position xj of
the jth vortex center in the case of the two dimensional Euler equations for
incompressible fluids, and the phase space dimension is d = 2. In the case of
the Vlasov-Poisson system, the phase space is R3 ×R3 ' R6, so that d = 6,
and zj = (xj , vj), where xj and vj are respectively the position and the velocity
of the jth particle.

The interaction between the ith and the jth particle is given by K(ẑi, ẑj),
where

K : Rd ×Rd → Rd

is a map whose properties will be discussed below.

The evolution of ẑ1(t), . . . , ẑN (t) ∈ Rd is governed by the system of ODEs

dẑi
dt

(t) =

N∑
j=1
j 6=i

K(ẑi(t), ẑj(t)) , i, j = 1, . . . , N .

Problem: to describe the behavior of ẑ1(t), . . . , ẑN (t) ∈ Rd in the large N limit
and in some appropriate time scale.

First we need to rescale the time variable, and introduce a new time variable
t̂ so that, in new time scale, the action on any one of the N particles due to the

31
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N − 1 other particles is of order 1 as N → +∞. In other words, the new time
variable t̂ is chosen so that

dẑi

dt̂
= O(1) for each i = 1, . . . , N as N →∞ .

The action on the ith particle of the N − 1 other particles is

N∑
j=1
j 6=i

K(ẑi, ẑj) ,

and it obviously contains N − 1 terms of order 1 (assuming each term K(ẑi, ẑj)
to be of order 1, for instance). Set t̂ = t/N , then

dẑi

dt̂
=

1

N

N∑
j=1
j 6=i

K(ẑi, ẑj) .

From now on, we drop hats on all variables and consider as our starting
point the rescaled problem

żi(t) =
1

N

N∑
j=1
j 6=i

K(zi(t), zj(t)) , i = 1, . . . , N .

At this point, we introduce an important assumption on the interaction
kernel: the action of the jth particle on the ith particle must exactly balance
the action of the ith particle on the jth particle. When the interaction is a
force, this is precisely Newton’s third law of mechanics. Thus we assume that
the interaction kernel satisfies

K(z, z′) = −K(z′, z) , z, z′ ∈ Rd .

We have assumed here that the interaction kernel K is defined on the whole
Rd × Rd space; in particular, the condition above implies that K vanishes
identically on the diagonal, i.e.

K(z, z) = 0 , z ∈ Rd .

Hence the restriction j 6= i can be removed in the summation that appears
on the right hand side of the ODEs governing the N -particle dynamics: since
K(zi(t), zi(t)) = 0 for all i = 1, . . . , N , one has

żi(t) =
1

N

N∑
j=1

K(zi(t), zj(t)) i = 1, . . . , N .
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At this point, we can explain the key idea in the mean field limit: if the
points zj(t) for j = 1, . . . , N are “distributed at time t under the probability
measure f(t, dz)” in the large N limit, then, one expects that

1

N

N∑
j=1

K(zi(t), zj(t))→
∫
Rd

K(zi(t), z
′)f(t, dz′) as N → +∞ .

This suggests replacing the N -particle system of differential equations with the
single differential equation

ż(t) =

∫
Rd

K(z(t), z′)f(t, dz′) .

Here f(t, dz) is unknown, as is z(t), so that it seems that this single differential
equation is insufficient to determine both these unknowns.

But one recognizes in the equality above the equation of characteristics for
the mean field PDE

∂tf + divz(fKf) = 0 ,

where the notation K designates the integral operator defined by the formula

Kf(t, z) :=

∫
Rd

K(z, z′)f(t, dz′) .

Now, this is a single PDE (in fact an integro-differential equation) for the single
unknown f .

A priori f is a time dependent Borel probability measure on Rd, so that
the mean field PDE is to be understood in the sense of distributions on Rd. In
other words,

d

dt

∫
Rd

φ(z)f(t, dz) =

∫
Rd

Kf(t, z) · ∇φ(z)f(t, dz)

for each test function1 φ ∈ C1
b (Rd).

A very important mathematical object in the mathematical theory of the
mean field limit is the empirical measure, which is defined below.

Definition 3.1.1 To each N -tuple ZN = (z1, . . . , zN ) ∈ (Rd)N ' RdN , one
associates its empirical measure

µZN :=
1

N

N∑
j=1

δzj .

1For each topological space X and each finite dimensional vector space E on R, we denote
by Cb(X,E) the set of continuous functions defined on X with values in E that are bounded
on X. For each n, k ≥ 1, we denote by Ckb (Rn, E) the set of functions of class Ck defined on
Rn with values in E all of whose partial derivatives are bounded on Rn: for each norm | · |E
on E, one has

Ckb (Rn, E) := {f ∈ Ck(Rn, E) s.t. sup
x∈Rn

|∂αf(x)|E <∞ for each α ∈ Nn} .

We also denote Cb(X) := Cb(X,R) and Ckb (Rn) := Ckb (Rn,R).
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The empirical measure of a N -tuple ZN ∈ (Rd)N is a Borel probability
measure on Rd. As we shall see in the next section, the N -tuple

t 7→ ZN (t) = (z1(t), . . . , zN (t))

is a solution of the N -particle ODE system

żi(t) =
1

N

N∑
j=1

K(zi(t), zj(t)) , i = 1, . . . , N

if and only if the empirical measure µZN (t) is a solution of the mean field PDE

∂tµZN (t) + divz(µZN (t)KµZN (t)) = 0 .

We conclude this section with a few exercises where the reader can verify that
the formalism introduced here encompasses the two main examples of mean-
field theories presented above, i.e. the two dimensional Euler equation and the
Vlasov-Poisson system.

Exercise:
1) Compute ∆ ln |x| in the sense of distributions on R2 (answer: 2πδ0).
2) Define

K(x, x′) := − 1
2π

J(x− x′)
|x− x′|2

, x 6= x′ ∈ R2 ,

where J designates the rotation of an angle −π2 :

J =

(
0 1
−1 0

)
For each ω ≡ ω(t, x) belonging to C1

b (R+ ×R2) such that supp(ω(t, ·)) is com-
pact for each t ≥ 0, prove that the vector field u defined by

u(t, x) :=

∫
R2

K(x, x′)ω(x′)dx′

is of class C1
b on R+ ×R2 and satisfies

divx u(t, x) = 0 , divx(Ju)(t, x) = ω(t, x) .

3) Conclude that the two dimensional Euler equation for incompressible fluids
can be put in the formalism described in the present section, except for the fact
that the interaction kernel K is singular on the diagonal of R2 ×R2.

Exercise: Let (f, φ) be a solution of the Vlasov-Poisson system such that
f ∈ C∞(R+ ×R3 ×R3) and φ ∈ C∞(R+ ×R3), while (x, v) 7→ f(t, x, v) and
x 7→ φ(t, x) belong to S(R3×R3) and S(R3) respectively. Assume further that∫∫

R3×R3

f(0, x, v)dxdv = 1 , and

∫∫
R3×R3

vf(0, x, v)dxdv = 0 .
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1) Prove that∫∫
R3×R3

f(t, x, v)dxdv=1 and

∫∫
R3×R3

vf(t, x, v)dxdv=0 for all t ≥ 0 .

2) Set z = (x, v) and

K(z, z′) = K(x, v, x′, v′) :=

(
v − v′, q2

4πε0m

x− x′

|x− x′|3

)
.

Prove that∫∫
R3×R3

K(x, v, x′, v′)f(t, x′, v′)dx′dv′ = (v,− q
m∇xφ(t, x)) ,

where

−∆xφ(t, x) =
q

ε0

∫
R3

f(t, x, v)dv .

3) Conclude that the Vlasov-Poisson system can be put in the formalism de-
scribed in the present section, except for the fact that the interaction kernel K
is singular on the set {(x, v, x′, v′) ∈ (R3)4 s.t. x = x′}.

3.2 The mean field characteristic flow

Henceforth we assume that the interaction kernel K : Rd ×Rd → Rd satisfies
the following assumptions.

First K is skew-symmetric:

(HK1) K(z, z′) = −K(z′, z) for all z, z′ ∈ Rd .

Besides, K ∈ C1(Rd×Rd; Rd), with bounded partial derivatives of order 1.
In other words, there exists a constant L ≥ 0 such that

(HK2) sup
z′∈Rd

|∇zK(z, z′)| ≤ L , and sup
z∈Rd

|∇z′K(z, z′)| ≤ L .

Applying the mean value theorem shows that assumption (HK2) implies that
K is Lipschitz continuous in z uniformly in z′ (and conversely):

sup
z′∈Rd

|K(z1, z
′)−K(z2, z

′)| ≤ L|z1 − z2| ,

sup
z∈Rd

|K(z, z1)−K(z, z2)| ≤ L|z1 − z2| .

Assumption (HK2) also implies that K grows at most linearly at infinity:

|K(z, z′)| ≤ L(|z|+ |z′|) , z, z′ ∈ Rd .
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Notice also that the integral operator K can be extended to the set of Borel
probability measures2 on Rd with finite moment of order 1, i.e.

P1(Rd) :=

{
p ∈ P(Rd) s.t.

∫
Rd

|z|p(dz) <∞
}
,

in the obvious manner, i.e.

Kp(z) :=

∫
Rd

K(z, z′)p(dz′) .

The extended operator K so defined maps P1(Rd) into the class Lip(Rd; Rd) of
Lipschitz continuous vector fields on Rd.

With the assumptions above, one easily arrives at the existence and unique-
ness theory for the N -body ODE system.

Theorem 3.2.1 Assume that the interaction kernel K ∈ C1(Rd × Rd,Rd)
satisfies assumptions (HK1-HK2). Then

a) for each N ≥ 1 and each N -tuple ZinN = (zin1 , . . . , zinN ), the Cauchy problem
for the N -particle ODE system

żi(t) =
1

N

N∑
j=1

K(zi(t), zj(t)) , i = 1, . . . , N ,

zi(0) = zini ,

has a unique solution of class C1 on R

t 7→ ZN (t) = (z1(t), . . . , zN (t)) =: TtZ
in
N ;

b) the empirical measure f(t, dz) := µTtZinN is a weak solution of the Cauchy
problem for the mean field PDE{

∂tf + divz(fKf) = 0 ,

f
∣∣
t=0

= f in .

Statement a) follows from the Cauchy-Lipschitz theorem. Statement b) fol-
lows from the method of characteristics for the transport equation. For the sake
of being complete, we sketch the main steps in the proof of statement b), and
leave the details as an exercise to be treated by the reader.

Exercise: Let b ≡ b(t, y) ∈ C([0, τ ]; Rd) be such that Dyb ∈ C([0, τ ]; Rd) and

(H) |b(t, y)| ≤ κ(1 + |y|)

for all t ∈ [0, τ ] and y ∈ Rd, where κ is a positive constant.

2Henceforth, the set of Borel probability measures on Rd will be denoted by P(Rd).
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1) Prove that, for each t ∈ [0, τ ], the Cauchy problem for the ODE{
Ẏ (s) = b(s, Y (s)) ,

Y (t) = y ,

has a unique solution s 7→ Y (s, t, y). What is the maximal domain of definition
of this solution? What is the regularity of the map Y viewed as a function of
the 3 variables s, t, y?
2) What is the role of assumption (H)?
3) Prove that, for each t1, t2, t3 ∈ [0, τ ] and y ∈ Rd, one has

Y (t3, t2, Y (t2, t1, y)) = Y (t3, t1, y) .

4) Compute
∂tY (s, t, y) + b(t, y) · ∇yY (s, t, y) .

5) Let f in ∈ C1(Rd). Prove that the Cauchy problem for the transport equation{
∂tf(t, y) + b(t, y) · ∇yf(t, y) = 0 ,

f
∣∣
t=0

= f in ,

has a unique solution f ∈ C1([0, τ ]×Rd), and that this solution is given by the
formula

f(t, y) = f in(Y (0, t, y)) .

6) Let µin be a Borel probability measure on Rd. Prove that the push-forward
measure3

µ(t) := Y (t, 0, ·)#µin

is a weak solution of {
∂tµ+ divy(µb) = 0 ,

µ
∣∣
t=0

= µin .

Hint: for φ ∈ C1
c (Rd), compute

d

dt

∫
Rd

φ(Y (t, 0, y))µin(dy) .

7) Prove that the unique weak solution4 µ ∈ C([0, τ ], w−P(Rd)) of the Cauchy
problem considered in 6) is the push-forward measure defined by the formula

µ(t) := Y (t, 0, ·)#µin

3Given two measurable spaces (X,A) and (Y,B), a measurable map Φ : (X,A) → (Y,B)
and a measure m on (X,A), the push-forward of m under Φ is the measure on (Y,B) defined
by the formula

Φ#m(B) = m(Φ−1(B)) , for all B ∈ B .

4We designate by w−P(Rd) the set P(Rd) equipped with the weak topology of probability
measures, i.e. the topology defined by the family of semi-distances

dφ(µ, ν) :=

∣∣∣∣∫
Rd

φ(z)µ(dz)−
∫
Rd

φ(z)ν(dz)

∣∣∣∣
as φ runs through Cb(R

d).
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for each t ∈ [0, τ ]. (Hint: for φ ∈ C1
c (Rd), compute

d

dt
〈Y (0, t, ·)#µ(t), φ〉

in the sense of distributions on (0, τ).)

For a solution of this exercise, see chapter 1, section 1 of [1].

Our next step is to formulate and solve a new problem that will contain both
the N -particle ODE system in the mean-field scaling and the mean-field PDE.

Theorem 3.2.2 Assume that the interaction kernel K ∈ C1(Rd × Rd,Rd)
satisfies assumptions (HK1-HK2). For each ζin ∈ Rd and each Borel probability
measure µin ∈ P1(Rd), there exists a unique solution denoted by

R 3 t 7→ Z(t, ζin, µin) ∈ Rd

of class C1 of the problem
∂tZ(t, ζin, µin) = (Kµ(t))(Z(t, ζin, µin)) ,

µ(t) = Z(t, ·, µin)#µin ,

Z(0, ζin, µin) = ζin .

