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Abstract

We prove uniqueness of the solution of the Euler equations with bounded vorticity for bounded
simply connected planar domains with corners forming acute angles. Our strategy consists in
mapping such domains on the unit disk via a biholomorphism. We then establish log-Lipschitz
regularity for the resulting push-forward of the velocity field, which leads to uniqueness thanks to
a Gronwall estimate involving the Lagrangian trajectories on the unit disk.

1 Introduction

In this paper, we consider the motion of an ideal incompressible fluid in a bounded open set Q C R2.
The velocity of the fluid v = (uy(t, 1, x2), ua(t, z1,x2)) satisfies the 2-D Euler equations:

1.1
divu = 0, (L1)

{8tu+u-Vu+Vp:0,
where p : Q — R denotes the pressure. We supplement (|1.1) with the initial data and an imperme-
ability condition at the boundary 9€:

u(0,-) =up(-), wu-nlsgo=0. (1.2)
A natural quantity in the setting of fluids is the vorticity, defined by
w = curlu = d1us — douy,
which satisfies the transport equation
Ow~+u-Vw=0, w0, )=uw()=curlug(-).

There is a large variety of results for the 2-D Euler equations in the case of smooth domains or in the
full plane. Global existence and uniqueness of smooth solutions was obtained in 1933 by Wolibner [23]
(see also Kato [I4] and Temam [21]). In [24], Yudovich established global existence and uniqueness of
the weak solution with uniformly bounded and integrable vorticity (see also Bardos [3] for a different
approach concerning the existence part). Yudovich’s arguments actually yield uniqueness for a larger
class of initial vorticities (with a logarithmic-type blow up of the LP norms as p — o), see [25] and
more recently [5 6 22]. Global weak solutions exist with very few regularity assumptions on the
vorticity [8, [I0] or on the boundary [4, 1], 20], while the above-mentioned uniqueness results hold for
CY! boundaries and Yudovich-type data. In domains with obtuse angles, uniqueness was obtained by
Lacave [15] for single-signed and bounded vorticity. Recently, a uniqueness result without any sign
condition has been established by Bardos, Di Plinio and Temam [4] when the domain is a rectangle.

The purpose of the present paper is to establish uniqueness for the 2-D Euler equations with bounded
vorticity for a class of domains Q ¢ O, more precisely:



(H) Q is a bounded and simply connected open subset of R%, with 9Q belonging to C*% (a > 0)
except in a finite number of points {z}r=1 .~ where 0 is a corner of angle 8 € (0, 7/2].

This means that € is locally parameterized close to xy by {z =z}, + re, 0 <0 <0, 0<r< ro} for
some rg > 0.

Existence of a global weak solution, with v € L®(R; L?(Q)) and w € L®(Ry x Q), of the 2-D
Euler equations (L.1)-(L.2) was proved by Taylor [20] for convex domains (see also [4] for further refined
results) and by Gérard-Varet and Lacave [11] for more general (possibly not convex) domains.

Here we will establish uniqueness of the weak solution:

Theorem 1.1. Assume that § satisfies (H). Let ug be a vector field such that
curlug € L*(Q), divug =0, wug-nlsgg=0.

Then the Fuler equations — have a unique global weak solution such that
ue L®Ry; L3(Q)), curlu € L®(Ry x Q).

We now give a few words on the main techniques involved in the previous proofs by Yudovich [24]
of uniqueness and the new ingredients used in the present paper.

The usual argument uses the regularity of the velocity u = V- A~lw when w is a bounded function.
When 092 € C1!, the Calderén-Zygmund inequality (see e.g. [19]) implies that the solution of

AYp=won Q, Ylsga=0 (1.3)

verifies for p € (1, 00):
ID*l|o() < C 0, D)l 1o(52)- (1.4)

Moreover, there exists C(2) independent of p such that for any p € [2,00), C(p,2) = C(Q)p in the
above inequality. Hence, if w € L*°(Ry x Q), the Calderén-Zygmund inequality yields that the velocity
u = V4 belongs to L>® (R ; WP(Q)) for any p < co. For a Gronwall type argument, we would need
an estimate in W1 which we almost have. In his uniqueness proof in [24], Yudovich used the fact
that C'(p,Q2) = C(2)p in a crucial way to close the Gronwall estimate.

Concerning non-smooth domains, the Calderén-Zygmund inequality does not hold in general.
One striking counter-example was constructed by Jerison and Kenig in [I3]: the authors exhibit a
smooth function w and a bounded domain such that 9Q € C' for which the second derivative of 1)
(the solution of the Laplace problem ) is not integrable. This remark is an important obstruction
to apply this argument for proving uniqueness.

The class of domains satisfying assumption (H) falls into the scope of the elliptic theory for the
Laplace problem in domains with corners. This problem has been extensively studied (see e.g.
[7, 12 17]), and the behavior of ¢ close to the corners is well understood. In particular, the velocity
u = V+4 is not bounded if 6 > 7, and if 6, > /2, the velocity does not belong to ﬂp<oo Wir(Q)
(which is the required regularity for the Yudovich’s argument). For corners ), > /2, the sign condition
in [I5] enables to prove that the support of the vorticity never intersects the boundary, which is the
place where the velocity is not regular (see [15] for more details). On the contrary, when ), < 7/2, it
is proved in [12] that holds for all 2 < p < +oo with a constant C(p, ?) depending only on p and
Q). However, the estimate with C(p, Q) = C(Q)p does not seem to be available in the literature.
Bardos, Di Plinio and Temam [4] noticed that the proof of Grisvard [12] yields C(p,Q) = C(Q)p?,
which is not sufficient to prove the uniqueness by the Yudovich method. Thanks to a symmetry and
reflection argument (only valid for convex domains with angles 0, = m/my, my € N;my > 2), the
authors establish a new BMO estimate yielding with C(p, Q) = C(Q)p.



Our strategy is quite different here since it does not rely on the estimate (1.4)). Instead we first
map 2 to the unit disk D by a biholomorphism 7. Then we establish a log-Lipschitz (also called
almost-Lipschitz) type estimate for the push forward of u to the unit disk:

Uy, t) = DT(T " (y)u(T (),

which leads to an alternative proof of uniqueness using the trajectories of the Lagrangian flow of U as
is done in e.g. [16, Theo. 3.1, Chapter 2]. We emphasize that in our proof no estimate for ||Vul|r»,
for p — 400, nor the log-Lipschitz regularity for u are needed. Only the log-Lipschitz regularity for
U is used. The authors expect that the methods used therein could deal with uniqueness for other
problems whose solutions are not regular enough for the usual techniques.

Let us mention that the assumption 9 € C?® away from the corners is a restriction which comes
from a complex analysis result (namely the Kellogg-Warschawski theorem, see Proposition . It
would be more natural to assume 92 € Cb! away from the corners, which should be obtain in future
work. Another interesting direction would be to check if our techniques can be applied to more general
(unbounded) Yudovich data, i.e. extending [5l 6l 22] 25] (for instance) where C(p, Q) = C(Q)p in
is needed.

