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Abstract

We study the large time behavior of Leray solutions to the Vlasov-Navier-
Stokes system set on T? x R%, for d = 2,3. Under the assumption that either (i)
the viscosity in the Navier-Stokes equations is large enough or (ii) the initial so-
called modulated energy is small enough, we prove that the distribution function
converges to a Dirac mass in velocity, with sharp exponential rate. The proof is
based on the fine structure of the system and on a bootstrap analysis allowing to
get global bounds on moments.
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1 Introduction
We consider the Vlasov-Navier-Stokes system in T¢ x R, for d = 2 or 3:

Of +v-Vuf +divy[f(u—v)] =0,
Ou+ (u-Viu—vAu+ Vp = jr — pru,
divu =0,
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where

pr(t,x) == f(t, z,v) do,
Rd

Jr(t,x) = /Rd vf(t,z,v)dv.

This system of nonlinear PDEs describes the transport of particles (described by their
density function f) within a fluid (described by its velocity u and its pressure p). It
belongs to the large family of fluid-kinetic systems, which were historically introduced in
the pionneer works of O’Rourke [21] and Williams [23]. Among all possible couplings (we
refer to the introduction of [13] for other examples), the Vlasov-Navier-Stokes has been
intensively studied because of both his physical relevance (see [5] for instance) and the
mathematical challenges that it offers. The Vlasov-Navier-Stokes is fully coupled: both
unknowns f and u depend on each other. This is due to the Brinkman force (the source
term in the fluid equation) and the drag acceleration (the inertial term in the kinetic
equation). We refer to [5] for the physical justification of these, and to [10] 2] 3] 17, [18]
for the (partial) mathematical derivation of the former. The physical constants behind
the Vlasov-Navier-Stokes are all normalized in (1) — (L3)), except the viscosity v > 0
which appears (only) in the fluid equation. However, a careful inspection reveals that
both the Brinkman force and the drag acceleration (again, see [5]) shall also depend on
v. More precisely, the drag acceleration exerted on a particle of position x and velocity
x is

6mvr

(u(t, ) =),

a(t,z,v) =
while the Brinkman force which results from the whole spray is given by

F(tv'r) =—-m f(t,:c,v)a(t,:c,v) d’U,
R4

where m = %7‘(7‘3 pp is the mass of the particles and r (resp. p,) is their radius (resp.
density). Therefore, the regime that we consider here corresponds to the scaling r ~ 1/v
and p, ~ v>. This particular setting affects only a limited number of results of our study,
namely the ones resting on a “large v assumption”.

The mathematical analysis of the Vlasov-Navier-Stokes system has been for a long
time focused on the existence of (weak or strong) solutions on rather academic domains
[4, 9, 22] like the flat torus that we consider in this paper, or more realistic ones [I5] [6].
Most of the previous results furnish global existence of weak solutions in the following
sense: a Leray solution for the fluid equation and a renormalized one [I1] for the kinetic
equation (for a more precise definition, see Definition [[3] below). These global weak
solutions are all build by an approximation-compactness argument which is based on the
kinetic energy dissipation of the system. More regular solutions can also be constructed.
In 2D, thanks to the uniqueness result [16], they coincide with the weak solutions. In
3D regular solutions are only known to exist locally (see [9] for instance), this adverb
refering either to the size of the initial data or to the lifetime of the solution. This issue
is of course due to the Navier-Stokes component of the system.

Very few articles deal with the long time behavior of this system. At the formal
level, one expects a monokinetic behavior for this system due to the damping of the
fluid component and the friction term acting on the dispersed phase (see Subsection [IT]).
This behavior however has never been completely proven for the Vlasov-Navier-Stokes
system. The closest attempt is the paper [9] of Choi and Kwon in which a conditional
theorem is proven: the monokinetic behavior is shown to happen under a boundedness
assumption that has not been established for any global solution up to now. We intend
to fill this gap by using the functional introduced by Choi and Kwon in [9] and proving



that this boundedness property (in fact, a stronger one) indeed holds, for any weak
solution of the Vlasov-Navier-Stokes system, under largeness assumption on the viscosity
and/or appropriate smallness assumption on the initial data. Concerning the long-time
behavior of fluid-kinetic systems, when a Fokker-Planck dissipation is added in the
kinetic equation, the situation is less involved because the maxwellian gives a natural
example of non-singular equilibrium that (at least locally) attracts smooth solutions.
This has been investigated for instance in [I4] [7]. Without this dissipation term, apart
from [9], we can mention the work of Jabin [20] in which the Navier-Stokes is replaced by
a stationary Stokes equation (and a different coupling term) and [13] in which a specific
geometry is considered for the Vlasov-Navier-Stokes sytem, allowing for non-singular
stationary solutions.

As far as our knowledge goes, the results that we present below constitutes the first
complete and rigorous proof of asymptotic monokinetic behavior for the Vlasov-Navier-
Stokes system.

The following energy functionals will play a crucial role in our study of this system.
Definition 1.1. The kinetic energy of the system (1) — (L3) s given by

1 1
B(t) = _/ lu(t, 2)[2 dz + —/ £tz 0)[o]? dvda, (1.4)
2 Td 2 TdX]Rd

we define the modulated energy as

£(t) = l/de Ft 2, 0)v — U (t 2)) | do de

+3 [, ult.) = WO o+ 10 — WP (15

where, for any integrable function g on the torus T?, we denote its average on T¢ by (g).
Finally, the dissipation is defined as

D(t) := / ft,z,v)|u(t,z) — v|*> dvda. (1.6)
T xR
In the following, we shall sometimes write

Et) = &) + %/T lu(t, z) — (u(t))]? dz

with
Ewyi=g | [ o= tipPavas+ 3itip) - P (17)

The kinetic energy is known from the seminal papers on the Vlasov-Navier-Stokes
sytem [15, [4]. The modulated one is more recent and was first introduced in [9].

Definition 1.2. We shall say that (fo,uo) is an admissible initial condition if

ug € L3, (T = {U € L*(T%), divU = 0}, (1.8)

0 < fo e L'nL>®(T? x RY), (1.9)

(z,v) — fo(z,v)v]? € LYT? x RY), (1.10)

/ fodvdx = 1. (1.11)
Td x R4

Remark 1.1. The last condition does not play any role for what concerns the properties
of existence, uniqueness and long time behavior that we are about to discuss. Howewver,
this normalization allows to simplify the formulas.



Definition 1.3. Consider an admissible initial data (uo, fo) in the sense of Definition
[L2. A Leray solution of the Vilasov-Navier-Stokes system with initial condition (ug, fo)
is a pair (u, f) such that

u € Li)c?c(RJr; L2 (Td)) N LIQOC(RJr; Hclliv(’]rd))a
J € LRy L A L(TY x RY)),

Jr — pru € L (Ry; HTH(TY),

with u being a Leray solution of [L2) — (L3)) (initiated by ug) and f a solution of (L))
(initiated by fo), and such that the following energy estimate holds for almost all t > 0

E(t) + /OtD(s)ds < E(0), (1.12)

where the functionals E and D are the energy and dissipation introduced in Definition[T1l.

The existence of Leray solutions (f,u) (in the sense of Definition [[3]) to the Vlasov-
Navier-Stokes system have been is established in dimension 2,3, and even on general
domains in the references aforecited. In the bidimensional case, uniqueness holds under
an additional decay condition on the initial distribution function.

Definition 1.4. We say that an initial condition satisfies the pointwise decay assump-
tion of order ¢ > 0 if

(2,0) —> (1 + [0]7) fol, v) € L®(T¢ x RY), (1.13)
and in that case we denote

Ny(fo) == sup (14 |v|?)folz,v). (1.14)

reTd veR

It has been established in [I6] that under the pointwise decay assumption of order
g > 4 (and in fact an even less stringent condition is sufficient), uniqueness holds for
weak solutions of the Vlasov-Navier-Stokes system.

We finally introduce a useful notation for moments in velocity.

Definition 1.5. For all o > 0 and any measurable non-negative function f: T¢ x R —
R, we set

maf(t, z) ::/ flv|* dw, (1.15)
Rd
M,f(t) ::/ flv|* dvd. (1.16)
Td xR

In this paper, we focus on the description of the long time behavior of Leray solutions
to the Vlasov-Navier-Stokes system. To this end, it is enlighting to first study the linear
Vlasov equation with friction.

1.1 Long time behavior for the linearized Vlasov equations with
friction

The Vlasov equation (with friction) around the trivial equilibrium (0, 0) reads
Org +v - Vg —divy[gv] =0 (1.17)
Endowed with an initial condition gg, this equation admits the explicit solution

g(t,z,v) = ePgo(x — (! — 1)v, e'v). (1.18)



Definition 1.6. For U € RY, we denote by 5y the Dirac measure in velocity supported
at U, defined by
(0u,¢) =(U), VYeo:veR? R

The long time behavior of the solution to (LI is explicit, as we observe from (LIS)
that

g(ta (E,’U) —t—+o0 (/d gO(‘rE -0, U) d’U) ® 60-
R
More generally, given U € R?, for the equation
Org + v - Vg + div,[g(U —v)] =0, (1.19)

the long time behavior of the solution is also explicit and described by

g(t,x,v) — (/ go(x —v—tU,v+TU) dv) ® 0U —t—t00 0
R

The mechanism at stake in ([LI7) and (LI9) is a competition between transport and
friction. Friction always wins in the end, causing concentration to a Dirac mass in
velocity. In view of this behavior, we may expect a similar concentration phenomenon
in velocity for the full Vlasov-Navier-Stokes system.

1.2 Main result

Our main result provides a sharp description of the long time behavior of Leray solutions
to the Vlasov-Navier-Stokes system. In order to quantitatively describe the evolution of
the kinetic component of the system, we will make use of the Wasserstein distance W1,
whose definition and basic properties are recalled in an Appendix (see Section [O.1]).
For the sake of readability, we distinguish between dimension 2 and dimension 3.

Theorem 1.1. Let d = 2. There exists an universal nondecreasing onto function 1 :
Ry — Ry such that the following holds. Let (fo,uo) be an admissible initial condition
such that Ng(fo) < +oo for some g > 4. There is a unique Leray solution (f,u) of the
Vlasov-Navier-Stokes system in the sense of Definition .3, Furthermore, if

e cither the viscosity satisfies v > 2/c%, where cp stands for the best constant in the
Poincaré- Wirtinger inequality on T?,

e or the initial modulated energy &(0) is small enough, in the sense that

¥ (Ng(fo) + E(0) +v71) £(0) < 1, (1.20)

then the solution (f,u) enjoys the following asymptotic behavior. For all 0 < X < 1,
there exists Cy > 0 such that for all t > 0,

u(t) _ <u0 +jf0>

< Cyexp (—min(Aov/2, N)t), (1.21)
2 lleece
Wi (£(0,0(0) 9 8021 ) < Crexp (-0, (122)

where \g s a universal positive constant appearing in Lemma [2.0.

Theorem 1.2. Let d = 3. There exists an universal nondecreasing onto function v :
Ry — Ry such that the following holds. Let (fo,u0) be an admissible initial condition
such that Ng(fo) < 4oo for some ¢ > 4, Myfo < +oo for some a > 3 and ug €
H1/2(T3). Then, for any Leray solution (f,u) of the Viasov-Navier-Stokes system in the
sense of Definition[1.3, if



e cither the viscosity v is large enough, in the sense that

v > (Nq(fo) + Mafo + E(0) + ||u0||H1/2(T3)) , (1.23)

e or ||u0||H1/2(T3) < v?/C% where C, is the universal constant given in Proposi-

tion [{.3) and the initial modulated energy &(0) is small enough, in the sense that
" (Nq(fo) + Mo fo +E(0) + [[uollggr/aps) + u*l) £(0)

. v?
< min (1, o ||u0||§11/2(T3)) , (1.24)

*

then (f,u) enjoys the following asymptotic behavior. For all 0 < A < 1, there exists
Cx > 0 such that for all t > 0,

Hu(t) - w s < Cy exp (— min(Aor/2, \)t), (1.25)
W, <f(t), p(t) ® 5<u0+%>> < Cyexp (=L, (1.26)

where \g is a universal positive constant appearing in Lemma [Z23
A series of remarks is in order.

Remark 1.2. As already said, existence of Leray solutions both in dimensions 2 and 3
follows from [J]] (note by the way that both the pointwise decay assumption and the higher
order Sobolev assumption in dimension 3 is not relevant for this part). Uniqueness in
dimension 2 is a consequence of [16].

Remark 1.3. In dimension 3, the fact that more stringent regularity assumptions are
required is due to the well-known difficulties related to the resolution of the Navier-Stokes
equations.

Remark 1.4. The rate of convergence is almost sharp considering that for the linearized
equation (LIY), one can check that

W, <g(t,:c,v), (/ go(x —v —tU,v+ 1) dv> ® 5U) <e .
Rd

In (L22) and (LZ6), we reach the rate e~ for all 0 < X < 1.

Remark 1.5. The fact that the asymptotic state for the distribution function is a Dirac
mass in velocity, and thus is singular, virtually forbids the use of standard PDE tech-
niques, such as high order Sobolev energy estimates, to prove this result.

Remark 1.6. This result proves that for the Vlasov-Navier-Stokes system, the large time
behavior on the torus is very different from that of the same equations set in domain
with partially dissipative boundary conditions (and under adequate geometric control
conditions): in [13], it is indeed proved that in the latter case there exist smooth non-
trivial equilibria that are locally stable.

Both theorems are consequences of the following result, bearing on the large time
behavior of the modulated energy & (t). We refer to Lemmas [Z4] and [Z5]in Section 2] to
see why Theorem indeed implies Theorems [[LT] and



Theorem 1.3. Under the assumptions of Theorem [L1l or Theorem [I.2, the following
holds. For all 0 < X < 2, there exists Cy > 0 such that for all t > 0,

lu(t) = (uE) T2 (e < E0)e™,

_ 1.27
E(t) < Cre ™™, (127)

where \g is a universal positive constant appearing in LemmalZ0. Furthermore, we have
the global bound
21115 (0,4-00; Lo (1)) < +00. (1.28)

Remark 1.7. The constants Cy appearing in Theorems [ 1], .2 and [I.3 are actually
uniform with respect to the various (semi-)norms of ug and fo that appear in the as-
sumptions.

It is possible to show the existence of an asymptotic local density and therefore to
make the long time behavior of the distribution function more explicit than in (22
and ([[26). This is the content of the following result.

Corollary 1.4. Under the assumptions of Theorem[I1l or Theorem[L2, there existsp €
L>°(T%) such that the solution to the Viasov-Navier-Stokes system enjoys the following
asymptotic behavior. For all 0 < A < 1, there exists Cy > 0 such that for all t > 0,

_ + 7 _
W, <f(t),p (:c - t%) ® 8 turty >> < Cre M, (1.29)

We deduce that when (ug + jf,) = 0, the distribution function f(t) weakly converges
to a stationary solution. This implies that in this case the Leray solution (u, f) converges
to a stationary solution of the Vlasov-Navier-Stokes system. When (ug + jf,) # 0, the
asymptotic behavior is that of a travelling wave.

It is actually even possible to further describe the asymptotic local density p and
prove modified scattering, at the expense of asking that the viscosity parameter v is large
enough and that the initial modulated energy &(0) is small enough (with possibly more
stringent constraints than for Theorems [T and [[2]); we postpone such a statement and
refer to Corollary Bl in Section [

There are mainly two stabilization mechanisms at stake in the large time dynamics
of solutions to the Vlasov-Navier-Stokes system. The first one is due to friction in the
Vlasov equation, that forces the distribution function to concentrate in velocity.