Notice that the ODE governing the evolution of t 7→ Z(t, ζin, µin) is set in
the single-particle phase space Rd, and not in the N -particle phase space, as is
the case of the ODE system studied in Theorem 3.2.1.

Obviously, the ODE appearing in Theorem 3.2.2 is precisely the equation of
characteristics for the mean field PDE. Henceforth, we refer to this ODE as the
equations of “mean field characteristics”, and to its solution Z as the “mean
field characteristic flow”.

How the mean field characteristic flow Z and the flow Tt associated to the
N -particle ODE system are related is explained in the next proposition.

Proposition 3.2.3 Assume that the interaction kernel K ∈ C1(Rd ×Rd,Rd)
satisfies assumptions (HK1-HK2). For each ZinN = (zin1 , . . . , zinN ), the solution

TtZ
in
N = (z1(t), . . . , zN (t))

of the N -body problem and the mean field characteristic flow Z(t, ζin, µin) satisfy

zi(t) = Z(t, zini , µZinN ) , i = 1, . . . , N ,

for all t ∈ R.

Proof of Proposition 3.2.3. Define

ζi(t) := Z(t, zini , µZinN ) , i = 1, . . . , N .
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Then5

µ(t) = Z(t, ·, µZinN )#µZinN =
1

N

N∑
j=1

δζj(t)

for all t ∈ R. Therefore, ζi satisfies

ζ̇i(t) = (Kµ(t))(ζi(t)) =
1

N

N∑
j=1

K(ζi(t), ζj(t)) , i = 1, . . . , N ,

for all t ∈ R. Moreover

ζi(0) = Z(0, zini , µ
in) = zini , i = 1, . . . , N .

Therefore, by uniqueness of the solution of the N -particle equation (Theorem
3.2.1), one has

ζi(t) = zi(t) ,

for all i = 1, . . . , N and all t ∈ R.

The proof of Theorem 3.2.2 is a simple variant of the proof of the Cauchy-
Lipschitz theorem.

Proof of Theorem 3.2.2. Let µin ∈ P1(Rd), and denote

C1 :=

∫
Rd

|z|µin(dz) .

Let

X :=

{
v ∈ C(Rd; Rd) s.t. sup

z∈Rd

|v(z)|
1 + |z|

<∞
}
,

which is a Banach space for the norm

‖v‖X := sup
z∈Rd

|v(z)|
1 + |z|

.

5The reader should be aware of the following subtle point. In classical references on distri-
bution theory, such as [8], the Dirac mass is viewed as a distribution, therefore as an object
that generalizes the notion of function. There is a notion of pull-back of a distribution under a
C∞ diffeomorphism such that the pull-back of the Dirac mass at y0 with a C∞ diffeomorphism
χ : RN → RN satisfying χ(x0) = y0 is

δy0 ◦ χ = |det(Dχ(x0))|−1δx0 .

This notion is not to be confused with the push-forward under χ of the Dirac mass at δx0

viewed as a probability measure, which, according to the definition in the previous footnote
is

χ#δx0 = δy0 .

In particular

χ#δx0 6= δx0 ◦ χ
−1

unless χ has Jacobian determinant 1 at x0.
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By assumption (HK2) on the interaction kernel K, for each v, w ∈ X, one
has ∣∣∣∣∫

Rd

K(v(z), v(z′))µin(dz′)−
∫
Rd

K(w(z), w(z′))µin(dz′)

∣∣∣∣
≤ L

∫
Rd

(|v(z)− w(z)|+ |v(z′)− w(z′)|)µin(dz′)

≤ L‖v − w‖X(1 + |z|) + L‖v − w‖X
∫
Rd

(1 + |z′|)µin(dz′)

= L‖v − w‖X(1 + |z|+ 1 + C1)

≤ L‖v − w‖X(2 + C1)(1 + |z|) .

Define a sequence (Zn)n≥0 by induction, as follows:Zn+1(t, ζ) = ζ +

∫ t

0

∫
Rd

K(Zn(t, ζ), Zn(t, ζ ′))µin(dζ ′)ds , n ≥ 0 ,

Z0(t, ζ) = ζ .

One checks by induction with the inequality above that, for each n ∈ N,

‖Zn+1(t, ·)− Zn(t, ·)‖X ≤
((2 + C1)L|t|)n

n!
‖Z1(t, ·)− Z0(t, ·)‖X .

Since

|Z1(t, ζ)− ζ| =
∣∣∣∣∫ t

0

∫
Rd

K(ζ, ζ ′)µin(dζ ′)ds

∣∣∣∣
≤
∫ |t|

0

∫
Rd

L(|ζ|+ |ζ ′|)µin(dζ ′)ds

=

∫ |t|
0

L(|ζ|+ C1)ds ≤ L(1 + C1)(1 + |ζ|)|t| ,

one has

‖Zn+1(t, ·)− Zn(t, ·)‖X ≤
((2 + C1)L|t|)n+1

n!
.

Thus, for each τ > 0,

Zn(t, ·)→ Z(t, ·) in X uniformly on [−τ, τ ] ,

where Z ∈ C(R;X) satisfies

Z(t, ζ) = ζ +

∫ t

0

∫
Rd

K(Z(s, ζ), Z(s, ζ ′))µin(dζ ′)ds

for all t ∈ R and all ζ ∈ Rd.
If Z and Z̃ ∈ C(R;X) satisfy the integral equation above, then

Z(t, ζ)− Z̃(t, ζ) =

∫
Rd

(K(Z(s, ζ), Z(s, ζ ′))−K(Z̃(s, ζ), Z̃(s, ζ ′)))µin(dζ ′) ,
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so that, for all t ∈ R, one has

‖Z(t, ·)− Z̃(t, ·)‖X ≤ L(2 + C1)

∣∣∣∣∫ t

0

‖Z(s, ·)− Z̃(s, ·)‖Xds
∣∣∣∣ .

This implies that
‖Z(t, ·)− Z̃(t, ·)‖X = 0

by Gronwall’s inequality, so that Z = Z̃. Hence the integral equation has only
one solution Z ∈ C(R;X).

Since Z ∈ C(R+;X), K ∈ C1(Rd × Rd,Rd) satisfies (HK2) and µin ∈
P1(Rd), the function

s 7→
∫
Rd

K(Z(s, ζ), Z(s, ζ ′))µin(dζ ′)

is continuous on R.
Using the integral equation shows that the function t 7→ Z(t, ζ) is of class

C1 on R and satisfies ∂tZ(t, ζ) =

∫
Rd

K(Z(t, ζ), Z(t, ζ ′))µin(dζ ′) ,

Z(0, ζ) = ζ .

Substituting z′ = Z(t, ζ ′) in the integral above, one has∫
Rd

K(Z(t, ζ), Z(t, ζ ′))µin(dζ ′) =

∫
Rd

K(Z(t, ζ), z′)Z(t, ·)#µin(dz′)

so that the element Z of C(R;X) so constructed is the unique solution of the
mean field characteristic equation.

References for this and the previous section are [2, 16].

3.3 Dobrushin’s stability estimate and the mean
field limit

3.3.1 The Monge-Kantorovich distance

For each r > 1, we denote by Pr(Rd) the set of Borel probability measures on
Rd with a finite moment of order r, i.e. satisfying∫

Rd

|z|rµ(dz) <∞ .

Given µ, ν ∈ Pr(Rd), we define Π(µ, ν) to be the set of Borel probability
measures π on Rd ×Rd with first and second marginals µ and ν respectively.
Equivalently, for each π ∈ P(Rd ×Rd),

π ∈ Π(µ, ν)⇔
∫∫

Rd×Rd

(φ(x)+ψ(y))π(dxdy) =

∫
Rd

φ(x)µ(dx)+

∫
Rd

ψ(y)ν(dy)
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for each φ, ψ ∈ C(Rd) such that φ(z) = O(|z|r) and ψ(z) = O(|z|r) as |z| → ∞.
Probability measures belonging to Π(µ, ν) are sometimes referred to as “cou-

plings of µ and ν”.

Exercise: Check that, if µ and ν ∈ Pr(Rd) for some r > 0, then one has
Π(µ, ν) ⊂ Pr(Rd ×Rd).

With these elements of notation, we now introduce the notion of Monge-
Kantorovich distance.

Definition 3.3.1 For each r ≥ 1 and each µ, ν ∈ Pr(Rd), the Monge-Kantoro-
vich distance distMK,r(µ, ν) between µ and ν is defined by the formula

distMK,r(µ, ν) = inf
π∈Π(µ,ν)

(∫∫
Rd×Rd

|x− y|rπ(dxdy)

)1/r

.

These distances also go by the name of “Kantorovich-Rubinstein distances”
or “Wasserstein distances” — although the minimization problem in the right
hand side of the formula defining distMK,r had been considered for the first time
by Monge6 and systematically studied by Kantorovich.

We shall use the Monge-Kantorovich distances only as a convenient tool for
studying the stability of the mean field characteristic flow. Therefore, we shall
not attempt to present the mathematical theory of these distances and refer
instead to the C. Villani’s books [21, 22] for a very detailed discussion of this
topic.

However, it is useful to know the following property that is special to the
case r = 1.

Proposition 3.3.2 The Monge-Kantorovich distance with exponent 1 is also
given by the formula

distMK,1(µ, ν) = sup
φ∈Lip(Rd)
Lip(φ)≤1

∣∣∣∣∫
Rd

φ(z)µ(dz)−
∫
Rd

φ(z)ν(dz)

∣∣∣∣ ,
with the notation

Lip(φ) := sup
x 6=y∈Rd

|φ(x)− φ(y)|
|x− y|

.

for the Lipschitz constant of φ.

The proof of this proposition is based on a duality argument in optimization:
see for instance Theorems 1.14 and 7.3 (i) in [21].

6Monge’s original problem was to minimize over the class of all Borel measurable trans-
portation maps T : Rd → Rd such that T#µ = ν the transportation cost∫

Rd
|x− T (x)|µ(dx) .
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3.3.2 Dobrushin’s estimate

As explained in Proposition 3.2.3, the mean field characteristic flow contains
all the relevant information about both the mean field PDE and the N -particle
ODE system.

Dobrushin’s approach to the mean field limit is based on the idea of proving
the stability of the mean field characteristic flow Z(t, ζin, µin) in both the initial
position in phase space ζin and the initial distribution µin. As we shall see, the
Monge-Kantorovich distance is the best adapted mathematical tool to measure
this stability.

Dobrushin’s idea ultimately rests on the following key computation. Let
ζin1 , ζin2 ∈ Rd, and let µin1 , µ

in
2 ∈ P1(Rd). Then

Z(t, ζ1, µ
in
1 )− Z(t, ζ2, µ

in
2 ) = ζ1 − ζ2

+

∫ t

0

∫
Rd

K(Z(s, ζ1, µ
in
1 ), z′)µ1(s, dz′)ds

−
∫ t

0

∫
Rd

K(Z(s, ζ2, µ
in
2 ), z′)µ2(s, dz′)ds .

Since µj(t) = Z(t, ·, µinj )#µinj for j = 1, 2, each inner integral on the right hand
side of the equality above can be expressed as follows:∫

Rd

K(Z(s, ζj , µ
in
j ), z′)µj(s, dz

′)

=

∫
Rd

K(Z(s, ζj , µ
in
j ), Z(s, ζ ′j , µ

in
j ))µinj (dζ ′j)

for j = 1, 2. Therefore, for each coupling πin ∈ P1(µin1 , µ
in
2 ), one has∫

Rd

K(Z(s, ζ1, µ
in
1 ), Z(s, ζ ′1, µ

in
1 ))µin1 (dζ ′1)

−
∫
Rd

K(Z(s, ζ2, µ
in
2 ), Z(s, ζ ′2, µ

in
2 ))µin2 (dζ ′2)

=

∫∫
Rd×Rd

(K(Z(s, ζ1, µ
in
1 ), Z(s, ζ ′1, µ

in
1 ))

−K(Z(s, ζ2, µ
in
2 ), Z(s, ζ ′2, µ

in
2 )))πin(dζ ′1, dζ

′
2) ,

so that

Z(t, ζ1, µ
in
1 )− Z(t, ζ2, µ

in
2 ) = ζ1 − ζ2

+

∫ t

0

∫∫
Rd×Rd

(K(Z(s, ζ1, µ
in
1 ), Z(s, ζ ′1, µ

in
1 ))

−K(Z(s, ζ2, µ
in
2 ), Z(s, ζ ′2, µ

in
2 )))πin(dζ ′1, dζ

′
2)ds .

This last equality is the key observation in Dobrushin’s argument, which ex-
plains the role of couplings of µin1 and µin2 in this problem, and therefore why
it is natural to use the Monge-Kantorovich distance.
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After this, the end of the argument is plain sailing. By assumption (HK2)
on the interaction kernel K, for all a, a′, b, b′ ∈ Rd, one has

|K(a, a′)−K(b, b′)| ≤ |K(a, a′)−K(b, a′)|+ |K(b, a′)−K(b, b′)|
≤ L|a− b|+ L|a′ − b′| .

Therefore

|Z(t, ζ1, µ
in
1 )− Z(t, ζ2, µ

in
2 )|

≤ |ζ1 − ζ2|+ L

∫ t

0

|Z(s, ζ1, µ
in
1 )− Z(s, ζ2, µ

in
2 )|ds

+ L

∫ t

0

∫∫
Rd×Rd

|Z(s, ζ ′1, µ
in
1 )− Z(s, ζ ′2, µ

in
2 )|πin(dζ ′1dζ

′
2)ds .

It is convenient at this point to introduce the notation

D[π](s) :=

∫∫
Rd×Rd

|Z(s, ζ ′1, µ
in
1 )− Z(s, ζ ′2, µ

in
2 )|π(dζ ′1dζ

′
2)

for each π ∈ P1(Rd ×Rd). Thus, the previous inequality becomes

|Z(t, ζ1, µ
in
1 )− Z(t, ζ2, µ

in
2 )| ≤ |ζ1 − ζ2|

+ L

∫ t

0

|Z(s, ζ1, µ
in
1 )− Z(s, ζ2, µ

in
2 )|ds+ L

∫ t

0

D[πin](s)ds .