The remainder of this work is organized in four sections. In the following section, we introduce
the Riemann mapping, namely the biholomorphism mapping €2 to the unit disk D and we establish
some estimates holding in the neighborhoods of the angles of 2. We then recall the explicit formula of
the Biot-Savart law (giving the velocity in terms of the vorticity) in terms of the Riemann mapping.
Section [3|is the central part of this paper: thanks to the previous explicit formula and to the estimates
on the Riemann mapping, we establish a new log-Lipschitz estimate for U. As the proof of the log-
Lipschitz estimate is rather technical and follows from the same idea as an L™ estimate for u, we
exemplify our techniques by reproving the latter estimate and we postpone the log-Lipschitz proof to
the last section. The proof of Theorem [I.1]is performed in Section [4] by means of a Gronwall estimate
involving the flow trajectories.

Notations. In the sequel, C' will denote a constant depending only on the domain 2, the value
of which can possibly change from a line to another.

2 Conformal Mapping and Biot-Savart Law

2.1 Conformal mapping

Let © be a bounded simply-connected open subset of R?. Identifying R? with C, the Riemann mapping
theorem states that there exists a biholomorphism 7 mapping {2 to the unit disk D = B(0,1) and 02
to dD. In the same spirit of [I5, Theo. 2.1], we prove the following

Proposition 2.1. Assume that there exists o > 0 such that 0 is C>% except at a finite number of
points xi, k = 1,..., N, at which 0) is a corner of angle 0. There exists 0 < § < %mini#(]mi —
x|, [T (z;) — T (z;)]), and there exist K > 1 and M > 1, depending only on Q and ¢, such that

o forallw € Q\ (UY_ B(x,0)), ally € D\ (UX_, B(T (x),6)) and any k =1,...,N we have:

DT ()| + [D*T (2)] < K,
DT~ (y)| < K;



o foranyk=1,....N, allx € QN B(xy,9), ally € DN B(T (xx),d) we have:

M o — a7 < | T () = T(ap)| < Mz — a[7%,

IDT (z)| < Mz —a[7%71, DT (2)] < Mz — ay[7/% 2,
M7y — T ()%™ < T Hy) — ol < My — T () /™,
DT (y)| < Mly — T ()| /™.

Proof. Even if the estimates concerning 7! and D7 ! can be found in [I8, Theo. 3.9], we provide
here a self-contained proof.

For simplicity, we first assume that there is only one corner with vertex x; and angle #;. Thus
09 is smooth except at 1. In this proof we identify R? and C to write 77(z), 7" (z), z € C instead of
DT (x), D*T (z).

We introduce ¢1(z) = (z — 1)™% and Q = ¢1(Q) a C% bounded open set. Indeed, @1 locally
sends the corner to the half plane. Then, f := ¢y o 7! is a Riemann mapping from D to Q. By
the Kellogg-Warschawski Theorem (see [18, Theo. 3.6]), we infer that f is C? on D. Moreover, there
exists a positive C7 such that

Crt<If (Ol weD

(see e.g. [18, Theo. 3.5]). Therefore, differentiating the relation Id = 7 o gafl o f, we compute

L= (O (FOT (1t o £(Q))- (2.1)
Since (1) (£(¢)) = ZF(O)"/™ = Loy 0 £(¢) —21)' ™/ we finally obtain (with z = ¢; " o f(())
Cyllz — oy |0~ < |T(2)| < Colz — 21|77, Vee (2.2)

In particular, it follows from the mean-value theorem that

|T(x) = T(x1)| <Cy sup |u— x1|”/9171|x — x| < Chlx — x1|”/01,
u€|z1,]

which also implies that

61/ m —
Oy = T(an)| /™ < T (y) — aal.
Next, by (2.2]) and the above estimate we have (since 1 — 7/6; < 0)

(T ()] < Col T~ H(y) — ' < Caly — T ()| /"1
The mean-value theorem yields
T ) — a1l = [f )7 = |f (W) = AT @)™ < Caly = T(@)|"/", Wy €D,

which also implies
T/ — 21| <|T(x) — T(21)|, Vze.

Finally, differentiating we obtain
0= f"(er V(DT (i o 1)+ (V)" (NT (1 o £+ [ (e ) (DT (01 o )
and the various previous bounds imply (with z = (pl_l o f(())

1T"(z)] < Cslz — 1|72, vz eQ.



The conclusion follows for the estimates in the neighborhood of x1. The first part of the estimates
(away from B(z1,0) for a fixed § > 0) is easily deduced from the previous ones.

When € has exactly two corners, we set ¢1(z) = (z — 1)™%, a(2) = (2 — @1 (22))™%2, Q =
w2 001() and f = 301 0T L. We note that 1(Q2) has only one corner at the point 1(x1) with
angle A (because conformal mappings preserve angles). Therefore, Q is a C*® bounded open set and
the Kellogg-Warschawski Theorem can be applied on f. Hence we can follow exactly the same proof
as in the case of one corner. Since (1 (resp. ;') is smooth away from z; (resp. ¢1(z1)) we obtain
the estimates of Proposition [2.1} For N corners, we proceed in the same way: we apply g which
sends the angle 6, to the half plane, passing to N + 1 — k corners to N — k corners. O

Remark 2.2. This proposition is one key point of our analysis and will be used in several estimates.
The divergence of DT ! close to the corners is linked with the behavior of A~!, and the form of the
divergence will be crucial. Alternatively, we claim that Theorem [I.1] holds for more general corners:
let v a parametrization of 0 (couterclockwise direction, i.e. Ind,(z) € {0,1}), then we can consider:

(H’) vis a C** (a > 0) Jordan curve, except in a finite number of points {zj}r—1, N of parameter
{Sk}k=1,..n where l%m>0 arg(—' (s — 5),7 (sk, +8)) = 0 € (0,7/2].
s—0,s

Actually, in the previous proof of Proposition , we would also need a compatibility condition on ~”
near s;, so that (y(s) — x)™% is C*“ close to s, in order to use the Kellogg-Warschawski Theorem.
For simplicity, we will further assume that 9€ is locally a corner near xj, namely that (H) is satisfied.

Remark 2.3. The assumption 092 € C*% away the corners comes from the use of Kellogg-Warschawski
Theorem to get estimates on the second-order derivatives, which will be useful in our analysis (in
particular for the log-Lipschitz regularity, see Section [5)).