The second stabilization mechanism comes from the dissipation in the Navier-Stokes
equations. There is a competition in the Navier-Stokes equations between this dissipa-
tion and the possible growth of the non-linearity and the Brinkman force F' = jf — psu.
As is well known, the non-linearity is (energy-)subcritical in dimension 2 and supercrit-
ical in dimension 3, which explains the higher Sobolev regularity assumption needed in
the latter case. Loosely speaking, the various smallness assumptions we make allow to
tame the influence of the forcing.

Thanks to the fine structure of the system, there happens to be a modulated en-
ergy/dissipation identity that follows from the energy identity and the conservation
laws of the system, as exhibited by Choi and Kwon [9]. This identity somehow reflects
the two stabilization mechanisms we have just discussed.

1.3 Outline of the proof and organisation of the paper

To conclude this introduction, let us provide a (non-technical) outline of the proof of

Theorem This also gives the opportunity to describe how this paper is organized.
We first gather in Section [2] conservation laws for the Vlasov-Navier-Stokes system,

that turn out to be crucial in view of the description of long time behavior of its solutions.



In particular, we state the remarkable modulated energy/dissipation identity of Choi and
Kwon [9] that formally reads

&) + /O "D(s)ds = E(0), Vi 0. (1.30)

Two important consequences are deduced:

e first that the fluid velocity tends to homogenize exponentially fast, with a rate
proportional to the viscosity v, more precisely we get

[u(t) = (u®)) 12 (pay < E0)e™F, VE >0, (1.31)
where \g > 0 is an universal constant ;

e second that up to a control of the L® norm (in time and space) of the local density
pF = fRd f dv, the dissipation D(t) essentially controls the modulated energy &(t),
so that by ([L30), &(t) decays exponentially fast, yielding Theorem [[31 This
observation was already made in [9].

As a consequence the main task to complete the proof of Theorem [[.3]is to obtain a
global L> bound for py, that is

12£ Lo (0,+00; Lo (Tay) < +00. (1.32)

In Section Bl we present the main tools we rely on to obtain bounds on moments.
They are based on the method of characteristics, which allows, considering the charac-
teristics curves (X, V) solving the system

X(s;t, x,v) = V(s;t,x,v),
. (1.33)
V(s;t,z,v) = u(s, X(s;t,x,v)) — V(s; ¢, z,v),
with (X(¢; ¢, 2,v), V(¢ t,2,v)) = (z,v), to write solutions to the Vlasov equation as
flt,z,v) = edtfo(X(O;t, x,v), V(0;t, z,v)). (1.34)
We deduce that

pr(t,x) = et » Fo(t,X(05¢, z,v), V(0; ¢, 2,v)) dv. (1.35)

In order to study (L33]), we rely on two different changes of variables in velocity:

e we call the first one the affine change of variables and corresponds to

vy et (v - /Ot " {u(s)) ds) .

The outcome is the estimate

t d
o5 OllLoe (ay + 177 O)llLoe ey S (1 + (/O e®llu(s) = (u(s)) Lo (re) ds) ) :

(1.36)
This is useful to obtain a short time control py; however for (IL36) to be meaningful
for large times, we need to prove that [|u(s) — (u(s))||r,=(ra) decays faster than the
exponential. We will be able to prove such a statement in the case v > 1.



e We call the second one the straightening change of variables; this corresponds to
v+ V(0;¢,2,v). However to prove that this indeed a diffeomorphism, we need a
condition, that is

t
/ HVzu(s)HLx(Td) ds < C(d), (137)
0
where ¢(d) > 0 is a universal constant. The outcome is the estimate

llp£llLes (0,t:0 (ry) S Ng(fo)-

Compared to the previous change of variables, we need here a higher order control
on u but with a milder constraint on the decay rate. We will able to obtain such a
control in the case &(0) small. Similar bounds for jy = [, vf dv can be obtained
as well.

This change of variables is inspired by that used by Bardos and Degond [1] for the
study of global small solutions to the Vlasov-Poisson system on R3.

Observe that the use of the method of characteristics is actually only formal, as we a
priori do not have enough smoothness on u to solve the system of characteristics. How-
ever, as we are only interested in obtaining estimates, we can rely on an approximation
argument and DiPerna-Lions weak stability theory [II]. This remark also prevails for
Section

At this stage of the proof, the main task is therefore to prove global bounds for u
and V_ u, that correspond to

—+00
/ ¢ u(s) — (u(8))|Lw(ray ds < +oo0, for > 1 (1.38)
0
“+00
or / [Vaeu(s)||pee(rey ds < c(d), for £(0) < 1. (1.39)
0

Sections M] to [ are dedicated to this task. The general strategy is as follows. We
shall obtain regularity estimates for u — (u) using higher order energy estimates for the
Navier-Stokes equations and maximal parabolic estimates for the Stokes equations. Such
bounds are not relevant in terms of decay in time but the idea is to interpolate them
with the exponential decay in L2 bounds already proved in (L31)). More precisely, we
use the Gagliardo-Nirenberg-Sobolev interpolation inequalities to obtain

d 1—a(d
lu(s) = () [Loe ey S D uls)II7 S ney () — ()l 20y (1.40)
where a(d) € (0,1) depends on the dimension d; we argue similarly for the control of
V.

In Section @ we discuss H/?(T%) and H' (T?%) energy inequalities for the Navier-Stokes

system with source and explain how to use them obtain

e a short time control of p¢, using the aforementioned affine change of variables ;
e L°HL NLZH2 estimates for u, on time intervals away from zero, that is to say
t
2 2
IVa(t) 22 ey + v / I8z ooy ds Sow 1+ sup logllceoy (141)
0 0,

for some tg > 0.



Here, we shall need to distinguish between dimension 2 and 3. In dimension 3, we
introduce the notion of strong existence times in order to be able to propagate regularity.
In Section [l we obtain the global bound (I38) in the case v > 1 by interpolating

between (LZT]) and (L31) (using the Gagliardo-Nirenberg inequality (L40)). We end up
with the following inequalities.

e In dimension 2, for all ¢ > 0,

1/2
s1p lpsllee () S €0)V2(1 + sup 1o #1112 p2))s (1.42)

e in dimension 3, for all strong existence times t > 0,

<1 £ 1 9/8 1.43
SUFHPflle(er)N + =5 (+S[glg||pf||m(1r3)) : (1.43)

)

Observe that for dimension 2, (L42) is a sub-linear inequality, which allows to conclude
straightaway that (L32) holds. On the contrary, in dimension 3, (L43) is super-linear,
and we rely on a bootstrap argument, requiring to take v large enough. We finally have
to check that all ¢t > 0 are strong existence times.

In Section [ the aim is to obtain ([L39). We directly implement the interpolation
strategy, relying this time on higher order maximal parabolic estimates for the Stokes
equation. The outcome is the following inequality:

Yd,2
[VullLio,10 (1ay) Ko €(0)7* <1 + (?HI]) lofllLee (Tay + ?HI}) ||jf||L°°(’]1‘d)> ) ,
t t

) s

(1.44)

for some universal constants v4.1,va,2 > 0.

Then Section [7 is dedicated to the proof of the global bound ([32) in the case
£(0) < 1. Combining ([Z4]) with the straightening change of variables, the result is
that is &(0) is small enough, then the global bound (I.32)) can be obtained. In dimension
3, we also check that all ¢ > 0 are strong existence times.

This finally concludes the proof of Theorem for all cases.

In Section Bl we provide some sharper statements about the asymptotic state ulti-
mately reached by the distribution function f.

We first prove Corollary [[4] that is we prove the existence of a density p(z) €
L°°(T4), such that

w (107 (o 225580 050) o, a9

with sharp exponential decay.
Next, at the expense of taking v large enough and &(0) small enough, we are able
to prove a modified scattering result, giving a more precise description of the function

p. We show the existence of limit characteristics (Xs,o0(,v), Vs 00(x,v)) satisfying an
explicit system of integral equations (see ([8.2)), such that setting

pt,x) ::/ fo ()zo,oo(x,v) - t7<u0 —;Jf"> ,\70,00(:13,1))) dv, (1.46)
Rd
we have
Wi (f(t),ﬁ(t,w) ® 5<uo+2jfu>) 0 (1.47)

10



with sharp exponential decay (of course this yields p = p). It turns out that the char-

acteristics (Xs,00(%,v), Vg 00 (2, v)) are small perturbations of the vector field

(z,v) <x—v—(t—1)<uL2jf°>,v),

which corresponds to the linearized dynamics.

To conclude the paper, Section [dis an Appendix where we provide some reminders
(in particular, we shortly review the w! distance) and finally justify H' energy estimates
for the Navier-Stokes equations with source.

2 Conservation laws, energy dissipation identities and
consequences

We gather in this section several identities and a priori estimates for the Vlasov-Navier-
Stokes system, which are valid in all dimensions:

e we first give basic conservation laws and the energy and modulated energy dissi-
pation identities which are the key algebraic features of the Vlasov-Navier-Stokes
system in view of the description of its long time behavior;

e several consequences are deduced: first that the fluid velocity approaches its av-
erage in space in L?(T%) norm exponentially fast (Lemma 5], and second that
equipped with a global control of the L* norm (in time and space) of the kinetic
phase density py, it is possible to deduce Theorem (Lemma [2.6). Obtaining
this global bound will be our main task which we will focus on in the following of
the paper.

2.1 Conservation laws

We discuss here some conservations laws for the Vlasov-Navier-Stokes system. We start
by describing some basic ones in a first lemma: the first two ones come from the structure
of the Vlasov equation alone, while the third one is a consequence of the fine structure
of the complete system.

Lemma 2.1. Any Leray solution (in the sense of Definition (L3))) satisfies the following
conservations laws. For almost all t > 0,

f(t) >0, for almost all (z,v) € T% x R?, (2.1)

/ f@t)dvdx = / fodvdx =1, (2.2)
Td xR4 Td xR4

(u+jp)(t) = (uo + jg)- (2.3)

Proof. Considering the results of [4], the only item to prove is ([Z3]). Let us assume
that both v and f are smooth functions. Integrating the Vlasov equation against v, the
conservation law satisfied by j; reads

Ovj + div (/ fv®vdv) = psu — js, (2.4)
Rd

so that (jy) satisfies

%(Jf) = (psu —jf).

11



On the other hand, from (L2]), (u) satisfies

%M = (jf — pru),

from which we deduce <& (u+ j7) = 0, and consequently (Z3).

In the general case, we use an approximation argument relying on DiPerna-Lions
theory [II] for linear transport equations. With the same approximation procedure
developed in [4], we consider a sequence of nonnegative distribution functions (fy)n
solving the Vlasov equation with regularized vector fields (u,), and regularized and
truncated initial conditions (fo n)n, and such that for all n > 1 and all ¢ > 0,

/ fnlv]? dvde < 1.
R x R4

By the DiPerna-Lions theory, f is the (strong) limit of (f,), in L°(0,T;L'(T¢ x R%))
for any T' > 0. We infer that for almost all ¢t > 0,

1/2
g = e < ([ 1= FalloPdod) 1 = Fllsoonsy bacsion 0
TdxR4

The result follows by letting n go to infinity in (Z3]),,. O
A straightforward consequence of (Z3)) in Lemma 211 is the following formula:

Lemma 2.2. For almost allt > 0:

L1y — wf? = \<j> _ (wotin) (2.5)

4 2

° (uo + jiso) |
‘@% .

We shall use in this paper several times the DiPerna-Lions theory [I1], in the same
fashion as in the proof of Lemma 2] Thanks to the property of strong stability of
renormalized solutions, this allows to systematically argue as if both f and u are smooth
when looking to establish estimates for the kinetic phase. The argument, as already
outlined in the proof of Lemma 211 is the following:

e consider an approximating sequence (), for v and (f,), the associated solution
to the Vlasov equation, with a regularized initial condition;

e prove the desired estimate for the solution f,, (without using the higher regularity
of f,, or uy);

e pass to the limit using the strong stability property of renormalized solutions (and
Fatou’s lemma).

In the following, for brevity, we will never write down this argument explicitly but will
indicate by the symbol # the proofs where it is needed.
2.2 The modulated energy of Choi and Kwon

As already said in the introduction, in [9], Choi and Kwon introduced the following
modulated energyﬂ

1 . 2 —(u 2 da . —(u 2
6= | [, 10l P avds+ [ ju(o) - W)l o+ 1050) - <t>(> |
2.6

1As a matter of fact, they consider the more general Vlasov-inhomogeneous Navier-Stokes system
but we recover the system (I)—(L3) as soon we stick to the case of constant density.
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and using the conservation laws ([2:2)) and ([23]) they proved the following formal identity
d
&é"(t) +D(t) = 0. (2.7)

At the level of Leray solutions, we are only able to obtain the inequality version of (271,
as stated in the next lemma.

Lemma 2.3. Any Leray solution (in the sense of Definition (L3))) satisfies the following
modulated energy/dissipation inequality. For almost all t > 0,

E(t) + /OtD(s)ds < &(0). (2.8)

Proof. Combining the energy inequality (I.I2)) and the conservation laws [22)) and (Z3])
in Lemma 211 we get that for almost all ¢ > 0,

60 =50+ 3 | [ 70a) G ~ 2002~ @2 + 5107) - (0P

~

< [ D) ds +EO) - Sts) — i

[}

1, .
< — /D )ds + E( )_§|<.7fo>_<u0>|2
0
t
<- /D )ds + E(0)
0

b3 | ([ fodode) Ga)? - 2002 - (w0 + 31005) - (wn)P
=~ ['06)- 50,

hence concluding the proof.
O

The modulated energy is interesting in view of the expected long time monokinetic
dynamics for the kinetic phase, because of the following control.

Lemma 2.4. With the previous notations, we have that for all t > 0,

Wi (10,000 9 by ) S (E0),

H e +ij> (2.9)

< max (E(0)V2, lu(t) ~ w(t)llpars))

L*(T9)
where we recall & is defined in (7).

Proof. By the Monge-Kantorovich duality for the W; distance (see Proposition in
the Appendix), the Cauchy-Schwarz inequality, 21]) and (Z.2]), we have

Wi (1000 900w ) = s { [ (e 0doten) - pte.opote. )

IVa,0dlloo<1

= s { [ et - ofe. )avds}

IVa,0dlloo<1

1/2 1/2
—(3)]2
S (Lo temwpas) ([, s
1/2
< — (4)|? dvd )
S([, o= tPavas

S (&)
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Likewise, using (Z1)) and (Z2]) and the identity (2.1), we have
W1 (p(t) ® 5, pt) ® 0 (uotigy) )

= swp [ pta) (9o 2)) ~ 6 (@, (w0 i )/2) ) da

Va0l <1
<]> _ <u0 +jf0>

< /w p(t, ) 5

< </TdXRdf(t)dvd:c) ‘@ _ @LQJH
S (&)

dx

We therefore deduce
Wi (10,008 Sraniy ) S (£

On the other hand, using again (Z3]), we can also estimate

ult) — <u0 +jfo>

5 <u(t)> o (uO +.7f0>

2

< lu(t) = () 2 ey +

L2(T4) L2(T)

I
< lu®) = @®)lezpay + 710 = @),
hence the result. o
We now describe in the two following subsections two key consequences of the mod-
ulated energy/dissipation identity.
2.3 Long time behavior for the fluid

A straightforward application of the modulated energy/dissipation identity is a first
description of the behavior of the Navier-Stokes part.