Integrating both sides of the inequality above with respect to πin(dζ1dζ2)
leads to

D[πin](t) ≤
∫∫

Rd×Rd

|ζ1 − ζ2|πin(dζ1dζ2) + 2L

∫ t

0

D[πin](s)ds

= D[πin](0) + 2L

∫ t

0

D[πin](s)ds .

By Gronwall’s inequality, we conclude that, for all t ∈ R, one has

D[πin](t) ≤ D[πin](0)e2L|t| .

Now we can state Dobrushin’s stability theorem.

Theorem 3.3.3 (Dobrushin) Assume that K ∈ C1(Rd × Rd,Rd) satisfies
(HK1-HK2). Let µin1 , µ

in
2 ∈ P1(Rd). For all t ∈ R, let{

µ1(t) = Z(t, ·, µin1 )#µin1 ,

µ2(t) = Z(t, ·, µin2 )#µin2 ,

where Z is the mean field characteristic flow defined in Theorem 3.2.2.
Then, for all t ∈ R, one has

distMK,1(µ1(t), µ2(t)) ≤ e2L|t| distMK,1(µin1 , µ
in
2 ) .
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Proof. We have seen that, for all µin1 , µ
in
2 ∈ P1(Rd) and all πin ∈ Π(µin1 , µ

in
2 ),

one has

D[πin](t) ≤ D[πin](0)e2L|t|

for all t ∈ R.
Since Z(t, ·, µinj )#µinj = µj(t) for j = 1, 2, the map

Φt : (ζ1, ζ2) 7→ (Z(t, ζ1, µ
in
1 ), Z(t, ζ2, µ

in
2 ))

satisfies

Φt#π
in = π(t) ∈ Π(µ1(t), µ2(t))

for all t ∈ R, since πin ∈ Π(µin1 , µ
in
2 ).

Thus

distMK,1(µ1(t), µ2(t)) = inf
π∈Π(µ1(t),µ2(t))

∫∫
Rd×Rd

|ζ1 − ζ2|π(dζ1dζ2)

≤ inf
πin∈Π(µin1 ,µin2 )

∫∫
Rd×Rd

|Z(t, ζ1, µ
in
1 )− Z(t, ζ2, µ

in
2 )|πin(dζ1dζ2)

= inf
πin∈Π(µin1 ,µin2 )

D[πin](t) ≤ e2L|t| inf
πin∈Π(µin1 ,µin2 )

D[πin](0)

= e2L|t| distMK,1(µin1 , µ
in
2 )

which concludes the proof.

The discussion in this section is inspired from [4]; see also [14]. The inter-
ested reader is also referred to the very interesting paper [12] where Monge-
Kantorovich distances with exponents different from 1 are used in the same
context — see also [7].

3.3.3 The mean field limit

The mean field limit of the N -particle system is a consequence of Dobrushin’s
stability theorem, as explained below.

Theorem 3.3.4 Assume that the interaction kernel K ∈ C1(Rd × Rd) and
satisfies assumptions (HK1-HK2). Let f in be a probability density on Rd such
that ∫

Rd

|z|f in(z)dz <∞ .

Then the Cauchy problem for the mean field PDE{
∂tf(t, z) + divz(f(t, z)Kf(t, z)) = 0 , z ∈ Rd , t ∈ R ,

f
∣∣
t=0

= f in

has a unique weak solution f ∈ C(R;L1(Rd)).
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For each N ≥ 1, let Z(N) = (zin1,N , . . . , z
in
N,N ) ∈ (Rd)N be such that

µZ(N) =
1

N

N∑
=1

δzinj,N

satisfies
distMK,1(µZ(N), f

in)→ 0 as N →∞ .

Let t 7→ TtZ(N) = (z1,N (t), . . . , zN,N (t)) ∈ (Rd)N be the solution of the
N -particle ODE system with initial data Z(N), i.e.

żi(t) =
1

N

N∑
j=1

K(zi(t), zj(t)) , i = 1, . . . , N,

zi(0) = zini .

Then7

µTtZ(N)⇀f(t, ·)L d as N →∞

in the weak topology of probability measures, with convergence rate

distMK,1(µTtZ(N), f(t, ·)L d) ≤ e2L|t| distMK,1(µZ(N), f
in)→ 0

as N →∞ for each t ∈ R.

Proof. By Theorem 3.2.2 and questions 6 and 7 in the exercise on the method
of characteristics before Theorem 3.2.2, one has

f(t, ·)L d = Z(t, ·, f inL d)#f inL d

for all t ∈ R. This implies in particular the uniqueness of the solution of the
Cauchy problem in C(R;L1(Rd)) for the mean field PDE.

By Proposition 3.2.3,

µTtZ(N) = Z(t, ·, µZ(N))#µZ(N)

for all t ∈ R.
By Dobrushin’s stability estimate,

distMK,1(µTtZ(N), f(t, ·)L d) ≤ e2L|t| distMK,1(µZ(N), f
in)

for all t ∈ R, and since we have chosen Z(N) so that

distMK,1(µZ(N), f
in)→ 0

as N →∞, we conclude that

distMK,1(µTtZ(N), f(t, ·)L d)→ 0

7The notation L d designates the Lebesgue measure on Rd.
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as N →∞ for each t ∈ R.
As for weak convergence, pick φ ∈ Lip(Rd); then∣∣∣∣∫

Rd

φ(z)µTtZ(N)(dz)−
∫
Rd

φ(z)f(t, z)dz

∣∣∣∣
=

∣∣∣∣∫∫
Rd×Rd

(φ(x)− φ(y))π(dxdy)

∣∣∣∣
≤
∫∫

Rd×Rd

|φ(x)− φ(y)|π(dxdy)

≤ Lip(φ)

∫∫
Rd×Rd

|x− y|π(dxdy)

for each π ∈ Π(µTtZ(N), f(t, ·)L d). Thus∣∣∣∣∫
Rd

φ(z)µTtZ(N)(dz)−
∫
Rd

φ(z)f(t, z)dz

∣∣∣∣
≤ Lip(φ) inf

π∈Π(µTtZ(N),f(t,·)L d)

∫∫
Rd×Rd

|x− y|π(dxdy)

= Lip(φ) distMK,1(µTtZ(N), f(t, ·)L d)→ 0

for each t ∈ R as N → ∞. (Notice that the inequality above is an obvious
consequence of the definition of distMK,1, so that the equality in Proposition
3.3.2 is not needed here.)

This is true in particular for each φ ∈ C1
c (Rd), and since C1

c (Rd) is dense in
Cc(R

d), we conclude that∫
Rd

φ(z)µTtZ(N)(dz)→
∫
Rd

φ(z)f(t, z)dz

as N →∞ for each φ ∈ Cc(Rd). Since∫
Rd

µTtZ(N)(dz) =

∫
Rd

f(t, z)dz = 1

for all t ∈ R, we conclude that the convergence above holds for each φ ∈ Cb(Rd),
which means that

µTtZ(N) → f(t, ·)L d

as N →∞ in the weak topology of probability measures, by applying Theorem
6.8 in chapter II of [13], sometimes referred to as the “portmanteau theorem”.

The theorem above is the main result on the mean field limit in [16, 2, 4].

3.3.4 On the choice of the initial data

In practice, using Theorem 3.3.4 as a rigorous justification of the mean field limit
requires being able to generate N -tuples of the form Z(N) = (zin1,N , . . . , z

in
N,N ) ∈
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(Rd)N such that

µZ(N) =
1

N

N∑
=1

δzinj,N

satisfies

distMK,1(µZ(N), f
in)→ 0 as N →∞ .

Assume that f in is a probability density on Rd such that∫
Rd

|z|2f(z)dz <∞ .

Let Ω := (Rd)N
∗
, the set of sequences of points in Rd indexed by N∗. Let

F be the σ-algebra on Ω generated by cylinders, i.e. by sets of the form∏
n≥1

Bn with Bn Borel set in Rd

and Bn = Rd for all but finitely many n .

Finally, we endow the measurable space (Ω,F) with the probability measure
P := (f in)⊗∞, defined on the set of cylinders of Ω by the formula

P

∏
n≥1

Bn

 =
∏
n≥1

f in(Bn) .

(Notice that f in(Bn) = 1 for all but finitely many n, since Bn = Rd except for
finitely many n.)

Theorem 3.3.5 For each zin = (zink )k≥1 ∈ Ω, let ZinN = (zin1 , . . . , zinN ). Then

distMK,1(µZinN , f
inL d)→ 0

as N →∞ for P-a.e. zin ∈ Ω.

Proof. For φ ∈ Cc(Rd) or φ(z) = |z|, consider the sequence of random variables
on (Ω,F) defined by

Yn(z) = φ(zn) ,

where

z := (z1, . . . , zn, . . .) ∈ Ω .

The random variables Yn are identically distributed, since

P(Yn ≥ a) =

∫
Rd

1φ(z)≥af
in(z)dz

is independent of n.
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The random variables Yn are also independent, since for all N ≥ 1 and all
g1, . . . , gN ∈ Cb(R), one has

EP(g1(Y1) . . . gN (YN )) =

N∏
k=1

∫
Rd

gk(φ(z))f in(z)dz =

N∏
k=1

EP(gk(Yk)) .

Finally, the random variables Yn have finite variance since

EP(|Yn|2) =

∫
Rd

|z|2f in(z)dz <∞ .

By the strong law of large numbers (see Theorem 3.27 in [3]), one has〈
1

N

N∑
k=1

δzk , φ

〉
=

1

N

N∑
k=1

Yk → EP(Y1) =

∫
Rd

φ(z)f in(z)dz

for P-a.e. z.
Since Cc(R

d) is separable, one can assume that the P-negligible set is the
same for all φ ∈ Cc(R

d), and take its union with the one corresponding to
φ(z) = |z|. This means precisely that

1

N

N∑
k=1

δzk → f inL d

weakly in P1(Rd) for P-a.e. z ∈ Ω. One concludes the proof with the lemma
below.

Lemma 3.3.6 The Monge-Kantorovich distance distMK,1 metricizes the topol-
ogy of weak convergence on P1(Rd). In other words, given a sequence (µn)n≥1

of elements of P1(Rd) and µ ∈ P1(Rd), the two following statements are equiv-
alent:

(1) distMK,1(µn, µ)→ 0 as n→∞;

(2) µn → µ weakly in P(Rd) as n→∞ and

sup
n

∫
Rd

|z|1|z|≥Rµn(dz)→ 0 as R→∞ .

For a proof of Lemma 3.3.6, see [21].

Exercise: The reader is invited to verify the fact that one can choose the P-
negligible set that appears in the proof of Theorem 3.3.5 to be the same for all
φ ∈ Cc(Rd) and for φ(z) = |z|. Here is an outline of the argument.
a) Let R > 0; let ER be the set of real-valued continuous functions defined on
[−R,R]d that vanish identically on ∂[−R,R]d, equipped with the sup-norm

‖φ‖ := sup
x∈[−R,R]d

|φ(x)| .
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Prove that ER is a separable Banach space.

Denote by Nφ be the set of z ∈ Ω such that〈
1

N

N∑
k=1

δzk , φ

〉
does not converge to ∫

Rd

φ(z)f in(z)dz

as N →∞. Let R > 0 and let (φn)n≥1 be a dense sequence of elements of ER,
extended by 0 to Rd. Define

NR :=
⋃
n≥1

Nφn .

b) Prove that 〈
1

N

N∑
k=1

δzk , φ

〉
→
∫
Rd

φ(z)f in(z)dz

as N → ∞ for all φ ∈ ER and all z /∈ NR. (Hint: pick φ ∈ ER and ε > 0, and
choose m := m(φ, ε) such that ‖φ− φm‖ < ε. With the decomposition〈

1

N

N∑
k=1

δzk , φ

〉
−
∫
Rd

φ(z)f in(z)dz =

〈
1

N

N∑
k=1

δzk , φ− φm
〉

+

〈
1

N

N∑
k=1

δzk , φm

〉
−
∫
Rd

φm(z)f in(z)dz

+

∫
Rd

(φm(z)− φ(z))f in(z)dz ,

prove that ∣∣∣∣∣
〈

1

N

N∑
k=1

δzk , φ

〉
−
∫
Rd

φ(z)f in(z)dz

∣∣∣∣∣ < 3ε

for all z /∈ NR provided that N ≥ N0 = N0(ε, φ).)
c) Complete the proof of Theorem 3.3.5.

Thus, using Theorem 3.3.4 to prove the mean field limit requires choosing

Z(N) = (zin1,N , . . . , z
in
N,N ) ∈ (Rd)N

for each N ≥ 1 so that

distMK,1(µZ(N), f
inL d)→ 0 as N →∞ .

Theorem 3.3.5 provides us with a strategy for making this choice, which is
to draw an infinite sequence zinj at random and independently with distribution
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f inL d, and to set zinj,N := zinj . This strategy avoids the unpleasant task of
having to change the first terms in Z(N) as N →∞.

Since Dobrushin’s estimate bounds distMK,1(f(t, ·)L d, µTtZ(N)) in terms of

distMK,1(f inL d, µZ(N)), having an explicit bound on distMK,1(f inL d, µZ(N))
would provide us with a quantitative error estimate for the mean field limit.
Bounds of this type have been studied in detail by several authors: see for
instance Theorem 1.1 in [9] and Lemma 4.2 in [15] for a quick overview with
further references.

More details on the topics discussed in the present section are to be found
in [2], as well as a precise statement concerning the behavior of fluctuations
around the mean field limit — in some sense, the asymptotic behavior at next
order after the mean field limit (see Theorem 3.5 in [2]).
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Chapter 4

The Cauchy Problem for
Vlasov-Poisson

This chapter reviews the existence, uniqueness and regularity theory for solu-
tions of the Cauchy problem for the Vlasov-Poisson system

∂tf(t, x, v) + v · ∇xf(t, x, v)−∇xΦ(t, x) · ∇vf(t, x, v) = 0 , x, v,∈ Rd ,

−∆xΦ(t, x) =

∫
Rd

f(t, x, v)dv ,

f(0, x, v) = f in(x, v) .