In this article, we only consider acute angles 0 < 0 < 5. We set

<ai <1

DN | =

0
ag:=1-— —k, so that
T
In particular, we infer from Proposition that

IDT(T ()| < Cly — T(xx)|**, Vy € B(T (x),6) N D; (2.3)
ID*T(T ' (y)| < Cly — T(xx) "™, Vy € B(T(xx),6) N D;
IDT(T ' (y))| < C, Vye€ D;

and
IDT (T (2))] < Cla — a7/ 7)., (2.6)

Indeed, in the neighborhood of T (z)) we have:

IDT(T ()] < MIT(y) - a7 < MMy — T ()| =/
because /6, — 1 > 0. Moreover

DT W) < MIT ™ (9) — g 7192 < MMT/% 2]y — T (ay) -2/
because /6 — 2 > 0. Finally,

IDT (T (2))] < MIT (x) = T ()| 7" < MM/ ™ g — ay 77/0%

Remark 2.4. Since T is holomorphic we have

DT (z)DT" (z) = det(DT (z))Id = | det(DT (z))|Id.



2.2 Biot-Savart Law

In this subsection, we recall briefly the Biot-Savart law on bounded and simply connected open domains
(for more details, we refer to [I5] and references therein). Let 2 be such a domain. For any w € L>(),
there exists a unique vector field u such that

we LX), divu=0onQ, culu=won®, wu-n=0ondQ.

Moreover, this vector field is given in terms of w by the explicit formula of the Biot-Savart law:
zAx)—lQﬂme)— /nKh0m£ﬁAi)dﬁ (2.7)
Q

with

e (T@-TE (@) -TEIY _ prre e o 1
Kole,) = 57" @) (=R - U= T ) = D77 (@)K (7). (@)

where T is any biholomorphism mapping Q to D = B(0, 1) (see the previous subsection) and where
Kp is the Biot-Savart kernel for the unit disk:

KD(.%, .’Z’)

1 T — I Tz — I
P2 AN

i
) , x #£ZT € D.

z—Z2 |z — it

Here the star comes from the image method, i.e.

L
and <2l> = (_ZZQ> (we set Kp(x,0) = i%) For all y € D, changing variable z = 7(Z) in the
2 1

integral, one can rewrite the Biot-Savart law as follows:

)J_

-z — %)+
u(T_l(y)) = ;TDTT(T_I(y))/D <(y y ) >w(T_l(z))det(DT_l(z))dz. (2.8)

ly—=z*  ly— 2
We next recall the following useful properties for the Biot-Savart Kernel on D:

Lemma 2.5. There exists C > 0 such that:

C

. V(y,z) e D2 z, 2.9
2] (y,2) y # (2.9)

|KD(y7 Z)| <

and

ly1 — yo

— 22— Y(y1,y2) € D?, z € D\ {y1,p2}. 2.10
P p— ( ) \{ } (2.10)

|Kp(y1,2) — Kp(y2, 2)| < C
Proof. For the first estimate, the case z = 0 is obvious, and we compute for z # 0:
ly—z <ly—z"[+|z" — 2.

We denote by 7 = |z| and pp(z*) the orthogonal projection of z* on D. Then, for any z € D\ {0}, we
have |z*| > 1 and pp(z*) € [z, 2*]. We compute easily that

* * * 1
po(z) =2l =17 |*—pp(")| =5 -1,



2 =2 = (=) + (-~ 1),

We observe that, since > 0, we have that 1 —r < % — 1, hence
* 1 * *
|2 — 2| S 2= —1) = 2d(*, D) < 2|z —y|, VyeD.
r
Therefore

ly— 2 <3ly =27, V(y,2) € Dx(D\{0}) (2.11)

which implies that
1 1 4

| < + < )
ly =z ly—=2* ~ |y—2

27T|KD(y7 Z)

which ends the proof of (2.9).
The second estimate follows directly from (2.11]) and the following equality

a b ’ la — b
— = (2.12)
lal> JblP1 0]
which can be proved by squaring both sides. ]
Moreover, we have the classical log-Lipschitz regularity:
Lemma 2.6. There exists C' > 0 such that for all (y1,y2) € D?:
| 1K, 2) - Kp( 2] dz < Chilys )
D
| 1Kp(emn) - Kp(z )] dz < Chlyn - )
D
where h : Ry — Ry is defined by
h(r) :==r(l1+|lnr|), Vr>0. (2.13)

Proof. The first estimate is standard (see e.g. [16, Lem. 3.1, Chapter 2]), but we write this proof
because it will be extended later for Q.
_ S oyt
Let y1,y2 € D, let d = |y1 — 12| and §j = L2,
Then we separate the integral in two parts:

/ Ky, 2) — Kp(ys, 2) dz+/ Ky, 2) — Kp(ye, 2)] d=.
B(§,d)nD B(g,d)°nD

When |§ — z| > d then | — 2| < % + |y — 2| < @ + |y1 — z| which implies that |y; — z| > m;‘. In
the first integral above, we use (2.9) whereas in the second one we use (2.10)):

Cdz Cdz Cddz
/ |Kp(y1,2) — Kp(y2,2)|dz < / +/ +/ —_—
D B(¢,d) ly1 — 2| B(g,d) ly2 — 2| B(g,d)cnD ly1 — zlly2 — 2|
4
2C W Cd/ dy
B(0,3d/2) Yl B(0,2)\B(0,d) Y
< 6rCd+87Cd(In2 — Ind) < Ch(d),

IA

which ends the proof for the first inequality.



The second statement is original and will be used only at the end of the article (namely in estimate
F5 in Subsection . As before, we separate the integral in two parts, the first part of which can be
treated exactly in the same way using (2.9):

Cdz Cdz
/ ’KD(Z7y1) - KD(Zny)‘ dz S / T +/ 7 S 67TCd
B(§,d)ND B(g,d) ly1 — 2| 7,d) y2 — 2|
Concerning the second part, we write:
* *
|KD(Z yl)_KD(z y2)| < ‘yl_y2’ + ’yl_y2| _ ‘yl_yQ‘ + ‘yl_yQ‘
’ T T =l =l =il =l Lz —wllz = el ballvellz — wille — w3l

where we have used (2.12)) three times. The first term in the right-hand side is exactly the one which
was treated in the first statement. Without loss of generality, we can restrict to the case where d < 1/4.
So for z € B(g,d)° N D, we consider two cases:

Case 1: y; or y2 belongs to B(0,1/4).
As d < 1/4, it implies that both y; and y2 belong to B(0,1/2), hence we have for i = 1,2:

Yi 1
w2 = i1 = [l - — lillz] > 5
il =
because z € D. Therefore, we conclude easily:
4
/ ’KD(Z7y1)_KD(Zay2)’dZ§d/ (72 4) dz < Cd(1 + [ Ind]).
B(§,d)nD B@§.2\B(@.d) \ |z — Ul

Case 2: y; and yy belongs to B(0,1/4)¢.
By (2.11)), we write that

111

lyillz — yi| > "\z —yil > Z"‘Z — 1

— 43

because |y —z| > d (see the proof of the first statement). So, the conclusion is as in the first statement:

4+ 24%)d
/Bm)m |Kp(z,41) = Kp(2,42)|dz < d/ @A)z _ a1 4 | ma).