Lemma 2.5. There exists a constant \g = Ao(d) > 0 such that
[[u(t) = (u(®)IF2(ray < E0)e™F, V> 0. (2.10)
Proof. The Poincaré-Wirtinger inequality yields
lg = {9)lLz(ray < ep(@)IVgllizeray,  ¥g € (HY(TY)), (2.11)

where the positive real number c¢p(d) > 0 is the Poincaré constant. Using (Z8) and the
definition of & and D we infer

lu(t) = (W) IE2 gy < £(0) - V/O IVaru(s)lIE gy ds

¢
< 6(0) = veb(d) [ fu(s) = () 2o .
Then (ZI0) follows by Gronwall’s lemma with the choice A\o(d) := cp(d)?.
(]

Remark 2.1. Observe that we did not specify the limit of t — (u(t)) as t — +00, so
that even if we are interested only in the long time behavior of the fluid part, it is not
yet possible to conclude.

Lemmas 2.4 and explain why Theorem indeed implies Theorems [[.T] and
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2.4 Conditional long time behavior for the kinetic phase

The following result relating the dissipation and the modulated energy is a variant of
[9, Theorem 1.2].

Lemma 2.6. Let T > 0 such that

pflLee (0,510 (Tay) < +00. (2.12)
Then for allt € [0,T] and all a € (0,1),
~ 11—«
D(t) > 2(1 — a)&(t) — ll pllLoe (0,7;1.00 (may) [ (t) — (u(t))|\i2(w), (2.13)

where we recall g(t) is defined in (L1). As a result, we have for all t € [0,T],

y l-—a 1 —2(1-a
&(t) < £(0) (1 + ” 2_)\0|p||L°°(O,T;L°°(’]1‘d))> e~ 21-a)t (2.14)

for Ao given in Lemma [Z3.
Proof #. We shall use the following identities

o —ul® = v — (W] +2(v — () - ((u) —u) +[{u) —uf?,

o= (W)* = o — () +2(v = (7)) - ((5) = (w) +1{5) — (w)]*. (2.15)
Indeed, combining them and integrating after multiplication by f yields
[ fo—uPdsdo= [ o= ()P dede 1) - P (2.16)
T x R4 TdxRe

T / pl{u) — uf*dz + 2 / A= () (@)~ u)dude.
(2.17)

/deRd flo =) - () = (w)dvdz = 0.

Now note that for any « € (0,1), Young’s inequality entails that
2 [ flu) =) (@ {w)deda
Td xR4

1
> —a/ f|v—(u)|2dvdx——/ flu— (u)|? dvdz
T xRR4 Td x R4

«

— flo = (Pdvdz +1G) ~ @) =~ [ flu— @) dvde,
Td xRd Td x R4

according to (ZTI5]). Henceforth, as 1 — é < 0, we deduce that
[, o=epaarza-a) ([ g 6Pt + ) - 6)F)
Td x Rd Td x R4

1
= (5 - 1) Mol orammoplla = @l e,

whence (ZI3) follows. In addition, by definition of & and using (Z38), one has for all
t>0

&(t) < &(t)
< £(0) —/O D(s)ds

t 1—a t
<60~ 201-0) [ F6)t5 = =l [ 106) — @D s ra s
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Henceforth, applying Lemma and using Gronwall’s lemma, we deduce (2.14).
O

Lemma shows that in order to prove Theorem it is thus sufficient to focus on
proving the global bound (ZI2) for T = +oo.

3 Changes of variables and L™ bounds on moments

In this section we aim at establishing tools for obtaining bounds on the moments p¢ and
jr for the kinetic part. We firstly use some interpolation estimates to guarantee some
rough unconditional integrability for py and jf. Next, using some adequate change
of variables in velocity, we shall prove refined estimates proving that p and j can be
controlled along the flow in the following way:

e firstly, we have

t d
s @llLoe ey + 1177 D)llLoe ey S (1 + (/O e®llu(s) = (u(s)) Lo (re) ds) ) ,

which leads on the first hand to short time estimates, while on the other hand this
requires a fast decay of the fluid part to be meaningful for long times, and will
turn out to be useful in the case where the viscosity v is large enough (but &(0)
can be arbitrary);

e second, up to a control of ||V ul[r1 (o 41, (re)), we have

llofllLes 0,100 (rey) S 1
t t
listhoamooy 5 ([ 1) = @oDlwas + et (14 [ elutopias)).
where we recall Ny(fo) is defined in (ILI4)). The control on V u will be obtained
in the regime where £(0) is small (but v > 0 can be arbitrary).

Many proofs in this section rely on the representation using characteristics of the
solution to the Vlasov equation, which holds at least when u is a smooth vector field.

Definition 3.1. Assume u is smooth (say ¢'). We define the characteristic curves
X(s;t,x,v) and V(s;t,x,v) associated to u as the solution to the system of ODFEs

X(s;t,z,v) = V(s;t,z,0), (3.1)
V(sit,@,0) = uls, X(s;t,2,v)) = V(s; t,2,0), .
with the initial condition (X(t;t, z,v), V(t;t, z,v)) = (x,v).

By the method of characteristics, for a smooth vector field u, we can write the
solution f to the Vlasov equation as

flt,z,v) = edtfo(X(O; t,x,v),V(0;t,z,v)). (3.2)

As already explained, we then rely on DiPerna-Lions theory to ensure that the estimates
we are able to prove with this representation formula still hold even if u is not smooth
enough.

For instance, a rough bound on the L° norm of f can be directly deduced from (3:2]).

Lemma 3.1. For almost allt > 0,
£ @) llLoe (raxray < || follnoe (raxraye®. (3.3)
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3.1 Rough local bounds on moments
We recall the notations M, and m, introduced in Definition

Lemma 3.2. Assume M,fy < oo for some a > 1 and that u € LL (Ry;LoT4 N
WHH(T?)). Then M, f(t) < co and for all t > 0 and

t a+d
Maf() ot (Mado + e [ Jularads) (3.4
0
Proof #. Multiplying the Vlasov equation by |v|* and integrating over T x R¢, we get
d
&Maf(t) +aM,f(t) = a/ u(t,z) - me—_1(t,z) dz. (3.5)
Td

For 0 < ¢ < k recall the interpolation estimate for any measurable function g : T4 x R? —
Ry

Lhd ot
||m€9HL%§ Sd (Mk9> k+d||9|‘1)jo+od(q1~d)- (3-6)

(T4)
In particular for (¢, k) = (o — 1, ) we get

atd—1 a;
IIma—1gHLai$i1<w> Sa (Mag) =5 |97 pay-

We can control ||g||eo by Lemma Bl so that using Hélder’s inequality in (B.3]), we infer

d 1 (0% 1 _dt_
SMaf T + Mo f() T Sad e u(t)gesacro,

from which we get

d o3 1
MO} Saa € ful®)lesacray,
from which (3.4 follows. O

Lemma 3.3. For d = 2, we have ps,j; € L. (Ry;L°(T?)). In the case d = 3,
assuming M3 fo < +00, we have the following

(i) Msf € Lig.(Ry);
(ii) ps € Lige(Ry; LX(T?)) ;
(iii) j§ € Lise(Ry;T/%(T?)).
Proof. For the case d = 2, we refer to [16], Lemma 3].

We therefore focus on d = 3. By Lemma [3.2] we have

t 6
M3f(t) /S <M3f0 +e2 /0 ||U(S>HL6(']1‘3) d8> .

But, using the Sobolev embedding H*(T?) < L°(T3) and the Poincaré-Wirtinger in-
equality and the energy estimate (LI2), we infer

/||U(S>HL6(’]1‘3)dSS/ lu(s) = (u(s)) s crs) ds + VIE(0)!/2
0 0

t 1/2
SV ( / IVu(s)[F2(ps) ds> + VIE(0)'/?
0

< VIE(0)'/2
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This concludes (i). Using the interpolation estimate [B.6]) for (¢, k) = (0,3) and (¢, k) =
(1,3) we have
1/2
los@)llzcrsy = Imof @)z S Msf )21 F IS,
. 1/3
1 (B)llgrarey < llmaf@leorecrsy S Maf O @)1

We therefore obtain (i7) and (¢i¢) using (i) and Lemma 311 O

3.2 The affine change of variables

We discuss in this section an affine change of variables in velocity, which will be crucial
in the following in order to

e obtain short time estimates for the L norm of py and j; (in any set of assumptions
that we consider);

e obtain long time estimates for the L° norm of p; and j; in the case v large, &(0)
arbitrary.

Lemma 3.4. Consider a vector field u € L _(Ry; H' NL>®(T%)) and fo € L' NL>®(T¢ x
RY) satisfying (LIZ) for some ¢ > d+ 1. Then, if f € LS (Ry; L' NL®(T4 x RY)) is
the renormalized solution of
8tf+v'vzf+vv'[f(u_v)] =0,
f|t:0 = an

one has the following estimates for almost all t > 0:

t d
lpr (OllLes(ray + 1177 ()|lLeo(rey Sdig Noel(fo) <1 + (/0 e®llu(s) — (u(s)) Lo (ra) ds) ) ,
(3.7)
where we recall Ny(fo) is defined in (LI14).

Remark 3.1. We note that in view of long time estimates, the estimate [B7) is useful
only if one can prove that |[u(s) — (u(s))||Lo(ra) decays faster that e*. Such a decay will

be achieved by interpolation with the L? decay estimate (ZI0)obtained in Lemma 23,
thanks to the modulated energy identity. However such a procedure will require v to be
large enough, which explains why Lemma[34] is useful in this regime only.

Proof #&. Let (X(s;t,x,v),V(s;t,2,v)) be the characteristics (BI) associated to u. By
the method fo characteristics, we write

pr(te) = [ flta,v)do =™ [ folt, X (01, 2,0), V{03t 2,0)) do,
Rd Rd

and a similar formula for j; from which we infer, using the pointwise decay assumption
on the initial data,

14 |V(0;¢,2,0)|

t ¢ (t,x)| < N, dt / : 3.8
pilts) +liglt. )] < Ny(fojet [ 5 EEE g, (3.5
Now, thanks to the differential equation satisfied by s — V(s;¢, 2z, v) we have
t
V(0;t,2,v) = e'v — / eu(s, X(0; s, z,v)) ds (3.9)
0

— ot (U—/Otes_t(u(s»ds) —/Otes(u(s,X(O;s,x,v))—(u(s))ds).
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We consider now, for a fixed (¢, z) € Ry x T?, the following change of variable

¢
w(v) := e’ (v —/ es M (u(s)) ds) ) (3.10)
0
and notice that for all v € R®
t
VO:t,0) — w() < [ efuls) = {u(s)) ooy d.
0

In particular, using the change of variable (BI0) in the integral appearing in ([B.8) we
get to the following inequality

1+ |w—A(t,z,w)|

pr(t,x) + [jf(t, )| < Nq(fO)/Rd T3 o~ Alt.z.w)7 (3.11)
where
At 2, w) = /Ot e (u (SX (O;s,x,etw-i-/ot es_t(u(s)>ds)) _ (u(s)>) ds
satisfies
IA ()| Loe (T xRy < /Ot e*[lu(s) — (u(s)) || (r2) ds. (3.12)

If |w| > 2|A(t, z,w)]|, one has by reverse triangular inequality

w
0= Al w)] > ]~ [Afz,w)] > ol — JAD) | ornt > o,

and therefore,

) Lt w— At z,w)| _ 1+ wl
w202 T30 A 2, w)]? Y+ w]e

which is an integrable function of w on R¢ because ¢ > d + 1. In particular, splitting
the integral in BIT) for |w| = |A(¢t, z, w)|, we have

pr(t,x) + 1ip (8, 2)| Saq [A@ILox (paszay + 1.

Thanks to the control (312) on A, we eventually get (B.7). O

3.3 The straightening change of variable

We discuss in this section another type of change of variables in velocity that will allow
us to treat the other case &(0) small, v arbitrary. The idea is to come down to the “free”
case (that is to say to the characteristics associated to the vector field (z,v) — (v, —v)
here), by using an appropriate diffeomorphism in velocity. We will see that a control
bearing on [|Vyu| g1 ray will allow us to reach this aim.

This change of variables is close in spirit to that employed by Bardos-Degond in [I]
for the study of small data solutions to the Vlasov-Poisson system on R? . Note however
that the stabilisation mechanisms are very different as for Vlasov-Poisson on R3, it is
based on dispersion due to the free transport operator, while for the Vlasov-Navier-
Stokes on T3, it will be based on the dissipation in the Navier-Stokes equations.

We also mention that similar ideas were recently used in the context of the inertialess
limit of the Vlasov-Stokes system in [19].
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Lemma 3.5. There exists a numerical constant c(d), depending only on the dimension,
such that the following holds. Fiz t € Ry and x € R and consider the map

iz v V(0;t,z,0).

Assume that

| Ity ds < (@), (3.13)

Then one has
(i) For allv € R, |det D, Ty . (v)| > e¥/4;
(ii) Ty is a €1-diffeomorphism from R to itself.

Remark 3.2. The constant c(d) can be explicitly computed from the proof below. For

instance, we can take c(2) = %.

Proof #&. The proof follows the main lines of the arguments outlined in [I Proposition
1 and Corollary 1].

(i) Consider a generic vector-valued flow Z; _ := Z(s;t, 2) associated to a smooth vector
field w(t, z) defined on Ry x X and assume that ||D w(t)||ex) < 14 9(t), for some
function ¢ € Li.(R;). We have 0sZ; . = w(s,Z; ,) which after differentiation with
respect to z (introducing ©; , := D.Z; ) leads to

0505 , = D, w(s, Z;Z) K

t,z?

from which we get by Gronwall’s inequality for s <t

t t
163 lleex) < 102l exp ( / ||Dzw(0)||L°°(X)dU) < texp < / |¢<o>|da) ,
(3.14)

where we used ©f _ = Id.

Now, let us get back to our system. Introducing the state variable z := (x,v) which
belongs to X = T¢xR?, the vector field w(t, z) := (v, u(t, z) —v) satisfies the assumption
for the above abstract result, since ||D.w(t)||L=(x) < 1+ [|Vaullpe(pa). If we denote by
(X(s5t, 2), V(s; t, 2)) the characteristics associated to u, integrating the equation defining
s — V(s;t, z) we have

t
V(0;t,2) = e'v —/ e’u(s, X(s;t,2)) ds, (3.15)
0
which leads to
t
D,V(0;t,2) — e'ld = —/ e’Vu(s, X(s;t, 2))D,X(s, t; 2) ds.
0
We thus infer from ([BI4) with ¢ = ||V ul[pe (pay that
t
IDuX(s3t, 2)||Lee (raxmay < €% exp (/ [ Vau(7)lln ray dT)
and thus that

t t
e DLV0:,2) = = rosy < ex0 ([ 19006~ ) [ 195006 oo,
0 0
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Let us now assume for simplicity that d = 2. The case d = 3 can be treated with similar
considerations. Assume that fot | V2u(s)|lp0 (ray ds < 1/5. From (5/4)° > 3 > e we infer
e'/5/5 < 1/4, so that the assumption of the Lemma implies

||€7tDUV(O; t, Z) - IdHLoO(’]I‘Z xR2) S

P

If H is a 2 x 2 matrix, one has
det(Id + H) = 1+ Tr(H) + det(H),

from which we conclude that
2t
det(D,V(0;t, 2)) = e* det(Id + e "D, V(0,t; 2) — Id) > e (1 - - —) > %.