4.1 Elementary Inequalities

We recall from the previous chapter the following a priori estimates satisfied by
classical solutions (f,E) of the Vlasov-Poisson system with appropriate decay
as |x|+ |v| → ∞:

(a) conservation of mass (or particle number):

M(t) :=

∫∫
Rd×Rd

f(t, x, v)dxdv =

∫∫
Rd×Rd

f in(x, v)dxdv =:Min ;

(b) energy conservation: for each t ≥ 0, one has

E(t) : =

∫∫
Rd×Rd

1
2 |v|

2f(t, x, v)dxdv +

∫
Rd

1
2 |∇xΦ(t, x)|2dx

=

∫∫
Rd×Rd

1
2 |v|

2f in(x, v)dxdv +

∫
Rd

1
2 |∇xΦin(x)|2dx =: E in ,

where ∇xΦin is obtained by solving the Poisson equation

−∆xΦin(x) =

∫
Rd

f in(x, v)dv , ∇xΦin(x)→ 0 as |x| → ∞ .

53
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Other elementary inequalities are needed in the theory of the Cauchy prob-
lem for the Vlasov-Poisson system. We have gathered them together in the
present section.

Positivity and maximum principle:

0 ≤ f in(x, v) ≤M for a.e. (x, v) ∈ Rd ×Rd

⇒ 0 ≤ f(t, x, v) ≤M for a.e. (x, v) ∈ Rd ×Rd , for all t ≥ 0 .

Interpolation inequality: for each m ≥ r > 0, there exists a positive constant
C(d,m, r) such that, for each measurable function f ≡ f(x, v) defined a.e. on
Rd
x ×Rd

v, one has∥∥∥∥∫
Rd

|v|rf(·, v)dv

∥∥∥∥
L
m+d
r+d (Rd)

≤ C(d,m, r)‖f‖
m−r
m+d

L∞(Rd×Rd)
‖|v|mf‖

r+d
m+d

L1(Rd×Rd)
.

Basic facts on the Coulomb potential: let Gd ≡ Gd(x) be the function
defined on Rd \ {0} by the formula

Gd(x) :=


− 1

2π ln |x| if d = 2 ,

1
c(d)

1

|x|d−2
if d ≥ 3 ,

where
c(d) := (d− 2)|Sd−1| .

Then
−∆Gd = δ0 in D′(Rd) .

A straightforward computation shows that

−∇Gd = 1
|Sd−1|

x

|x|d
in D′(Rd) ,

so that1

∇Gd ∈ L
d
d−1 ,∞(Rd) .

1If (X,A, µ) is a σ-finite measured space, for all p ∈ [1,∞), the space Lp,∞(X,µ) is defined
as the set of equivalence classes of measurable functions defined µ-a.e. on X and satisfying

µ({x ∈ X s.t. |f(x)|p ≥ t}) ≤ C/t , t > 0 .

By the Bienaymé-Chebyshev inequality, f ∈ Lp(X)⇒ f ∈ Lp,∞(X) since

µ({x ∈ X s.t. |f(x)|p ≥ t}) ≤
1

t

∫
X
|f(x)|pdx =

‖f‖pLp
t

.

The converse is obviously wrong: for instance the function f : (1,∞) 3 x 7→ 1/x ∈ R belongs
to L1,∞(1,∞) but not to L1(1,∞). The space Lp,∞(X,µ) is sometimes referred to as the
weak Lp space, or the Marcinkiewicz Lp space. It belongs to the more general class of Lorentz
spaces defined in terms of L1 and L∞ by the Lions-Peetre real interpolation method. The
reader interested in further details on this subject is advised to read [19].
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Moreover2

∇2Gd = 1
|§d−1| vp

|x|2I − dx⊗2

|x|d+2
− 1

dδ0I in D′(Rd) .

Estimates on the force field: the force field is given by

E(t, ·) = −∇Gd ? ρ(t, ·) ,

so that
‖E(t, ·)‖Lq ≤ C‖ρ(t, ·)‖Lp ,

for all t ≥ 0, with

1 +
1

q
=

1

p
+
d− 1

d
⇔ 1

q
=

1

p
− 1

d
if 1 < p < d .

This follows from the weak Young inequality for the convolution product (see
section 4.3 on p. 107 in [11]).

Estimates on the force field: in addition, for all t ≥ 0, one has

∇xE(t, ·) := −∇2Gd ? ρ(t, ·)

so that
‖∇xE(t, ·)‖Lp(Rd) ≤ C‖ρ(t, ·)‖Lp(Rd)

for all 1 < p < ∞ by the Calderón-Zygmund continuity theorem for singular
integrals (see Theorem 4.12 in [5]).

Likewise
∂tE(t, ·) = −∇G ? ∂tρ(t, ·) = ∇G ? divx j(t, ·)

where we recall that the current density is defined by the formula

j(t, x) :=

∫
Rd

v(f(t, x, v)dv .

Therefore
‖∂tE(t, ·)‖Lp(Rd) ≤ C‖j(t, ·)‖Lp(Rd)

2Let Ω ∈ Lq(Sd−1) for some q > 1 satisfy the condition∫
Sd−1

Ω(ω)ds(ω) = 0 ,

where ds is the d − 1-dimensional surface element on Sd−1. The tempered distribution

vp
Ω(x/|x|)
|x|d is defined by the formula〈
vp

Ω(x/|x|)
|x|d

, φ

〉
= lim
ε→0+

∫
Rd

Ω(x/|x|)
|x|d

φ(x)1|x|>εdx

=

∫
Rd

Ω(x/|x|)
|x|d

(φ(x)− φ(0))1|x|≤Rdx+

∫
Rd

Ω(x/|x|)
|x|d

φ(x)1|x|>Rdx

for each R > 0 and each φ ∈ S(Rd).
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for all 1 < p < ∞, again by the Calderón-Zygmund continuity theorem for
singular integrals.

A priori bounds: assume that the initial condition f in of the Cauchy problem
for the Vlasov-Poisson equation satisfies

f in ≥ 0 a.e. on Rd ×Rd , f in ∈ L1 ∩ L∞(Rd
x ×Rd

v) ,

and

E in :=

∫∫
Rd×Rd

1
2 |v|

2f in(x, v)dxdv +

∫
Rd

1
2 |∇xΦin(x)|2dx <∞ .

By the energy conservation∫∫
Rd×Rd

1
2 |v|

2f(t, x, v)dxdv ≤ E in and

∫
Rd

1
2 |E(t, x)|2dx ≤ E in

so that, by the interpolation inequality

‖ρ(t, ·)‖
L
d+2
d (Rd)

+ ‖j(t, ·)‖
L
d+2
d+1 (Rd)

≤ C

for some positive constante C. On the other hand, by the global conservation
of mass

‖ρ(t, ·)‖L1(Rd) =

∫∫
Rd×Rd

f(t, x, v)dxdv

=

∫∫
Rd×Rd

f in(x, v)dxdv =:Min <∞ ,

while

‖j(t, ·)‖L1(Rd) ≤
∫∫

Rd×Rd

|v|f(t, x, v)dxdv

≤
∫∫

Rd×Rd

1
2 (1 + |v|2)f(t, x, v)dxdv ≤ 1

2M
in + E in <∞ .

By Hölder’s inequality, for all t ≥ 0, one has

‖ρ(t, ·)‖Lp(Rd) ≤ C <∞ for 1 ≤ p ≤ d+ 2

d
,

while

‖j(t, ·)‖Lp(Rd) ≤ C <∞ for 1 ≤ p ≤ d+ 2

d+ 1
.

These a priori bounds imply that the force field satisfies

‖E(t, ·)‖Lq(Rd) ≤ C <∞ for
d

d− 1
< q ≤ d(d+ 2)

(d− 2)(d+ 1)
,

together with

‖∇xE(t, ·)‖Lq(Rd) ≤ C <∞ for 1 < p ≤ d+ 2

d
,

‖∂tE(t, ·)‖Lq(Rd) ≤ C <∞ for 1 < p ≤ d+ 2

d+ 1

for all t ≥ 0.
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4.2 Global Existence of Weak Solutions

The global existence of weak solutions of the Cauchy problem for the Vlasov-
Poisson system was obtained in 1975 by Arsenev.

Theorem 4.2.1 Assume that d ≥ 2, and let f in ∈ L1 ∩ L∞(Rd
x ×Rd

v) satisfy

f in ≥ 0 a.e. and

∫∫
Rd×Rd

1
2 |v|

2f(t, x, v)dxdv +

∫
Rd

1
2 |E(t, x)|2dx = E in <∞ .

Then there exists a global weak solution f ∈ L∞(R+;L1(Rd
x ×Rd

v)) of the
Cauchy problem for the Vlasov-Poisson system with initial data f in. This solu-
tion satisfies

0 ≤ f(t, x, v) ≤ ‖f in‖L∞ for a.e. (x, v) ∈ Rd ×Rd for all t ≥ 0 ,

together with the mass bound∫∫
Rd×Rd

f(t, x, v)dxdv ≤Min <∞

for all t ≥ 0 and the energy bound∫∫
Rd×Rd

1
2 |v|

2f(t, x, v)dxdv +

∫
Rd

1
2 |∇xΦ(t, x)|2dx ≤ E in <∞

for a.e. t ≥ 0. The initial condition is verified in the sense of distributions, i.e.
for all φ ∈ C∞c (Rd ×Rd), the function

t 7→
∫∫

Rd×Rd

f(t, x, v)φ(x, v)dxdv

is continuous on R+ and satisfies∫∫
Rd×Rd

f(0, x, v)φ(x, v)dxdv =

∫∫
Rd×Rd

f in(x, v)φ(x, v)dxdv .

4.2.1 The approximate Vlasov-Poisson system

Let ζ ∈ C∞(Rd) satisfy

ζ(x) = ζ(−x) ≥ 0 for all x ∈ Rd , supp(ζ) ⊂ B(0, 1) and

∫
Rd

ζ(x)dx = 1 ,

and set ζε(x) = ε−dζ(x/ε). Set ξε(x, v) := ζε(x)ζε(v).

The reason for using an even mollifier ζε is explained by the following lemma.

Lemma 4.2.2 Let χ ∈ C∞c (RN ) satisfy

χ(x) = χ(−x) , for all x ∈ RN .

Then the convolution operator Cχ : φ 7→ χ ? φ is self-adjoint on L2(RN ).
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The (elementary) proof of this lemma is left as an exercise.

Exercise: Prove that Cχ is a bounded operator on L2(RN ). (Hint: apply
Young’s inequality). Compute the operator norm of Cχ. (Answer: one finds
‖Cχ‖ = ‖χ̂‖L∞(RN ), not ‖Cχ‖L1(RN ).)

The approximate Vlasov-Poisson system (VPε) is defined as follows

∂tfε(t, x, v) + v · ∇xfε(t, x, v)−∇xΦε(t, x) · ∇vfε(t, x, v) = 0 ,

−∆xΦε(t, ·) = ζε ? ζε ? ρε(t, ·) , ∇xΦε → 0 as |x| → ∞ ,

ρε(t, x) =

∫
Rd

fε(t, ·, v)dv ,

fε
∣∣
t=0

= ξε ? (1ε|x|<11ε|v|<1f
in) =: f inε .

(V Pε)

Thus, for all t ≥ 0,

−∇xΦε(t, ·) = (ζε ? ζε ?∇Gd) ? ρε(t, ·) ,

and, for each ε > 0, one has

ζε ? ζε ?∇Gd ∈ C∞(Rd) ∩ Ld/(d−1),∞(Rd) ∩ L∞(Rd) .

Proposition 4.2.3 For each f in ∈ L1 ∩ L∞(Rd
x ×Rd

v) satisfying

f in ≥ 0 a.e.

and ∫∫
Rd×Rd

1
2 |v|

2f inε (x, v)dxdv +

∫
Rd

1
2 |Ẽ

in
ε (x)|2dx = E in <∞ ,

with
Ẽinε = −ζε ?∇Gd ? ρinε ,

where

ρinε (x) :=

∫
Rd

f inε (x, v)dv ,

there exists a unique weak solution fε ∈ C(R+;L1(Rd
x ×Rd

v)) of (VPε). This
solution satisfies

0 ≤ fε(t, x, v) ≤ ‖f in‖L∞(Rd×Rd) for all (x, v) ∈ Rd ×Rd and t ≥ 0 ,

together with the mass conservation∫∫
Rd×Rd

fε(t, x, v)dxdv =

∫∫
Rd×Rd

f inε (x, v)dxdv

and the approximate energy conservation bound∫∫
Rd×Rd

1
2 |v|

2fε(t, x, v)dxdv +

∫
Rd

1
2 |Ẽε(t, x)|2dx ≤ E in

for all t ≥ 0, where
Ẽε(t, ·) := (ζε ?∇Gd) ? ρε(t, ·) .
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Proof. WLOG assume that∫∫
Rd×Rd

f inε (x, v)dxdv = 1 and

∫∫
Rd×Rd

vf inε (x, v)dxdv = 0 .

Since the dynamics of the approximate Vlasov-Poisson system preserves the
total mass and total momentum, one has∫∫

Rd×Rd

fε(t, x, v)dxdv = 1 for all t ≥ 0 ,

and ∫∫
Rd×Rd

vfε(t, x, v)dxdv = 0 for all t ≥ 0 .

Thus, as observed before (see the last exercise in section 3.1), the system (VPε)
can be put in the form

∂tfε(t, z) + divz

(
fε(t, z)

∫
R2d

Kε(z, z
′)fε(t, z

′)dz′
)

= 0 ,

with z = (x, v) and

Kε(x, v, x
′, v′) = (v − v′, ζε ? ζε ?∇Gd) .

The existence and uniqueness of the solution of (VPε) has already been
obtained as a consequence of the construction of the mean field flow. Indeed,
by Theorem 3.2.2, there exists a unique map

R+ ×R2d × P1(Rd) 3 (t, zin, µin) 7→ Zε(t, z
in, µin) ∈ R2d

such that t 7→ Zε(t, z
in, µin) is the integral curve of the vector field

z 7→
∫
R2d

Kε(z, z
′)µε(t, dz

′) =: (Kµε(t))(z)

passing through zin at time t = 0, where µε(t) := Zε(t, ·, µin)#µin.
Set

Zε(t, z
in) := Zε(t, z

in, f inε L 2d)

and
Vε(t, z) := (Kµε(t))(z) where µε(t) := Zε(t, ·)#(f inε L 2d) .