BG2\Bd) 17— I
The lemma is proved. O

We conclude this section by recalling the following property, which expresses the fact that the
velocity field (D7 u) o T~! is tangent to the boundary 9D:

Lemma 2.7. Let y such that |y| = 1. Then
Kp(y,z)-y=0, VzeD.
Proof. This can be proved from the following basic computation:

—zt .y 2y i (ly]* — 1)(|z\2 -1)

2rKp(y,z) -y = + =z -y , Vy,zeRz,zgé{y,y*}.
ly—2> |y — 2 ly — 2|2y — 2*|2




3 L*>*, W? and log-Lipschitz regularity

As mentioned in the introduction, it is classical in elliptic theory on domains with acute corners that
if w € LP(Q) then u € WHP(Q) for any p € [1,00), where u is given by (see e.g. [12, Theo.
4.4.4.13]). For sake of self-containedness, we include in the proof of the proposition below the precise
references stating that all the W norms can be controlled by the L norm of w. In particular, since
a bounded vorticity solution w(t, -) of the Euler equations satisfies ||w(t, -)|| Lo (q) < [lw(0, )|l zoo (o) this
will provide uniform in time estimates for the W1» norms of the corresponding velocity u(t, -).

Proposition 3.1. Let Q satisfy (H). For any p € (1,00), there ezists a constant C(p,$2) depending
on Q and p such that for any u given by (2.7) with w € L>°(Q),
lullwir) < C: D)llwllLoe(0)-

Proof. In this proof the notation Kj, j € N refers to constants depending only on p and (.

As w € L™(Q2) then Theorem 4.4.4.13 in [I2] states that the solution of the elliptic problem
verifies ¢ € W2P(Q) for any p € [1,00). Hence, Theorem 4.3.2.4 for p # 2 and Theorem 4.3.1.4 for
p = 2 imply that

[¥llwzr @) < Ki(llwllze@) + ||¢||W1p ))- (3.1)

We assume first that p = 2. By performing an energy estimate on ((1.3)) together with Cauchy-Schwarz,
Hoélder and Poincaré inequalities we have

IV lI72(0) < llwll 2@l 2 (@) < Kallwllzoo@) I VYl 20

so that [[9[| 1) < K3||VY| 12(0) < K3Ka||lw|| 1 (q). Coming back to we obtain the estimate:

[l g2y < Kallwlze(a)

Then we assume that p # 2. Using first the embedding of H!(Q) in LP(f), then the previous
estimate for p = 2, we infer that

[Yllwre) < Ksl[¥llmz@) < Keollwllz=(o
so that, using again we obtain
]lw2r ) < Kellwll Lo (o)
Since u = V+1), the proof is complete. O

In particular, the previous estimates also yield that u is bounded, with |[ul| o0 () < C(Q)||w] Lo ()
However, in order to exemplify in a simpler setting our techniques, which will be used for the log-
Lipschitz regularity, we present below an alternative proof of this fact. It is based only on the Biot-
Savart law, without using theorems from the elliptic theory in domains with corners. In the formula
, we recognize a Biot-Savart type law in D corresponding to a vorticity given by

0(2) = w(T1(2)) det(DT ' (2)) < Cllw||poe|z = T (a)| 7>

In view of a natural assumption in order to show that Kp[®@| is uniformly bounded is that
@ belongs to LY for some ¢ > 2. However, @ can possibly not belong to LY, for none of ¢ > 2,
because ay, > 1/2. The main idea of the following proposition is to take advantage of DT (T 1(y)) =
O(ly — T (xx)|**) in to obtain the following uniform estimate on w.



Proposition 3.2. Let Q satisfy (H). Let u be a field given by (2.7), with w € L>®(Q). Then there
exists a constant C' depending only on €2 such that

lull oo () < Cllwl| Lo (0

Proof. After changing variable, we want to prove that for all y € D
(T~ (y)] < [IDT(T I/ |Kp(y, 2)| [w(T ()| det (DT (2)) dz < Clwl| 1= (q)

Let 0 < § < 1 be defined in Proposition and (2.3).
Case 1: y ¢ UN_ B(T (z1),6/2).
By (2.5) we have [DT(T1(y))| < C, so that

(T~ () <C/ [Kp(y, 2)| (T~ (2))| det(DT () dz
D

N
= / K p(y, )| [w(T=2())] det(DT(2)) dz

DNB(T (z),6/4)

+C |Kp(y, 2)| |w(T~}(2))| det(DT ' (2)) dz
D\UL, B(T (x1),0/4)

<I + L.

Observe that if y ¢ UY_ B(T (zy),6/2) and 2 € B(T (x1),/4) then |y — z| > §/4. Therefore by (2.9)
we obtain AON
I < / (T 1(2))] det(DT1(2)) dz = Clw]l 1y

where we have changed variable back.
Next, using that det(DT ~1(z)) is bounded for z € D\ UN_ B(T (z}),6/4) we get

I < Clwlze) /D Kp(y,2)| d,

therefore by (2.9)) we get
I < Cllw|[L= (-

Finally, we have proved that

(T (W) < Clwllzo), Yy € D\ UL B(T (2x),6/2).

Case 2: y € B(T (z),d/2) for some k € {1,...,N}.
Then we use (2.3) to write

(T )| < CIT(@) ~ ol [ [Kp(y,2) [w(T~ ()] det(DT () d
DNB(T (z),9)

+ CIT () — y|** / [Kp(y, 2)| lw(T~(2))| det(DT ' (2)) d=.
DNB(T (x1),9)¢

Arguing as before, using that for y € B(T (zx),d/2) and z € B(T (x1), )¢ we have |z —y| > §/2, so
we readily estimate the second integral of the right-hand side by

CHWHLl(Q)
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Therefore, using the bound for det(D7 ~!) provided by Proposition when z € B(T (zx),9) we
can actually reduce the problem to prove that

1
lyr, — y|0‘k/ |z — yk|_2a’“ dz < C, for ye€ By, 3d/2). (3.2)
ply— 2|
Writing that
ly — yrl™ < (ly — 2| + [z — yp])™* < 2max(ly — 2], |z — y&|))™* = 2% max(|y — 2|, |z — yx|**)

we prove (3.2) by computing

1 _
Yk —y\a’“/ » Z‘|Z—yk| 2ok 4z
ol —

< 2”’“/ \y—z\a’“*1|z—yk|72°‘k dz+2a’“/ |y—z\*1|z—yk|*a’“ dz
D{|z—y|<|y—=z|} D{|z—yk|>|y—=|}

§2a’“/ \z—yk|1o"€dz+2°"“/ ly — 2|71 dz
D D
<C,

because ay < 1.
This yields the conclusion of Proposition O

Remark 3.3. By similar arguments one can also establish the estimate of Proposition for a range
of small values of p € (1, p).

The following proposition concerning the log-Lipschitz type regularity for the field (DT o T !)uo
T~ is original and will be crucial for the uniqueness result.