(14) We use Hadamard’s global inversion Theorem (recalled in Theorem in the ap-
pendix): it suffices to prove that I'; , is proper, that is |[v] = +o00 = [y, (v)| — +oo.
Since I'y 5 (v) = V(0;t,z,v), one can use the formula (BI5) above to write

t
[i2(v) =elv —/ e’u(s, X(s;t,z,v) ds,
0

and the properness follows since u belongs to L. (R ; L™ (T4)).
O

Thanks to the change of variables of Lemma [35] we deduce the following control on
moments.

Lemma 3.6. With the same assumption BI3) as in Lemma [33, we have for almost
allt >0,

o5 (B)llLee (ray < 41 Ny(fo), (3.16)

t
i Ol ooy < e ([ a9l ds +1) (o) (3a)
0
where Ny(fo) is given by (LI4) and

I':/ L+ ] dv
T Jra 14 ]

Proof &. Let (X(s,t;z,v),V(s,t;z,v)) be the characteristics ([B]) associated to u. We
start again from the representation formula

prt,z) = et Fo(X(0;t,z,v), V(0;t, z,v)) dv,
]Rd

and use point (i7) of Lemma to perform the change of variables w = T'; ,(v) =
V(0;¢,2,v) end deduce

prtoe) = e | fo(X(0st,2,T ; (w)), w) [Jac(Ty ) (w)| duw,
R4

which, by point (i) of Lemma implies

llos () lloe (ray < 4Ny (fo)ly- (3.18)

21



For j; we proceed similarly and write the representation formula (valid for the same
reasons)

iplta) = et /R T () fo(X(0: 1,2, T} (w)), w) [Jac(Ty 1) (w))] du.

By definition of I'; ; (w), the following identity holds.

¢
w = etfgi(w) — / eu(s, X(s; t,x,ng(w))) ds, (3.19)
0
from which we deduce

t
0 w)] < ot [|w| . esllu(s)llmds} ,

hence the claimed result.
O

In the next lemma, we study how the pointwise decay condition of Definition [[4 can
be locally propagated.

Lemma 3.7. Let to > 0. If fo satisfies (LI3) and u € L, (Ry; H' N L>®(T9)), then
fro := f(to) satisfies also (LI3) and

N(fto) Sq,d (1 + ||u||il(o7tU;Lw(Td)))Nq(fO)-
Proof &. We write
f(to,x,v) = edtofo(X(O; to, z,v), V(0; g, z,v)),

where thanks to (3:9]) we have

to
ol < VOito )]+ [ us) e ds,
0
and therefore
(1 + |U|q)f(t05 (E,'U) Sq ed(l + ||u||gl(07t0;Loo('[rd)))Nq(fo)'
O

This allows to obtain another version of Lemma but with a control like (BI3)
starting only from some time ¢y > 0.

Lemma 3.8. Let tg > 0. With the same assumptions and notations as in Lemma [3.3,
except that we replace BI3) by

t
/ IVou(s) L~ ey ds < c(d), (3.20)
to
we have
o5 O)llimceay S Nalo)L+ el g g o) (3.21)

¢
lisOlhmcroy S ™ ([ el ds + 1) N(fo) 1+ [l e en) - 2)
Proof &. We can reproduce Lemma B4 Lemma B35 and Lemma B6l replacing the initial

time ¢ = 0 by t = to and thus fo by f(to). Using Lemma B we obtain the claimed
estimate. O
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4 Regularity estimates for solutions of the Vlasov-
Navier-Stokes system

In this section, given an admissible initial condition (ug, fo), we fiz an associated Leray
solution (u, f), which satisfies all the estimates of Section [2] and Bl

In dimension d = 3, we shall also assume that M, fy < oo for some o > 3 and
up € HY?(T3).

This section is devoted to the following two tasks:

e obtaining a precise short time control for the L norm of p; and j (relying on

Lemma [B.4]);

e obtaining L{°HL N LIH2 estimates for u, on time intervals away from zero, as
developed in Propositions and

Such estimates will be the key to prove Theorem in the case where v is large enough,
a proof of which will be provided right after this section. However, this will not be
sufficient to handle the other case &(0) small but v > 0 arbitrary: to this end, higher
order estimates will be derived in Section [

We shall also introduce in this section the notion of strong existence times (see
Definition 2] that concerns d = 3. Loosely speaking, this corresponds to times ¢ for
which the solution u of the Navier-Stokes equation is strong on the interval of time [0, ¢],
which means in this context with H'/ 2(']I‘d) regularity. A smallness criterion bearing
both on u and on the Brinkman force j; — pru (see [9)) will be used.

Notation 4.1. We introduce the following notations:
Fi=jy —pru,
S:=F—(u-V)u.
We start with a first bound for F' coming from the energy dissipation.
Lemma 4.1. If py € LS (Ry; L>(T%)), one has for almost all t > 0
t
/0 IF ()17 pay ds < min(E(0), £(0)) A 125 (8)]]oo-

Proof. By Cauchy-Schwarz’s inequality, we have a.e.,

1/2
/Rdf(v—u)dv §p;/2</Rdf|vu|2dv> ,

from which we infer for almost all s > 0,

1F (5)IE2(pay < llps(8)llseD(s),

where D is the dissipation introduced in (L]). The estimate follows thus from the energy
(CI2) and modulated energy (2.8)) estimates. O

|F| =

4.1 Higher order energy estimates for the Navier-Stokes equa-
tions with a source term

This section is dedicated to H' energy estimates for the Navier-Stokes system in 2D
and 3D. Such higher order energy estimates for the Navier-Stokes estimate seem to be
folklore; yet since we need precise enough versions keeping track of several parameters
and for the sake of completeness, we provide a proof of these statements in an appendix

(see Section [3.4)).
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Proposition 4.2. Fiz ug € L3 (T?) and F € Li (Ry;L*(T?)). The Leray solu-
tion of the Navier-Stokes system with source term F', initiated by wug satisfies u €

¢O(R%; HY (T?)) and u € Ly, (R%; H*(T?)) and furthermore for t > 1

t 1 t
IV + v [ 18u ey ds <o (A0 +3) (1+ [ PGB as)

where ¢ and A are given in Proposition [2.3.

Proposition 4.3. There exists a universal constant C, > 0 such that the following
holds. Consider v > 0, ug € H(lii/f(']p), Fell Ry HY2(T3)) and T > 0 such that

loc

o Bnsacgsr + S [ 1P syargs, ds < 2 (4.1)
Ollg1/2(T3) v Jo H—1/2(T3) > Ci .

Then, there exists on [0,T] a unique Leray solution of the Navier-Stokes system with

source F and with initial data wg. This solution u belongs to €°([0,T]; HY?(T3)) n
L2(0,T; H3%(T?)) and satisfies for all0 <t <T

t t
Cy
O — / 190(5) 2 g, 5 < et o) + = / 1E ()12 sy .

Furthermore, for some onto nondecreasing continuous function 1 : Ry — Ry indepen-
dent of v,ug, F, T, we have for 0 <t <T

t 1 t
VUl + v [ 18w as <0 (A0 +3) (1+ [ IFOIRm as).

(4.2)
where A is given by (Q.0).
4.2 The 2D case
The 2D case is well-understood thanks to Proposition 2] and to [16].
Proposition 4.4. Let d = 2. For all ty > 0, the following estimates hold.
lullL1 0,t0;1.5 (12)) < Coy, (4.3)
s (ol + lirOlhimcen} < (M +EO+1), @y

for Cy > 0 depending on the initial condition and ty and some onto nondecreasing
continuous function ¢, and for almost all t > ty:

t
IVu()lEz ey + V/t [Au(s)[I 272y ds < @ (E(0) + £(0) +v71) (1 + Zl[lopt] 1p£(s)lloo),
(4.5)

where ¢ : R — R, is the (universal) onto nondecreasing continuous function given in
¥ + + g g

Corollary [{-3

Proof. The regularity estimates ([@3]) and ([@4]) are directly extracted from [16, Lemma
3 and Corollary 1]. As for the H' energy estimate (@3]), we apply Proposition and
Lemma (411 O
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4.3 The 3D case

The three dimensional case is more involved and requires a specific analysis on which
we focus until the end of this section. We first show how to obtain the same estimates

as ([@3) and (£4) in dimension 2.

Proposition 4.5. Let ty > 0. We have u € L{,.(R4; L>°(T%)) and both p; and j; belong
to Lis. (Ry; L2°(T3)); moreover the following estimates hold

[ullLr0.t0:m2¢ (r3)) < Co, (4.6)

and
[%Utp] {lpg()llLoe sy + g (s)llee (n2y
»L0

S ¥ (||u0||H1/2(’]1'3) + MafO + Nq(fO) + E(O) + V_l) ) (47)

for Co > 0 depending on the initial condition and ty and some onto continuous nonde-
creasing function ¢ : Ry — Ry

Proof. In this proof we use the notation <; to refer to an inequality of the form A <
¥ (t) B where 1 is some universal continuous function. For readability we will denote by
Co any constant like in the right hand side of ([@.7) for some continuous nondecreasing
and onto ¢ : Ry — Ry.

Since Msyfy < 400, we have also Msfy < Mafo + Myfo < +0o. We can apply
Lemma to infer

llos@llLzcrsy + 175 @)llrar2(rsy St Co-

In particular recalling the notation S := F — (u - V)u we infer, using Holder’s inequality
and another time the Sobolev embedding H'(T?) < L(T?) and the energy estimate

m?

t
IS ey ds 51 Co

Now consider w the unique solution of (P stands for the Leray projector, that is the
projection on divergence free vector fields)

Oyw — Aw = PS,
divw = 0,
w(0) =0,

so that u — w = e"ug. Since ug € HY?(T3), we infer from [I2, Lemma 3.3] that
u—w e L*(Ry; L>®(T?)) with the estimate

/0 (= w) () 0y ds S [/

Thanks to the L (R ; L3/ %(T?3)) estimate on S that we obtained above, we infer from

loc
the continuity of P on L*/? (T3) and the maximal regularity of the Stokes operator that
D2w e L2 (Ry;L¥2(T3)) and thus w € L2 (Rp; LP(T?)) for all p < oo, by Sobolev’s

embedding with the bound

t
/0 ()12 g ds e Co,
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and we therefore established u € L (R ; L (T9)) with

t
/0 () 20 s, ds <o Co. (48)

In particular, we get u € Li,.(R;; L*T(T)) and we can obtain the following variant of
Lemma using estimate (3.4]) of Lemma to propagate the assumption M, fy <
~+o00 we first have

t a+3
_at_
Maf() 5 (Moo + e [ uls)lvads )
0
St Co.
We use the interpolation estimate [B.6) with &k = v and £ € {0, 1} to obtain this time

lor @ ez o + 17O age 0 St Co,

||LT('J1‘3) L=t (T3)

where the integration exponents are stricly larger than 3/2. Using ([A8]) we can estimate
(u-V)uin some L] (Ry;L"(T%)) for v > 1 and r > 3/2 leading to the following estimate
on the source S :

t
18Oy 5 5 o

Since r > 3/2, using another time the maximal regularity of the Stokes operator we
eventually infer

t
[ 1 oy 5 5 o

Allin all, we recovered that v = (u—w)+w € L, (Ry; L>°(T?)) and using estimate (3.1
of Lemma [34] we infer that both py, j; belong to LS, (Ry; L>(T?)) with the estimate

o5 (®)llLe= (zs) + i (E)llLes x3) Se Nq(fo)Co,
so that [@7)) is a simple a consequence of the meaning of <; and Co. O

Unfortunately the parabolic regularization that we have exhibited in Proposition [£.4]
in the 2D case is in dimension 3 only satisfied locally, or globally at the cost of a smallness
assumption. Of course this is related to the fact that we don’t know if the Leray solution
is unique in dimension d = 3.

Proposition 4.6. If for some T > 0 there holds

2 C. [T 2 v?
||u0||H1/2('[r3) + W o ||F(S)||H*1/2(T3) ds < @7 (4.9)

where C, is the universal constant given by Proposition [{.3, then one has for all 1 <
t <T the estimate

t
O] / | Au(s) 22 g0 ds < 4 (E(0) + ") <1 +oup |pf<s>||Lx<m>> ,
(4.10)

where ¥ : Ry — Ry is the (universal) onto nondecreasing continuous function given in
Proposition [{.3

Proof. The fact that F € LY _(Ry; H71/2(T3)) is a consequence of Proposition L5 and

loc
the embedding L3/2(T3) < H~'/2(T3). For the second estimate, thanks to the smallness
condition ([@9), we invoke Proposition 3] and Lemma [Z.1] O

26



4.4 Strong existence times and higher order estimates

The assumptions of Theorem [[L3] ensure, thanks to Proposition 4.4l and Proposition (.3,
that ps belongs to Lye (R ;L>(T?)). We can therefore focus on proving that ¢ ~
llps ()|l (re) is bounded on [1,+00). It is convenient to introduce the following nota-
tions.

Definition 4.1. We set for tg > 0 and t > tg

My, (to, 1) := sup o7 ($)llLoe(ray, My (to, 1) := sup 177 ($)llLoe (Ta), (4.11)
0, 05
Mpf,jf(t07t) = Mpf(to,t)+Mjf(t0,t). (412)

The estimates ([€L4) and ({.71) motivate the following notation.
Notation 4.2. From now on, A So,, B will mean
A< ¢ (No(fo) +E©O) +v7") B, ford=2,
A< ¢ (Jluollinsaas) + Mafo + No(fo) + E(0) +v™") B, ford =3,
where g and o are the exponents given in the statements of Theorem [L1 and The-

orem [[LA Note that So may depend on the integration exponents appearing in the
inequality, but this will always be harmless.

Definition 4.2 (Strong existence times). In dimension d =3, a real number t > 0 will
be said to be a strong existence time whenever [&9) holds. In dimension d = 2, we take
the convention that all t > 0 are strong existence times.

The following lemma asserts that within our set of assumptions, we have a lower
bound for strong existence times.

Lemma 4.7. Under the assumptions of Theorem .3, 1 is a strong existence time.

Proof. The proof is based on the affine change of variables of Lemma[34l Let us consider
the case v large. By Lemma T Lemma B4 and (6, we can bound

1 1
L IFO sy ds S [ 1P ey ds
< min(E0), £0) sup oy (5)ll=rs

s€0,1]

< min(B(0), £(0) (1 # ([ o) - ol d))

< Comin(E(0), £(0)),

so that we ce can find a continuous nondecreasing onto function ¥y : Ry — Ry such
that

v > v (Ng(fo) + Mafo + () + lluoll2(rs))

implies that [@3)) is satisfied for T'= 1. We impose g > 1. The proof is similar in the
case &(0) small and therefore we skip it.
O

We sum up the results (in dimension d = 2 and d = 3) of this subsection with the fol-
lowing result. From (4.7)) and (&4 we infer the following consequence of PropositionsZ.4]
and

Corollary 4.8. Let tg > 0. The following estimate holds for any strong existence time
t>to:

t
HVu(t)HiZ(W) + l//t ||Au(s)||iz(w) dS 501,/ 1 + Mpf (to, t) (413)
0
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5 Proof of Theorem [1.3] in the case v large
In this section, we prove Theorem when the viscosity v > 0 is large enough. The
general strategy is as follows.

e We rely on the key Lemma [3:4] to obtain the control (3.7 on the L° norm of py.