Observe that Vε ∈ C(R+ ×R2d; R2d), that Vε(t, ·) ∈ C∞(R2d; R2d) and that

|Vε(t, z)| ≤ ‖∇Gd ? ζε‖L∞(Rd) + |z| .

Therefore Zε ∈ C1(R+ ×R2d; R2d) and Zε(t, ·) is a C∞-diffeomorphism of R2d

on itself for all t ≥ 0. Moreover, one verifies that

divz Vε(t, z) = divx v − divv((∇Gd ? ζε ? ζε ? ρε(t, ·))(x)) = 0 ,
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so that, for all t ≥ 0,

Zε(t, ·)#L 2d = L 2d .

In particular, the solution of (VPε) is

µε(t) := Zε(t, ·)#(f inε L 2d) = fε(t, ·)L 2d ,

(see questions 6 and 7 in the exercise on the method of characteristics before
Theorem 3.2.2), with

fε(t, z) := f inε (Zε(t, ·)−1(z)) ,

for all t ≥ 0. With this formula, all the properties of fε are obvious, except the
energy conservation.

Observe that, for each ε > 0, the initial data f inε ∈ C∞c (Rd ×Rd). Thus,
for each ε > 0, one has

fε ∈ C1(R+ ×Rd ×Rd) and supp(fε(t, ·, ·)) is compact for all t ≥ 0 .

Proceeding as the in proof of the energy conservation in the Vlasov-Poisson
system, we compute

d

dt

∫∫
Rd×Rd

1
2 |v|

2fε(t, x, v)dxdv = −
∫∫

Rd×Rd

v · ∇xΦε(t, x)fε(t, x, v)dxdv

= −
∫
Rd

jε(t, x) · ∇xΦε(t, x)dx

=

∫
Rd

jε(t, x) · (ζε ? Ẽε(t, ·)(x)dx

=

∫
Rd

(ζε ? jε(t, ·))(x) · Ẽε(t, x)dx

for all t ≥ 0 by Lemma 4.2.2. Then∫
Rd

(ζε ? jε(t, ·))(x) · Ẽε(t, x)dx =

∫
Rd

(ζε ? divx jε(t, ·)(x))Φ̃ε(t, x)dx

= −
∫
Rd

(ζε ? ∂tρε(t, ·)(x))Φ̃ε(t, x)dx

=

∫
Rd

(∂t∆xΦ̃ε(t, x))Φ̃ε(t, x)dx

= −
∫
Rd

∂t∇xΦ̃ε(t, x) · ∇xΦ̃ε(t, x)dx

= − d

dt

∫
Rd

1
2 |∇xΦ̃ε(t, x)|2dx ,

for all t ≥ 0, and the energy conservation follows.
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4.2.2 Convergence to the Vlasov-Poisson system

Now we let ε → 0, and pass to the limit in (VPε), using the a priori estimates
on fε and Φε that are uniform in ε.
Step 1: Uniform estimates. First, one has

0 ≤ fε(t, x, v) ≤ ‖f inε ‖L∞(Rd×Rd) for a.e. (x, v) ∈ Rd ×Rd ,

together with∫∫
Rd×Rd

fε(t, x, v)dxdv =

∫∫
Rd×Rd

f inε (x, v)dxdv

≤
∫∫

Rd×Rd

f inε (x, v)dxdv =:Min ,

for all t ≥ 0.
Next∫∫

Rd×Rd

1
2 |v|

2fε(t, x, v)dxdv +

∫
Rd

1
2 |Ẽε(t, x)|2dx

=

∫∫
Rd×Rd

1
2 |v|

2f inε (x, v)dxdv +

∫
Rd

1
2 |Ẽ

in
ε (x)|2dx = E inε ,

where

Einε = −ζε ?∇Gd ? ρinε ,

with

ρinε (x) :=

∫
Rd

f inε (x, v)dv .

By the interpolation inequality and the field estimate

‖Einε ‖Lq(Rd) ≤ ‖∇Gd ? ρinε ‖Lq(Rd)

≤ Cd‖ρinε ‖L d+2
d (Rd)

≤ CdC(p, d)‖f in‖
2
d+2

L∞(Rd×Rd)
(E in)

d
d+2

with
1

q
=

d

d+ 2
− 1

d
, or equivalently q =

d(d+ 2)

(d− 2)(d+ 1)
.

On the other hand

‖Einε ‖
L

d
d−1 (Rd)

≤ ‖∇Gd ? ρinε ‖
L

d
d−1 (Rd)

≤ Cd‖ρinε ‖L1(Rd) ≤ Cd‖ρin‖L1(Rd) = CdMin .

By Hölder’s inequality

sup
ε>0
‖Ẽinε ‖L2(Rd) <∞
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provided that

d

d− 1
≤ 2 ≤ d(d+ 2)

(d− 2)(d+ 1)
, or equivalently 2 ≤ d ≤ 5 .

Hence

sup
t,ε>0

∫∫
Rd×Rd

1
2 |v|

2fε(t, x, v)dxdv +

∫
Rd

1
2 Ẽε(t, x)dx

= sup
ε>0

∫∫
Rd×Rd

1
2 |v|

2f inε (x, v)dxdv +

∫
Rd

1
2 Ẽ

in
ε (x)dx =: E in <∞ .

Step 2: Weak compactness. By the Banach-Alaoglu theorem, there exist
subsequences of (fε, Eε) (still denoted (fε, Eε) for the sake of simplicity) such
that

fε → f in L∞(R+ ×Rd ×Rd) weak-∗
and

ρε → ρ in L∞(R+;L(d+2)/d(Rd)) weak-∗ ,
while

Ẽε → E in L∞(R+;L2(Rd)) weak- ∗ .
In particular

0 = ∂xi∂xj Φ̃ε − ∂xj∂xiΦ̃ε = ∂xj (Ẽε)i − ∂xi(Ẽε)j → ∂xjEi − ∂xiEj

in D′(R∗+ × Rd) as ε → 0, so that E is a gradient field (see Theorem VI in
chapter II of [18]). In other words, there exists Φ ∈ D′(R∗+ ×Rd) such that

E = −∇xΦ .

Since ∫∫
Rd×Rd

1
2 |v|

2fε(t, x, v)dxdv ≤ E in <∞ ,

we conclude that
ρ ∈ L∞(R+;L1(Rd)) ,

and that ∫
Rd

f(t, x, v)dv = ρ(t, x) , for a.e. x ∈ Rd and t > 0 ,

where the equality above follows from the tightness3 in the variable v of the
sequence fε.

3A sequence µn of bounded, signed Radon measures on RN is said to be tight if

µn(RN \B(0, R))→ 0 if R→∞ uniformly in n .

By the “portmanteau theorem” (Theorem 6.8 in chapter of [13]), if a sequence µn of bounded,
signed Radon measures on RN is tight, then the convergence∫

RN
φ(z)µn(dz)→ 0 as n→∞

holds for all φ ∈ Cb(RN ) if (and only if) it holds for all φ ∈ Cc(RN ).
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Integrating further in the variable x and applying Fatou’s lemma shows that∫∫
Rd×Rd

f(t, x, v)dxdv ≤
∫∫

Rd×Rd

f in(x, v)dxdv =Min

for a.e. t ≥ 0. (The inequality comes from the lack of tightness in the x-variable
and the resulting potential loss of mass as |x| → ∞.)

Observe that

Ẽinε = −ζε ?∇Gd ? ρinε → −∇Gd ? ρin =: Ein

in D′(Rd), since ζε → δ0 in D′(Rd) and supp(ζε) ⊂ B(0, 1) for all ε ∈ (0, 1) (see
Theorem V in chapter VI of [18]), while ρinε → ρin in L1(Rd) by dominated
convergence. Since∫∫

Rd×Rd

1
2 |v|

2fε(t, x, v)dxdv +

∫
Rd

1
2 |Ẽε(t, x)|2dx

=

∫∫
Rd×Rd

1
2 |v|

2f inε (x, v)dxdv +

∫
Rd

1
2 |Ẽ

in
ε (x)|2dx ≤ E in

for all t ≥ 0, one has∫∫
Rd×Rd

1
2 |v|

2f(t, x, v)dxdv +

∫
Rd

1
2 |E(t, x)|2dx

≤
∫∫

Rd×Rd

1
2 |v|

2f in(x, v)dxdv +

∫
Rd

1
2 |E

in(x)|2dx = E in

for a.e. t ≥ 0 by the usual argument4 involving Fatou’s lemma (as above for the
bound on the total mass), convexity and weak limit in the energy integral.

4Since Ẽε → E in L∞(R+;L2(Rd)) weak-* as ε→ 0, one has∫ b

a

∫
Rd

E(s, x) · (Ẽε(s, x)− E(s, x))dxds→ 0

and therefore

lim
ε→0

∫ b

a

∫
Rd
|Ẽε(t, x)|2dxds ≥

∫ b

a

∫
Rd
|Ẽ(t, x)|2dxdt

for each a < b ∈ R+. On the other hand, since fε → f in L∞(R+ ×Rd ×Rd) weak-*, one
has∫ b

a

∫∫
Rd×Rd

1|x|+|v|≤R|v|2fε(t, x, v)dxdvdt→
∫ b

a

∫∫
Rd×Rd

1|x|+|v|≤R|v|2f(t, x, v)dxdvdt

and since fε ≥ 0 a.e. on R+ ×Rd ×Rd

lim
ε→0

∫ b

a

∫∫
Rd×Rd

|v|2fε(t, x, v)dxdvdt ≥
∫ b

a

∫∫
Rd×Rd

1|x|+|v|≤R|v|2f(t, x, v)dxdvdt .

Letting R→∞ and applying Fatou’s lemma shows that

lim
ε→0

∫ b

a

∫∫
Rd×Rd

|v|2fε(t, x, v)dxdvdt ≥
∫ b

a

∫∫
Rd×Rd

|v|2f(t, x, v)dxdvdt .
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Passing to the limit in the sense of distributions in the (linear) Poisson
equation, we conclude that

−∆xΦ = ρ =

∫
Rd

fdv in D′(R∗+ ×Rd) .

Step 3: Passing to the limit in the nonlinearities. Next we pass to the limit in
the Vlasov equation, which we recast as

(∂t + v · ∇x)fε = divv(fε∇xΦε) .

Since the left hand side is linear in fε, we can pass to the limit in the sense of
distributions and find that

(∂t + v · ∇x)fε → (∂t + v · ∇x)f in D′(R∗+ ×Rd ×Rd)

as ε→ 0.
It remains to pass to the limit in the nonlinear term fε∇xΦε. Since ζε is

uniformly bounded in L1(Rd), and since

−∇2
xΦε(t, ·) = ∇2

xGd ? (ζε ? ζε ? ρε(t, ·))

the a priori estimate on the derivatives of the force field can be applied and
shows that, for all t ≥ 0

‖∇2
xΦε(t, ·)‖Lp(Rd) ≤ C‖ρε(t, ·)‖Lp(Rd) ≤ Const., 1 < p ≤ d+ 2

d
.

By the same token, for all t ≥ 0, one has

‖∂t∇xΦε(t, ·)‖Lq(Rd) ≤ C‖jε(t, ·)‖Lp(Rd) ≤ Const., 1 < q ≤ d+ 2

d+ 1
.

In view of the interpolation inequality, we conclude that

sup
t,ε>0

‖∂t∇xΦε(t, ·)‖Lq(Rd) + ‖∇2
xΦε(t, ·)‖Lp(Rd) <∞

for

1 < p ≤ d+ 2

d
and 1 < q ≤ d+ 2

d+ 1
.

By the Rellich compactness theorem, we conclude that

χ∇xΦε → χ∇xΦ in L1(R+ ×Rd ×Rd) strong,

Finally ∫ b

a

∫∫
Rd×Rd

|v|2f(t, x, v)dxdvdt+

∫ b

a

∫
Rd
|Ẽ(t, x)|2dxdt

≤ lim
ε→0

(∫ b

a

∫∫
Rd×Rd

|v|2fε(t, x, v)dxdvdt+

∫ b

a

∫
Rd
|Ẽε(t, x)|2dxds

)
= 2Ein .

Since this inequality holds for all a < b ∈ R, it also holds for a.e. t ∈ R+.
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for each χ ∈ Cc(R∗+ ×Rd ×Rd) as ε→ 0. Therefore∫∫∫
R+×Rd×Rd

χfε(t, x, v)∇xΦε(t, x)dxdvdt

→
∫∫∫

R+×Rd×Rd

χf(t, x, v)∇xΦ(t, x)dxdvdt

as ε→ 0. In other words,

fε∇xΦε → f∇xΦ in D′(R∗+ ×Rd ×Rd)

as ε→ 0, so that

(∂t + v · ∇x)f = divv(f∇xΦ) = −divv(fE) .

Step 4: Initial condition. It remains to check that f satisfies the initial condition.
Observe that

∂tfε = −divx(vfε) + divv(fε∇xΦε) .

By the mass and energy bounds, and the maximum principle

sup
t,ε>0

‖vfε(t, ·, ·)‖L1(Rd×Rd) + sup
t,ε>0

‖fε(t, ·, ·)∇xΦε(t, ·)‖L∞(Rd
v ;L2(Rd)) <∞ .

Therefore, for each χ ∈ C∞c (Rd ×Rd)

sup
t,ε>0

∣∣∣∣ ddt
∫∫

Rd×Rd

fε(t, x, v)χ(x, v)dxdv

∣∣∣∣ <∞ ,

and we conclude from the Ascoli-Arzela theorem that∫∫
Rd×Rd

fε(t, x, v)χ(x, v)dxdv →
∫∫

Rd×Rd

f(t, x, v)χ(x, v)dxdv

uniformly on [0, T ] for all T > 0 as ε→ 0+. Thus the function

t 7→
∫∫

Rd×Rd

f(t, x, v)χ(x, v)dxdv

is continuous on R+ (being the uniform limit of continuous functions on [0, T ]
for all T > 0).