Proposition 3.4. Let Q satisfy (H) and u given by , with w € L (). Then the map
U:ye D DT(T ()T (y)
1s log-Lipschitz on D. More precisely, there exists a constant depending only on  such that
U(y1) — U(y2)| < Cllwllpeeyh(lyr — 12l),  Y(y1,92) € D?, (3.3)
where h : Ry — Ry is defined in (2.13)).

The proof of Proposition follows the same idea as the one of Proposition [3.2 we adapt the
classical proof in smooth domains (namely, the first estimate of Lemma to the case where we have
a finite number of corners. Close to the corners, we use the precise behavior of DT (see Proposition
in order to counterbalance the divergence of det(D7 ). We postpone the full proof in Section
We stress that we are not able to establish such a log-Lipschitz regularity for u.

4 Proof of Theorem [1.1]
Let €2 satisfy (H). Let wp € L>°(€2) and ug satisfying
ug € Lz(Q)7 curlug = wp, divug =0, wug-nlag =0.

By the main result in [20] for convex domains and [11] for more general domains, we know that there
exists a global weak solution on €2 such that

ue LR LA(Q), we L®Ry x Q).
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Let us make a short comment about the tangency condition in [I1]. Without any assumption about
the regularity of the boundary, the tangency condition in [11] reads as

/ u-h=0 foralheG(Q):={welL*Q) : w=Vp, forsomepc H. (Q)}. (4.1)
Q

However, in our case, the assumption (H) and the W' estimate of Proposition imply that wu(t,-)
is continuous up to the boundary of 2. With such a regularity, the condition amounts to
u(t,-) -n =0 on 0N except at the corners. Noticing that the normal vectors on each side at a given
corner span R?, we actually have u(t,-) = 0 at each corner.

The velocity field u satisfies the regularity properties of Section [3| (Propositions and .
In the next subsection we introduce the Lagrangian flow associated to u before turning to the proof
of uniqueness.

4.1 The Lagrangian flow

Let (u,w) be as above. The purpose of this subsection is to establish the following

Proposition 4.1. There exists X : Ry xQ — Q such that for almost every x € Q, t — X (t,x) belongs
to WL (R, Q) and satisfies

t
X(t,a:)::c—i-/ u(s, X (s,x))ds, VteR,.
0

Moreover, for allt € Ry the map X(t,-) preserves the Lebesgue’s measure on €.
Finally, we have
w(t) = X(t,-)gwo, forae teR,,

in the sense that for a.e. t € Ry we have [qw(t, x)p(x)dr = [owo(x)e(X (t,z))dx for all ¢ € Ce(R).

For smooth domains 2 and for velocity fields u satisfying the regularity properties of Propositions
and (3.2 this was proved by DiPerna and Lions [9] (p. 546). To the authors knowledge, such results
are not available in the literature for non-smooth domains.

In order to prove Proposition we will proceed in three steps: first we will establish in Lemma
[4.2] the existence of the flow X associated to u such that the flow trajectories never reach the boundary.
Then we will establish in Lemma that the extension of w outside €2 satisfies a linear transport
equation on R, x R? with a velocity field satisfying the usual assumptions ensuring uniqueness of the
solution. We will finally conclude that w is constant along the flow trajectories.

Lemma 4.2. There exists X : Ry x Q — Q such that for every x € Q, t — X(t,x) is the unique
function belonging to WH (R, Q) and satisfying

t
X(t,:c)z:n—{—/ u(s, X(s,x))ds, VteR,.
0

Moreover, for allt € Ry the map X(t,-) preserves the Lebesgue’s measure on €.

Proof. In view of Proposition (implying in particular that U € L (R4 x D)) and Proposition
a classical extension of Cauchy-Lipschitz theorem (see e.g. [16, Chapter 2]) implies that for any y € D
there exists ¢(y) > 0 and a unique curve t — Y (¢,y) in W1°([0,#(y)) such that

Y(t,y) =y —|—/0 U(s,Y(s,y))ds, Vte][0,t(y)).

12



Here t(y) > 0 is the maximal time of existence, namely Y (t,y) € D on [0,t(y)) and |Y (¢(y),y)| =1 if
t(y) < oco. Moreover since U € L*° we have

%Y(t,y) =U(t,Y(t,y)), forae. te][0,t(y)).

We next show that ¢(y) = 4oco: let assume that t(y) < +oo. Recalling that U (¢, |§E:Z§|) Y(t,y) =0

(see Lemma [2.7), we get for a.e. t € [0,t(y)) sufficiently close to t(y), say on [t.,t(y)) (so that
Y(t,y) #0)

vyl = [V Yy - U
so that, by Proposition [3.4]
GV @] < chi - v
Integrating the Gronwall-type inequality above yields
L= Y (t,y) = PN — Y (1, ) NoPEND vt € [t 1(y)).

Since |Y (t.,y)| < 1 we are led to a contradiction, and the claim that Y (t,y) € D,Vt € R, follows.

Next, we introduce the map
X; = T 1o YioT

(ft denotes the map f(t,-)). By definition of T, for all z € 2, the previous result implies that
X(t,x) € Q for all t € Ry. Moreover we compute for a.e. t € Ry

d

3 (T T@)) =DT 10 (4 T (@) (V. T @) = DT (0, T @)UY 1, 7))

=u(t, 7YY (t,T(x)))) = ult, X (t,z)).

Finally, the map X (t,-) preserves the Lebesgue’s measure on €2 for all ¢ € R because u is divergence
free. O

We now turn to the second step. Since w € L*® (R x ), Proposition implies that
u € L®(Ry x Q),
and from Proposition [3.1] that for p > 1,
uwe LRy, WHP(Q)).
Let us consider the stream function 1 of u, namely the function verifying:
w=V4yin Q, 1 =0 on dN.
By the Poincaré inequality, we have
Y e LRy, WHP(Q)). (4.2)

As Q verifies (H), we readily check that € verifies the Uniform Cone Condition (see [2], Par. 4.§]
for the precise definition). Therefore [2, Theo. 5.28] states that there exists a simple (2,p)-extension
operator E(p) from W2P(2) to W?P(R?), namely there exists K (p) > 0 such that for any v € W2P(Q)

E(p)v=vae inQ,  [E@)vlw2ree) < K@)vlwze@):-

13



For the remainder of this subsection, we fix p > 1 and R large enough such that Q@ C B(0, R).
Then we define x a smooth cutoff function such that x =1 on B(0, R) and x =0 on B(0, R+ 1), and
we set for a.e. t € Ry

1/1(t7 ) = XE(P)¢(t7 ')7 ﬁ(tv ) = VL@(ta )

Hence we have:
a(t,-) = u(t,-) a.e. in Q,

and

diva(t,-) =0 a.e. in €. (4.3)

We also infer from (4.2]) that
i€ LR, ; WHP(R?)). (4.4)

We set next @ to be the extension of w by zero outside 2. Then:
Lemma 4.3. The extension w is a solution of the transport equation:
Ow+u-Vo=0, w0)=wy
in the sense of distributions in Ry x R?.