For this estimate to be meaningful, we have to prove that |[u(s) — (u(s))|[re (1ay is

decaying faster than e™%.

e To this purpose, we rely on the analysis of Section [ namely we use Corollary [£8]
to obtain a L?H? estimate for u.

e We interpolate this L7H? estimate with the pointwise L2 estimate for (u — (u)),
which quantity decays exponentially fast, as stated in Lemma The required
decay for [[u(s) — (u(s))||Lo(ra) is reached if v is large enough.

In dimension d = 2, this procedure results in an sublinear inequality that allows to con-
clude on the spot that ||py||, (ra) is bounded on R,. In dimension d = 3, this inequality
becomes superlinear, but requiring v large enough is enough to bound |[py||1,e ray for
all strong existence times. We finally rely on an additional bootstrap argument in order
to show that the set of strong existence times is R;..

5.1 The 2D case

By CorollaryEE8 applied with to = 1, using the straightforward inequality ||D?g|| 12) S
|Aglr2(ray on the torus, we infer that for all t > 1,

t
/1 HD2U(S)||%2(T2) dS SO,V 1+Mpf(1,t) (51)

We now rely on an interpolation argument. We invoke the Gagliardo-Nirenberg-Sobolev
estimate of Theorem [@.4] applied for g = u(s) — (u(s)) with p =00, ¢ =7 =m = 2,
j =0 and, therefore, « = 1/2:

u(s) = (u(s)) Lo (2) S D% u(s)llghgay lu(s) = (w())lla0r)-
By Lemma [Z5] we deduce
u(s) = (u(s)) Lo (z2) S E0)/H[Du(s)|hgaye " >*/2. (5.2)

and thus by Hoélder’s inequality

/1 € lu(s) — ()}l oo ds

t 1/4 t 3/4
2
5 5(0)1/4 (/1 HDQU(S)||%2(T2) dS) (/1 6%8(1_1/61:’/2) dS) .

Since by assumption v > 2/c% we thus infer, using (5.1])

(100~ D) 00 ([ 0Pt 0)

Sow E(0)2(1+M,, (1,)!/2).
By Lemma with tg = 1 and ([@3]), we have thus proved for all ¢ € [1, +00),
Mpf(lﬂt) SO,V 5(0)1/2(1 + Mpf(lat)1/2)a

from which we straightforwardly infer that M,,(1,¢) is bounded on [1, +00). Since we
also have (&4) with o = 1, we conclude that supg, [|pf L= (12) < +00.

We can therefore apply Lemma with T" = 400 and this concludes the proof of
Theorem in this case.
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5.2 The 3D case

The beginning of the proof is close to that for the case d = 2. Thanks to Corollary [1.§]
applied with ¢ty = 1, for any strong existence time ¢ > 1, we have,

t t
I//1 HD2u(S)Hi2(T3) ds 5 l//1 ||Au(s)||iz(ﬂ-3) ds 501,/ 1 + Mpf(l,t). (54)

Once again we use an interpolation argument and invoke the Gagliardo-Nirenberg-
Sobolev estimate, the only difference with the 2D case being the interpolation exponent:
using g = u(s) — (u(s)), (d,p,q,r,m,j) = (3,00,2,2,2,0) leads to o« = 3/4, so that

3/4 1/4
lu(s) = () o= (rsy S ID*u(s) 175 tp lle(s) = () I s
Using Lemma we infer

—l/C2 S
Ju(s) — (u(s)) e crs) S EO)SIDPu(s)]| b e /4, (5.5)

so that, as soon v > 4/c%, using Holder’s inequality and (5.4)

3/8

/: e*[lu(s) — (u(s))|| Lo (=) ds So,, £(0)1/3 (/j ID?u(s) 72 s dS)

5(0)1/8

3/8
0, N (1 + Mpf(lﬂt)) )

and therefore,

t 3
s £(0)%®
(/ e’llu(s) — <U(S)>||Loc(’]1‘3) ds> <o /8 1+ Mpf(lvt)>9/8.
1
By Lemma with tg = 1 and (&.6]), we have thus for any strong existence time ¢ > 1

g(0)3/8
L9/8

M,, (1,t) So» 1+ (1+M,, (1,1)%8. (5.6)

This is a superlinear estimate from which we cannot derive an a priori bound on M,,
depending only on the initial data. This is the difference with the bidimensional case:
we will have to take v (a lot) larger than 4/c% (or at least big with respect to the initial
data) in order to conclude.

Recalling Notation 2 since v > 4/c%, we infer that for some onto continuous
nondecreasing function ¢ : Ry — R such that the last estimates rewrites, for all strong
existence times t > 1

M, (1,)%/®
M,, (1,t) < Co <1+ 2/97/8 )

for some constant Cy of the form

C2
Co = (ol sy + Mafo + N(fo) + E(0) + 60) + F )

From now on, Cy may change from line to line but will always of this form. Thanks
to ([@T), we have on the other hand

s {llpr(s)lILeecwsy + [l (s)][ =) } < Co. (5.7)
se|0,
We shall now rely on the following continuity result.
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Lemma 5.1. Consider ® : Ry — R4 a continuous and nondecreasing function and
C > 0. For any v > ®(2C) the following implication holds for any t* > 1 (possibly
infinite) and all continuous functions g : [1,t*) — Ry

g(1) <C

1 = g < 2C on [1,t%).
g < C(l + ;@(g)) on [1,t%) L.2)

Proof of Lemma[5dl Since ® is nondecreasing we have supp oo ® < ®(20). If g sat-
isfies the two inequalities above, then the inequality ¢ < 2C which is initially true at
t = 1 propagates all over [1,t*). O

We apply Lemma 51l to (5.6) and therefore we infer that if v > 2Cy, one has
M,, (1,t) < 2C (5.8)
for all strong existence times ¢t > 1.

Remark 5.1 (#). Our application of Lemma 51l is formal: this result holds only for
continuous functions, and py a priori belongs only to Lis, (R4 ; L°°(T?)) (thanks to Propo-
sition [{.9)). However, the desired estimate Mpf (t) < 2Cy is stable with respect to weak
convergence, and one can use the strong stability property of DiPerna-Lions theory to
first prove it for a sequence of approximating smooth solutions and then pass to the limit.

Our last task is to check that the set of strong existence times is indeed R,. Again,
this will be done by assuming v large enough. Actually, if C; > 0 denotes the best
constant related to the embeddings L?(T?) «— L32(T3) < H™Y/2(T3), that is the best
constant in the inequalities

1UllLs/2(may < CillUlleqrsy, YU € (LA(T?))°,

(5.9)
Ull-1r20p2y < CallUllzqesy, VU € (L¥3(T%))%,
the decisive inequality is the following one: if v is large enough so that
(2Co + CH)CIE(0)C, 12
HUOH?{l/Z('ﬂ*z) + Ol/ L @, (510)

with Cg is the constant in (B.8) and (@6]), then all ¢ > 0 are strong existence times.
Note that this inequality is indeed of the form (L23) for an appropriate definition of
the function 1, thanks to the definition of Cy. First, by Proposition [£3, we know the
existence of strong existence times ¢ > 1. On the other hand, using the aforementioned
embeddings and Lemma 1] we have for all ¢ > 0 (whether strong existence time or
not)

t
/O ||F(S)||12{,1/2(T3) ds < C%E(O) ?815 ||pf||Loo(vﬂ-3).

In particular, since we have established M, (1,t) < 2Cy for any strong existence time
t > 1, we have

C, [ 2CoCiE(0)C,  v?
||u0||§11/2(1r3) + 7*/0 |‘F(5)||§171/2(']r3)d5 < HUOH§11/2(T3) 4 < @
*
In particular, for any strong existence time ¢ > 1, the equality

1/2

o (5.11)

C t
ol + = | P nrny ds =

is impossible, which implies by continuity that (£9) holds for all times. This means that
the set of existence times is R} and allows to conclude the proof.
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6 Higher order regularity estimates

In this subsection, the goal is to obtain higher order estimates for u, namely L%W;’C’O
estimates. These estimates will be useful to treat the case &(0) small.

This will be achieved by using higher order parabolic maximal estimates for the heat
equation and in prevision of the proof of Theorem [[3 (in view of the arguments already
developed in Section B we will right away interpolate them with the pointwise decay
estimates of the fluid part in L? norm obtained in Lemma

This is the content of the following lemma.

Lemma 6.1. For any o € [1/2,1), ¢ € [1,00), any finite a,b > max(1,ca) and any
t > 1, the following estimate holds (for a possible infinite right hand side)

”quLC(l,t;LP(Td))

¢ o ¢ %
S E0)V2 1+ (/1/2 [[(w - V) ()T (gay dS) + (/1/2 HF(5>HZ£T(W) ds) ;

(6.1)
for any p € [1,00] and r € (1,00) satisfying

1 1 1 2 1l -«
- - _Z . 2
» d—f—a(T d)-i— 5 (6.2)

Proof. Similarly to what we have done in the proof of Proposition [£5] we introduce w;
and wy as the unique divergence-free solutions on [1/2, +00) of

Orwr — Awy =P(u - V)u,
6tw2 — A'LUQ = PF,

with initial conditions wy(1/2) = w2(1/2) = 0 so that, denoting up, := u — (w1 +ws), we
have up,(t 4+ 1/2) = e*Au(1/2). Thanks to the maximal regularity of the heat equation
and the continuity of P on L"(T9), we infer for ¢ > 1/2

t 1/a + 1/a
(/ ||D2w1(8)||5r<w>d8> 5(/ ||<u~w><s>||zw>ds> . (63)
1/2 1/2

. 1/b . 1/b
(/ |D2w2(s)||lﬁr(w)d5> s(/ ||F(S)||lﬁr(qrd)d5> - (6.4
1/2 1/2

On the other hand, since up(t + 1/2) = e*®u(1/2), where we write
u(1/2,2) =t Y epe®™ € LX(TY),
kezd
we have for ¢t > 1/2
up(t,z) = Z Ck67(27r|k|)2(t71/2)e2i7rk-z,
kezd
and in particular for £ > 1 and £ > 1

||uh(t)||§1€(’ﬂ‘d) _ Z |ck|2|k|2le*(27r|k|) (t—1/2)
kezd

2 —|k|?(t—1/2
522|ck|6\\( /2)
kezZd

< Nlu(1/2)1F2gay e,
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so that for any ¢ > 1 we obtain

—+oo —+oo
| gy ds o l1/2) ey [ 1D s S5 a1/ o
(6.5)

The Gagliardo-Nirenberg-Sobolev estimate of Theorem for d € {2,3}, (j,m,q) =
(1,2,2) allows us to write for any o € [1/2,1) and s > 1

IVu(s) e ey S ID*u()lIEr(ra) luls) = (w()) Iz (Fay

for p,r satisfying (6.2)). Thanks to estimate (ZI0), we have therefore, using the decom-
position u = w; + w2 + up

HVU(S)HLP(’H‘d)

< S0 26O (D2 (5) 5o gy + D202 (5) [y + D% () )
(6.6)
and thus, by Holder’s inequality in time (using the assumption a,b > ca)

||Vu||L°(1,t;LP(’]1‘d))
So,w 5(0)(1_(1)/2 (||D2w1||ga(1,t;LT(’]1‘d)) + ||D2w2||gb(1,t;LT(’]1‘d)) + ||D2uh||ﬁc(1,t;m(1rd)))'

By the energy estimate (LI2]), we have ||u(1/2)([r2(ray So.v 1, so using (G.5) for £ large
enough, we obtain by Sobolev embedding

IVullLe e ra) So @@(0)(1_&)/2(”D2w1||ﬁa<1,t;mrd>> + D% w2llEs 1.y + 1)’

and using eventually ([63)—(64) we obtain (G.)). O

Lemma BTl invites us to study certain || - ||ye (1 2,410 (74)) norms of u- Vu and F'. This
is the object of the next two lemmas.

Lemma 6.2. There exists a € (2,4) and v, > 2 such that the following interpolation
estimate holds fort > 1:

2 1—2
fl(w - V)UJHL“(I/Q,t;LM (Td)) < HuHLw(l/Q,t;LG(Td))||vu||ﬁz(1/27t;L6(Td))||vu||L°°CE1/21t;L2(Td))'
(6.7)

Proof. For any a > 2, we have by Hélder inequality and interpolation [(2,6), (o0, 2)]s,
l[u - VullLe 1 y2,0ma ey < lullioe (12,08 | Vullfz o ey ||VU||L00(1/2 #L2(T4))
with the following identity
11 1 11 1
—— =10, 0 1-6)(0,=-).
(G7) - (05)+0(35)+0-9(03)

In particular, § = 2/a and we recover the exponents in estimate (IE:ZI) From the previous

identity we also deduce the value of r,, because T— =2(142)+ 3(1 - 2). In the limit
case a = 2 we get r, = 3, so that taking |a — 2| small enough we have indeed Te > 2 and
a € (2,4). O

Lemma 6.3. For any finite b > 4, the following estimate holds for some r, > 3 and all
strong existence timest > 1 :

3_2
1| Lo 1 /2,e0m0 (may) Sow 1+ My, 5, (1,8)270. (6.8)
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Proof. Thanks to Lemma [Tl and (@4]) — [@L7)) we have
IF |21 y2m2man 2, 2t S 1+ M, (1,52 <14+ M, 5 (1,4)'2 (6.9)

By interpolation [(2,2); (o0, 6)]g, we have

-0
||F||Lb(1/2,t;LTb(’]I"i)) < HF||€2(1/2¢;L2(W))||F||]1Joo(1/27t;L6(Td)), (6-10)
where 6 and r;, are defined by the equality (3, 7‘_11,) =0(3,%) + (1 —0)(0, 3) from which
we get § = 2/b and % = % + % ; we notice that b > 4 implies r, > 3. Using the triangle

inequality, we have
[ Loe (172,608 (rey) = l7r — prulliee (12,608 (mey)
< Mvajf(l/Q’t)(l + ||u||L°°(1/2,t;L6('J1"i)))a

which in turn, using the Sobolev embedding H'(T%) < L%(T%) together with (&3] and
the energy estimate ([LI2)), implies

1 e (12,08 ma)) S My (1, O)(1+ M,y 5, (1,8)12).
Combining the previous with ([@3) in (6I0) we therefore get

1l (12 ryy S T My, (1,527,

which is exactly (6.8]) because b = 2/6. O
Gathering all pieces together, we obtain the following regularity result.