In particular, for t = 0, this implies that∫∫
Rd×Rd

f in(x, v)χ(x, v)dxdv =

∫∫
Rd×Rd

f(0, x, v)χ(x, v)dxdv ,

and since this equality holds for all χ ∈ C∞c (Rd ×Rd), we conclude that

f
∣∣
t=0

= f in .

The proof is complete.
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4.3 Propagation of Moments in Dimension 2

In this and the next section, we seek to bound moments in the variable v of
solutions of the Vlasov-Poisson system. More precisely, we seek to construct
weak solutions f ≡ f(t, x, v) of the Vlasov-Poisson systems for which quantities
of the form ∫∫

R2×R2

|v|kf(t, x, v)dxdv

are bounded for all t ≥ 0 provided that they are bounded at t = 0. Estimates of
this kind are the key step in the proof of global existence of classical — instead
of weak — solutions of the Vlasov-Poisson system.

Henceforth we proceed by formal a priori estimates; while our computations
are not justified for all weak solutions of the Vlasov-Poisson system, the same
computations could be done on the approximate Vlasov-Poisson system (VPε),
and since the resulting estimates are uniform as ε → 0+, one would get the
desired bounds on all weak solutions constructed as in the previous section.

As a warm-up, we first consider the case d = 2, that is by far the easiest.
In this section and the next one, we designate by C various constants that may
depend on quantities that are fixed (and in any case independent of ε, such as
the space dimension d, the initial data f in. . . )

Start from the differential inequality satisfied by moments of the distribution
function:

d

dt

∫∫
R2×R2

|v|kf(t, x, v)dxdv

= k

∫∫
R2×R2

|v|k−2v · E(t, x)f(t, x, v)dxdv

≤ k
∫
R2

|E(t, x)|
(∫

R2

|v|k−1f(t, x, v)dv

)
dx

≤ k‖E(t, ·)‖Lk+2(R2)

∥∥∥∥∫
R2

|v|k−1f(t, ·, v)dv

∥∥∥∥
L
k+2
k+1 (R2)

.

By the interpolation inequality (with r = k − 1, d = 2 and m = k), one has∥∥∥∥∫
R2

|v|k−1f(t, ·, v)dv

∥∥∥∥
L
k+2
k+1 (R2)

≤ C
(∫∫

R2×R2

|v|kf(t, x, v)dxdv

) k+1
k+2

.

Denoting

µk(t) :=

∫∫
R2×R2

|v|kf(t, x, v)dxdv ,

one has therefore

µ̇k(t) ≤ C‖E(t, ·)‖Lk+2(R2)µk(t)
k+1
k+2 .

Our goal is to obtain an inequality of the form

‖E(t, ·)‖Lk+2(R2) ≤ Cµk(t)
1
k+2 .
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(Any power larger that 1
k+2 in this estimate would lead to a blow-up on the

upper bound of µk(t) and is therefore meaningless.)
Applying the a priori bound on the force field

‖E(t, ·)‖Lk+2(R2) ≤ C‖ρ(t, ·)‖
L

2k+4
k+4 (R2)

.

On the other hand, applying again the interpolation inequality shows that

‖ρ(t, ·)‖
L
k+2

2 (R2)
≤ Cµk(t)

2
k+2 .

Then, by Hölder’s inequality

‖ρ(t, ·)‖
L

2k+4
k+4 (R2)

≤ ‖ρ(t, ·)‖1−θL1(R2)‖ρ(t, ·)‖θ
L
k+2

2 (R2)

with

1− θ +
2θ

k + 2
=

k + 4

2k + 4
,

i.e.

(1− θ)
(

1− 2

k + 2

)
= (1− θ) k

k + 2
=

k

2k + 4
,

so that
θ = 1− θ = 1

2 .

Therefore

‖E(t, ·)‖Lk+2(R2) ≤ C‖ρ(t, ·)‖
L

2k+4
k+4 (R2)

≤ C‖ρ(t, ·)‖
1
2

L
k+2

2 (R2)
≤ Cµk(t)

1
k+2 .

Inserting this in the differential inequality for µk, one finds that

µ̇k(t) ≤ C‖E(t, ·)‖Lk+2(R2)µk(t)
k+1
k+2 ≤ Ck(Min, E in, ‖f in‖L∞(R2×R2)µk(t) ,

and we conclude that

µk(t) ≤ µk(0)eCk(Min,Ein,‖fin‖L∞(R2×R2))t , for all t, k ≥ 0 .

Summarizing, we have proved the following result.

Theorem 4.3.1 Let f in ∈ L1 ∩ L∞(R2 ×R2) be such that f in ≥ 0 a.e., and
assume that

1
2

∫∫
R2×R2

|v|2f in(x, v)dxdv + 1
2

∫
R2

|Ein(x)|2dx =: E in <∞ ,

where

Ein = −∇G2 ? ρ
in , ρin :=

∫
R2

f indv .

Assume further that ∫∫
R2×R2

|v|k0f in(x, v)dxdv <∞
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for some k0 > 2.

Then, there exists a weak solution of the Vlasov-Poisson system in R2×R2

with initial data f in such that ∫∫
R2×R2

|v|kf(t, x, v)dxdv

≤ e
Ck(Min,Ein,‖fin‖

L∞(R2×R2)
)t
∫∫

R2×R2

|v|2f in(x, v)dxdv

for all t ≥ 0 and 0 ≤ k ≤ k0.

4.4 Propagation of Moments in Space Dimen-
sion 3

In space dimension 3, the analogous result is stated below.

Theorem 4.4.1 (P.-L. Lions, B. Perthame [10]) Let k0 > 6 and T > 0.
Let f in ∈ L1 ∩ L∞(R3 ×R3) be such that f in ≥ 0 a.e., and assume that

1
2

∫∫
R3×R3

|v|2f in(x, v)dxdv + 1
2

∫
R3

|Ein(x)|2dx =: E in <∞ ,

where

Ein = −∇G3 ? ρ
in , ρin :=

∫
R3

f indv .

Assume further that ∫∫
R2×R2

|v|k0f in(x, v)dxdv <∞

for some k0 > 3.

Then, there exists CT > 0 and a weak solution of the Vlasov-Poisson system
in R3 ×R3 with initial data f in such that∫∫

R3×R3

|v|kf(t, x, v)dxdv ≤ CT , 0 ≤ t ≤ T ,

for all k such that 0 ≤ k ≤ k0.

The proof of this result is rather involved, and is split in 5 steps presented
below.
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To begin with, start again from the differential inequality satisfied by mo-
ments of the distribution function:

d

dt

∫∫
R3×R3

|v|kf(t, x, v)dxdv

= k

∫∫
R3×R3

|v|k−2v · E(t, x)f(t, x, v)dxdv

≤ k
∫
R3

|E(t, x)|
(∫

R2

|v|k−1f(t, x, v)dv

)
dx

≤ k‖E(t, ·)‖Lk+3(R3)

∥∥∥∥∫
R3

|v|k−1f(t, ·, v)dv

∥∥∥∥
L
k+3
k+2 (R3)

.

By the interpolation inequality, this time with r = k− 1, d = 3 and m = k, one
has∥∥∥∥∫

R3

|v|k−1f(t, ·, v)dv

∥∥∥∥
L
k+3
k+2 (R3)

≤ C
(∫∫

R3×R3

|v|kf(t, x, v)dxdv

) k+2
k+3

.

Denoting as above

µk(t) :=

∫∫
R3×R3

|v|kf(t, x, v)dxdv ,

one arrives at the differential inequality

µ̇k(t) ≤ C‖E(t, ·)‖Lk+3(R3)µk(t)
k+2
k+3 .

In the 2-dimensional case, the force field E was estimated by using the
Poisson equation and the a priori bounds on the solution of the Vlasov equation
deduced from the conservation laws of mass and energy, and the positivity and
maximum principle for the distribution function.

Controlling the propagation of moments in the 3-dimensional case requires
using the Vlasov equation itself, and not only consequences thereof such as the
conservation laws of mass and energy, or the positivity and maximum principle
for the distribution function.

4.4.1 Step 1: a formula for the macroscopic density

A first important step in the proof is to obtain a formula for the macroscopic
density base on solving the Vlasov equation along characteristics.

Lemma 4.4.2 Under the same assumptions as in Theorem 4.4.1, one has

ρ(t, x) = ρ0(t, x)− divx

∫ t

0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds ,

where

ρ0(t, x) :=

∫
R3

f in(x− tv, v)dv .
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Proof. Indeed, solving the Vlasov equation for f by the method of character-
istics, with −E · ∇vf treated as a source term, one finds that

f(t, x, v) = f in(x− tv, v)−
∫ t

0

E(t− s, x− sv) · ∇vf(t− s, x− sv, v)ds .

By the chain rule

divv(E(t− s, x− sv)f(t− s, x− sv, v))

= E(t− s, x− sv) · ∇vf(t− s, x− sv, v)

− sdivx(E(t− s, x− sv)f(t− s, x− sv, v)) ,

so that ∫
R3

E(t− s, x− sv) · ∇vf(t− s, x− sv, v)dv

= sdivx

∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv .

Therefore, integrating both sides of the formula above for f in the v variable,
one sees that

ρ(t, x) =

∫
R3

f(t, x, v)dv =

∫
R3

f in(x− tv, v)dv

−
∫ t

0

sdivx

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds ,

which is precisely the formula for ρ given above.

4.4.2 Step 2: estimating the force field

We recall that

E(t, ·) = −∇G3 ? ρ(t, ·) .

With the formula above for ρ, one has

E(t, ·) =−∇G3 ? ρ0(t, ·)

+∇G3 divx

∫ t

0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds .

Hence, by the Young inequality (for the first term on the right hand side) and
the Calderón-Zygmund inequality (for the second term on the right hand side),
one has

‖E(t, ·)‖Lk+3(R3) ≤ C‖ρ0(t, ·)‖
L

3k+9
k+6 (R3)

+C

∥∥∥∥∫ t

0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds

∥∥∥∥
Lk+3(R3)

, .
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Estimating ρ0 is easy, as it involves the initial data f in explicitly. Thus

‖ρ0(t, ·)‖
L

3k+9
k+6 (R3)

≤
(∫∫

R3×R3

|v|lf in(x− tv, v)dxdv

) k+6
3k+9

=

(∫∫
R3×R3

|v|lf in(y, v)dydv

) k+6
3k+9

= µl(0)
k+6
3k+9 ,

with
l + 3

3
=

3k + 9

k + 6
.

This follows from the interpolation inequality with r = 1, d = 3 and m = l.
Since k > 3, one has

1
3 l =

2k + 3

k + 6
≤ 2k + k

3 + 6
= 1

3k or equivalently l ≤ k .

Thus
µl(0) ≤ µ0(0) + µk(0) .

The second term, i.e.∥∥∥∥∫ t

0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds

∥∥∥∥
Lk+3(R3)

requires a much more involved discussion, presented below.
Specifically, the integral∫ t

0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds

is split into∫ t

0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds

=

∫ t0

0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds

+

∫ t

t0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds =: J + I .

4.4.3 Step 3: the large t contribution

The second term I on the right hand side of the equality above is the easier one
to estimate.

Lemma 4.4.3 For each p ∈ (1,∞) and each measurable φ defined on Rn, one
has

‖φψ‖L1(Rn) ≤ ‖φ‖
1
p

L1(Rn)‖φ‖
1− 1

p

L∞(Rn)‖ψ‖Lp,∞(Rn) .
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Proof. Indeed, if φ ∈ L1 ∩ L∞(Rn), the linear map

T : ψ 7→ φψ

satisfies

T (L1(Rn)) ⊂ L1(Rn) with ‖T‖L(L1(Rn),L1(Rn)) ≤ ‖φ‖L∞(Rn) ,

and

T (L∞(Rn)) ⊂ L1(Rn) with ‖T‖L(L∞(Rn),L1(Rn)) ≤ ‖φ‖L1(Rn) .

By real interpolation5

T ((L1(Rn), L∞(Rn))1/p′,∞) = T (Lp,∞(Rn)) ⊂ L1(Rn) ,

with

‖T‖L(Lp,∞(Rn),L1(Rn)) ≤ ‖φ‖
1− 1

p′

L∞(Rn)‖φ‖
1
p′

L1(Rn) = ‖φ‖
1
p

L∞(Rn)‖φ‖
1− 1

p

L1(Rn)

which leads to the estimate above for φψ = Tψ.
Then6

|I(t, x)| =
∣∣∣∣∫ t

t0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds

∣∣∣∣∫ t

t0

s‖E(t− s, x− s·)‖
L

3
2
,∞(R3

v)
‖f‖

2
3

L∞‖f(t− s, x− s·, ·)‖
1
3

L1(R3
v)ds .

Besides, an explicit computation shows that

‖E(t− s, x− s·)‖
L

3
2
,∞(R3)

= s−2‖E(t− s, ·)‖
L

3
2
,∞(R3)

,

5Given two Banach spaces E0, E1 with norms denoted by ‖ · ‖0 and ‖ · ‖1 respectively, for
each ψ ∈ E0 + E1, set

K(t, ψ) := inf
ψ0+ψ1=ψ

ψ0∈E0, ψ1∈E1

(‖ψ0‖0 + t‖ψ1‖1) .

The interpolation space (E0, E1)θ,∞ is defined, for each θ ∈ (0, 1), as the set of ψs such that

K(t, ψ) ≤ Ctθ. In the special case where E0 = L1(Rn) while E1 = L∞(Rn), one has

K(t, ψ) =

∫ t

0
ψ∗(s)ds

where ψ∗ is the decreasing rearrangement of ψ, and one finds that

(L1(Rn), L∞(Rn))1/p′,∞ = Lp,∞(Rn)

for all p ∈ (1,∞). The fact that T ∈ L((L1(Rn), L∞(Rn))1/p′,∞, L
1(Rn)) with the desired

estimate on the norm of T is precisely Lemma 22.3 in the book by L. Tartar, “An introduction
to Sobolev spaces an interpolation spaces”, Lecture Notes of the UMI no. 3, Springer-Verlag,
Berlin, Heidelberg 2007.