Proof. The weak form of the momentum equation on u ([L.1f) reads:
for all ¢ € C° (Ry x Q) with divp =0, / /(u-atgo—i-(u@u):Vgo):—/u0~<p(0,-).
0 Q Q

Considering ¢ = V1 with 1 € D ([0, 4+00) x Q) and integrating by parts in the above equation, we
already know that the transport equation holds on Ry x 2. For any ¢,p > 0 we consider 7. and ¥,
defined on R? in the following way: ¥, is smooth, such that y, = 1 in UY_ B(z, p)¢ and x, = 0 in
UN_ | B(wy, p/2), and

ng(:v):n<1_|7-(x)‘> ifreQ, n(r)=0 ifx¢gQ,

€
where
n:Ry —[0,1] is smooth, non-decreasing, n=0on[0,1/2], n=1on [1,+00). (4.5)

By Proposition the functions 7. and x,7. are smooth and compactly supported in €.
Let us fix ¢ € C([0,00) x R?) such that supp (p) C [0,7] x R%. Then x,n. € C([0,00) x )
and we have:

/ h / (@0 (xpe) + wss - ¥ (xpme)) (b 2) dedt = — / wo(@)xp11e (2) 00, 7) dz
0 Q Q

therefore
/ / X (@0 + T - Vo)) (t, ) dadt = / Xoe ()0 () (0, ) da
0 R2 R2

/ /Xp uwp) - Vne)(t,x) dz dt

0 2

/ /17E uwp) - Vx,)(t, ) dx dt.
0

2

=

=
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We fix p > 0 and let ¢ tend to 0. We first deduce easily from the uniform estimates on u and w in
R4 x Q that

/00/ XpNe (WO + uw - V) (t, x) do dt — /OO/ Xp (@O + uw - V) (t, x) da dt (4.6)
0 R2 0 R2

and

/ 3o (@) ()0 (@) (0, ) dar — /R xpl@)o(@)p(0,2) de. (@)

Next, by using uniform bounds on w and u (see Proposition [3.2]), we have:

timsup| [ [ @) Dy lt,) ded] < CThgloo o ol i [V 12

e—0

< CT||p| e [Jull oo [|wl[ Loe N p.
We then claim that:

e—0

lim /0 h /R xp(00) - V)t 7) dardt = 0, (4.9)

Indeed, we have for z € Q\ UN_, B(zy, p/2)

9 e

therefore
) Vne) = 2o () v ey T

where U is defined in Proposition [3.4]
Setting y = T (x), we have

1 11— 1 1-—
u(tvm) ' Vﬁa(x) - _777/ <‘y’) [U(t7y) -U <t7 y) :| : i - 777/ ( |y‘> U <ta y) : i
€ € lyl/ 1yl e 2 lyl/) 1yl
On the one hand, we have by virtue of Lemma [2.7]
o) =
lyl/) 1yl
On the other hand, by Proposition [3.4] we have

v -v(n k) <cna-t.

We therefore obtain

u(t,2) - Vne(a)] < & | (1‘5'y’> ’ he).

Finally, changing variables yields

/0 /R2 Ixpwpt - V)| dedt

< CTHE) il [ et (DT ), (T7w) 2 [

()]
9

1/e
< C(P)Th(E)HSOllLoonllLoo/O (1 —er) |0 (1)] dr < C(p)Th(e) @l e llwll ool | 22 e )

r

1
< CoITHE eIl | -

15



where we have used the fact that D7 ~! is smooth away from the corners together with the support
properties of x,. The claim (4.9)) follows.

To conclude the proof, we let eventually p tend to 0 in (4.6, (4.7) and (4.8]).

Proof of Proposition |4.1

In view of the assumptions -, the results of DiPerna and Lions [9] on linear transport
equations ensure that @ is the unique solution in L>(R, L” (R?)) to the linear transport equation
with field @ (where p’ denotes the conjugate exponent of p). For a precise statement, we refer to [9]
Theo. II.2]. We also refer to, e.g., [I] (Section 4) for more recent developments in the theory. On
the other hand, for all ¢ € Ry we have X (¢,Q) C Q; hence recalling that X (¢, -) preserves Lebesgue’s
measure we observe that by Fubini theorem, for a.e. (¢t,2) € Ry x Q, u(s, X(s,2)) = u(s, X(s,x)).
Hence given the definition of X one can readily prove that the map @(t) := X (¢, -)xwo is a solution in
L®(R,, L (R?)) to the same linear transport equation with field @ (see e.g. the proof of Proposition
2.1 in [1]). By uniqueness, we conclude that w(t) = &(t) = X (¢,-)xwo for a.e. t € R, as we wanted.

4.2 Uniqueness by a Lagrangian approach

We consider two solutions (u1,w;) and (ug,w2) of (1.1])-(1.2) with the same initial datum and denote
by X, k= 1,2, the corresponding flows given by Proposition [4.1

As
[T (X1(s,2)) — T(Xa(s,2))| < HDTHLw/ [ur (7, X1(7, 7)) — ua(7, Xo(7,2))| dT
0
< s[[DT ||l pee ([Jluall oo + lluzll L),

we infer from ([2.5)) and Proposition that there exists t9 depending only on Q and ||lw|| () such
that

sup sup |T(Xi1(s,2)) — T(Xa(s,x))| < min(|Q|7}, 1). (4.10)
s€[0,¢0] e

We define next for t € R

f(t):/o /Q|T(X1(s,a:))—T(Xg(s,x))|dxd3.

We will show that f vanishes identically on [0, to].
Given the time regularity of 7 o X;, we can compute for all ¢t € R

F) = /Q T (X0t 7)) — T(Xalt, 2))| da

< /Q/O‘DT(X1(8,1‘)>(iX1(s,$)—D7'(X2(s,x))igX2(3’x) ds dz
< /Q/O Ui (s, T(X1(s, 7)) — Ua(s, T(Xa(s,2))| ds dz
<

/Ot/Q |U1(s, T(X1(s,x)) — Ur(s, T (Xa(s,z))|dx ds

+/Ot/Q‘U1(3’T(X2(S’x))_UQ(SfT(X2(3a$))|dxds
=: F1+F2.
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By Proposition we have

< C’/ / (IT(X1(s,x)) — T(Xa(s,x))|) dz ds,

where we recall h(r) =r(1+ |In7]|).
Next, since Xa(s, ) preserves the Lebesgue’s measure on {2, we have

:/0 /Q|U1(s,7'(x)) —Uz(s,T(x))]d:nds:/O /Q|D7'(x)(u1(s,:v) —uz(s,r))| dzds.