Proposition 6.4. Assume &(0) < 1. There exist two positive exponents vyq1,7d,2 such
that, for any strong existence time t > 1, one has Vu € L'(1,t;L>(T%)) with the
estimate

VUl nes (rayy Sow 6(0)74H (1 + M, 5, (1,8)742). (6.11)

Proof. We start by using Lemma and Lemma [6.3] together with Corollary E.8to infer
for to = 1/2 and any strong existence time ¢ > 1/2,

‘ 1/a
( / RCRZCIE ds> <o 14+M,, ;,(11). (6.12)

. 1/b ,
(/1/2 IE ()17, d8> Sow L+M,, 5, (1,4)577, (6.13)

for some b > 4 > a > 2 and r, > 2, 1, > 3. Let us now apply estimate (61 of
Lemma [6.1] with r := min(rg, rp). Combining with (E12)-(G.I3) for all strong existence

times ¢ > 1, we infer
IVullieq ooy Sow EO)072 (14M,,5,(LE D) (619)
which holds for any o € [1/2,1) and p defined by ([6.2]), provided that that ac < min(a, b).
We may now hope that from (6.14]), we could conclude by taking ¢ = 1 and adjusting

the values of o so as p = co. It turns out that this is possible only in the case d = 2.
Indeed, taking p = oo in (G.2) leads to

Ll (2,1
2 - “\aTa2 )
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which, since a < 1, is possible only if é > %, that is » > d. We have chosen r :=

min(re,7p), and r4 > 2, 1, > 3 (see Lemma [6.2] and Lemma [6.3), so we do have r > 2.

In the bidimensional case we can therefore choose v = (2 — 1)~ ¢ = 1 in (6.14), and

2 T
deduce ([G.IT)) for
l-«a 3 2

The three dimensional case is more involved. Since a < b, we can take ¢ = a in
(E14). Going back to ([6.2)), we see that the limit case a = 1 leads to the equality

1 1 1

p r 3
which, since r > 2 implies % < %, that is p > 6. Taking a € [1/2,1) close enough to 1,
we therefore infer the existence of p > 6 such that, for all strong existence times ¢t > 1,

3

Vel 1 nomsy Sow SO (14 My, 5, (1,0 H)

Since p > 6, we infer from Holder’s inequality, for some 7, > 3 that for all strong
existence times t > 1

t u 1/a
(] 1 Dl oy )
1/2

< JullLee (12,608 (rs)) | VullLa (12,600 (12))
Sow Nl (12,610 rsy) & (0) /2 (1 + MPfajf(lat)a(%_%)) :

Using the previous inequality together with (£I3) and the energy estimate (II2]), we
infer

. 1/a
a —« liq(3-2
( / RO ds> Sow )12 (14 M, 5, (1,04 oG-

(6.15)

The point is that [@I5) can now replace [6.12) in the analysis that we have performed
earlier with the advantage that, now 7, > 3. This yields that 7 := min(ry,7,) > 3 and

hence taking
_ 6\
a=>5 <7 - :> <1,
T
we can check that & € [1/2,1) and satisfies

o_l.a(l 2y, 1-a
37N\ F T3 2

So we invoke estimate (G.I) with » =7 > 3, ¢ = 1 and & as above to infer for strong
existence times t > 1

||vu||L1(1,t;L°°('J1‘3))

<o £(0)17D/2 (1 + 5(0)(1_0‘)/21\/[”,”(1, t)@(%'i‘a(%—%)) + Mpf,jf(lat)&(%_%)) ,

and deduce therefore (611]) for

1-a B (Lo (3o2)) a(3 2
V3,1 ‘= 5 N Y32 i=max @ ) « ) b , ) b .
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7 Proof of Theorem [I.3] in the case &(0) small

In this section, we prove Theorem when the initial modulated energy &(0) is small
enough. The general strategy is as follows:

e We rely on the key Lemmas and (in the form of Proposition [Tl stated
below) to obtain the controls (B.2I)) and [B22) on the L™ norm of py and j;. In

order to apply this result, we need to ensure that flt [Vu(s)|Lee (ray ds is small
enough.

e To this purpose, we rely on the higher order estimates obtained in Section [@]
namely we use Proposition 5.4 to obtain a LYW estimate for u (note that here
we also need an interpolation argument based on Lemma but this is already
included in the statement of Proposition [6.4]).

We gather in the following proposition the results of Lemma and Corollary €8

Proposition 7.1. Assume the existence of a strong existence time strictly greater than
1. Define

t
t* 1= sup {strong existence time t such that / [Vu(s)l|Lee (ray ds < c(d)} . (70
1

where c(d) is given in Lemmal33. Then, on [1,t*), one has M, ;. (1,t) So. 1.

Proof. The existence of a strong existence time larger than 1 together with Proposi-
tion [6.4] implies that t* > 1.

For t € [1,t*) we can invoke Lemma B.8 with ¢g = 1 and (£3) or [@6), to ensure
that M, (1,t) <o, 1 and

t
15 (0l zay < e~ / & lu(s) e cre) ds.

Thanks to Sobolev’s embedding H?(T%) < L*(T%) we infer

t t t
| el ds < [ elule g ds + [ D2l ds,
1 1 1

and therefore (using Cauchy-Schwarz’s inequality)

t
/ e®||u(s) Lo (r2y ds S (e! —1)sup llu(s) ||z (r=)
1

(1,¢]
2

! (/ dS)m ( / IID%(s)n%ds)U .

Thanks to ([@I3]) and the energy estimate ([LI2]) we eventually infer

t
e_t/ €S||U(S)||Loc('[rd) ds <o 14 Mpf(l,t)
1

and we have already proved that M, (1,t) <o, 1. O
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7.1 The 2D case

We recall that for d = 2, all times are strong existence times. Applying Proposition [.1],
the question thus reduces to ensure t* = 400, that is to say to show that for all ¢ > 1,

[ 190 ey s < c(2), (7.2)

Recalling the meaning of the symbol <o, (see Notation [£.2)), we have the existence of
an universal onto nondecreasing continuous function ¢1 : Ry — Ry such that, on [1,¢*)

My, (1,1) < 1 (Ng(fo) + EO0) +v71). (7.3)

Thanks to Proposition [6.4] there exist two positive exponents 721,72, and an onto
nondecreasing continuous function ¢- such that

[Vl < 02 (Nalfo) + EQ) + ™) €021 (1 + M, 5, (1,822),
and therefore, combining with (Z3)), on [0,t*), we get that
V|t (1o (r2)) < €(0)72 1 (Ng(fo) +E(0) +v71),

where ¢ := @a(1 + ,>*). Thus setting

W= s0(Nq(fo)JrE(O)Jrlfl) 1/72,1
c(2) ,

the smallness assumption ([L20) reads

C(2) 1/v2.1
£ < <<P(Nq(fo) TE©) +u-1>> ’

so that for all t € (1,¢*), (Z2) holds and thus by continuity we must have t* = +oo.
This concludes the proof in this case.

7.2 The 3D case

As in the bidimensional case, the proof relies on Proposition [Z.1] and starts exactly like
we have argued in Subsection [[It we obtain the existence of an onto nondecreasing
continuous function ¢ : Ry — Ry such that, if

0 (ol 2oy + Moo + E(0) + Ny(fo) +v71) £(0) < 1,

then, for any strong existence time ¢ > 1, one has

t
/ [ Vu(s)||Lo sy ds < ¢(3).
1

The additional task is to show that the set of strong existence times is R;. Thanks
to Proposition [[I] and Proposition LA (see (A7), we get that for any strong existence
time ¢t > 1, there exists another nondecreasing continuous function 5 such that

sup |lps(s)llLee(rsy + Mp, 5 (1,2)
s€[0,1]

< 0 (||u0||H1/2(T3) + Mafo + E(0) + Ny(fo) + 1/_1) . (74)
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Recall that by assumption, we have Huoﬂ?{l/z(ﬂ-g) < v?/C2. Using Lemma Bl we thus
infer that for all strong existence times

c, [*
JaolFyrey + = | 1P vagony 0o
cic, [t
< ol + 5 [ IF)Es ey d

cic,
< lluollfasa(rs +5(0)1T (Mpfvjf(17t> + Zl[épl] ||P(S)||L°°(1r3)> ;

where Cy is the constant introduced in (5.9). Combining with (7.4)), we therefore obtain

C t
ey + = [ Py 0
< o1z sy + € O)3 (luollgesaray + Mafo + E(0) + Ny(fo) +v7) |

where @3(z) := C2C,p3(2)z. Therefore, setting ¢ := max (1, @s), the smallness as-
sumption ([24]) reads:

& (Ng(fo) + Mafo + E(0) + luollr/z sy +27) £(0)

2
. 14 2
< min (1, @ — ||u0|H1/2(T3)) )

*
and we deduce that for for any strong existence time,

2 C [ 2 v?
H“OHH1/2(T3) + W ) HF(S)HHflﬂ(TS)dS < @

By continuity, we deduce that the set of strong existence times is indeed R, and this
concludes the proof.

8 Further description of the asymptotic state

The goal of this section is to provide a sharper description of the asymptotic dynamics
reached as t — +o0o. We first provide the proof of Corollary [[4l Then the main focus
will be to prove the following modified scattering result, obtained at the expense of
imposing more stringent conditions on v (that must be large enough) and &(0) (that
must be small enough).

Corollary 8.1. Assume that v is large enough and that &(0) is small enough (depending
on the dimension d). In particular assume that the assumptions of all sub-cases of
Theorem [I1] if d = 2 or Theorem [L2 if d = 3 are satisfied. There exists a vector field
(5,2,0) = (Xg,00(2,0), V.00 (2,0)) € €L(R4 x T x RY) such that, setting

plt,x) == /Rd fo (f(om(:n,v) - twﬁ,vom(a),v)) do, (8.1)

with

Koo (,0) = — v+ 0T Ih) /Om <<u(7)> _ w0t in) ;jf°>) dr

+ /0+°°(eT —1) (u(T, Xroo(z,0)) — <u(7’)>) dr, (8.2)



we have the following asymptotic behavior. For all 0 < A < 1, for allt > 0,

Wy (f(t)a p(t,x) ® 5<uo+jfu>) e M (8.3)

Remark 8.1. We recover the result of Corollary and we have p = p.

It is interesting to compare the statement of Corollary Bl with the explicit asymp-
totic behavior of solutions to the linearized equation

atf+v'vmf+divv<<<uL2jfo>v> f) =Y

for which we recall we have
W,y (f(t,x,v),ﬁo(t,x) ® 5%) —0,
2 oo

with _
po(t,x) == /]Rd fo <xv (t— l)w,v) dv.

As will be clear from the estimates we will obtain in the proof of Corollary B we have

+

Lo (T4 xR¢)

[ =0 (0t Ke) = ) o
oo o+ g, oo ~

/0 <<U(T>> _ LQJH) dT' + /0 e (u(T, Xr00) — <U(7)>) dr Lo (T4 xRA)
< »(£(0)),

for some continuous non-negative function ¢ cancelling at 0 (see also (820)). We there-
fore see that the deviation from the linearized behavior is small, as we have

15 = PollLee (0,4-00;L20 (Tay) < 1,
for £(0) < 1.

8.1 Convergence when t — +o00: proof of Corollary 1.4

We give in this section the proof of Corollary [[4l We first prove that there exists a
function p(z) € L*(T?) such that

T
W, <pf(tﬂ z)ﬂﬁ <:C + tLﬁ)) —t—+o0 07

with (sharp) exponential decay.

To this end, we rely on an argument of Jabin [20] used in the context of the large
time behavior of the Vlasov-Stokes system. The proof proceeds by weak compactness,
and heavily relies on Theorem By (L28), we know that

£ [ (0,4-00sLoe (Ta)) < +00,

Therefore, setting

pp(t,x) := py (t,x —i—twLQjm) , (8.4)

by weak-x compactness, there is an increasing sequence of positive times (¢, )nen and a
function p € L>(T%) such that

Wi (P (tn, ), p(2)) nstoo 0.
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Consider two such sequences (t.),en and (t2),en and two corresponding limit functions
P, p? € L(T?) such that

Wi(ps(th,2), 7 () —nstoo 0, for i =1,2.

Let 1) be a smooth test function, such that [|V,9|[re ey < 1. Recall the local conser-
vation of mass

so that setting as well Ef(t, x) = jf (t, x+ t%), Py satisfies

<u0 + jf0>

s +Va-jp= 5

from which we obtain that for all 0 < s <'¢,

/ 7t 2)p(a) de — / Ps(s, 2)() da
Td Td

k - _ +

S/S /Td<vz'JfVmPf'L2]f>)1/)d$‘dT
t - p— +‘0

S/S /Td<Vz~Jfo~<pr2jf>>)wdz

- / / (jf@,x) —pf<r,:c>w> (Vo) (—W) &

— /st /deRd f(r,z,v) (v _{wotin) —;jf°>) - (Va0) (x—TLO —;jf">) dvdz

By Cauchy-Scharwz inequality and (i)-(ii) in Lemma 2.1], this yields

dr

dr

dr.
(8.5)

[ pettayii@ds = [ 50yt da

Td
t
L (b
s Td x R4
1/2
X pf(Tax)va/lp”ioo(Td) de dT
Td
¢ 1/2
5/ </ |U<jf>|2f(7,w,v)dvdz> dr
s Tdx R4

# [ o - Letand dpmdsc)m dr.

2
Therefore, by Lemma 2.2] we end up with
t
< / &(r)Y?dr. (8.6)

<u0 +.jf0>

5 1/2
5 flr,z,v) dvdz)

[ staw@as - [ g0

We deduce

[ stthon@ds - [ 5@ 0@
'JTli

Td

+oo .
< / 6"(7)1/2 dr

min(t},t2)

which converges to 0 as n — 400 since by by ([Z7), &'/2 is integrable at +occ0. This
yields that p* = p%, which already proves that

W1 (B (t,2), 5(x)) —roc 0.
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This yields

- uo + Jfo
Wl (pf(tax)ap (:L' - t%)) 400 0.

To obtain exponential decay, observe that by (8] for any 0 <t < s < 400 and (L27)),
we have, for all 0 < A < 1,

+oo
< / é’(T)l/2 dr <e .
t

[ staw@as - [ g

Letting s — +o00, by Monge-Kantorovitch duality, we obtain

W, <pf(t,x),p (z - t%)) <e M,

We finally conclude, combining with Theorem [T or [[2] that

- ug +Jj _
W, (f,p(zt7< 0 jf0>> ®5<u0+y‘fo>) Se o

2

hence concluding the proof.

8.2 Further description of the asymptotic state: the case (ug +
jfo) =0
We provide in this section a proof of Corollary Bl in the case (ug + jz,) = 0.

Consider (X(s;t,z,v), V(s,t;x,v)) the characteristics as defined in @I and intro-
duce the renormalized characteristics that are defined as follows:

Definition 8.1. For any 0 < s,t, < 400, we set

X (z,0) =X (s;t, z,e”! (u - /Ot ™ (u(r)) dT)) :

- ; . (8.7)
Vsi(x,v) :== e’V <S;t,1‘,6_t <v +/ e (u(T)) d7)> f/ e {u(r)) dr.
0 0
Observe that by construction, ()~(S7t($, v), \75,,5(:1:, v)) satisfies the equation
d ~ - S
—Xst(z,v) = e Vg i(z,v) + 675/ e” (u(r)) dr,
(115 ’ ’ 0 (8.8)
—Vaulw,v) = e (uls Xoala,v) = (u(s)))

with ()N(tyt(z,v),\N/t,t(x,v)) = (x,v). We also note that for all 0 < s,t < +o0 and all
(z,v) € T? x R?, there holds

I 7 (8.9)
(Xt,s, Vis) X e (x,0), Vs i (z,0)) = (z,0).

We write the representation formula

prt,x) = edt Fo(X(0;t, 2,0), V(0; ¢, z,v)) dv
R4
and use the change of variables v — elv — f(f e™{u(r))dr. This yields

pr(t,x) = /]R2 fo(io,t(x,v),vo,t(x,v)) dw.