6If φ ∈ Lp,∞(Rn), one denotes

‖φ‖Lp,∞(Rn) = inf {C > 0 s.t. L n({x ∈ Rn s.t. |φ(x)|p ≥ t}) ≤ Cp/t for all t > 0} .
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so that

|I(t, x)| ≤ ‖E(t− s, ·)‖
L

3
2
,∞(R3)

‖f‖
2
3

L∞(R3)

×
∫ t

t0

1

s

(∫
R3

‖f(t− s, x− s·, ·)‖
1
3

L1(R3)dv

)
ds .

Now
‖E(t− s, ·)‖

L
3
2
,∞(R3)

= ‖∇G3 ? ρ(t− s, ·)‖
L

3
2
,∞(R3)

≤ ‖∇G3‖
L

3
2
,∞(R3)

‖ρ(t− s, ·)‖L1(R3)

= ‖∇G3‖
L

3
2
,∞(R3)

Min ,

so that the estimate above reduces to

|I(t, x)| ≤ C
∫ t

t0

1

s

(∫
R3

f(t− s, x− sv, v)dv

) 1
3

ds .

Therefore

‖I(t, ·)‖Lk+3(R3
x)

=

∥∥∥∥∫ t

t0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds

∥∥∥∥
Lk+3(R3

x)

≤ C
∫ t

t0

1

s

∥∥∥∥∥
(∫

R3

f(t− s, x− sv, v)dv

) 1
3

∥∥∥∥∥
Lk+3(R3

x)

ds

≤ C ln
t

t0
sup

t0≤s≤t

∥∥∥∥∥
(∫

R3

f(t− s, x− sv, v)dv

) 1
3

∥∥∥∥∥
Lk+3(R3

x)

= C ln
t

t0
sup

t0≤s≤t

∥∥∥∥∫
R3

f(t− s, x− sv, v)dv

∥∥∥∥ 1
3

L
k+3

3 (R3
x)

≤ C ln
t

t0
sup

t0≤s≤t

∥∥∥∥∥
(∫

R3

|v|kf(t− s, x− sv, v)dv

) 3
k+3

∥∥∥∥∥
1
3

L
k+3

3 (R3
x)

= C ln
t

t0
sup

t0≤s≤t

(∫∫
R3×R3

|v|kf(t− s, x− sv, v)dxdv

) 1
k+3

= C ln
t

t0
sup

t0≤s≤t
µk(t− s)

1
k+3 .

In this chain of inequalities, we have used the following obvious identity:

Lebesgue norms of powers: for each nonnegative, measurable φ defined a.e.
on Rn, each p ∈ [1,∞] and each α ≥ 1/p, one has

‖φα‖Lp(Rn) = ‖φ‖αLαp(Rn) .
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4.4.4 Step 4: the small t contribution

It remains to estimate the contribution

‖J(t, ·)‖Lk+3(R3
x)

=

∥∥∥∥∫ t0

0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds

∥∥∥∥
Lk+3(R3

x)

.

By Hölder’s inequality, for 1
r + 1

r′ = 1 with r ∈ (1,∞) left unspecified so far,
one has

|J(t, x)| =
∣∣∣∣∫

R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

∣∣∣∣
≤
(∫

R3

|E(t− s, x− sv)|rdv
) 1
r
(∫

R3

f(t− s, x− sv, v)r
′
dv

) 1
r′

≤ 1

s3/r

(∫
R3

|E(t− s, y)|rdy
) 1
r

‖f‖
1
r

L∞

(∫
R3

f(t− s, x− sv, v)dv

) 1
r′

.

Hence

|J(t, x)| ≤ sup
0<s<t0

‖E(t− s, ·)‖Lr
∫ t0

0

s1− 3
r

(∫
R3

f(t− s, x− sv, v)dv

) 1
r′

ds ,

so that

‖J(t, ·)‖Lk+3(R3)

≤
∫ t0

0

s1− 3
r ‖E(t− s, ·)‖Lr(R3)

∥∥∥∥∥
(∫

R3

f(t− s, x− sv, v)dv

) 1
r′
∥∥∥∥∥
Lk+3(R3

x)

ds

≤ Ct2−
3
r

0 sup
0<s<t0

‖E(t− s, ·)‖Lr(R3
x) sup

0<s<t0

∥∥∥∥∫
R3

f(t− s, x− sv, v)dv

∥∥∥∥ 1
r′

L
k+3
r′ (R3

x)

,

by the Lebesgue norm of powers identity.
Let m > 0 be such that

m+ 3

3
=
k + 3

r′
.

By the interpolation inequality∫
R3

f(t− s, x− sv, v)dv ≤
(∫

R3

|v|mf(t− s, x− sv, v)dv

) 3
3+m

,

so that ∥∥∥∥∫
R3

f(t− s, x− sv, v)dv

∥∥∥∥ 1
r′

L
k+3
r′ (R3

x)

≤
(∫∫

R3×R3

|v|mf(t− s, x− sv, v)dxdv

) 1
k+3

.
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Therefore

‖J(t, ·)‖Lk+3(R3)

≤ Ct2−
3
r

0 sup
0<s<t0

‖E(t− s, ·)‖Lr(R3) sup
0<s<t0

µm(t− s)
1
k+3

≤ Ct2−
3
r

0 sup
0<s<t0

µm(t− s)
1
k+3 ,

since

‖E(t, ·)‖Lr(R3) = ‖∇G3 ? ρ(t, ·)‖Lr(R3) ≤ C‖ρ(t, ·)‖Lp(R3) ≤ C

with
1

r
=

1

p
− 1

3
and 1 < p ≤ 5

3
or equivalently 3

2 < r ≤ 15
4 .

Observe that this inequality involves the desired exponent 1
k+3 , unfortunately

with µm, and m ≥ k since r > 3
2 so that r′ < 3.

Returning to the differential inequality for moments of the distribution func-
tion

µ̇m(t) ≤ C‖E(t, ·)‖L3+m(R3)µm(t)
m+2
m+3 ,

or equivalently

(m+ 3)
d

dt
µm(t)

1
m+3 ≤ C‖E(t, ·)‖L3+m(R3) ,

we find that

µm(t) ≤
(
µm(0)

1
m+3 +

C

m+ 3

∫ t

0

‖E(s, ·)‖L3+m(R3)ds

)m+3

≤
(
µm(0)

1
m+3 +

Ct

m+ 3
sup

0<s<t
‖E(s, ·)‖L3+m(R3)

)m+3

.

By the interpolation inequality with r = 0, d = 3 and m = k, one has

‖ρ(t, ·)‖
L

3+k
3 (R3)

≤ Cµk(t)
3
k+3 .

(As we shall see below, we need k > 2, so that µk(t) is not bounded a priori by
the conservation of mass and energy.) With this estimate

‖E(t, ·)‖Lq(R3) = ‖∇G3 ? ρ(t, ·)‖Lq(R3) ≤ C‖ρ(t, ·)‖
L
k+3

3 (R3)
≤ Cµk(t)

3
k+3

for
1

q
=

3

3 + k
− 1

3
i.e. q =

9 + 3k

6− k
, assuming k < 6 .

Assume that

q ≥ 3 +m i.e.
3k + 9

r′
≤ 3k + 9

6− k
or equivalently 6− k ≤ r′ .
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Recall that

3
2 < r ≤ 15

4 implies that 15
11 ≤ r

′ < 3 so that k > 3 .

Thus, let 3 < k < 6 and 3
2 < r ≤ 15

4 so that 15
11 ≤ r′ = r

r−1 < 3; pick m so

that m+3
3 = k+3

r′ , and let q = 9+3k
6−k . With this choice of parameters, one has

q ≥ 3 +m, and therefore

µm(t) ≤
(
µm(0)

1
m+3 +

Ct

m+ 3
sup

0<s<t
‖E(s, ·)‖θLq(R3)‖E(s, ·)‖1−θL2(R3)

)m+3

with
θ

q
+

1− θ
2

=
1

3 +m

— in other words

θ =
m+ 1

(m+ 3)

q

q − 2
=
m+ 1

m+ 3

3k + 9

5k − 3
.

If k ≥ 6, pick k̄ ∈ (3, 6); then, setting q = 9+3k̄
6−k̄ and defining m by the

relation m+3
3 = k̄+3

r′ with the same r as before, one has q ≥ 3 +m as above, and
one sets

θ =
m+ 1

(m+ 3)

q

q − 2
=
m+ 1

m+ 3

3k̄ + 9

5k̄ − 3
.

The only difference is that, by the same argument as above

‖E(t, ·)‖Lq ≤ C‖ρ(t, ·)‖
L
k̄+3

3 (R3)
≤ C‖ρ(t, ·)‖1−αL1(R3)‖ρ(t, ·)‖α

L
k̄+3

3 (R3)

≤ C(1 + ‖ρ(t, ·)‖
L
k+3

3 (R3)
) ≤ C(1 + µk(t)

3
k+3 ) ,

since the total mass at time t is bounded by the initial total mass.

Therefore, applying Young’s classical inequality7

µm(t) ≤
(
µm(0)

1
m+3 +

Ct

m+ 3
(1 + sup

0<s<t
µk(s)

3
3+k )θ

√
2E in

1−θ
)m+3

≤
(
µm(0)

1
m+3 +

Ct

m+ 3

(
1

θ
(1 + sup

0<s<t
µk(s)

3
3+k ) +

1

1− θ
√

2E in
))m+3

≤ C(1 + t)m+3(1 + sup
0<s<t

µk(s)
3

3+k )m+3 .

7For each a, b > 0 and each p, q > 1 such that 1
p

+ 1
q

= 1

ab ≤
ap

p
+
bq

q
.



4.4. PROPAGATION OF MOMENTS IN SPACE DIMENSION 3 77

Finally

‖J(t, ·)‖Lk+3(R3)

=

∥∥∥∥∫ t0

0

s

(∫
R3

E(t− s, x− sv)f(t− s, x− sv, v)dv

)
ds

∥∥∥∥
Lk+3(R3

x)

≤ Ct2−
3
r

0 sup
0<s<t0

µm(t− s)
1
k+3

≤ Ct2−
3
r

0 (1 + t)
m+3
k+3 (1 + sup

0<s<t
µk(s)

3
3+k )

m+3
k+3 .

4.4.5 Step 6: the final propagation estimate

Define

Mk(t) := sup
0≤s≤t

µk(s) .

Thus

‖E(t, ·)‖Lk+3(R3) ≤ C‖ρ0(t, ·)‖
L

3k+9
k+6 (R3)

+ ‖I(t, ·)‖Lk+3(R3) + ‖J(t, ·)‖Lk+3(R3)

≤ C‖ρ0(t, ·)‖
L

3k+9
k+6 (R3)

+ C ln
t

t0
Mk(t)

1
k+3

+ Ct
2− 3

r
0 (1 + t)

m+3
k+3 (1 +Mk(t))

3(m+3)

(k+3)2 .

Henceforth, assume that t ∈ [0, T ] with T > 1; thus the inequality above sim-
plifies into

‖E(t, ·)‖Lk+3(R3) ≤ CT (1 +Mk(t))
1
k+3 + C ln

1

t0
Mk(t)

1
k+3

+ CT t
2− 3

r
0 (1 +Mk(t))

3(m+3)

(k+3)2 .

Pick t0 ≤ 1 < T such that

t
2− 3

r
0 (1 +Mk(t))

3(m+3)

(k+3)2 = 1 .

Then

‖E(t, ·)‖Lk+3(R3) ≤ 2CT (1 +Mk(t))
1
k+3

+ C
3(m+ 3)

(2− 3
r )(k + 3)2

Mk(t) ln(1 +Mk(t))

≤ Ck,T (1 +Mk(t))
1
k+3 ln(1 +Mk(t)) .

Thus we arrive at the differential inequality

µ̇k(t) ≤ Ck,T (1 +Mk(t))
1
k+3 ln(1 +Mk(t))µk(t)

k+2
k+3

≤ Ck,T (1 +Mk(t)) ln(1 +Mk(t)) ,
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so that, integrating both sides of this inequality on [0, t], we conclude that

Mk(t) ≤Mk(0) + Ck,T

∫ t

0

(1 +Mk(s)) ln(1 +Mk(s))ds ,

for all t ∈ [0, T ].

Setting y(t) = 1 +Mk(t), one has

0 < y(t) ≤ y(0) + Ck,T

∫ t

0

y(s) ln y(s)ds

so that
Ck,T y(t) ln y(t)

y(0) + Ck,T
∫ t

0
y(s) ln y(s)ds

≤ Ck,T ln y(t) .

Integrating in time leads to the further inequality

ln
y(t)

y(0)
≤ ln

y(0) + Ck,T
∫ t

0
y(s) ln y(s)ds

y(0)
≤ Ck,T

∫ t

0

ln y(s)ds

and hence

ln y(t) ≤ ln y(0) + Ck,T

∫ t

0

ln y(s)ds .

By the classical Gronwall inequality, one obtains

ln y(t) ≤ etCk,T ln y(0)

and therefore
y(t) ≤ exp(etCk,T ln y(0)) , t ∈ [0, T ] .

This completes the proof of Theorem 4.4.1.

4.5 Propagation of C1 Regularity in Dimensions
2 and 3

In this section, we explain how the propagation of moments obtained in the two
previous sections can be used to establish the propagation for all positive times
of the C1 regularity of the initial data.

The global existence of classical (C1) solutions of the Vlasov-Poisson system
has been obtained by Ukai-Okabe [20] in the case of space dimension 2, and by
Pfaffelmoser [17] and Lions-Perthame [10] independently in the case of space
dimension 3.

The key to obtaining classical solutions of the Vlasov-Poisson system is to
prove that the macroscopic (charge) density ρ ∈ L∞([0, T ]×Rd) for all T > 0.

One already knows that the weak solutions constructed above satisfy the
(weak) maximum principle, so that f ∈ L∞(R+ ×Rd ×Rd). Obtaining a L∞

bound on

ρ(t, x) =

∫
Rd

f(t, x, v)dv
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is essentially equivalent to controlling the decay in v of the number density f .
In the work of Pfaffelmoser [17], this is done by choosing f in with compact

support in Rd ×Rd. Controlling the electric field E in L∞ leads to a control
of the growth of the support of f(t, x, v) in the variable v for t > 0. With the
maximum principle for f , this results in an L∞ control of ρ.