Let s € Ry such that wi(s) = X;(s)xgwo. Let z € Q and € > 0 such that miny, |T'(z)—T'(z)| > €. Recall-
ing that 7 is the cut-off function defined in (4.5]), we have by continuity of & — Kp (T (z), T (Z))n (M)

/KD T(@))n (W) wi(s, T)dz
= [ (T, T, ay (L =TEEI 4y )

€

Letting € go to 0 we can use again the previous estimates on Kp and D7 so that all terms above pass
to the limit, and the Biot-Savart law yields

ws(s,z) = DT (2)" /Q Kp(T(2), T(@)wi(s, #) di = DT ()" /Q Kp(T(2), T(Xi(s, 7))o () dz.

Thus bringing this latter into F» and changing variables y = 7 (), we have
B < /t/ det(DT (z)) (/ }KD(T(x),T(Xl(s,:z»))) -~ KD(T(g;),T(Xz(s’j)))“w()(f” dj> dz ds
://(/WW’WGMF&MW&WWWMMﬂwﬁ

A

_mwm@AlXABﬂ@ﬂ&@@»J@mﬂ&@@mw)M@
t
sc//mvamwwfww@m@@

where we have applied Lemma [2.6]in the last inequality.
For t € [0,to] we finally apply Jensen’s inequality in the estimates for F; and F5 using that h is
concave on [0, 1] and (4.10)) to obtain

f(t) < Ch(f(t), Vtel0,to].

Therefore f(t) < f(0)*PCel=exp(=Ct) — ( on [0,t]. Hence for a.e. z € Q we have Xi(t,z) =
Xo(t,z) on [0,t0]. Repeating the argument on the intervals [kto, (k + 1)to], & € N we conclude that
w1 = ws a.e. on Ry and Theorem is proved.

5 Proof of Proposition

In this last section, we write all the details to establish the log-Lipschitz regularity of the vector field
U. By Proposition and (2.3]), we know that U is uniformly bounded on D. Therefore it suffices to
establish the inequality (3.3)) when

1)
d3:|yl_92|§§<1
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(we recall that 6 > 0 is defined in Proposition [2.1)). For two subsets £; C Yo C D we will split
U(y1) — U(yz2) using Remark [2.4] and (2.8):

Uyn) — Ulys) =det (DT(T " (31)) / Kp(yr, 2)w(T () det(DT " (2)) dz

—det (DT (T ' (y2)) / Kp(ye, 2 “1(2))det(DT 1(2))dz (5.1)
::[Ul — UQ] [Vl + VQ] [Wl + WQ],

where

Uy = det (DT (T (1)) g Kp(y1, 2)w(T1(2)) det(DT ~1(2)) dz
: (5.2)
Us = det (DT('T_l(yg))) Kp(ya, z)w(’T_l(z)) det(DT_l(z)) dz,

31

Vi :(det (DT(Tﬁl(yl))) — det (DT(Tﬁl(yg)))) Kp(y1, 2)w(T1(2)) det(DT 1(2)) dz

D2 (5.3)
V=t (DT ) [ (Kolwn,2) = Kp(ys,2)(T () der(DT ' (2)
and
471 :<det (DT (T (1)) — det (DT(T—l(yg)))) /Z . Kp(y1, 2)w(T1(2)) det(DT~1(2)) d= -

Wy = det (DT (T~ (1)) /

(KD(yl, 2) — Kp(ys, z))w(T—l(z)) det(DT(2)) dz.
32\21

First step: y1 € D\ (U, B(T (zy),6)). It follows that yo € D\ (UX_, B(T (xx),6/2)).
We set 1 = Y9 = 0 in (5.1)), so that Uy = Uy = 0 = Wy = Ws. Next, since det(D7 o T 1) is
smooth and its derivative is bounded away from the points 7 (xj) we have

Vil < Clyr — 2| /D [Kp(y1,2)| (T~ (2))] det(DT " (2)) dz < Cdl|w]| (5

where we have used ([2.9)) to estimate the integral.
For the last term, we have by (2.5))

V) < 02 / K p(y1,2) — Kp(ys, 2)| [0(T~1(2))| det (DT (2)) d=
DNB(T (z1),6/4)
e K, 2) — Kp(ya )| (T (2))] det(DT (=) dz
D\(UI_, B(T (zx),6/4))
<ILi+1I.

On the one hand, for z € B(T (), d/4) we have |y; — z| > 36/4 and |ys — 2| > J/4, hence (2.10)) yields
16C _ _
h < 255 ly = e /D w(T ()| det(DT " (2)) dz < Cd||wl 110y

On the other hand, recall that D7 ! is bounded away from T (z), so that applying Lemma we
find

I < Cllwll = /D Kp(y1,2) — Kp(ya, 2)| dz < Ch(lys — o) ]l 1=
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So combining the previous estimates we obtain

U(y1) — Uy2)| < Cllwllpo@yh(Jyr — 2l),  Vy1 € D\ (U2, B(T (), 6)).

By symmetry , we also have

U(y1) — Uy2)| < Cllwllpos@yh(jyr — v2l),  Vyo € D\ (Up_y B(T (zk),6)).

Second step: yi1,y2 € B(T (xk),0).
We note that g := det(DT o T 1)) satisfies g(y) = O(|ly — T (zx)|***) in the neighborhood of the

points 7T (x). By Proposition and (2.3), (2.4)), (2.5) we estimate
IVa(y)| < ADT(TH)ID*T(TH)IIDT ()| < Cly — T (p) >,
hence, we infer by the mean value theorem that

| det (DT(T " (y1))) — det (DT(T'(y2)))| < Cd sup |y — T (ax) P (5.5)

y€ly1,y2]

with a, > 1/2. We set
Yo =DnNB(T(x),9).

By (5.3) we have, using (5.5), (2.9), the fact that D7 ! is bounded away from the z; and that
ly1 — z| > 6 when z € B(T (x;),0) for j # k:

VAl < Calllzeqo ([ gy PN EUDT )z
Tj

e [ b2 det(DT () dz)
i#k BT (@),
< Cd||w|| (o /Iylzy Ydz 4+ = Z/ det(DT ! )
J#k

< Od||wl oo (o)

Similarly, Lemma and (2.10) yield

Vil < Cllslzmqon (| K1, 2) — Kplyz,2)| det(DT () dz
D\(UJL, B(T (x;),5))
5 / V(%) = Kp(e, )| det( DT () d2)
j#k /BT ()0
< Clllimion (€ [ 16000, - Kotm.2) dz+ 55 3 [ [derDT 1)) 2)

JFk
< Cllwllpec (o) (h(d) + d).