Now the goal is to show the following long time behavior behavior for the renormalized
characteristics. We shall from now on assume that the viscosity v is taken large enough.
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Lemma 8.2. Assume v is large enough (depending on the dimension d). For all
s > 0,(z,v) € T x RY, there ewist limit characteristics (Xs,o0(7,v), Vo.co(x,v)) and

()zoo,s(x,v),Voo7s(:E,v)) such that for all s > 0 and all (z,v) € T¢ x RY,

t_lg_n |(X5,t($>v)avs,t(xﬂv)) - (X&OO('T’U)’VS,OO(xav))l =0, (8'10)
and _ _ _ B
i |(Res,0), Voo (0,0)) = Koo (,0), Vo, 0)) = 0. (8.10)

Moreover, for all s > 0, (is,oo(z, v),{/sﬁoo(:c,v)) satisfies the system

Vioolz,v) =v — +°°ef w(T, Xr.0o(2,0)) — (u(r))) dr,
/s
v (u

(0
Xy o(2,0) = 2 — e~ —/:OO (7‘)>dT—/OSeT_S<u(T))dT
+oo

+/ (75— 1) (U(T, ir,oo(z,v)) — <u(7)>) dr.
S (8.12)

and we have _ ~ ~ _
(Xs,oov VS,OO)(XOO,S(xv ’U), Voo,s(z; U)) = (SC, ’U),
(XOO,vaOO,S)(XS,OO(xv'U)v\75,00(55, v)) = (z,v).
Proof. We focus on (BI0) (the other limit (8TIT]) being proved similarly). Let 0 < s <
t <t < +oo. Fix (z,v) € T¢ x R Let us forget about the dependence in z,v for the

sake of readability. By integration of the characteristics equation (B8] between s and ¢
we first have

(8.13)

)

¢
Xt —Xgpr =2 — Xy o — / e "[Vry — Vopldr,
s (8.14)

t
Vs,t - Vs,t/ =v — Vt,t/ — / eT [U(T, X-,—ﬂg) — U(T, X-,—ﬂg/)] dr.
On the other hand, still using ([88]), we can rewrite
X — )’\{t,t’ = it’,t’ — )’\{t,t’

- /t ’ eV, dr + /t t,(1_eT*t’)<u(T)>dT+[e*t—e*t’] /0 teT<u(T))dT,

t/
V—=Vyp =Vpy—Vyp = / e’ (U(T, Xr,t/) - <U(T)>) dr.
t
(8.15)

The goal is now to prove that ¢t — (is,t, \75,,5) satisfies Cauchy’s criterion as t — 400,
from which we will deduce the existence of (and convergence to) the limit characteris-

tics (Xoo,s(%,v), Voo s(x,v)). In order to estimate the contribution of the terms in (814
and (BI5), we use the following improved decay estimates for u, relying on the anal-
ysis already led in Section 5] for dimension 2 and Section for dimension 3. The
improvement comes at the expense of taking v large enough.

Lemma 8.3. Assume v is large enough (depending on the dimension d). Then there
are vy > 2, p> 1 and a non-decreasing function ¢ cancelling at 0, such that

17 (w = (u)) I (0,002 (ra)) < 9(£(0)),

for some non-negative continuous function @ cancelling at 0.
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Proof. Let us start with dimension 2. By (£.2)), we recall that

lu(s) = {u(s)) = (r2) S E(0)H|D2u(s) 1425, e~ /2.

Thus, for p = 4, combining with ([&1]), taking v large enough, we can ensure for some
~v > 1 that the following holds

lle™ (u(s) — (uls)))llLs (0,00 (r2)) < £1(0).

In dimension 3, we may argue as above, using this time (&.3]), (&) and the fact that
lpllLee(r, xT3) < 400, (in this case, take p = 8/3), we reach the same conclusion. O

Thanks to Lemma [B-3], we thus obtain, denoting by p’ the dual exponent of p,

< / & llu(r) — (u(r)) o dr

t /v
( [ o dT) (5.16)
t

< (ep’(lfv)t _ ep’(lfv)t’)l/p )

/t e (u(r, X7 ) — (u(r))) dr

A

We therefore deduce

t " + ) / / 1/p/
I A R G R R
t t

< |,U|[e—t . e‘t,] n (e‘pt _ e_pt,)l/p (ep’(l—v)t _ eP'(l—v)t’)l

/'

(8.17)
On the other hand, recalling that (ug + j,) = 0, we can use Theorem [[3] for A = 1/2
(combined with (21)) to obtain

/tt,(l B efft')w(T))dT < (64/2 _ eft’/2) i (et/2 _ et’/2) e*t/,

(8.18)

[e™t — et,]/o e"{u(r))ydr et — et [et/2 —1].

Eventually we have the bound

t
/ e fu(r,Xr ) —u(r, Xrp)]dr| <

t
</ e[| Vaulpeo (ray | Xr e — Xq o] dr. (8.19)

The next lemma concerns improved decay estimates for V,u, relying this time on
the analysis of Section

Lemma 8.4. Assume v is large enough (depending on the dimension d). Then there is
a non-decreasing function ¢ cancelling at 0, such that

||etvmu||L1(O,oo;L°°(']I‘d)) < 90(6‘)(0))7
for some non-negative continuous function @ cancelling at 0.

Proof. The proof is analogous to that of of Lemma [B3land therefore we skip the details.
We rely on Lemma .1l Proposition and the fact that supp, M, j,(1,t) < +oo0.
Note in particular that from (G.6]), we can take v large enough in order to include the
weight e! in all estimates.

O
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Using (816), BI7), BI8) and (BIJ), we obtain
|is,t - is,t’| + |i75,t - iV/Vs,t/|
t
Soltt)+ [ (1l Rt = K+ Vs = Vo) dr,

for some explicit non-negative function ¢ satisfying the following property: for all € > 0,
there exists T' > 0 such that for all ¢/ > ¢t > T, p(¢t,t) < e.
Using Gronwall inequality, using Lemma [84] this finally leads to

|Xs,t - Xs,t’| + |Vs,t - Vs,t’| S <P(t, t/) eXp (HetvluHLl(O,oo;L"o('ﬂ‘d)) + 1)
St t).

By Cauchy’s criterion, we therefore deduce the existence of ()ZS,OO (x,v), Vs 00(2,v)) such

that (8I0) holds.

We can moreover pass to the limit in (I5) for all (x,v) € T¢ x R? (using the
Lebesgue’s dominated convergence theorem to justify the limits in the integrals in time)
and we get for all s > 0, the equation (8.I2]).

Finally, the identities (8I3) follow from (8], that is

Koty Vi) Xps(2,0), Vio(z,0) = (2,0),  Kps, Vioo) Xoa(@,0), Vr(z,v)) = (z,0),

in which we take the limit ¢ — +o00.
O

The next lemma concerns the regularity of the limit vector fields.

Lemma 8.5. Assume furthermore that &(0) is small enough. The limit characteristics
(s,2,0) = (Xs,00(2,0), Vs 00(x,v)) and (s,2,v) = (Xoo,s(2,v), Voo s(x,v)) belong to the
space €1 (Ry x T x RY), with the estimate

< o(&(0)), (8.20)

D Feea0) Tt = (0 7™
d L% (0,400; L% (Td xR4))

||Dw,v(Xoo,S($aU)aVoo,S(xaU))||L°°(O,+oo;L°°(11‘d><Rd)) <1, (8.21)
for some non-negative continuous function @ cancelling at 0.

Proof. The fact that (s, z,v) — ()~(s7oo(x, ), \75,00(113, v)) is ¢! and estimate (820) follow
from the integral equation (812 and an application of Gronwall inequality, relying again
on Lemmas and 84l as we have already argued in the previous proof.

Remark that (I(;l 761 Id) is invertible. From (820), taking &(0) small enough,
d

we deduce that Dy (X 00 (2, v), \Nfsyoo(:c, v)) is also invertible, with

H [Dz,y(Xs,m(x,v),vsm(z, v))} o <1, (8.22)

L (0,+00;L%° (T4 xR4)

Then (821 is a consequence of ([822), using (8I3). We infer indeed from the identity
(XS,OO, {/S,OO)(XOO,S(ZE, v), \70075(5”, v)) = (z,v)

and the implicit function theorem that (s,z,v) = (Xeo.s(,0), Voos(z,v)) is €1 and
that

Dz,v (),Zs,oo; vs,w)Dz,v (ioo,sa Voo,s) = IQda
from which, combining with ([822), we deduce (82I)).
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It is possible to obtain a sharp rate of convergence in Lemma

Lemma 8.6. For all0 < A < 1, for all 0 < s <t < 400, and all (x,v) € T¢ x R4,

(Rotl@,0), Var(@,0)) = R (0,0), Veoo(@,0)| S (L oe™, (8.23)
and

(R, 0), Vios (@,0)) = Koo (@,0), Vooys (@, 0))] S (14 fol)e ™, (8.24)
Proof. We first focus on (823)). Using the equations (88) and [8I2) we write

Ko o(2,0) — Ko oo (,0) = —e~tv /t Ty dr et /0 L dr
_ /St(eT_t D) Kr) — ulr, Xy )] dr

+ /tm(e” = 1) (lr, Xroe) = (u(r)) dr

and

Vsi(x,v) = Vg oo(z,v) =
t . - —+00
— / e u(r, Xr 1) — ul(r,Xr 00)] A7 —|—/ e’ (u(T, Xro00) — (u(T))) dr.
s t
We deduce that
Dzs,t - is,oo| + |,\75,t - ,\75,00|

“+oo t +oo
< ule”t — /t (u)dr — eft/o e (u)dr + /t e”[lu(r) = (u(7)) Lo (pay AT

t
+ / Vst e 0y Kot — Kone] dr

By Theorem [[3 and (8I6]), we have for all 0 < A < 1, the estimate

+ o0 t 400
|v|e_t—/t (u) dT—e_t/O e (u) d¢+/t & llu(r) — u(r)) e ey dr
S (L4 Jo)e™.

The claimed estimate ([823) thus follows from Gronwall inequality, using the decay
estimates of Lemma
For what concerns (824), we rely on (8I3). Let (z,v) € T¢ x RL. Let (z/,0') €

T? x R? such that (z,v) = (Xs(2,v"), Vsi(2',0")). We compute
()~(t75($,v),\~/t,s($,v)) - ()N(oo,s(x,v),voqs(x,v))

= (it,s;vt,s) °© (Xs,t(zl, Ul)a{/s,t(zl, v')) - (ioo,saiv/oo,S) °© ()N(s,t(ifl, UI),\N/s,t(fclvv/))

= (2/,0) = (Xoos, Voo,s) © (Kp(@/,0"), Vi (2!, 1))

= (Xoouss Voors) © Xsoo (', 0), Vana (@', 1)) = Xoo.ss Voors) © (Xas (2, 0), Vau(z',0')).
Consequently, by Lemma and the estimate ([823), we deduce

|(5§t75(1‘" v)ﬂ {}t,s(xv U)) - (iOO,S(xa U), {}OO,S(Z'ﬂ ’U))|
< ||Vw,v()z<>075avOO,s)HL“’(de]Rd)|()~(s700($la Ul)avs,OO(xlaUl)) - (Xs,t(xla Ul)avsnf(xla UI))|
S+ e
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There remains to bound |v'| = \7,575(:1:, v), which is done from (8I5]), using Lemma B3]
which yields
W] S @+ v]),

from which we deduce (824]). O

We are finally in position to conclude the proof of Corollary 81l Define
plz) = / o (Xo,m(x, v), Voo, v)) do. (8.25)
R

We deduce from (®I2) the formula

plz) = /R fo (:c —ut /0+°o<u(7)> dr — /0+°°(eT 1) (u(T, Xroo) — <u(7)>) ar,
+o0 N
v 7/0 e’ (u(T, Xroo) — (u(T)}) dT) dv. (8.26)
We claim that

Wl(pf(t)a ﬁ) —t—+o00 0,

with sharp exponential decay. Indeed, let ¢ (z) be a smooth test function, such that
[Ve)||Loe (ray < 1. We consider the changes of variables (y,w) := (Xt 0(z,v), Vo (2, v))
and (y,w) := ()ztyo(z,v),{/oﬁoo(x,v))) which yields

[ esttapit@de = [ @yt da

Td

<

/ fO(xvv)i/}(Xt,O(xvv)) dvdr — / fO(zav>w(ioo,O(zav>)dx
TdxRe

Td xR4

< / Jo(@, VIVt cray K 0, 0) — Koo o, 0)| dv de.
Td xRE

Eventually, we use Lemma to pass to the limit, which yields that this quantity
converges exponentially fast to 0 as ¢ — 400. This proves our claim. It follows by (22
or (L26) that for all 0 < A < 1, for all ¢ > 0,

Wi(f(t), o) ® do) S e,

hence concluding the proof.

8.3 Further description of the asymptotic state: the case (ug +
jfo) 7£ 0

Assume now that (ug + jg,) # 0. We explain in this section how to adapt the analysis of

the previous section to handle this case. The only procedure that is required is another

renormalization to take out the drift t% in the dynamics in z.

Consider (X(s;t,z,v), V(s,t;x,v)) the characteristics as defined in (I and intro-
duce now the following renormalized characteristics.

Definition 8.2. For any 0 < s,t, < 400, we set

Xo(z,0) =X (s;t,x,e_t (v T /Ot e (u(r)) dT>) (t— ) (uo J;jfo>,

.
Ve = eV (sstome (v [ turyar) ) = [ ertutr an
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Then is,t(x, v), \75,,5(90, v) satisfies the equation

d = - s :
—Xst(z,v) = e Vg i(z,0) + e_s/ e (u(r))dr — M,
dS ’ ? 0 2

d ~

Evs,t(x,v) =e’ (U(S;is,t(xav)) - <U(3)>) ’

(8.28)

with (Xtﬂt(x,v),{/tﬂt(x,v)) = (x,v). Observe that we can write

/Os e (u(r)) dr — M /Os o <<u(7)> B <U07;jfg>) d77675<u0j;jf0>.

The analysis of the previous section can be led again, mutatis mutandis. The only
difference comes from the drift term in the new definition of X. We obtain this time an
analogue of Lemma B2, with limit characteristics (Xs 00, Vs,00) satisfying

Vs,0(z,v) =0 — o e’ (u(r, )ZT,OO(,T,’U)) — (u(7))) dr,
/

< N (o I N (uo +js,)
Xsoo(@,v) =0 — e v+ 7 —7=08 — (u(t)) — ————= ) dr
2 / ( 2 ) (8.29)

_ /OS R <<u(7)> o J;jfo>> ar
+ /:Oo(e” 1) (ulr R e, 0) — (u(r)))

Analogues of Lemmas and hold as well. We now have the formula

prt,x) = /Rd fo ()207,5(30,1)) - twLij"),{/o,t(x,v)) dw.

Setting

plt,x) == /]Rd fo (f(oﬁoo(z,v) - twLQjm,{/oﬁoo(z,vO dv, (8.30)

the outcome is, as in the previous case,

Lemma 8.7. For all 0 < A\ < 1, we have, for allt > 0,

Wi (ps(t),p(t)) S e ™.
It follows that
Wi (05000 Sy ) S

concluding the proof of Corollary Bl

9 Appendix

9.1 Wasserstein distance
To simplify the presentation, X here will denote either T¢ or T x R9.

Definition 9.1. For m > 0 we denote by M ,,(X) the set of all measures p such that

/ dx(z,0)du(z) < +o0, w(X) =m.
X
where dx stands for the canonical distance on X.
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Definition 9.2. Fiz m > 0 and consider p and v in My ,,(X). The Wassertein distance
between p and v is

Wi(p,v) = inf /dX(z,z’)dv(z,z’),
yel(p,v) J x2

where T'(u,v) denotes the collection of all measures on X x X with first and second
marginal respectively equal to p and v.