Unfortunately, compactly supported number densities are not very natural
in statistical mechanics — for instance, Maxwell-Boltzmann distributions have
excellent decay properties as |v| → ∞, but are not compactly supported in v.
With a view towards physical applications, it is perhaps more realistic to control
the decay of f as |v| → ∞, without necessarily assuming that f is compactly
supported. This is the Lions-Perthame approach, which we have adopted in this
course.

The decay of the distribution function f in the v variable is formulated
in terms of a convenient weighted estimate. Therefore, we first introduce the
appropriate class of weight functions w to be used for that purpose.

Let w ∈ C1(R) be such that

w ≥ 0 , w′ ≤ 0 , and w(r) = O(r−α) with α > d .

Theorem 4.5.1 Assume that

0 ≤ f in(x, v) ≤ w(|v|) and ∇Gd ? ρin ∈ L2(Rd) ,

where we have denoted

ρin :=

∫
Rd

f indv .

Assume that, for some k0, one has∫∫
Rd×Rd

(1 + |v|k0)f in(x, v)dxdv <∞ ,

with
k0 > d(d− 1)

i.e.
k0 > 2 if d = 2 , while k0 > 6 if d = 3 .

Then there exists a weak solution (f,E) ∈ C1(R+×Rd×Rd)×C1(R+×Rd)
of the Cauchy problem for Vlasov-Poisson system satisfying the initial condition
f
∣∣
t=0

= f in, together with the decay estimates

f(t, x, v) + |Dxf(t, x, v)|+ |Dvf(t, x, v)| = O(|v|−α) as |v| → ∞

uniformly in (t, x) ∈ [0, T ]×Rd.

Notice that, by the estimate on the electric field

‖E(0, ·)‖L2(Rd) ≤ C‖ρin‖L6/5(Rd) if d = 3
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is a consequence of the other assumptions on f in in the 3-dimensional case.

The uniqueness of the solution f is not stated in the theorem above. It is
true and can be obtained as a consequence of some of the estimates already
used for the propagation of regularity. More recently, a very elegant uniqueness
estimate using Monge-Kantorovich distances has been proposed by Loeper [12].

4.5.1 Step 1: L∞ bound on the field

By Theorems 4.3.1 and 4.4.1, one has

µk(t) ≤ CT for all k = 0, . . . , k0 and all t ∈ [0, T ] .

By the interpolation inequality, one concludes that

‖ρ(t, ·)‖
L
k0+d
d (Rd)

≤ CT for all t ∈ [0, T ] .

On the other hand, by the mass inequality, one has

‖ρ(t, ·)‖L1(Rd) ≤Min for all t ≥ 0 .

Recall that the field is given by the expression

E(t, ·) = −∇Gd ? ρ(t, ·)
= −(1B(0,1)∇Gd) ? ρ(t, ·)− (1B(0,1)c∇Gd) ? ρ(t, ·) ,

and that

1B(0,1)∇Gd = O(|x|1−d1|x|≤1) ∈ Lm(Rd) for all 1 ≤ m <
d

d− 1
,

while

1B(0,1)c∇Gd = O(|x|1−d1|x|≥1) ∈ L∞(Rd) .

Therefore, since k0+d
d > d, one has

‖(1B(0,1)∇Gd) ? ρ(t, ·)‖L∞(Rd) ≤ Cd‖ρ(t, ·)‖
L
k0+d
d (Rd)

,

while

‖(1B(0,1)c∇Gd) ? ρ(t, ·)‖L∞(Rd) ≤ C ′d‖ρ(t, ·)‖L1(Rd) .

This implies that

‖E(t, ·)‖L∞(Rd) ≤ Cd‖ρ(t, ·)‖
L
k0+d
d (Rd)

+ C ′d‖ρ(t, ·)‖L1(Rd)

≤ CdCT + C ′dMin =: AT .
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4.5.2 Step 2: L∞ bound on the charge density

Then

d

dt

∫∫
Rd×Rd

(f(t, x, v)− w(|v| −At))+dxdv

=

∫∫
Rd×Rd

(A− E(t, x) · v|v| )w
′(|v| −At)1(f(t,x,v)≥w(|v|−At))dxdv ≤ 0

so that
f in(x, v) ≤ w(|v|) for a.e. (x, v) ∈ Rd ×Rd

implies that

f(t, x, v) ≤ w(|v| −At) for a.e. (t, x, v) ∈ R+ ×Rd ×Rd .

In particular, since w is nonincreasing,

ρ(t, x) =

∫
Rd

f(t, x, v)dv ≤
∫
Rd

w(|v| −At)dv

≤ w(−AT )

∫
|v|≤AT

dv +

∫
|v|>At

w(|v| −At)dv

≤ w(−AT )(AT )d|B(0, 1)|+ |Sd−1|
∫ ∞
At

w(r −At)rd−1dr

≤ w(−AT )(AT )d|Bd|+ |Sd−1|
∫ ∞

0

w(r)(AT + r)d−1dr =: RT <∞ ,

for a.e. (t, x, v) ∈ R+ ×Rd ×Rd.

4.5.3 Step 3: Estimating Dx,vf

First, we estimate

L(t) := ‖Dxf(t, ·, ·)‖L∞(Rd×Rd) + ‖Dvf(t, ·, ·)‖L∞(Rd×Rd)

in terms of
‖DxE(t, ·)‖L∞(Rd) .

Differentiating the Vlasov equation in x and v, one has

(∂t + v · ∇x + E(t, x) · ∇v)
(
Dxf(t, x, v)
Dvf(t, x, v)

)
=

(
0 DxE(t, x)T

I 0

)(
Dxf(t, x, v)
Dvf(t, x, v)

)
,

so that

(∂t + v · ∇x + E(t, x) · ∇v)(|Dxf(t, x, v)|+ |Dvf(t, x, v)|)
≤ (1 + |DxE(t, x)|)(|Dxf(t, x, v)|+ |Dvf(t, x, v)|) ,
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for a.e. (t, x, v) ∈ R+ ×Rd ×Rd. Hence

L(t) ≤ L(0) exp

(∫ t

0

(1 + ‖DxE(s, ·)‖L∞(Rd))ds

)
.

Setting

J(t) :=

∫ t

0

(1 + ‖DxE(s, ·)‖L∞(Rd))ds ,

one has indeed

(∂t + v · ∇x + E(t, x) · ∇v)
(

(|Dxf(t, x, v)|+ |Dvf(t, x, v)|)e−J(t)
)

≤ (|Dxf(t, x, v)|+ |Dvf(t, x, v)|)e−J(t)(|DxE(t, x)| − ‖DxE(s, ·)‖L∞) ≤ 0

for a.e. (t, x, v) ∈ R+×Rd×Rd, and one concludes by the maximum principle
that (

(|Dxf(t, x, v)|+ |Dvf(t, x, v)|)e−J(t)
)

≤ sup
x∈Rd

(|Dxf(0, x, v)|+ |Dvf(0, x, v)|)e−J(0) = L(0) .

4.5.4 Step 4: Estimating DxE

Next we estimate

‖DxE(t, ·)‖L∞(Rd) = ‖∇2Gd ? ρ(t, ·)‖L∞(Rd) .

This cannot be estimated by ρ(t, ·)‖L∞(Rd) because the Calderón-Zygmund in-
equality does not hold in L∞. Instead, we use the following lemma.

Lemma 4.5.2 Let Ω be a continuous function on Sd−1 such that∫
Sd−1

Ω(y)ds(y) = 0 ,

and let

K = vp
Ω( x
|x| )

|x|d
.

Then

‖K ? φ‖L∞(Rd)

≤ ‖Ω‖L∞(Sd)(|Sd−1|+ ‖φ‖L1(Rd) + |Sd−1|‖φ‖L∞(Rd) ln(1 + ‖Dφ‖L∞(Rd))) .

Proof of Lemma 4.5.2. Split the integral as∫
|y|>ε

Ω( y
|y| )

|y|d
φ(x− y)dy =

∫
|y|>1

Ω( y
|y| )

|y|d
φ(x− y)dy

+

∫
r≤|y|≤1

Ω( y
|y| )

|y|d
φ(x− y)dy

+

∫
ε<|y|<r

Ω( y
|y| )

|y|d
φ(x− y)dy = I1 + I2 + I3 .
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First
|I1| ≤ ‖Ω‖L∞(Sd)‖φ‖L1(Rd) .

Next

|I2| ≤ ‖Ω‖L∞(Sd)‖φ‖L∞(Rd)

∫
r≤|y|≤1

dy

|y|d

= ‖Ω‖L∞(Sd)‖φ‖L∞(Rd)|Sd−1|
∫
r≤|y|≤1

dR

R

= ‖Ω‖L∞(Sd)‖φ‖L∞(Rd)|Sd−1| ln 1

r
,

where the first equality comes from computing the integral in spherical coordi-
nates.

Finally

I3 =

∫
ε<|y|<r

Ω( y
|y| )

|y|d
(φ(x− y)− φ(x))dy

since ∫
ε<|y|<r

Ω( y
|y| )

|y|d
dy =

∫ r

ε

dR

R

∫
Sd−1

Ω(z)ds(z) = 0

in spherical coordinates R = |y| and z = y/R. Thus

|I3| ≤

∣∣∣∣∣
∫
ε<|y|<r

Ω( y
|y| )

|y|d
(φ(x− y)− φ(x))dy

∣∣∣∣∣
≤
∫
ε<|y|<r

|Ω( y
|y| )|
|y|d

|φ(x− y)− φ(x)|dy

≤ ‖Ω‖L∞(Sd)‖Dφ‖L∞(Rd)

∫
|y|<r

dy

|y|d−1

= ‖Ω‖L∞(Sd)‖Dφ‖L∞(Rd)|Sd−1|r .

Eventually, one arrives at the inequality ∣∣∣∣∣
∫
|y|>ε

Ω( y
|y| )

|y|d
φ(x− y)dy

∣∣∣∣∣
≤ ‖Ω‖L∞(Sd)(‖φ‖L1(Rd) + ‖φ‖L∞(Rd)|Sd−1| ln 1

r
+ ‖Dφ‖L∞(Rd)|Sd−1|r)

which holds for all r ∈ (0, 1). Setting

r =
1

1 + ‖Dφ‖L∞(Rd)

in the inequality above leads to the desired estimate.
Applying this lemma to control the derivatives of the field, one finds that

‖DxE(t, ·)‖L∞(Rd) = ‖∇2Gd ? ρ(t, ·)‖L∞(Rd)

≤ C(1 + ‖ρ(t, ·)‖L1(Rd) + ‖ρ(t, ·)‖L∞(Rd) ln(1 + ‖Dρ(t, ·)‖L∞(Rd)))

≤ CT (1 + ln(1 + ‖Dρ(t, ·)‖L∞(Rd))) , t ∈ [0, T ] .
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4.5.5 Step 5: Estimating Dxρ

At this point, we return to the differential inequality

(∂t + v · ∇x + E(t, x) · ∇v)(|Dxf(t, x, v)|+ |Dvf(t, x, v)|)
≤ (1 + |DxE(t, x)|)(|Dxf(t, x, v)|+ |Dvf(t, x, v)|) ,

and we recall that

(∂t + v · ∇x + E(t, x) · ∇v)
(

(|Dxf(t, x, v)|+ |Dvf(t, x, v)|)e−J(t)
)
≤ 0 ,

where

J(t) :=

∫ t

0

(1 + ‖DxE(s, ·)‖L∞(Rd))ds .

Setting

g(t, x, v) := (|Dxf(t, x, v)|+ |Dvf(t, x, v)|)e−J(t) ,

one has

d

dt

∫∫
Rd×Rd

(g(t, x, v)− w(|v| −At))+dxdv

≤
∫∫

Rd×Rd

(A− E(t, x) · v|v| )w
′(|v| −At)1g(t,x,v)≥w(|v|−At)dxdv ≤ 0 .

Therefore
|Dxf

in(x, v)|+ |Dvf
in(x, v)| ≤ w(v)

which imples that

|Dxf(t, x, v)|+ |Dvf(t, x, v)| ≤ eJ(t)w(|v| −At) .

for a.e. (t, x, v) ∈ R+ ×Rd ×Rd. In particular

|Dxρ(t, x)| ≤
∫
Rd

|Dxf(t, x, v)|dv ≤ eJ(t)

∫
Rd

w(|v| −At)dv ≤ RT eJ(t) .

4.5.6 Step 6: Conclusion

Putting together the estimates in the last two steps, we find that

J(t) ≤ T + CT

∫ t

0

(1 + ln(1 + ‖Dρ(s, ·)‖L∞(Rd)))ds

≤ T + CT

∫ t

0

(1 + ln(1 +RT e
J(s)))ds

≤ T (1 + CT ) + CT

∫ t

0

ln(1 +RT e
J(s))ds

≤ T (1 + CT ) + CT

∫ t

0

ln((1 +RT )eJ(s))ds

≤ T (1 + CT (1 + ln(1 +RT ))) + CT

∫ t

0

J(s)ds .
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By Gronwall’s inequality

J(t) ≤ T (1 + CT (1 + ln(1 +RT )))eTCT for all t ∈ [0, T ] .

Returning to step 4, we see that

‖Dxρ(t, ·)‖L∞(Rd) ≤ RT exp(T (1 + CT (1 + ln(1 +RT )))eTCT )

and inserting this estimate in the conclusion of step 3 shows that

‖DxE(t, ·)‖L∞(Rd) ≤ CT (1 + ln(1 +RT exp(T (1 + CT (1 + ln(1 +RT )))eTCT )))

for all t ∈ [0, T ].
Finally, returning to step 2 shows that

‖Dxf(t, ·, ·)‖L∞(Rd) + ‖Dvf(t, ·, ·)‖L∞(Rd) = L(t) ≤ L(0)eJ(t)

≤ (‖Dxf
in‖L∞(Rd) + ‖Dvf

in‖L∞(Rd)) exp(T (1 + CT (1 + ln(1 +RT )))eTCT )

and this concludes the proof.
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