It remains to estimate the parts U; —Us and W1+ W for a judicious choice of 1 € DNB(T (z),9).
As in the proof of Lemma we introduce

_ Y1ty
y: D)

and we consider the following cases.
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Case 1: T (xy) € B(y,5d).
We set
Y1 =DNB(T(x),0) N B(y,6d) = Xe N B(g, 6d).

sing the estimates of Proposition |2.1] an .J)) in the neighborhoo TE) we get for 1 =1,
Usi h i fP ition |2.1) and (2.3)) in th ighborhood T fori=1,2
0 < Cllslm@lT (o) =™ [ |Kplu)lle = T2 .
1
Next, observing that
T (k) — il < 2% (max{lys — 2|, [z — T (2x)|})**

we compute using (2.9))

T () — il /E K p(yi — 2)l|z — T(ax)| 72 dz

<COIT () — o / i — 2z — T ()| 2% dz
S1n{]yi—z|<|z=T (z1)| }
- OT (ag) — a2 / i — 2z — T ()| 2 dz
S1n{lyi—z|>|2—T (z)|}

<c g — #1247z = Tay) 722 d

|yizr—1dz+/
Sin{]yi—z|<|z—=T (z1) |} in{lyi—z|>|z—T (z1) |}

<C lys — 2|1 dz + (7d)2% / 2 — T(ag)| 2 dz
{oi—el<7d) T |<7d)

<Cd.
This yields
[U1| + Uz < Cdl|lwl| Lo (q)-
We next estimate Wi and Wa. As 2a5, — 1 > 0, we have by (j5.5))

‘det (DT(T (1)) — det (DT(T_I(yz)))‘g Cd(|T (z) — P "+ |T(wr) — 1) (5.6)

Hence

(Wil < Cllwll e @d(IT (xx) — 92 ** ™ + [T () — y2* 1) /E . |Kp(y1,2)||z — T (xp) |72 dz
2 1

< Ollw| oo d(IT (zx) — g1 P2 4+ | T (@) — 2>+ 1) /D § ly1 — 2|7 2 — T ()| 72 dz.
1
Now, for : = 1,2 and z € D\ ¥ we have |T (x) — vi| < |T(zr) — 9| + |7 — vi| < 6d < |z —g|. On the
other hand, as |§ — T (zx)| < 5d < 5|z — g|/6 we get |z — T (zx)| > |z — 9| = |T (zx) — 9| > |z — 9|/6
and |y; — z| > | — 2| — |y; — §| > 5|z — §|/6. Therefore

(Wil < Cllwl[Le(@)d |z — §] 7% dz < Cllw|| oo ()d(L + | Ind]).
D\B(3,6d)

On the other hand, using again the estimates in the neighborhood of 7 (z)) and the estimate (2.10))
we obtain

[Wa| < Cllwlle@d [T (z1) — ya|*** 2 =1z = gl Tz = T (ag)[ 72 dz.
D\Z
1
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Then, using the same inequalities as above for z € D \ X1, we get

Wal < Cllw]| g d / 2~ 3172z < Cllw]|ped( + |Ind]).
D\B(Q,Gd)

Case 2: T (xy) ¢ B(7,5d).

In particular |y; — T (zx)| > |7 (xr) — 9| — |§ — yi| > 4d for i = 1,2, so that

ly2 — T ()]

5 < lyr = T (@)l < 2ly2 = T ()] (5.7)

We set
X1 =DnNB(T(xk),6) N B(g,2d) = X2 N B(y,2d).

For z € ¥1 we have |z — T (zy)| > |§ — T (x)| — |z — g| > 3d, therefore

U] <Ol e ey | T ) — wil2 / i — 2| Yz — T ()2 d

3

<CllwllLe=(e) (/ 2T (i) — 2])%* |ys — 2|7z — T(ay)| 2 dz
S1{lyi—2|<]z=T (z1)[}

+ [ (212 = gl 2|y — 217z — T () |72 dz)
S1{lyi—z|2|z=T (zx)[}

<Ol ey (22 + (6d)%°% (3d) 2% / i — 2|V dz = ]| ey
B(y;,3d)

To estimate W + Wy we further decompose Y9 \ ¥1 in two sets, setting
S\ S = [$2 0 B(T (), 2d)| | [S2\ [B(T (1), 2d) U B3, 20)] ]
By (5.6) and (5.7) we have

(Wi + Wa| <Cllw]lLo@dI T (@x) = ya / lyr — 2z = T (g)| 2 dz
B(T (1) 24)

+ Cllwll o d [ T (@x) = " / [z =1l Mz =l e = ()| 72 de
B(T (x1).2d)
+ Cllw oo | T (1) — ya** 7 / ly1 — 2|~ Yz — T () |72 dz
D\[B(T (21 24)UB (7.24)]

+ Cllwlloe @ d [T (z) = g / 2 = |7 e = yol Ttz = T(aw)| 2 de.
D\[B(T (z),2d)UB(,2d)]

We first estimate the contributions of the integrals on the domain B(7 (z), 2d). For z € B(T (zx), 2d)
we have |y; — z| > |yi — T(zx)| — |2 — T(zk)| > 2d > |z — T(xx)|. Therefore |y1 — T (zx)] <
|2 — T (zx)| + ly1 — 2| < 2|y1 — z|. Tt follows that

T (i) — g / = 2z — T(aw) 2 d

<c| i1 — 22z — T(a)| 2 de.
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Similarly, using that |z — y1| < |z — ya| + |y1 — y2| < |z — y2| + d < 2|z — y2|, we obtain
TG0 - nPe [ 2=yl = el = Ta) |2 ds
B(T (zx),2d)

< c/ lyn — 222 — T ()2 de.
B(T (xx),2d)
Then we finally obtain, using that 2a; — 2 < 0 and |y; — z| > 2d,
/ [y — 2222z — T ()| 2% dz < CdZO‘k_Q/ 2 T(a)| 2 dz < C.
We now turn to the contributions of the integrals on the last domain X3 := D\ [B(T (zx),2d) U

B(y,2d)].
‘We have on the one hand:

[T () — g /E lyr — 2|7z = T ()| 72 dz
3

<

/ (212 — T )2z — T(an)| 2|1 — 2|~ d=
E3n{|y1—z|<|z—=T (zk)|}

+/ (2ly1 — 2)** Mz = T (@) > |y1 — 2|7  dz
Sy =212 =T ()]}

<C |z—7'(:vk)|_1|y1 —z|_1 dz
E3n{|y1—z|<|z=T (z1)|}
+C ly1 — 2772z = T ()| dz
San{|ly1—z[>|z=T (z)|}
<C ly1 — 2| 2dz +C |z — T(xy)| 2 dz
D\B(y1,d) D\B(T (zx),2d)
<C(1+|Ind)).

On the other hand, we use |y; — 2| < d+ |y2 — 2| < 2|y2 — 2| and conversely |y2 — 2| < 2|y; — 2| to
compute

T () — g2 / 2 — | Uz — gal Mz — Tan) "2 da
PIEY

< (212 = T(ar))*** [z = y1| 7z — g2l 7Hz = T(an)| 7> dz

/230{y1—2|<2—7(xk)|}

+ / (2ly1 — 2[)** |z — | Tz = gol 7o — T(ax)| 72 da
San{lys—#I2]z=T ()]}

<C ly1 — 2| 2dz +C |z — T (xx)| % dz
D\B(y1,d) D\B(T (z),2d)
< C(1+|Ind|).

Combining all the above estimates, we get the required results.
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