Proposition 9.1 (W; metrizes weak-* convergence). Fix m > 0. Given (un)n €
My (XN and p € My m(X), the two following facts are equivalent

(i) For all f € €Y(X),

/X (F(2) + dx (2, 0)) djin(z) — /X ((2) + dx (2, 0)) dpu(2).

n—-+o0o

(#6) (Wi(ttn, ))n —n 0.

Proposition 9.2 (Monge-Kantorovitch duality). Fiz m > 0 and consider p and v in
My (X). Then

Wi(uv) =  sup { [ o - [ ¢(z)dV(Z)},

IVzolloo<1

9.2 Hadamard’s global inversion Theorem

Theorem 9.3 (Hadamard). Letn > 1. Let Z be €' map from R™ to R™. Then Z is a
€1 diffeomorphism if and only if det VZ never vanishes and f is proper, i.e.

|Z(y)| = +oo, as |y| — +oc.

9.3 Interpolation

The following classical interpolation estimate can be for instance found in [8, Thm 1.5.2].

Theorem 9.4 (Gagliardo-Nirenberg-Sobolev). Consider 1 < p,q,r < 0o and m € N.
Assume that j € N and a € R satisfy

1 m n 11—«

-— =

r d qg ’

1

+

_J
d

<«

IN

)

1
p
g
m

with the exception o < 1 if m — j —d/r € N. Then, the following holds. For any
g € LY(T?), if D™g € L"(T%), then D’g € LP(T?) and we have the following estimate
foryg

Hng”LP(’]I‘d) < ||Dm9”%T(1rd)||9Hi;(oq}d) + HQHLQ(W),

where the constant behind < does not depend on g. If (D?g) = 0, then the term llgllra(ray
in the rhs can be dispensed with.
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9.4 Parabolic regularity estimates for the Navier-Stokes equa-
tions with a source term: proof of Propositions and

We provide in this section a complete proof of Propositions[d2 and [£3l To this aim, we
rely on the following standard approximation procedure: we consider, for x € €°°(T%),
the regularized system:

Oru+ (Uy - V)u — vAu+ Vp = F, (9.1)

divu =0, (9.2)

u(0, ) = uo, (9.3)

where u, := u % x. When ug and F' are smooth, the existence of a unique smooth

solution to system (@) — ([@3)) is standard.

This section is organized as follows: first we perform the energy estimates for the
regularized system in Proposition[@.5l We deduce in a second time the corresponding re-
sults for the true Navier-Stokes system in Proposition 2] (for d = 2) and Proposition 3]
(for d = 3).

Proposition 9.5. Consider a nondecreasing function v € ¢} (R) vanishing at 0 and
such that ||v|lwi.~@) < 1. There exists C > 0 and an onto nondecreasing continuous
function p : Ry — R, such that the following holds for d € {2,3}, any ug € €2 (T?),
F € €°(Ry x T and any x € €>(T?) such that ||x||1 = 1, the unique solution u of

@I - @3) satisfies for t >0,
SO e+ [ AU ey
<o (a0+2) (14 [ NP ) 20w, 0

where ¢ is a continuous nonnegative increasing function cancelling at 0, ®(z) := (1 +
z)e*, ha =0 and

/ V() 25 g ds (9.5)
A(t) = 2 sup Ju(s W zcesy + | V() oy ds. (9.6)
2 [0,1]

Proof. We multiply the equation by —~(t)Aw, and use adequate integrations by parts
on together with Young’s and Hoélder’s inequality, to get

vy (t)
— [Au(®)IF 2 gay

< 57/(t)|\vu(t)||i2(w)

1d
ST OIVu® | +

—_

y(t
29 5022 gy + 1 ON AU iy 0O s oy [V ey (0.7

We start with the case d = 3 which is more straightforward as (@.4]) involves in the right-
hand side an extra term compared to d = 2.. We use another time Young’s inequality
and the Sobolev embedding H'(T?) < L%(T?) to write

LI o } + 0|t e

S OVl 2 sy + )

2 7(t)
—IE@ers) + ==

() 155 pon [ V() 15 -
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Using the definition (O.6]) of A(t) and the fact that ||v|lw1.®) < 1, we infer, introducing
£(t) =y IVu)F2(rs)

() + vy (®) | Aut) |72 ps)
At)

14

7(t) 1
IVu@®)llfs sy + —=IFE)F2(rs) + ;ﬁ(t)llw(t)llism),

S IVut)|fe sy + y

which implies by Gronwall’s inequality (since £(0) = 0), using once again the definition
of A(t),

t
(0 + [ 118U e ds
A(t) I
S (A0 + 5 [ AN s ) explia(0),
0
where h3 is given by (@.3]), for some univeral constant C > 0. Using Young’s inequality,
this last estimate can be recasted into ([@4) for some function .
For the case d = 2 we go back to estimate ([@.7)) and invoke the Gagliardo-Nirenberg-
Sobolev estimate of Theorem [0.4] applied for (4, p,q,r,m) = (0,3,2,2,1), which writes
1/3 2/3
IVgllsr2) S D20l htnay I VallEarrs)
Since on the torus we have [|D? gllez(r2) < [1Agllrz(r2), we therefore get, using Young’s
inequality with the pair of conjugate exponents (3/2,3),

v 1
[Aw(®) |22y lw(®)||lLs vy [ Val(t) |ls — ZHAU(t)”i?(’H‘Z) S ;IIU(t)IIis(Tz>IIVU(t)||i2(1r2)-

Now, the Gagliardo-Nirenberg-Sobolev estimate for (4, p,q,r,m) = (0,6,2,2,1) gives

2/3 1/3
lgllee(z2y S IVglIF50 ) gl hime + lglluzcrs),

so that we have
v
| Au(t)||L2(r2) 1w ()|l Le 2y [ Vu(t) ||Ls 2y — ZHAU(t)HiZ(TZ)

1 1
S §||U(t)||L2(1r2)||Vu(t)||i2(1r2) + ﬁ||U(t)||?ﬁ2(1r2)||Vu(t)||iz(1r2)

A(t) A(t)®

< 7||Vu(t)||i2(1r2) + THVU@)Hiz(W)-

All in all, keeping the notation ¢(t) = 'y(t)||Vu(t)||iz(T2), we infer from (@.7))

() + vy Au(t)l|F2 (2

~(t A(t A(t)3
IV oy + D UFO Rz, + SR ADITU0) 52y + DI T0) 25

14
A(t)? t At
S (14 25 ) 1900y + LRy + SOOI oy

2

which leads, by Gronwall’s inequality, to the following estimate (changing the definition
of the universal constant C)

0+ [ 13 e ds S (142 [ AOIFGE e as) 0 (a0 + 1)
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for some nonnegative increasing function 1, where we have repeatedly used

Al

t
19ty s <

As in the three dimensional case, the last estimate can be written in the form (@.4) for
some other function ¢ using Young’s inequality. o

Proof of Proposition [[.4. In 2D, choosing v € ¢ (R) that coincides with the identity on
[0,1] and that is constant equal to 1 on [2, +00), Proposition[@.3lallows, up to a standard
compactness argument, to prove Proposition O

Proof of Proposition[.3 In 3D, appropriate modifications have to be done, resting ei-
ther on the smallness of the initial data and the forcing term or the largeness of the
viscosity. Recall the notation || - [|yjs ga) for the L? norm associated to the multiplier |¢]°.

Proposition 9.6. There exists a universal constant C, such that the following holds.
For any v > 0, up € €2(T?), F € €°(Ry x T?) and any x € €°°(T?) such that
lIxll1 =1, if for some T > 0 one has

14

2 C. 1" F(s)|3 d <”—2 9.8
||u0||H1/2(T3)+ o || (S)HHfl/Z(TS) > =35, ()

then the unique solution v of (@QI) — @3] satisfies for t € [0,T7],

t t
Cy
Iy 2 [ IT0N gy 5 < Nl + 5 [ P ey s

In particular, recalling the definition ([@3), on [0,T] we have hy < C/C, where C is the
universal constant given in Proposition [2.3.

Proof. Let us first recall the fundamental energy estimate

d

1
sy + V0l ey S SIF s (9.9)

Consider A the Fourier multiplier associated to |£|. After taking the scalar product with
Awu, thanks to Plancherel’s formula, Holder’s inequality, to the continuity of the Leray
projector P on L¥2(T3), we can obtain as well

d

Sl gy + VIV

(T2)
5 HAUHL3(’]1‘3)||vu||L3('J1‘3)||u||L3(’]1‘3) + HAUHHVZ(TB)HFHH*VQ(TB)'
Using Young’s inequality and combining with (@3] we infer
d 2 2 < 1 2
gl z sy +VIVullge o) S 18Ul s IV ullis sy lullaes) + S 1F =172 ().
we therefore have
d
dt
We have by Sobolev embedding

1
eellfp 2 poy + PIV U2 gy S TAullsa IVl @) lulluss) + S F-2 o)

”g - <g>HL3(’]I‘3) S ||g||H1/2(']1'3)’

||9||L3(1r3) S ||9||H1/2(1r3)-
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Since Au and Vu have a vanishing mean, we therefore have

d

1
2oy + IV gy S IV Nl rsy + 2 I

This is a differential inequality of the form

Sa(0)),

(1) + 20y(t) < O(2(0)y(0) +

where C is some universal constant and
() = ) Fn/2(psy  y(t) = Hvu(t)”f-{w(m)a z(t) = ||F(t)|@1—1/2(1r3)- (9.10)

After integration, we hence have

x(t) + Z//Ot y(s)ds < z(0) + /Ot y(s) (Cx(s)1/2 - l/) ds + ¢ /Ot z(s)ds.

v

In particular, if for some T > 0 one has (this precisely corresponds to the assumption

EI)

C T 2
z(0) + —/ z(s)ds < V—2, (9.11)
0 C
then by a standard continuity argument we chan show that

t* := sup {t < T, z(t)V/? < %},

must satisfy t* = T, and finally on [0, T,

x(t) + V/O y(s)ds < z(0) + ¢ /0 z(s)ds, (9.12)

v
which corresponds to the desired inequality, recalling (@.I0). O

Combining the estimates of Proposition and Proposition and choosing v as
we did for Proposition[£2] we finally prove Proposition 3] by a compactness argument.
o

References

[1] C. Bardos and P. Degond. Global existence for the Vlasov-Poisson equation in 3
space variables with small initial data. Ann. Inst. H. Poincaré Anal. Non Linéaire,
2(2):101-118, 1985.

[2] E. Bernard, L. Desvillettes, F. Golse, and V. Ricci. A derivation of the Vlasov-
Navier-Stokes model for aerosol flows from kinetic theory. Commun. Math. Sci.,
15(6):1703-1741, 2017.

[3] E. Bernard, L. Desvillettes, F. Golse, and V. Ricci. A derivation of the Vlasov-
Stokes system for aerosol flows from the kinetic theory of binary gas mixtures.
Kinet. Relat. Models, 11(1):43-69, 2018.

[4] L. Boudin, L. Desvillettes, C. Grandmont, and A. Moussa. Global existence of
solutions for the coupled Vlasov and Navier-Stokes equations. Differential Integral
Equations, 22(11-12):1247-1271, 2009.

51



[5]

[6]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

L. Boudin, C. Grandmont, A. Lorz, and A. Moussa. Modelling and Numerics for
Respiratory Aerosols. Commun. Comput. Phys., 18(3):723-756, 2015.

L. Boudin, C. Grandmont, and A. Moussa. Global existence of solutions to the
incompressible Navier—Stokes—Vlasov equations in a time-dependent domain. J.
Differential Equations, 262(3):1317-1340, 2017.

J. Carrillo, R. Duan, and A. Moussa. Global classical solutions close to equilibrium
to the Vlasov-Fokker-Planck-Euler system. Kinet. Relat. Models, 4(1):227-258,
2011.

P. Cherrier and A. Milani. Linear and quasi-linear evolution equations in Hilbert
spaces, volume 135 of Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, 2012.

Y.-P. Choi and B. Kwon. Global well-posedness and large-time behavior for the
inhomogeneous Vlasov-Navier-Stokes equations. Nonlinearity, 28(9):3309, 2015.

L. Desvillettes, F. Golse, and V. Ricci. The mean-field limit for solid particles in a
Navier-Stokes flow. J. Stat. Phys., 131(5):941-967, 2008.

R. J. DiPerna and P.-L. Lions. Ordinary differential equations, transport theory
and Sobolev spaces. Invent. Math., 98(3):511-547, 1989.

P. Germain, S. Ibrahim, and N. Masmoudi. Well-posedness of the Navier-Stokes-
Maxwell equations. Proc. Roy. Soc. Edinburgh Sect. A, 144(1):71-86, 2014.

0. Glass, D. Han-Kwan, and A. Moussa. The Vlasov-Navier-Stokes system in a
2D pipe: existence and stability of regular equilibria. Arch. Ration. Mech. Anal.,
230(2):593-639, 2018.

T. Goudon, L. He, A. Moussa, and P. Zhang. The Navier-Stokes-Vlasov-Fokker-
Planck system near equilibrium. SIAM J. Math. Anal., 42(5):2177-2202, 2010.

K. Hamdache. Global existence and large time behaviour of solutions for the Vlasov-
Stokes equations. Japan J. Indust. Appl. Math., 15(1):51-74, 1998.

D. Han-Kwan, E. Miot, A. Moussa, and I. Moyano. Uniqueness of the solution to
the 2D Vlasov-Navier-Stokes system. arXiv preprint arXiv:1710.07427, 2017.

M. Hillairet. On the homogenization of the Stokes problem in a perforated domain.
to appear in Arch. Rational Mech. Anal., Apr. 2018.

M. Hillairet, A. Moussa, and F. Sueur. On the effect of polydispersity and rotation
on the Brinkman force induced by a cloud of particles on a viscous incompressible
flow. arXiv e-prints, page arXiv:1705.08628, May 2017.

R. M. Hofer. The inertialess limit of particle sedimentation modeled by the Vlasov-
Stokes equations. STAM J. Math. Anal., 50(5):5446-5476, 2018.

P.-E. Jabin. Large time concentrations for solutions to kinetic equations with energy
dissipation. Comm. Partial Differential Equations, 25(3-4):541-557, 2000.

P. J. O’'Rourke. Collective drop effects on vaporizing liquid sprays. PhD thesis, Los
Alamos National Laboratory, 1981.

D. Wang and C. Yu. Global weak solution to the inhomogeneous Navier—Stokes—
Vlasov equations. Journal of Differential Equations, 259(8):3976 — 4008, 2015.

F. A. Williams. Combustion theory. Benjamin Cummings, second edition edition,
1985.

92



	Introduction
	Conservation laws, energy dissipation identities and consequences
	Changes of variables and L bounds on moments
	Regularity estimates for solutions of the Vlasov-Navier-Stokes system
	Proof of Theorem 1.3 in the case  large
	Higher order regularity estimates
	Proof of Theorem 1.3 in the case E(0) small
	Further description of the asymptotic state 
	Appendix

